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GEOMETRIC CONSTRUCTION OF MODULAR FUNCTORS

FROM CONFORMAL FIELD THEORY
JORGEN ELLEGAARD ANDERSEN AND KENJI UENO

ABSTRACT. We give a geometric construct of a modular functor for any simple
Lie-algebra and any level by twisting the constructions in [48] and [51] by a certain

fractional power of the abelian theory first considered in [32] and further studied in

[2].
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1. INTRODUCTION

This is the second paper in a series of papers aimed at providing a geometric con-
struction of modular functors and topological quantum field theories from conformal
field theory building on the constructions in [48] and [51] and [32]. In this paper we
will provide the geometric construction of a modular functor V,? for each simple Lie
algebra @ and a positive integer ¢ (the level). By a very general construction any
modular functor with duality induces a topological quantum field theory in dimen-
sion 2 + 1 by the work of Kontsevich [33] and Walker [53] and also Grove [25]. Our
third paper [3] in this series provides an explicit isomorphism of the modular func-
tor underlying the Reshetikhin-Turaev TQFT for U,(sl(n)) and the one constructed
in this paper for the Lie algebra sl(n). This uses the Skein theory approach to the
Reshetikhin-Turaev TQFT of Blanchet, Habegger, Masbaum and Vogel [12], [13] and
[11].

Fix a simple Lie algebra g and normalize the invariant inner product on it by re-
quiring the highest root to have length squared equal to 2. Let ¢ be a positive integer
and consider the finite (label) set P, of integrable highest weight representations at
level ¢ of the affine Lie algebra of 8. By the usual highest weight vector representa-
tions, this finite set P is naturally identified with a subset of the dominant integrable
weights of g (see formula (1)).

The main idea is to construct a modular functor V! by associating to each la-
beled marked surface the space of vacua using the given labels for the Lie algebra @
at level ¢ for some complex structure on the marked surface, as defined in [48] [50]
and [51]. In order to make this construction independent of the complex structure it
must be understood in terms of bundles with connections over the hole of Teichmiiller
space of the surface, relying on parallel transport to provide the required identifica-
tions between the different spaces of vacua. The consistencies of these identifications
translates to flatness requirements on these connections. However, the sheaf of vacua
construction in [48] and [51] gives a bundles with a connections, which is only pro-
jectively flat, over Teichmiiller space of the surface. By tensoring this bundle with a
line bundle with a connection with the opposite curvature, we get a flat bundle over
Teichmiiller space and the vector space we associate to the labeled marked surface
is the vector space of covariant constant sections of this resulting bundle. This line
bundle is constructed as a fractional power of a certain rank 1 abelian sheaf of vacua,
which we considered in the first paper in this series [2] from the same point of view as
[48] and [51]. The extraction of this fractional power brings in central extensions of
mapping classes as the natural morphisms on which the resulting functor is defined.
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The construction and properties of this flat bundle primarily rely on the complex
algebraic constructions and results of [48] and [51] on the the sheaf of vacua construc-
tion yielding a conformal field theory for each simple Lie algebra @ and level ¢. For
the 1-dimensional correction theory, we draw on the work [2], which in turn relies on
[32].

The paper is organized as follows.

In section 2 we give the axioms for a modular functor. We introduce the notion of
a marked surface, which is a closed smooth oriented surface, with a finite subset of
points with projectiv tangent vectors and a Lagrangian subspace of the first integer
homology of the surface. These form a category on which there is the operation of
disjoint union and the operation of orientation reversal. There is also the process of
glueing on this category. If we have a finite set, we can label the finite set of points on
a marked surface by elements from this finite label set and get the category of labeled
marked surfaces. A modular functor based on some finite label set, is a functor from
the category of labeled marked surfaces to the category of finite dimensional complex
vector spaces, which takes the disjoint union operation to the tensor product operation
and which takes the glueing process to a certain direct sum construction, such that
some compatibilities holds, as described in details in Definition 2.11. A modular
functor is said to be with duality if further the operation of orientation reversal is
taken to the operation of taking the dual vector space.

In sections 3 to 6 we describe in detail how any simple Lie algebra and a level ¢, via
the sheaf of vacua constructions in [51] yields a holomorphic vector bundles with a
projectively flat connection over Teichmiiller spaces of pointed surfaces equipped with
symplectic basis of the first homology. In sections 7 to 10 we describe in detail how
the abelian sheaf of vacua constructions in [2] yields a holomorphic line bundles with
a projectively flat connection and a preferred non-vanishing section over Teichmiiller
spaces of pointed surfaces equipped with a symplectic basis of the first homology.

In section 11 we describe our global geometric construction of a modular functor
for any simple Lie algebra and a level ¢. Theorem 11.1 and 11.2 summarizes the
constructions from sections 3 to 10. The preferred section of the abelian theory allows
us to construct a certain fractional power of this line bundle as stated in Theorem 11.3,
which we tensor onto this holomorphic vector bundle, so as to obtain a holomorphic
vector bundle with a flat connection over Teichmiiller space. The modular functor
is then defined (Definition 11.3) by taking covariant constant sections of this flat
bundle. The section ends with the construction of the disjoint union isomorphism.
The glueing isomorphism is constructed in section 12, where we also prove the needed

properties of glueing.



4 JORGEN ELLEGAARD ANDERSEN AND KENJI UENO

In section 13 we establish all the axioms of a modular functor is satisfied based on
the main results of the preceding sections.

2. THE AXIOMS FOR A MODULAR FUNCTOR

We shall in this section give the axioms for a modular functor. These are due to G.
Segal and appeared first in [43]. We present them here in a topological form, which
is due to K. Walker [53]. See also [25]. We note that similar, but different, axioms
for a modular functor are given in [49] and in [6]. It is however not clear if these
definitions of a modular functor is equivalent to ours.

Let us start by fixing a bit of notation. By a closed surface we mean a smooth real
two dimensional manifold. For a closed oriented surface > of genus g we have the

non-degenerate skew-symmetric intersection pairing
(', ) : H1<E,Z) X H1<E, Z) — 7.

Suppose X is connected. In this case a Lagrangian subspace L C Hi(3,Z) is by
definition a subspace, which is maximally isotropic with respect to the intersection

pairing. - A Z-basis (&, 3) = (ou, ..., a4, b1, ... 0,) for Hi(X,Z) is called a symplectic
basis if

(i, ) = 035, (ai, ) = (B3, ;) =0,
foralli,7=1,...,9.

If ¥ is not connected, then H;(X,7Z) = &;H1(%;,Z), where %; are the connected
components of ¥. By definition a Lagrangian subspace is in this paper a subspace of
the form L = @;L;, where L; C H{(%;,Z) is Lagrangian. Likewise a symplectic basis
for H,(%,7Z) is a Z-basis of the form (@, 3%)), where (&', 5% is a symplectic basis for
(5, 7).

For any real vector space V', we define PV = (V — {0})/ R, .

Definition 2.1. A pointed surface (X, P) is an oriented closed surface ¥ with a finite
set P C % of points. A pointed surface is called stable if the Fuler characteristic of
each component of the complement of the points P is negative. A pointed surface is

called saturated if each component of X contains at least one point from P.

Definition 2.2. A morphism of pointed surfaces f : (X1, P1) — (22, P,) is an isotopy
class of orientation preserving diffeomorphisms which maps Py to P,. Here the isotopy
1s required not to change the induced map of the first order Jet at Py to the first order
Jet at Ps.
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Definition 2.3. A marked surface 3 = (X, P,V, L) is an oriented closed smooth
surface > with a finite subset P C % of points with projective tangent vectors V &
U,epPT,% and a Lagrangian subspace L C Hy(X,Z).

Remark 2.1. The notions of stable and saturated marked surfaces are defined just
like for pointed surfaces.

Definition 2.4. A morphism f : 31 — 3y of marked surfaces ¥; = (X;, B, Vi, L;)
s an isotopy class of orientation preserving diffeomorphisms f : 31 — Yo that maps
(P, V1) to (Py, Va) together with an integer s. Hence we write f = (f,s).

Remark 2.2. Any marked surface has an underlying pointed surface, but a morphism
of marked surfaces does not quit induce a morphism of pointed surfaces, since we only
require that the isotopies preserve the induced maps on the projective tangent spaces.

Let o be Wall’s signature cocycle for triples of Lagrangian subspaces of H; (X, R)
(See [54]).
Definition 2.5. Let f1 = (fl,sl) . 21 — 22 and fg = (fQ,SQ) . 22 — 23 be
morphisms of marked surfaces X; = (5;, P;, Vi, L;) then the composition of f; and fy

18
fof) = (f2f1, Sg+ 81 — 0((f2f1)*L1> JoxLa, L3))-

With the objects being marked surfaces and the morphism and their composition
being defined as in the above definition, we have constructed the category of marked
surfaces.

The mapping class group I'(X) of a marked surface ¥ = (X, L) is the group of
automorphisms of 3. One can prove that ['(X) is a central extension of the mapping
class group I'(X) of the surface ¥ defined by the 2-cocycle ¢ : I'(X) — Z, c(f1, f2) =
o((fife)«L, fi«L, L). One can also prove that this cocycle is equivalent to the cocycle
obtained by considering two-framings on mapping cylinders (see [5] and [1]).

Notice also that for any morphism (f,s) : ¥; — X5, one can factor
(f,s) = ((Id,s) : 3y — o) o (f,s — )
= (f,s—5)o((Id,s):X; — Xy).
In particular (Id,s) : ¥ — ¥ is (Id, 1)*.
Definition 2.6. The operation of disjoint union of marked surfaces is
(X1, P, Vi, L) U (B, P, Va, L) = (X0 U Xy, PLU Py, ViU Vo, Ly @ Ly).

Morphisms on disjoint unions are accordingly (f1,s1) U (f2,s2) = (f1U fa, 51+ S2).
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We see that disjoint union is an operation on the category of marked surfaces.

Definition 2.7. Let 3 be a marked surface. We denote by —3 the marked surface
obtained from 3 by the operation of reversal of the orientation. For a morphism

f = 1(f,s): 3 — X, we let the orientation reversed morphism be given by —f =
<f7 _S) : _El - _22-

We also see that orientation reversal is an operation on the category of marked
surfaces. Let us now consider glueing of marked surfaces.

Let (3,{p_,p+} U P, {v_,v } UV, L) be a marked surface, where we have selected
an ordered pair of marked points with projective tangent vectors ((p_,v_), (p+, v4)),
at which we will perform the glueing.

Let ¢ : P(T,_%X)— P(T,,%) be an orientation reversing projective linear isomor-
phism such that ¢(v_) = v;. Such a c is called a glueing map for X. Let Y be the

oriented surface with boundary obtained from > by blowing up p_ and p., i.e.

=~ {p-,p+}) UP(T,_Z) UP(T,. %),
with the natural smooth structure induced from ¥. Let now Y. be the closed oriented
surface obtained from % by using ¢ to glue the boundary components of ¥. We call
Y. the glueing of ¥ at the ordered pair ((p_,v_), (p4,vy)) with respect to c.

Let now ¥’ be the topological space obtained from ¥ by identifying p_ and p,. We
then have natural continuous maps ¢ : ¥, — Y’ and n : ¥ —Y'. On the first homol-
ogy group n induces an injection and ¢ a surjection, so we can define a Lagrangian
subspace L. C Hy(X.,Z) by L. = ¢;'(n.(L)). We note that the image of P(T, X)
(with the orientation induced from ¥) induces naturally an element in Hy (3., Z) and

as such it is contained in L..

Remark 2.3. If we have two glueing maps ¢; : P(T,_%) — P(7,,>), i = 1,2, we note
that there is a diffeomorphism f of ¥ inducing the identity on (p_,v_) U (py, vy ) U
(P, V') which is isotopic to the identity among such maps, such that (df,, ) cadf, =
c1. In particular f induces a diffeomorphism f : . — X, compatible with f :
Y, — %, which maps L., to L.,. Any two such diffeomorphims of ¥ induces isotopic

diffeomorphims from >; to .
Definition 2.8. Let ¥ = (X, {p_,p. } U P, {v_,v. .} UV, L) be a marked surface. Let
¢c: P(T, %) — P(T,,%)

be a glueing map and X the glueing of ¥ at the ordered pair ((p—,v_), (p+,vy)) with
respect to c. Let L. C Hy(X.,Z) be the Lagrangian subspace constructed above from
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L. Then the marked surface . = (3., P,V, L.) is defined to be the glueing of ¥ at
the ordered pair ((p—,v_), (p+,vy)) with respect to c.

We observe that glueing also extends to morphisms of marked surfaces which pre-
serves the ordered pair ((p_,v_), (ps+, v+ )), by using glueing maps which are compat-
ible with the morphism in question.

We can now give the axioms for a 2 dimensional modular functor.

Definition 2.9. A label set A is a finite set furnished with an involution X\ — A and

a trivial element 1 such that 1 = 1.

Definition 2.10. Let A be a label set. The category of A-labeled marked surfaces
consists of marked surfaces with an element of A assigned to each of the marked point
and morphisms of labeled marked surfaces are required to preserve the labelings. An
assignment of elements of A to the marked points of X is called a labeling of 3 and
we denote the labeled marked surface by (3, \), where A is the labeling.

We define a labeled pointed surface similarly.

Remark 2.4. The operation of disjoint union clearly extends to labeled marked
surfaces. When we extend the operation of orientation reversal to labeled marked

surfaces, we also apply the involution * to all the labels.

Definition 2.11. A modular functor based on the label set A is a functor V' from
the category of labeled marked surfaces to the category of finite dimensional complex
vector spaces satisfying the axioms MF1 to MF5 below.

MF1. Disjoint union axiom: The operation of disjoint union of labeled marked sur-
faces is taken to the operation of tensor product, i.e. for any pair of labeled marked

surfaces there is an isomorphism
V(21 A1) U (B2, A2)) 2V (21, A) @ V(Zg, Ag).
The identification is associative.

MF2. Glueing axiom: Let X and X, be marked surfaces such that 3. is obtained
from ¥ by glueing at an ordered pair of points and projective tangent vectors with
respect to a glueing map c. Then there is an isomorphism
V(S N) =P V(S p, i M),
HEA
which is associative, compatible with glueing of morphisms, disjoint unions and it is

independent of the choice of the glueing map in the obvious way (see remark 2.3).
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MF3. Empty surface axiom: Let () denote the empty labeled marked surface. Then
dimV(0) = 1.

MF). Once punctured sphere axiom: Let ¥ = (S?, {p}, {v},0) be a marked sphere
with one marked point. Then
1, A=1

dim V (2, \) = { . o

MF5. Tuwice punctured sphere aziom: Let ¥ = (52, {p1,pa}, {v1,v2},{0}) be a marked
sphere with two marked points. Then

1, A= [

0, A i

In addition to the above axioms one may has extra properties, namely

dim V (2, (A, ) = {

MF-D. Orientation reversal axiom: The operation of orientation reversal of labeled
marked surfaces is taken to the operation of taking the dual vector space, i.e for any
labeled marked surface (3, A) there is a pairring

<'> > : V(Zv )‘) ® V(_Ea 5‘) —>(C,

compatible with disjoint unions, glueings and orientation reversals (in the sense that
the induced isomorphisms V(2,)) 2 V(=% A)* and V(=%,\) 2 V(Z,\)* are ad-

joints).
and

MF-U. Unitarity aziom Every vector space V (3, \) is furnished with a hermitian
inner product

():V(ENRV(E N —=C
so that morphisms induces unitary transformation. The hermitian structure must be
compatiple with disjoint union and glueing. If we have the orientation reversal prop-
erty, then compatibility with the unitary structure means that we have a commutative

diagrams
V(A — V(=N

e

V() —— V(=X \),
where the vertical identifications come from the hermitian structure and the horizontal

from the duality.
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The rest of the paper is concerned with the detailed geometric construction of
modular functors using conformal field theory. However, we shall assume the reader

is familiar with [51] and [2] and freely use the notations of these two papers in this

paper.

3. FAMILIES OF CURVES WITH FORMAL NEIGHBOURHOODS AND TEICHMULLER
SPACE

Let us first review some basic Teichmiiller theory. Let 3 be a closed oriented
smooth surface and let P be finite set of points on .

Definition 3.1. A marked curve C is a smooth projective curve C over C with a
finite set of marked points () and non-zero tangent vectors W € ToC = |_|qu T,C.

Definition 3.2. A morphism between marked curves is a biholomorphism of the un-
derlying curves which induces a bijection between the two sets of marked points and
tangent vectors at the marked points.

The notions of stable and saturated is defined just like for pointed surfaces.

Definition 3.3. A complex structure on (X, P) is a marked curve C = (C,Q, W)
together with an orientation preserving diffeomorphism ¢ : ¥ — C mapping the points
P onto the points Q. Two such complex structures ¢; : (3, P)— C; = (C},Q;, W;)
are equivalent if there exists a morphism of marked curves

(I)Iclﬁ(jg

such that ¢5 ' ®¢, : (X, P) —(%, P) is isotopic to the identity through maps inducing
the identity on the first order neighbourhood of P.

We shall often in our notation suppress the diffeomorphism, when we denote a
complex structure on a surface.

Definition 3.4. The Teichmiiller space 7(x, py of the pointed surface (X, P) is by
definition the set of equivalence classes of complex structures on (X, P).

We note there is a natural projection map from 7(s; py to TpX = U,cpT,X, which
we call 7p.

Theorem 3.1 (Bers). There is a natural structure of a complex analytic manifold
on Teichmiiller space T(x,py. Associated to any morphism of pointed surfaces f :
(X1, P1) —=(22, P») there is a biholomorphism f* : T(s, p) — T(s,,p,) which is induced
by mapping a complex structure C = (C,Q, W), ¢ : X1 —C to ¢po f~1: ¥y —C.
Moreover, compositions of morphisms go to compositions of induced biholomorphisms.
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There is an action of RY on 7(s,p) given by scaling the tangent vectors. This action
is free and the quotient T(r)@ py=Tz.p)/ Ri is a smooth manifold, which we call
the reduced Teichmiiller space of the pointed surface (3, P). Moreover the projection
map 7wp descend to a smooth projection map from T(r)(g,p) to UpepP(1,%), which
we denote Wg). We denote the fiber of this map over V' € U,epP(T,X) by T(z.pv)-
Teichmiiller space of a marked surface ¥ = (X, P,V, L) is by definition 7s; = Tz pv),
which we call the Teichmiiller space of the marked surface. Morphisms of marked
surfaces induce diffeomorphism of the corresponding Teichmiiller spaces of marked
surfaces, which of course also behaves well under composition. We observe that the
self-morphism (Id, s) of a marked surface acts trivially on the associated Teichmiiller

space for all integers s. General Teichmiiller theory implies that
Theorem 3.2. The Teichmiiller space Ts, of any marked surface 3 is contractible.
Now let us recall the definition of a formal neighbourhood of a point on a curve.

Definition 3.5. Let C' be a smooth projective curve and q a point on C. Let Oc,
be the stalk of Oc at q and let my the mazimal ideal in Ocy. We note that my,
n=0,1,2,..., giwes a filtration of Oc4. A formal n’th-order neighbourhood at q is a
filtration preserving isomorphism

Oc,q/my ™" = C[[E]]/(€")-

Let Ocy = lim,, _, o Oc,q/my be the completion of Oc,q with respect to the filtration.
A formal neighbourhood at q is a filtration preserving isomorphism

Ocq = Cl[€]).

We note that we have a canonical isomorphism

Oc,q/mz ~ C@T;C,
o= (f@), dfy).

Hence a formal 1’st order neighbourhood induces and is determined by an isomor-
phism of 77C" with C. Hence a formal 1’st order neighbourhood determines and is
determined by a non-zero vector in T;C, specified by the property that it maps to
1 € C or equivalently a vector in T,C' pairing to unity with this vector. Recall the
definition of an N-pointed curve with formal neighbourhoods X from [51], Definition
1.1.3.

Definition 3.6. For an N-pointed curve with formal neighbourhoods X, we denote
by c(X) the underlying marked curve. For a labeled curve with formal neighbourhoods
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(X, X), we denote by ¢(X,X) = (c(X), \) the underlying labeled marked curve. Here A
denotes the labeling of the marked points of ¢(X) induced by X

Let ¥ be a closed oriented smooth surface and let P be finite set of N marked
points on ¥, i.e. (3, P) is a pointed surface.

Let now B be a connected smooth complex manifold. Let Y be the smooth manifold
Y =¥ x B and 7 : Y — B the projection map. Let § = (7 : C — B;35;7) be a family
of N-pointed curves with formal neighbourhoods as in Definition 1.2.1 in [51] and
assume we have a smooth fiber preserving diffeomorphism ®z from Y to C taking the
marked points to the sections § and inducing the identity on B. This data induces

a unique holomorphic map Vg from B to the Teichmiiller space 7(s p) of the surface

(%, P).

Definition 3.7. The pair (§,Pz) is called a family of pointed curves with formal
neighbourhoods on (X, P). If P' C P is a strict subset, we say that (§, Pg) is called a

family of pointed curves with formal neighbourhoods over (3, P').

Often we will suppress @z in our notation and just write § is a family of pointed

curves with formal neighbourhoods on (%, P).

Definition 3.8. If a family § = (7 : C — B; §;7) of pointed curves with formal neigh-
bourhoods on (3, P), as above, has the properties, that the base B is biholomorphic to
an open ball and that the induced map Vg is a biholomorphism onto an open subset

of Teichmiiller space T(s,p) then the family is said to be good.

Proposition 3.1. For a stable and saturated pointed curve (X, P) the Teichmiller

space Tis py can be covered by images of such good families.

This follows from Theorem 1.2.9 in [51].

Suppose now that we have two stable and saturated families §;, ¢ = 1,2 with the
property that they have the same image Vg (By) = Vg, (By) in Teichmiiller space
7(s,p) and that §; is a good family.

Proposition 3.2. For such a pair of families there exists a unique fiber preserving
biholomorphism ® : C; — Cy covering \Ifg\llgl such that <I>§21(I>(I>gl (Y, P)—(Y,P) is
1sotopic to \I/§21\I/gl x Id through such fiber preserving maps inducing the identity on
the first order neighbourhood of P.

This follows from uniqueness of the ® in Definition 3.3.
We note that there is some permutation S of {1,..., N} such that (S®*(ij,))") =
()M, i.e. S®*(77,) induce the same first order formal neighbourhoods as 77; does.
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Suppose now f is an orientation preserving diffeomorphism from (3, P;) to (2, P).
Let §1 be a family of pointed curves with formal neighbourhoods of (3, P;). By com-
posing @3, with f~! xId we get a family of pointed curves with formal neighbourhoods
of (Xq, P»). We note that Uz, = f* o Us , where f* is the induced map between the
Teichmiiller space. This operation on families clearly behaves well under compositions

of diffeomorphisms.

4. DEFINITION OF THE SPACE OF VACUA ASSOCIATED TO A LABELED MARKED
CURVE.

Let us based on the definition of the space of vacua associated to a labeled pointed
curve with formal neighbourhoods as given in [51], define the space of vacua associated
to a label marked curve. So we fix a simple Lie algebra g over the complex numbers.
We normalize the Cartan-Killing form as in (2.1.2) in [51], i.e. the length squared of
the longest root 6 is 2. We fix a positive integer ¢, which is called the level. Let P,

be the set of dominant integral weights of g and
(1) Pr={Ae P |0<(6,A) < (}.

The level ¢ integrable highest weight representations of the affine Lie-algebra associ-
ated to g is indexed by their highest weight vector in the finite set P,. For A € P,, we
denote the corresponding representation H,. We also define an involution | : P, — F,
by

M= —w()),

where w is the longest element of the Weyl group of g. We notice that 0 € P, and 0f =
0. We refer the reader to chapter 2 & 3 of [51] for properties of these representations,
the involution § and the definition of the space of vacua V}(%) associated to a pointed

labeled curve with formal neighbourhoods X.

Remark 4.1. We notice that the definition (3.1.10) in [51] of the space of vacua V;(f{)
associated to an N-pointed curve with formal neighbourhoods X = (C, Cj, 77) depends
on the ordering of the marked points Cj = (Q1,...,Qn). However, if the points are
permuted by a permutation, the same permutation acting on the tensor product of
the Hy’s induce isomorphism between the corresponding space of (co-)vacua. Clearly,
compositions of permutations go to compositions of isomorphisms.

Let X' = (C, Q.1 ) be another N-pointed curve with formal neighbourhoods such
that ¢(X) = ¢(X'). Let h be the formal change of coordinates from 7 to 7. Then
Corollary 3.2.6 in [51] states that

G[h] : VE(%) = VLX)
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is an isomorphism.

Definition 4.1. Let C = (C,Q, W) be a stable and saturated marked curve. Let \ be
a labeling of C using the set P;,. The space of vacua associated to the labeled marked
curve (C, \) is by definition
vio= ] Vi®/~
(X X)=(C,\)
where the disjoint union is over all labeled curves with formal neighbourhoods with
(C, \) as the underlying labeled marked curve, X is compatible with the labeling A and

~ s the equivalence relation generated by the preferred isomorphisms described in

remark 4.1 above.

That the relation ~ is an equivalence relation follows from 2. in Theorem 3.2.4 in
[51]. Further it is clear that

Proposition 4.1. The natural quotient map from V/T\»(%) to V)T\(C) is an isomorphism
for all labeled curves with formal neighbourhoods (X, X) with ¢(X,X) = (C, ).

Suppose (C;, A;) are labeled marked curves and ® : (Cq, \;) —(Cy, A2) is a mor-
phism of labeled marked curves. Let (X5, X3) be a labeled curve with formal neigh-
bourhoods such that ¢(Xs, Xz) = (C, \2). Let &*Xy = X;. Then ® is a morphism of

labeled marked curves with formal neighbourhoods. We obviously have that

Proposition 4.2. The identity map on H; induces a linear isomorphism from V; (%X1)
1
to V} (X3), which induces a well defined linear isomorphism VI(®) from V;I(Cl) to

V;Q(Cg). Compositions of morphisms of labeled marked curves go to compositions of
the induced linear isomorphisms.

Let X = (C; Q; 77) be a curve with formal neighbourhoods and let Qyy1 be a
further point on the curve C' and n a formal neighbourhood of C' at Qny;. Put

@ = (Qlu s 7QN7QN+1> and ﬁ: (7717 s 777N777N+1)- Let
X =(C;Q:m).
Let P; o be the canonical isomorphism from V; O(f%) to V}(f{) as given in Theorem
3.3.1 in [51]. This isomorphism is called the Propagation of vacua isomorphism and

it is simply induced from the following inclusion map Hy — H; ® Hy given by
) = |v) ®10). Suppose now £ is another formal neighbourhood at @ and that &y,

is a formal neighbourhood at Qyy;. Let then E: (&,€6n11), .’? = (C, Q: E) and X =
(C;Q; €). Let h be the formal coordinate change £ = h(i7) and & the formal coordinate



14 JORGEN ELLEGAARD ANDERSEN AND KENJI UENO

change ¢ = ?L(?A_?:) Assume now (X, X) = (¥, X) and (X, X,0) = ¢(X’,X,0). Then
h; € DPi, p; > 1 and h; € DPi, p; > 1. By Theorem 3.2.5 in [51] we then get the
following diagram:

Pa”e,ae

Ty t
V(%) Vi(x)
(2) G[ﬁ}l lG[ﬁ]
~ P, ..,
Vi (X)) = VIE)

Proposition 4.3. The diagram (2) is commutative.

Proof. Using the notation of section 3.2 in [51], we recall that
Glhn ] = exp(=T[Ax4])

where hy,, = exp(An41) and Ay, € dP¥+1. An explicit calculation shows that

L|0) =0
if k> 0 and
But by (2.2.8) in [51] Ag = 0. From this we immediately get that
Glhn1]]0) = 0),

which by the very construction of the propagation of vacua isomorphism makes the

above diagram commute.
O

This proposition states that propagation of vacua is compatible with formal coor-
dinate change, and hence the propagation of vacua isomorphisms decent to a corre-
sponding isomorphisms between spaces of vacua associated to labeled marked curves
as defined above in Definition 4.1.

Let (C,\) be a labeled marked curve which might not be stable or which might
not be saturated.

Consider all stable saturated labeled marked curves (C’, \') obtained from (C, \) by
adding points labeled with the trivial label 0 € F;.

Definition 4.2. The space of vacua associated to the labeled marked curve (C,\) is
by definition

vie)= ] vie)/~,
)

(Y
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where the disjoint union is over all labeled marked curves (C'; X') discussed above and
~ 1is the equivalence relation generated by the preferred isomorphisms in the propaga-
tion of vacua given in Theorem 3.8.1 in [51] and change of formal coordinates given
in Theorem 3.2.5 in [51].

5. DEFINITION OF THE BUNDLE OF VACUA OVER TEICHMULLER SPACE

Recall the definition of the sheaf of vacua V;(S) associated to a labeled family (, X)
of stable and saturated pointed curves with formal coordinates as given in Section 4.1
in [51].

We will need the following basic obvious property of the sheaf of vacua construction

on top of many of the properties already stated and proved in [51].

Lemma 5.1. Let §; be two families of pointed stable curves over the same base B. Let
O (F1, A1) —(S2, Aa) be an isomorphism of labeled families, which induces the identity

map on the base. Then the identity map on H;(B) induces a canonical isomorphism
(3) VI@): VE (31) =V (3a).

Suppose that we have two families of N-pointed curves with formal neighbourhoods
Si, © = 1,2 on a pointed surface (X, P), with the property that they have the same
image W, (B1) = ¥g,(B2) in Teichmiiller space 7y py and that §; is a good family.
For such a pair of families there exists by Proposition 3.2 a unique fiber preserving
biholomorphism @45 : C; — Cs covering \I/g\llgl such that <I>§21(I>12<I>31 (Y, P)—(Y,P)
is isotopic to \Ifg\llgl x Id through such fiber preserving maps inducing the identity
on the first order neighbourhood of P.

We note that (®%,(72))V) = (S7;)Y, where S is some permutation of {1,..., N},
i.e. ®7,(72) induce the same first order formal neighbourhoods as S7; does. Let h be
the formal change of coordinates from S7; to @7, (7). Let 3= ®75(F2). Then &y
induces an isomorphism of families from §; to (U5 Uz, )*(F2). Choose labelings X
of §1 and Ay of §s, which are compatible under the above isomorphism.

By Theorem 4.1.6 in [51] and Corollary 4.2.4 in [51] we have that V/T\»(&) are holo-
morphic vector bundles over B;.

Proposition 5.1. The action of S on HTX (B1) induces an isomorphism from V; (81)
to V; (S§1), where S acts on the family §1 by permuting the numbering of the formal
coordinates and the sections. Furthermore G[h) : Hg» (By) — Hg» (By) induces an

isomorphism from V; (S%1) to V; (g) The pull back i1somorphisms provided by
2 2
Lemma 4.1.3 in [51] and the families isomorphism (3) provided by Lemma 5.1 induces
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an isomorphism from V; (31) to (\Il§21\1131)*));\» (§2). The composite of these three

1somorphism gives the transformation isomorphism
(4) Gra: VL (31) = (05, U5, ) Vi (32).
The isomorphisms satisfies the cocycle condition

Gm(‘l’%;‘l’gl )*G23 = Gl3.

Proof. The cocycle condition follows, since 15 is induced from the permutation S

and the isomorphism G[h] on the H-level, combined with formula (2) of Theorem
3.2.4 in [51].

U

Definition 5.1. Let ¥ be a closed oriented smooth surface and let P be a finite
set of N marked points on X. Let X be a labeling of (X, P) and assume (X, P) is
stable and saturated. We now define a holomorphic vector bundle V] = VI\(Z, P) over
Teichmiiller space I(s,py using the cover {Ws(B)}, where § runs over the good families
of complex structures on (3, P). Over Wz(B) we specify the bundle as (@gl)*v§(g)
On overlaps of the image of two good families, we use the glueing isomorphism (4) to

glue the corresponding bundles together.
Proposition 5.1 trivially implies that.

Proposition 5.2. For any stable and saturated family § of pointed curves with formal

coordinates on (X, P) we have a preferred isomorphism
T3 : VIE) —» WV(5, P)

induced by the transformation isomorphism between V;(@) and V/T\»(S), for good families
§ of complex structures on (X, P) such that Wg(B) intersect Wz(B') nonempty.

Let (3, P, \) be a general labeled pointed surface, i.e. (3, P) might not be stable nor
saturated. Let (3, P;, A;), @ = 1,2 be any labeled marked surfaces obtained from
(33, P,\) by labeling further points by 0 € P,. Assume that (3, P;) are stable and
saturated pointed surfaces. Let P = P, U P, and A be the induced labeling of P.
Note that (X, P) is also stable and saturated.

We get holomorphic projection maps 7; : 7(s, py — Z(z,p,)- As a direct consequence
of Proposition 4.3 we get the following.

Proposition 5.3. [terations of the propagation of vacua isomorphism induces natural
isomorphisms of bundles

VS, P) 2=Vl (3, P) = mVL (5, Ry,
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which satisfies associativity.

Suppose now f : (X1, P1) — (22, P;) is a morphism of stable and saturated pointed
surfaces. Then of course f induces a morhpism f* from 7(x, p to Z(s,p,). Let
A1 be a labeling of (X1, P;) and let Ay be the induced labeling on (3, P,) such
that f : (X1, P, A1) = (22, Py, A2) is a morphism of labeled pointed surfaces. Let
now §; be a good family of stable pointed curves with formal neighbourhoods of
(X1, P1). Then by composing with f~! x Id we get a good family §» of stable pointed
curves with formal neighbourhoods on (35, P») over the same base B;. The identity
morphism on H;(Bl) then induces a morphism VI(f) : V;\»(Sl) — V;\»(%é) which covers
the identity on the base. This is precisely the morphism induced from the morphism

of families ®; = f xId : §; — §2 by Lemma 5.1. This intern then induces a morphism
VIS = (U5 (VE (1) —=(05)) (VE (32)) which covers [*: Ug, (B1) — Vg, (By).

Proposition 5.4. The above construction provides a well defined lift of

I Tsa,p0) = T(s,P1)
to a morphism VI(f) : V/T\I(Zl,Pl) —>V/T\2(22,P2) which behaves well under composi-

tions.

Proof. Let f’ be a diffeomorphism whose first order neighbourhood from P; to P; is
the same as f’s and such that [’ is isotopic to f among such. Let §o be obtained
from §; by composing with (f’)~! x Id. Then

® =g o (((f) o f)xId)ods!:Ci—C

is the unique biholomorphism from Proposition 3.2. Hence we get a commutative
diagram

(U5) Vi @) 2 (0, (U (3))

:l lcm,

(W5 Vi 31) 2L (w5, (VL (32)
which shows that Vi(f) : V;I(El, P)— V;2(22, P,) is well defined. It is obvious that
Vi(fg) = VI(H)V(g).
U

Assume that (3;, P;, \;) are labeled pointed surfaces, which need not be neither
stable nor saturated. Let f : (31, P, A1) — (22, P2, A2) be an orientation preserving
diffeomorphism of labeled pointed surfaces. Let (3;, P/, \}) be labeled pointed surfaces

177"

obtained from (%;, P;, \;) by labeling further points by 0 € P, such that (3;, P/, \}) are

177"
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stable and saturated labeled pointed surfaces such that f : (X1, P/, \]) — (29, Py, \))
is a morphism of labeled pointed surfaces. We obviously have the following result.

Proposition 5.5. The lift of f*: Tz, p;) = T(s,,py to a morphism
VI(f) VL (S0 P) =V, (5, Py)

as given by Theorem 5.4 is compatible with the isomorphisms given in Proposition
5.3.

6. THE CONNECTION IN THE BUNDLE OF VACUA OVER TEICHMULLER SPACE.

Let X be a closed oriented smooth surface and let P be a set of N marked points
on X. Assume that (X, P) is stable and saturated pointed surface.

Let § = (7 : C — B;3§; 1) be a family of N-pointed curves with formal neighbour-
hoods on (X, P). Recall the discussion of symmetric bidifferentials from section 1.4

in [51]. We now introduce the notion of a normalized symmetric bidifferential.

Definition 6.1. A symmetric bidifferentialw € H°(CxpC, wex ze/8(2A)) with Res®(w)
1 s called a normalized symmetric bidifferential for the family §.

We have the following lemma as a consequence of the construction in Section 1.4
in [51].

Lemma 6.1. For any family of stable pointed curves with formal neighbourhoods §
on (X, P) and any symplectic basis (v, ..., a4 01,...,0) of Hi(X,Z), there is a
unique normalized symmetric bidifferential w € H(C x5 C,wexye/s(2A)) determined
by formula (1.4.31) in [51], but with the roles of a and [ reversed.

Please do note that « and [ play the reverse roles in [51], but the same as in [2].
We note that for such a family we get a well defined holomorphic connection on

Hy;(B) by formula (5.1.5) in [51], which in turn induces a holomorphic connection in

VL)

Theorem 6.1. Let § be a family of stable pointed curves with formal neighbourhoods
on (3, P) and choose a symplectic basis (v, ..., a4, Br, ..., 0y) of Hi(X,Z). Let w €
H(C x5 C,wexge/s(2A)) be the normalized symmetric biddifferential determined by
this data. Then there is the connection V) in the bundle V;(%) whose (1,0)-part is
given by formula (5.1.9) in [51] and whose (0,1)-part is just the D-operator in this
holomorphic bundle. The (2,0)-part of the curvature of this connection is given by the
formula at the end of the proof of Theorem 5.1.5 in [51] and the (1,1) and (0,2)-part

vanishes. From this we see that this connection is projectively flat.
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Proof. 1t follows from the definition of the connection in formula (5.1.9) in [51] and
corollary 5.1.2 in [51] that the (1,1) and (0, 2)-part of the curvature vanishes.

g

Suppose now that we have two good families §;, ¢ = 1,2 with the property that
they have the same image Vg, (B;) = Vg, (B2) in Teichmiiller space 7¢x p).

Lemma 6.2. Let ng) be the connection in V;(S,) described in Theorem 6.1. Then
we have that

Gia(V5") = Vi,

Proof. Since the connection is descended from the H-level and G5 is also descended
from this level, we just need to check the transformation rule on this level. Up on the
H-level it follows straight from Theorem 3.2.4 (3) in [51].

U

Theorem 6.2. Let (X, P, \) be a closed oriented stable and saturated marked surface
and let (@, 5) = (oq,...,ay B, ..., 0,) be a symplectic basis of Hi(X,7Z). There is a
unique connection V@9 = V(&’ﬁ)(Z, P) in the bundle Vi (%, P) over T(s,p) with the
property that for any good family § of stable pointed curves with formal neighbourhoods
on (X, P) we have that

g,%(v(&ﬁ)) — v,
In particular the connection is holomorphic and projectively flat with (2,0)-curvature

-

as described in Theorem 6.1. If we act on the symplectic basis (d,3) by an element

C D
as to obtain A(a, 5), then

A B
A= ( ) € Sp(g,7Z) as in Section 1.4 of [51] (roles of a and (3’s reversed) so

(5) VAGH) _ y(@s) — —C—;H*(dlog det(CT + D)),

where 11 is given by (1.4.4) in [51]. If f: (X1, P1, A1) —(29, P2, A1) is an orientation
preserving diffeomorphism of labeled pointed surfaces which maps the symplectic basis
@0, 30 of Hy(X1,Z) to the symplectic basis (@@, @) of Hy(Ss,Z) then we have
that

VT(f)*(v(@@),ﬁ(?))) _ V(&(l)’g(l)).

Proof. The existence of the connection is a consequence of Lemma 6.2. The transfor-
mation law (5) is proved in section 5.2 in [51].

n
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Proposition 6.1. For any stable and saturated family § of pointed curves with formal

coordinates on (3, P) the preferred isomorphism
T VL) — TV{(2, P)
giwen in Proposition 5.2 preserves connections.

This follows directly from Lemma 6.2.

O

Proposition 6.2. The RY -action on Tis, py lifts by the use of the connection V@)
to an action Vi of RY on VI\(Z, P) which preserves the connection V&P,

Proof. Since the RY action on the formal coordinates is just obtained by scaling the
coordinates by positive scalars, we get a well defined homomorphism from RE to the
group of formal coordinates changes for any family of N-pointed curves with formal
coordinates, hence by composing with the group homomorphism G we get an action
of R on V](%, P). Note that we have here used Theorem 3.2.4. (2) for p = 0 in
[51], but only for these special real coordinates changes. This action preserved the
connection by Theorem 3.2.4. (3) in [51].

U
Let now X;, i = 1,2 be marked surface and let f; : (31, P) —=(22, P»), j = 1,2

be diffeomorphisms of pointed surfaces, which induce the same morphism of marked

surfaces from 31 to 35. Then there exists a unique v € Ri such that v-dp, fi = dp, fo.

Lemma 6.3. We have a commutative diagram

Vi(f
Vi (2, P) 2 (5, Py)

| e

Vi(f
V(S ) S V(5 Py,
Proof. By the construction of V/T\Z,(Zi, P;) we just need to check the commutativity on
the H-level, where this just amounts to G being a homomorphism, which again is the
content of Theorem 3.2.4. (2) in [51].

U

Let (X, P,\) be a general labeled pointed surface which might not be stable or
saturated. Let now (P, \) be obtained from (P, \) by labeling further points not in P
by 0 € P, such that (f], P, 5\) is a stable and saturated labeled pointed surface. Let

T : I(s, py — I(z,p) be the natural projection map.
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Proposition 6.3. The connection V(@5 = V(&’B)(E, P) is flat with trivial holonomy
when restricted to any of the fibers of @ : Tis, py — T(s,p)-

Proof. The propagation of vacua isomorphism applied along the fibers of 7 is com-
patible with the connection. In the notation of chapter 5 of [51] this is seen by the
following calculation. Let N = |P| Let § be a family of N-pointed curves with formal
neighbourhoods on (X, P) such that Wg(B) is contained in a fiber of #. Further we
can assume that when we consider § over (X, P), then it is simply a product family
of a fixed N-pointed curve with formal neighbourhoods crossed with the base B, i.e.
we only vary the coordinates and the points in P — P. Then for any tangent field
X on B, we choose a corresponding (= (b1, Uy Ny, ... Uy) € L(F), such that
0;=0,j=1,...,Nand {; € C[[¢]], 5= N +1,...,N. Then for a section of H;(B)
of the form F ® |?) ® |0) ® ... ® |0) we compute that

VOF®) 0 |0)e...®0) = X(F)\®)®|O>®...®|O)

—F Z pi(TG)D(2) @ 10) ® ... ®0))
—a, (N F|®) @ [0) @ ... % |0)
= X(F)|®)2|0)®...®0).

Here we have used that p;(T[¢;])(]0)) = 0 because ¢; € C[[{]] and a,(\) = 0 for the
same reason. Hence we see that V() is the trivial connection in H;(B). Hence the
connection is flat with trivial holonomy on the subbundle VI 1) C Hl 1(B).

n

Let (3, P, A) be a general labeled pointed surface, i.e. (3, P) might not be stable nor
saturated. Let (X, P, \') and (3, P, \") be labeled marked surfaces obtained from
(33, P,\) by labeling further points not in P by 0 € P,. Assume that (X, P’) and
(3, P") are stable and saturated pointed surfaces. Let P = P’ U P” and A be the
induced labeling of P. Note that (3, P) is also stable and saturated.

Proposition 6.4. Let (a, 5) be a symplectic basis of Hy(X,7Z). The isomorphisms

gwen in Theorem 5.3 satisfies
VEA (s, P) = (x)*VEA (T, P) = (") V@D (z, P,

Proof. We only have to consider the case of adding one point to a stable and saturated
curve, i.e. say P = P’ and P’ is obtained from P” by adding one more point. Let
N be the number of points in P and § be a family of N-pointed curves with formal
neighbourhoods on (3, P). For any tangent field X on B, we choose a corresponding
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C=(ly,... Ly, lys1) € L(F), such that 5, € C[[¢]]. Then the same computation
as above shows that

VW(F|P) ®[0)) = V¥ (F|@)) © |0).
The Proposition follows directly from this.
O

Let now (X;, P/, \;) and (X%;, P, \!) be stable and saturated labeled pointed sur-
faces, obtained from the labeled pointed surfaces (X%;, P;, A\;), by labeling further
points with the zero-label. Assume that f' : (31, P{, \]) = (22, Py, A,) and f” :
(34, P, N)) — (3, Py, Ay) are diffeomorphisms which induce isotopic maps from (3, P;)
to (X9, P), where the isotopy is through maps which induces the same map from

PTplzl to PTPQZQ.

Proposition 6.5. With respect to the propagation of vacua isomorphisms, we get
that

(@) VL) = (=) V).

This follows directly from the way the morphisms for f’ and f” are defined.

7. DEFINITION OF THE SPACE OF ABELIAN VACUA ASSOCIATED TO A CURVE.

Let C be a smooth projective curve over C. For a stable and saturated pointed
curve with formal neighbourhoods X we denote by ¢(X) the underlying curve. The
definition of the space of abelian vacua V!, (%) is given in Definition 3.1 in [2]. Suppose
we now have two pointed curves with formal neighbourhoods X; such that ¢(X;) =
¢(X5). Choose for each component of C a point with a formal coordinate, which is
not a point with formal coordinates of X;, i=1,2. Let X, be the resulting stable and
saturated pointed curve with formal neighbourhoods (if X is not stable, then add
further points with formal coordinates). Then iterations of the propagation of vacua
isomorphism determined by the inclusion of Fy into Fn1 given by |v) — |v) & |0),
induces isomorphisms from VI, (%o) to VI, (%), i = 1,2. Tt is elementary to check
that the resulting isomorphism from VI, (¥;) to VI, (%) is independent of X;.

Furthermore, we get from the commutativity of the following diagram (see section

6 in [2] for the definition of G[h])
Fi. — Fi

Id®KDl Id®m)l

7 1d ®G|h] 5
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which follows from the fact that G[h]|0) = |0), that these isomorphisms are also
compatible with the change of formal coordinates isomorphism induced by G[h].

Definition 7.1. The space of abelian vacua associated to the curve C is by definition
Vlb(c) = H Vlb(x)/ ~,
&x)=C
where the disjoint union is over all curves with formal neighbourhoods with C as the

underlying curve and ~ is the equivalence relation generated by the isomorphisms
discussed above.

It is obvious that

Proposition 7.1. The natural quotient map from V1, (%) to VI, (C) is an isomor-
phism for all curves with formal neighbourhoods X with ¢(X) = C.

Suppose C; are curves and ¢ : C; — C, is a morphism of labeled marked curves.
Let X5 be a curve with formal neighbourhoods such that ¢(X3) = Cs. Let ®*X, = X;.
Then @ is a morphism of curves with formal neighbourhoods. We clearly have that

Proposition 7.2. The identity map on Fy induces a linear isomorphism from Vlb(%l)
to VI (%,), which induces a well defined linear isomorphism Vi, (®) from VI, (Cy) to
VTb(Cz). Compositions of morphisms of labeled marked curves go to compositions of

a

the induced linear isomorphisms.

8. DEFINITION OF THE LINE BUNDLE OF ABELIAN VACUA OVER TEICHMULLER
SPACE

Recall the definition of the sheaf of abelian vacua V;b(S) associated to a family § of
stable and saturated pointed curves with formal neighbourhoods as given in Section
4 in [2].

Let §;, i = 1,2 be two families of stable and saturated pointed curves with formal
neighbourhoods. Assume we have a morphism of families (not necessarily preserving
sections nor formal coorinates)

C1L>CQ

Lo

Bl L 827

which is a fiberwise biholomorphism.

Let now § = (C; — By; 50, 7o) be obtained from §1, by replacing (1, 71) by (So, 7o)
such that 5y(;) is disjoint from s (B;) and from §2(Bl), where ®3, = 5. The prop-
agation of vacua isomorphism induces an isomorphism between V;b (o) and V;b (F1)-
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Furthermore the propagation of vacua induces an isomorphism between Vlb(So) and
V;b(&), where , = (Cy — By; §2,7~;2)~ and @7, = U*j,. The identity on Fn(By) in-
duces an isomorphism between VI, () and VI, (I*(F,)). Composing these with the
pull back isomorphism just as in the non-abelian case, we arrive at the following
proposition.

Proposition 8.1. We get an induced bundle morphism

.
Vi (31) Y@, Vi (52)
(6) l l
Bl L) 627

determined as above. Moreover, composition of such family morphisms goes to com-
position of the induced bundle morphisms.

Suppose now that we have two families §;, ¢ = 1,2 over X with the property that
they have the same image U, (B,) = W, (B,) in Teichmiiller space 75, and that §, is a
good family with respect to Y. For such a pair of families there exists by Proposition
3.2 a unique fiber preserving biholomorphism ®5 : C; — Cy covering \Ilg‘llgl such
that (I>§21(I>12<I>31 Y =Y is isotopic to \Ifg\llgl x Id through such fiber preserving
maps.

By Theorem 3.2, Corollary 4.1 & 4.3 and Theorem 4.1 in [2] we have that V!, ()
are holomorphic line bundles over B;. By Proposition 8.1 we get induced a glueing

isomorphism
(7) Vi (@12) 1 VI, (81) =V, (32).

Definition 8.1. Let X be a closed oriented smooth surface. We now define a line
bundle Vi, = VI (%, P) over Teichmiiller space Ts, using the cover {Uz(B)}, where §
runs over the stable and saturated good families of pointed curves with formal neigh-
bouhoods over ¥. Over Us(B) we specify the line bundle as (‘il;)*Vlb(S). On overlaps
of the image of two good families, we use the glueing isomorphism Vlb(q)u) to glue
the corresponding bundles together.

We obviously have the following

Proposition 8.2. For any stable and saturated family § of pointed curves with formal
coordinates over X we have a preferred isomorphism

T@ : Vlb@) - \i’; V;rb(z)
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induced by the transformation isomorphism between Vlb (@) and Vlb(S), for good families
§ of pointed curves with formal coordinates over ¥ such that Uz(B) intersect ¢I§(B’)

nonempty.

Suppose now f : 3 — 3 is a morphism of surfaces. Then of course f induces a
biholomorphism f* from 75, to 7s,. Let now §; be a good family of stable pointed
curves with formal neighbourhoods over ¥;. Then by composing with f=! x Id we
get a good family §» of stable pointed curves with formal neighbourhoods over ¥,
over the same base B;. The identity morphism on Fy(B;) then induces a morphism
VI(f) : VI (F1) — VI, (F2) which covers the identity on the base. This is precisely the
morphism induced from the morphism of families ®; = fxId : §; — §2 by Proposition
8.1. This in turn induces a morphism V/ (f) : (\if;ll)*(V;rb(Sl)) —>(\if;21)*(V;b(Sg))
which covers f*: Uz (By) — Vg, (By).

Proposition 8.3. The above construction provides a well defined lift of f* : Ts, — Ts,
to a morphism Vi, (f) : VI (1) — V1, (22) which behaves well under compositions.

The proof is exactly the same as the proof of Proposition 5.4.

9. THE CONNECTION IN THE LINE BUNDLE OF ABELIAN VACUA OVER
TEICHMULLER SPACE.

Proposition 9.1. Let § be a family of stable and saturated pointed curves with for-
mal neighbourhoods on (3, P) and choose a symplectic basis (aq, ..., a4, (1, ..., [5,)
of Hi(X,Z). Let w € H°(C x5 C,wexze/p(2A)) be the normalized symmetric biddif-
ferential determined by this data. Then there is the connection @(w) in the bundle
VI (F) whose (1,0)-part is given by formula (4.23) in [2] and whose (0,1)-part is just
the O-operator in this holomorphic line-bundle. The curvature of this connection is
given by the formula in Theorem 4.2, formula (4.25) in [2].

Proof. By the definition of @(w) and the definition of b,, in formula (4.21) in [2], we
see that the (1,1) and (0, 2)-part of the curvature is zero.

t

Suppose now that we have two good families §;, ¢ = 1,2 with the property that
they have the same image Wz, (B,) = U5, (B,) in Teichmiiller space 75, For such a pair
of families there exists by Proposition 3.2 a unique fiber preserving biholomorphism
®15 : C; — Cy covering \Ifgllfgl such that <I>§21(I>12<I>31 : (Y, P)—(Y, P) is isotopic to
U W x Id.
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Lemma 9.1. Let @Z(-w) be the connection in V;b(&-) described in Proposition 9.1. Then

we have that
Vi (@) (V") = 7.
This follows from Theorem 6.1 in [2], by the same argument as in the non-abelian

case.

Theorem 9.1. Let ¥ be a closed oriented surface and let (&, ﬁ) = (a1,...,ay,01,...,0)
be a symplectic basis of H1(3,7Z). There is a unique connection VAR @(&’B)(Z, P)
in the bundle Vlb(Z, P) over Tx. with the property that for any good family § of stable
pointed curves with formal neighbourhoods over ¥ we have that

(d,8) = (w)
) :

(V) =V

In particular the connection is compatible with the holomorphic line-bundle structure
on VI (2, P). The curvature is of type (2,0) as stated in Proposition 9.1.

If we act on the symplectic basis (&, 3) by an element A = ( oD ) € Sp(g,7)
so as to obtain A(@, (), as described in Section 1.4 of [51] (with the roles of a and 3
reversed), then

§) & (d@.h)

(8) \% -V = %H*(d logdet(CT + D)),

where 11 is given by (1.4.4) in [b1]. If f : 31— 35 is an orientation preserving
diffeomorphism of surfaces which maps the symplectic basis (&(1),5(1)) of H1(%1,7)
to the symplectic basis (@2, 3®) of H,(Ss,Z) then we have that

(&2 75(2)) ~ (&(1)75(1))

Vi) (V )=V

Proof. The existence is a consequence of Lemma 9.1. The transformation law 8 follows
from Theorem 4.2 in [2].

n

Proposition 9.2. For any stable and saturated family 5 of pointed curves with formal
coordinates over X the preferred isomorphism

T% V@) — \i’; Vi(2)
giwen by Propostition 8.2 preserves connections and is compatible with the lift Vlb( f).

This follows directly from Lemma 9.1 and Theorem 9.1.
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10. THE PREFERRED NON-VANISHING SECTION OF THE BUNDLE OF
ABELIAN VACUA.

Let X be a closed oriented surface. Assume first that ¥ is connected. As described
just above Theorem 6.2 in [2], the choice of a symplectic basis gives a preferred section
in the line bundle of abelain vacua associated to any family of stable and saturated
pointed curves with formal neighbourhoods over 3. We have that

Theorem 10.1. Let § be a family of stable and saturated pointed curves with formal
neighbourhoods over X and choose a symplectic basis (&, 3) of Hy(2,Z). Then there
s a preferred non-vanishing holomorphic section s(f’ﬁ) in the bundle V;b(S) given by

(6.2-4) and the following formula in [2]. If we act on the symplectic basis (&, ) by
(Ut)—l

an element A = € Sp(g, Z) in order to obtain A(&,3) as described in

U
Section 1.4 of [51] (roles of a and [ reversed), then

(9) sM@B) = ot Us@),

The transformation law is given in Theorem 6.3 in [2].

From the transformation rule, we see that the section only really depends on the
Lagrangian subspace L = Span{[3;} and we therefore denote it sz(L).

Suppose now that ¥ is not connected and that ¥ = [[, %, is the decomposition of
3} into its connected components ¥;. Let § be a family of stable pointed curves with
formal neighbourhoods over Y. Let §; be the restriction of § to ;. Let N; be the
number of sections of §; and N = >, N; the number of sections of §. We obviously
have the following lemma.

Lemma 10.1. The isomorphism Fn = ®;Fy, induces an isomorphism of holomor-

phic line bundles
V@) =@V 3),

which is compatible with the connections.

Suppose now that (@, 5) = (@, 3;)) is a symplectic basis of H,(2,Z). We then

define the preferred section to be

For the rest of this section 3 is just any closed oriented surface.
Suppose now that we have two good families §;, ¢ = 1,2 with the property that
they have the same image Vg, (B;) = U, (B,) in Teichmiiller space 7x. For such a

pair of families there exists by Theorem 3.2 a unique fiber preserving biholomorphism
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®q5 : Cy — Cy covering \Ifgllfgl such that <I>§21(I>12<I>31 :Y — Y isisotopic to \I/g\llgl x1d

through fiber preserving diffeomorphisms.

Lemma 10.2. Let s(gﬁ) be the preferred sections of V;b(&) described in Theorem
9.1. Then we have that

Vi (@1)(s57) = s

Proof. Since V;rb((I)lg) is induced by the propagation of vacua isomorphism and the
coordinate change isomorphism, this lemma follows from Theorem 6.2 and 6.4 in [51].

t

-

Theorem 10.2. Let ¥ be a closed oriented surface and let (&, ) = (cu, ..., ay, 1, ..., By)
be a symplectic basisﬂof H,(X,7Z). Then there is a unique non-vanishing holomorphic
section s@9) = S(Zd’ﬁ) in the bundle Vlb(E) over T, with the property that for any
good family § of stable pointed curves with formal neighbourhoods over Y we have

that

The sections transforms according to the transformation rule (9. If f : X1 — 3y is
an orientation preserving diffeomorphism of surfaces which maps the symplectic basis
(@0, WY of Hy(X1,Z) to the symplectic basis (@, ) of Hy(S2,Z) then we have
that

72 32 71 G
VI () (58P0 = s,

Proof. The first part of this theorem follows from the above. Since the choice of basis
of meromorphic 1-forms with the relevant properties is natural w.r.t. morphisms of

curves, we get that the preferred section transforms just like the bases does.
O

Likewise, we see that the section only depends on the Lagrangian subspace and we
denote it therefore s(L) = sx(L).

Proposition 10.1. For any stable and saturated family 5 of pointed curves with for-

mal coordinates over Y the preferred isomorphism
Ts: V;rb(g) — ¥z V;rb(z)
giwven by Proposition 8.2 preserves the preferred sections.

This Follows from Lemma 10.2.
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11. THE GEOMETRIC CONSTRUCTION OF THE MODULAR FUNCTOR.

For the convenience of the reader, let us summarize the results of the sheaf of vacua
constructions over Teichmiiller spaces of pointed surfaces obtained in non-abelian case

in sections 4 to 6 and in the abelian case in sections 7 to 10.

Theorem 11.1. Let (X, P, \) be a stable and saturated labeled pointed surface.

e The sheaf of vacua construction (see Definition 5.1) yields a vector bundle
VI = VI(, P) over the Teichmiiller space Tz.p) of (X, P) whose fiber at a
complex structure C on (X, P) is identified (via the isomorphism given in
Proposition 5.2) with the space of vacua V)T\(C) as defined in Definition 4.1.

e For each symplectic basis of H1(X,7Z), we get induced a connection in Vi over
I(s,p)- Any two of these connections differ by a global scalar-value 1-form on
T(s,p)- See Theorem 6.2.

e Fach of these connections are projectively flat and their curvature is described
in details in Theorem 6.1 and 6.2.

o There is a natural lift of morphisms of pointed surfaces to these bundles cov-
ering induced biholomorphisms between Teichmaller spaces, which preserves
compositions. See Proposition 5./.

o A morphism of pointed surfaces transforms these connections according to the

way it transforms symplectic basises of the first homology. See Theorem 6.2.

Remark 11.1. If we choose a Lagrangian subspace L of H{(X,7Z) and constrain the
symplectic basis (o, 3;) of Hy(3,Z) such that L = Span{;} then we see from the
transformation laws in Theorem 6.2, that we get a connection in V)T\ which depends
only on L.

Since the connections in the vector bundle V)T\ are only projectively flat, we need a
1-dimensional theory with connections, whose curvature after taking tensor products,
can cancel this curvature and result in a bundle with a flat connection. There are
obstructions to doing this mapping class group equivariantly, so we expect to see
central extension of the mapping class groups occurring. As we shall see below, this
is exactly what happens, when one extracts the necessary root of the abelian theory
treated in [2], so as to get the right scaling of the curvature. Again, the following
theorem summarizes the results and constructions, now in the abelian case treated in

section 7 to 10.

Theorem 11.2. Let ¥ be a closed oriented surface.

o The sheaf of abelian vacua construction (see Definition 8.1) yields a line bundle

V;b = V;b(E) over the Teichmiiller space Ts, of 3, whose fiber at a complex
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structure C on 3 is identified (via the isomorphism given in Proposition 8.2)
with the space of abelain vacua Vlb(C) as defined in Definition 7.1.

e For each symplectic basis of H1(3,7Z), we get induced a holomorphic connec-
tion in Vlb over Ty, (see Theorem 9.1). The difference between the connections
associated to two different basis’s is the global scalar-value 1-form on Tsx, given
in (8).

o The curvature of each of these connections are described in Proposition 9.1.

e For each symplectic basis of Hi(X,7Z), we also get a preferred non-vanishing
section of V;b as specified in Theorem 10.2. The transformation formula (9)
states how the preferred sections transforms under change of the symplectic
basis of H1(X,7Z).

o There is a natural lift of morphisms of surfaces to these bundles covering
induced biholomorphisms between Teichmuller space, which preserves compo-
sitions. See Proposition 8.35.

o A morphism of surfaces transforms these connections and the preferred sec-
tions according to the way it transforms symplectic basises of the first homol-
ogy. See Theorem 9.1 and 10.2.

Remark 11.2. If we choose a Lagrangian subspace L of H;(3,Z) and constrain the
symplectic basis (o, 5;) of Hy(3,7Z) such that L = Span{3;} then we see from the
transformation laws in Theorem 10.2, that we get a preferred non-vanishing section

s = (L) and a connection in V!, which only depends on L.

From the discussion of the curvatures of the connections in V)T\ and V;rb, ie. by
comparing the curvature formula in the proof of 5.15 in [51] and then (4.25) in [2], it
is clear that the root of Vlb we are seeking is —%cv. The following theorem provided
us with such a root.

Theorem 11.3. For any marked surface ¥ = (X, L) there exists a line bundle, which
we denoted (V),)~2¢(L) = (V)2 (%), over Ts, that satisfies the following:

° (V;rb)’%cl’ 1s a functor from the category of marked surfaces to the category of
line bundles over Teichmiiller spaces of closed oriented surfaces.

o If we choose a symplectic basis of Hi(X,7Z) for a marked surface 3 then we
get induced a connection in (V;b)’%c“ (L), whose curvature is —3c, times the
curvature of the corresponding connection in Vlb. The difference between the
connections associated to two different basises is —%cv times the global scalar-

value 1-form on Tx, given in (8).

Proof. Let (Vlb)* be the complement of the zero section of Vlb. Let f/;rb be the
fiberwise universal cover of (VI,)* based at the section s(L). This is a completely
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functorial construction on pairs of line bundles and non-vanishing sections. There
is a unique lift of the C*-action on (V;rb)* to a C-action on f);rb with respect to the

covering map exp from C to C*. For any a € C* we can now functorially define a

line bundle (V!,)*(L) as follows:
(Vi) (L) = Vi, x,, C,

where p,(z) : C—C is the linear map given by multiplication by exp(az) for all
z € C. We emphasis the dependence of this bundle on the section s(L) and hence on
L in the notation for this bundle.

It is clear from the construction of (V! )*(L), that a connection in V!, will induce a
connection in (V;rb)a(L), whose curvature two-form is a times the curvature two-form
of that connection in Vlb. For the construction of the functor on the morphisms of
marked surfaces, we refer to [53] and [1].

0

By pulling (V;b)_%CU(L) with its connection back to 7(s py from 75, we get a line
bundle with with a connection on 7(s py, which we also denote (V;b)’%c“ (L).

Let now (X,A) = (X, P,V, L, \) be a stable and saturated labeled marked surface.
From the above Theorems 11.1 and 11.3, we see that there is a well defined flat con-
nection in the vector bundle V)T\ ® (V;b)_%% (L) over T(s; py gotten by taking the tensor
product connection of the two connections induced by any symplectic basis (o, 5;)
of Hi(X,Z). Now T(s p) forms a RY-principal bundle over the reduced Teichmiiller
space T(r)(z7 p). Hence we can use the flat connection to push forward this bundle to

obtain a bundle with a flat connection over the reduced Teichmiiller space.

Definition 11.1. For the stable and saturated labeled marked surface (3, ) we de-
fine the vector bundle V() with its flat connection V(,\) as the push forward of
the bundle V| (Vlb)_%C“(L) to the reduced Teichmiiller space T™ s py followed by
restriction to the fiber Ts.

Remark 11.3. By Theorem 11.1 and 11.2 and Lemma 6.3 we see that morphism
of stable and saturated marked surfaces induces isomorphisms of flat vector bundles
covering corresponding diffeomorphisms of Teichmiiller spaces of the corresponding

marked surfaces.

However, for a labeled marked surface (3, \) = (3, P, V, L, \), which is not stable or
not saturated we need to say a little more. Namely, let (3’,)) be obtained from
(32, \) by further labeling points not in P by the zero label 0 € P, and choose
projectiv tangent vectors at these new labeled points, such that ¥’ is both stable and

saturated. Let «’ be the projection map from 7s to 7x.
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Proposition 11.1. The connection V (X', X') has trivial holonomy along the fibers
of the projection map «'. The connection V (X', ') induces a flat connection in the
bundle over T, obtained by push forward VI,(X') along 7' using V(X' N). If (£, \")
is another stable and saturated labeled marked surface obtained from (X,\) in the
same way by adding zero-labeled point to P, then iterations of the propagation of vacua
1somorphisms given in Proposition 5.3 induces a connection preserving isomorphism

between the corresponding pair of bundles over Ts.

This proposition follows directly from Proposition 6.4 and the definition of the flat
vector bundle Vi, (X, P').

Definition 11.2. We define the vector bundle with its flat connection (VI(2), V(Z, \))
over Ts; to be w.(V1,(2), V(X, X)) for any stable and saturated labeled marked sur-
face (X', N') obtained from (3, \) by adding zero-labeled marked points to P.

Suppose now f : (21, A1) — (22, Ag) is a morphism of labeled marked surfaces and
that (X%, \}) is obtained as above from (X;, ;) by adding zero-labeled points and
further that f' : (27, \]) — (X5, A,) is any morphism of labeled marked surfaces,
which induces f when restricted to (31, A;). We then have the following result as a

direct consequence of Proposition 6.5.

Proposition 11.2. The induced morphism of flat vector bundles
V() V/T\,I(E/l) HVLQ(EQ)

induces a morphism of flat vector bundles from V;I(El) to V;r\2<22) which only de-
pends on f and which behaves well under compositions of morphism of labeled marked
surface.

Let us now collect the thus fare obtained in the following theorem.

Theorem 11.4. The construction given above gives a functor from the category of
labeled marked surfaces to the category of vector bundles with flat connections over

Teichmiller spaces of marked surfaces.

The modular functor we seek is now simply just obtained by composing with the
functor which takes covariant constant sections of vector bundles with connections.

Definition 11.3 (The functor V7). Let ¢ be a positive integer. Let Py be the finite
set defined in (1) with the involution t as described right after (1). Let (3,\) =
(X, P,V, L, \) be a labeled marked surface using the label set P,. The functor V2 is by
definition the composite of the functor, which assigns to (X, \) the flat vector bundle
Vi(E) over Ts;, and the functor, which takes covariant constant sections.
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Remark 11.4. For a labeled marked surface (X, \) and a complex structure C on
it, we see that Proposition 5.2 and 8.2 gives an isomorphism

VA, \) 2 V{(C) @ (Vi) 2 (L)(C),

since Ty is contractible. Moreover, if f : (31, A1) — (X2, A2) is a morphism of labeled
marked curves, which is realized by a morphism of labeled marked curves ® : C; — Cs,

such that ®*(Ls) = L;, then we have the following commutative diagram
VS ) —— V(Ch) @ (V) 2 (L1)(Cy)
vE <f>l VI@)@V], (@) l
VE(Z2,02) —— VI(C2) @ (V)2 (La)(Ca).
Remark 11.5. Let (X, \) be a labeled marked surface and suppose that (3, \) is
obtained from (X, \) by labeling further points by 0 € P, then by Proposition 11.1

we get induced an isomorophism
VAE ) 2 VA X).

Let (X, ) be a labeled marked surface. Let § = (7 : C— B, §,7) be a family of
stable and saturated curves with formal neighbourhoods over 3.

Definition 11.4. We define V2(F, \) to be the covariant constant sections of the flat
bundles VI(F) @ (V1) "2 (L)(F) over B.

Form this definition it is clear that we get an isomorphism
I3 VRS, A) = VA(E, ).

In order for the functor V! to be modular, we need to further construct the disjoint
union isomorphism and the glueing isomorphism and to check that the axioms of a
modular functor is satisfied. First we construct the disjoint union isomorphism. The
glueing isomorphism will be constructed in the following section.

Let (3;,)\) = (%, P, Vi, Liy A\;), i@ = 1,2, be two stable and saturated labeled
marked surfaces and let (X,\) = (21, A1) U (2o, A2). Let A = Ay U Ay We have
that 7y, = 7s, X Ts,. Let m; : 7s; — Tx, be the projection onto the i’th factor. We
clearly have that

Proposition 11.3. The natural isomorphism H; = Hs ® My (for any ordering
X, Xl and Xz of \, \1 and Xy respectively) induces an isomorphism of vector bundles
with connections

(10) VIS, P) 2V (51, P) @ TV (5o, Po),
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where we use the Lagrangian subspaces to fix the connections in all 3 bundles. The
isomorphism is compatible with isomorphism induced by disjoint union of morphism

of corresponding labeled marked surfaces.

Remark 11.6. These disjoint union isomorphisms are clearly compatible with the

propagation of vacua isomorphisms given in Proposition 11.1.
Further it is easy to see that

Proposition 11.4. The isomorphism given in Lemma 10.1 induces an isomorphism
of line bundles with connections

(11) Vlb<2) = ﬂvlbgjl) ® stlb<22)a

where we use the Lagrangian subspaces to fix the connections in all 3 bundles. The
isomorphism is compatible with isomorphism induced by disjoint union of morphism
of corresponding labeled marked surfaces. Moreover the preferred sections of these
bundles specified by the given Lagragian subspaces are compatible with this isomor-

phism.

From this proposition it then follows that we get the corresponding isomorphism
of —ic,-power of these bundles. Combining this with (10) we now get induced a
prefered isomorphism of flat vector bundles

VI(E) 2 V), (B1) @ V), (3),

which intern induces the required isomorphism of the corresponding vector spaces of

covariant constant sections:
VAZ, ) 2 VEA(EL M) @ VE(B2, A2)

which is natural with respect to disjoint union of morphisms.

12. SHEAF OF VACUA AND GLUING.
Let X = (X, {p_,p+ } U P, {v_,v, .} UV, L) be a marked surface. Let
c: P(T,. ¥)—P(1T,. %)

be a glueing map and X, the glueing of 3 at the ordered pair ((p_,v_), (p+,vy)) with
respect to ¢ as described in section 2. We shall first assume that (3., P) is stable and
saturated.

Let § = (7 : C—B,s_,s4,87_,n:,m) be a family of pointed curves on 3 over
some simply-connected base B. Let D be the unit disk in the complex plane. Assume
we have holomorphic functions z4 : Uy C C— D such that for each b € B we
have that x4 |z-14): Ux N @1 (b) — D are local coordinates for 7~*(b) centered at
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p+ and further that x4 = n4 as formal neighbourhoods. Further we assume that
dp, (T4 |z—1))(v+) = 1 and that

¢ = P(dy, (4 |n-s)) " 0 P() 0 P(dy_(a_ ls1()) : P(Ty_%) = P(T}, %)

P+

where P(7) : P(ToD) — P(TyD) is induced by the the real linear map z +— Z. Assume
that P C X — (U_ U U,).

Let us now construct a stable and saturated family of pointed curves with formal
coordinates §. = (7. : C. — B,, §,1), by applying the glueing construction pointwise

over B to §:
Let
C'={(z,w,7) € D**| zw =7}
Cl=C'"xB
and
C:={(y.7) €CxD|yeUs=l|rs(y) > |7}
Let then
C.=Clu,C?
where
¢: (U-—p-) x DU(Uy —py) x D)NCE—C,
is given by

(/2 (), 2+ (), 7 7(y), yE€Us—ps

One easily checks that C. is a smooth complex manifold of dimension dim(B) + 2 and

oy, 7) = { (v (y),m/z_(y),7,7(y), yeU_ —p_

that we have an obvious holomorphic projection map 7. : C.— B.. Let §. = (7, :
C.— B., s, 1).

Set D* = D — {0} and D = {¢ € C|Im(¢) > 0}. On D we now consider the real
coordinates (r, ) given by r(¢) = exp(—27 Im({)) and 0(¢) = Re((). Let (r4,64) be
x4+ composed with polar coordinates.

Let B, = B x D and p. : B, — B! = B x D* be given by p.(b,¢) = (b, exp(27i¢)).
Then B, is the universal cover of B.. Let C, = p:Ce, C. = C. |p:, T.= DPES, e C.— B.,
Th ! [;’c—>l~) and 73 : lg’c—>B.

Let
Vi =o' (Us)
and
Ty Voi—BxD
be given by

i’i = (Wg,xi e} (I)g)
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Let us now define a fiber preserving diffeomorphism

f: C~C — Y. X Bc
by

Sam0) ) iy eU 11 (y) >/
) 17— (y)— 7"9) 7’6) inyU,,T1/22T7<y)>

2 rl/2_p -

(@M (7 (y), xr(r-(y)), 0-(y )+
(@3 (7 (), —xe (r- (1)), —0-(y
and extend f to all of C, by the map @gl x Id on (C — (UL UU_)) x D.

Here y, is a smooth family of diffeomorphisms

X o [1, 7] —[1, —=1], r € (0, 1),

with the properties that x, is the identity near 1, x, maps p — —r/p near r and
X»(r'/?) = 0 for each r € (0,1). We will furthermore assume that for all p € (0,1) we
have that

f(y,rﬁ):{

lim x(p) = p and lim x,.(r/p) = —p,

r—0
for all p € (0,1).

The extra conditions on x, implies that the limit lim, .qq o f(-,r,0) : X' — 3’
exists and is equal to Id : ¥ — ¥'. We observe that the monodromy (f|}xx-1(c+1)) ©
(flyxa-1()) " is a Dehn twist in P(T),_ E)

Using f~!: 2, x B, — C. we see that §. is a family of stable and saturated curves
with formal coordinates on ..

The sheaf of vacua construction applied to the family §. gives a holomorphic vector
bundle V}(Sc) over B, as stated in Theorem 4.4.2 in [51]. We get an isomorphism of
vector bundles

(12) V;(&Nsx{o} = %

TTLIP
HEPy

(3)

induced by the isomorphism given in Theorem 3.3.5 in [51]. This is the content of
Theorem 4.4.9 in [51].
The abelian sheaf of vacua construction applied to the family §. gives a holomor-

phic line bundle V;b (Fc) over B.. We get an isomorphism of vector bundles
(13) V(8o w0y = VI, (F)

induced by the isomorphism given in Theorem 3.5 in [2]. The preferred section sz, (L)
is continuous over B.. Over 75'(0) it is mapped via the above isomorphism to the
preferred section sg(L) of VI, (§). This follows by Theorem 6.5 and 6.7 in [2].

As discussed before the Lagragian subspace L determines connections in the bundles

V;,m,\(g) and V;b(&)'
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Proposition 12.1. The Lagragian subspace L. C Hy(X.,Z) determines a unique nor-
malized symmetric bidifferential w. € H°(Ce X g, Ce, Weoxp,c.(2A)) specified by formula
(1.4.31) in [51] for any symplectic basis (&, ) of Hy(Se,Z) such that L. = Span{f3;}
(recalling that the roles of o and 3 are reversed in [51]).

Proof. Given any symplectic basis (&, ﬁ) of Hy(X.,Z) such that L. = Span{(;},
formula (1.4.31) in [51] defines a normalized symmetric bidifferential &, € H(C, x A
C., wécxgcéc(ZA)). The monodromy of the fibration 7 : Cc|7~rgl(b) — D is the Dehn twist
in the curve P(7}, X)), hence it preserves L.. But then by applying the transformation
law given in (5.2.7) and (5.2.8) [51], we see that @, is invariant under this monodromy
c:(2A)). By the

general theory for bidifferentials on such families, see e.g. [19] chapter III, we have

and therefore @, is the pull back of a unique w!, € H°(C. X3, C., werx,,

that there is a unique w. € H°(C, xg, C,, We,xs,c.(2A)) such that w [erx z0r= W,
]

By Propostion 5.1.4 and Theorem 5.1.5 in [51] we get that w,. determines a projec-

tively flat connection in V}(SC) = and by Theorem 4.2 in [2] a connection in Vi (3.

By-
Let us now recall the conclusion of the glueing constructions on the sheaf of vacua
both in the non-abelian and abelian case applied to the family §.:
The explicit formulea (4.4.2) - (4.4.3), Theorem 5.3.4 and the formula preceding
that Theorem in [51] gives an isomorphism between sections of V}(§C)| Bx{o} and
sections of p*(V}(S)

7T[).

Br) = V}(%c), which are covariant constant along the fibers of

Furthermore w determines a connection in Vlb(&:) B: which extends to a connection
on all of V;b(sc), hence we get by parallel transport along the fibers of 75 an isomor-
phism between sections of ij(sc) |Bx {0y and sections of Vib(SC), which are covariant
constant along the fibers of 75. Formula (5.10) in [2] gives an explicit formula for
this isomorphism.

By applying the fractional power construction to the line bundle V;fb(gc) with the
preferred section sz, (L.), we get a line bundle over B, which we denote ij(sc)—%% (Lc).
By the very construction of this bundle we see that V], (Fe) 2 (L) | Bx{o} is identified
with (V1) (F) 2% (L). We get a connection in this bundle from its construction and
an isomorphism from sections of (Vlb)(g)_%c’)(L) to sections of Vlb(gc)_%c”(Lc) over

B., which again are covariant constant along the fibers of 7.

Theorem 12.1. The tensor product of these two glueing constructions gives an iSo-
morphism I.(§, +) from covariant constant sections of ¢ p, Vl it A(&)@ij(s)*%% (L)
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over B to covariant constant sections of V;(@c) ® VTb(Sc)"C“( ¢) over B,:
1(§72) - @ VEG i, ) = VARG, A).
HE Py

Proof. From an element of ®MEPZ VS, i, u, \), we get a section of

ViE.) @ Vi) 2 (Le) |sx 0y -

By Theorem 5.3 and Remark 5.1 in [2] we see that the covariant derivative of the
section of VT(SC) ® VTb(SC)__c”( ) obtained by glueing vanishes, since the contribu-
tions from the non-abelian factor exactly cancels the constribution form the —%cv—
power of the abelian factor. Hence glueing results in a covariant constant section of
Vi (Sc) ® VI (§.) 2% (L.) over B,. Since the two glueing constructions give isomor-

phlsms it is clear that I, is an isomorphism.

n

Let C®, § = , be two complex structures on > and let :c U — D be
coordinates around py with d,, ( +) = 1 such that ¢ = P((dp,« )* o P(')
P(d,_ P ) P(T,_%) — P(T,. Z) Let 77] %) be formal coordinates around pj € CY

Theorem 12.2. For such two pairs (C(i),xg?), 1 = 1,2, of complex structures and
holomorphism coordinates on (3, {p+,p-} U P) we have that

1.(C,2l) = 1(C®,2l),
This follows straight from Theorem 12.1, since we clearly have the following

Lemma 12.1. There exists a family of pointed curves with formal neighbourhoods
§=(n:C—B,s1) on (X, P), holomophic functions v+ : U CC—D andb; € B
1= 1,2 such that the following holds

o The base B is simply-connected.
e Restriction to the fiber

(1 (06), 77 1605 Tt e16): U Nt (b)) — D)
over b;, 1 = 1,2, is the same complex structure on (3, P) as
(€7, 2% : U — D)

with the same formal coordinates and the same coordinates around p.
e For each b € B we have that x4 |y, nr—1(p): Usx N7 (D) — D are holomorphic

coordinates around py € 7 (D).
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Definition 12.1. We define the glueing isomorphism

Io=1.(3,)): @ VA(Z, 1, NTa A) = VE(Ze, M)

HEP,

to be equal to 1.(C,zy) for any pair (C,z+) of a complex structure and holomorphic
coordinates on (X, {p4,p-} U P).

Recall that it is assumed that (X., P) is stable and saturated. Let now (', \') be
a labeled marked surface obtained from (3, ) by labeling further points by 0 € P,.

Proposition 12.2. We get the following commutative diagram of isomorphisms:

I.(X2,N)
@MEPKVYZE(EnuvuT))‘) - ‘/Yég(zca >‘)

(14) gl gl
@MEP[‘/gg<2/7 [y :uT7 )\,) M ‘/Zg<2/ca )\/)7

where the vertical isomorphisms are the ones gotten from Theorem 11.1.

Proof. This follows since the glueing constructions both in the non-abelian case and
the in the abelian case commutes with the propagation of vacua isomorphism. This
is clear from (4.4.2) in [51] and (5.10) in [2].

g

Definition 12.2. In the cases where (X, \) is not stable or not saturated, we define

the glueing isomorphism, to be the unique isomorphism
L=1(Z)): @uer,VAE, 1,1, ) = VEAZE,N)

which makes the diagram (14) commutative for any stable and saturated labeled marked
surface (X!, N') obtained from (X, ) by labeling further points by 0 € P,.

By the naturality of the glueing construction we have that

Proposition 12.3. The glueing isomorphism are compatible with the isomorphisms
induced by glueing morphisms of marked surfaces. That is suppose

£ (30 {pL,pi b U P ol ol b UV LY = (3% {p2 pl U P2 {02 0l U VE L)
18 a morphism of marked surfaces and that there are glueing maps

¢t P(T,; ¥ — P(T,; X'),
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such that (dplf)_lchpl_f = ¢y, then we get the following commutative diagram

I (1A

@MEPZWQ(ZlvuaﬂTv)‘l) Vg(zil’)\l)

VZ’(f)l Vzg(f)l

Io, (X222
Duer, VA(E?, p, 1, A?) i VA(ZZ,, N,

c?

for all labelings \* of P* compatible with f.
We summarize the results on the glueing construction.

Theorem 12.3. There is an isomorphism 1. from @,ep, VE(E, 1, ut, A) to V(. \)
as specified in Definition 12.1 and 12.2, which is independent of the glueing map c in
the following sense:

If ¢; - P(T,_%)— P(1,,%), i = 1,2, are glueing maps and f : X, — X, is a
diffeomorphism as described in Remark 2.3, then we have that

Ic2 = ‘/Kg(f)la

as isomorphisms from @,ep, VEA(Z, p, ut, X) to VE(E,,, X). Moreover the isomorphisms
1. are compatible with glueing of morphisms of labeled marked surfaces.

Let (3, )') be another labeled marked surface, which is stable and saturated. Let
3" be the disjoint union of ¥ and 3. Let ¥” be the glueing of 3" using the glueing
map c. Then we clearly have that 37 = 3, I ¥’ It is trivial to check that

Proposition 12.4. The glueing isomorphism is compatible with the disjoint union

isomorphism, namely the following diagram is commutative
@MePe %9(2”7 H, MT’ A, >‘/) - @uePe %9(27 M MTa A, ) ® WQ(E/A/)
Ic(z",/\,xf)l IC(E,A)@)Idl
%9(216/’ )‘7 >‘/) - ‘/Zg(zca )‘) ® %9(2/7 >‘/)
Let now ¥ = (X, {p, ,p+ ,p, ,p+ }I_IP {v, ,v+), - ,v+ }LIVL) be a marked
surface. Let
A P(T %) — P(TY)
(4) (Z)>>

be glueing maps and ¥, the glueing of 3 at the ordered pair ((p@, ()) (py, v}
with respect to ¢¥. Let ¥_a2 be the glueing with respect to ¢1?) = 1) 1 ¢2),
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Theorem 12.4. The glueing isomorphisms commute, meaning the following diagram
18 commutative

®H2 37 Ic(l) (EHU'QHU';)\)

@Mhlmepe ‘/ég(z’ H1s 'uJ{’ H2; M12-’ )\) @MgePe ‘/Zg(zc(l) y M2, M12-7 )‘)
Buier, L (E””’“I’A)l I (0 Nl

I (1)(Z_(2),M)
AN SN

®ﬂ1€PZ ‘/Kg(zc@)nulnuia )\) ‘/Kg<zc(12), )\)

Proof. Choose a complex structure on X and let C denote the resulting marked curve.

The complex structure C gives a point in the Teichmiiller space ’]Ez 5000 0@ p@1p)

Choose centered coordinates SL’i : Uy — D around pi with d (Z)xi ( ( )) = 1 and such

that ¢ = P(dp(i)l‘+ )"to P(%) o P(dp(i)x, ) : P(Tp(i)Z) — P(Tp(i)Z). The following
+ - - +

construction of a smooth 3-dimensional complex manifold C with a holomorphic map

m:C— D x D is the main ingredient in this proof :

Let
C, = {(z1 ,w2),7'(1), ) ((CQI_ICZ)XDXD | 2L =7 |z(l)| <1, |w(l)| <1, |7' | <1}
and

Co={(y,7) €S xDxD|yeUf = z20() > [}
Let then
C =C1 Uy Co,
where
¢ (U —pNYxDxDUWY —pPyx DxD)NC—C

is given by

S7) { (@ (), 70 29 (), 7D, 72), y e U —p¥

| (O 2 (y), 2 (). 70 7?), y € U —p
One easily checks that C is a smooth complex manifold of dimension 3 and that
we have an obvious holomorphic projection map 7 : C— D x D. Choose formal
neighbourhoods 77 for the points P. We thus get a family of stable and saturated
curves with formal neighbourhoods § .12 over D x D obtained by applying the glueing
construction at the two pairs (p(_l), psrl)) and (p _), pf)) Let §.) be the normalization
of §.a2 |pxfoy at [p(f)] = [pf] and S 2 be the normalization of §.a2 |{oyxp at

p) =[] Let x = (C, {pW,p,p® pP} U P {2V 2, 2 2P} ug).

The glueing constuction in the non-abelian case applied to F.a) (respectively to
S.») and then to F.az results in two two-variable versions of (4.4.2) in [51] for any
element of V! t (X). These two series formally satisfies differential equations

;
M1,k 02,5 gV
of Fuchsian type (in each variable) just as in Theorem 5.2.4 in [51]. By the general
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theory of differential equations of Fuchsian type, these series are therefore convergent
and give covariant constant sections over DxD. By straight forward inspection these
two power series in two variables are identical, hence they result in the same covariant
constant section of Vi(F.a2). From this we in particular see that the connection in
Vj(@c(m)) is flat. So is the connection in V;b(&:(m)) over D x D then and the glueing
construction is also independent of the order of the glueing in the abelian case. The

theorem now follows.

n

13. VERIFICATION OF THE AXIOMS

It is now straight forward to check the axioms of a modular functor given the results

obtained in the previous sections.

Theorem 13.1. The functor V2 from the category of labeled marked surfaces to the
category finite dimensional vector spaces is a modular functor.

Proof. In order to check axiom MF1, we only need to check that the disjoint union
isomorphisms satisfies associativity, but this follows from associativity of the isomor-
phisms between the corresponding H'’s and F’s.

We have that the glueing isomorphism I, from Theorem 12.3 is compatible with

e The disjoint union isomorphisms: Proposition 12.4.
e The glueing isomorphisms them self, i.e. the glueing isomorphisms should

commute: Theorem 12.4

Hence axiom MF?2 is checked.
Axiom MF3 is trivial, since we define V() = C. Axiom MF/ and MF5 follows
from Corollary 3.5.2 (1) and (2) in [51].

n
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