DEFORMATION QUANTIZATION AND GEOMETRIC QUANTIZATION OF ABELIAN MODULI SPACES.

JØRGEN ELLEGAARD ANDERSEN

Abstract. The Berezin-Toeplitz deformation quantization of an abelian variety is explicitly computed by the use of Theta-functions. An explicit SL(2n, Z)- equivariant complex structure dependent equivalence E between the constant Moyal-Weyl product and this family of deformations is given. This equivalence is seen to be convergent on the dense subspace spanned by the pure phase functions. The Toeplitz operators associated to the equivalence E applied to a pure phase function produces a covariant constant section of the endomorphism bundle of the vector bundle of Theta-functions (for each level) over the moduli space of abelian varieties.

Applying this to any holonomy function on the symplectic torus one obtains as the moduli space of U(1)-connections on a surface, we provide an explicit geometric construction of the abelian TQFT-operator associated to a simple closed curve on the surface. Using these TQFT-operators we prove an analog of asymptotic faithfulness in this abelian case. Namely that the intersection of the kernels for the quantum representations is the Toreilli subgroup in this abelian case.

Furthermore, we relate this construction to the deformation quantization of the moduli spaces of flat connections constructed in [AMR1] and [AMR2]. In particular we prove that this topologically defined ∗-product in this abelian case is the Moyal-Weyl product. Finally we combine all of this to give a geometric construction of the abelian TQFT operator associated to any link in the cylinder over the surface and we show the glueing axiom for these operators.

1. Introduction

A very concrete link between geometric quantization and deformation quantization is provided by the Berezin-Toeplitz deformation quantization of a compact Kähler manifold. We are here in particular referring to the constructions of Bordeman, Meinrenken and Schlichenmaier [BMS] and Schlichenmaier [Sch]. Let us describe the basics of their constructions.

Let (M, ω) be a prequantizable compact symplectic manifold, i.e. there exist a Hermitian line bundle L with a connection whose curvature is the symplectic form. Suppose further that we have a complex structure I on M, which is compatible with ω, such that M_I = (M, I, ω) is a Kähler manifold.

The Berezin-Toeplitz deformation quantization is then obtained as follows. For any positive integer k consider the finite dimensional subspace H^0(M_I , L^k) of holomorphic sections of L^k inside the Hilbert space of all L_2-sections. The Toeplitz

Date :14’th of October 2003.

This research was conducted in part for the Clay Mathematics Institute at University of California, Berkeley.

This work was supported by MaPhySto – A Network in Mathematical Physics and Stochastics, funded by The Danish National Research Foundation. 1

operator T^{(k)}_f of a smooth function f ∈ C^∞(M) is the operator on H^0(M_I , L^k) defined as the composite of the multiplication with f and then the orthogonal projection onto H^0(M_I , L^k). For a pair of smooth functions f_1, f_2 ∈ C^∞(M), one considers the asymptotic expansion in 1/k of the product T^{(k)}_{f1} T^{(k)}_{f2} in terms of Toeplitz operators, and one finds that

T^{(k)}_{f1} T^{(k)}_{f2} ∼ ∞∑ l=0 T^{(k)}_{cl(f1 ,f2 )}k^{−l}, where c_l(f_1, f_2) ∈ C^∞(M) are uniquely determined (see Theorem 2 due to Schlichenmaier for the precise meaning of ∼) and gives the Berezin-Toeplitz deformation quantization f ⋆_I g = ∞∑ l=0 (−1)^lc_l(f, g)h^l, of M_I .

In this paper we study the case where M_I is any principal polarized abelian variety. So let M = V/Λ, where V is a real vector space with a symplectic form ω, and Λ is a discrete lattice in V of maximal rank such that ω is integral and unimodular when restricted to Λ. Let now C be the space of complex structures on V , which are compatible with ω. Then for any I ∈ C, M_I = (M, I, ω) is an abelian variety.

We compute in this paper (see section 4) the Berezin-Toeplitz ∗-product explicitly:

On M = V/Λ we have the complex structure independent Moyal-Weyl ∗-product ∗ (as discussed in section 2). Now consider the formal transform

E_I = e^{− h2 ΔI} : C^∞(M) → C^∞(M)

where Δ_I is the Laplace operator on M_I . We then have that

E^{−1}_I (E_I (f) ⋆_I E_I (g)) = f ∗ g.

We prove this relation as follows: For any element in λ ∈ Λ, we get a pure phase function F_λ ∈ C^∞(M) and we consider the Toeplitz operators T^{(k)}_{Fλ} . By an explicit computation, we get a formula for the matrix coefficients of T^{(k)}_{Fλ} with respect to the Theta-function basis of H^0(M_I , L^k) (see formula (1)). Using this expression we can explicitly compute products of these Toeplitz operators and verify the above relation between the two products.

In fact, the vector spaces H^0(M_I , L^k) form a vector bundle, say H^{(k)}, over C, and there is a natural flat connection in this vector bundle. It is characterized by the fact that the Theta-function basis is covariant constant with respect to this connection. By the above mentioned computation one observes that the Toeplitz operators T^{(k)}_{Fλ} are not covariant constant sections of End(H^{(k)}). However, we observe that E_I (F_λ) ∈ C^∞(M)[[h]] is convergent for h = 1/k and that T^{(k)}_{EI (Fλ)(1/k)} is covariant constant (see Remark 1). Let us now discuss how we apply this to Abelian gauge theory.

Let Σ be a closed oriented surface of genus g. Let M be the moduli space of flat U(1)-connections on Σ. Then

M = Hom(π_1(Σ), U(1)) = H^1(Σ, R)/H^1 (Σ, Z).

There is the usual symplectic structure ω on H^1(Σ, R) which is of course integral and unimodular over the lattice H^1(Σ, Z). The mapping class group Γ of Σ acts on M via the induced homomorphims

ρ : Γ → Aut(H^1(Σ, Z), ω).

In [AMR1] and [AMR2] we constructed in collaboration with Mattes and Reshetikhin a ∗-product on the moduli space M^G of flat G-connections on the surface Σ^′ = Σ − {pt}, where G is either GL(m, C ) or SL(m, C ). This ∗-product is constructed using a universal Vassiliev invariant for links in Σ^′ × [0, 1] and the product on links in this manifold.

Notice that we in the abelian case G = GL(1, C ) = C^∗ have M ⊂ M^G. We argue in section 5 that this ∗-product on M^G for G = C^∗ restricts to a ∗-product on M, and we will show that the resulting ∗-product is the Moyal-Weyl product.

In 2 + 1-dimensional Chern-Simons theory, the 2-dimensional part of the theory is a modular functor, which is a functor from the category of compact smooth oriented surfaces to the category of finite dimensional complex vector spaces, which satisfies certain properties. In the gauge-theoretic construction of this functor one first fixes a compact Lie group K and an invariant non-degenerate inner product on its Lie algebra. The functor then associates to a closed oriented surface the finite dimensional vector space one obtains by applying geometric quantization to the moduli space of flat K-connections on the surface (See e.g. [W1] and [At1]). - In the abelian case K = U(1) at hand this means concretely the following. By applying the geometric quantization dicussed above to the abelian moduli space M, we get the vector bundle H^{(k)} over the space of complex structures C on H^1(Σ, R). This bundle has a flat connection, and an action of Aut(H^1(Σ, Z), ω), which preserves the flat connection. In this case the modular functor is defined by associating to Σ, the vector space Z_k(Σ) consisting of covariant constant sections of H^{(k)} over C. So through the representation ρ, we get a representation ρ_k of the mapping class group Γ of Σ on Z_k(Σ). In the non-abelian case the situation was actually developed generalizing from this abelian case, and one gets a (projective) flat vector bundle over Teichmüller space of Σ (see [ADW] and [H] and [vGdJ]). By restricting to the embedded copy of Teichmüller space of Σ in C, we also get exactly this situation in the abelian case. However, there seems at present no analog in the non-abelian case of a construction of a (projective) flat vector bundle over C.

In 2+1-dimensional Chern-Simons theory one also has the following TQFT setup. Suppose Y is a compact oriented 3-manifold such that ∂Y = (−Σ_1) ∪ Σ_2, where Σ_1 and Σ_2 are closed oriented surfaces and −Σ_1 means Σ_1 with the orientation reversed. Assume further L is a link inside Y \ ∂Y . Then the TQFT-axioms states that there should be a linear morphism Z_k(Y, L) : Z_k(Σ_1) → Z_k(Σ_2), which satisfies that glueing along boundary components goes to the corresponding composition of linear maps.

In section 6 we give a geometric construction of these operators in the case where Y = Σ × [0, 1]. For a simple closed curve γ on Σ, this operator

Z_k(γ) = Z_k(Σ × [0, 1], γ) ∈ Hom(Z_k(Σ))

is constructed as follows. We consider the holonomy function F_γ ∈ C^∞(M). This is a pure phase function, hence the series E_I (F_γ ) ∈ C^∞(M)[[h]] is convergent for h = 1/k for all I ∈ C. According to above discussion T^{(k)}_{EI (Fγ )(1/k)} gives a covariant constant section of End(H^{(k)}) as I sweeps through C. We define Z_k(γ) to be this section.

In section 6, we use these operators to give a TQFT proof of the following well known classical result from the theory of Theta-functions ∞⋂ k=1 ker ρ_k = ker ρ,

i.e. the action of the symplectomorphism group of the lattice is asymptotic faithful on Theta-functions of all levels. In [A1] we have extended this result to the nonabelian case, where one gets the much stronger result that the action of the mapping class group is asymptotic faithful (see Theorem 1 in [A1] for the precise statement).

Finally, we combine all of the above to give a geometric construction of

Z_k(Σ × [0, 1], L) ∈ Hom(Z_k(Σ))

for any link L as follows. We apply the universal Vassiliev invariant constructed in [AMR2] to the link L. The result in this abelian case is an infinite series in h with coefficients in H^1(Σ, Z). By taking the associated holonomy functions, we get F_L ∈ C^∞(M)[[h]]. One sees that E_I (F_L) ∈ C^∞(M)[[h]] is convergent for h = 1/k and we define Z_k(Σ × [0, 1], L) ∈ Hom(Z_k(Σ)) to be the covariant constant section T^{(k)}_{EI (FL)(1/k)}. Combining all of the above relations, we get the needed glueing relation

Z_k(Σ × [0, 1], L_1.L_2) = Z_k(Σ × [0, 1], L_1) ∘ Z_k(Σ × [0, 1], L_2).

We consider it a rather interesting problem to generalize all the constructions presented in this paper to the non-abelian case. In [A1] we have taken a number of steps in this direction.

We would like to take this opportunity to thank Stavros Garoufalidis and Bert v. Geemen for very helpful discussions on this project.

2. Deformation quantization

In this section we will very briefly review the basic setup in deformation quantization of Poisson manifolds. We refer the read to [daSW] and the references in there for a more detailed discussion.

Let (M, {·, ·}) be a Poisson manifold. That is we have a bilinear anti-symmetric pairing {·, ·} : C^∞(M)⊗C^∞(M) → C^∞(M), which satisfies the Leibniz rule in each variable. Let C^∞_h (M) = C^∞(M)[[h]] and C_h = C [[h]]. The notion of a deformation quantization of a Poisson manifold was introduced in [BFFLS].

Definition 1. A (formal) deformation quantization of (or ∗-product on) (M, {·, ·}) is an associative C_h -algebra structure ∗ on C^∞_h (M) such that f ∗ g = fg mod h f ∗ g − g ∗ f = h{f, g} mod h^2 for all f, g ∈ C^∞(M).

We will further only study ∗-products such that 1 ∈ C^∞(M) is also a ∗-unit. Any deformation quantization induces bilinear maps

C_r : C^∞(M) ⊗ C^∞(M) → C^∞(M), which determines the product completely f ∗ g = ∑ r C_r(f, g)h^r, f, g ∈ C^∞(M). We say that ∗ is differentiable if C_r are bidifferential operators. Example. Consider R^{2n} with the standard symplectic structure given in the standard coordinates (x_i, y_i) by ω = ∑ i dx_i ∧ dy_i. Consider the operator P̂ : C^∞(R^{2n} × R^{2n} ) → C^∞(R^{2n} × R^{2n} ) given in coordinates (x^′_i, y^′_i, x^{′′}_i , y^{′′}_i ) on R^{2n} × R^{2n} by

P̂ = ∑ i ( ∂ ∂x^′_i ∂ ∂y^{′′}_i − ∂ ∂y^′_i ∂ ∂x^{′′}_i ) . If we now denote the restriction map to the diagonal by D : C^∞(R^{2n} × R^{2n} ) → C^∞(R^{2n} ) and the canonical map from C^∞(R^{2n} ) ⊗ C^∞(R^{2n} ) to C^∞(R^{2n} × R^{2n} ) by ι, then {f, g} = D ∘ P̂ ∘ ι(f ⊗ g). Extend ι, D and P̂ to C^∞_h by requiring C_h -linearity. Now define the Moyal-Weyl product on R^{2n} by

f ∗ g = D ∘ exp( h 2 P̂ ) ∘ ι(f ⊗ g). It is clear that this product induces a deformation quantization of the Poisson bracket of the standard structure on R^{2n} .

We now consider the action of a maximal rank lattice Λ in R^{2n} on C^∞(R^{2n} ) induced by R^{2n} acting symplectically on it self by translations. We observe that D, P̂ and ι are equivariant with respect to the action of Λ. Hence the Moyal-Weyl product on R^{2n} induces a deformation quantization of the torus M = R^{2n} /Λ. We also denote this product on C^∞_h (M) by ∗.

For pure phases, we can explicitly compute this ∗-product. We may without loss of generality assume that Λ ∼= Z^{2n} ⊂ R^{2n} . For each λ ∈ Λ consider the functions F_λ ∈ C^∞(M) given by F_λ(v) = exp(2πiλ · v) where v ∈ R^{2n} and · denote the usual euclidian inner product. Lemma 1. For all λ, λ^′ ∈ Λ we have that F_λ ∗ F_λ′ = exp(πihω(λ, λ^′))F_{λ+λ}′ . Proof. Using the standard symplectic coordinates (x,y) on R^{2n} and induced coordinates (x^′, y^′, x^{′′}, y^{′′}) on R^{2n} × R^{2n} , we have that ι(F_λ ⊗ F_λ′ )(x^′, y^′, x^{′′}, y^{′′}) = exp(2πi(a · x^′ + b · y^′ + c · x^{′′} + d · y^{′′})), where λ = (a, b) and λ^′ = (c, d). But then we see that P̂ (ι(F_λ ⊗ F_{λ′} )) = 2πi(a · d − b · c)ι(F_λ ⊗ F_{λ′} ) and exp( h 2 P̂ )(ι(F_λ ⊗ F_{λ′} )) = exp(πih(a · d − b · c))ι(F_λ ⊗ F_{λ′} ).

By restriction to the diagonal we get the stated formula. □ 3. Berezin-Toeplitz deformation quantization.

Let (M, ω) be a compact symplectic manifold. Assume that (M, ω) is prequantizable, so that we can fix a Hermitian line bundle with a compatible connection (L, ⟨·, ·⟩, ∇) such that the curvature of ∇ satisfies

F_∇ = i 2π ω. Such a bundle is called a prequantum line bundle.

For each k ∈ Z we can consider the pre-Hilbert space H^{(k)} = C^∞(M, L^k) consisting of smooth sections of L^k. Integrating the inner product of two sections against the volume form associated to the symplectic form gives the pre-Hilbert space structure

(s_1, s_2) = 1 n! ∫ M ⟨s_1, s_2⟩ω^n. For each f ∈ C^∞(M) we consider the prequantum operator, namely the differential operator P^{(k)}_f : C^∞(M, L^k) → C^∞(M, L^k) given by

P^{(k)}_f = − 1 k ∇^{(k)}_{Xf} + if· where X_f is the Hamiltonian vector field associated to f.

Now assume that we have a complex structure I on M, which is compatible with ω. We can then consider the subspace H^{(k)}_I of H^{(k)} consisting of holomorphic sections of L^k:

H^{(k)}_I = H^0(M_I , L^k).

By standard elliptic theory this is a finite dimensional subspace of H^{(k)} and we have the orthogonal projection π^{(k)} : H^{(k)} → H^{(k)}_I . From this projection we can construct the Toeplitz operator associated to any smooth function f ∈ C^∞(M), T^{(k)}_f : H^{(k)} → H^{(k)}_I , defined by

T^{(k)}_f (s) = π^{(k)}(fs) for any element s in H^{(k)}. We recall by Tuynman’s theorem (see [Tuyn]) that if we compose the prequantum operator associated to f by the orthogonal projection, then it can be rewritten as a Toeplitz operator: Theorem 1 (Tuynman). For any f ∈ C^∞(M) we have that π^{(k)} ∘ P^{(k)}_f = iT^{(k)}_{f − 12k Δf}

as operators from H^{(k)} to H^{(k)}_I , where Δ is the Laplacian on (M, ω, I).

We shall interpret this theorem in the light of deformation quantization of a torus in remark 2 in section 4.

Let us now recall how one constructs a particular deformation quantization on a compact Kähler manifold following Schlichenmaier [Sch].

Theorem 2 (Schlichenmaier). For any pair of smooth functions f_1, f_2 ∈ C^∞(M), we have an asymptotic expansion

T^{(k)}_{f1} T^{(k)}_{f2} ∼ ∞∑ l=0 T^{(k)}_{cl(f1 ,f2 )}k^{−l}, where c_l(f_1, f_2) ∈ C^∞(M) are uniquely determined since ∼ means the following: For all L ∈ Z_+ we have that

‖T^{(k)}_{f1} T^{(k)}_{f2} − L∑ l=0 T^{(k)}_{cl(f1,f2 )}k^{−l}‖ = O(k^{−(L+1)}). Moreover, c_0(f_1, f_2) = f_1f_2.

This theorem is proved in [Sch], where it is also proved that the formal generating series for the c_l(f_1, f_2)’s gives a formal deformation quantization^1 of the Poisson structure on M induced from ω.

Definition 2. The Berezin-Toeplitz deformation quantization ⋆_I of the compact Kähler manifold (M, ω, I) is f ⋆_I g = ∞∑ l=0 (−1)^lc_l(f, g)h^l, where f, g ∈ C^∞(M) and c_l(f, g) are determined by Theorem 2.

In [KS], this Berezin-Toeplitz deformation quantization is identified in terms of Karabegov’s classification of ∗-products with separation of variables on Kähler manifolds. Let ⋆^′_I be the unique ∗-product with separation of variables whose Karabegov form is ω̃ = − 1 h ω + ρ where ρ is the Ricci form, which is the curvature form of the Chern connection in the canonical bundle (see [K]). Let B_I : C^∞_h (M) → C^∞_h (M) be the formal Berezin Transform for ⋆^′_I (see section 2 in [KS]).

Theorem 3 (Karabegov & Schlichenmaier). The Berezin-Toeplitz ∗-product ⋆_I is related to ⋆^′_I via the formal Berezin-transform: f ⋆_I g = B^{−1}_I (B_I (f) ⋆^′_I B_I (g)).

We will also need the following theorem due to Bordemann, Meinrenken and Schlichenmaier (see [BMS]).

Theorem 4 (Bordemann, Meinrenken and Schlichenmaier). For any f ∈ C^∞(M) we have that lim_{k→∞} ‖T^{(k)}_f ‖ = sup_{x∈M} |f(x)|. Since the association of the sequence of Toeplitz operators T^k_f , k ∈ Z_+ is linear in f, we see from this theorem, that this association is faithful.

1We have the opposite sign-convention on the curvature, which means our c_l are (−1)^lc_l in [Sch].

4. Berezin-Toeplitz deformation quantization of abelian varieties

Let us now consider the case where M, the symplectic manifold, is a torus, i.e. M = V/Λ, where V is a real vector space equipped with a symplectic structure ω, and Λ is a discrete lattice in V of maximal rank such that ω is integral and unimodular when restricted to Λ. Then there exists a symplectic basis (λ_1, . . . , λ_{2n}) over the integers for Λ (see e.g. [GH] p. 304). Let (x_1, . . . , x_n, y_1, . . . , y_n) be the dual coordinates on V . Then ω = n∑ i=1 dx_i ∧ dy_i. Let A be the automorphism group of (Λ, ω). Then A injects into the symplectomorphisms of (M, ω). Using the basis (λ_1, . . . , λ_{2n}), we get an identification A ∼= Sp(2n, Z). Let now C be the space of complex structures on V , which are compatible with ω, i.e. C consists of the symplectomorphisms I : V → V such that the symmetric form ω(·, I·) is a positive definite inner product on V . For an I ∈ C the triple M_I = (M, ω, I) is a principal polarized abelian variety. Notice that A acts on C.

Using the basis, we can identify C with the Siegel generalized upper half space H = {Z ∈ M_{n,n}(C ) | Z = Z^t, Im(Z) > 0}. For any I ∈ C, we have that (λ_1, . . . , λ_n) is basis over C for V with respect to I. Let (z_1, . . . , z_n) be the dual complex coordinates on V relative to the basis (λ_1, . . . , λ_n). The complex structure I determines and is determined by a unique Z ∈ H such that z = x + Zy. Since any Z ∈ H gives a positive complex structure, say I(Z), compatible with the symplectic form, we have a bijective map I : H → C, given by sending Z ∈ H to I(Z). For a Z ∈ H , we use the notation X = Re(Z) and Y = Im(Z).

Let us now for each I ∈ C explicitly construct a holomorphic prequantum line bundle L_I over M_I , by providing a lift of the Λ action on V to the trivial line bundle L̃ = V × C , such that the quotient is L_I .

To this end we need a system of multipliers e_λ ∈ C^∞(V ), which are non-where vanishing, holomorphic with respect to I and satisfying the following compatibility relations

e_λ′ (v + λ)e_λ(v) = e_λ′ (v)e_λ(v + λ^′) = e_{λ+λ}′ (v)

for all λ, λ^′ ∈ Λ. The action of Λ on L̃ is then given by λ(v, z) = (v + λ, e_λ(v)z), for all λ ∈ Λ and (v, z) ∈ L̃.

If we fix the multipliers for the basis (λ_1, . . . , λ_{2n}), then the compatibility equations uniquely determine the multipliers for all λ ∈ Λ. We fix the multipliers for I(Z) as follows: e_{λi} (z) = 1, i = 1, . . . , n, e_{λi} (z) = e^{−2πizi −πiZii} , i = n + 1, . . . , 2n.

Let us now introduce a Hermitian structure in L_I . First we introduce the following function: h(z) = e^{−2πy·Y y} where as above z = x + Zy. On L̃ we consider the Hermitian structure h⟨·, ·⟩_C , where ⟨·, ·⟩_C is the standard inner product on C . Since

h(z + λ) = 1 |e_λ(z)|^2 h(z), we see that this Hermitian structure is Λ-invariant and induces a Hermitian structure ⟨·, ·⟩ on L_I . By general theory, see e.g. section 2.6 in [GH], we have that the Chern connection of (L_I , ⟨·, ·⟩) has curvature^i_{2π} ω.

The space of holomorphic sections of L^k_I , H^0(M_I , L^k_I ), has dimension k^n, and they give a vector bundle H^{(k)} over C, by letting H^{(k)}_I = H^0(M_I , L^k_I ).

The L^2-inner product on H^0(M_I , L^k_I ) is given by

(s_1, s_2) = ∫ M s_1(z)s_2(z)e^{−2πky·Y y}dxdy for s_1, s_2 ∈ H^0(M_I , L^k_I ).

We can give an explicit basis for this space in terms of the classical Thetafunctions of level k: Θ_{α,k}(Z, z) = ∑ l∈Z^n e^{πik(l+α)·Z(l+α)}e^{2πik(l+α)·z} , where α ∈^1_k Z^n/Z^n.

These Theta-functions satisfy the following heat equation ∂Θ_{α,k} ∂Z_{ij} = − 1 4πik ∂^2Θ_{α,k} ∂z_i∂z_j . The geometric significance of this equation is as follows. Let us define a connection D̃ in the trivial C^∞(C^n )-bundle over H , by the following assignment D̃_{∂∂Zij} = ∂ ∂Z_{ij} + 1 4πik ∂^2 ∂z_i∂z_j . Using the coordinates z = x+Zy over the point Z ∈ H to identify H^0(M_{I(Z)}, L^k_I ) with a subspace of C^∞(C^n ), we get an embedding of the bundle H^{(k)} as a subbundle, say H̃^{(k)} of this trivial C^∞(C^n )-bundle, which is preserved by D̃ . Hence we get an induced connection D in H^{(k)}. The covariant constant sections of H^{(k)} with respect to D are identified with the Theta-functions under this embedding. From this it follows that this connection is flat. This connection can according to [Ram] and [Wel] be identified with the flat L_2-induced connection in H̃^{(k)}. Parallel transport in H^{(k)} with respect to the connection D provides a canonical identification of the geometric quantization of M_I for varying I, since D is flat and H is contractible. - Since the Theta-functions are covariant constant, they explicitly realize this identification. The usual action of Sp(2n, Z) on Theta-functions induces an action of A on the bundle H^{(k)} which covers the A-action on C ∼= H .

We can explicitly compute the inner products (Θ_{α,k}, Θ_{β,k}), by first interchanging the sum and integral by absolute convergence of the sum, then doing the x-integral and finally evaluating the remaining sum of y-integrals as one Gaussian integral over R^n :

(Θ_{α,k}, Θ_{β,k}) = { 0 α ≠ β mod Z^n (2^nk^n|Y |)^{−1/2} otherwise where |Y | = det(Y ).

Let us therefore introduce the norm (·, ·)_Y = (2^nk^n|Y |)^{1/2}(·, ·), with respect to which Θ_{α,k}(Z) give an ortho-normal basis of H^0(M_{I(Z)}, L^k_{I(Z)}). This gives H^{(k)} a Hermitian structure compatible with D .

Let (r, s) ∈ Z^n × Z^n and consider the function F_{r,s} ∈ C^∞(M) given in the coordinates (x, y) by F_{r,s}(x, y) = e^{2πi(r·x+s·y)}. We shall now study the Toeplitz operators T^{(k)}_{Fr,s} associated to the function F_{r,s}. In fact we will compute the matrix by which T^{(k)}_{Fr,s} acts on H^0(M_I , L^k_I ) relative to the Theta-function basis Θ_{α,k}. Hence we just need to compute (F_{r,s}Θ_{α,k}, Θ_{β,k}). This is done similarly to the computation above. Using absolute convergence, the sum and the integration is interchanged. Then the x-integral gives zero unless α − β = −[^r_k ], where [^r_k ] means the residue class of^r_k mod Z^n. The remaining single sum of yintegrals rewrites to a single Gaussian integral over R^n just as above, and we get the result that (F_{r,s}Θ_{α,k}, Θ_{β,k})_Y = δ_{α−β,−[} r_{k ]}e^{− πik r·Zr}e^{−2πis·α}e^{−π2(s−Zr)·(2πkY )−1(s−Zr)}. (1) Hence in the basis Θ_{α,k}(Z) the matrix coefficients (T^{(k)}_{Fr,s} )_{α,β} are given by (F_{r,s}Θ_{α,k}, Θ_{β,k})_Y . A simple rewriting gives (T^{(k)}_{f (r,s,Z)(k)Fr,s} )_{α,β} = δ_{α−β,−[} r_{k ]}e^{− πik r·s}e^{−2πis·α}, where f(r, s, Z)(k) = e^{π2k (s+Xr)·Y −1(s+Xr)}e^{π2k r·Y r}. Remark 1. The Toeplitz operators T^{(k)}_{Fr,s} are sections of End(H^{(k)}) over C. The flat connection D induces a flat connections D^e in the bundle End(H^{(k)}), with respect to which we see that T^{(k)}_{Fr,s} is not covariant constant. However the operators T^{(k)}_{f (r,s,Z)(k)Fr,s} are covariant constant.

Proposition 1. Let Δ_{I(Z)} be the Laplace operator with respect to the metric g_{I(Z)}(·, ·) = 4πω(·, I(Z)·) on M. Then e^{− 12k ΔI(Z)} F_{r,s} = f(r, s, Z)(k)F_{r,s}. Proof. We recall that

Δ_{I(Z)} = − 1 4π { ( ∂ ∂y + X ∂ ∂x ) · Y^{−1}( ∂ ∂y + X ∂ ∂x ) + ∂ ∂x · Y ∂ ∂x } . We compute that ( ∂ ∂y + X ∂ ∂x ) · Y^{−1}( ∂ ∂y + X ∂ ∂x )F_{r,s}(x, y) = −4π^2 ( (s + Xr) · Y^{−1}(s + Xr) ) F_{r,s}(x, y) and that ∂ ∂x · Y ∂ ∂x F_{r,s}(x, y) = −4π^2 (r · Y r) F_{r,s}(x, y). Hence we obtain the desired formula. □ By substituting h for k^{−1} we obtain the formal transform E_I = e^{− h2 ΔI} : C^∞_h (M) → C^∞_h (M).

We observe that E_I , I ∈ C is A-equivariant, since for all a ∈ A, we have that a^∗ ∘ E_I = E_{(a(I))}a^∗.

Theorem 5. Let ⋆_I , be the ∗-product obtained by applying Berezin-Toeplitz deformation quantization to M_I . Then for f, g ∈ C^∞(M), we have that E^{−1}_I (E_I (f) ⋆_I E_I (g)) = f ∗ g, where ∗ is the Moyal-Weyl product.

Proof. Define T̂^{(k)}_{Fr,s} = T^{(k)}_{e− 12k ΔI Fr,s} : H^0(M_I , L^k_I ) → H^0(M_I , L^k_I ). Then (T̂^{(k)}_{Fr,s} )_{α,β} = δ_{α−β,−[} r_{k ]}e^{− πik r·s}e^{−2πis·α}. We then compute that (T̂^{(k)}_{Fr,s}T̂^{(k)}_{Ft,u} )_{α,β} = δ_{α−β,−[} r+t_{k ]}e^{− πik r·s}e^{− πik t·u}e^{− 2πik u·r}e^{−2πi(s+u)·α} = e^{− πik (r·u−t·s)}(T̂^{(k)}_{Fr+t,s+u} )_{α,β} Hence we see that T^{(k)}_{e− 12k ΔI Fr,s} T^{(k)}_{e− 12k ΔI Ft,u} = e^{− πik (r·u−t·s)}T^{(k)}_{e− 12k ΔI Fr+t,s+u} , so E_I (F_{r,s}) ⋆_I E_I (F_{t,u}) = e^{πih(r·u−t·s)}E_I (F_{r+t,s+u}). By Lemma 1, the result now follows. □ Corollary 1. We have the following relation between Toeplitz operators T^{(k)}_{EI (Fr,s)(1/k)}T^{(k)}_{EI (Ft,u )(1/k)} = T^{(k)}_{(EI (Fr,s)⋆I EI (Ft,u ))(1/k)}. (2) Remark 2. Comparing E_I with Tuynman’s result, Theorem 1, we see that to first order E_I transforms the Toeplitz operators to the classical geometric quantization operators.

Remark 3. Combining the result of Karabegov and Schlichenmaier stated in Theorem 3 with the above, we see that E_I ∘ B_I provides an equivalence between the ∗-product with separation of variables ⋆^′_I on M_I , whose Karabegov form is −^1_h ω and the Moyal-Weyl ∗-product.

5. The topological deformation quantization of the abelian moduli space

Let Σ be a closed oriented surface of genus g. Let M be the moduli space of flat U(1)-connections on Σ. Then

M = Hom(π_1(Σ), U(1)) = H^1(Σ, R)/H^1 (Σ, Z).

There is a symplectic structure ω on H^1(Σ, R) given by the cup product, followed by evaluation on the fundamental class of Σ. By Poincare duality, we have that ω is integral and unimodular over the lattice H^1(Σ, Z). The mapping class group Γ of Σ acts on M via the induced homomorphism

ρ : Γ → Aut(H^1(Σ, Z), ω).

The homomorphism ρ is surjective and has the Toreilli subgroup of Γ as its kernel.

Let p be a point on Σ and let Σ^′ = Σ − {p}. Since U(1) is abelian we have that

M = Hom(π_1(Σ^′), U(1)).

In [AMR1] and [AMR2] we constructed in collaboration with Mattes and Reshetikhin a ∗-product on the Poisson manifolds

M^G = Hom(π_1(Σ^′), G)/G

where G is either GL(m, C ) or SL(m, C ) and the Poisson structure is determined by the choice of an invariant symmetric bilinear form on the Lie algebra of G. Notice that we in the abelian case G = GL(1, C ) = C^∗ have M ⊂ M^G.

We will in this section argue that this ∗-product on M^G for G = C^∗ restricts to a ∗-product on M, and we will show that the resulting ∗-product is the Moyal-Weyl product. Let us review the constructions in [AMR1] and [AMR2].

First we recall the description of the Poisson structure on M^G in terms of chord diagrams on the surface given in [AMR1].

Definition 3. A chord diagram is a graph consisting of disjoint oriented circles S_i, i ∈ {1, ..., n} and disjoint arcs C_j , j ∈ {1, ..., m} such that: 1. the endpoints of the arcs are distinct 2. ∪_j ∂C_j = (∪_iS_i) ∩ (∪_j C_j ) The arcs are called chords, the circles S_i are called the core components of the diagram.

Definition 4. A geometrical chord diagram on Σ^′ is a smooth map from a chord diagram D to Σ^′, mapping the chords to points. A chord diagram on Σ^′ is a class of geometric chord diagrams modulo homotopy.

Definition 5. By a generic chord diagram (on Σ^′) we will mean a geometrical chord diagram on Σ^′ such that all circles are immersed, and with all double points transverse.

Clearly every chord diagram on Σ^′ contains generic chord diagrams. Consider the complex vector space V_Σ′ with the basis given by the set of chord diagrams on Σ^′ and the subspace W_Σ′ generated by the 4T-relations (see [AMR1]).

Definition 6. The algebra ch (Σ^′) := V_Σ′ /W_Σ′ is called the algebra of chord diagrams on Σ^′.

It has a natural ring structure with multiplication given by union of chord diagrams, with unit the empty diagram.

These rings are graded by the number of chords

ch (Σ^′) = ⨁ n≥0 ch^{(n)} (Σ^′)

and we have an associated filtered space with filtered components ch_m (Σ^′) := ⨁ n≥m ch^{(n)} (Σ^′) and completion ch (Σ^′) = ∏ n≥0 ch^{(n)} (Σ^′).

Recall from [AMR1] that ch (Σ^′) has a natural Poisson structure given as follows: Assume D_1 ∪D_2 is a generic chord diagram. For p ∈ D_1 ∩D_2 we define the oriented intersection number by

ϵ_{12}(p) :=

+1 for 1 2 p −1 for 2 1 p where 1 and 2 indicate components of the corresponding diagrams.

For each p ∈ D_1 ∩ D_2 we define D_1 ∪_p D_2 to be the chord diagram on Σ^′ given by joining D^{−1}_1 (p) and D^{−1}_2 (p) by a chord. Under the above assumptions we define their Poisson bracket to be

{[D_1], [D_2]} := ∑ p∈D_1 ∩D_2 ϵ_{12}(p)[D_1 ∪_p D_2] (3) It is closely related to the Poisson structure on the moduli space of flat Gconnections on Σ^′, where G is a complex Lie group with an invariant bilinear pairing on its Lie algebra. The following is one of the main results of [AMR1]:

Theorem 6. Given a finite dimensional representation of G, there is a Poisson algebra homomorphism F (given by formula (2) in [AMR1]) from ch (Σ^′) to the Poisson algebra O(M^G) of algebraic functions on the moduli space of flat G-connections on Σ^′. This homomorphism is in many interesting cases surjective, including the case of G being GL(m, C ) or SL(m, C ) and the representation being the defining representation.

A connected geometric chord diagram D with zero chords is just a closed curve on Σ^′, and the function F_D associated to this diagram is simply just the holonomy function of the curve D. For non-connected diagrams with zero chords, the function is simply just the product of the holonomy functions for each component. Since we have the following local relation (see [AMR2]) for G = GL(m, C ) = (4) we see that this determines the homomorphism F completely in this case. In the very special case of G = GL(1, C ), which interest us here the relation, which we get from the Cayley-Hamilton theorem, is the following very simple relation (see [AMR2]) = (5) This tells us that for a chord diagram D on Σ^′, the function F_D only depends on the integer homology classes of [D] ∈ H^1(Σ, Z), that is the sum in integer homology of the images of the core components. For γ ∈ H^1(Σ, Z) we simply use the notation F_γ for F_D for any chord diagram D such that [D] = γ.

Further, if we combine the two relations we get of course = (6) which we will see gives an enormous simplification, when we compute the ∗-product.

Let us now recall from [AMR2], how we quantize the Poisson algebra of chord diagrams and how this induces a ∗-product on M^G.

Denote by L(Σ^′) the C -vector space spanned by (framed) links in Σ^′ × [0, 1] (by a link we mean an isotopy class of smooth imbeddings (S^1)^∪ → Σ^′ ×[0, 1]) We have a multiplication on L(Σ^′) defined by the following rule: Let L_1 and L_2 be links in Σ^′ × [0, 1]. Isotope L_1 such that it is contained in Σ^′ × [0,^1_2 ] and L_2 such that it is contained in Σ^′ × [^1_2 , 1]. Then define

L_1.L_2 = L_1 ∪ L_2

where L_1 ∪ L_2 ⊂ (Σ^′ × [0, 1/2]) ∪_Σ′_{×{1/2}} (Σ^′ × [1/2, 1]) = Σ^′ × [0, 1] .

This multiplication determines on L(Σ^′) the structure of an associative (in general noncommutative) ring with the empty link being the unit element.

Let us now recall the Vassiliev filtration on L(Σ^′). Let L ⊂ Σ^′ × [0, 1] be a link and D_L ⊂ Σ^′ some link diagram of L, so that D_L is (an isotopy class of) a regular projection of L to Σ^′. As usual we distinguish vertices of two types: For each vertex v ∈ D_L we introduce an oriented crossing number ϵ(v) such that a positive crossing gives +1 and a negative gives −1.

If the diagram D_L has vertices v_1, . . . , v_n with corresponding oriented crossing numbers ϵ_1, . . . , ϵ_n we also denote it by D^{ϵ1,...,ϵn}_L when we wish to emphasize the types of the crossings. We may regard L as an equivalence class [D_L] of diagrams that are related by Reidemeister moves.

Introduce the following operation ∇: Choose a set of crossings v_{i1} , . . . , v_{im} of D_L and set ∇_{vi1 ,...,vim} D_L := ∑ ϵ_{i1} ,...,ϵ_{im} =±1 ϵ_{i1} . . . ϵ_{im} [D^{ϵ1 ,...,ϵn}_L ] This maps the link diagram D_L to a linear combination of links whose regular projections are obtained from D_L by switching crossings.

Now let L_m (Σ^′) ⊆ L (Σ^′) be the span of all elements of the form ∇_{vi1 ,...,vim} D_L where D_L runs over all possible link diagrams.

The filtration L(Σ^′) ⊃ L_1(Σ^′) ⊃ L_2(Σ^′) . . . is compatible with the algebra structure. We get a Poisson structure on

L_{Gr}(Σ^′) = ⨁ n≥0 L_n(Σ^′)/L_{n+1}(Σ^′),

since if x ∈ L_n and x^′ ∈ L_m then x.x^′ − x^′.x ∈ L_{m+n+1} and we define

{[x], [x^′]} = [x.x^′ − x^′.x] ∈ L_{m+n+1}(Σ^′)/L_{m+n+2}(Σ^′).

Set L_∞ (Σ^′) := ⋂ n∈N L_n (Σ^′) and L^′ (Σ^′) := L (Σ^′) /L_∞ (Σ^′).

To any element D ∈ ch^{(n)} (Σ^′) we can associate an element λ (D) ∈ L (Σ^′) /L_{n+1} (Σ^′) by setting

λ (D) := ∇_{vi1 ,...,vin} D_L mod L_{n+1} (Σ^′) for any link L that projects to the diagram D, where {v_{i1} , . . . , v_{in} } is the set of chords of D. This defines a graded linear map λ : ch(Σ^′) → L_{Gr}(Σ^′), which according to Proposition 9 in [AMR2] is a graded Poisson homomorphism and in fact an isomorphism, since there exists a universal Vassiliev invariant for Σ^′:

A universal Vassiliev invariant is a filtration preserving linear map V : L(Σ^′) → ch(Σ^′) such that

V (λ(D)) = D mod ch_{k+1}(Σ^′),

for all D ∈ ch^{(k)}(Σ^′). By Theorem 12 in [AMR2] we have that such an invariant exists.

The ∗-product on chord diagrams is now induced via a universal Vassiliev invariant from the product on L(Σ^′) as follows:

The extension V : L^′(Σ) → ch(Σ^′) is by Theorem 22 in [AMR2] an isomorphism and according to Theorem 24 and formula (7) in [AMR2] we define the ∗-product on ch(Σ)[[h]] to be

D_1 ∗ D_2 = h^{−deg(D1 D2 )} ∞∑ i=1 V (V^{−1}(D_1).V^{−1}(D_2))^{(i)}h^i,

where V (L) = ∑_∞ i=0 V (L)^{(i)} and V (L)^{(i)} ∈ ch^{(i)}(Σ).

The ∗ product on O(M^G)[[h]] is defined as follows. Let D_1 and D_2 be two chord diagrams on Σ^′. Then F_{D1} , F_{D2} ∈ O(M^G) and we define

F_{D1} ∗Top F_{D2} = F_{D1 ∗D2} .

By theorem 29 in [AMR2] this is well-defined and by theorem 10 in [AMR1], this determines the ∗-product on M^G uniquely. For G = C^∗ we have the following result.

Theorem 7. For any two elements λ and λ^′ in H_1(Σ, Z), we have that F_λ ∗Top F_λ′ = exp(πihω(λ, λ^′))F_{λ+λ}′ , hence ∗Top restricts to the Moyal-Weyl ∗-product on M ⊂ M^G, G = C^∗ .

Proof. We refer the reader to section 3.3 in [AMR2] for the construction of the universal Vassiliev invariant for Σ^′. The important point is however now that the relation (6) means that a chord only contributes a factor h. This has the effect, that the associator is mapped to the identity morphism. This is easily seen from the formula for the associator in [LM]. Furthermore the ±-crossing morphisms are simply just mapped to exp(±^h_2 ) times the identity morphism.

Suppose now that D and D^′ are geometric chord diagrams in generic position on the surface Σ^′ which represents γ and γ^′ respectively. When we compute V (V^{−1}(D).V^{−1}(D^′))^{(i)} we can ignore the associators. The only contribution we are left with is therefore a factor of exp(±^h_2 ) times γ + γ^′ for each intersection p between D and D^′, the sign being equal to the sign of the intersection at p between D and D^′. The theorem follows directly from this. □

6. Relations to Abelian Chern-Simons theory

In 2 + 1-dimensional Chern-Simons theory, the 2-dimensional part of the theory is a modular functor, which is a functor from the category of compact smooth oriented surfaces to the category of finite dimensional complex vector spaces, which satisfies certain properties. In the gauge-theoretic construction of this functor one first fixes a compact Lie group K and an invariant non-degenerate inner product on its Lie algebra. The functor then associates to a closed oriented surface the finite dimensional vector space one obtains by applying geometric quantization to the moduli space of flat K-connections on the surface (See e.g. [W1] and [At1]). - In the abelian case K = U(1) at hand this means concretely the following. For a closed oriented surface Σ we recall from the previous section that

M = H^1(Σ, R)/H^1 (Σ, Z)

and the symplectic structure on M is introduced from that on H^1(Σ, R), which is integral on H^1(Σ, Z) and unimodular. Hence we can apply the discussion in section 4 to our abelian moduli space M. Thus we have the Hermitian vector bundle H^{(k)} over the space of complex structures C on H^1(Σ, R). This bundle has a flat connection, and an action of Aut(H^1(Σ, Z), ω), which preserves the Hermitian structure and the flat connection. In this case the modular functor is defined by associating to Σ, the vector space Z_k(Σ) consisting of covariant constant sections of H^{(k)} over C. So through the representation ρ, we get a representation ρ_k of the mapping class group Γ of Σ on Z_k(Σ).

In 2+1-dimensional Chern-Simons theory one also has the following TQFT setup. Suppose Y is a compact oriented 3-manifold such that ∂Y = (−Σ_1) ∪ Σ_2, where Σ_1 and Σ_2 are closed oriented surfaces and −Σ_1 means Σ_1 with the orientation reversed. Assume further L is a link inside Y \ ∂Y . Then the TQFT-axioms states that there should be a linear morphism Z_k(Y, L) : Z_k(Σ_1) → Z_k(Σ_2), which satisfies that glueing along boundary components goes to the corresponding composition of linear maps. We will give a geometric construction of these operators in the case where Y = Σ × [0, 1].

Let us first provide a geometric construction of the morphisms

Z_k(γ) = Z_k(Σ × [0, 1], γ) ∈ Hom(Z_k(Σ)),

for any simple closed curve γ on the surface Σ × {1/2} ∼= Σ.

To a simple closed curve γ on Σ, we consider the holonomy function F_γ ∈ C^∞(M). This is a pure phase function, hence the series E_I (F_γ ) ∈ C^∞_h (M) is convergent for h = 1/k for all I ∈ C. According to Remark 1 and Proposition 1, the section of End(H^{(k)}) given by T^{(k)}_{EI (Fγ )(1/k)} at I ∈ C is covariant constant. We define Z_k(γ) to be this section.

Let us now use these operators to give a TQFT proof of the following well known classical result from the theory of Theta-functions.

Theorem 8. We have that ∞⋂ k=1 ker ρ_k = ker ρ

is the Toreilli subgroup of Γ.

Proof. Suppose we have a ϕ ∈ Γ. Then ϕ induces the sympletomorphism ρ(ϕ) of M. For any simple closed curve on Σ, we get the following commutative diagram

Z_k(Σ)^{ρk (ϕ)} −−−−→ Z_k(Σ) Z_k (γ) Z_{k (ϕ(γ))} Z_k(Σ)^{ρk (ϕ)} −−−−→ Z_k(Σ). Suppose now ϕ ∈ ⋂_∞ k=1 ker ρ_k, then Z_k(γ) = Z_k(ϕ(γ)). But this means that T^{(k)}_{EI (Fγ )(1/k)} = T^{(k)}_{EI (Fϕ(γ) )(1/k)} for all k and all I ∈ C. Hence we get that lim_{k→∞} ‖T^{(k)}_{Fγ −Fϕ(γ)} ‖ = 0. By Bordemann, Meinrenken and Schlichenmaier’s theorem 4, we must have that F_γ = F_{ϕ(γ)}. But then since F_{ϕ(γ)} = F_γ ∘ ρ(ϕ), we see that ρ(ϕ) acts trivial on C^∞(M). Then we must have that ϕ ∈ ker ρ. □ Remark 4. In [A1] we have generalized a part of the constructions presented here to the non-abelian case of K = SU(n) and proved an analog of theorem 8, which in that case yields the much stronger asymptotic faithfulness result, that the intersection of the kernels is trivial. See Theorem 1 in [A1] for the precise statement.

Let us now return to the TQFT constructions and give a geometric construction of Z_k(Σ × [0, 1], L) ∈ Hom(Z_k(Σ)) for any link L as follows. Consider V (L) as an element in H^1(Σ, Z)[[h]]. By the arguments in the proof of Theorem 7, we see that we only get contributions from the crossings, and since these contribute with convergent power series in h, we see that F_L := F_{V (L)} ∈ C^∞(M)[[h]], is actually convergent for any h. But then we can simply define Z_k(Σ × [0, 1], L) ∈ Hom(Z_k(Σ)) to be the covariant constant section T^{(k)}_{EI (FL)(1/k)} of End(H^{(k)}) over C. Now all of the above results combine to give the following Theorem Theorem 9. We have that the operators Z_k(Σ × [0, 1], L) ∈ Hom(Z_k(Σ)) satisfy the glueing law

Z_k(Σ × [0, 1], L_1.L_2) = Z_k(Σ × [0, 1], L_1) ∘ Z_k(Σ × [0, 1], L_2). for any two link L_1 and L_2 in Σ × [0, 1].

Proof. By the very definition of the ∗-product ∗Top on the moduli space M, we have for any two links L_1 and L_2, that F_{L1 .L2} = F_{L1} ∗Top F_{L2} .

But then by Theorem 7 and Corollary 1 we get that T^{(k)}_{EI (FL1.L2 )(1/k)} = T^{(k)}_{EI (FL1 )(1/k)} ∘ T^{(k)}_{EI (FL2 )(1/k)}, for all I ∈ C. The glueing law follows from this. □

References

[A1] J. E. Andersen, ”Asymptotic faithfulness of the quantum SU(n) representations of the mapping class groups”. Preprint (2002). math.QA/0204084.

[AMR1] J.E. Andersen, J. Mattes & N. Reshetikhin, ”The Poisson Structure on the Moduli Space of Flat Connections and Chord Diagrams”. Topology 35, pp.1069–1083 (1996).

[AMR2] J.E. Andersen, J. Mattes & N. Reshetikhin, ”Quantization of the Algebra of Chord Diagrams”. Math. Proc. Camb. Phil. Soc. 124 pp.451-467 (1998).

[At1] M. Atiyah, ”The Jones-Witten invariants of knots.” Séminaire Bourbaki, Vol. 1989/90.

Astérisque No. 189-190 (1990), Exp. No. 715, 7–16.

[ADW] S. Axelrod, S. Della Pietra, E. Witten, ”Geometric quantization of Chern Simons gauge theory.”, J.Diff.Geom. 33 (1991) 787–902.

[BFFLS] Bayen, F., Flato, M. Fronsdal, C., Lichnerowicz, A., and Sternheimer, D., ”Deformation theory and quantization, I and II, Ann. Phys. 111 (1977), 61 – 151.

[BMS] M. Bordeman, E. Meinrenken & M. Schlichenmaier, ”Toeplitz quantization of Kähler manifolds and gl(N), N → ∞ limit”, Comm. Math. Phys. 165 (1994), 281–296.

[vGdJ] B. Van Geemen & A. J. De Jong, ”On Hitchin’s connection”, J. of Amer. Math. Soc., 11 (1998), 189–228.

[GH] P. Griffiths & J. Harris, ”Principles of Algebraic Geometry”, Wiley & Sons Inc. New York. [H] N. Hitchin, ”Flat connections and geometric quantization.”, Comm.Math.Phys., 131 (1990) 347–380.

[K] A. V. Karabegov, ”Deformation Quantizations With Separation of Variables on a Kähler Manifold”, Commun. Math. Phys. 180, 745 – 755 (1996) [KS] A. V. Karabegov & M. Schlichenmaier, ”Identification of Berezin-Toeplitz deformation quantization”, J. Reine Angew. Math. 540 (2001), 49–76.

[LM] T. T. Q. Le & J. Murakami , ”The universal Vassiliev-Kontsevich invariant for framed oriented links.”, Compositio Math. 102 (1996), no. 1, 41–64.

[Ram] T.R. Ramadas, ”Chern-Simons gauge theory and projectively flat vector bundles on M_g ”, Comm. Math. Phys. 128 (1990), no. 2, 421 – 426.

[Sch] M. Schlichenmaier, ”Berezin-Toeplitz quantization and conformal field theory” Thesis. [daSW] da Silva. A., Weinstein, A., ”Lectures on Geometric Models for Noncommutative Algebras”, [Tuyn] Tuynman, G.M:, ”Qunatization: Towards a comparision between methods”, J. Math.

Phys. 28 (1987), 2829-2840.

[W1] E. Witten, ”Quantum field theory and the Jones polynomial.”, Commun. Math. Phys 121 (1989) 351–98.

[Wel] G. E. Welters, ”Polarized abelian varieties and the heat equations.”, Compositio Math. 49 (1983), no. 2, 173–194.

Department of Mathematics, University of Aarhus, DK-8000, Denmark E-mail address: andersen@imf.au.dk