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Preface

The interest of the first author of the present Lecture Notes in empirical process theory arose after
having studied Ron Pyke’s beautiful survey [Py72] on Empirical Processes where Ron underlines his
view that “the development of empirical processes provides an excellent illustration of the interplay be-
tween statistics and probability and of increased sophistication of mathematical techniques which have
been introduced into these disciplines in recent years.” Since then the theory of empirical processes
has grown in an enormous way initiated by Dudley’s [Du78] fundamental paper and culminating in
his book [Du99]. Also the books of Shorack-Wellner [Sh86] and van der Vaart-Wellner [Va96] together
with Pollard [Po84],[Po90] and the overview given by Giné [Gi96] confirm Pyke’s early view in a very
impressive way.

In view of the large literature on empirical processes which have appeared in recent years, the present
Lecture Notes will only cover a small amount of the subject. Our approach in revisiting Empirical and
Partial-Sum Processes as so-called Random Measure Processes had its origin in the papers by Pyke
[Py84] and Ossiander-Pyke [Os85].

We hope to raise with our presentation further interest in empirical process theory.

Munich, July 1999 Peter Gaenssler and Daniel Rost
Preface to the second edition

The present extended version of our Lecture Notes, first published as MaPhySto Lecture Notes no. 5
in August 1999, is based on Lectures by the first author given at the Ludwig-Maximilians-University
in Munich during the Summer-term 2001. Compared with the first edition the additional sections
are marked by an asterik; besides of the opening Section 0 and the closing Section 8 the additional
sections are slight modifications of results as presented in Duembgen [Due00].

Munich, September 2003 Peter Gaenssler and Daniel Rost
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0 To open the door by examples

This section is to present some typical examples in order to demonstrate how general empirical process
theory (to be presented in the following sections) works w.r.t. applications in (nonparametric) statistics
(cf. [AI85] and [We92)).

Let &,7 € N, be independent identically distributed (iid) random elements (re’s) in an arbitrary
measurable space X = (X, X) with law v = £{£} on X, the &;’s being defined as coordinate projections
on the probability space (= p-space)

(Q,A,P) = <XN, A= QN = ®1/),
N N

i.e. in the iid - case we always impose this so-called canonical model as underlying p-space.
In general, £ is called a re in X = (X, X) <= 3 p-space (2, 4, P) such that (s.t.) £€:Q — X is
A, X-measurable, i.e. £1(B) € A VB € X, where

EYB):={weQ: {w)eB)={¢cB).
Let v, be the empirical measure based on &1, ..., &,, i.e.

(0.1) va(B):=n"" ) 6, (B), BeX.

j<n

where d, denotes the Dirac measure in x € X, i.e.

.|t e
7l o, itzelB=X\B

The n'" empirical process (3, = (8,(B))pex is defined by
Gu(B) i= n'/2(va(B) = v(B));

thus (,(B) is the normalized deviation from its expected value of the fraction of the random points
&1, ..., &, which fall into B

X

E(vn(B)) =
nt < B (B)) =
n~t 3., P& € B) =v(B)

More generally, given a measurable function f : X — R and a signed measure  on X, let Q(f) :=



[ fdQ; in this way, given a class F of measurable functions f : X — R, 3, may be viewed as a
X
stochastic process 3, = (8,(f))ser indexed by F, with

/fdﬂ =07 3 (1(6) - BUE)).

i<n

(Note that for @ := v, — v we have
v)(f) = valf) —v(f)
v —v(f) = n~! Z f(&) —v( )

l/n—
/ L
i<n

=n"! Z( f])))

i<n

since, by the transformation theorem ([Gae77], 1.10.4)

) = / F(6(w)) P(dw) = / f@) vidz) = v(f)).
Q X

B, may also be viewed as a process indexed by some class C C X; taking (X, X) = (R, B) and
C:={(—o0,t] : teR}

makes 3, equivalent to the normalized empirical distribution function (edf)
(n2(Eat) = F())

where F,(t) :=n~! > j<n 0¢;((—00,1]) and F(t) := P(§; < t) = v((—o00,t]),t € R. By identifying sets
with indicator functions, however, we may consider, when desired, also indexing by functions (see 4.3.
below).

Part of what makes function-indexed empirical processes of interest to statisticians is that many

teR’

statistics of interest can be expressed as functionals of such processes.
For example, if, as before, (3, is indexed by C = {(—o00,t] : t € R}, then

h(Bn) = sup |B,(C)] = supn'?| F, (1) — F(1)],
cec teR

with F), being the empirical distribution function based on the random variables (rv’s) &1, ..., &, with
df F, is the Kolmogorov-Smirnov statistic.
If B, = (Bu(f))fer, indexed by some class F, converges weakly (L - convergence), in a sense to be

described below in Section 2.3, to a Gaussian process G, = (G, (f))fer (Bn £, Gy), then the limit
sep

distribution of any statistic h(3,) will be immediately identified as the distribution of h(G,) at least
for “nice” h; see the Continuous Mapping Theorem (CMT) 2.3.16 below).



For example, Donsker’s (1952) Functional Central Limit Theorem (FCLT) states (see Theorem 1.1.6
below) that the uniform empirical process o, = (an(t))te[,1) converges weakly (in law) to a Brownian
bridge B® = (B°(t))sc[0,1], Which shows the limit distribution of the Kolmogorov-Smirnov statistic to
be that of sup |B°(t)|.

teR

Thus for v = UJ[0,1] (uniform distribution on [0,1]) and C := {[0,t] : ¢ € R} the process G, =
(GL(C))cec is given by G,(C) = B°(t) for C = [0, t].
In general, G, = (G, (f))fer is an mean-zero Gaussian process with the same covariance structure as

Brn = (Bulf))ser, i-e. cov(Gu(f),Gu(9) = v(f-g) —v(f)- v(g) for f,g € F.

All of this motivates the study of empirical processes. This will be done in the more general context
of the so-called Random Measure Processes (RMP) to cope at the same time with another class of
important processes in probability theory, namely the partial-sum processes with either fixed or random
locations (see Section 3 below).

Now, we are going to present some examples towards applications in Nonparametric Statistics where
general empirical process theory proves to be an efficient and useful tool:

0.2. Example.
In dimension d = 1, the Kolmogorov-Smirnov statistic is a natural way to measure the distance between
vp and v. In dimension d > 1 however, the analogue

sup n'/?|F,(t) — F(t)],
teRd

1s less natural. It corresponds to the class
C:={(—o0,t] : teR%}

of “lower left orthants” having few symmetries and giving special preference, for no good reason, to
the “lower left” direction in which all coordinates approach —oo.

1/2

The statistic sup n'/*|v, (C) —v(C)| for a class C with more symmetries, e.g. the class of all half spaces,
cecC

or all ellipsoids if v is normal, seems more natural (cf. the Remarks after Theorem 2.1.6 below).

0.3. Example.
An M-estimator Uy, for an unknown parameter 9 € © C R% d > 1, is obtained by choosing ¥, to
minimize an expression of the form

(0.4) Z 7(&,9)

for some function v : X x © — R and given iid re’s § in (X, X),j € N, with law v = L{} =
Q1,90,% € O, being the true but unknown parameter; again the &;’s are considered as coordinate



projections on the p-space (2, A, P) := (XN, XN, ®Q1’190>. The true parameter g is considered to be
N
that which minimizes
(0.5) [ 2@ 0)Qua )
X
v might, for example, be the negative of the log likelihood in case of Maximum Likelihood Estimators

(MLE’s).

In many situations estimators that minimize a certain expression like (0.4) also solve a system of
equations:
In particular, in the iid case as before, let 1,, satisfy the equation

(0.6) > U, 9) =0;

Jj<n

1 might, for example, be the derivative of the log likelihood in case of MLE’s .
Solutions of (0.6) are called Z-estimators (from “zero”) for ¥y being a solution of

(0.7) )= [ 0(w.)Q10,(da) =0.
X

(in (0.5) and (0.7) it is tacitly assumed that the integrals exist.)

We note that in the literature sometimes the name M-estimator is (also) used for what van der Vaart
and Wellner ([Va96] call Z-estimator and the distinction between the different types of estimators is
not always made.

Note also that (0.6) is the empirical analogue of (0.7) replacing in (0.7) the true underlying p-measure
by the empirical measure v, based on the observations &, ...,&, (known as “plug-in-method”), i.e.
(0.6) is equivalent to

(0.6 / O, ) (dz) = 0.
X

We are going to prove ASYMPTOTIC NORMALITY OF THE SEQUENCE (J,)nen of Z- (M-)
ESTIMATORS via general empirical process theory:

For this, let ¢y(x) := ¢(x,9) and F := {¢py : ¥ € Op}, where Oy C R is some compact neighborhood
of ¥y, and consider the empirical F-process 3, = (3,(f)) fer, where

Balf) = n Y2 3 (£(&5) — B((E)))-

Jj<n
Assume the following three conditions to hold (where F, denotes convergence in probability):

(0.8) Dy — Dy



(i.e. weak consistency of (¥ )nen)

(0.9) B = Bo

sep

where By = (Bo(f))er is a stochastic process with sample paths in U*(F,d) :={z: F — R : x
bounded and uniformly d-continuous } with d(vy, vy ) := ||¢ — || (|| - || denoting the Euclidian
norm in R9)

(0.10) H is differentiable on ©¢ with continuous derivative H' and H'(dy) # 0.
Then
2
11 V2, — ) = —7___
(01 =00 = N gp)
where 02 := [ ?(z,90)Q1,9,(dx) (tacitely assuming that o2 > 0).
b'e

(0.9) constitutes a Functional Central Limit Theorem (FCLT) for the empirical process (3, indexed
by F. Such a theorem holds e.g., if the “size of F” is not too large, e.g., if F is a so-called Vapnik-
Chervonenkis graphclass (VCGC) and if the metric d is equivalent to the pseudometric

A2 Wosto) = [ [ (9@9) =009 Qup(an)]

X

being the case under weak smoothness conditions on ¢ (z, - ).
(cf. Sections 4.3 and 7.3 below).

Now, according to a CHARACTERIZATION THEOREM OF L-CONVERGENCE (see Theorem
2.3.9 below) condition (0.9) implies the so-called ASYMPTOTIC EQUICONTINUITY CONDITION
(AEC)

(0.12) Ve,n>0 35=4(e,n) >0 and Ing =np(e,n) € N such that V n > ng
P s |Bawn) = Bulww)| 2 €) <

19719/6607‘ ‘ﬁ_ﬂ,“g(s

(P* denotes outer probability, defined for any A C Q by P*(A) :=inf{P(B) : AC B,B € A}.)

As we will see, (0.12) will be crucial in proving (0.11).

PROOF of (0.11). Let g,7 > 0 be arbitrary and choose § > 0 such that {9 : || — Jp|| <} C O
and (0.12) holds; then

P([Ba(t55,) ~ Bulnn)| = €) < P({Ba(5,) = Bu(Woo)| = &} 1 {11~ dol| < 8}) +P(IId ~ ol] > 9),

where P(||0,, — 09|| > ) — 0 by (0.8).

Thus
limsupP([8,(45,) — Bu,)| 2 €) <lmsupP( sup  [Ba(g) — Bultw)] 2 ) <
n—00 n—00 9,9 €O, ||[9—9'||<6 (0.12)



for all n > 0, whence
(+) Bultby,) = Bulthoy) = 0

Now, noticing that H(1y) = 0 by (0.7), we get by the definition of H(1}):

nY2(H (D) — H(0y)) = n'/2 / (s D) Q190 (d).

Since, by (0.6) [ (z,V,)va(dz) = 0 we get
X

WD)~ Ho) == (172 [ ol dnvn(ds) =02 [ (e, 0,)Quads) |
X X

=nt Y 0, (&) =By, (@) =n7t BB, (),
isn

i<n
where the expectation E is only
taken w.r.t. the &;’s

l.e.

n!2(H(D,) — H(%o)) = —n"2 Y (45 (&) — E(y, (&)

= _ﬂn(wﬁn;
== [Bn(¥y,) = Bn(thyy)] —Bn(s,)

250 by (+)

= —Bn(¥y,) + op(1).

(In this context, for a sequence (9,)nen of random variables (rv’s) defined on a common p-space
(Q, A, P)
P
My =op(l) <= n,—0.)

Therefore, we have shown
n!2(H(Dn) — H(99)) = —Bn(tbg,) + 02(1)
and, since by the classical CLT

~Bu(gy) = Y23 [0(€5,90) — E(¥(&5,90))] - N(0,0?)

i<n

with 02 := [ ¢%(z,90) Q1,9,(dx) (tacitly assuming o > 0), we have
X

(++) n'2(H(9,) — H(9)) - N(0,02).

6



Now (0.11) follows easily from
n!2(H (D) = H(do)) = n' > H'(95) (I — Do),

where ¥* is between 9, and ¥, using (++) and a Cramér-Slutzky theorem (note that by (0.8) and
the continuity of H' we have
H'(9;) = H'(90) #0 ).

0.3 Example - continued.

Concerning Huber’s paper [Hu67], the crucial step in establishing Asymptotic Normality of Mazimum
Likelihood Estimators v, is proving that for some dy > 0 (with 99 € © C R%, d > 1, being the true

but unknown parameter and again with || - || denoting the Euclidian norm)
(0.13) sup  Zy(1,%) RN 0,
ll7—=vo||<do
where Zy(7,9) = % (see Huber’s Lemma 3). As Pollard has observed, under Huber’s
assumptions, the crucial condition (0.13) holds, whenever
(0.14) B, =5 G,
sep

where By, = (Bn(f)) rer and G, = (G, (f))ser are indexed by
F=A{r || — || < dp}.
Let us postpone here again what £, means (cf. Section 2.3).
sep

One PROOF is as follows:
Huber’s assumptions readily imply that for some positive constants a,b and all 7 with ||7 — Y| < dp

(*) w(¥r = ¥o,)| = allT — o, and

(**) v(r —1ge)? < blIT — ol

Therefore, for any € > 0 and M < oo

o sup 1 Za(r)| > ) < v sup {18 — )] ¢ (e —iay)] < M b>e)

[[7—"d0]|<do [|7—00||<do

(s {18 — vl ¢ e~ )| > = b > M)

[I7—o||<do

gu( sup {\ﬂan)—ﬂn(wm s vty — thgy)? < ﬂ} >5)

1/2
[|7—0||<do aenl/

to( s [l > ).

[l7—D0||<do



(Note: |(thr —hg)| < Lo = (b, —1hg,)? < bljr — || < Loall oM,
)

enl/2 () — aenl/? oo

But weak convergence of 3, (i.e. 3, £, G, ) implies that (3, )nen is stochastically bounded (cf. [St94],
sep

1.6) whence, since M is arbitrary, the term v(  sup  |Bn(¢r)| > %) can be made arbitrarily small

|lm—dol|<do
as n — 0o.
Concerning the other term, the same holds as n — oo due to the (AEC) (with d replaced by dt? ) cf.
2.3.12 below). Thus (0.13) is shown. O

In the next example we will see that by a result of Ossiander ([Os87]) £, £,6, (indexed by F) (i.e.
sep
(0.14) holds true under Huber’s assumptions). In this way Huber’s result follows fairly directly from

a FCLT for function-indexed empirical processes.

0.15. Example.
We are going to prove (0.14), i.e. By £, G, where the processes B,,n € N, and G, are indezxed by
sep

Fi={tr  [Jr =00l < do}
(W = (-, 7).

Suppose that the function
w(a,¥,r) = sup  |r(x) — by ()]

7 |T=9||<r
(assumed to be measurable as a function in z) satisfies Huber’s critical assumption
(+) v(u(-,9,1)?) <er Vr >0 and V||9 — ¥y < dy for some ¢ > 0.
Fix e > 0 and let 71, ..., Tn(s) be points in ©g := {7 : ||7 — Jo|| < dp} such that V7€ Oy I7;,1 <
i < N(e) st || — ]| < 5.

The number N (¢) of points needed is of order O(¢72¢) as e — 0 in case © C R?%. Now, if |7 —7;|| < & 4(;7
then, by the definition of u (with r := %)

fi@) = tn (@) = ule, 70, ) < (@) < (@) +ule,m, ) =t fula)
where , )
3 3
A2 (fir fu)? = v fu = FP) = v([2u( 7 D) Sl

whence d1(,2)( 11, fu) < e. Therefore
NU(e, F,d?P)< N@E)=0("%) as e —0,

1
(++) / log NU(e, 7,d®)) " de < oo.
0



Here, given a class F of measurable functions f : X — R, suppose that for each ¢ > 0 there exists
a finite collection F(e) of measurable functions on X s.t. for each f € F there are functions f, f, in

f( ) with f; < f < fu s.t. d (flafu) <&, where dl/ (flafu) = V(|fu | )1/2'
The minimal cardinality of such a collection F(e) is denoted by

N(e, 7,d2)

and the function log NU(-, F, d,(,z)) is called METRIC ENTROPY WITH BRACKETING OF F w.r.t.
the metric d,(,2).

Now, by a fundamental result of Ossiander ([Os87]) (+4+) implies that the empirical process (3, =
(Bn(f))ser indexed by F converges weakly (in law) to G, (4, £, Gy) (cf. [Gee00], Theorem
sep

6.3), Where G, = (Gu(f))fer is a mean-zero Gaussian processes with sample paths in the space
Ub(F, d? ) ={z:F — R : z bounded and uniformly df,Q)—continuous}

and the covariance structure given by cov(G,(f1),Gu(f2)) = v(f1- f2) —v(f1) -v(f2), fie F,i=1,2;
(cf. also Theorem 7.3.5 below).

This, as said before, provides the crucial step in [Hu67] to proving asymptotic normality of Maximum
Likelihood Estimators.

0.16. Example (Pollard’s k-means clustering procedure, to be considered in more detail in Section
4.3 A below).

Given data points x1,...,x, € X = R? viewed as realizations of iid re’s & m (R, BY), the k-means
(with k being arbitrary but fived and given in advance) empirical cluster centers a}y,...,a), € R? are

the k points which best approrimate &1,...,&, in the sense that Z mln \fj — a;|? is minimized by
]<n

(apyi,...,ar,) over all (ay,...,a) with a; € R,

Pollard [Po82b] applied empirical process theory (as examined in [Po84], Chapter VII) with (cf. 0.3
Example)

’Y(xu (alu ...,CLk)) = 111111216 |'CC - (IZ‘

to obtain asymptotic normality of (a};,...,a%,) as n — oo whenever E(|&[?) < occ.

0.17. Example (DENSITY ESTIMATION).
(considered within the frame of so-called smoothed empirical processes in Sections 6.4 and 7.4).
Let nj,j € N, be iid re’s in (R%, BY) with v := L{n;} having an unknown density g w.r.t. Lebesgue

measure. Let K >0 be a kernel function on R? with [ K(v)dv =1, and let (hy,) be a given sequence
R
of bandwidths. Then the density g can be estimated by the so-called kernel density estimator g, , defined

by
1

j<n

Yvn(dy) , t e R%




Now, we have with K, (t)(-) := h;dK(th;n')

whence (with By, (f) := n?(wn(f) —v(f)) ) Bn(Kn(t)) is the random part

n2 (G (t) = E(gn(t)))
in the decomposition
gn(t) = g(t) = gn(t) — E(gn(t)) + E(gn(t)) — 9(t)

with E(gn(t)) — g(t) being the “BIAS”.
(Note also that under reqularity conditions

B(g(1)) = by "B(K( ) = w(Ka(t)

Using this point of view, empirical process techniques are in order with indexing sets given by

F = {K(th_

) .t e RY}.
Now, results from general empirical process theory will be available if, as already remarked in connec-
tion with (0.9), F is not too large, e.g. if F is a VCGC (see Definition 4.3.16 below) or, equivalently
(cf. [Va96], Problem 11, p. 152), a Vapnik-Chervonenkis Subgraph Class (VCSGC), where the sub-
graph of a function f: X — R is defined by SGy := {(z,r) € X xR : r < f(x)} or (equivalently

(cf. [Va96], Problem 10, p. 152)) SGf := {(z,7) € X xR : r < f(x)}.
R

SG

M/// 077

Now, F is a VOSGC <= {SGy : f € F} is a Vapnik-Chervonenkis Class in (X x R, X @ B).
For the definition of a Vapnik-Chervonenkis Class (VCC) of sets see Section 4.2 below. As to the

10



VCC-property, let us mention here the following result (Lemma 4.2.5):

(0.18) Let G be an arbitrary m-dimensional vector space of real-valued functions g being
defined on an arbitrary set X equipped with the o-field X = P(X) (whence each
g is measurable). Then the class

C:={{g>0} : geG}isa VCC.

Based on this result we are going to show next
(0.19) Let H : R, — R be monotone increasing (or decreasing), X := R% d > 1, and
F={H®|t—-"|*) : b>0,tecR.

Then F is a VCSGC.

PROOF (Taken from [Due00]):  This is easily seen if H can be extended to an isotone bijection on
R; in this case one has for any f(z) = H(b||t — z||?),» € R%

SGp = {(x,r) €RE xR : b||t||* — 20t 2z + ba"x — H ' (r) > 0} = {g > 0}

T
(where 27 denotes the transpose of z = [ : |) with g € G, G being the (d + 3)- dimensional vector
Lq

T

space generated by the functions go(z,r) =1, gi(z,7r) = 2;,1 <i <d, gg+1(z,r) =z’ z, and

garo(x,7) := H-Y(r), whence the assertion follows from (0.18).

In the general case, one must find a proper substitute for H~! to argue in a similar way: For this,
let F' be an arbitrary finite subset of R¢ x R and suppose that for any F’ C F there exists an
f e F e f = H(bpl|tp —-||?) with bpr > 0,t € RY, such that F' = F N SGy. Then, one
shows that this necessarily implies F' = {(z,r7) € F : g(x,r) > 0} = Fn{g > 0} for some
g € G := span{go, g1, .-, 9a+1, 9ir2} where now ggio(z,r) := H(r) := min{t € T : H(t) > r} with
T := {bp||tp — z||* : (x,7) € F,F’ C F}. Thus again the assertion follows from (0.18). O

0.20. Example (from classical probability theory: A strong law of large numbers).
Let &,i € N, be iid rv’s with law v = L{&}, the s being defined as coordinate projections on the

p-space (2, A, P) = (RN, BN, V). Assume E(|€1]) < oo and let p:=E(&) and &, :=n"1 > &. Then
i=1

(1) Api=n 3|6 — ol — a=E(l& —ul) P-as.
=1

PROOF (by Empirical Process Methods).
Let v, be the empirical measure based on &1, ...,&,. For t € R, let fi(z) := |v —t|,z € R, Hy(t) :=
vn(fe) and H(t) := v(f;). Then A, = H,(&,) and a = H(u). Next, let F := {f; : t € R}, then

11



the ENVELOPE F of F, defined by F(z) := sup |fi(x)|,z € R, is the function F' = co. Considering
teR

instead for a fixed é > 0 the class
Fs={fr + [t —ul <6},
the envelope Fs of Fj is given by Fs(x) = |z — u| + d,z € R, i.e. F; is real-valued and v-integrable:

v(Fa) = E(|€1 — pl +0) = E(|&1 — pl) +0 < o0,

since E(|£1]) < oo by assumption.
(Note that fi(z) <l —p|+|p—t| <|x—p|+0 if |p—1t] <6.)

According to the strong law of large numbers, &, — u P —a.s,ie. Ve >0 V5 >0

(2) lim P(sup |&, — p| > 0) <e.
m—00

n>m

Concerning the class Fs one shows (cf. (0.19)) that Fs is a VCSGC (equivalently a VCGC) and thus
it follows from 6.3.3 (cf. (6.3.5) below) that

(3) llvn — V|7, == sup |(vn —v)(ft)] — 0 P—a.s.
[t—pl<o

But now,
‘An - a‘ = ‘Hn(gn) - H(:u)|
< [Hp(&n) — HE)| +  |H(&) — H(u)l-

—0 P—a.s., since &,—p P—a.s. and H being continuous.

So, it remains to show that V p > 0

(4) lim P( sup |Hn(‘£_n) - H(gn” > P) =0

m—0o0  p>m

For this, let p > 0 be arbitrary; then

P(sup [Hy (&) — H(&n)] > p) < P<{ sup | Hp (&) — H(&n)| > p}

n>m n>m

A {sup |6, — i < 6}) +B(sup & — | > 9)

n>m n>m

< P(sup sup |Hn(t)—H(t)|>p)+e
(2) n>m |t—p|<d

— P(sup [l — vl > p) + <.
n>m

Since £ > 0 was arbitrary, the assertion (4) follows from (3). O

Of course, (1) follows more or less immediately from the strong law of large numbers, nevertheless

12



the proof here nicely reveals the elegant operation principle how a (functional) uniform law of large
numbers as given in (3) may be applied.

Further applications of empirical process theory together with the concepts and results already
mentioned will be considered in the following chapters presenting also the theoretical background

to cope with future applications beyond our present knowledge.

In fact, as already emphasized in [We92], “modern empirical process theory deals with empirical mea-
sures and processes based on data with values in completely arbitrary, perhaps infinite-dimensional
sample spaces. This aspect of the theory will undoubtly become more important in future applica-
tions as statisticians develop methods for dealing with ‘function’- and ‘picture’-valued data such as
seismographs, noise level tracings, electrodiagrams, and high-dimensional biomedical data (survival
times together with hundreds of covariates)”

“I (Wellner) believe that one important consequence of the rapid developments in modern empirical
process tools and techniques is a shortening of the lag time between the introduction of a new method
(e.g. a new estimator or test statistic) in statistics and the development of an understanding of the
properties and performance of the method.”

In an announcement for a workshop on ‘Statistical Modelling — Nonparametric Models’ it was said:
“As in all areas of science, models serve as a portrayal of the reality. Their quality and usefulness
thereby heavily depends on the complexity of the model itself. A simple model can only mirror simple
things. Moreover, as in all quantitive sciences, classical quantitative models suffer from being para-
metric.

Nonparametric models go beyond this scope by modelling relations and effects nonparametrically.
Various applications have been developed in the last years. Numerical and theoretical results allow a
wide range of applications of Nonparametric models.

Further research is required to make more profit of this powerful modelling technique.

Investigation of theoretical aspects and applicability of the available routines in more depth is de-
manded to access and describe their impact.

Finally, a fair comparison of different methods is still rudimentary but desired.”

Hopefully, the present COURSE ON SELECTED TOPICS IN MATHEMATICAL STOCHASTICS
will serve as a solid basis to cope with applications in nonparametric statistics based on empirical
process theory.

13



Summary

In a general framework of so-called Random Measure Processes (RMP’s) we present uniform laws
of large numbers (ULLN) and functional central limit theorems (FCLT) for RMP’s yielding known
and also new results for empirical processes and for so-called smoothed empirical processes based on
data in general sample spaces. At the same time one obtains results for Partial-sum processes with
either fixed or random locations. Proofs are based on tools from modern empirical process theory as
presented e.g. in [Va96].

Our presentation will be also guided by showing up some aspects of the development of empirical
process theory from its classical origin up to its present generality which now offers a wide variety of
applications in statistics as demonstrated e.g. in Part 3 of [Va96].

1 Introduction to the theory of empirical processes (and
partial-sum processes)

1.1 The uniform empirical process o,

Two important processes in probability and statistics are the empirical and partial-sum process.

Let nj,7 € N, be independent identically distributed (iid) random variables (rv’s) with law £{n;} =
U10, 1] (the uniform distribution on I = [0, 1]), defined on a basic probability space (p-space) (2,4, P),
ie. nj:Q— I withP(n; <t)=F(t):=t Vtel.

Let F,, be the empirical distribution function (edf) based on 7y, ..., n,, i.e.

Fu(t):=n"") 1pg(ny). tel;

Jj<n

to indicate that F), is random, i.e. depending on w € 2, we also write instead of F),(t)

Fu(t,w) =n"") 10 (n;(w)).

j<n
(14 denotes the indicator function of a set A.)

THEN:
Vit eI E(F,(t)) = F(t) (i.e. F,,(t) is an unbiased estimator for F'(t))
Vt € I by the classical central limit theorem (CLT)

an(t) == n'2(F,(t) — F(t)) = N(0, F(t)(1 — F(1))

(where £, denotes convergence in law), and by the strong law of large numbers (LLN)

Vte I F,(t) — F(t) P-almost surely (a.s.)
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(ie. (Fu(t), o 18 a strongly consistent sequence of estimators for F'(t));

moreover, by the GLIVENKO-CANTELLI THEOREM,

sup |F,(t) — F(t)] — 0 P —a.s.
tel

(Note that sup,c; |Fi(t) — F(t)| is measurable since it remains unchanged when replacing I by the countable
index set I NQ.)

FUNCTIONAL VIEWPOINT
The stochastic process ay, = (@, (t))ier is called UNIFORM EMPIRICAL PROCESS (of sample size
n). Its sample paths

an(w) = (n'2(Fa(t,w) - F(1)) )
are contained in the space D := {x € R : z satisfies (i) — (i7i)}:

(i) Vte[0,1) Fz(t+0) := lime 4 x(s)

tel

(ii) ¥Vt € (0,1] Jz(t —0) := lim, ~ x(s)

(ili) vVt € [0,1) z(t) = x(t + 0).

Since sup,ey |2(t)| < oo Va € D, it is tempting to endow the space D with the sup-metric p, i.e. with
p(xy,x2) := su? |x1(t) — z2(t)|, x1,22 € D,
te
which is usually considered in the space C' = C'(I) of continuous functions on I.
Note that (C, p) is a closed separable subspace of (D, p) being also complete (cf. [Bi68], p.220).
In contrast, (D, p) is not separable and «,, : @ — D is not A, B(p)-measurable if D is equipped with
the o-field B(p) of Borel sets w.r.t. the p-topology; cf. [Bi68],p.152.

At this place there were two ways to overcome this difficulty (cf. [Bi68]):
(i) Skorokhod’s metric s being weaker than p which makes a,, : @ — D A, B(s)-measurable
(B(s) := Borel o-field in (D, s))

(ii) [Du66] (cf. also [Wi68] and [Gae83]):
Consider instead of B(p) the smaller o-field By(p) generated by the open p-balls in (D, p); then
again «, : @ — D becomes A, By(p)-measurable, since By(p) = o({m : t € I}) (= o-field
generated by the projections m; : D — R, m(z) := z(t)).

1.1.1. Remarks.
Let B(C,p) be the Borel o-field in (C,p) and By(C,p) be the o-field generated by the open p-balls in
(C,p); then B(C, p) = By(C, p) = C' N By(p), whence

(1.1.2) B(C,p) =oc({restcm : t € I});
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furthermore C € By(p) and (cf. [Bi68], Th. 14.5) B(s) =oc({m :t € I}), whence
(1.1.3) B(s) = By(p).

In the following let B = (B(t)):er be the Wiener process (Brownian Motion) with parameter set

T =1, and let B® = (B°(t))ier be the Brownian Bridge (B°(t) := B(t) — tB(1)); both processes are

mean-zero Gaussian processes with sample paths in C, whose covariance structure is given by

(1.1.4) CO’U(B(tl), B(tg)) =1t Aty, t1,to €1, and

(115) COU(BO(tl),BO(tQ)) =t ANty —1t1-ty, ti1,t0 €1,

respectively. Both processes can be viewed as random elements (re) in (C,B(C,p)) or as random

elements in (D, By(p)) with L{B}(C) =1 and L{B°}(C) = 1 respectively.

HERE: Given a measurable space (X, X), we say that n is a re in (X, X) :<= 3 p-space (2, 4,P)
s.t. n: Q2 — X is A, X-measurable.

The following prospect is taken from [Do49]:

“Noticing that, by the multivariate CLT, the finite-dimensional distributions (fidis) of a, are asymptotically (as n — o) the same
as those of B°, we may assume— until a contradiction frustrates our devotion to heuristic reasoning — that in calculating asymptotic
distributional results for the as,-process one may simply replace the ay’s by B°.”

This prospect was justified by the following Functional Central Limit Theorem (FCLT):

1.1.6. THEOREM ([Don51],[Don52],[Pro56]).

an =5 B° in (D, s),

ice. T o B(f(an) = E(f(B%) ¥/ € CH(D),
where C*(D) := {f : D — R : f s-continuous and bounded }.

Note also that L{B°}(C') =1 in view of 1.1.7 below.
Taking instead of s the sup-metric p one gets

1.1.6'/ THEOREM.
an&Bo in (D>IO)>

i.e. limp oo B(f (o)) = E(f(B®))) Vf € CP(D),
where CP(D) :=={f : D — R: f p— continuous, By(p) — measurable and bounded}.

In fact 1.1.6 and 1.1.6" are equivalent according to the following lemma. For this, let n,,n > 0, be a
sequence of re’s in (D, By(p)) ( = : (D, B(s)), and
1.1.3

Mn £, no <= lim E(f(a,)) = E(f(B°)) Yf € C°(D), and

n—oo

M 5 = lim E(f(an)) = E(f(B°)) Vf € CU(D),

n—oo
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respectively.

(Note that L{nn},n > 0, is well defined on By(p) = B(s) and that lim,—co E(f(an)) = E(f(B°)) <= limn—co [p fdL{mm} =
fD fdﬁ{ﬂo})

1.1.7. Lemma (/Gae83],Lemma 18.p.93).

c c
M ——mn0 and L{n}(C)=1 = n, —> no;

Ly L
conversely, n, — Ny = Nn — No-

The same situation is met in Section 1.2 in connection with the classical partial-sum process.

As we shall see in Section 2.3 the concept of weak convergence (L - convergence) can be generalized in
such a way that the approximating sequence (7, )nen is not assumed to consist of re’s, i.e. arbitrary
1y’s will be allowed; measurability is solely assumed for 79 to which 7, converges weakly.

1.2 The classical partial-sum process ¢,
Let &j,7 € N, be iid rv’s defined on a basic p-space (£2,.A,P) with E(§;) = 0 and E(f?) = 1. Let
Co(t) :=n /2 Z & Ltel,
{5:j/n<t}
THEN:

E(Ga(t) =0 and  Co(t) =5 N(0,8) Vel
and COU(Cn(tl), Cn(tz)) =t ANty ,t1,t0 € 1.

FUNCTIONAL VIEWPOINT

The stochastic process (, = ((n(t))ter is the CLASSICAL (standardized) PARTIAL-SUM PROCESS
(of sample size n).
(with < a >:=max{z € Z: 2 < a},a € R, (,(t) can also be written as (,(t) = n~/2 ZJ<=7:1t> &.)

Its sample paths (,(w) = (n_1/2 D j<<nt> fj(w))tel are contained in D. (, can be viewed as re in
(D, By(p)) = (D, B(s)) and the FCLT for ¢, is also due to Donsker:

1.2.1. THEOREM.
Cn £.B in (D,s) or, equivalently,

G =5 B in (D, p).
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Theorem 1.2.1 and 1.1.6 are special cases of FCLT’s to be considered in Section 7.

Nevertheless we want to present here proofs in a form due to Franz Strobl [St90] yielding some indications when dealing later with
more general processes.

The following proofs are based on the characterization theorem of L-convergence (CTL-C) presented
in Section 2.3 (here with parameter space T'= I and metric d(t1,t2) := |t1 — ta|,t1,t2 € I).

PROOF OF THEOREM 1.1.6. According to CTL-C we have to show (i) and (ii), where
(i) an % Be, i.e. weak convergence of the finite-dimensional distributions (fidis) of «,, to the corre-
' sponding fidis of B°.

(i) lims—olimsup,,_ . P*(wa, (0) >e) =0 Ve >0,
where P*(A) := inf{P(B): AC B,Be€ A} VA CQ, and where
W, (0) = SUDy el y<s |an (t) — an(t)] V&> 0.

The proof of (i) follows by the multivariate CLT and can be found in standard textbooks (c.f. e.g. [Gae77],
12.2.1).
PROOF OF (ii). Let € > 0 be arbitrary; w.l.o.g. let

1
(1) 0 €Q, O<5<Z and n > 9216673,
STEP 1: “We are going back to a grid of span 0” in the parameter-space T = I; then
{wa, (6) >e}={Ft;€,i=1,2, st 0<ta—t1 <d and |an(t1) — an(t2)| > e}.

Now, to each gridpoint ¢; we associate a k; € Zy s.t. k6 < t; < (k; +1)0, where ko — k1 < 1if to —t; < 4.
Then
{we, () > e} = | J {3t € (k6,(k+ 1)0] N1 : |an(t) — an(kd)| > £/3},

keZy
k<3
whence
P (wa, (9) > &) < S P sup fan(t) - an(ko)| > £/3)
keZy te(ké,(k+1)8]NI

k<3

2 P(te( sup N2> (Lo (mi) — (t = k6))| > 5/3)

k8, (k+1)8]NINQ

k‘GZ+ i<n
k<j
1
<GHDP( swp Jan(t)] >2/3),
4 t€(0,0)NQ
i.e. we have
1
2) P*(wa, (6) > &) < (5 + 1)1@( sup  Jan ()] > 6/3).
t€(0,0]NQ
Now, let T;,, C (0,0]NQ be s.t. |Tp| =m¥m €N, and T, /" (0,5] N Q as m — oo; then we have
(3) IP( sup  Jan ()] > 5/3) ~ lim IP( sup o (1)] > 6/3) .
t€(0,5]NQ m—00 teTm,
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STEP 2: Let m € N be arbitrary but fixed, T, = {t1,...,tm}, 0 =1 tg < t; < ... < ty, < 0, and A :=
{supser,, lon(t)| >e};then AC B+37, A+ > k<m Ay with

B:={> ljpsm) >n/2},

i<n

Af =A{an(ty) <e/3,j =1,k — Lan(te) > /3, 1jo.4(mi) < n/2},

i<n

AL =H{an(ty) > —¢/3,i=1,..,k =1L an(tx) < —€/3, Zl[o t)(mi) <nj2}, 1<k <m;

i<n

now, we are going to show

(4) P(A;/—)gw(A;/—m{an(za /<an(tk)1 ?5}) Vi<k<m:
k

Let k € {1,...,m} be arbitrary but fixed and

R:={r=(r1,...ms) :1; € Zop,n =2 () + +rj—nt;) <e/3 V1I<j<k-1,
n‘1/2(7‘1 + .t —nty) >e/3, 1+ ..+ <n/2}

then

IP( N {an(26) >an(tk)1 25})

tg
— ( —1/2 Zlotj] (n;) —nt;) <e/3,j=1,. k—1,n’1/2(21[07tk}(m)—ntk) > e/3,
i<n i<n
1-— 25
Zl[o,tk](m) < n/lzl(tk}za](m > Zl[o ] (1) ntk) +2n5 Zl[o te] m))
i<n i<n i<n i<n
. 20 — ty,
= Z P(Z Loy a1 (m) =5, =1,...k, Z Lty 261(ni) = (n—7) 1— 1 )
reER i<n i<n
ri=ri+...4rg
n r r s n—r—s
= Y > < >-(t1—t0)1...(tk—tk1)’“-(25—tk) (1—20)
= celnery 2 fk oz 1,0y Tk, S, —T — 8
ri=ri+...4rg +
n (n—r)! (20 —tp)s (1L = 25)n s
= 7t—t (e —tp—1)™ (1 =)
Z:%:<r1,...,rk,n—r> slin—r—9)! (b= 20)™ .- (B = ti—1)™( ) (1 —tp)m "
_ZP<;1(% 1,t5] 771 =r;j=1. ) ZP( ; 1 ’215 ] 771 —s)
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since o2 := Var(l [0, %= tk](m)) = 215_;;1" 1=2 (> §/2, it follows that

D= t’“

Z ( Z L [0, F=x] () _8>: ( Z 1 [0, 35 (m:) Z(n—r)zf__tt:)

i<n—r i<n—r

_]p<Z1 2o () = (n = )215_;;520)

i<n—r

1 6 20 —t1 3
2 3~ E(“[Oi‘%ﬁ](’“)_ — )

(BERRY-ESSEEN) 2 vn—ro3

1 6 1
> o >
(r<n/2) 2 \/nf2(6/2)3/2 (1) 4

therefore

1-26
P(Af N {n(26) 2 anlti)7

}) >

1 .
< ]P’(an(tj) <ef3,j=1 k=1, an(te) > /3, Y L (m) < n/2>,

i<n

— 1

which proves (4) for A;". Analogously one shows that

P(A;) <4 P(A,; N {an(26) < an(ty) iif})

STEP 3: According to STEP 2 we have for any fixed m € N with T}, = {t1,...,¢tm} and 0 =: tg < t; < ...
tm < 0 that

P( sup |, ()] > ¢) <

teT
21[05] (i) +4ZP(A+ﬂ{an (29) >Ozn(tk)1:if}>+
i<n k<m .
— 26
4]Z;nP(A N {an(26) <04n(t,€)1 - }).

Now, %:?5 > % implies that V1 < k <m
b

Af N {an(20) > an(ty) 1 — ?5} C Af n{an(20) > ¢/6} and
=t

A7 1 {an(26) < an(te) i:if} C A7 N {an(26) < —¢/6),

whence (noticing that the A;’s as well as the A, ’s are pairwise disjoint (p.d.))

P( sup [an(t)] > ) <
tETm

Z Lio,61(m:) ) + 4P| (26)] > £/6).

i<n
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STEP 4: We are now in the position to verify that

lim lim sup P*(wq,, (§) > ) =0 Ve >0:

—0 pn—oo
1
P*(wa, () >¢) < (=+41) lim P( sup |an(t)] >e/3)
@%@ 0 Mo e,

1 n
sty G (PO t0am) > 5) +4B(ax(20)] 2 ¢/6)

A

2 [p(zisn Lio,5(1m:) — nd N n/2 — nd
@90 V/no(1 —d) N

@>CLT>n—>oo>§[0+4~2(1—¢’(; },

6+/26(1 — 25))

) + 4P (Jan (0)] > 6/6)}

where ® denotes the standard normal df.

Therefore, Ve > 0

. 2 6y25(1-25) 1 -
lim sup P* (wq, (6) > &) < = -8 e 236:25(1-20)
msup P (g, (5) > €) < 5 N iE
2 V2§ 144-6(1—26
§5~8 6\/2_~ 6(2 )@>>6—>0>0.
eVv2r

PROOF OF THEOREM 1.2.1. According to CTL-C we have to show (i) and (ii), where
() G——B and

(ii) lims—olimsup, . P*(we,(6) >€) =0 Ve > 0.

As before, we skip the standard proof of (i).
PROOF OF (ii). Let € > 0 be arbitrary; w.l.o.g.let

1, e,
—(— <1 > 1.
(5) 0<6<2(12),6_,n6_

As in STEP 1 of the proof above we get

P*(we, (6) >e) < > P* sup 1Ca(t) = Co(KS)| > 5/3>
keZ, te(kd,(k+1)8]NI

k<3

<nt>

< Z IP( sup ‘n_l/Q Z fi‘ > 5/3)

kez,  tekS(k+1)8NINQ i=<nko>+1
k<3
1
g(—+1)IP>( sup ‘n_l/QZ@ ><€/3).
d 1<k<<2n6> =

To obtain an upper estimate for the last expression we make use of the first Lévy-inequality as follows:

21



Let m :=< 2nd >,S; = Zigkfi/n%, e = ¢/3,8% = ZiSmVar(fi/n%) = m/n = =I0> < 25, ie.

Sm < €/12; then
(5)

P(  sup ‘n_l/Q Zfi‘ >¢e/3) =

1<k<<2n6> <

P( sup |Sk|>€')<P( sup Sp >¢')+P( sup (—Sk) >¢)
1<k<m 1<k<m 1<k<m

a2

= P(Si > & — asm) + P(~ S = &' — asm,
(1. Lévy-Ineq.) a?—1 [ ( ) ( )]

for all @ > 1. Taking a = 2 and noticing that ¢’ — 2s,, > £/3 — 2¢/12 = ¢/6 > 0, the last expression is
4 _
3 P(1Sm| 2 €/6) = 5 B(|n V2N Gl =e/6).
1<<2nd>

Therefore (note that 1 % + ) we get

—~
=

P*(we, (0) > €) <

24 — 8 _ 1/2
53 (|n 1/21<§6>£z > 5/6) =35 ]P’(| < 2ng >"1/2 l<<§2;6>fz| > (7< 226 >) %)
—1/2
(I <208 > 1<<22;u;> &) > m)

Q> CLT >n— o0 > i2(1— o(

% @>>60—0>0 (asin Step 4 above).

T))

1.3 The multivariate case

Let d > 1 and 7;,j € N, be iid random vectors uniformly distributed on I¢ = [0,1]%, defined on a

basic p-space (2, 4,P), i.e. n; : Q — I? with P(n; < t) = F(t) := [[t; Vt := (tl,...,td) € I Let
i<d
an = ap(t)yere be defined by

an(t) == n?(F,(t) — F()), tel,

where F),(t) :=n~! > j<n log(mj) and [0,¢] = [0, 1] x -+ x [0, 24].

The stochastic process a,, = (ay(t));esa is called MULTIVARIATE UNIFORM EMPIRICAL PRO-
CESS (of sample size n).

The MULTIVARIATE (standardized) PARTTAL-SUM PROCESS (of sample size n) ¢, = (Gu(t))ere
is defined by

Cﬂ(z) = nid/2 Z é-l 72 € Idu

JE€JIn:j/nel0,t]
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where J, := {1,...,n}%, J = (1, Ja), and where the rv’s §;,j € N?, are assumed to be iid with
E(;) = 0 and E({?) =1.

The EMPIRICAL MEASURE v, pertaining to F,, = (F,,(t));csa is given by v, = n™! > i<n Onys

where ¢, denotes the Dirac measure in y € Ie.

The following picture illustrates v, in comparison with (:

d=2
| |
o b
z l | “
0 t1 0 t1
o =nw),l<j<n, o = j/n,jé€ Jn,
RANDOM LOCATIONS .y,  FIXED LOCATIONS

RANDOM MASSES
(positive (+) or negative (-))

= n~! FIXED MASSES

Generalizations of the FCLT’s 1.1.6 and 1.2.1 to the multivariate case were obtained by Bickel and Wichura [Bi71], Neuhaus [NeT71]
and Straf [Str71] after having extended the Skorokhod-metric to D(I9),d > 1, to ensure the necessary measurability of the processes
considered. In contrast, based on the concept of weak convergence (L-convergence) of Hoffmann-Jgrgensen [Ho84], [Ho91] in Section
2.3 below, the corresponding FCLT’s for a, and (, in the multivariate case can also be obtained in a much simpler way by choosing
a proper metric space, endowed with its natural sup-metric, as sample space of the processes, where the a;,’s adn {,’s need not be
measurable as we shall see (cf. Section 7).

1.4 o, and (, as set-indexed processes

Identifying each t € I? with the quadrant C := [0,t] C I 4 d > 1, one gets the representations

(1.4.1) an(C) = 02 (1, (C) — v(C)), C e,
where v,(C) =n"" Z lc(n;)  and
Jj<n
v := Lebesgue measure on 1%, and
(1.4.2) G(C) =n""2 3 " 1c(j/n)g LCEC,
J€In
(1.4.3) with C:={[0,1] : t € I},
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Both processes can be considered as set-indexed Partial-sum processes with random or fixed locations.
Their sample paths are contained in the Banachspace

[°(C):=={z:C — R :||z||¢c := sup |z(C)] < oo},
ceC

endowed with the sup-norm || - |c.

Moreover, both processes will occur as special cases of so-called RANDOM MEASURE PROCESSES
to be considered in Section 3.

1.5 A first glance at Glivenko-Cantelli convergence and Vapnik-
Chervonenkis classes of sets
(Cf. also [Gae79] at this place.)

Let &,j € N, be iid rv’s with v := £{¢;}, defined on a basic p-space (12, A,P); then the classical
GLIVENKO-CANTELLI THEOREM ([GI33], [Ca33]) states:

(1.5.1) Vv sup|vp(C) —v(C)| — 0 P-—a.s.,
ceC
where v,(C) =n~! Z 1c(§) and
Jj<n

C :={(—o0,t] : t € R}.
There are a lot of generalizations of (1.5.1) in the literature. Let us mention here only a few of them:

(1.5.2) Wolfowitz[Wo60], Dehardt [De71]
(1.5.1) is also valid for re’s &; in (R, BY),d > 1,
being iid with law v and with C := {(—o0,] : t € R%}.
(B := Borel ¢ — field in R9.)

(1.5.3) Ranga Rao [Ra62]
(1.5.1) is also valid for re’s &; in (R, BY),d > 1,
being iid with law v and with C := {C' =)
where m € N is arbitrary but fixed.

(1.5.4) Elker-Pollard-Stute [E179]

(1.5.1) is also valid for re’s &; in (R, BY),d > 1,
being iid with law v and with C := {C C R?: C closed Euclidian ball}.

H; : H; halfspace in R?},

<m

The proofs of (1.5.2) - (1.5.4) are mainly based on geometric arguments.

That Glivenko-Cantelli convergence fails to hold for any v when choosing larger classes of sets can be
seen from the following
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1.5.5. Example.

Let d > 2 and C := {C C R?: C conver Borel set}; let v be the (normalized) uniform distribution on
the unit sphere Sy in R? and &;,j € N, be identically distributed with L{&;} = v (defined on (2, A,P)).
Let v,, be the empirical measure based on &1, ...,&,; then Vn € N

sup |y, (C) —v(C)| =1 P — a.s.

ceC
In fact, given any x; = &j(w),1 < j < n, where {(w) € Sy for P-almost all w € 2, there ezists a
CeCwithCcC{zeR:|z] <1} st CNSy = {x1,....,0,}: Choose C := co({x1,...,w,}) where
co(A) denotes the conver hull of A C RY. But then v,(C) = 1, wheras v(C) = 0.

d=2: Tn
S1

T

Choosing even C = B% one gets for iid re’s &; in (R?, BY) with law v:

1.5.6. Lemma.
The following assertions are equivalent:

(i) 3 € A withP(Qp) =1 s.t.  supgegd [vn(C,w) —v(C)] — 0 Yw € Q.

(ii) v is discrete, i.e. v =, N MiOz,,T; € R? m; > 0, Yienmi=1, NCN.

PROOF. (i) = (ii): By assumption there exists Qo € A with P(Qg) = 1s.t.  supgega [Vn(C,w) —v(C)| —
0 Yw € Qo; thus Qy # @ and for wy € Qy we have lim,, .o, ,(C,wp) = v(C) YO € B?, whence for Cp :=
{€;(wo) : 5 €N} € BY  v(Cp) = limy, 00 vn(Co,wp) = 1, since v, (Co,wp) = 1 Vn € N by definition of Cy. But
v(Cp) = 1 implies that v is discrete.

(ii) = (i): Let v be discrete, i.e. v =), n Midy,, T; € R4, m; > 0, > ien Mmi = 1, N CN; then, by the strong
law of large numbers, there exists N1 € A with P(N;) = 0s.t. Vw € CNy and Vi € N limy, oo v ({73}, w0) =
v({x;}). Furthermore, since v concentrates on D := {x; : i € N}, there exists Ny € A with P(N3) = 0 s.t.
Vw € CNy and Vn € N 1, (A,w) = 0 VA C R¥\D. Therefore, Vw € C(N1 U Na) (v(+,w))nen is a sequence of
p-measures on (D, P(D)) (where P(D) denotes the power set of D) which converges pointwise (i.e. Vz; : i € N)
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towards v. Applying Scheffé’s lemma yields

S a(faihw) — v({ad)| — 0 asn— oo,

ieEN

and therefore lim,,_, (SupAep(D) [Vn(A,w) — v(A)]) = 0, yielding (i) with Qo := C(N1 U Na). a

In the following let X = (X, X) be an arbitrary measurable space, £;,j € N, be iid re’s in X with
v = L{;} defined as coordinate projections on the p-space

(Q,AP) = (XN 2N =Qx, N = xv);
N N

this is what we call CANONICAL MODEL which will always be imposed as our basic p-space when
dealing with iid re’s in X.
Let v, be the empirical measure based on &1, ..., &,, i.c.
(1.5.7) va(B):=n"") 1p(&)=n"") 4,(B), BEX.
Jj<n Jj<n
Now, especially from the statistical point of view (i.e. when v is unknown), it is of interest to know

whether

(1.5.8) Vv sup|vp(C) —v(C)] — 0P —a.s.,
CcecC

for suitable classes C C X' (taking over the role of the classes considered in the special cases (1.5.1) -
(1.5.4)).

According to 1.5.5 and 1.5.6 the classes C C X for which (1.5.8) holds true are not allowed to be too
“rich”. As we shall see later in Section 6.3, up to measurability, (1.5.8) will hold true in case of iid
re’s & in X, if C C X is a so-called VAPNIK-CHERVONENKIS CLASS (VCC), i.e. if C fulfills

(1.5.9) Js € Ns.t. VF C X with |[F]=s AS(F) < 2%,

where AC(F) := |[{FNC : C € C}|. (1.5.9) means that a VCC is not too rich in a combinatorial sense,
namely that from a certain s on “no s-element subset of X can be shattered by C” (i.e. VF C X with
|F'| = s there is at least one F’' C F for which F' # FNC VC € ().

Note that for F C X with |F| = n A®(F) < 2" = number of all subsets of F including the empty set, i.e. the

case were ' N C' = & is also counted here and in the following.)

In the special case X =R and C = {(—o0,t] : t € R} (1.5.9) holds true with s = 2:

R VF = {.2131,.2172},1‘1 < T2 —
1 T2 {x2} # F N (—00,t] Vt €R.

In contrast, considering again 1.5.5 and choosing for any s € N F := {x1,..., 25} with pairwise dif-
ferent z; € Sy, it follows that every subset F' = {z;,,...,z;, } of F' can be represented as F' = FNC
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with a convex Borel set C:
Choose C := co({zj,, ..., xi, })-

3 d=2
F=A{xy,..,2s} C 5
F' ={®}
C = co(F").
1

The next example of Durst and Dudley [Dur80] shows that (1.5.8) may fail to hold for a VCC without
imposing additional measurability assumptions (cf. [Gae83], p.37-38):

1.5.10. Example.

Let X = (X, <) be an uncountable well-ordered set such that all its initial segments {x € X : z <
y},y € X, are countable (cf. [Ke61], p.29-). Then C :={{z € X : x < y},y € X} does not shatter
any F C X with |F| =2 (in fact: VF ={z1,z2} C X with x1 < xo we have {z2} # FNCVC € C,
since x9 € C would necessarily imply that z1 € C VC € C).

Note that C is linearly ordered by inclusion.

Now, by choosing v properly, we will see that

sup v, (C) —v(C)| =1
ceC

For this, let X :== {B C X : B countable or CB countable}, and let v on X be defined by

BeX.

0 , if B is countable
v(B) = ' '
1 , if CB is countable

Then C C X and v(C)=0VC €C.

On the other hand, given any observations x;,1 < i < n,n € N, of iid re’s &1,....,&, in X = (X, X)
with L{&;} = v, there exists a C € C s.t. x; € C V1 < i <n, whence

sup |v,(C) —v(C)| = 1.
cecC

To avoid discussions about measurability assumptions we shall usually assume for simplicity that the
index sets like C C X are countable.
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Even so, note that in cases where

sup |vn (C) — v(C)| = sup |v,(C) —v(C)|

ceC CeCo
with a countable Cy C C, this is no restriction.
Also in case of empirical processes and partial-sum processes considered in 1.1 and 1.2, respectively,
their sample paths are completely determined through the behaviour on a countable index set.

When considering later classes F of measurable functions f : X — R (instead of 1¢ = {1¢ : C € C}) there will be instances where
V(Sj € {_171}71 < .7 <mn,

(+) 1D 6 f())llF = Slelr;l > Sif(ay) = sup 1D 8if ()l

j<n j<n feFo j<n

for a countable subclass Fo of F, implying measurability of (z1,...,2n) — || Zj<n 0j f(x;)||F7. The underlying measurability
concept can be found in [Va96], Example 2.3.4, called there “Pointwise measurability of F” which means that there exists a
countable Fo C F s.t. Vf € F there exists a sequence (fn) C Fo with fn(x) — f(z)Vz € X. In fact, this property implies (+):

It is enough to show that for any € > 0 there exists fn, € Fo s.t. |30 ;< 05fno(z5)l > |22 ,<p, 05 f(2;)|lF — e. For this, choose
F € F with |50 03 f)| > 15 < 635 @5)ll5 — /2 and (fm) C Fo 5. fm(z;) — f(55) 5 m — 00 V1< j < n which
implies | 3, <, 0 fm(z;)| — | 20 <, 0jf(x;)| whence there exists an no s.t. |32 ;<,, 65 fno (z5)| > |120,<,, 65 f(2))llF — &

For more about measurability concepts we refer to [Du99].

When restricting to countable C C X one may wonder if one ends up with a VCC; this is not the case
as seen by the following example:

Let (X, X) := (R, B),J1 := {[a,b] :a < b,a,b € Q} and Vn € N J(n) := U<,
C:= U, en J(n) is a countable subclass of B with with the following property:

J; with J; = J;. Then

VneN JF CR with |F|=nst. {FNC:CeC}| =2,

i.e. C is not a VCC.

More about VCC'’s in arbitrary sample spaces X = (X, X) and so-called Vapnik-Chervonenkis graph
classes (VCGC) of X-measurable functions f : X — R will be contained in Sections 4.2 and 4.3 below.
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2 Empirical measures in general sample spaces

2.1 Empirical discrepancies, Glivenko-Cantelli convergence and some
consequences in statistics

Let X = (X, X)) be an arbitrary measurable space serving as sample space of iid re’s §;,j € N, with
L{&;} = v, defined as coordinate projections on (2, 4, P) := (XN, AN vN) i.e. our basic model will be
the canonical one as introduced in Section 1.5.

Let v, be the empirical measure based on &1,...,&, (cf.(1.5.7)) and let C C X be arbitrary but
countable for simplicity. The so-called EMPIRICAL DISCREPANCY is defined by

(2.1.1) |[vn = vlle = sup v, (C) — v(C)]
cec

(Since C is supposed to be countable, ||v,, — v||c is a rv, defined on (£2, A4, P).)

The empirical discrepancies have the following property; in case of arbitrary (i.e. not necessarily count-
able) index sets we refer to [St95]:

2.1.2. Lemma.

(lvn — Vllc)nen is a reversed sub-martingale w.r.t. the sequence (Gp)nen of o-fields
Gni=0({w(B) : k>n,B e X}),
i.e. ||lvn —v||c is Gn-measurable and P-integrable Vn € N, and ¥Yn,m € N with m < n one has

(2.1.3) llvn — vlle <E(||vm —v|lc|Gn) P —a.s.

PROOF. As shown in [Gae77], 6.5.5(c), the following holds:
VC' € C the sequence (v, (C)—v(C))nen is a reversed martingale w.r.t. (G,)nen, i.e. Vn,m € N
with m < n one has

vp(C) —v(C) = E((vy(C) —v(C))|Gn) P—a.s,;

therefore, since C is countable, it follows that P — a.s.

sup |(vn (C) — v(C)| =
ceC

sup [E((vm (C) = v(O))|Gn)| < E(sup [vn(C) = v(CO)][Gn),
cecC cec

ie. (2.1.3). O

Now, as in the case of sub-martingales, there holds an analogous CONVERGENCE THEOREM
FOR REVERSED SUB-MARTINGALES (cf. e.g. [Gae77], 6.5.10) stating that for any reversed sub-
martingale (7),)nen (on some p-space (£2,.4,PP)) w.r.t.a monotone decseasing sequence (Gp)nen of
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sub-o-fields of A satisfying the condition that inf,cnE(7;,) > —oo there exists an P-integrable rv. Ty,
s.t. T,, — T P-a.s. and in the mean.
From this and Lemma 2.1.2 one obtains a rather simple proof of the following result (cf. [Po81]) which,
in a similar form, was one of the main results in [Ste78] proved there with different methods based on
ergodic theory of subadditive processes.

2.1.4. Lemma.

Let (Tp)nen be an arbitrary sequence of non-negative integer-valued 1v’s on (2, A,P) such that

Tn BLARNS (where P, denotes convergence in probability); then
P
llvn —v|le — 0 P—as. < ||, —v|lc — 0;
in particular, ||v, —v||c L0 = llvn —v|lc — 0 P —a.s., whence

(2.1.5) E(llvn —vllc) — 0 = |lvn—vV|lc — 0 P—a.s.

Note that (2.1.5)will lead later to an essential simplification in proving Glivenko-Cantelli convergence
of v, = (1p(C))cec. Especially we will obtain along this way (cf. Section 6.3)) the following funda-
mental result of Vapnik-Chervonenkis ([Vap71]):

2.1.6. THEOREM.
Let C C X be a VCC; then — under appropriate measurability conditions — it is true that Yv one has

llvn —V|lc — 0 P —a.s.

PROOF OF 2.14 = Tn I~ implies that for any subsequence (7,,/) of (7,,) there exists
a further subsequence (7,~) s.t. 7,7 — oo P-a.s., whence |[v; , — v|[| — 0 P-a.s. as n” tends to
infinity, and therefore ||v,, —v||c 0.

<=: According to 2.1.2 (||vs, — V||¢)nen is a reversed sub-martingale. It is uniformly bounded;
therefore, by the convergence theorem for reversed sub-martingales mentioned before, there exists an
P-integrable rv T s.t. ||vp —v||c — T P-a.s. From this it follows as in the first part of our proof

that ||v., — v||c ST whence, by assumption, it follows that To, =0 P-a.s. O

Some consequences in statistics

In his book on Probability Theory Alfred Rényi considers the (classical) Glivenko-Cantelli theorem
to be the “Fundamental Theorem of Mathematical Statistics” ([Re70], Chap.VII, §8). Given data
x1,T2,... viewed as realizations of re’s £1,&a,... in (X, &) with £{&} = v, Theorem 2.1.6 yields in-
formation about an unknown v through its “statistical pictures” in form of the empirical measures
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Vp, €.g.in connection with a test for the null-hypothesis H" : v = 1y, 1 being a given hypothet-
ical distribution on X, versus the alternative H' : v # 1. In the classical case the corresponding
Kolmogorov-test is based on the test-statistic

Dn(C,v0) = lvn — wolle
with (cf. (1.5.2)) C:={(—o0,t] :t € R%}:
Reject H° if D,(C,v) >c¢, ¢>0.
Another possibility would be to use a Kolmogorov-test based on
Dy, (Co, 1) with Co:={z +Cpy: z € RY},

where Cj is a given closed Euclidian ball. Also in this case one has for any v that for the so-called
“scan-statistic”

lim D, (Cp,v) =0 P —a.s. (¢f.(1.5.4)),

n—~o0

and under H' : v # vy one has
lim Dn(CO, Vo) =d P- a.s.,
n—oo

where d := ||[v — vyllc > 0 (cf. [Py84], Theorem 6.1), i.e. Kolmogorov-tests based on D, (Cy, ) are
also consistent against all alternatives.

Furthermore, simulation results in [Py84], Section 6, indicated a considerable improvement in power
that is possible when using the scan-statistic D,,(Cp, 1) instead of D,,(C,1p); cf. also the very interest-
ing Monte-Carlo study of Pyke and Wilbour ([Py88]) concerning the power of such tests; as mentioned
in [We92] it would be of some interest to have available sufficient theory in order to theoretically com-
pute (or at least approximate) the power of their tests.

2.2 Functional Central Limit Theorems for set-indexed empirical and
partial-sum processes, respectively

Let X = (X, X) be an arbitrary sample space, 7;,7 € N, be iid re’s in X, v = L{n;}, and v, be the
empirical measure based on 7, ...,1,. Let C C X be a VCC and 3, = (8,(C))cec be the empirical
C-process (of sample size n), defined by

Ba(C) == n?(,(C) — v(C)), CecC.

Then, under appropriate measurability conditions, the following generalization of Theorem 1.1.6 has
been obtained by Dudley:
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2.2.1. THEOREM (/Du78]).

By 5 Gy in (1°(C), ]| - lle)s

where G, = (G, (C))cec s a mean-zero Gaussian process whose covariance structure is given by
CO’U(GV(Cl), GV(CQ)) = Z/(Cl N 02) — V(Cl) V(CQ), C1,Cy €C,

and = -convergence s defined as in Section 2.3 below.

The sample paths of G, are contained in the space
Ub(C,d,) := {x € 1°°(C) : # uniformly d,-continuous},
d, being the pseudo-metric in C, defined by d,(Cy,Cq) := v(C1ACy), C1,C € C.

(C1AC, denotes the symmetric difference between C1 and Ca; note that a pseudo-metric has all properties of a metric besides that
dy(C1,C2) = 0 does not imply Cy; = C2.)

Compare Theorem 2.2.1 with Theorem 1.1.6 in case of the uniform empirical process an, where X =1 = [0,1],X = INB,v =
Lebesgue measure on X, C = {[0,#] : t € I'} being a VCC, d,,(C1, C2) = |t1 — t2| for C; = [0, ;] and where U®(C,dy) = C = C(I).

Functional Central Limit Theorems (FCLT’s) for set-indexed partial-sum processes have been obtained
by the SEATTLE-SCHOOL around Ron Pyke: cf. [Py84], [Os84], [Ba85], [Os85], [Al86], and Section
7.2 below.

At this place here we want to mention only the following two results. The first is concerned with the
multivariate (standardized) partial-sum process ¢, = (¢, (C))nen of Section 1.4 (cf. (1.4.2) and (1.4.3))
generalizing Theorem 1.2.1:

2.2.2. THEOREM ([Al86] and [Gae94], Remark 2.16).

Cn £,G, in (1), || - lle), v = Lebesque measure on I¢,

where G, = (G, (C))cec is a mean-zero Gaussian process whose covariance structure is given by
COU(GV(Cl), GV(CQ)) = V(Cl N CQ), C1,Cy €C,

and again £, -convergence s defined as in Section 2.3 below.
Also here the sample paths of G, are contained in U(C,d,).

The second result is concerned with set-indexed partial-sum processes with random locations (cf. 3.2.1
and 7.2 below):
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2.2.3. THEOREM (cf. [Gae94], Cor. 2.15).

Let C C X be a VCC in an arbitrary sample space X = (X, X) and &,; = j(n)_l/ng for each
1 <j<jn) andn € N with j(n) — oo as n — o0, the &;’s being iid rv’s with E(&;) = 0 and
E(gf) = 1. Let (nj)i<j<j(n)nen be a triangular array of rowwise independent (but not necessarily
identically destributed) re’s in X which is independent of (&;)jen.

Assume that there is a p-measure v on X s.t. with vn; := L{ny;} the following two conditions are
Fulfilled:

(i) lim, oo j(n)t > i<imVni(CND)=v(CND) VC,DeC
(i) limg_o limsup,, o Supjeecaw(cy<o} 4 (1) " i< jm Vni(C) = 0.

Then
(j(n)_l/2 > 10(77”]-)'&') Gy in (1) 1] - lle),

N cecC
Ji<i(n)

where G, = (G, (C))cec is a mean-zero Gaussian process whose covariance structure is given by
cov(G(C1),G,(Cr)) =v(C1NCy), C1,Cy €C,

and again £, -convergence is defined as in Section 2.3 below. Also here the sample paths of G, are
contained in U*(C,d,,).

2.3 Weak convergence (L-convergence) in the sense of Hoffmann-
Jorgensen

The classical concept of weak convergence (convergence in law) for random elements (re’s) 7,,n > 0,
in a metric space S = (9, B(S)), endowed with its Borel o-field B(S), is defined by (cf. [Bi68])

(23.1) M~ = lim E(f on,) = E(f o) VS € CU(S)

where C°(S) := {f : S — R : f continuous and bounded}.

For such n,’s, being re’s in (S, B(S)), their laws £{n,} are well defined on B(s), whence (2.3.1) is
equivalent to

(2.3.1) Loy = lim / fac{n,} = / fAc{n} Vf € CY(S).

But, as we have learned from the uniform empirical process, the approximating sequence (7, )nen of
a limitting re 1y may not be ad hoc measurable and this leads to the concept of weak convergence
(L-convergence) in the sense of Hoffmann-Jgrgensen ([Ho84], [Ho91]). In this context, i.e. where the
m’s, n € N, are allowed to be completely arbitrary maps, we will speak of RANDOM QUANTITIES
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(rq’s) instead of RANDOM ELEMENTS (re’s). So, given a basic p-space (2, 4,P), let n,, : @ — S
be rq’s and 1y : @ — S be A, B(S)-measurable (i.e. only 7 is assumed to be a re in (S, B(S))); then:

(2.3.2) M~y = Tim E*(f ona) = E(f o) Vf € C*(S).

Here, given an arbitrary g : Q — R (defined on a p-space (€2, A, P)), the so-called “outer expectation”
(“outer integral”) of g w.r.t. P is defined by

(2.3.3) E*(g) := inf{E(h) : h > g, h : © — R measurable and E(h)exists}.

In view of (2.3.2) one should note that E(fono) is well defined, since f € C*(S) = f B(S), B-measurable and bounded = fong P-
integrable (i.e. fong € L(, A, P). If, in addition, also the n,’s, n € N, are B(S), B-measurable, then E*(f on,) = E(f onn), i.e.in
this case (2.3.2) coinces with the classical definition (2.3.1).

In connection with (2.3.2) the following definitions and formulas are in order:
Let the so-called “inner expectation” (“inner integral”) of g: Q — R w.r.t. P be defined by

E.(g) := sup{E(h) : h < g, h : 2 — R measurable and E(h) exists},

then, for any A C Q, E.(14) = P.(A4) :=sup{P(B) : B C A,B € A}, whereas E*(14) = P*(A) :=
inf{P(B) : B D A, B € A}; furthermore

(2.34) E.(9) = —E*(—g) , E«(9) <E*(9);
91 <92 = E.(g1) < Ei(g2) and E*(g1) < E*(g2)
E*(g1 + 92) <E*(91) + E*(g2)
E*(g1) — E*(g2)| <E*(lg1 + g2l)  if [E*(g:)] < 00,0 =1,2;
E.(9) =E*(9) =E(g), if g€ L(AP);
P*(A) +P.(CA) =1 VACQ.

For some applications it might be useful to allow also rq’s n,,n € N, with values in a larger space
E D S; one may think (in case of stochastic processes with parameter set T') of E = RT 5 § := [%°(T),
where S is endowed with the sup-metric ||x||7 := sup,cp |2(t)]; this leads to the following more general
model of weak convergence (L-convergence) considered in [St94]:

(2.3.5) Let S = (S, s) be a metric space (with metric s) and E D S be arbitrary; let
M : Q@ — E berq’s,n €N, and 1y : @ — S be A, B(S)-measurable; then

L . *
(2.3.6) N —— o = lim, o B*(f on,) = E(f ono)
Vf:E — R, f bounded and rests(f) € C°(S), where rests(f) denotes the
restriction of f onto S.

If, in addition (compare with the classical situation of Section 1), for a separable subspace Sy of S
with Sy € B(S), P(no € So) = 1, then the limiting re 1o is said to be separable and in this case we

. L
write 1, — no.
sep
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Within this general model of £-convergence the known results from the classical theory of weak con-
vergence, like the Portmanteau-Theorem, Cramér-Slutzky-type result, Continuous Mapping Theorem,
etc. remain valid as we shall see below.

In passing we mention the following two facts:

(2.3.7)  (cf. [Va96], 1.3.7 and 1.3.8()): 70 —= 10 = E*(f o) — Eu(f 0 1) — 0
Vf:E — R, f bounded and restg(f) € C*(9), i.e. the n,,’s are “asymptotically
measurable”.

(2.3.8) =m0 = Py, €S) — L

In case of stochastic processes 1, = (1, (t))ier, indexed by a pseudo-metric parameter space T' = (T, d),
being all defined on some basic p-space (€2, .4, P), the following theorem characterizes weak convergence

(L-convergence), i.e. ny, £, no based on the situation (2.3.5) with S = (I*°(T),|| - ||7) € E = RT.
sep

2.3.9. CHARACTERIZATION THEOREM OF L-CONVERGENCE (CTL-C).
Let 0 = (M (t))ter,n € N, be a sequence of stochastic processes, indexed by a pseudo-metric parameter
space T = (T,d), being all defined on some basic p-space (Q, A,P) and let 7y, = (My(t))er be a
stochastic process viewed as coordinate process on (RT BT L{7,}) (where the law L{Ty} of Ty is well
defined on the product o-field BT = @B according to Kolmogorov’s theorem) such that

T

P

(2.3.10) T~ Mo, i.e. weak convergence of the finite-dimensional distri-
i butions (fidis) of ny, to the corresponding fidis of 7.

Then, if

(2.3.11) (T,d) s totally bounded,

and if the so-called “Asymptotic Equicontinuity Condition” (AEC) is fulfilled, i.e. if

(2.3.12) lim lim sup P*(wy,, (6) >€) =0 Ve >0,

—0 n—oo

there exists a stochastic process ng = (no(t))ter with sample paths in Sy = U(T,d) (U(T,d),|| - ||7)
|

being a separable subspace of S = (I°°(T),|| - ||r)) such that
L
sep

where Mg éﬁo, i.e. Mo and 7, have the same fidis.
1

Conversely, (2.3.13) (with So = (U*(T,d), || - ||7) as separable subspace of S = (I°°(T), || - ||1)) implies
(2.3.11) and (2.3.12).
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Here, U%(T,d) := {x € 1°°(T) :  uniformly d -continuous}, and for any z € R” and § > 0

wy(0) == sup  |x(t) — x(t)]
t,t' €T,d(t,t') <8

is the oszillation-modulus of z. Note that (2.3.10) will be fulfilled in most of the later applications
according to the classical multivariate CLT’s.

There are several possibilities presented in the literature for proving the CTL-C; cf. e.g. [Gi86], [An87],
Theorem 5.5, [Po90], Theorem 10.2, [Du92], Theorem 3.7.2, [Gae92], Theorem 3.10, and [Va96], Sec-
tion 1.5. Independently, we want to give here a different (and as we think rather lucid) proof of 2.3.9
based on the following auxiliary lemma and partially on ideas of [Po90] (cf. STEP 2 below).

AUXILIARY LEMMA (Cf. [Bi68], Cor. 1, p. 14, and [Gae83], Thm.8).
Given the situation as in (2.3.5), let Sy C S be separable and P(ng € So) = 1. Suppose that the class

C C{Be€B(S):P(n € OB) =0}
(where OB denotes the boundary of B) satisfies

(%) VG open C S and Vo € GNS§ (where S§ denotes the closure of Sy in S)
3C, €C s.t. . € C2 C C, C G (where CY denotes the interior of Cy).

Then the following two statements are equivalent:

. L
(Z) Th — 1o

sep
(ii) limsupP*(n, € C) <P(npp € C) and
liminf P, (n, € C) > P(ny € C) vC e,

where C™ denotes the class of all subsets of S which are finite intersections of sets in C.

PROOF OF THE CTL-C 2.3.9 (carried out in three steps).

Assume (2.3.11) and (2.3.12).

STEP 1: According to (2.3.11) there exists a countable and d-dense subset D of T'. We are going to show:
There exists a stochastic process 19 = (10(t))ter with sample paths in Sy = U*(T,d) such that

L _ _ _
To,D i Mo,ps  Where 19, p 1= (no(t))tep and Mo,p = (Mo (t))teD-

For this, let U(D,d) := {x : D — R : z uniformly d -continuous}. Then it suffices to show that
(a)  there exists a stochastic process 19, p := (70(t))tep on some proper p-space (€o,.Ao,Po) with sample

paths in U(D,d) such that 19 p ﬁ% To.p-
1
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In fact, once (a) is shown, we can define for each w € Qg n(w) as the uniquely determined uniformly d-
continuous extension on T of 1y, p(w) being also bounded since T is totally bounded, whence 1o(w) € U*(T, d)
for each w € Q.

Now, verifying (a) is equivalent (cf. [Gae77], 7.2.31 and 7.1.18) with proving
(b) Pﬁo(ﬁO,D S U(D,d)) = 1, Whel"e PﬁO = ﬁ{ﬁo}.

For this, let D = {t1,t2,...}; then
Py, (Mo,p € U(D, d))
P, (vg >030> 096t €D dtt) <6 = [Fy(t) =Tt < 5)

P (Ve>035>OVmeNV1 <ij<m: dtit;) <8 = [Ti(ts) —Tio(t;)] Se)

0

P, (vg >036>0VmeNVI<i,j<m: (fo(tr),..Tio(tm)) € Fij (e, 0, m)),
where
Fij(e,0,m) = if d(ti, 1)
{(7"1, ...,Tm) c R™ ;. |7”i — 7”j| < E}, if d(t“tj) < 0.
By the way, since the Fj;’s are closed and since we may restrict ourselves to rational €’s and §’s, this shows that
{o.p € U(D,d)} is measurable.

Furthermore, by o-continuity of Py
P, (Mo,p € U(D, d)) =

lim lim lim P%((ﬁo(tl),...,ﬁo(tm))e N Ej(a,a,m))z

e—04§—0 m—oo

1<i,j<m
(+) liH(l) gir% lim limsup]P’((nn(tl), vy Mn(tm)) € ﬂ Fij;(e, 9, m)),
n—oo 1<i,j<m

where the inequality follows by (2.3.10) and the classical Portmanteau-Theorem ([Bi68], Theorem 2.1 with
S =R™); furthermore,

(+) = lim lim limsupP* (Ve,¢' € T2 d(t,t) <8 = [na(t) = ()] <¢)

-0 n—ooo
= lim lim limsup P* (w,, () <eg) =
S e, et (g, (0) <) (2.3.12)

The proof of the following step is due to Franz Strobl ([St94], Thm. 2.1).

STEP 2: Using the auxiliary lemma from above, we are going to show now

(2.3.13) Nn £, N9, where w.l.o.g 1y is assumed to be also defined on our basic p-space
sep
(Q, A, P) properly enlarged.

Since (by (2.3.11)), So = U®(T,d) is a separable and closed subspace of (S,s) = (I1°°(T), || - ||7) (cf. [Gae90],
Corollary 2), we can apply the auxiliary lemma. For this, let

C:={B(z,r) :xz € So,r > 0,P(ny € 0B(z,r)) = 0},
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where B(x,r) := {y € S : ||y — z||r < r}. Then one easily verifies
(%) VG open C SandVre GNS{=GNSy3IC, €Cs.t. z€CcCC, CQG.

Therefore, to verify (2.3.13) it remains to show

(c) limsupP*(n, € C) <P(np € C) and
(d)  liminfP.(n, € C) >P(ny € O) for all C € C™ = {N;c, Ci :n eN,C; € C,1 <i <n}.

Now, given any C € C™f one can choose appropriate g, h € U(T,d) such that C can be represented as
C={yeS:g(t) <y(t) <h(t) vteT}.
(If C = B(xz,r), choose g := x —r and h := x + r; in case of finite intersections of balls B(x;,r;) one has to

choose maxima and minima of such g;’s and h;’s, respectively.)

Next, given C' =, B(zi,mi) = {y € S : g <y < h} and an arbitrary € > 0, choose A = A(¢) > 0 s.t. with
Cr={yeS:g+A<y<h-2X}

(e) P €C)<P(no € Csx4) +/2.
Before making the next step rigorous, we argue at first informally:

By the AEC (2.3.12) one can choose § > 0 s.t.for n large enough up to probability /2 the oscillation of 7,
within span J is at most A/2 and this is also true for g and h (due to their uniform continuity). Since T is
totally bounded, we can choose a §-net {t1,...,t,} C T (which means that for each ¢ € T there is a t; with
d(t,t;) < 9); since the oscillations of g, h and n,, (up to probability €/2) within V(¢;) :== {¢t € T : d(¢,t;) < 0}
are at most \/2, we get

()  P(Vi :g(ti) + A <nu(ti) <h(t;) =) < Pu(nn € C) +¢/2,
whence by fidi-convergence we obtain (d):

P(no € C) (S IP(?]Q S 05)\/4) +e/2 < ]P(Vi sg(ts) + X <mo(t:) < h(t;) — )\) +e/2
e)

— P(Vi :g(ti) + X <mults) < h(t;) = X) +¢/2

n—00

< Pu(n, € C) +¢/2.
(f)

Now, making the above reasoning rigorous, note first that Cy T C° as A | 0 and P(ny € dC) = 0 implies that
for each € > 0 there exists a A = A(e) > 0 s.t. (e) holds true.

Since P(ng € U*(T, d)) = 1, there exists a § = §(e) > 0s.t. P(ng € H) > 1 — £, where

H:={yeS: sup |y(t)—y(t")] < N2}
t, ¢’ €T, d(t,t')<d

By (2.3.12), choosing ¢ small enough, we have in addition that

limsup P*(n,, € CH) < ¢/2 (CH =R"\H).

n—oo

Since g, h € U(T, d), we may also assume that g,h € H (again by choosing § small enough).

38



Now, let D = {t1,t2,...} be as above and m € N large enough s.t. T' = J,.,. V(t;,0) with V(¢;,0) :=={t € T :

d(t,t;) < 6} (such an m exists by (2.3.11) and since D is d-dense in T').

i<m

Then, for any € H and t € T we have the following implications (choosing i € {1,...,m} s.t. d(t,t;) < ):

a(t) <h(t) =N = z(t) < z(t)+A2 < ht;)—A/2 < h(t), and
(z€eH) (heH)

a(ti) > g(ti) + A = x(t) = @) —A/2 > g(t) +A/2 = g(b).
(z€eH) (9€H)

Thus,
{nn € H and g(t;) + A < (t;) < h(t;) — A V1 <i<m} C {n, € C},

and therefore
Po(n € C) > P ({1 € HY N {g(t) + A < 5a(t:) < h(ts) = A Y1 < <m})
—1-P ({nn e CHYUC{g(t:) + A < mu(t;) < h(ti) — A V1 <i < m})
>1-P*(n, € CH) - P* (E{g(ti) F A<t <h(ti) —A V1 <i< m})

=P (g(ts) + A < mults) < h(t:) = A V1 < i < m) —P* (50 € CH)

=P((Mn(t1), e, M (tm)) € G), where
G :={(r1,.e,rm) ER™ 1 g(t;) + A <1y < h(t;) — A V1 <4 <m} is an open subset of R™.
Thus, (2.3.10) and the classical Portmanteau-Theorem together with STEP 1 (according to which 7 p f%_ To.p)
imply

liminf P, (1, € C) > Hminf P((0,(t1), . M (tm)) € G) — lim sup P*(n,, € CH)

n— oo n— o0 Nn—00

> P((no(t1), .-, m0(tm)) € G) —€/2
- P(g(ti) FA<no(t:) < h(t) — A V1<i< m) — /2
> P(no € Csx/4) —€/2 (Z) P(no € C) —e.

Since € > 0 was choosen arbitrary, (d) is shown.
As to (c¢), the proof runs quite similarly: For A > 0 let
C*:={yeS:g(y) —A<yt) <h(t)+ AVt T}.
Since C* | C as A | 0, we can choose Ve >0 a A = A\(g) > 0 s.t.
P(ng € C*) < P(ny € C) 4 ¢/2.

Let H,d and m be as before. Then, analogously, for z € H,t € T and i € {1,...,m} with d(¢,¢;) < J:

x(t;)

)< h(t:) = x(t) <a(t:)+ A2 < h(ti)+ N2 <h(t)+A  and
(ti) > g g

; <z <
(ti)) = z(t) >x(t;) — N2 > g(t;) — N2> g(t) — \.

AVARVAN
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Now, P*(n, € C) < P*(g(t;) < nu(ts) < h(ti) V1 < i < m} = P((a(tr), .-, mn(tm)) € F), where F :=
{(r1,.csyrm) € R™: g(t;) < r; < h(t;) V1 <i<m} is a closed subset of R™. Thus, as before (2.3.10) and the
classical Portmanteau-Theorem together with STEP 1 imply

limsup P*(n, € C) < P((no(tr), s no(tm)) € F) = P(g(ti) < mo(ti) < h(ti) V1<i< m)

n—oo

< P(n, € CH) +IP’(g(t) —A<no(t) Sh(t)+ A Vte T)
<e/2+P(p e CY) < Pl €0)+e.
Since € > 0 was choosen arbitrary, also (c) is shown. Thus, (2.3.13) is proved.

It is now easy to verify ng f% 7, using the continuous mapping theorem 2.3.16 below together with (2.3.10).
1

The proof of the converse part of 2.3.9 is as follows:

STEP 3: (2.3.13) (with U®(T,d) as a separable subspace of [*°(T)) implies (2.3.11) (according to [Gae90],
Corollary 2). So it remains to show that (2.3.13) implies the AEC (2.3.12):

For this, let ¢ > 0 and H(J) := {x € RT : w,(§) > €},6 > 0; then H(5)NS is a closed subset of S, and therefore,
by Theorem 2.3.14 (ii) below

lim lim sup P*(wy,, (6) > €) <

—0 n—oo

im lim sup P*(n, € H(0)) < girrtl) P(no € H(9)) =

1
0—0 n—oo

lim P su t)—no(t)| > ¢ =
6—0 (t,t’ET,d(E‘/),t’)Sé |n0( ) 770( )| - ) (o —continuity of P)

P(V6 >0 : sup [no(t) —no(t)| >¢e) <P(no ¢ Ub(T, d)) =0. ]
4 €T, d(t,t))<5

REMARK. The just given proof together with 2.3.14 below also shows:
If N = (Mn(t))ter with T = (T, d) being totally bounded, n € N, is a sequence of RANDOM QUANTITIES 7, : Q@ — R7 (i.e. with
nn(t),t € T, not being necessarily rv’s on (Q, A, P), if no is a re in [°°(T") with sample paths in U?(T,d) s.t. (9 (t1), s M (tm)) £,
(no(t1),...,no(tm)) (in the sense of (2.3.6)) Vt1,...,tm € D,m € N (i.e. if the fidi-convergence on D holds true), then (2.3.12) implies
(2.3.13) (in the sense of (2.3.6) with S =1°(T), E = RT, Sy = UY(T, d)).

The following theorem is part of the Portmanteau-Theorem needed for our purposes. For a more
comprehensive list of equivalent conditions for £-convergence in our general model (2.3.5) we refer to
[St94], Thm. 1.5; cf. also [Va96], Thm.1.3.4.

2.3.14. THEOREM .

Given the general model (2.3.5), the following assertions are equivalent:

(i) £, Mo (in the sense of (2.3.6))
(i)  limsup,_,P*(n, € H) <P(np€ H) VH C E,HNS closed in S
(if)
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limsup,, o P*(n, € F') <P € F) VF closed C S, and
limsup,, .. P*(n, € E\S) =0

(i1i) liminf, oo Pu(n, € H) > P(no € H) VYH C E,HN S open in S

(11/) liminf, o Pu(n, € G) > P(no € G) VG open C S.

The proof of 2.3.14 is tailored along arguments used to prove the classical Portmanteau-Theorem as in [Bi68].

2.3.15. THEOREM (Cramér-Slutzky-type result) ([St94], Thm. 1.16).
Given a basic p-space (2, A,P), a metric space S = (S,s) and an arbitrary E D S, let 0y, : Q@ —
E.,n>1, berg’sandng: Q— S be a rein (S,B(S)) such that

(+) nlirgo Py(Mn,Cn € S and s(nn,(n) <e) =1 Ve >0
where s(Np, Gr)(w) = s(np(w), (n(w)),w € Q. Then
L L
T — 1o <~ Cn — To-

PROOF. By symmetry, it suffices to show “=": We are going to use the criterion (ii) from 2.3.14. For
this, given any H C F and € > 0 s.t. HN S is closed in S, the set

F:=HNS):={zxes: (x,y) <e}

inf s
yeHNS
is also closed in S, whence

limsupP*(¢, € H) < limsup |P*(¢, € H, 0y, ¢ € S and s(n, ¢n) <€)+

P*(C{nn,Cn € S and s(nn,Cn) < e})| <
limsupP*(n, € F) + 1 —lminfP.(n,,(, € S and s(nn, () <€) =

n— oo n—oo (+)

lim sup P*(n,, € F) <  P(n € F).
n—o0 2.3.14(id)

Since H N S is closed in S, we have (H N S)¢ | HNS as e | 0, whence for ¢ | 0
P(no € F) L P(no € HN S) =P(no € H),

and therefore
limsup P*(¢,, € H) <P(no € H)

n—oo

from which ¢, £, 1o follows according to 2.3.14(ii). O

2.3.16. THEOREM (Continuous Mapping Theorem (CMT)) ([St94], Thm.1.8; cf. also [Va96],
Thm. 1.3.6)).

In addition to our general model (2.3.5), let S" = (S', ") be a further metric space and E' be arbitrary,
E' DS Let g: E — E' be a given map with g(S) C S" and let Sy € B(S) be such that restgg is

continuous at every point in Sy; then, assuming in addition that 1o takes its values in Sy, 0, £, Mo

implies g o Ny, £, gong-
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In connection with RANDOM QUANTITIES (rq’s) ¢ : @ — R := RU {#o00} (being not necessarily
rv’s) the following concept and its consequences turn out to be useful at some places later on; cf.

[Va96], Lemma 1.2.1 and Lemma 1.2.2; cf. also the Notes on p. 75 in [Va96] refering to early papers
by Blumberg in 1935 and by Eames and May in 1967.

(2.3.17) Let (2, A,P) be a p-space and ¢ : @ — R be a rq. Then there exists a
measurable function ¢* : Q@ — R with

i ¢=¢, and
(i) ¢*<nP—a.sV measurable n: Q — R withn > ( P — a.s.

¢* is P — a.s. uniquely determined and for any ¢* fulfilling (i) and (ii), it holds that E*({) = E(
provided E(C*) exists; the latter is certainly true if E*({) < oo; furthermore one has P*({ > t
P((*>t) VteR.

The function * is called minimal measurable majorant of {, or also called MEASURABLE COVER
or ENVELOPE FUNCTION.

Before concluding this section, let us have once more a glance onto the Characterization Theorem
2.3.9:

¢,
) —

As already remarked there, the condition (2.3.10) will be fulfilled in most cases due to classical mul-
tivariate CLT’s. Also, (2.3.11) will be fulfilled by choosing the pseudo-metric d appropriately; e.g.in
the case T =C,C C X a VCC, let d := d,, v being an arbitrary p-measure on X; then the condition
(2.3.11) holds as we shall see in Section 4.2.

So, in order to prove (2.3.13), the crucial task is to verify the AEC (2.3.12):
Since Markov’s inequality also holds in the case of outer probabilities and outer expectations, respec-
tively, for verifying the AEC it suffices to show

(2.3.18) lim lim sup E*( sup 1 (t) — nn(t/)D =0,
0—0 n—oo t,t'e€T,d(t,t')<d

i.e.later on we will have at our disposal the following fact:

2.3.19. REMARK.
The conditions (2.8.10), (2.3.11) and (2.3.18) imply (2.3.13), i.e. 1y £, no, where ny has all its
sep

sample paths in UY(T,d) and where ng ﬁ%, To-
1

2.3.19 (with (2.3.18) instead of the AEC (2.3.12)) leads to essential simplifications in proving FCLT’s
in Section 7 comparable with the role of (2.1.5) in proving ULLN’s.
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3 Random Measures Processes (RMP’s)

3.1 Empirical processes, partial-sum processes and smoothed empir-
ical processes, respectively, considered as special cases of RMP’s

In order to cope in later sections also with processes indexed by classes of functions instead of sets
(cf. Section 4.3 for some motivation) the general context will be now as follows:

Let X = (X, X) be an arbitrary measurable space (sample space) and F be a class of X-measurable
functions f : X — R with X-measurable envelope F' : X — Ry (i.e. supser|f(z)| < F(x) Vo €
X). Let (wnj)i<j<j(n)nen be a triangular array of random p-measures on X and (£nj)1<j<j(n)nen be
a triangular array of real-valued rv’s.

Random Measure Processes (RMP’s) S, = (S, (f))rer (of sample size n) (indexed by F) are defined
by
(3'1'1) Sn(f) = Z wnj(f)'énﬁ f€.7:,
J<i(n)
where wy;(f) == [y fdwn;.
We tacitly assume regularity conditions such as measurability and finiteness of wy,;(F) (which implies

that the sample paths of S, are contained in the Banach space

1°(F) i= {w: F — R |[a]|5 == sup 2(f)] < oo},
feF

endowed with the sup-norm || - || £.

In connection with Uniform Laws of Large Numbers (ULLN) and Functional Central Limit Theorems
(FCLT) in Section 6 and 7, respectively, it will be assumed that j(n) — oo as n — oo and that

for all n € N the sequence of pairs

(Wn1,8n1); s (Wjnys Enjny)  1s independent.
(Here independence is to be understood in the sense of independence of the rq’s (wn;(f) - &nj) fer, 1 <
J < j(n), for each n, which means that (wn;(f) - &nj)rer,1 < j < j(n), n € N, are considered as
coordinate projections on an appropriately chosen product-p-space (€2, A,P) (cf. Section 5.1 for the
definition of independence of rq’s and also Section 6.1 below).

However, we do not assume that the above pairs are identically distributed; also dependence within
each pair is allowed.

Processes of the form (3.1.1) with F = {1¢ : C € C},C C X, and non-random p-measures wy,j, were
first considered in [Al87] and in its present general form in [Zi94] (see also [Va96], Section 2.12.2 for
closely related examples).

Now, special cases of RMP’s occur when considering
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e the classical multivariate partial-sum process of Section 1.3 and 1.4 where X = I, d > 1, Wpj =
0j/ns>&nj = n_d/Qfl,l' € {1,..,n}% and F = {1¢ : C € C} with C = {[0,] : £t € I?};

e empirical processes indexed by F given by v, (f) := j(n)~! Zj<j(n) f(nnj), f € F, based on re’s
) <

Nnj in (X, X), where wp; = 9y, and &y = j(n) ™ ;
e smoothed empirical processes:

Here X is assumed to be a linear metric space endowed with its Borel o-field X. Let n;,j € N,
be iid re’s in (X, X) with law v on X and v, be the empirical measure based on 7y, ..., 7,, i.e.
Up =13 j<n On;- Now, if v is “smooth” (one may think of random vectors 7; in X = R¢ whose df
has a continuous or even differentiable density w.r.t. Lebesgue measure), it is natural to replace
v, by a smoothed version v, serving as an estimator for an unknown v.

As in [Yu89] we will consider “smoothing through convolution” as explained in Section 6.4 below.
As we will see there, this leads to v, = (Vn(f))er which can be represented as RMP’s with
wnj(B) = pun(B —n;), B € X, and &,; = n~t, where (1n)nen is a given sequence of p-measures
tpn, on X with p, — dp weakly (in the sense of weak convergence of Borel measures as in [Bi68]).

3.2 Further examples

3.2.1 Partial-sum processes with random locations
Let X = (X, &) be an arbitrary measurable space, C C X, (nj)1<j<j(n)nen be a triangular array of
re’s in (X, &) and (§nj)1<j<j(n)nen be a triangular array of real-valued 1v’s.
PARTIAL-SUM PROCESSES S,, = (S,(C))cec WITH RANDOM LOCATIONS are defined by
(3'2'2> Sn(C> = Z 1C(nnj) "fnj> CecC.

J<i(n)
These processes were studied in [Ar92], [Gae94] and [Gae94b], being special RMP’s with F = {1¢ :
C € C} and wy; = dy,; -
Many examples of natural phenomena like mineral deposits, earthquakes, forest disease, etc. can be modelled by such processes.
3.2.3 The sequential uniform empirical process
(Cf. [Sh&6], Chapter 3.5).

Let n;,j € N, be iid rv’s with £{n;} = U[0,1] (as in 1.1). The SEQUENTIAL UNIFORM EMPIRI-
CAL PROCESS (of sample size n) K;,, = (Kp(s,t))(s)er2 based on 11, ...,n, is defined by

K, (s,t) :==n"1/? Z (1[0’,5} (nj) — t), (s,t) € T2

j<<ns>

Choosing X := 1%, X := >N B%,C := {[0,s] x [0,t] : (s,t) € I*},mn; == (§/n,m;),1 < j < j(n):=n,
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and S,(C) :=n"12%" 0y,; (C), C € C, we get for C' = [0, s] x [0,1]

j<n

Sn(C) =723 1 ((ifn,mg)) =0V 3T 14(ny)

j<n J<<ns>

and B(9,(C)) = n=V2 55,0, Pl € C) = n 250, (L < s € [0,1]) = n 235 P €
[0,t]) = n~'/2 <ns>t, whence S,,(C) —E(S,(C)) = K,(s,t), i.e. K, can be represented as a centered
RMP (with wyj = 6,,, and &,; = n~1/?) indexed by the VCC C.

If one considers instead of K, the underlying df

Gn(sat) =n"" Z 1[0,15}(773')) (S>t) € I2a

j<<ns>

(in comparison with the edf F,(t) = n~! >_j<n L04(n;); t € I), then, through the additional parameter
s it is possible to visualize the appearance of the data y1,...,yn (y; = 1j(w)) successively, (therefore
the notion “sequential” uniform empirical process) as the following picture may illustrate.

n=4%:

—_

Ending up with s =1,
ie. Gu(1, -) = Fu(-).

As to the function-indexed sequential empirical process (based on an iid sequence of re’s in an arbitrary sample space (X, X) we
refer to [Va96], Section 2.12.1 and to [Zi97], Section 7.4; as in the uniform case, also this process can be represented as a centered
RMP.
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3.2.4 Nonparametric regression

(Cf. [Stu97]). Let n be a re in an arbitrary measurable space (X,X) with law £{n} = v and let
C C X. Let € be arv (defined on the same p-space (£2,.4,P) as n) such that E(|¢|) < co. Consider the
regression function

m(y) =E(¢n=y), yeX,

and the corresponding integrated regression function indexed by C:

I(C) := /Cm(y)l/(dy), CecC.

Since m is usually v-a.s. uniquely determined by I, statistical inference may be based on I instead of
m as well.
Now, I(C) = E(1c(n)E(¢|n)) = E(E(1c(n)éln)) = E(1c(n) -£), whose empirical version (of sample size
n) based on iid pairs (n;,&;) of re’s in (X x R, ¥@QB) (where L{n;} = v and L{;} = L{£}) is given
by
,(C) :=n""> lo(ny)§, CeC,

j<n
where E(IL,(C)) = I(C) for all C € C. ThusI,, is a RMP indexed by C (with wy; = 8, and &,; = n™'¢;).
At this place we may also mention another paper by Stute et al. ([Stu98]) where (in our notation)
processes R, of the following form are considered:

R, (C) =n"' 2> e (ny)(& — miny))

Jj<n

based on iid re’s (n;,&;) in (R? x R, BYQB) with C € C := {(—00,y] : y € R?}, whence R, is also a
RMP indexed by the VCC C.

3.2.5 Estimation of intensity measures for spatial Poisson processes

This example is taken from [Zi97], Section 7.8; cf. also [Li90].

Let ® be a Poisson point process on an arbitrary state space (X, X)) with finite intensity measure
A on X, ie. (based on an underlying p-space (2, A,P)) @(w, -) is a measure on X with values in
{0,1,2,...} for every fixed w € Q, ®(-, B) is a Poisson rv with parameter A(B) for every fixed B € X,
and for any disloint By, ..., B, € X,n € N, the rv’s ®(-, B;),...,®(-, B, ) are independent.

In estimating an unknown intensity measure A on the basis of an iid sequence (®;);en of Poisson
point processes ®; (with intensity measure A) a natural sequence of estimators A,,n € N, is A,, :=
n1y" i<n ®j leading to the corresponding standardized process

Zo(f) =02 (An(f) = A(f),  fEF
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in view of a FCLT for Z,, = (Z,(f))fer, where F is an appropriate class of measurable functions
f: X — Rwith f € Lo(X, X, A); note that E(®(f)) = A(f) for all f.

(f
Now, since Zn(f) = n="2 32, (®;(f) —E(2;(f))) = Su(f) — E(Sa(f)) with Su(f) := 3, wns(f)
€nj, where wy; == ®;/®;(X) and &, := n_1/2(I> ;(X), Zy can be considered as a RMP indexed by F
to which our result in Section 7.1 will apply.

3.2.6 Lévy’s Multivariate Brownian motion as a set-indexed process and as limiting
process of a sequence of Partial-sum processes with random locations

We will follow here the exposition presented in the paper by Mina Ossiander and Ronald Pyke [Os85]:

Let B = (B(t))ter, be a Brownian motion (indexed by the parameter space ' = R, ), i.e. a mean-zero
Gaussian process with independent and stationary increments whose covariance function is given by

(1) cov(B(s),B(t)) =sAt, s,teRy
or equivalently, since s At = (|t| + |s| — |t — s])/2, by
(2) cov(B(s), B(t)) = ([t +|s| = [t = s[)/2, s,t € Ry.

Now, in view of (2) Lévy’s multivariate Brownian motion ([Lé40], [Lé45]) is defined to be a mean-zero
Gaussian process (random field) Z = (Z(t));ecga with

(3) cov(Z(s), Z(t)) = (It| + |s| — [t — 5])/2, s,t€R?,

where | - | is the Euclidian norm in R? d > 1.

The covariance structure (3) can also be characterized by the isotropic mean square condition
(4) E(Z(s) - Z@®)*) =It—sl, steR”

Notice that Z(s) and Z(t) — Z(s) are independent if and only if 0,s and ¢ are colinear, so that the
independent increments property of one-dimensional Brownian motion has apparently not been fully
generalized.

A second generalization of Brownian motion to multi-dimensional time was given by Chentsov

([Cheb6]); cf. also [PyT73]:

Let W = (W(t));cra be a mean-zero Gaussian process with covariance structure

(5) cov(W(s),W(t)) =sAt, s,te 14,

where s At := Higd(si At;) for s = (s1,...,84) and t = (t1,...,tq); then, if s; <t; V1 <i < d, we have
cov(W(s), W(t) —W(s)) = sAt—sAs =0, ie under the natural partial ordering of I¢, the property
of independent increments has been retained.
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The process W is called Brownian sheet (cf. [Py73]). A variant of W is the so-called tied-down Brownian
sheet U = (U(t));erd, defined by

Uy :=w(t)-W@)-[[ti t=(tr,....ta) and 1 =(1,..,1)
i<d

(i.e. for d =1 U coincides with the Brownian bridge).
Identifying (as in 1.4) each t € I with [0,#]? , and denoting with v the Lebesgue measure on 1%, then,
with W ([0,1]) :== W (t),t € I¢, (5) is equivalent to

(5) cov(W ([0, s]), W([0,2])) = v([0,s] N [0,2]), s,t € I

But note however that the restriction of Z onto the parameter space I% is not identical with W, since
for 0, s and t being colinear one has

(It] + [s] = [t —s])/2 = |s| #s AL,

in general. Therefore the following question arises:

Is it possible to represent the Lévy-process Z as a set-indexed process Z' = (Z/(C))cec with an
appropriately chosen class C = {C : t € R?} such that anagously to (5') the covariance of Z’ is given
by

(6) cov(Z'(Cy), Z'(Ch)) = m(Cs N Cy)

with a suitable p-measure u?

An answer to this question is given in [Os85]:
Let us restrict ourselves to the unit sphere S¢ := {t € RY : || < 1}, i.e. consider Lévy’s multivariate
Brownian motion Z = (Z(t)),cga as it is done in [0s85], and, for ¢t € S? let

Cp={veR?: [u—t/2| <|t/2[},

so that Cy is the closed sphere in R? having for a diameter the ray from 0 to t.

n=2: y

(IS8

t/2

The family {Cy : t € Sd} plays then (as seen below) in the representaion of the Lévy Brownian motion Z as a set-indexed process
the same role as the class of all lower left orthants [0,¢] N I do for the W and U processes with parameter set I¢.
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Now, let z be the p-measure on S¢ N B? with density function f; (w.r.t. Lebesgue measure) given by
fa@) == (ca- )™, wves?

where ¢q := (21)%2/T'(d/2) is the surface area of S%. Then we get

(7) For any s, € §° ju(CynCy) = ez (Itl+ s — [t — sl ) /2.

Comparing this with (3) we see:  For s,¢ € S? it follows that cov(Z(s), Z(t)) = (ca/2) - u(Cs N Cy),
i.e. with Z'(Cy) == (cq/2) % Z(t) we get

cov(Z'(Cs), Z'(Cy)) = u(Cs N Cy), ie. (6).

(Note that scalar multiplication (by (cg/2)~1/2) does not change the process in any essential way.)
Note also that Z’ has independent “increments” in the sense that Z’(Cs) and Z’'(Cy) are independent if Cs NCy = & p— a.s.
PROOF OF (7) in the case d = 2 (with c3 = 2m).

Let t = (t1,t2) € S? and a = (ay,a2) € 0C}, assuming w.l.o.g. (due to the spherical symmetry of f;) that t; =0
and a; > 0:

e

S

C t | g 0.4 Vg

z-axis (w.r.t.t)

Let 9, denote the angle between g and the z-axis (w.r.t. t) and let Dg be the hatched region in the figure.
Representing v = (v1,v2) by its polar coordinates, we have

v =(|u|cos¥,|v[sind) € D <= 0< || < |[t]cos(V — g) and 0 <9 < 4,.

Thus we get (note that dv = |v|d|v|d?):

e | L [Pe lileos0-5) 4
w(Dy) = ¢ / lpa(v)—=dv = ¢ / / — |v| d|v| d9
R2 o Jo

TR ] ||
Ya
" [ leosv = T = ;e (sin(vn ~ 3)+1)
0

= &' (Ith = sin(5 —0a)) = (it~ [L—al), i



Considering now Cs N C; for s € S? and a € Cs N AC, then (where @ (see the figure below) takes over the
role of a before, now with s instead of ¢)

p(CxN Cy) = p(DF) + (D),
whence by (+) (noticing that |s —da/| = |s — a)
wCnC) =z (Isl = ls—a/| +1tl — [t —al) =
5 [t + 1) = (s —al + 1t — al)] = 3 (1t + Is| — £ - s1),

since t — a and s — a are colinear. O

e+

Note that Dg has the same area
as the hatched region.

Cy
N
Lo s “
— Dy
Dgl z-axis (w.r.t.t)
0™ 2
Cs
z'-axis (w.r.t.s)
(8) It can be shown that (7) is equivalent to
(7,) du(cga CL) = 2031 |E - §| Vs,t € Sd

(where d, (A, B) :== u(AAB)). Next (as already remarked in (1.5.4)), the class of all closed Euclidian
balls form a VCC, whence

C:={C;:tec S
is also a VCC; thus, we can apply the FCLT 2.2.3 with X = S, X = 8N B% and S, = (Sn(Ct))c,ec,
where

Sp(Cy) = n~1/? Z Loy () - &5

ji<n

the £, € N, being iid with E(§;) = 0 and E(f?) =1, then;,j € N, being iid with £{n;} = p (having
Lebesgue density fg), and where (7;);en is independent of (&;),en, to obtain the following result (note
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that both conditions (i) and (ii) in Theorem 2.2.3 are obviously fulfilled here):

(9) S, L. 7
sep

i.e. Z' proves to be the limiting process of a sequence of Partial-sum processes with random locations.

In addition, Z" = (Z'(Ct))c,ec can be chosen as a process with bounded and uniformly d,,-continuous
sample paths; moreover, (7') shows the existence of a version of the Lévy process Z = (Z(t));cg¢ With
continuous sample paths, cf. above:

1/2
Z@Z(C—d) Z'(C,)  forte S%

o1



4 Metric entropy and Vapnik-Chervonenkis classes

4.1 Packing and covering numbers; metric entropy

As we have seen in 1.5, Glivenko-Cantelli convergence, i.e. ||v, — v||c — 0 P — a.s., fails to hold for
all v if the class C is “too rich”; cf. our Example 1.5.5.

The same is true in view of the validity of FCLT"s:
Consider again 1.5.5 and the corresponding empirical C-process 3, = (6,(C))cec with 5,(C) :=
nt/? (vn(C) = v(C)); then: If (as in Theorem 2.2.1) the assertion

By =G, in (I°(C)]] - lle)

would hold true, the CMT 2.3.16 would imply that

c
sup |G, (C)| — sup |G, (C)],
cec cec

where supcec |G, (C,w)| < oo for all w, whence ||v, — v|lc = n™Y2supoee |8n(C) 2, 0 and also
l|vn — v|lc — 0 P — a.s. according to 2.1.4, in contradiction to 1.5.5.

Thus, in order to obtain Uniform Laws of Large Numbers (ULLN) and Functional Central Limit
Theorems (FCLT) for stochastic processes indexed by general parameter spaces T' in Section 6 and 7,
respectively, it is clear that T is not allowed to be “too rich”.

To be “too rich” will be described through the behaviour of the so-called metric entropy of T', assuming
that T = (T, d) is a pseudo-metric space.

So, let T'= (T, d) be a pseudo-metric parameter space (e.g. T'=C C X,d = d,,v p-measure on X,
d,(C1,Cy) = v(C1AC,)). Following Dudley ([Du84]) a set {t1,...,t,} C T is called a u-net (for any
given u > 0) iff for each t € T there is some ¢; such that d(¢,¢;) < u.

This gives raise to define the so-called covering numbers of (T, d):
4.1.1. Definition.

For each u > 0, let
N(u,T,d) :=inf{n € N: Ju — net {t1,....,t,} C T},

i.e. N(u,T,d) is the minimal number of points in a u-net. H(-,T,d) :=logN(-,T,d) is called the
metric entropy of T'= (T',d). (Note that H(u,T,d) is increasing as u — 0.)

(If d = 0, that is d(s,t) =0Vs,t € T, we put N(0,T,d) := 1, whence in this case N(u,T,d) = 1 and therefore H(u,T,d) = 0Vu > 0.
So we may allow u to range in [0, 00).)

A closely related concept are the so-called packing numbers of (T,d). For this, given any u > 0, let
D(u,T,d) denote the largest m such that for some t1,...,t,, € T d(t;,t;) > u whenever i # j. The
points %1, ..., t;,, may be called u- distinguishable.
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4.1.2. Remark.
If {t1,....tn} is a mazimal u- distinguishable set, then {t1,...,t,} is a u-net.

4.1.3. Lemma.
For any u >0
D(2u,T,d) < N(u,T,d) < D(u, T, d).

(So, in this sense covering numbers and packing numbers are equivalent concepts.)

As we shall see in Section 6 and 7, respectively, in order to obtain a ULLN for RMP’s indexed by F, stochastic boundedness of a
sequence of random covering numbers of F (equipped with appropriate random pseudo-metrics) will be crucial, wheras, for a FCLT
to hold, a uniform integrable La-entropy condition will be imposed.

4.2 Vapnik-Chervonenkis classes in arbitrary sample spaces X =
(X, X)

Let X = (X, X) be an arbitrary measurable space and C C X be a VCC (see (1.5.9), i.e.
3s € Ns.t. m€(s) < 2°, where m€(n) := max{A®(F): F C X, |F| =n}

for each n € N, and A®(F) := {FNnC:C €C}|

Given a VCC C, v = V(C) := min{s € N : m®(s) < 2°} is the so-called Vapnik-Chervonenkis Index
of C.
According to the following lemma VCC’s “are of polynomial discrimination”.

4.2.1. Lemma ([Vap71]; cf. [Gae83], Lemma 9, p. 27).
If C is a VCC, then mc(n) <nY foralln>2.

(Note that for arbitrary C one has m€(n) < 2" ¥n € N.)
Moreover, as shown by Alexander ([Al84], inequality (1.8)),
v—1
CVCC = (4.2.2): mCf(n) < > j<ut1 (?) < ( e ) Vn>wv—1.

v—1

In the following let (X, X,v) be an arbitrary p-space, and, given a class C C X, let d,(C1,Cs) =
v(C1ACy)),C1,C € C. Then (T,d) := (C,d,) is a pseudo-metric parameter space. In this situation
Dudley ([Du78], Lemma 7.13) proved the following fundamental result:

4.2.3. Lemma.
Let C C X be a VCC; then

N(u,C,d,) < Ku "|logul’ VO <u<1/2,

where the constant 0 < K < oo does only depend on v = V(C) but not on the p-measure v on X.
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As we shall see in 4.3 below, a corresponding inequality will hold in the more general case of Vapnik-Chervonenkis graph classes F
of X-measurable functions, containing 4.2.3 as a special case (with F = {1¢ : C € C}).

4.2.4. Examples of VCC’s (cf. [Wen81]).
(a) X =R%d>1,C={(~o00,t]:t € R} the class of all “lower-left orthants”; s=d+ 1.
(b)) X=R¥d>1,C={x[si,t;]: —00 <8 <t; <oo}; s=2d+ 1.
i<d
(¢) X=R%*d>1,C={BcCR?: B closed Euclidian ball }; s = d + 2.
We want to present here an independent nice proof of (c¢) which I learned from Fleming Topsoe in 1976
(personal communication); the proof is based on the following two auxiliary results (+) and (++):

(+) RADON’S THEOREM (cf. [Val64], Thm. 1.26).

Each F ¢ R%,d > 1, with |F| > d+2, can be decomposed into two (disjoint) subsets F},i = 1,2,
such that co(F1) Nco(Fy) # @ (where co(F;) denotes the convex hull of F}).

For illustration, let d = 2:

T3
e F ={x1,29,23,24}
Fy = {zg, 23}
1 Fy = {x1,24}.

2
(++) SEPARATION PROPERTY.
For any two closed Euclidian balls B; € R¢,d > 1,7 = 1,2, one has
CO(Bl\BQ) N CO(BQ\Bl) = .

For illustration, consider again the case d = 2:

Now, in order to prove (c), we must show:

VF Cc R? with |[F|=s:=d+2 3F' C Fst. FF#FNB VB eC(.

54



Suppose to the contrary that there exists an F' C R? with
|F|=d+2 st. VF' C F 3B e(C with I/ = FNB.

This implies that for the F;’s in (4+) (which decompose F') there exist two closed Euclidian balls
B;,i = 1,2, such that F; = F'N B;. Since F1 N Fy, = & it follows that F; C B1\By and F, C B\ By,
whence

co(B1\B2) N co(B2\B1) D co(F1) Nco(Fy) # @

(by (+)) which contradicts (++). O

Further examples of VCC’s are obtained on the basis of the following Lemma (cf. [Du78], Thm. 7.2, and [Po84], Chap. II, Lemma
1.8):

4.2.5. Lemma.

Let G be an arbitrary m-dimensional vectorspace of real-valued functions g being defined on an arbitrary
set X equipped with the o-field X = P(X) (whence each g € G is measurable). Then the class
C:={{g>0}:9€G}isa VCC.

PROOF. Wlo.g.let |[X|>m+1and let A= {z1,...,25} C X be arbitrary with |A| = s := m + 1; consider
the linear map L : G — R®, defined by L(g) := (g(x1), ..., g(xs)). Since L(G) is a linear subspace of R® with
dimension < m = s — 1, there exists a v = (vy,...v5) € R®*,v # 0, s.t. v.LL(G), i.e. one has

(+) Zvig(xi) =0 Vgeg.

i<s

Now, let Ay :={z; € A:v; >0} and A_ := {x; € A:v; <0}, where wlo.g. A_ # & (by replacing v through
—v otherwise). We are going to show

(++) Ay #ANn{g >0} Vg € G,

from which the assertion of 4.2.5 follows.

As to (+4), suppose to the contrary that there exists a g € G s.t. Ay = AN {g > 0}; then

> ovgle) = D wgle)+ Y, wvig(z) >0

i<s i:x16A+ Tx, €A
in contradiction to (+). a

As an immediate consequence of the definition of a VCC it is clear that any subclass of a VCC is also
a VCC.

As a permanence property, we mention here only the following lemma and its corollary:

4.2.6. Lemma ([Du78], Prop. (7.12)).
Let C be a VCC and k € N be arbitrary, but fized. Given Ci,...,Cy € C, let a(Ch,...,Cy) be the algebra
generated by C1, ..., C and

ap(C) = [ J{a(C1,....,Ch) : C1, .., Cr € C;
then ax(C) is also a VCC.
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4.2.7. Corollary.
If C is a VCC, then the classes {CAD : C,D € C},{C\D : C,D € C} and {CND :C,D € C},
respectively, form also VCC's.

As to further examples we refer to Stengle and Yukich [Sten89] and Laskowski [La92]; see also the
references in the following more general context.

4.3 Vapnik-Chervonenkis graph classes of X-measurable
functions f : X — R

So far we have mainly considered examples of processes indexed by classes C of sets, where C C
X, (X, X) being a given measurable space.

To motivate the need for extending the index sets from classes of sets to classes of functions, we present
the following examples A) and B):

A) POLLARD’s k-MEANS CLUSTERING PROCEDURE

(Cf. [Po84], Example 4, p.9 and Example 29, p. 30; [Po82a] and [Po82b]; [Gae87]; [Ro91] and [R095].)
Given data x1,...,z, € X = R viewed as realizations of iid re’s & in (R?,B%) (on a basic p-space
(Q,A,P)) (ie. z; =¢&(w)), let k € N be arbitrary but fixed (i.e. k is given in advance).

Suppose that the underlying unknown v := £{&;} is “k-modal” (e.g. with Lebesgue-density ¢, having
k modes).

Consider d =2 and k = 2 for illustration (i.e. @, bimodal)

o
OOO
oo o

(o)

0.0 o °

° 0008 0 %0,
° o
[}
o= §w),l1<j<n a} and a} are the unknown

modes of v (modes of ©,).
The question arises how to choose k data-clusters with empirical cluster centers a), = a},(w) (based

on the data z; = §;(w),1 < j < n), 1 <i <k, such that, as the sample size n tends to infinity, the
ay,; converge [P — a.s. to the unknown modes a; of v, 1 <7 <.
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An answer is provided by the k-means clustering procedure (CP):

(CP):  Given the data z;(= {(w)),1 < j < n,n € N, determine a k-tuple (a},,...,a’,) which
minimizes the expression

(4.3.1) n! Z min |z; — a;|*

1<i<k

over all (ay,...,a;) with a; € R?, and then allocate each x; to its nearest ay,.

Let v, be the empirical measure based on &, ...,&, and let for a; € R% 1 <1 < k,

(4.3.2) Wi(ay,...,ag;vp) = y 1121& | — a;|* vn(da);

then

(4.3.3) Wiari, ..., vn) = min Wi(a, ..., ar; vy).
(a1,...,a)

In the following we confine to the case d = 1 and k = 2) (i.e. v being bimodal), and we shall write
(ay,,by) and (a*,b*) instead of (a;,ar,) and (aj,ad), respectively.

Now, consider (instead of a class C of sets) the following class F of B-measurable functions f : R — R:
(4.3.4) Fi={fap: (a,b) € Car)

where fop(z) = |z —al* Az —b>,z € R, and Cpy := ([-M, M] x R) U (R x [-M, M]), where M > 0
is chosen large enough (see [Po84], p.10).
We assume that

/ 2% v(dx) < oo,

R

whence W (a,b;v) := [ fap(z) v(dz) < 0o ¥(a,b) € R?.

Then, by the strong law of large numbers we have V(a,b) € R?

(4'3'5> W(a b Vn) - Vn(fab Zfab 5] B V(fa b) (a>b§ V) P —a.s.

i<n
Now, a further assumption on v is needed:

(4.3.6) 3(a*,b*) € R? being uniquely determined up to permutation

of its coordinates such that

V(fa*,b*): min V(fab)

(a,b)eR?

The following picture is to visualize (4.3.6) for v with density ¢, :
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On the other hand, i.e. on the empirical side, we have by (4.3.3)

(4.3.7) Vn(fa;;,b;;) = (a%ien]RQ Vn(fa,b)-

Thus, (4.3.5) - (4.3.7) gives raise to expect

(4.3.8) (ar,br) — (a*,b%) P — a.s.

n»-n
i.e. P — a.s convergence of the empirical cluster centers to the unknown modes of v.

(4.3.8) can be proved by showing

(4.3.9) sup  |vn(fap) — v(fap)] — 0 P —a.s.
(a,b)EC]w
As to (4.3.9), sup pyecy, [Vn(fap) =v(fap)l = subser [vn(f) —v(f)| with F as defined by (4.3.4) being
a Vapnik-Chervonenkis graph class (VCGC) (see below for the definition of VCGC’s of functions).
Thus (4.3.9) proves to be a consequence of a result generalizing Theorem 2.1.6 from VCC’s C to
VCGC’s F with v(F) < oo, F being an envelope of F; note that in the present case
sup  fap() < F(z):=(x — M)? + (z+ M)* VzeR
(a,b)ECM
and v(F) < oo since [pz?v(dz) < oo by assumption. (Cf. [Po84], Example 29, and Section 6.3
below).

To sketch the proof of (4.3.8) on the basis of (4.3.9) one shows at first
(a):  For sufficiently large M >0 (a,b;) € Cyy P—a.s. Vn > ny.

n»-n

Then one gets
() vn(farpr) < vn(farpr) — v(farp) P —a.s. by (4.3.5), where P — a.s.

(4.3.7)
(4'3-6) byor(4é§g93 gnd (a)

V(faZabfl) - V(fa*,b*) P—a.s.
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(c):  Finally, since by (4.3.6) (a*,b*) is uniquely determined (up to permutation of its coordinates),
(b) implies (4.3.8). O

A modification of the k-means clustering procedure for k*-modal v with £* unknown to obtain P-a.s.
convergence of k(n) to k* and simultaneously

(4.3.8") (an1s - Opp(ny) — (a1, az-) P —as,

where k(n) denotes the number of empirical clusters w.r.t.a modification of the empirical clustering
procedure, is contained in [Gae87], [Ro91] and [R095].

B) LOCAL EMPIRICAL PROCESSES, STUTE’s CONDITIONAL EMPIRICAL
PROCESSES AND CONDITIONAL EMPIRICAL DISTRIBUTION FUNCTIONS

(See [Ei97], [Stu86a] and [Stu86b].)

As pointed out in [Ei97], local empirical processes occur implicitely in the work of Kim and Pollard [Ki90] on cube root asymptotics
and of Nolan and Marron [No89] on automatic band width selection; local empirical-type processes arise also in certain interval
censoring and deconvolution problems (see Part II of Groeneboom and Wellner [Gro92]).

Let £,7 € N, be iid re’s in (R4, B%),d > 1, defined on a p-space (22, A, P) with df G.
Let t € R? and J € B? be arbitrary, but fixed. Given an invertible bimeasurable transformation
h:RY — R? let

(4.3.10) A(h) :=t+hJ (where hJ := {h(z) : z € J}).

To visualize A(h), let d =2, J = E (the unit ball in R?) and h(z) := §|z|,z € R%:

Next, let (hy)nen be a sequence of invertible bimeasurable transformations h : R? — R? and assume

for
A, = A(h,) and an =P € Ay), n €N,

the following set of conditions

(Ad) ap>0VneN, (A.di) na, — oo and (A.ii) a, — 0 asn — oo.
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(Note that (A.iil) implies that G is continuous at ¢; otherwise (A.iii) may be replaced by (A.iii’) an — a for some 0 < a < 1.)

For each n € N, let v, (¢, - ) be defined by

(4.3.11) Va(t, B) := (nan) ' Y I(§ €t+hn(JNB)),B € B’
i<n

(where I(-) =1;.4).
vn(t, +) is called local empirical measure at t.

(Note that v, (t, -) need not be a probability measure; one only has that E(vn (t, R%)) = 1.)

Now, let F be a class of measurable functions f : R — R with supports contained in .J (i.e.
f(x) =0Vx € R\\J VS € F), and let

(4.3.12) vp(t, f) == /Jf(x)un(z, dx) Wi (nay) IZf -t), feF,

i<n

where h;! denotes the inverse of h,,.

o Note at this place that for any fixed t € R? and J € B? the processes (vy(t, f)) feF can be considered
as RMP’s (see (3.1.1)) by choosing as random p-measures wy; and as rv’s &,5,1 < j <n,n € N,

Wpj 1= Op,; With n,; = hyt(¢ —t), and &, = (na,)” "

(In fact, for each f € F, 3., wnj(f)énj = (nap)~! > j<n Jra [(@)0n,; (dz) = (nan)~! > ien F(nj) =
(nan) ™ 3 <n F(h (& — 1) = vt f).)

The standardized process 39°(t) = (B°(t, £)) jer with B°(t, f) == (nay)'/? (yn(;, ) — E(ualt, f)))
is called local empirical process at t indexed by F.

This setup allows to consider the following interesting examples (see [Ei97]):

4.3.13. Example.

Let 5,5 € N, be iid rv’s on a p-space (2, A,P) with df G having a continuous density g in a neigh-
borhood of a fixed t € R.

Set J :=[—%, 3], F := {K} with a so-called kernel function K satisfying K (z) = 0 if |z > 3.

Let hy(z) := hy - z,x € R, with hy, > 0 and h,, — 0 as n — oo. Then,

AN 1.
(b K) = (na ZK( ) g, Ga(t),

where G (t) = (nhy) ™! ngnKG{lj) is the so-called kernel density estimator of g(t) with window
size hy,.

t+ihn

(Note that hy an = hy'P(&; € t + hnJ) = hy'P(§; € [t — Shn,t + Sha]) = hy! o Lr
Lhn

g(z)dz — g(t) as n — 00.)
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4.3.14. Example.
Let d = 2, & = (¢j,ny),j € N, iid re’s in (R? B?) with df G having density 9cmy and marginal
densities g¢c and gy, respectively. Choose J := [—%, %] x R,t := (t,0),t € R, and, for (z,y) € R? let
hn(z,9) := (hy - 2,y) with hy, >0 and h, — 0 as n — oo. Let K be a kernel function as in 4.3.13
and F = {R} with

(+) R(z,y) =y -K(2) ,(zy) € R%

Then,

Vn(ia R) = (nan)—l ZR(h;I(f] _ D) _ (nan)_l ZT/]K<CJ - t)}

h
(4.3.12) < i<n n

since h;l(gj —t) = h;1(<j _ tﬂ?j) = (%777]-) and therefore R(h;l(gj —1) = R(%Wj) (f)

mK(%j). Thus
Un(t, R) = () hnay, G (t) = () (t, K)  (cf.4.3.13),

where Gy (t) is the kernel density estimator of the marginal density g¢(t) and my(t) is the kernel
regression estimator of m(t) ;= E(n|¢ =t) defined by

4.3.15. Example.

Keeping up the notation of example 4.3.14, choose now, instead of F = {R}, the class F = {f, : v € R}
of functions f, defined by

folzy) =1y <v)K(2), (2,y) €R%
then (again with t = (t,0),t € R)
vlt, f) = (nan) ™t S I < U)K(th—;t) By (ol hma g ()

Jj<n

= F,(v|t)v,(t, K) (cf.4.3.13)

with

_ i—t
(nh) 5,2, 1y < 0)K(S2)
9n (1) ’
which are the conditional empirical distribution functions (of sample size n) first intensively studied

by Stute [Stu86a/,[Stu86b).

E,(v|t) :=

As to an empirical process approach to the uniform consistency of kernel-type function estimators we
refer to a very remarkable forthcoming paper by Uwe Einmahl and David Mason [Ei98].
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In the following let again X = (X,X) be an arbitrary measurable space and F be a class of X-
measurable functions f : X — R with A-measurable envelope F': X — Ry (i.e. supser[f(2)] <
F(z)Vr € X).

Generalizing the concept of VCC’s C C X (equivalently {1¢ : C' € C}) to more general classes F of
X-measurable functions f : X — R leads to

4.3.16. Definition.
F is called a Vapnik-Chervonenkis graph class (VCGC) if

R={G;: f € F}
is a VOCin (X x R,XQB), where
Gy ={(z,t) e X xR:0<t < f(x) or f(z) <t <0}
Gy C X xR is the so-called graph region associated to f.

R

Gy /
X

2
-

NOTE: f AX-measurable — Gy € XQB whence the graph region class R is a subclass of
XQRB.

Given a VCGC F we denote with V(R) the Vapnik-Chervonenkis Index of the graph region class R
(cf. 4.2) corresponding to F.

Clearly, if C C X is a VCC, then F :={1¢ : C € C} is a VCGC with V(R) = V(C).

Examples of VCGC’s as well as permanence properties which allow to construct new VCGC’s from known ones are contained in
[Po84] (there called “classes of polynomial discrimination”) and [Va96], Section 2.6.5.

The present graph regions Gy are called “between graphs” in [Va96]; compared with the open subgraphs of f, defined by {(z,t) :
t < f(z)}, which led to the concept of Vapnik-Chervonenkis subgraph classes (VCSGC) of functions in [Va96], Section 2.6.2, it
turns out that F is a VCGC if and only if it is a VCSGC; see [Va96], Problem 11, p. 152. Thus both concepts are equivalent.

The following fundamental lemma is mentioned in [Al84]. It generalizes lemma 4.2.3 above; but notice
that in addition the assumption of v being a p-measure on X can be dispensed with. The proof, as
carried out by Klaus Ziegler [Zi94], Lemma A4, combines the methods in proving lemma 2.7 in [Al84]
and lemma 25 in Section IL.5 of [Po84].
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4.3.17. Lemma.
Let F be a VCGC with envelope F' and graph region class R. Then there exists a constant 0 < K(v) <
oo depending only on v =V (R) such that for all measures v on X with v(F) := [ Fdv < oo

N(ev(F),F,dP) < K(w)e @ Vloge[*™!  Vo<e<

| =

Here, as in 4.2.3, loge = log, € = Ine, and dl(,l) is defined by dl(,l)(f, g9)=v(f—gl), f,geF.

NOTE: lim. g |loge|*e® =0 Va, 8 >0, so |loge[*~" < e~ (1) for small e, whence
1
N(ev(F),F,dP) < K(w)e 2D vo<e< 5

Also, in the special case F := {1¢ : C € C},C VCC, F =1, dl(,l) =d,, v an arbitrary p-measure on X,
4.3.17 yields a sharpened version of 4.2.3.

PROOF. W.lo.g.assume v > 2; let 0 < ¢ < % be arbitrary, but fixed, and choose fi,..., f, € F
(w.lo.g. m >2)s.t.

1 .,
) dN i fi) = v(fi = fi]) > ev(F)  fori # .
Let n be the smallest natural number s.t.
(2)  1exp(2logm —ne/2) < 1.
Then, by elementary calculations, one gets
(3) n<(1+4logm)/e <15Lm/ee
where La := max(1,loga).
Now, a stochastic argument comes into play (cf. Dudley’s ingenious proof of lemma 4.2.3):

Let i be the p-measure on X defined by
w(A) = V(F)_l/ Fdv, AeX,
A

and let K : X x B — [0, 1] be the stochastic kernel defined by

K(z,B) i= U-F(2), F@)(B), z€X,BeB,
where Ula, b] denotes the uniform distribution on [a,b]. Let &1, ..., &, (with n chosen as above, cf. (2))
beiidre’sin (X x R, XQB), defined on a basic p-space (2, A, P), with L{{;} = p x K, where pp x K
is the p-measure on XQB defined by

jx K(C) = /X Ul-F(z), F@)]({t €R: (2,1) € C}) u(da),  C € XRB.

(To see that K is indeed a stochastic kernel, use the fact that X-measurability of K (-, B) has only to be checked for sets B of the
form (—oo,t],t € R. So, fix t € R and distinguish between the three cases ¢t > 0,t = 0, and ¢ < 0. Then, e.g.in the case ¢ > 0 we
obtain

K(-,(—00,t]) = Lyp<yy + (¢ + F)/2F) 1 >y
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which is X-measurable by the assumed measurability of F.)

Now, let G; := Gy, be the graph regions of f;,1 < i < m; then (with the convention that in the case
F(z) =0 we set % =0)

(4)  U[=F(z), F(2)]({t € R: (2,1) € G;AG;}) = (2F(2)) 7' fi(z) — fi(2)] Vz € X,

as the following picture shows (with G;AG; being the hatched region).

/F

/—-l///////
m fi@) - f()| Ji

Furthermore, we have
(5) V& (w),we1<k<n,and V1<i4,j<m,i#j
Sw)NG; =5w)NG; <<= &w) ¢ GAG; Y1<Ek<n,
where S’ (w) 1= {&(w), ..., &n(w) }

(Note that S'(w) N G; # S'(w)NG; <= 31 < kg < n st & (w) € G;AGj; note also that
15| < n.)

Next, we are going to show that
m < m®(n) ::max{\{SﬂGf:fE}"}\ ;S C X xR, |9 :n}:
For this, consider first any fixed 1 < 4,5 < m,1i # j; then

P(fk ¢ GZAGJ Vi<k< n) € ?d) [1 — P(fl S GzAGJ]n = [1 — (,u X K)(GzAGJ]n
kii

- /X Ul-F(z), F@)({t € R: (,1) € G:AG,}) p(da)]”
= [1- )7 fi(x) — fi(x x)]"
= 1= [ 2F@) (@) - £ u(do)

= [L—v(lfi = fDv(F) " 5 (1—¢/2)" < exp(—ne/2).
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Therefore, according to (5) we get

Plwe: Ji#j st S'(w)NG; =5 (w)NG,}) <T§ exp(—ne/2)

1
< —m?exp(—ne/2) = §exp(2logm—n€/2) < 1,

2)

N | =

whence
PweQ: S'(w)NG; # S (Ww)NG; Y1 <i,j<m,i#j})>0.

Therefore there exist < n points in X x R from which R picks out m distinct subsets of S’(wp) for
some wy € Q. Since S'(wp) C X x R and |S"(wg)| < n, it follows (by definition of m™(n) and the fact
that m™(n) is increasing in n) that m < m”™(n), whence by (3)

m < mR(15Lm/ee).

v—1
Now, if 15Lm/ec > v —1, it follows by (4.2.2) (according to which m™(n) < (%) Vn >v—1)
that m < m(15Lm/ec) < (156Lm/(v — 1)e)"~!, which implies
(6)  m < (30e log(15e1))v L.

(In fact, since Lm/(v — 1) < L(mY®=1) < m1/2(0=1 we have m < 15Y"1m'/2e=(*=1) and thus m < (15¢=1)2(*~1). Hence
m < (15L((15e=1)2(v=1) /(v — 1)e)?~1 = (30! log(15e~1))?~1.)

On the other hand, if 15Lm/ec < v — 1, it follows that logm < Lm < es(v —1)/15 < g(v — 1) <

(v — 1)log(30e71) = log[(30e~1)"1], whence m < (30e~1)*=t < (30e tlog(15e71))*~ L ie. (6)
(e<1/2)
holds also true in this case.

But (6) implies (recall € < 1/2)
(1) m < K@we @ D]loge[*~t  with
K (v) := (30(log 15 + log 2)/ log 2)~*

Finally, taking now m = m(e) maximal s.t. (1) is fulfilled (note that m(e) < oo by (6)), we obtain by
(7) for the packing numbers D(ev(F), F, dl(,l)) that

D(ev(F), F,dV) < K ()| loge[*,
which implies the assertion of 4.3.17 according to the second inequality in 4.1.3. O
REMARK.
The above method of proof is very interesting in its own right:
In order to verify that a certain situation holds true, an appropriate stochastic model is constructed

within which it is shown that a proper event occurs with positive probability, from which one then
infers the existence of the situation one was interested in.
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As discovered by Alexander [AI87], there is an elegant way to pass from the upper bound in 4.3.17
)

w.r.t. Li-entropy (i.e. concerning dl(,l)) to an analogous result for Ls-entropy, i.e. concerning dl(,2
instead of d,,1 , where

1/2
a2 (f.9) = (v(f =9P) ", fgeF
This is done by using the elementary inequality
(4.3.18) (a —b)? < 2|a® sign(a) — b* sign(b)| Va,b € R,
where
1 , ifa>0
sign(a):=<0 ,ifa=0 , a€R.
-1 ,ifa<0

4.3.19. Corollary ([Zi94], Cor. Ab5; see also Lemma 36 in Section I1.6 of [Po84] for a different
method of proof).

Let F be a VCGC with envelope F' and graph region class R. Then there exists a constant 0 < K'(v) <
oo depending only on v =V (R) such that for all measures v on X with v(F?) < oo

N(ew(FH]V2, F,dP) < K'(v)e "D vo<e<1.

PROOF. Let F':= {f?sign(f): f € F}; thenVf,ge F
AP (f.9)* =v(|f —gl*) = /X(f(x) - g(x))? v(dz)
< 2/ |f%(x) sign(f (x)) — g° () sign(g(x))| v(dx)
(4.318) Jx
=24V <f2 sign(f), g> sign(g)), ie.

vigeF a7 (f,9)? < 24, (f',9)

with f/:= f?sign(f) and ¢ := ¢°sign(g), whence, by the definition of covering numbers, one gets
(1) NEW(FEDY2FA) < NGu(F?),Fdy)).

Now, also F’ is a VCGC with envelope F? and V(R') = V(R) = v, where R := {Gyp : f' € F'}:

To see this, let M' := {(z;,t;),1 < i < v} be an arbitrary subset of X x R with |M'| = v. Set

M = {(x, |t:|/? sign(t;)), 1 < i < v} then M C X x R and |[M| = v. Since F is a VCGC with
V(R) = v, there exists an N C M, N = {(z;, |t;]'/? sign(t;)), i € J C {1,...,v}} such that

(b) N#MNG; VYfeF.
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But (b) implies that N' # M' NGy Vf' € F, where N' := {(x;,t;) 1 1 € J}:
For, suppose to the contrary, that N’ = M'NG for some f' € F', f' = f2sign(f), i.e. {(z;,t;) i€ J}
= {(xi,t;) : 1 <i <v}NGp; then, since

(zit;) € Gy = (w4, [t:|? sign(t:)) € Gy,

we get {(z, [t:|*/? sign(t;)), i € T} = {(2, |t:|"/? sign(t;)), 1 < i < v} NGy, which contradicts (b).

Since M’ was arbitrary with |M’'| = v, F' is a VCGC with V(R’) < v. In the same way one shows
that V(R') < v would contradict the minimality of v and therefore V(R') = V(R).

Thus, by the NOTE following lemma 4.3.17 with ¢’ := £2/2 and k := 2(v — 1) we get

N(Ev(F?),Fd)) < K@) (E)™F  vo<e <

N =

ie. N(Zw(F2),F,d)) < 26K (v)e 2 V0 <& <1, whence by (a)

N(e[w(FH]Y2 F,d?) < 28K (v)e 47D vo<e<1. 0

4.3.19 suggests the following definition (cf. [Al87] and [Va96], Condition (2.5.1), p.127):

4.3.20. Definition.

Let (X, X) be a measurable space, F a class of X-measurable real-valued functions, and let M(X, F)
be the set of all measures v on X with v(F?) < oo, where F is an envelope of F. Then F is said to
have uniformly intrgrable Lo-entropy, if

o0
/ (log N (, .7:))1/2 dr < 00,
0

where N(7,F) = suD,ec pm(x,F) N(r[v(F?)|Y2, F, d,@).

4.3.21. Remark.
If F has uniformly intrgrable Lo-entropy, then (F, dl(,z)) is totally bounded for each v € M(X, F).

(In fact, if [7°(log N(r, F))'/? dr < oo, then for each v € M(X, F) one has
(+) N(r[v(F)]'/2, F, d(f)) <oo for A—a.a. 7€[0,00) (A = Lebesgue measure);
but, since N (e, F, d(uz)) is increasing as € — 0, (4) must hold for all 7 € [0, 0))

Finally, it follows from 4.3.19 that each VCGC F has uniformly intrgrable Lo-entropy.
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5 Some fundamental inequalities

5.1 Symmetrization inequality

Before stating some of the inequalities needed later, the following definition concerning the concept of independence in case of
non-measurable maps, i.e.of random quantities (rq’s) is in order.
Guided by [Du83] and [Du84] (cf. also [Ho85]) we define as in [Zi94], Def. 1.2.1:

5.1.1. Definition.

Let (2, A,P) := (]é Q;, %Aj,jéNIP’j) be the countable product of p-spaces (€25, A;,IP;), let V' be an
€

arbitrary set and n; : Q) ]—> V' be rq’s of the form nj(w) = hj(w;) for w = (w1,ws,...) € Q,5 € N, with

arbitrary rq’s h; : Q; — V.

Then the sequence (n;)jen is called independent (or, n;,j € N, are said to be independent rq’s).

The n;’s are said to be independent and identically distributed (iid), if in addition the p-spaces

(24, A;,P;) as well as the rq’s h; defined on them are identical.

In the case h; = idg,,j € N, the sequence (1;);en is said to be canonically formed.

NOTE: If the h;’s (and so the 7;’s) are re’s in V' = (V,V) (with an appropriate o-field V) then
independence in the sense of 5.1.1 is equivalent with the usual concept of independence of re’s.

In the context of Definition 5.1.1 the rq.’s 7,7 € N, are also called to be “independently defined”;
cf. [Ho02], pointing out that this implies an unpleasant restriction to the underlying probability
space (€2, A,P) which causes an unnecessary restriction for the validity of the inequalities. Instead
Hoffmann-Jgrgensen introduced in [Ho02] a series of concepts of independence which applies to arbi-
trary probability spaces, and he studied there the exact form of “independence” for non-measurable
functions under which the classical inequalities (Lévy’s inequality, Ottaviani’s inequality, Jensen’s
inequality, the symmetrization inequalities, the exponential inequality, the subgaussian inequalities,
etc.) hold.

In the following, when dealing with stochastic processes 1; = (1;(t))ier (Wwith common parameter
space T'), these processes will be considered as rq’s with values in V = R” or V' = [*°(T"), respectively,
and independence of stochastic processes is to be understood in the sense of 5.1.1.

To avoid measurability questions we will (if not stated otherwise) tacitely assume that the parameter
spaces T' are countable. (If not, one has to work with the “E*, P*-calculus”; see e.g. [Zi94] and [Va96].)
Note that, for countable T', the ||n;|| = ||nj||7 := sup,er [nj(t)| are re’s in (R4, B4) (Ry := Ry U{oc}
endowed with its Borel o-field B, ), whence also ||S,||7,n € N, are re’s in (R, B, ), where S, :=
> j<n Ty

To formulate the Symmetrization inequality for independent stochastic processes 7, ...,Mn,n € N,
indexed by a common parameter space T', we need the concept of a so-called Rademacher sequence
(€j)j<n, which means that the €;’s are iid rv’s taking only the values 4+1 or —1 with equal probability,
ie. £{ej} = 36_1+ 301 (0, = Dirac measure at ).
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Then, given (as in 5.1.1) (@, A, P) := ( x @}, ® A}, x P;) and stochastic processes 1; : @/ — RT
Jj<n j<n j<n

with 7;(w’) = hj(w)) for ' = (wi,...,w,) € @, 1 < j < n, where h;j : Q) — RT are stochastic

»rn

processes (indexed by T'), let (", A", P") := ({-1,1}", ®P({ 1,1}), >< E{E]}) and (Q,A,P) :=

( x QAQA" P x P") (i.e. (gj)j<n is thought to be canomcally formed and independent of
(nj)j<n, where n1,...,1, are independent processes). Denoting with E./,E,» and E = E,/ ,» expec-
tation of rv’s defined on (', A", ), (Q", A”,P") and (2, A, P), respectively, then in this setting the
following result holds true (cf. [Va96], Lemma 2.3.6 and [Zi94], Lemma 1.3.2):

5.1.2. Symmetrization inequality for independent processes 11, ..., Mn,n € N.
Suppose that E,y(In;(t)]) < oo for allt € T and 1 < j < n; then, for any conver and nondecreasing
function ¢ : Ry — Ry (put, as usual ¥ (00) := limgy o0 ¥(a))

B (6(sup| S0 - Eoi)) < E(v(2sup] X esme)))

i<n 1<n

PROOF. Let (41,...,0,) € {—1,1}" be arbitrary but fixed; consider the decomposition

() D56 By 0)) = (3 mi(t) Z 0B (0 (1)) ) - (Z omi(6)+ Y 6w (1)) ).

j<n 5]‘:1 6j:1

Since for any M C {1,...,n} (with Ejs and Eg,, denoting expectation of rv’s indexed by M and CM,
respectively)

E. ( 2sup| Z 9;m;(t) Z 5jEw’("7j(t))‘))

JjeM jebm

:IEM< (2sup|EgM 25377] Z 5j77j(t))‘))

JEM jebMm

< EM@(EGM?SUNZMJ )

(¢ monotone

nondecreasing) i<n
, < EME[:M< 2sup|Z(5]77] )
(u?;(;illfty) i<n
= B (v sup | 35 ).
(Fubini) p ‘ Jnj
i<n

we obtain with M = M; := {j <n:6; =1} and M = My := {j < n:0; = —1}, respectively, by the

ineqality
1

P(a+b) < =1(2a) + %1/)(2()) Va,be Ry

[\
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(valid since 1 is convex), that

Ko (n; (¢ <
Eu (v ¥ (pl (00 o)) <
( (SUP| Z d;n;(t) Z 6B (n; (1) + SUP| Z 6;n;(t) Z 5jEw’("7j(t))‘>) <
JEM: jeCMy T e, j€CMy
%Ew< 2sup| Z d;m;(t) Z 0;E,(n;(t |)) + E ( 2sup\ Z 0;n;(t) Z 5jEwl(nj(t))\)) <
JjeMy jebhn JEM2 jebMy
E. ( 28up|25]77] )
i<n
Since (41, ...,0,) was arbitrary, we get
Eur (0 (sup| 3 (0y(1) ~ B () ) <
i<n
EMEW< 2sup\]2<;16j77j ) i
( 2sup\25]17] ) -
i<n

5.2 Maximal inequality for Rademacher averages

The maximal inequality for Rademacher Averages (see 5.2.3 below) is based on ideas exposited by Pisier [Pi83]. The present proofs
are mainly due to Klaus Ziegler [Zi94]. The following lemma is a special case of (3.2) in combination with (3.1) in [Po90]:

5.2.1. Lemma.
Given a Rademacher sequence €1, ...,ex and given a finite and non empty subset M of RN, there exists

for each 1 < p < 0o a universal constant 0 < K, < oo such that

1 1 2
Ep(i%%'j;fj%\p) < Kp(1+log|M|)> -JEE;;(Z%) ,

JSN

[N

where |M| denotes the cardinality of M and x = (x1,...,xN).

Note that for |M| = 1 this is just one of Khintchine’s inequalities; see Ledoux and Talagrand [Le91],
Lemma 4.1, p.91.

For the proof of 5.2.1 the following proposition is used which is but a reformulation of Lemma 1.6 in
[Pi83] for the present purposes.

5.2.2. Proposition.
Let &1, ..., &, be arbitrary nonnegative mv’s and ® be a strictly increasing, nonnegative, convex function
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defined on [0,00) such that there are constants 0 < ¢; < o0, 1 < i < m, and 0 < ¢ < oo with
E(®(c; 1)) < c for all 1 <i<n. Then

E ) < & Y(en) - ;
(g% &) < (cn) max ¢

(®~1 being the inverse function of ®).

PROOF.
(Bl 6/ momssicnc)) < o(B(max6/a) |, <
inequality)
ey — o)) <
E(®(max (6i/ci)) = E(max $(&i/e))) <
E(D o/a) = D E@(E/a) < en.
i<n i<n
Applying ®~! to both sides yields the assertion. a

PROOF of 5.2.1.  'We show at first that the Rademacher average on the lL.h.s of the stated inequality
in 5.2.1 can be dominated by a so-called Gaussian average, to which 5.2.2 will be applied.

For this, let g1, ...,gn be iid rv’s with £{g;} = N (0,1) being independent of ¢1,...,ey. Note that
(+) L{(e1lgrl, - enlgn )} = L{(g1, s 9n) -
Let p:=E(|g1]); then
B 2 emit) =
J<N
P (max| Y &E(lgiNa;l) = pPE(max| Y B (gl [ersen )ail?) =
TN TN
M7PE<;%%(|E<Z€]|QJ‘CL‘] ‘gla"'agN)‘p) < /-LipE<géaj\}/}(E<‘ <ZN€]|gj‘xj‘p ’517"'751\7)) <

(Jensen’s

J<N inequality) VRS
7 (B( 95 »p‘ en)) =
M ( Ix%%\}ngj‘gﬂxﬂ €15 EN
J<N
pr< Nas ,p) — PR P
H Ixrg\};‘ Z £lgjla;l o H (Txfg\};‘ Z g9;7;[")
JEN JEN
Now, let ®'(u) := exp(u®/P) for u € [0,00) and
l—i—% , for 0 <u <,

D(u) := P
D' (u) , for u > u,

/2
where u, := (%)p ; then
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(%) ®: R, — Ry is a strictly increasing, nonnegative, convex function with ® < &', and
(%) Yo eR, @ (v) <up+ (logv)P/2.

On the other hand, assigning to each z = (x1,...,xy) € M therv &, := ngN gjx;, we have for each
x € M that £L{&} = N(0,c2) with ¢2 := (> j<n x?), and

E(@(&[/2eh) <

(®<9)

E (I)/ xp 9P P = E 2 4 2 N
(@lelrze) = E(ew@ad) o =

(27T)1/2/e“2/4e“2/2du = (27T)1/2/6“2/4du =
R R (u=v2v)

V2 (2m) 712 / e Pdy = V2.
R

Thus 5.2.2 can be applied (cf. (%)) with |£,[P,z € M, instead of &;,1 < i < n, and with 2Pch, x € M,

instead of ¢;,1 <1i <n, where n = |M| and c:= V2.

Hence by 5.2.2 it follows that

5 o) =
max | g;z|

J<N

Py < -1 P <

E(%}cléx\) < @7 (V2| M]) max (2 ) 5
p/2) . D P =

(up + (og(V2IM)"?) - max(2vel) =

/2
2pupmax(2x?)p/2 + 2p<log\/§+log|M\>p m%‘}c(Zx?)p/Q <
re

TEM 4 :
J<N J<N
(2Pup +27(1 + log \M|)p/2) max(y- ) <
J<N
KP(1 +log | M|)P/? - %}{(Z z2)P/? with K7 = 27 (u, + 1).
j<N

Since El/p<maxx€M |2 <n sj:cj|p> < M_lEl/p<maxx€M |2 <N gjxj|p), as shown above, the asser-
tion of 5.2.1 holds true with K, := u~ 1K, O

The following maximal inequality will be an essential tool for proving a ULLN for RMP’s in Section
6.1 below. As we shall see, it is an easily to be shown consequence of 5.2.1:

5.2.3. Maximal Inequality for Rademacher Averages.
Gwen any x; € RT 1<j<N,N €N, let

di(s,t) = > |oj(s) —a;(t)], s,teT.

J<N
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Then, for each 1 < p < oo, there exists a universal constant 0 < K, < oo such that for any Rademacher
sequence €1, ...,en and for all v > 0

El/p<sup\ Z ijj(t)|p> <

teT <N

1/2
Y+ Kp(1+ H(y, o)V sup (30 23(0))
teT J<N

(where H(-,T,dy) denotes the metric entropy of T = (T',d;) as defined in 4.1.1).

PROOF. Given any v > 0, assume w.lo.g. that N(v,T,d;) < oo; then (cf. the definition of
N(-,T,dy) in 4.1.1) there exists a subset 7" of T' with |T"| = N(~,T,d;) such that for each t € T
there exists a u(t) € T" with dy (¢, u(t)) < .

Then we get

El/p(sup\ 3 ey (t)\p) <
J<N

teT (I\/Iink:wski’s Ineq.)

El/p<sup| 3 ea(t) —xj(u(t)))|p) + El/p<squ D ej:cj(t)v’) <
T j<n

teT <N 5.2.1

1/2
sup | 3 s (1) — wj(u(®)] + Ky(1+1og|T')2 sup (3 a2(1)) " <
teT J<N te J<N

1/2
v+ KL+ H(y, T,d) 2 sup (S a3(1))
teT J<N 0O

5.3 Hoffmann-Jgrgensen Inequality

To our knowledge, the Hoffmann-Jgrgensen Inequality was originally proved implicitely in [Ho74], Theorem 3.1, for sums of inde-
pendent and symmetric Banachspace-valued re’s (cf. [Le91], Section 6.2).

Here we will consider as before independent (in the sense of 5.1.1) stochastic processes n; = (7;(t))ieT,
j € N, indexed by an arbitrary parameter space T' (supposed to be countable for simplicity to avoid
measurability considerations). The 7;’s will be viewed as rq’s with values in RT or [°°(T), respectively,

and [|n[| or || 3, €jn;|| denotes the supyer [n(t)] or super | 32 ;<, €574, respectively.

5.3.1. Hoffmann-Jgrgensen Inequality

(Cf. [Va96], A.1.5 and [Zi94], Corollary 2.1.3).

Let nj = (n;(t))ter,j € N, be a sequence of independent stochastic processes with common parameter
space T and (¢)jen be a canonically formed Rademacher sequence which is independent of (1;);en
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(cf. Section 5.1). Let ¥ : Ry — R, be a nondecreasing function which is absolutely continuous on
each interval [0,a],a > 0, and which satisfies the so-called Orlicz condition

U(2z) < CU(x) forallz e Ry and some 1 < C < o0

(think e.g. of W(x) = aP); then for each n € N (as before, we put V(o) := limg—.oo ¥(a))

B(0(1 Y eimlh) < 20°(max(lnl)) +20°0(s,)

i<n
with s, == inf{s > 0: P(|[ 32, &m;ll > s) < (40%)~ 1.

NOTE: This inequality will be an essential tool in proving a uniform law of large numbers (ULLN)
for Random Measure Processes in the following Section 6.1. It will be applied there with ¥(z) :=
zP,1 < p < oo. In such a case one can infer L,-convergence of ngn €jMn; to zero from its PP-
stochastic convergence to zero, provided that the n,;’s are asymptotically negligible in the sense that
limy, . E(maxj<y, [|7n;]|P) = 0, where the latter is e.g. fulfilled, if the ||n,;||’s are bounded by some §,,

with lim,,_ec 6, = 0.

5.4 Further Symmetrization inequalities

(cf. [Va96], Section 2.3 and [Due00], Section 4)

We will consider again stochastic processes S = (S(t))¢er, indexed by T, assuming for simplicity that
the parameter space T' is countable, whence

ISII = ISz == sup [S(2)]
teT

will be measurable.

If S is defined on a basic p-space (2, 4,P), S :Q — R, one can enlarge the basic p-space to the
product space (2 x 2, A& A, P xP) to obtain an independent copy S’ of S by defining S’ (t)(w1,ws) :=
S(t)(w2), where now also S is considered as defined on the product space, i.e. S(t)(w1,ws) := S(t)(w1).

5.4.1. Lemma.
Let S and S’ be independent stochastic processes with common parameter space T both defined on a
p-space (Q, A,P) (where S’ need not necessarily be an independent copy of S);

i) Assume that there exist constants 6,3 > 0 such that for allt € T
P(|S'(t)] < 6) > B,
then for arbitrary n > 0

P(|S]| > m) < B~ P(IS = S| > 1~ 4).
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ii) Assume E(S") = (E(S’(t)))tET =0¢€R". Then

E@(II) < E(w(Is - $'1))

for any convex and monotone increasing function ¢ : R, — Ry (:= [0,00]) (with 1(c0) =
lim v(a)).
a—0o0

PROOF. As toi): W.lo.g. we may and do assume that 7' C N; let

= o(S) = {min{t €T :[S(t)] >n}, if |IS|| > n

min{7'} otherwise

Then 7 is a rv such that
1SI[>n <= [S(T)|>n

(where S(7)(w) := S(7(w))(w) Ywe Q).
Now,

P(IS = S| > 1= 9) = PS(r) = §'(7)] >0 —6) = P(IS(r)| > n and |S'(7)] < 4)

(note that |S(7)| > n together with |S'(7)| < ¢ implies |S(7) — S'(7)| > n —9).
Now,

P(1S()| > nand /(7)) < 8) =P(|J{r =} 0 {IS()] > n} n{I5'(7)] < 6})

teT

=S P({r =10 {IS() > mp 0 {I8'(1)] < 3})
teT

= ZP({T =t} N{[S(7) > n}) -P(|S'(1)] < 63)
teT

> P(S(m)>n)-B="P(ISI|>n) -5

which proves i).
As to ii): Extending ¢ from Ry to R by defining ¢(—r) := 1 (r), we can handle 1) as an even convex
function ¢ : R — R, whence

E((1S1D) = E(w(igg 1S®)) = E(sup ¢ (|S(4)]))

¥ R— R4 mon. increasing teT
=E(supy(5(t)) = E(supu( ES(H) - S'(1)19)))
te’T teT
“E(S(1)|S) ~E(S'(1)]S)

=S(t) =E(S’(t))=0

< E(supE((S(1) ~ §'(1))IS))

Jensen’s inequalﬁy for conditional teT
expectations; cf. [GaeT7], 5.4.7
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<E(E(supp(S(t) - S'(1)15))

teT

= E(supw(S(t) — Sl(t)))

teT

= E(supv(S(t) - S'())

cf. above teT

_ E<¢(sup\5(t) - Sl@)‘))

’L[):RH]R+ mon. increasing teT

= E(w(IS - S)))- 0

In view of RMP’s with index set T' = F we may consider the even more general model of processes
Sn = (Sp(t))ter indexed by an arbitrary parameter space T (again supposed to be countable to avoid
measurability considerations) given by

Sn(t) := Z M (1),

J<i(n)

where 7,; = (n;(t))ter, 1 < j < j(n),n € N, is a triangular array of rowwise independent stochastic
processes (indexed by T).
Now, given in addition a Rademacher sequence (¢;);en, assume that for each n € N

Mn1, '-'777nj(n)>77;1> B n;j(n)’sl’ = €j(n)

are independent and such that
L{my}t = L{m;}, 1<j<j(n),neN,

(i.e. the ny,; = (n,;(t))ter being independent versions of the processes 7).

Then, Lemma 5.4.1, applied to S = S,, (or S = S, — E(S,)) and §' = 5], := 4<Z( )nq’zj (or §" =
i<i(n

Sl —E(S]) = S], — E(S,)) leads to consider the process

Su = Sh=">_ (nj — y).

J3<j(n)
Now, by the assumed independence of 9,1, .-, M), M1 -+ n;zj(n),n € N, and since 5{777/1]-} = L{Mn;},
1 <j<jn),neN, weget (where £ £ € means that £{¢} = £{€}) that

L
Mg = Mg = €5 (g — ;)

for each 1 < j < j(n),n € N. Therefore
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where S0 := EjMnj and 32 = 2 5]’77;1]"
§i<j(n) J<j(n)

Note that the processes 52 and 32 are not independent; they are identically distributed.
We thus obtain the following symmetrization inequalities in continuation of Lemma 5.4.1:

5.4.2. Lemma.
i) For arbitrary n > 0
n
P(l1Sn — Sill > m) < 2B(JIS0]| > 7)

i) For any convex and monotone increasing function v : R —s R (with ¢(c0) := lim (a))
a—0o0

E(4(118, - SiID)) < E@(ISID).
PROOF. As to i): Since
[: ~ ~
15 = Sl = [1Sn = Sall < [ISall + [1S7ll,
we get for arbitrary i > 0 that

n &0 n 0 n
P(|Sn = Spll > 1) < P([ISpll > 5 ) +P(IIShll > 5 < 2P{ISal > 5 )

As to ii):
E((11Sh = Sill)) = E(w(IS2 - S51))
1 0 G0
1 mon. %mreasing E<¢<§(2HSTLH * 2“‘5177,”)))
1 1 ~
< SE@QISID) + 5 E@ESI))
1 convex

=E(¥(2[|Sp1))- O

IMPORTANT NOTE:

According to 5.4.1 ii) and 5.4.2 ii), to obtain a tractable upper bound for E(¢(||S,||) one can seek for
an upper bound for

RIS = E(E@I Y emlDlimg)).

J<i(n)
which entails (by the assumed independence on (g;) and (7),;)) to seek for an upper bound for
(5.4.3) E(v2ll Y emull)
J<i(n)

with fixed 7, = (nj)ier € RT; (cf. with 5.2.3).

If, in addition, the processes 71, ..., 7, (n) are identically distributed for each n € N (whence also
Mts s Ty i(n) are identically distributed for each n € N) one gets the following result:
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5.4.4. Lemma.
Assume that for each m € N the processes nn1,...,Mpjn) are identically distributed and that with

Spi= 3 nnj E(n1) =ji(n)"rE(S,) exists in RT.
3<i(n)
Then, for any convex and monotone increasing function v : Ry — Ry (with ¥(c0) := lim 1(a))

and any 0 < A <1 o
E(u(5 118, — B < E@AIS3ID)
<AE(SG 18 ~ESI) + 0 - NE(w (7250 3 o] IEE)).

J<i(n)

PROOF. The first inequality follows from 5.4.1 ii) together with 5.4.2 ii): In fact,

E((S. —ESID) < E((11Sh — E(Sa) - (S}, — ESp)IN)
54.1 ii) with § = S, — :E(;:;
E(S

n)
and $' = S; —E(S})

= E(v(IS, = S)ID) _ < Ew(]IS%)
5.4.213)

which yields the first inequality (replacing ¢ by ¢ with 1;(:0) = 1/)(%:0)), being also valid if the n,;’s
are independent but not necessarily identically distributed. To prove the second inequality, remember
that for convex ¢ and any A; > 0 with Y " \; =1

(*) O Niw) <D Ni(w).

Now, let J; :={j < j(n) :e; =1} and Jy :={j < j(n) : ¢, = =1} = {1,...,5(n)}\Ji, where n € N is
arbitrary, but fixed. Then

S?z: Z 6j(777’bj 77n1 Z €j - 77n1

7<j(n) 7<i(n) =j(n)~1E(Sn), since the n,; 's are id

= Z Mng — 77711 Z (77nj - E(nnl)) + By, - E(Sn)

jeJ1 JjEJ2

where E, = j(n)~! Z( )5]-, ie. S =S — S + En-E(Sy), where
J<i(n

Sy =Y (1nj — E(nn1)) for M C {1,...,j(n)}.
jeM

Since S, — E(Sn) = S(,) + S(s,) With S,y and S,y being independent and centered, given Jy, we
can apply Lemma 5.4.1 ii) w.r.t. the conditional distribution of (S,5") := (S(;,), =S(s,)) and
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(8,8") == (S(s5), —S()) respectively, given Jy, to obtain that

E(A(IS2I1) = BWAIStn) — S + Bn - E(S)I)
S B + 5 + B ()1
= G 2180l + 5 2Sumll + (1= N12k [E(S)1D)
< %wanswum§E<w<xusm>m>+<1—A> 2L E(s,)ID)
A 2 A 2 b,
E 5E<w<xus@h>+S<J2>|\>>+§E<w<—|\su2>+S<J1>|\>>+<1—A>E<w<‘ IESID)
= AEWC1S, ~ E(S,)]) + (1~ NEG( L ES)])) .

Applying 5.4.4 with 1) = idg, yields

5.4.5. Corollary.

Under the assumptions of Lemma 5.4.4 one has

(31150 — ESII) < E(IS3I)
< 2B (IS, — ES)I) +E(lim) " > 5] IES)I)

3<i(n)
< 2E(||Sn = E(Sa)ll) + (i(n) " *[[E(Sa)I-
Thus, if ||E(Sn)|| = o(v/j(n)), then
E(|ISn —E(Su)ll) = 0(1) <= E(|ISpl)) = o(1).
Shorack and Wellner claimed (cf. [Sh86]) that good inequalities are the key to strong theorems.

So, let us conclude this section presenting some Exponential Inequalities; cf. [Va96], Sections 2.2.1
and 2.2.2, [Po84], Appendix B, and [Due00], Section 6.

5.5 Exponential inequalities

We want to follow mainly [Po84], pp. 191:
Let £ be a rv defined on a p-space (2, A,P) with £{{} = N(0,1); then it is known that for all z > 0
( 11 ) exp(—3?) exp(—3z?)
r a3 V21 NOZ

i.e. the tail probabilities P({ > x),x > 0, are governed by the factor exp(—%xQ).
Now, in view of the classical CLT a similar upper bound for the tail probabilities of a sum of iid rv’s

1
Sp(gzx)gg
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& with zero mean and variance 1 should be in order:

Set S =& + ... +&y; then for > 0 and each ¢t > 0

(5.5.1) P(S>x)=PS—2>0)=PtS —tx >0) =P(exp(tS —tz) > 1)
< E(exp(tS — tz)) = exp(—xt)E(exp(t9))

(Markox?s ineq.)
n

= exp(—uxt) H E(exp(t&;))

(& indep.) p
The trick will be to find a ¢ > 0 that makes the last product small. For & £ N(0,1) it is easy to find
the best t directly:

For all ¢ > 0 one has Vz > 0 (as before)
P(E > 1) < E(explté — t)) = exp(—at)E(exp(t6)) = exp(—at) xp(2/2),  ie.
P >0) < %gg[exp(—xt) exp(t?/2)] = exp(—%xz) V> 0.

For other than standard normal distributions one has to work harder. One must maneuver (according
to (5.5.1) the moment generating function E(exp(t§;)),t > 0, of &; into a tractable form that gives
us some clue about which value of ¢ to choose.

5.5.2. Hoeffding’s Inequality.

(cf. [Hoe63])
Let &1, ..., &, be independent rv’s (defined on (Q, A, P)) with zero means and bounded ranges: a; < & <
b; with constants a; < 0 < b;. Then, for each © > 0

P() & > ) <exp(—227/ Y (b — a;)?).
=1 =1

PROOF. According to (5.5.1) we have to bound the moment generating function of &. Drop the
subscript ¢ temporarily. For this, note that with a <& <b

b-¢ §—a b-¢ §—a
t) = t tb < t tb
exp(tE) = exp (b —a + b—a ) (exp(-) convex) 0 — @ exp(ta) + b—a exp(tb),
whence
E(exp(tf)) < exp(ta) — a4 exp(tb) O e_“)‘((l —A) + Ae*),
(E@E)=0) b—a b—a

where A := =% € (0,1) and u := t(b — a) > 0.

(Asto (1) ul= t(fjs) (—a) = —at, 1-A=1+;% = % and \e" = —ﬁet(b_a) = — ;% (ef.eat),
whence

b 4 a

tb ta u ta
—(1—
2 e 2 e (I = X)e" + Xeve

=e"((1—- M)+ Ae") = e_“)‘((l = A)+ Ae").)
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Therefore

(+) log E(exp(t£)) < —Au+log((1 — A) + Ae*) =: L(u)
Differentiate twice to obtain
Ae A
uy=-A\+—"—=-2+———"——
(u) T o) e T A
and
L (u) = A1 —=XAe - (-1) A (I—=Xe ™™
(T =XNemu A2 (T=XNe v+ X (1—=Ne v+
A A 1
— 1— <z
(1—)\)6*“4—)\( (1—)\)6*“—1—)\) — 4’

since (1 —2) < ¥ VzeR
Expanding by Taylor’s theorem we obtain with an appropriate u* € (0, u)
1
L(u) = L(0) 4u L'(0) +=u? L" (u*) < —u?.
~—~— —— 2

——
=0 =0 <

ol =

T

Applying the last inequality to (+) for each & = & and each u = t(b; — a;), 1 < i < n, we get
E(exp(t&;)) < exp(gt?(b; — a;)?), and thus by (5.5.1) we arrive at

IP’(Z & > x) < exp(—at+ %t2 Z(bz —a;)?).
i=1

=1

n

Finally, set t := 4/ >_ (b; —a;)? to minimize the quadratic form on the rhs of the last inequality which
i=1

yields the result. a

n 2 2 2
3 — . 2 1,2 _ 4 116 _ 2
(In fact, with C, := igl(bl —a;)?, —at+ gt?Ch o) R T -.)

5.5.3. Corollary.
Applying the same arguments to —&;,1 < i < n, and combining with the inequality for & one gets a
two-sided bound under the same conditions, namely for each x > 0

P(1D &l = x) < 2exp(—227/ > (b — a;)?).
=1 =1

5.5.4. Corollary.
Let (g;)ien be a Rademacher sequence (defined on (2, A,P)) and (¢;)ien be an arbitrary sequence of
real numbers. Then for each n € N and each x > 0

n

P( Y cic > ) <2 exp(—2%/2)_ ).

1=1 i=1
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n
PROOF. Follows from 5.5.3 applied to & := g;¢;, b :== —a; := |¢;]. Note that 3 ¢7 = Var(

=1 7

Eici).
1

n

It is this last inequality which is applied in [Po84], pp. 16,26,31,150,164, and [Gee00], Section 3.6.:
Uniform laws of large numbers under random entropy conditions, pp. 34 - .

5.5.5. Bennet’s Inequality.

(cf. [Ben62])
Let &1, ...,&, be independent rv’s (defined on (2, A,P)) with zero means and bounded ranges: |&| <
M < oo. Write o2 for the variance of & and suppose that Y 02 <V < oco. Then for each x> 0

i=1

P( > 6l > @) <2 exp(- oV B(MaV ).
i=1

where  B()\) := w for A > 0.

PROOF. It suffices to establish the corresponding one-sided inequality. The two-sided inequality
will follow by combining it with the companion inequality for —¢;,1 < i < n.

In deriving an upper bound for the moment generating function E(exp(t§;)) we will, as in the proof
of Hoeffding’s Inequality, drop the subscript ¢ temporarily. So, noticing that £ < M

th _
B(exp(t) = 1+E(©) +) 77 EE¢)

>
=0 k22 exists, since E(|¢F|) <Mk <oo

ik
SH_ZHJ;M;CJ

=1+0%-g(t) < exp(o®-g(1)),

where g(t) := (e!™ — 1 —tM)/M?. Applying this inequality for each £ = ¢; and 02 = 02,1 < i < n,
yields

E(exp(t&)) < exp(a; - g(t)),
and thus by (5.5.1) we arrive at

n

P(Y & >x) <exp(—at+g(t)- > of) <exp(V - g(t) — zt).

i=1 =1

Differentiate to find the minimum value
t=M tlog(1+ M2V 1)

which is positive. It remains to check that with this ¢ and the definition of g(t) the rhs of the last
inequality yields the result as stated in 5.5.5. a

82



5.5.6. Remark.
For the proof of 5.5.5 the condition |§;| < M < oo was essential. In [Due00], pp 27 - it is shown
that the one-sided inequality, i.e.

P(Z &>x) < exp(—%gﬁv—l B(MaV~1Y)
i=1

holds for each x > 0 even under the assumption that & < M < 00,1 < i < n.

5.5.7. Remark.
The function B(-) is well behaved:
B()\) s continuous and monotone decreasing in A > 0;

AB(X) is continuous and monotone increasing in A > 0;
B(0+) := hm B(\) =

B(\) = (2—1—0( )) log (A )/)\ if A — 00;

For each A >0 B(A)>ﬁ.

If we replace this lower bound in 5.5.5 we obtain under the same conditions for each x > 0
1

—Mz))

(5.5.8) B 612 2) < 2 exp(— 2/ (V + 5

which is known as Bernstein’s Inequality (cf. [Ber24/).
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6 Uniform Laws of Large Numbers (ULLN)

6.1 A ULLN for RMP’s

Let again X = (X,X) be an arbitrary measurable space and denote with M (X) the space of all
p-measures w on X, equipped with the smallest o-field M such that all the maps w — w(B), B € X,
are measurable.

Let F be a class of X-measurable functions f : X — R with X-measurable envelope ' : X — R
(supposed to be countable for simplicity to avoid measurability considerations). Let, as in Section 3,
(Wnj)1<j<jm)nen be a triangular array of random p-measures on X, considered as re’s in (M (X), M),
and let (§nj)1<j<j(n),nen be a triangular array of real-valued rv’s (i.e. re’sin (R, B)), where j(n) — oo

as n — oo.
We are going to present a ULLN for RMP’s S, = (S,(f)) fer with
(6.1.1) Su(f) =Y wai(f) &y, fEF,

J<j(n)
as introduced in Section 3.1, where, as already remarked there, we do assume (cf. 5.1.1) that the
processes (wn;(f) - €nj) rer are defined via coordinate projections on the product p-space

@AB) = (5 x MO0 XR) . @ @ MBE). x( x Lllwn&u))).

whence for all n € N the sequence

(wnlu énl)y ey (wnj(n) ) gn](n))

is a sequence of independent but not necessarily identically distributed pairs of re’s in (M (X) X
R, MQB), i.e.the laws L{(wp;,&nj)} need not be identical; also dependence within each pair is
allowed.

(Note that in the notation of definition 5.1.1 we have now that
Qowr— nnj(w) = hnj(wnj) = hnj((wnjvgnj)) = (wng(f) ' Enj)fef eV:= R}-')

In order to formulate our ULLN we need some more notation:
Given S, = (Sn(f))rer with S,(f) as in (6.1.1), let for any 6 > 0
fns =Y Wiy gl - T (wn; (F)|&ns] < 6),
J<i(n)
and let JE},B& be the random Li-pseudometric on F defined by
AN (1,9) = D wai(F) = wni(@)] - [€ngl - T(wny (F)|énj| < 6)
i<i(n)
for f,g € F. Finally, for any 7 > 0, let N(7,F, dﬁn)&) be the random covering number of (F, J;(}n)é)
(see the definition 4.1.1).

Then we have the following result (cf. [Gae98], Theorem 2.1):
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6.1.2. THEOREM (ULLN for RMP’s).
Assume that (6.1.3) — (6.1.5) hold, where (for 1 < p < c0)

(6.1.3) lim } Ev (wnj(F)P NP+ T (wnj (F)|€ns] > 5)) =0 forall §>0
J<j(n)
(6.1.4) sup 3 E (w0 (F) « 6051 - (i (F)[n] < 61)) <00 for some 8 >0
ne
J<i(n)

For all 7> 0 there exists 6 = §(t) > 0 such that

6.1.5
( ) (N(7 - pns(F), F, J,(}n)é ))nGN is stochastically bounded.
Then
L
(6.1.6) sup [Sn(f) —E(Sa(f))] — 0,

feF
Ly ‘
where — denotes convergence w.r.t. the Ly-metric.

(N(7 - pns(F), F, Czl(}n)é ))nGN stochastically bounded means that for all p > 0 there exists an M =
M(7, p) < oo such that

limsupIP’*(N(T-u s(F), F,dV )>M> <p.)

? THns
n—00

PROOF. Concerning (6.1.6) we remark that by (6.1.3) we also have (since || - [|1 < || - ||p)

lim 3 E(wnj(F) Nens| - T (wng (F)[€ns] > 5)) —0 V>0,

J<i(n)
whence by (6.1.4)

p 3 B ) el < .

neN
J<i(n)
and therefore E(]S,(f)|) <oco Vn e Nand Vf e F.

Now, by the Symmetrization Inequality 5.1.2 (applied with ¥(z) := 2P,z € Ry ), it suffices to show
that

Jim ?gy__‘]g;)%wm (N)énsl") =0

where (£;);en is a canonically formed Rademacher sequence which is independent of both arrays (wy;)
and (fn])

Next, by (6.1.3) there exists a sequence (d,,)nen of positive real numbers with 4, — 0 and

1
Jim 7 B (g (B Lguns (F) > 52) ) =0,
7<i(n)
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where we put fin; := wy; - |&,;] for short. Hence it suffices to show that

lim E(sup S5, (/)]") =0,
fer

n—oo

where Sns,, (f) 1= 32 j<j(n) €5Wn;j (f)&nj - 1 (1in; (F) < 0n) .
But, since the summands of S, (f) are bounded by 6, (with 6, — 0 as n — 00), it follows by

application of Hoffmann-Jgrgensen’s Inequality 5.3.1 (with ¥(x) := 2P, x € R,) that it suffices to
verify

(a) sup |Sns, ()] — 0.
feF

To prove (a), let § > 0 and € > 0 be arbitrary but fixed. Let (cf. (6.1.4))
Ci=sup > E(unj(F) - (pn;(F) < 61)).
neN
3<i(n)

Choose 7 := ¢3/2C and take § = 6(7) according to (6.1.5).

Now, for p:=¢/2, let M = M(t, p) > 0 be such that for A,, := {N(7uns (F),F, J,(}n)& )* > M} we have
by (6.1.5) that limsup,,_,.P(4,) < p where the star (*) denotes the measurable cover function
(cf. (2.3.17)). Then, by Markov’s Inequality and Fubini’s theorem it follows that

(b) P(sup [Sns, ()| > B) < P(An) + 57 E(1ga, Ee(sup |Sns, (£)])),
feFr feFr

where E. denotes integration w.r.t. the Rademacher sequence.
Now, for n large enough such that §,, < ¢ and 6, < d; (01 as in (6.1.4)) we obtain by the Maximal
Inequality for Rademacher Averages with a universal constant 0 < K < oo that

Ee(sup ‘Snén (f)‘)

feF
< THns (F)+
1 1
K1 (1+ N(tpns (F), FodD )7 -sup | Y w?i(f) €2 I (F) < 6,)]2
feF -
J<i(n)
< THns (F)+
1 1
0R KA (1 + N (Tpins (F), FdD )2 (N g (F) - I(pung (F) < 61))%.
Ji<i(n)

(Actually the Maximal Inequality even holds with log N (tups (F'), F, Jﬁ?é ) instead of N(7puns (F),F, dﬁgs )-)
So by definition of A,, it follows that for large enough n

E(lgy, Ee (Supfef\snan( i) <

© B juns (F) + 05 K11+ M)S S (5, 0y g (F) - Lo (F) < 01).
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Now, observe that fing < 32 i) fng = L(pnj(F) < 01) + D25<i(n) bnj - L(pnj(F) > 61) whence by
(6.1.3) we have

(@) lim sup Ejis (F)) < C+limsup S EF (i (F)? - I(ping (F) > 1)) = C.

Hence we obtain by (b) — (d) that

limsup P(sup [Sus, (f)| > B) < p+B77C =«

n— oo feF

by the choice of p and 7. Since € and (3 were arbitrary, this implies (a). O

NOTE: Condition (6.1.5) in the theorem can be replaced by (6.1.5)’

For all 7 > 0 there exists § = () > 0 such that

6.1.5)
( ) (N(Ta}—> JE},?(;

))n cy s stochastically bounded.

Indeed, following the proof of theorem 6.1.2 up to (b) now with 7 := ¢3/2 and A4,, :== {N (7, F, thln)(s ) >
M}, the Maximal Inequality for Rademacher Averages now gives
Ee(sup [Sns, (/)]) <

fer
1

T+ Ki(1+ N(r, F,dP )z - sup| ST w2 (f) € I(pns(F) < 80)l2.
J<J n)

The result then follows as above.

6.1.7. Remark.

Since for RMP’s we did tacitily assume (cf. Section 3.1) measurability and finiteness of wy;(F') for
all1 < j<j(n) and n € N, the same is true for the random measures ji,s, whence pps(F) < 0o for

alln € N and § > 0. Therefore, it follows from 4.3.17 that in case of VCGC’s F, for each T > 0 there
exists a constant C = C(1),0 < C < oo, such that (note that JE}M (f,9) < d&ln)é = pns(|f —9gl)

SUEN(T'#né( ) f‘aJE})&) <C,
ne

whence the condition (6.1.5) is automatically fulfilled for VCGC’s F with envelope F.

Thus, from Theorem 6.1.2 we get

6.1.8. Corollary.
Let F be a countable VCGC with envelpoe F. Assume (6.1.3) and (6.1.4), i.e. (for 1 <p < c0)

lim Y E%<wnj(p)p Nens P - T(wni (F)|Ens| > 5)) =0 foral 6>0, and

n—oo . -
Ji<i(n)

sgg Z (ww N&njl - I (wnj(F)|&n;l Sdl)) < oo for some 61 > 0.
"<
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Then .
sup |Sn(f) - E(Sn(f))| — 0

feFr

where Sp(f) == X<y Wni(f) - &nj, [ € F, and where the processes (wn;(f) - &nj) jer are defined
as coordinate pmjectz’ons on the product space (2, A,P) as introduced above.

6.2 ULLN’s for partial-sum processes with either fixed or random
locations

Let X = (X,X) be an arbitrary measurable space, C C X’ a countable VCC, (1nj)1<j<j(n)nen be a
triangular array of re’s in (X, X') and (§n))1<j<j(n)nen @ triangular array of rv’s with j(n) — oo as
n — oo, such that for each n € N the sequence of pairs (w,1,&n1); s (Wnj(n)» njn)) is independent but
not necessarily identically distributed; also the components within each pair need not be independent.

Then, by taking wy; := 0y, (9y,,
following result for partial-sum processes with random locations as introduced in Section 3.2.1:

= Dirac measure at 7,;) we obtain from 6.1.8 immediately the

6.2.1. THEOREM (cf. [Gae94b], Theorem 3.1).
Assume that the following two conditions are fulfilled:

(6.2.2) hm Z (\fn]\ I(|&n;] > 5)) =0 forall 6 >0
i<itn)
(6.2.3) sup Z E(\fn]\ I(|&nj] < 51)> < oo for somed; > 0.
neN
3<i(n)

Then, for the partial-sum processes Sy, = (Sn(C))cec defined by

Sn(c) = Z 10(77nj) : fn]’v Celc,

J<i(n)
one has
(6.2.4) lim E( sup |5,(C) ~ E(S.(C))]) = 0.
n—oo ceC

6.2.5. Remark.
Note that (6.2.2) and (6.2.3) together imply that sup,cn>.
exists for alln € N and C € C.

jgj(n)E(|’fnjD < 00, and thus E(S,(C))
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In the identically distributed (id) - case, that is, when &,; = j(n)"'¢;,1 < j < j(n),n € N, with
j(n) — oo as n — oo, for some sequence (§;);en of identically distributed ;, we have for each § > 0

> E(lusl - 18| > ) = E(J&a] - 1111 > 8j(n)))

J<i(n)
and
sup S E([6w] - T(wng (F)léns| < 6)) <sup 37 Elléns]) = B,
neN .~ neN .~

7<i(n) 3<i(n)

whence in the id-case both conditions (6.2.2) and (6.2.3) are fulfilled under the only assumption
E(l&1]) < oc.

From Theorem 6.2.1 together with Remark 6.2.5 we obtain

6.2.6. Corollary.

Let S,(C) :== j(n)~! > i<jtm) le(mmg) - &, € € C, C C X being a countable VOC, (wnj)1<j<j(n)neN
be a triangular array of re’s in (X, X) with j(n) — 0o as n — oo, and let (§;)jen be a sequence of
identically distributed rv’s § with E(|§1]) < oo such that for all n € N (wn1,81), s (Wpj(ny, &n) 8
a sequence of independent but not necessarily identically distributed pairs of re’s in (X x R, XQB).
Then

lim E(sup 15,(C) — E(Sn(C))|) —0.

n—aoo ceC

Concerning partial-sum processes with fixed locations in X = I¢ = [0,1]¢,d > 1, Theorem 6.2.1
together with Remark 6.2.5 implies the following result (cf. Section 1.3 and 1.4):

6.2.7. Corollary.
Let S,(C) := n*dzle}n lo(j/n) - &5, C € C, where &, 5 € N9, are iid rv’s with E(|&1]) < oo, and
where C C I* N B% is a countable VCC; then

lim E( sup[$:(C) = 1 (nC)|- B(J&a])) = 0.

where Jy, :={1,...n}  (and nC := {nc:c € C}).

6.2.8. Remark.
Considering, more generally, function-indexed partial-sum processes S, = (S, (f))rer, defined by

Sulf):=3n)™" > flmmg) &, fEF,

J<i(n)

with F being a countable and uniformly bounded VCGC (i.e. with envelope F = M < o), and where
(Mnj)i<j<j(n)men 8 a triangular array of re’s in (X, X) with j(n) — oo as n — oo, and §;,j € N,
are identically distributed rv’s with E(|§1]) < oo such that for alln € N (9a1,&1), -+, (Mnjn)> $in)) 5 @
sequence of independent but not necessarily identically distributed pairs of re’s in (X xR, XQ)B), then
in the same way as in the set-indexed case above, Theorem 6.2.1 together with Remark 6.2.5 yields

lim E( sup|S,(f) ~ E(Su(/))]) = 0.
n—oo feF
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6.3 ULLN’s for empirical processes

Given an arbitrary measurable space X = (X, X), let us consider at first the set-indexed case, i.e. with
a countable VCC C C X as parameter space for the empirical measures v, = (v,(C))cec defined by

vn(C) i=3j(n)™" Y lo(nm), CeC,

J<i(n)

where (1nj)1<j<jn)nen 18 a triangular array of rowwise independent but not necessarily identically
distributed re’s in (X, X) with j(n) — oo as n — oo. Then it follows from Corollary 6.2.6 (with

(6.3.1) lim E(sup v (C) — an(0)|) —0,

n—oo cec
where 7, (C) := j(n)™? > j<in) Pl € €), C €C.

Especially, if for each n € N n,; = n;,1 < j < j(n), with n;,5 € N, being iid re’s in (X, X) with law
v on X, then for
va(C) ==3j(n)"" Y le(n;), Cec,
7<j(n)

it follows together with (2.1.5) that (cf. Theorem 2.1.6)

(6.3.2) llvn — v||c :=sup [vp(C) —v(C)| — 0 P —a.s.
ceC
As to the function-indexed case we get from Corollary 6.1.8 (with p = 1,wp; = d,, and &,; =

j(n)~1,1 < j < j(n),n € N) the following more general result mentioned already in connection with
(4.3.9):

6.3.3. THEOREM.
Let X = (X, X) be an arbitrary measurable space, n;,j € N, be iid re’s in (X, X) with law v on X
(defined as coordinate projections on the p-space (2, A,P) := (XN AN VYY), and let F be a countable
VCGC of X-measurable functions f : X — R with X-measurable envelope F' : X — R such that
v(F):= [y Fdv < oco. Then, for vy,(f) = j(n)~! 2j<im) f(;), | €F, one has (with j(n) — oo as
n — 0o

)

(6.3.4) lim E( sup [vp(f) — y(f)|) ~0.

n—o A\ feF

Moreover, by the same reversed martingale argument which led to (2.1.5) one obtains also

(6.3.5) sup [vn(f) —v(f)] — 0 P—a.s.
feF

PROOF. According to 6.1.8 we have to verify (6.1.3) (with p = 1) and (6.1.4), where now w,;(F) =
b, (F) = F(n;) and &,; = j(n)™!, ie.
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(+) lim 3 E(F(nj) ()=t I(F(n;) j(n) "' > 5) 0 V>0, and
"0 <i(n)
(++) sup Y. E(F(nj) ~j(n)L - I(F(n; )) < oo for some §; > 0.
neN j<j(n)
As to (+), Xci B(Fy) - jn) " I(F () ()~ > 8)) = E(F(m) - I(F(m) > 6j(n))) — 0 as

n — oo, since E(F(n1)) = v(F) < oo by assumptlon
As to (++4), suppen ngj(n)E<F(77j) j(n)~H - I(F(ny) j(n)~t < 51)) = SupneNE<F(771) I(F(m) <
61j(n)) < E(F(m)) < oo. =

6.3.6. THEOREM (A ULLN wvia Bracketing).

Let X = (X, X) be an arbitrary measurable space, n;,j € N, be iid re’s in (X, X) with law v on X
(defined as coordinate projections on the p-space (2, A, P) := (XN, AN VYY), and let F be a countable
VCGC of X-measurable functions f : X — R s.t. for any € > 0 there exist m € N and functions
91, P, ey Gy b i L4(X, X, v) such that Vj < m g; < hj and v(hj —g;) < €, and that V f €
F 35 <m with g; < f < hj. Then

lim E(sup vn(f) — u(f)|) = 0.

nTmee N feF

(As the proof will show, that for not necessarily countable F sup ez [vn(f) —v(f)| < G with rv’s G, satisfying
E(¢n) — 0.)

PROOF. Let f € F be arbitrary and g; < h; be such that g; < f < h; and v(h; —g;) < ; then

(wn = v)(f) < vn(hy) —v(g;)
= (l/n — V)(hj) + l/(hj — gj)

IN

< (vn —v)(hy) + e,
and
(vn = v)(f) 2 vn(g;) — v(hy)
= (vn —v)(g;) —v(h; — g5)
> (v —v)(g;) — &,
whence

(v =) (D < (v = v)(hy)] + & + [(vn = v)(g5)];

and therefore

E(sup () = #(D]) < 30 Bl )(g5)) + 3 Bl — 0)(By)]) +

fer j<m i<m

— € asn— oo,
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since for any a € £1(X, X, v)

(*) lim E<|(un - u)(a)|> —0.

n—~o0

As ¢ > 0 was arbitrary, Theorem 6.3.6 is proved. O

As to (*): Note that for any a € £1(X, X, v)

(0 = 0)(@) = = S (aly) ~ Ealny)))

Jj<n
with & := a(n;) — E(a(n;)) being iid and E(|&]) < co. Thus {S, := 2 > & : n € N} is uniformly
Jj<n

integrable, whence by the weak law of large numbers (according to which S, .0 together with
[GaeT7], 1.14.9 assertion (*) follows.

6.4 ULLN’s for smoothed empirical processes

Throughout this section X is supposed to be an arbitrary linear metric space endowed with its Borel
o-field X.

Let 15,7 € N, beiid re’s in (X, X') with law v on X' (defined as coordinate projections on the p-space
(Q, A, P) = (XN, AN N,

Let v, :=n~! di<n
estimator (of sample size n) for v.

4y, be the empirical measure based on 71, ...,m,, n € N, viewed as nonparametric

If the underlying v is “smooth” it is natural to use a “smoothed” version 7, of v, as an estimator for
v, rather than the empirical measure itself.
Following Yukich [Yu89] we consider smoothing through convolution as follows:

Given a sequence (pn)nen, of p-measures p,, on X let
Up, 1= Up * ln

be the so-called smoothed empirical measure based on 1y, ..., n,, i.e.

(6.4.1) Un(B) :z//lB(x—i-y)Vn(dx)un(dy), BeX.
X X

Note that 0, = v, if pu, = dp (Dirac measure at 0).

Taking X = R, the following picture shows that by convolution we can turn the discrete empirical
measure v, into a continuous one. This is not surprising since v, x i, has a Lebesgue density if u,
has one.

For illustration we take n = 4, u,, the uniform distribution on [-1,1] and 1, ..., x,, a sample from the
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rv’S N1, ...,y The picture shows the distribution functions which are also denoted by vy, uy,
respectively.
1 —
Un
o——O
O
O
o T 1 Ty I3
1__
Hn
. I
—1 1
11 p
Un
o 1 1 Ty 23

and 7y,

R

(6.4.1) also includes kernel smoothing in density estimation. For this, let us take X = R for simplicity,

and let for each u € Ry ((—00,u]) := H(3%), hy, > 0, where

:/_;K(v)dv, K>0 /K

(note that in this case p, — &y weakly if h,, — 0 as n — 00)
Then, for each ©u € R

(o) = | [n*zl(_oo,u}(wy)] pa(dy)

(6.4.1)

j<n
:n_IZun((—oo,u = _1ZH
i<n i<n
n~! Zh i.e.
1<n

U ((—o0,u]) = /u gn(t) dt VueR with

— 00
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Gn(t) = (nhy) 1Yo, K(5
the £{n;}’s.

Zj) being the kernel density estimator for the underlying density g(t) of

Returning to an arbitrary linear metric space X, let F be a class of X-measurable functions f : X — R
with X-measurable envelope F': X — R. For each f € F, put

(6.4.2) Un(f) :z/deﬂn,

tacitly assuming that the integrals of functions f € F do exist.
For iy, (f) this is the case if [y |f(z +y)| pn(dy) < oo Vz e X.

Note that (cf. (6.4.1))

(6.4.3) U ( //fx—l—y Un(dz) i (dy) = n 1Z/f77]+yun dy), and

i<n

(6.4.4) E(0n(f)) =v*pn(f) VfeF andneN.

(In fact, as to (6.4.4), E(7n(f)) = [y E (fx T+y Vn(daz)> pn(dy) = [ E(n_l S i<n f(n +y)) tin (dy) =

Jx Ix @+ y)v(de)pn(dy) = v* pn(f).)

It will be also tacitly assumed that suprema over f € F, like sup;cr |70 (f) — v(f)], are measurable
(being the case by assuming, as in the former sections, that F is countable, for simplicity).

Now, our aim is to present ULLN’s, i.e. sufficient conditions on F and the smoothing measures p,,n €
N, under which (for 1 <p < c0)

(6.4.5) sup 7 (f) — v(f)] =2 0

fer
Concerning (I, )nen as an estimator sequence for an unknown v, from (6.4.5) one can of course only
deduce weak consistency, but, as Pfanzagl [Pf94], p. 188, remarks strong consistency, i.e. almost sure
convergence of an estimator sequence, adds nothing to weak consistency, i.e. convergence in probability,
which could be of use on the way to the asymptotic distributions of estimator sequences. Thus, it is
reasonable to seek for sufficient conditions under which (6.4.5) holds true.

Concerning once more the above example of kernel smoothing, (6.4.5) yields sup,cg |Gn(u) — G(u)]

L A
— 0, where Gy, (u) := Dy, ((—00, u]),u € R, and where G is the df of the n;’s
Fernholz [Fe91] remarks on the estimator Gy,

Estimators Gy, derived by integrating density estimators have required less attention. Although esti-
mating a density g by using g, or its distribution function G by using G, are equivalent problems,
the error of the corresponding estimator is usually measured in different ways. For density estimation
the “Ly view” (see Devroye and Gyorfi [Dev85]) based on the Ly error ||gn — g||1 has been gaining
popularity over the more traditional Lo approach using ||gn — gl2-

In kernel distribution function estimation the discrepancy error between Gn and G should be measured
in terms of some distance in the space of distribution functions. Metrics such as the supremum norm,
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the Prohorov distance, or the Levy distance, provide a useful framework to study the properties of G.

Indeed, from Winter [Win73] and Yamato [Ya73] we have a.s. uniform convergence of G,, to G, see
also Mack [Ma84] and Prakasa Rao [Pra81].

A more general setting for studying estimators (as already considered in [Win73] and [Ya73]) for a
distribution function G is obtained if G,, is defined by

én(u) = n_l Z;U*n((_ooau - 77j) , u€R,

j<n

with p-measures u, on B (not necessarily having a density). G,, is then called smoothed (or perturbed)
empirical distribution function with the above mentioned kernel smoothing as a special case. Note that
in general, i.e. for arbitrary linear metric spaces X, smoothing by convolution is its natural extension,

since (cf. (6.4.1))

(6.4.6) 7u(B) ="' /X (s + gialdy) =n S (B — 1), Be.

Jj<n Jj<n

Now, we are going to mention at first the traditional approach towards ULLN’s for smoothed empirical
measures. We will formulate it for an arbitrary metric space X and for classes F of A-measurable
functions f : X — R being uniformly bounded, i.e. with supscrsup,cx [f(z)] < M < oo. We do
not loose anything if we assume here and in the following that M = 1 (which means that the constant
function M serves as an envelope of F). Let F be the class of all translates of elements of F, i.e.

F={fe:zecX, feF}
where f, : X — R is defined by f.(y) := f(x +y), y € X. Now consider the decomposition
(6.4.7) Up —V="Up—Vk iy +V* iy — U,

where (cf. (6.4.4)) E(@n(f)) =vxun(f) Vf € F, thus v * p,(f) — v(f) being the non-stochastic bias
of v (f), f € F.
The decomposition (6.4.7) together with the assumption F = F (saying that F is closed under

translation) is essential for the following lemma:

6.4.8. Lemma.
Let X be a linear metric space and suppose that F = F. Assume further that

sup [vn(f) — V()| 220 and  sup [ () — v(f)] — 0.
fer feF

Then

sup [ (f) — v(f)] =2 0.
feF
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PROOF. According to (6.4.7) it suffices to show that

sup [ (f) = v pn(f)] < sup [vn(f) — v(f)].
fer fer

For this, let g € F be arbitrary; then

[7n(g) — v pin(9)] = [vn * pin(g) — v * pn(9)]

_|// (x 4+ y)vp(dx) pn(dy) — /X/ngb‘+y (dx)un(dy)]
_|//gy ) () i (dy) — gy (2)v(dw) pn (dy)|

XJX

= {/‘ Vn gy gy))ﬂn(dy)‘

S/X?el;})_‘un V(f)‘/in(dy)

= sup ’Vn )_V(f)‘
feF O

Concerning the bias-term v, —v = v * pu, — v %0y (69 = Dirac measure at 0) one shows in the same
way that in the case F = F

(6.4.9) sup [V % pin (f) — v+ 8o(f)| < sup |pn(f) — 0o ()],
feF feF

where, e.g. for separable X and uniformly bounded equicontinuous classes 7 sup ez |pn(f) — do(f)]
— 0 if p,, — do weakly (in the sense of weak convergence of Borel p-measures in metric spaces); cf.
Theorem 1.12.1 in [Va96].

The conditions of Lemma 6.4.8 are fulfilled e.g. if X = R,F = {1(_cy,t € R}, p, — o weakly
and v being a continuous p-measure on B in R. The result in this special case goes back to Winter
[Win73] and Yamato [YaT73].

The disadvantage of Lemma 6.4.8 (and (6.4.9)) is that it only holds under the rather restrictive
assumption F = F, a condition which cannot be dispensed with in general; see Example 2.2. in
[Gae99).

Note also that assuming the existence of a real-valued envelope F of F, the condition F = F implies
that F is uniformly bounded (i.e. sup,cy supser |f(2)] < c0).

For X = R?% d < 1, Lemma 6.4.8 can be found in [Yu89] with a.s. convergence replacing convergence
in the Ly-norm. Also from Yukich [Yu89] we know the following result in the case X = R% d > 1:

6.4.10. THEOREM (Yukich).
Let X =R%,d > 1, and assume p,, — 6y weakly and that

F is uniformly bounded
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and

(6.4.11) N7, Fv) <o  forallr >0

where NH(T, F,v):=min{m € N: 3f1, ..., frn : X — R, f; continuous ,v-integrable such that for all
[ € F there exist f;, fj with f; < f < fjand v(f; — fi) < T}

Then

sup |7 () — v(f)] =5 0.
feF

Here one gets rid of the assumption F = F, but the condition (6.4.11) on the so-called covering
number with bracketing is rather strong: Taking F uniformly bounded and u, = &y, Theorem 6.4.10
leaves (6.4.11) as a sufficient condition for a ULLN in the case of non-smoothed empirical measures,
a sufficient condition which is far away from being necessary (Talagrand [Ta96]), especially in view
of the continuity assumption on the f;’s which normally is not involved in the definition of covering
numbers with bracketing. As we shall see below, Theorem 6.4.10 will follow from our ULLN 6.4.17
(cf. Lemma 6.4.22).

Next, also not imposing the assumtion F = F, there is a completely different way to obtain ULLN’s
for smoothed empirical measures via the Random Measure Process Aprroach, being based on our
Theorem 6.1.2:

For this, note that 7, (f) can be represented as (cf (6.4.3))
Un(f) = Z Wi (f) -+ nj
J<i(n)

by taking j(n) := n,wn;(f) := [y f(nj+y) un(dy), and &,; := n~'. Thus, in view of the decomposition
(6.4.7) together with (6.4.4) Theorem 6.1.2 yields the following ULLN. (Note that the n;’s on which
the wy,;’s are based are iid.)

6.4.12. THEOREM.
Let X be a linear metric space and assume that (6.4.13) — (6.4.16) hold, where (for 1 <p < c0)

(6.4.13) lim E(wnl(F)p (Y wn (F) > 5)) =0 foralls >0
(6.4.14) supE(wnl(F) I(n " we(F) < 61)) < oo for some & > 0
neN

For allT > 0 there exists d = (1) > 0 such that

(6.4.15) (N(7 - pns(F), Fdits )

nen U8 stochastically bounded.

(6.4.16) sup v x pn(f) —v(f)] — 0.
feF
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Then

sup |7 (f) — v(f)] =5 0.
feF

Now again (cf. the Note before 6.1.7) the condition (6.4.15) can be replaced by

For all 7 > 0 there exists § = §(7) > 0 such that

6.4.15)
( ) (N(r, F, CZ,% ))nEN is stochastically bounded.
and, since
dn,(1.9) <d5)(1.9) VigeF
even by
(6.4.15)" (N(r,F, CZ(;}))%N is stochastically bounded for all 7> 0

where Jg} is defined by

Bt = [ | [ 5+ 9) = ol ) |rnlie)

for f,g € F.
Next, take a closer look at the case when F is uniformly bounded. Then {n~lw,;(F) > §} = @ and
{n " tw,;(F) < 6} = Q for each § > 0 and large enough n. Thus (6.4.13) and (6.4.14) are fulfilled in

this case. Furthermore, for every § > 0 we have J&)J = Jgn) for large enough n. So Theorem 6.4.12
yields

6.4.17. THEOREM.
Let X be a linear metric space and suppose that F is uniformly bounded. Assume that (6.4.16) and
(6.4.18) hold, where

(6.4.18) ForallT>0 (N(1,F, Jl%))) is stochastically bounded.

neN

Then (for each 1 <p < o0)
. L
sup 7 (f) — ()] 2 0.
feF

Since, for uniformly bounded F (with F' =1 w.l.o.g.),
N(r. F.dy)) = N7+ s (F). F.dy))

for large enough n, we get from Theorem 6.4.17 together with 6.1.7 the following result in case of
uniformly bounded VCGC’s F:
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6.4.19. THEOREM.

Let X be a linear metric space and let F be a uniformly bounded VCGC. Assume uniform convergence
to zero of the bias-term, i.e. supsez |v * pn(f) —v(f)] — 0.

Then (for each 1 <p < o0)

sup |7 () — v(f)] =5 0.
feF

In the context of smoothed empirical measures or processes, respectively, one usually assumes pu, — o weakly. Note however
that in our theorems we did not assume weak convergence of (pn)nen in advance. This does does not follow from (6.4.16) nor does
tn — 8o weakly imply (6.4.16) as can be seen by the following example:

6.4.20. Example.
Let X =R, F :={1(_ooy :t € Q}, v =00 and ppn :=d1,n € N. Then p, — &0 weakly, but (6.4.16)
does mot hold; in fact, supser [V x pn(f) —v(f)] = 1. !

On the other hand, since (6.4.13) — (6.4.15) are fulfilled, this example also shows that (6.4.16) cannot
be dispensed with, in general, for our theorems 6.4.12, 6.4.17 and 6.4.19 to hold true, since in the

present case E(supgcr [Un(f) —v(f)]) = 1.

However, if F is “smooth” we can deduce (6.4.16) from p, — Jp weakly (without assuming
F = F; cf. (6.4.9) and the remarks made there).
Assuming X to be separable, we obtain the following result:

6.4.21. THEOREM.
Let X be a separable linear metric space and let F be a uniformly bounded equicontinuous VCGC.
Suppose that p, — &y weakly. Then (for each 1 < p < c0)

sup |7 () — v(f)] =5 0.
feF

PROOF. According to Theorem 6.4.19 it suffices to verify (6.4.16), i.e. supsex [vxpn(f)—v(f)] — 0

For each bounded and continuous f : X — R we have by dominated convergence that

vk fin(f) = / / f(z +y)pa(dy)v(dz)
xJx
— [ | fwmmtdnptds) — [ f.@w(ao),
xJx X
since u, — ¢ weakly and f, : X — R is also bounded and continuous for all x € X, where
[ £:(0w(da) = (1),
X
whence v x u, — v weakly.

Applying now Theorem 1.12.1 in [Va96] yields (6.4.16). a
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6.4.22. Lemma.

Let X be a separable linear metric space and let F be uniformly bounded satisfying the condition
(6.4.11) in Yukich’s theorem, i.e. NU(r,F,v) < oo for all 7 > 0. Suppose that p, — &y weakly.
Then (6.4.18) and (6.4.16) hold true, whence Yukich’s theorem comes up as a special case of Theorem
6.4.17.

PROOF. Given any 7 > 0 let f1,..., f;, be continuous, v-integrable and bounded (note that F is
assumed to be uniformly bounded) such that for all f € F there exist f;, f; with f; < f < f; and
v(fj — f;) < 7 (note that NU(7, F,v) < co).
Now, for all f;, f; with

i il ={feF  fi<f<[fi}#9

choose gi; € [fi, f;]. Then, given f € F and f;, f; with f € [f;, f;] and v(f; — fi) < T, we have

since p, — o weakly and (cf. e.g. [Gae79], Section 1.5) v,, — v weakly a.s.; note that f; — f; is
bounded and continuous.
Since v % 6o(f; — fi) = v(f; — fi) < 7, it follows that

limsup N (7, F, d,gln)) <m? as.,

n—oo

whence (N (1, F, dl(;i))) is stochastically bounded and therefore also (N (1, F, dz%))) . since

neN ne

dD(f,9) <dV(f,9) = tn(lf —gl) for f.g€ F.

So we conclude that (6.4.18) holds.

Next, from f € [f;, f;] and v(f; — f;) < T we can also conclude that

vk pn(f) = v(F)] < max{[v x pn(f5) = v(f)| + v (f5) = v()],
v x pn(fi) = v(fl + v (fi) = v()]}

thus

sup |V x pn (f) = v(f)] < max{|y * pn(f;) = v(fj)] : 1 <5 <m}+
feFr

But v x p,(fj) —v(fj) — 0 for all j =1,...,m, since v % i, — v weakly and the f;’s are bounded
and continuous. So we get

limsup sup [v * pin (f) = v(f)] < 7.
n—oo feF

Since 7 > 0 was arbitrary, this gives (6.4.16). O

100



Finally, in the non-smoothed case (i.e. with p,, = dg) one has the following deep result on empirical
measures v, which we deduce from Talagrand [Ta96]; here X is not required to be a linear metric
space.

6.4.23. THEOREM (Tualagrand).
Let (X,X,v) be a complete p-space and F be a uniformly bounded class of X-measurable functions
f: X — R. Then the condition

(6.4.24) (N(r, F, dl(,i) ))n is stochastically bounded for all T > 0

eN

(with dl(,i)(f, 9) :=vn(lf —gl) , f,g € F) is necessary and sufficient for

sup |vn (f) — v(f)] =5 0.
feF

In view of this result it is tempting to see what comes up in the smoothed case. The following result
is contained in [Gae00]:

6.4.25. THEOREM.

Let X be a linear metric space endowed with its Borel o-field X such that (X, X,v) is complete, and
let F be a uniformly bounded class of X-measurable functions f : X — R which is closed under
translations, i.e. F = F. Suppose that supser [pn(f) — f(0)| — 0. Then the following statements
are equivalent:

a) (N(r,F, ) ))nGN is stochastically bounded for all T > 0

n

b) (N(r, f,cz(l)))neN is stochastically bounded for all T > 0

n

¢) supser|im(f) — v(f)] 250
d) super |vn(f) —v(f)] 250

6.5 A more general ULLN

As in Section 5.4, let us consider the general model of stochastic processes
Sn = (Sn(t))tETa ne N>

indexed by an arbitrary parameter space 7' (again supposed to be countable to avoid measurability
considerations) given by

Su(t) ==Y mas(t), teT,
J<i(n)
where 1,5 = (1 (t))ter, 1 < j < j(n),n € N, is a triangular array of rowwise independent stochastic
processes (indexed by T') and with j(n) — oo as n — oc.
We are going to present conditions under which (cf. (2.1.5))

(6.5.1) Tim E(/|S, — E(Sw)[) = 0.
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where again ||S,, — E(S,)|| = [|Sn — E(Sp)||7r := Su:IF) |Sn(t) — E(Sn(t))]-
te

According to the first inequality in 5.4.4, being valid also for not necessarily identically distributed
but still independent 7,,; (cf. its proof based on the two Symmetrization Lemmata 5.4.1 ii) and 5.4.2
ii)) (6.5.1) is shown by verifying

(6.5.2) lim E(]|S%||) =
n—oo
where S := > &jm,; with a Rademacher sequence (¢;);jen being independent of (,,5).
3<i(n)
To verify (6.5.2) the rv [|SD]| = [|Sh||r := sup|Sy(t)| will be approximated by [|SD]]; , where T,, will
teT "
be a (usually finite) subset of 7. Then, with the random pseudo-metric
(6'5'3) Pn ( ) = pn (Satvnnlv '-'777nj(n : Z |77nj nnj(t)‘> s,t €T,
3<i(n)
we get
(6.5.4) 1Sl < sup inf (1SR () +[Sn(t) — Sn(s)])
Ts n

< HSOHT +sup inf [S)(t) — S (s)]
te

SETTL

< |1Snll4, + igjlgpn(t,Tn),

where py,(t,Ty,) := inf pu(t,s).
s€Th
Remember below the Definition 4.1.1 of covering numbers N (u, T, p,,) being the minimal number of

closed p,, - balls with radius u which cover T'.

6.5.5. THEOREM.
Assume the following conditions (6.5.6) and (6.5.7), where (d,)nen is some sequence of positive real
numbers with §,, — 0:

(6.5.6) E( S lll) =001) and E( 3 lngll - I(nnl| > 62)) = o(1)

J<i(n) J<j(n)
(6.5.7) log N (u, T, pn)* = op(0,;, 1) Vu>0.

Then (6.5.1), i.e. lim E(||S, —E(Sn)||) =0 holds true.

The following two special cases are included:
Assume (with K,, := nd, ,d, — 0)

656)  E( Y Imsl) =0 and  dim E( S gl Il > ) =0

nAK,,—oo

J7<i(n) 7<j(n)
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and
(6.5.7) log N(u, T, pn)* = op(v/n) Vu>0.

Then (6.5.1) holds true.

Assume on the other hand

(6.5.6") (Z ogll) = 0(1) and E( 3 gl (gl > w) = o(1) Vu>0

i<j(n J<i(n)

and that log N (u, T, p) is stochastically bounded, i.e.
(6.5.77) logN (u, T, pn)* = Op(1) Vu>0.

Then (6.5.1) holds true.

PROOF of Theorem 6.5.5.  Let 7p; := 1 - I(||7nj]| < 0p) and S, = >~ Tnj. Then
J<j(n)

E(|ISn — E(Sn) = (Sn — E(Sn)l]) < 2E(|ISn — Sall)

<[Sn=5n||+|[E(Sn) — E(Sn)]|
N—

<E(||Sn—Snll)

=2E(I| 3 - L( sl > 6011

7<j(n)

<2 ) E(lmegll - I(lmjll > 6n)) = o(1).
= (6.5.6)
Ji<i(n)

In addition, Vn € N and Vs,t € T

ﬁ;(svﬂ = ﬁn(sataﬁnlv 77771](71)) < ﬁn(5>ta77n1a '-'777nj(n)) = ﬁn($>t)>

whence (cf. Def. 4.1.1)
N(u,T, pn) < N(u, T, pp) Vu>0.

Thus, in view of (6.5.7), we may and do assume w.l.o.g. that Vn € Nand 1 < j < j(n)

(*) [|j]| < 6.
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Now, as already remarked above, (6.5.1) will be shown by verifying (6.5.2). For this,

i(n)
E(ISSE) < E( S sl - 111
J3'=1
j(n)
= > EllnslP) + D 1G # 5V Eg |- rmgel])
3<i(n) J:3'=1

=E([7m511)-E(lI7,,50)1|

S 0B 3 lmll) + (BCY Hnm")

7<j(n) 3<j(n

= 0O(1).
(6.5.6) (1)

Thus, for arbitrary € > 0,

E(lISpI) < e +E(ISall - 11531l > €)
< e+ VE(ISI1?) - P(ISY]] > )

Cauchy-Schwarz

— e+ O(VE(ISY > 2.

Therefore, to verify (6.5.2) it suffices to show that

(%) lim P(|SY]| >e)=0  Ve>0.

For this, given an arbitrary € > 0, let T, = Tn(nnl, ...,nnj(n)) be a random subset of T' such that
|T,| = N(5,T, pn) and sujgﬁn(t,Tn) <5
te
Then, by (6.5.4)
0 € 0
15801 < S+ 115811,

Now,
P(||Snll > &) = E(I(|Spll = €)) = EEU(Sall = &)1, s Thnjn)))s

=:(n<1P-a.s.

and so, by Lebesgue’s dominated convergence theorem, (**) will be proved by showing

(F5%) Cn 0.
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For this, using Corollary 5.5.4, we get Ve > 0
G = P({1S011 = Mt s
< P({IIS0l5, = }|nn1,.,nnj<n>)
< Y PHISH ()] > }|77n1> S n(n))

teTn
3 “ e
(70| =N (5.T,6n)) €T
0] g2
< 2N(=,T, p)supex —
< 2N T pu)supesn (= g5
Ji<j(n)
< 2N( Tp)exp(— e )
) " 8n 2. lmmyll
7i<j(n)
1 _ € R
—2exp[ i ( 2(8 ) lmmgll )™ —5n10gN(§>T,pn))}
—— i<i(n)
e —op(1) by (6.5.7)
—0p(1) by (6.5.6)
P O
— 0

As to (1): (&), (nn;) are independent, so [Gae77], 5.3.22 can be applied:

P({ISUO] = SH ot -sjim ) = P({ D2 €3 (0)] = St Mg )

7<j(n)

€
= Ps<{\ ‘;)Ejnnj (t,w)| > 5}) for P— aa. w
j<i(n

E2

8 X 77721j(t>w)

J<i(n)

< 2exp<

< ) for P— a.a. w.
(5.5.4 with 2=2)

Strengthening the condition (6.5.7) will lead to a refinement of Theorem 6.5.5 with an application to
density estimation as carried out in [Due00] Sections 8.4 and 8.5.

For this one needs the following lemma, where the basic idea of its proof will be Le Cam’s “square
root trick” via Giné and Zinn (cf. [Cam83], [Gi84]).

6.5.8. Lemma.
Assume ||| < 0p V1 < j < j(n) with n € N being arbitrary but fived. Let

Vi = supE( Z 777213‘)'

teT =
J<i(n)

2 T
Th > —_ On) — == .
en P<§161713 ;)nn] 87) = (exp[logN(325 Pn) 85%]/\0 V>V,
i<i(n
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PROOF: Let (g)jen be a Rademacher sequence, independent of (7,;), and Vn € N
Ji={j<jn):egj=1}and Jo:={j < j(n):e5; =—-1} ={1,....j(n) }\J1,

Sk = Z ﬁ?zj for K C {1,....j(n)},
jeK

and 5= Sp1 i)y = > nflj. Since L{Sj,} = L{Ss,} we have

P(sup > 02,(t) = 87) = P(Is]| = 87)

teT .=
J<i(n)
< 2B(||S ]| = 47) = 2B(|[y/S ]l = 2v/7).
Now, for any t € T,
E(Ss(t)|e1y.seitn))
(%) B{V/SA D > V7 et o) < =2 =
(Markov’s inequality) T
_ES®) _ Ve
T T
since
E(Ss(t)]e1,.rg5 (an Jet, € ))
jeN
— ZEnn] ‘517"'7 ( ))
Jj€N
— S E@ ) < Y E(()
jeJ1 i<j(n)

=E( > ) <V

i<i(n) (by def. of V4,)

=E(5(t))

Next, since /Sy, and /S, are independent, given €1, ...,&
the conditional distribution on the lhs. of (*) to obtain

(**) P(||VSnll 2 2v7) < P(I1V/S5 = VSl = V7).

j(n)» We can apply Lemma 5.4.1 i) w.r.t.
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Now, Vs,t €T
|(VERE) = VILE) = (VS4B = VS6®)| < |V5E) = VSR 0| + |VEa() - VS|
(3 s )~ s ®2)" 4 (3 g (9) — mg?)"

jeJ1 JjeJ2

< (4% Oms) — moge?) "

J<i(n)

< (800 Y o) -mol )"

(Imngll<en) N5

IN

=pn(t,s) (by def. of py, in (6.5.3))

Therefore, Vs,t € T
(VS5,) = VEL09) = (VS ®) = V50| < V88upn(t,5).

So, choosing T, = Tn(nnl,...,nnj(n)) C T such that |T),| = N(sz5-+ T, pn) and sup pn(t, 1) < 55
teT

then, in the same way as in (6.5.4) one gets

H VS5 — v SJ2H < H VSn — v SJ2HTn +§u713 \/ 85n,5n(t>Tn)-
S

—_——

Vi
Therefore, we can proceed as in the proof of Theorem 6.5.5 using Corollary 5.5.4 to obtain
]P)({H\/Sjl \/SJ2H >\/_}|77TL1> “ Mhgj(n <]P) {H\/SJl \/SJ2HTn = }‘77711?' 777nj(n))
VT
< Z P({‘\/SJl(ﬂ - \/SJ2(t)| > 7} | Mn1, 777nj(n))

teTy,
<Y PHISH () = Sp(t)] > \/——<\/SJ1 + VSJQ(ﬂ}) |15 - ()
teTh
VT
< Y PEISH () = Sn(t)] > 5 VS W) [ s )
teth
= Z {{ Z 5377”] = \/—\/ |77n17- 77771](71)
teTh 7<j(n)

Fosa” 20 (8 ZS:(t)nTm)

Corollary 5.5.4
J<i(n)

< 2fffexp (-
(1nn1<6n)

)
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from which the result follows after integration w.r.t. (1,;). O

6.5.9. Theorem.
Under the assumptions of Lemma 6.5.8 one has for S, := Y ny; that

J<i(n)
P(/|S — E(Su)l| = 31) < 16E( expllog N(52—, T, pn) — =] A1)

2

Mo N
E< log N(L. T, p,) — -1 1)
+ 8 expllog N(L7,pn) — ) o

for allm > +/2V, and oll T > 2V,,.
PROOF: Since Vte T

Var(Su®) = Y Var(ns() < > E02;(0) < Vai=swpE( - n(0)),
J<i(n) 3<i(n) J<i(n)
we have Yt € T and Sy (t) :== > (), (n,; = (n,;(t))er being independent versions of the
processes 1),; as in Lemma 5.4.2;8(”)
Var(S;,(t))  Var(Sy(t))

P(15;,(t) = E(S, ()] > n) = 5 7

(Tschebyscheff-Ineq.) n

<

9

dw|§

whence v
P(|S5,(t) —E(S, ()| <n) > 1~ 77_;

Thus an application of Lemma 5.4.1 i) (with S, — E(S,,) and S}, — E(S}) = S;, — E(S,,) instead of S

n

and ', respectively), together with Lemma 5.4.2 i) yields

1
P(||Sn — E(Sp)|| > ——P(||S, = S| > 2
(I1Sn — E(S. )H_377)_1_Vn/?72 (I1Sn = Sull = 2n)
2
< ———P(||S%| > 7).
< =y BUIS 2 0)
Now, as in the proof of Theorem 6.5.5 one gets
2
n N n
(*) PISAN = 0} 7oy Tgion) < 2N (5, T, ) exp (= 2=,

where X, :=sup > nij (t). Therefore
teT j<j(n)

P(|Spll > 1) = E(1q0/15n})
= E(Lqs0)>ny - 1ixa>sr}) + EQgso>n - 1ix,<sr})
< P(Xn 2 87) + E(Lyjjs9)2n) - Lix,<sr});
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where ’
> 5 ) —
P(X, > 87) < (expﬂog]V(325 fn) 852]A]>

n

=1V, /r

according to Lemma 6.5.8 and

E(Lgjsgiiza - Lixa<sr)) = E( EQisgzn - Lixa<sr) [ muts o i) )

:1{X’n<87—}E(1{HS%HZ"7} ‘nnly-“:nnj(n))/\l
U Uk
< 28 expllog N(2,T, py) — 2] A 1))

6471
Note that

E(L{159) 2 15 s g () A1 =P{[[Spll = 0} a1, o Mjny) A1
2 2

n n n n n N
< 2N(=,T, py — 1=2 log N(=,T, pn — 1
U n?
< 2 log N(=,T,pn) — —] A 1.
on {XZ<87’} exp[ ©8 (2’ 7pn> 647']
It follows that
2 2 2 r
——_P(IS%| > n) < ( log N 5) — L 1A 1)
v, DSl 2 ) < g g B expllog (325 Pn) = 552
2 Mo
7233( log N(L.T, ) — 21— 1)
My expllog N(5, T, pn) = =1 A
where for all n, 7 with n? A 7 > 2V, as assumed, W = V V7T < 16, and 714/i T2 < 8, which proves
Theorem 6.5.9. a

6.5.10. Corollary.
Let the assumptions of Lemma 6.5.8 be fulfilled with 0, ,n € N, and assume that for certain
constants 0 < A < 00,0 < B < o0, andVn € N

5 -B
Je 9 s MFn) = N - e iy .
(6.5.11) N, T,pp) <A-¢ P—as VO<e<l1

Then, for sufficiently large K >0

logn

> B({l1Sn ~ E(Su)l| = K (v/1og(n) Vi v

n>1

ﬂ><m

PROOF: The assertion will follow from Theorem 6.5.9 by taking

)s
logn
N=1Tn:=1\/T log *Tpn = \/'YT'Yn\/log VoV S
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with sufficiently large constants 7,7, > 0; then the assumption n2 A 7, > 2V, in Theorem 6.5.9 will
be fulfilled for all n > 2 (by choosing 7> > 2 and v, > 2/log 2), whence an application of Theorem
6.5.9 yields the result since according to (6.5.11) P-a.s. Vn € N and sufficiently large v-, vy

nr, 2

log ]\7(3—2,T7 Pn) — % < const. — Blog(

1 |
ogn) 2 ;)gn < const. + (B — %)logn,

and
2

logN(%,T, pn) — GZ: < const. + (B — g—Z)logn,
n

where for sufficiently large v, and v, B — % < —land B — g—z < —1 whence for sufficiently large n

and appropriate a > 1 P-a.s.

7’L2Tn

exp[logN(%,T, pu) = g InL <
as well as )
expllog N(%”,T, pn) — GZ:H] AL <n®
proving Corollary 6.5.10. a

6.6 Application in density estimation

Let us reconsider the Example 0.17, i.e. the kernel density estimator g, for g based on iid re’s n; in
(R4, B%),d > 1, with unknown Lebesgue density g, defined by

. _al t—mn; _ t—y
nt::hd—EK—]:hd/K L (d t € RY,
]Rd

Jj<n

where v, is the empirical measure based on 7, ...,n,. Remember the decomposition mentioned in
Example 0.17, i.e.
gn(t) - g(t) = gn(t) - E(gn(t)) +E(gn(t)) - g(t)

random part Bias (at t)
“fuctuation at t”

and consider now as index set the set

F = {K(th_

) : t e RY}.

n

which turns out to be a VCGC (cf. (0.19)), whence by the fundamental Lemma 4.3.17 the condition
(6.5.11) in Corollary 6.5.10 is fulfilled with T' = F:
In fact, in the present situation we have Vn € N with f;(-) := K(th;n) € F, teR? and for v =1,

110



(for which v(F') = 1 for the envelope F' = 1 which can be taken as envelope for F provided that (cf.

our assumptions (6.6.3) below) ||K|| = sup |K(z)| < 1):
z€R4

di) (fe fs) = vall fe — I)
N

i<n n

pn(fis f5) . 5o ;

Mg (ft) - 77nj(fs>

with n,;(f¢) == %K(t;:j]) Vs,t € R% whence the condition (6.5.11) in Corollary 6.5.10 is fulfilled.
Reconsider now V¢ € R?

gn(t) = h;dsn(ft) = h;dznnj(ft)'

Jj<n

Since (cf. (6.6.3) below) ||K|| <1 will be assumed, we have

1 t—mn; 1
110511 = 1nnjll 2 = sup [ (f)] = — sup [ K (——+) < —
JieF M teRrd n n’
whence the assumptions of Lemma 6.5.8 are fulfilled with §,, = %; furthermore, in the present situation,
—-n
B( () = 2E(K(5)
j<n
= /K2 ?7] 9(y) dy
d hd
< —nd ng/u« )ldz = O(2),
(1K< ™ n
whence in view of Lemma 6.5.8
hd
Vn—supE(an ft) O(=2).
fteF i<n
Before, we have used finiteness of ||g|| := sup |g(¢)[; this is guaranteed by assuming e.g. Lipschitz-
teR?
continuity of g, i.e.
(6.6.1) l9(z) — g(y)| < L|z —y| for some constant 0 < L < co and Vz,y € R%.

Thus, Corollary 6.5.10 together with the Borel-Cantelli-Lemma ([Gae77] 1.16.7 (i)) yields

N R _ _ logn logn
(6.6.2) \|gn—E(gn)\|:hndHSn—E(sn)H:hndo(,/hg%v i) P as.
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(In fact, according to Corollary 6.5.10, for sufficiently large K > 0

logn

- )}><oo

> B({115s ~ E(Su)l| 2 K (V/Valog(m) v

neN

=:A,

whence by Borel-Cantelli P(limsup 4,,) =0,i.e. P(J () CA4,) =1, where

mn>m

d
)} and V, = O(h—"),

n

logn

CA, = {||Sn —E(S,)|| < K(1/Vylog(n) v

from which (6.6.2) follows.)

Concerning the Bias, i.e. ||E(g,) — g|| (with E(g,,)(t) := E(gn(t)) ), one gets under the assumptions
(6.6.1) and

(6.6.3) K] <1, /K(z) dz=1 and /\z| K (2)] dz < oo
R4 R4
that
(6.6.4) HE@m—gHéLhy/VHK@Ndw=OMM-
Rd

(In fact, Vt € R?

Rd
_/K(z)(g(t—hnz)—g(t))dz
]Rd
<Lhn/|z||K(Z)|dZ )

Rd,

As one can see from (6.6.2) and (6.6.4), the Bias is decreasing with hy, \, 0, but at the same time
the fluctuation, i.e. ||g, —E(gn)||, is increasing. So, to obtain a balance between both effects one may
consider the equation

P hdlogn

n
which yields

_ logny1/(d+2)
fin = ( n ) ’
Thus (1)

loin)l/(d+2)) P as.

1. = gll = O( (

— ¢ for some 0 < ¢ < o0.

it Ao/ (52 e
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7 Functional Central Limit Theorems (FCLT)

71 A FCLT for RMP’s

Our starting point in this section is the same as in 6.1 with the aim to present a Functional Central Limit Theorem (FCLT) for
Random Measure Processes (RMP’s) Sn = (Sn(f))fex, where

Sn(f) == Z Wi (f) - €nj, f€F, with j(n) — oo as n — oo,
J<j(n)

assuming again that the processes (wn;(f)-&nj) e are given via coordinate projections on the product p-space (2, A, P) as defined
in 6.1.

We tacitly assume regularity conditions such as measurability and finiteness of wy;j(F) and now even the same of wy;(F?) (with
F : X — R being an X-measurable envelope of F)
As already remarked in 3.1, this implies that the sample paths os S, are contained in the Banachspace

P(F) = {a: F — R : |lallz = sup |e(f)] < oo}
feF

endowed with the sup-norm || - || £, and it also implies in view of the condition (7.1.4) imposed in our FCLT 7.1.3 below that also
sup sz E(|Sn(f)]) < co for sufficiently large n.

Thus, for sufficiently large n, the processes S,, — E(S,,) can be viewed as rq’s in S := (I*°(F), || - ||#),
and to obtain a FCLT for S,, — E(S,,) amounts to present further sufficient conditions on F and on
both triangular arrays (wp;) and (&,;) under which

Sp —E(S,) 55 G in S = I®(F)

in the sense of (2.3.2) with a limiting re G = (G(f))ser in (S,B(S)) being a mean-zero Gaussian

process.
If, in addition, G is separable, we write as in 2.3 £, instead of -%+. We will focus here on
sep
(7.1.1) S, —E(S,) -5 G in I°°(F)
sep

with G having all its sample paths in the subspace U?(F,d) of S, where
UY(F,d) := {x € I°°(F) : z uniformly d-continuous},

in order to apply our Characterization Theorem of £-Convergence 2.3.9 with d being a pseudo-metric
on F such that (F,d) is totally bounded.

Remember that U®(F,d) is a separable subspace of S if and only if (F, d) is totally bounded ([Gae90],
Corollary 2).

. . . . L
Before focussing on (7.1.1), some general comments are in order in comparing our —- -convergence
sep

with related concepts found in the literature (see e.g. [Va96]):
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For this, let n,, : @ — [*°(F),n > 1, be arbitrary rq’s with n, £, G, where G has all its sample paths
sep

in some separable subspace Sy of [°°(F). Then the law L{G} of G is a Radon measure on B(I>°(F)),
i.e. for each B € B(I*°(F))

L{G}(B) = sup{L{G}(K) : K C B,K compact}.
To see this, note that according to [Bi68], p.9,
L{G} Radon measure <= L{G} tight

(iie. Ve > 03K = K. C [*(F),K compact, s.t. L{G}(K) > 1 —¢). So it remains to show that
S = L{G} is tight:

For this, let D be a countable and dense subset of Sy; let j € N and € > 0 be arbitrary. Then the open
balls B(z, %) C I°(F),x € D, (with center x and radius %) form a cover of Sy and therefore (due to
the o-continuity of &) there exist 1, ...,z,, € D such that

s B %)) >1—e/od

Put G; = U;?, B(, %), then [,y Gj is totally bounded and &(;cnGy) = 1 — &(U, ey CG;) >
1= e &(CG;) > 1 —¢. Since also K = (Mjen G;)¢ is totally bounded and complete (as a closed
subset of the complete space (*°(F), K is compact with G(K) > 1 — ¢, which proves tightness since
€ > 0 was chosen arbitrary.

On the other hand, if £{G} is a Radon measure, whence tight, and if 7, £, G in the sense of
(2.3.2) (with S = [*°(F)), it follows that there exists a stochastic process G = (G(f))er defined on
an appropriate p- space (9, A,P) with sample paths in a separable subspace Sy of 1°°(F) such that

M £, G, where G G
sep
In fact, L{G} tlght = Sy := suppL{G} o-compact and therefore separable; then, taking

(Q, A, P) := (So,B(So), L{G}) and G(f)(z) := mp(x) := z(f) for x € Sy the assertion follows (see
[Gae77], Lemma 7.2.31).

Finally, let us mention also (without proof) the following result (see [Va96], Section 1.12, and [Gi97],
Corollary 1.5):

Let n, : Q@ — [*°(F),n > 1, be arbitrary rq’s, no : Q@ — [°°(F) be A, B(I°°(F))-measurable with
L(no} being tight; then

(7.1.2) Mn £, no in the sense of (2.3.2) (with S =1[1>(F)) < dpr(Mm,m) — 0,

where dpr(nn,n0) := sup{|E*(H (n,)) —E(H(no))| : H € BL1(I°°(F))} with

BLy(I°°(F)) :== {H AC(F) — R : sup |H(x)| <1, sup [H (@) — H{y)l < 1}.

€l (F) syele(Faty 1T —YllF

Now, the Functional Central Limit Theorem (FCLT) for Random Measure Processes (RMP’s) reads
as follows (cf. [Zi97], Theorem 6.1 together with Remark 6.2):

114



7.1.3. THEOREM (FCLT for RMP’s).

Let X = (X,X) be an arbitrary measurable space and F be a class of X-measurable functions
f X — R with X-measurable envelope F : X — R (supposed to be countable to avoid mea-
surability considerations). Assume that F has uniformly integrable Lo-entropy (cf. 4.3.20) and that
there is some pseudometric d on F such that (F,d) is totally bounded. Assume further that the
following conditions (7.1.4) — (7.1.6) are fulfilled:

For each p > 0 there exists 0p, = 6n(p) > 0,n € N, with 6, — 0 such that

(7.1.4) hmsup Z <wn] Néngl - I(wn; (F)|€njl >5n)> <p
i<i(n
(7.1.5) lim limsup sup E( (wni(f) — wni(9))?€2: - I(wn; (F)|éni] < 0,)) =
L fm su d(fg)<a]<]z-(n) < J j J J J )
(16)  sup 32 E(way(FE Ly (Pl | < 8) < oo.
"i<i)

Assume in addition, that there exists a mean-zero Gaussian process G = (G(f))fer such that S, —
P

E(S,) — G.
fidi
Then there exists a mean zero Gaussian process G = (G(f))ser with sample paths in U°(F,d) (being
a separable subspace of (I°°(F),|| - ||F) such that
(7.1.7) S, —E(S,) =G inI®(F) and @ﬁ%@.
sep 4

PROOF. Concerning (7.1.7) we remark (as already mentioned above) that by (7.1.4) for sufficiently
large n

sup E(|S,(f Z E(wn; (F)[éns]) <
fer J<i(n)
> E(wwwfnj\ (g (F)]6ng| > 8n) ) +3(n)n < 0.

J<i(n)

Now, since (F,d) is assumed to be totally bounded and since S,, — E(S,,) % G by assumption, it
1
follows in view of our CTL-C 2.3.9 together with Remark 2.3.19 that it remains to show

() Timaolimsup, oo E( subugsgya [Sn() — Su(9) — (BSH(F) ~ E(Sale)))]) =0

For this, according to the Symmetrization Inequality 5.1.2 it suffices to show

(b)  limg—plimsup,,_, E<Supd(f,g)§a | 22 i<jn) €i&ns - (wnj(f) — wn; (9))\) =0,

where (€;);en is a canonically formed Rademacher sequence being independent of both arrays (wp;)

and (fn])
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Let p > 0 be arbitrary and d,, = §,,(p) > 0,n € N, with ¢,, — 0, fulfilling (7.1.4) — (7.1.6). Then

E( sup | 6 (wny(h) — wa(@)])

dl9=e j<im)

<E( sip | 32 ey () — way(9) - Ly (F)léns| < 8,)])

d(f.9)<a i<j(n)
+2 3 E(wng(F)léag - L (F)l&ns] > b)),
J<i(n)
and so, because of (7.1.4), it remains to show

() limolimsup, oo (8P4 1g)<a | Sjesin) 5 €t (1) 00 (9)) - 1wy ()| < 6)]) = 0.
For this, let, for f,g € F,
02, (£9) = D B((wns () = wns(9))2€2; - T(wni (F)léns] < 60)).
J<i(n)
With this definition of 0,5, condition (7.1.5) reads as follows:
(d)  limg o limsup,, . Supg(s,q)<p afwn (f,9) =0.

But (d) allows us to switch in (c) from the pseudo-metric d to oys,, i.e. in doing so we have to show
(&) lim limsup, oo B(SUP (012 | Xy & €ni (ng (F) = wni(9)) - I (F)léns] < 60)]) = 0

Now

P25, (£29) =3 (Wi (f) — wnj ()22, - I (wpj (F)[€ns| < 62)
J<j(n)
< D wei((f = 9D € - Twn(F)énsl < 6n) = fins, (f — 9)°)

J<j(n)

for all f,g € F with
fins, (F) =D wng(f) €25+ I(wnj (F)|€nj| < 60),
J<j(n)

where

n6 (f7 ) (pmS (fag)) for all fagEf-

By this, we arrived at a situation which allows us to apply Ziegler’s Maximal Inequality ([Zi97],

Theorem 3.1, applied here with ®,,;(f) := wn;(f) 721]- I (wn; (F)[&n;| < 0p) ) according to which there

exist universal constants 0 < K; < 00,7 = 1,2, such that for all a > 0

() E(SUPanén (f,.9)<a ‘ ngj(n) €5 &nj - (wnj(f) — Wnj (9) - I(wnj(F)‘gnﬂ < ‘571)’)
< K;-A(n,a)-B(n) + K- C(n,«)
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with

A(n, @) = a™ B ( max sup |6 (wni(f) = wng(@))] - (s (F) || < 6a) - [ins, (F2)]Y2 - 1n(1))
Ji<i(n) fgeF

B(n) i=E* (fins, (F?) (1n(1))?)

and C(n,a) = E*(max{l, [fins,, (F2)]Y/2} - ln(a)),

where [,,(«) is the random integral, defined by

@ 3 1/2
@) i= [ (108 N (r (ins, (P 2. 5.2, 1)

Here, we have according to (7.1.6) that

(8)  suPnent Elfins, (F2)) = %) B (g (FHE2; - I(wns (F) 60| < b)) < oo,
whence fi,s5, € M(X, F) for all n € N a.s., and thus a.s.

(h)  1,(1) < f;° <log [sup,emx,m N (7 (V(F2)/2, F, dl(,z))])l/QdT < 00,

since F has uniformly integrable Lo-entropy.
The latter also implies that a.s

1/2
O () < [y (10g [sup, e pex.m) N (T (V(F?))2, F, dz(?))]) Pir —0asa—o0.

Now, concerning A(n, ), note that

max  Sup |§nJ (wnj(f) - wnj(g))| : I(wnj(F)|§nj| < 0p) <20y,
Ji<i(n) fgeF

which implies by (g) and (h) that for all a > 0

limsup A(n,a) - B(n) = 0.
Finally, by (g) and (i) we get
lim lim sup C(n, a) = 0,

a—U n—oo

which completes the proof of (e) according to (f). O

It is easily seen that the conditions (7.1.4) — (7.1.6) become much simpler in case of a uniformly
bounded index set F (with envelope F' = 1 w.l.o.g.) In this case we obtain immediately from Theorem
7.1.3:

117



7.1.8. Corollary (cf. [Zi97], Corollary 6.3).
Assume that F is uniformly bounded and has uniformly integrable Lo-entropy, and that there is some

pseudo-metric d on F such that (F,d) is totally bounded. Assume further that the following conditions
(7.1.4) = (7.1.6) are fulfilled:

(7.1.4) lim Y E(\gnj| I(|€ng] > 5)) =0 forall 6§>0
J<i(n)

(Noticing that (7.1.4) implies the existence of a sequence (8n)nen of positive real numbers 8, such that §, — 0
and limn—ce 3 < (n E(1€ns] - L(1€ng] > 00)) = 0.)

(7.1.5) lin%J limsup sup Z E((wn](f) - wnj(g))Qfgj I([&n;] < 51)> =0 for some 6; >0
@7 n—0oo d(f,g)<

=4i<i(n)
(7.1.6)' sup Z E(f?w (€] < (52)) < oo for some 62 >0
neN . =
i<i(n)
There exists a mean-zero Gaussian process G = (G(f))fer such that

S —E(S,) — G.
fidi

Then there exists a mean-zero Gaussian process G = (G(f)) jer with sample paths in U°(F,d) (being

a separable subspace of (I°°(F),|| - ||F) such that
(7.1.7) Sp—E(Sy) =5 G inl®(F) and G ﬁéd G.
sep i

where again

Su(f) =Y wni(f) &nj, fEF.

J<i(n)

Let us consider next the special case where wy; = 0y, , (Tnj)1<j<j(n),nen being a triangular array of
re’s in (X, X') in order to present tractable conditions under which (7.1.8) holds true.

7.1.6. Corollary (cf. [Zi97], Corollary 6.4).
Let F be as in Corollary 7.1.8. Let wy,j = 6
in (X, X) with laws vp; = L{nn;} on X, and suppose now, in addition to the basic independence
assumption for the pairs (Mn1,&n1)s - (Mnjmn)»Enjn)), that for each n € N and 1 < j < j(n) also

: ‘ ,
g Where (Nnj)i<j<j(n)men 5 a triangular array of re’s

i and &n; are independent. Assume further that there is some p-measure v on X and constants
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0 < ¢ < 00 such that the following four conditions are fulfilled:

(7.1.4) lim Y E(\gnj| I(|€ng] > 5)) =0 forall 6§>0
J<i(n)
(7.1.7) Jim limsup ~ sup D vni((f = 9)%) E(&, - I(|éns] < 61)) =0 for some 61 >0

o0 4P (fg)<aj<j(n)

(7.1.8) nlLHOlO Z Uni(f - 9) -E({flj (|| < 02)) = crv(f - g) forall f,g € F and some o2 > 0

J3<j(n)
(7.1.9)
2
Tim S () g (9) (B - 1(160s] < 83))) = can(f) - w(g) for all f.g € F and some 6 > 0,
3<i(n)

Then, with Sy (f) =3 <jm) [ () - &nj » [ E€F,

Sp —E(Sn) -5 Gy, in I°(F),

sep

where G, = (G, (f)) fer is a mean zero Gaussian process with sample paths in UP(F, dl(,Q)) and
)

cov(Gy(f), Gu(9)) = crv(f - g) — cav(f) - v(g) for f,9 € F.

PROOF. Note first that (7.1.5)" coincides with (7.1.7) in the present case since E((wnj(f) -
wn(9))2&0; - 1(16ns] < 51)) = E((wnj(f) — wnj(9))?) - E(&L; - I(&nsl < 01)) = wni((f —9)°)

(wnj:5nnj)
E(&2; - 1(Jénj| < 01)) for each n and 1 < j < j(n). Secondly, assuming w.lo.g. F =1 ¢€ F, (7.1.8)
(with f = g = F = 1) implies (7.1.6)". Therefore, the assertion follows from Corollary 7.1.8, since
under the present conditions one can verify (7.1.8) in the same way as it was done (in the set-indexed
case) within the proof of Theorem 2.2 in [Gae94|, part (a). O

7.2 FCLT’s for partial-sum processes with either fixed or random
locations

Let X = (X,X) be an arbitrary measurable space, C C X a countable VCC being w.l.o.g. closed
under the formation of symmetric differences (cf. 4.2.7). Note that F := {1¢ : C' € C} has uniformly
integrable Lo-entropy according to 4.3.21.

Let wnj = 0y, 5 (Mnj)i<j<j(n)nen being a triangular array of re’s in (X, &) (with j(n) — oo as
n — 00) and (§nj)i<j<j(n)nen @ triangular array of rv’s such that for each n € N the sequence of
pairs (a1, 8n1); -+ (Mnj(n)> §nj(n)) is independent but not necessarily identically distributed (and where
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the components within each pair need not be independent). Let d := d, for some p-measure v on
X (where d,(C,D) := v(CAD) = ,(,2)(10,1,3) for C, D € C); note that (C,d,) is totally bounded
(cf. 4.2.3). Then, specializing Corollary 7.1.8 to the present case, we obtain the following result for
partial-sum processes S,, = (5,(C))cec with random locations as introduced in Section 3.2.1, i.e. with

Sn(C) = > 1c(mny) -&nj . CEC:
J<i(n)

7.2.1. THEOREM (cf. [Gae94], Theorem 2.11).
Assume that the following conditions are fulfilled:

(7.1.4) T 3™ B(jew| - 16| > 6)) =0 for all §> 0
J<i(n)
(7.2.2) lim limsup  sup Z E(lc(nnj)ﬁ I([&n;| < 51)) =0 for some 51 >0
a—0 poo CGC:V(C)SCY]-SJ-(”)
(7.1.6) sup Z (fm (1&njl < 52)) < oo for some 62 > 0
Nj<itn)
(7.1.8) There exists a mean-zero Gaussian process G = (G(C))cec such that

S, —E(S,) — G.
fidi

Then there exists a mean-zero Gaussian process G = (G(C))cec with sample paths in U*(C,d,) (being
a separable subspace of (I1°°(C),|| - |lc)) such that

Sp—E(Sy) 55 G inl®C) and G é G.

sep

Specializing Corollary 7.1.6 in the same way as just done with Corollary 7.1.8 to the set-indexed case
yields the following result for S, = (5,(C))cec with

Sn(C) = Z 10(77nj)'§nj , Ced,

7<j(n)
under the additional assumption that for each n € Nand 1 < j < j(n) also 7,; and &,; are independent.

7.2.3. THEOREM (c¢f. [Gae94], Theorem 2.2).
Suppose that there is some p-measure v on X and constants 0 < ¢; < oo such that the following four
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conditions are fulfilled:

(7.1.4) lim > E(\gnj\ I(|€ng] > 5)) =0 forall §>0
J<i(n)
(7.2.4) lim limsup  sup Z vn;i (C) - E( 721]- “I(|€n] < 61)) =0 for some 61 >0
a—0 n-oo CEC:V(C)Saij(n)

(7.2.5)

lim )" v, (CND)-E(&2; - I(|€ns] < 62)) = crv(CN D) for all C,D € C and some 3 > 0

n—oo

Ji<j(n)
(7.2.6)
2

lim > 1;(C) - vay(D) (E(gnj (€] < 53))) — eou(C) - v(D) for all C,D € C and some 3 > 0.
n—oo

3<i(n)
Then

Sp —E(Sn) -5 Gy, in I°(F),

sep

where G = (G(C))cec is a mean-zero Gaussian process with sample paths in U*(C,d,) and
cov(G,(C),G, (D)) = rv(CN D) — cav(C) -v(D) for C,D € C.

From Theorem 7.2.3 we get the following result which was already mentioned in Section 2 (see Theorem
2.2.3) and used at the end of Section 2.3.6.

7.2.7. Corollary (cf. [Gae94], Theorem 2.15).

Let &5 = j(n)7Y; for each 1 < j < j(n) and n € N (with j(n) — oo as n — 00), the &;’s
being iid mv’s with E(¢1) = 0 and E(&2) = 1. Let (Mnj)i<j<jm)nen being a triangular array of
rowwise independent but not necessarily identically distributed re’s in (X, X) which is independent
of the sequence (&)jen. Suppose that there is some p-measure v on X such that the following two
conditions are fulfilled (with vy; := L{nn;}):

(i) lim,, 0 j(n) 71 > i<imVni(CND) = v(CND) forall C,DeC
(7’7’) limg—o lim SUPy— 00 SUPCeC:v(C)<a j(n)il ngj(n) V”](C) = 0.
Then
. — L
(i 3 1ty &) G,

L Ccec sep
J<i(n)

where G, = (G, (C))cec is a mean-zero Gaussian process with sample paths in U*(C,d,) and
cov(G,(C),G,(D)) =v(CND) for C,D € C.

PROOF. According to Theorem 7.2.3 we have to verify the conditions (7.1.4), (7.2.4), (7.2.5) with
¢y = 1 and (7.2.6) with ¢o = 0 to get the assertion of 7.2.7.

121



As to (7.1.4)': For each 6 > 0 we have 3,y E(|€n)] - I(|€n5] > 0)) < 5t 2oj<i(n) E(fzj I(|&nj] >
§)) = 6 'E(&F - I(|&] > 8j(n)!/?)) — 0, since E((S%) < 00,

Asto (1.2.5): 3 i<im v (CND)-E(& ;- I(|ns] < 02)) = [1(n) 7" 30 <y v (CND)-E(EF - I(|&1] <
82j(n)1/?)), where by (i) limp .o 5(n) ™" 32 i) Vg (C N D) = v(C' N D) and limy, oo B(EF - I(|&1] <
625(n)Y/?)) = E(£?) = 1. This proves (7.2.5) with ¢; = 1.

2
Asto (7.2.6):  Since limsup, o 3« i i (C)vnj (D).(E(gnj.1(|gnj| < 53))) < Hmsup, o0 3 j<in)

(B T80l < )" = limno (B2 T(0a] < 807 72)))” = (B(€1))” = 0, we et (7.26) with
0.

Cy =

As to (7.2.4): Since ngj(n) vni (C) - E( 721]' A([&nil < 01)) = [i(n)~* ngj(n) vnj (C)] E(&E - I(lG] <
617(n)'/2)), it follows that

sup > vn(CVE(E (I <00) = | sup i)™ Y vai(O)] B(E-I(] < 01j(m)'2)

CGC:V(C)Saij(n) CeCwv(0C)<a i<j(n)
whence by (ii) and the fact that lim, . E(&7 - I(J&1] < 615(n)Y?)) = E(£?) = 1 condition (7.2.4) is
also fulfilled. a

NOTE: Corollary 7.2.7 can also be proved more directly by application of Corollary 7.1.8.

Considering as in 6.2.8 function-indexed partial-sum processes S, = (S, (f))rer, defined by
Su(f) =31 D flmg) &, fEF,

7<j(n)
F being countable, uniformly bounded, having uniformly integrable Lo-entropy (whence (F,d) is
totally bounded w.r.t. d = dl(,Q) for each p-measure v on X according to 4.3.21), Corollary 7.1.6 yields
the following result (cf. [Zi97], 7.2):

7.2.8. THEOREM.

Let (nj)1<j<jn)men being a triangular array of rowwise independent (but not necessarily identically
distributed) re’s in (X, X), (§j)jen be a sequence of iid rv’s & with E(&) = 0 and E(£2) = 1, such
that the whole array (nn;) is independent of the sequence (&;). Suppose that there is some p-measure
v on X such that the following conditions are fulfilled (again with vy; = L{nn;}):

(7.2.9) Tim j(n)"t Y veg(fog) = v(f-g) foral fgeF
3<i(n)
(7.2.10) lim hmsup sup j(n)_1 Z vni((f —9)%) = 0.

Then

( ~1/2 Z £y ls])fe]-" Sfp G, in I1®(F),

J3<i(n
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where G, = (G, (f)) fer is a mean-zero Gaussian process with sample paths in U°(F, dl(,2)) and
cov(Gy(f),Gu(g)) = v(f-g) for f.g € F.

PROOF. The assertion follows from Corollary 7.1.6 in an analogous way as in the proof of 7.2.7. O

Concerning on the other hand partial-sum processes Sy, = (Sn(f)) fex with

Su(f) =Y fnj) &y, fEF,
J<i(n)
where 7,7 € N, are iid re’s in (X, X) with L{n;} = v, and where (§,j)1<j<j(n)nen (With j(n) — oo
as m — 00) is a triangular array of rowwise independent (but not necessarily identically distributed)

rv’s such that the whole array (&,;) is independent of the sequence (7;), the following result is men-
tioned in [Zi97], 4.4:

7.2.11. THEOREM.
Let E(&n;) =0 for all 1 < j < j(n) and n € N. Assume that F has uniformly integrable Lo-entropy

and that v(F?) < oo, where F denotes the envelope of F. Suppose that the following conditions are
fulfilled:

(1) Timy oo > jn) E(F2(nj) 2o I(F(nj)|€ns] > 5)) =0 forall §>0
(Lindeberg-type condition)
(1) N0 D550 E(ER;) = 1.

Then

Sp =5 G, in I°(F),

sep
where G, = (G, (f)) fer is a mean-zero Gaussian process with sample paths in U°(F, dl(,2)) and
cov(Gy(f),Gu(g)) = v(f-g) for f.g € F.

PROOF. We are going to apply Theorem 7.1.3 with wy; = d,; and d = dl(,Q). For thist, one has to

verify that S, % Gy, but this follows from the classical multivariate CLT for triangular arrays. So
1

it remains to verify (7.1.4) — (7.1.6):

As 10 (714) Y, <0 B (w0 (F) s - I (F) 6ns| > 00)) = X2,y B F ) - T(F (1) s >
6n)) < 5t ngj(n)E<F2(77j) TQL]- - I(F(m;)|énj| > 6n)> — 0 with an appropriate chosen sequence
(0n)nen C Ry with 6, — 0, since by (i)

lim 51 Y E(F2(nj)§,%j I(F (1) [€ns] > 5)) —0 foralld>0.
J<im)
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As to (1.0.6): subyen Ty E (g (FIE - Ty (F)eng] < 6)) < stuben Ty ECE2) -
E(€2.) = v(F?) - sup,ey > i<jim) E( 27) < oo by (ii), since v(F?) < oo.

nj

As to (1.0.5) (with d = &) sy 0 it )E((wnj(f) — g (9)€2 - T(wng (F)lés] <

60)) < s ;S B((F ) = 90 >§) E(¢2,) = b2 ; e V(= 9% i BAEL)
<a? > i<in) E(f%j) which implies (7.1.5). O

Finally, concerning function-indexed partial-sum processes with fixed locations and index set F being
countable, uniformly bounded and having uniformly integrable Lo-entropy, we obtain from Theorem
7.2.8:

7.2.12. THEOREM (cf. [Zi97], 7.3).
Let (X, X) = (I4, 19N BY,d > 1, (I¢=1[0,1]%) and consider (cf. (1.4.2))

Sulf)=n""2 3 f(i/m)g fEF,
j€Tn
(Jn = {1,....,n}¢), where the §j:J € N4, are iid with E() =0 and E(f?) = 1. Let v be the restriction

of the d-dimensional Lebesgue measure \% on I¢ N B and suppose that the following two conditions
are fulfilled:

(7.2.13) lim n dz i /n (f-9)=Xf-g) foral f,geF
n—oo
Jj€Jn
(7.2.14) lim lim sup sup /n (f—g9)}H =0.
a—0 p—co M ((f—g)2)<a ,];n
Then
S, -G, in I°(F),
sep

where G, = (Gy(f)) fer is a mean-zero Gaussian process with sample paths in U*(F, dg\d)) and
cov(G,(f), Gy, (9)) = X(f - g) for f,g € F.

In the set-indexed case, i.e. for (cf. (1.4.2))

Su(C) =n"2Y " 10(j/n)g; ,CeC,

j€Jn

with C € I¢ N B?, attempts to find natural conditions under which (7.2.13) and (7.2.14) hold have
been made in [AI87]; cf. also [Gae94], Remark 2.16 and the results contained in [Va96], Section 2.12.2:
Partial-Sum Processes on Lattices.
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7.3 FCLT’s for empirical processes

Let X = (X, &) be again an arbitrary measurable space (sample space) and (7,;)1<j<j(n)nen (With
j(n) — oo as n — o0) be a triangular array of re’s in (X, X') assumed to be rowwise independent
(but not necessarily identically distributed) with law £{n,;} = vy;). Let F be a class of X-measurable
functions f : X — R with X-measurable envelope F' : X — R; F being countable for simplicity.
Assume that F has uniformly integrable Lo-entropy and that there is some pseudo-metric d on F such
that (F,d) is totally bounded (e.g. d = d? for some p-measure v on X with v(F?) < oo; cf. 4.3.21).

We are going to apply our FCLT for RMP’s 7.1.3 with wy; = 6,,, and &,; = j(n)~ 1/2 o obtain the
following

FCLT for empirical processes in the non-iid -case,
i.e. for S, = (Sn(f))fej-‘ with
Su(f) =3 (m)2 Y (Flmg) = v (), f € F.

J<j(n)
7.3.1. THEOREM (cf. [Zi97], 4.2).

Assume Sp, ﬁ—d> G, where G = (G(f))ferF is a mean-zero Gaussian process. Let

T3 v ol (7ultr =) " >0,

and suppose that the followmg condztzons are fulfilled:

(7.3.2) sup 7, (F?) < 0o (whence Sy, has its sample paths in I°°(F))
neN
(7.3.3) lirrb limsup a,(a) =0
(7.3.4) hm j Z E<F2 (Mnj) - L(F(nnj) > 5j(n)1/2)> =0 forall §>0.
i<i(n)
Then

S, 5 G in 1°(F),

sep

where G = (G(f))fer is a mean-zero Gaussian process with sample paths in U*(F,d) and G £ G.

di

PROOF. The proof runs along the same pattern as the proof of Theorem 7.2.11. According to
Theorem 7.1.3 we have to verify (7.1.4) — (7.1.6) (with wy; = §;,,, and &§,; = j(n)~ 1/2).

Asto (T.1.4): Y i< im) E(wnj(F)\gnju(ww( )ns| > 0 )) > icitm E(F(nnj)j(n)*l/z-I(F(nnj) >
03 ()72)) < 6585(0) 5 E(F20m) - I(F(ag) > 8(m)"/2)) — 0 with an appropriate cho-
sen sequence (0 )nen C Ry with 6, — 0, since by (7.3.4)

67Li) ™ D B(F2(ag) - I(F(mng) > 55(n)"/2)) — 0

J<i(n)
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as n — oo for all & > 0.

Asto (7.1.6): suppey ngj(n) E(“’nj (F?) 721]" I(wn; (F)|€nj| < 5n)> = SUPpeN Ejgj(n) E(FQ("?nj)j(n)_

I(F(nn;) < 5nj(n)l/2)> < supren J () <) E(F?(g)) = suPreni(n) ™ X < i) vni (F?) =
SUppen Vn(F?) < 0o by (7.3.2).

As to (715) SUPq(f,g)<a Z]S](n) E((wn](f)_wn](g))2 %]I(wn] F |§TLJ| < on ) = SUP((f,9)<c Z]<]

B ()t ) ) < i 0)/2)) < 50Bat0 301! 0 B ) =atom5)")

Supd(f,g)gaj( n)” 1Z]<](n Vng((f 9) )= SUDg(f,9)<a ﬂn((f—g) ) = a? o (a),
from which (7.1.5) follows according to (7.3.3). O

Replacing the triangular array (7,;) by a sequence (1;)jen of iid re’s in (X, X) with law L{n;} = v,
we obtain from Theorem 7.3.1 the following FCLT for empirical F-processes in the iid -case, i.e. for
Bn = (Bu(f))fer with Bu(f) = n1/? ngn(f(nj) -v(f) = nl/Q(Vn(f) —v(f)), where v,(f) =
n1 > j<n f(nj) (cf. 2.2.1 in the set-indexed case):

7.3.5. THEOREM.
Suppose that F has uniformly integrable Lo-entropy and that v(F?) < oo (F being countable for
simplicity). Then

Bo =5 G, in I°(F),

sep

where G, = (G, (f)) fer is a mean-zero Gaussian process with sample paths in UP(F, d1(,2))
) =

cov(Gy(f), Gu(9)) = v(f -g) —v(f)-v(g) for fg € F.

and

PROOF. 5, ﬁi(;) G, follows by the classical multivariate CLT. The conditions (7.3.2) and (7.3.3) are
obviously fulfilled. As to (7.3.4) we have in the present case
lim 7! ZE(FQ(nj) I(F(ny) > 5n1/2)) = lim E(FQ(m) I(F(m) > 5n1/2)> —0,

‘ n—o0
Jj<n

since E(F?(nm)) = v(F?) < oo. Thus Theorem 7.3.1 yields the assertion. O

7.3.6. REMARK.

Concerning VCGC’s F (having uniformly integrable La-entropy according to 4.3.21) with v(F?) < oo,
the assertion of Thoerem 7.3.5 holds true, especially for F = {1¢ : C € C},C C X being a countable
VCC; see Theorem 2.2.1.
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7.4 FCLT’s for smoothed empirical processes

Throughout this section X is supposed to be an arbitrary linear metric space endowed with its Borel
o-field X. The basic situation is the same as in Section 6.4, i.e. given iid re’s n;,j € N, in (X, &)
with law £{n;} = v on X’ we consider the smoothed empirical measures

Up i=VUp*llp, neEN,

indexed by classes F of X-measurable functions f : X — R with X-measurable envelope F': X — R
assuming that v(F?) := [, F2dv < co. Remember from 6.4 that

(7.4.1) ﬂn(f):/X/Xf(a:er)un(da:)un(dy)=n1Z/Xf(77j+y)un(dy)

Jjsn

and  E@,(f)) =vxun(f) VfeF (cf. (6.4.3) and (6.4.4)).
Also our decomposition from 6.4 will be again important, i.e.
(7.4.2) Up —V="Dp—Vklp+V* iy — U,
noticing that o, — v * p, = v, — E(#,) is a mean-zero RMP and where v * p,, — v is the non-stochastic

bias term.

As in 6.4 let F be the class of all translates f, of elements f of F (with f,(y) := f(z +y),y € X).
Without imposing the condition F = F we are going to apply our FCLT for RMP’s 7.1.3 with
(cf. (7.4.1))

wnj(f) = /X i +y) pn(dy), and & :=n""*,1<j<j(n):=nneN,
to obtain sufficient conditions under which

(7.4.3) (VR () = 1), G in (),

feF sep

where G = (G(f)) fer is a mean-zero Gaussian process with sample paths in U°(F, dI(,Q)).

Remember that U?(F, dl(,Q)) is a separable subspace of (I°°(F),|| - ||#) if and only if (F, dl(,z)) is totally
bounded ([Gae90], Corollary 2) where the latter is true for classes F having uniformly integrable
Lg-entropy (cf. 4.3.21).

Now, in view of (7.4.2), Theorem 7.1.3 yields immediately the following FCLT. (Note that the 7;’s on
which the wy,;’s are based are iid .)

7.4.4. THEOREM (cf. [Ro97], Theorem 3.2.2).
Let X be a linear metric space and let F have uniformly integrable Lo-entropy. Assume that the
following conditions (7.4.5) — (7.4.8) are fulfilled:

127



For each p > 0 there exists 6, = 6,(p),n € N, §,, — 0 such that

(7.4.5) lim sup v/ - E (wys (F) I(wna (F) > 8,/1)) < p
(7.4.6) lim limsup  sup B ((wnr (f) = wnr(9))2) - L(wn (F) < 6u3/m)) =0
G e g (f.9)<a
(7.4.7) sup E(wnl(F2) I (wny (F) < 5m/ﬁ)) <
(7.4.8) sup Vv * () — v(f)] — 0.
feF

Assume, in addition, that there exists a mean-zero Gaussian process G = (G(f)) jer such that /n(v, —

IED —
VK fip) T G.
Then there exists a mean-zero Gaussian process G = (G(f)) jer with sample paths in U°(F, dl(,Q)) such
that

Vil —v) 55 G inl®(F) and G £ G.
sep fidi
Before going further, let us have a view on a FCLT for smoothed empirical processes under the
condition F = F:
From van der Vaart [Va94] one gets the following result. For this, F is called a v-Donsker class if (cf.

Theorem 7.3.5) (ﬁ(yn(f) - Z/(f)))fef ;i; G, inI®(F).

7.4.9. THEOREM.
Let X =R d > 1, and assume F = F. Let F be v-Donsker and n p-measures on B with p, — &
weakly. Suppose that the following two conditions are fulfilled:

(7.4.10) sup /X [ /X (@ +1) — F(@))nldy)] v(dz) — 0
(74.11) sup VAl 5 i) — v(f)] — 0

feF
Then

Vi, —v) -5 G in 1°(F),

sep
where G = (G(f)) ser is a mean-zero Gaussian process with sample paths in U°(F, dl(,z)).
NOTE: In [Va94] the u,’s are even allowed to be random p-measures on B%. On the other hand it
should be noted that F being a v-Donsker class does in general not imply that F is also a v-Donsker
class (cf. Example 2.2.8 in [R097]) as it is imposed in 7.4.9 via the F = F - assumption. See also
[Ro99] for a comparison with a result of Yukich [Yu92] obtained in the case X = R%,d > 1,F = F, F
a v-Donsker class. The method of proof in [Va94] and [Yu92], respectively, is completely different
from our approach via RMP’s (see [R099] for a discussion). Their key method consists of showing
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asymptotic (stochastic) equivalence of the empirical process v/n(v, — v) and the unbiased smoothed
empirical processes \/n(7, — v p,) in order to apply the Cramér-Slutzky-type result (cf. Theorem
2.3.15).

Now, in view of Theorem 7.4.9 we will present in the following more tractable conditions compared

with those in Theorem 7.4.4, but again without imposing the condition F = F:

7.4.12. THEOREM (c¢f. [Ro97], Theorem 3.2.3).
Let X be a linear metric space and F have uniformly integrable Lo-entropy. Assume that the following
conditions (7.4.13) and (7.4.14) are fulfilled:

2
(7.4.13) sup /X [ /X (F@+y) — F(@))n(dy)]v(dz) — 0
(7.4.14) sup /|y pa(f) — v(f)| — 0.
FEFUL{F3)}
Then

Vil —v) =5 G, in I°(F),

sep

where G, = (G, (f)) fer is a mean-zero Gaussian process with sample paths in Ub(F, d,@) and
cov(Gy(f),Gu(g)) =v(f-g) —v(f) v(g) for f,g e F.

PROOF. To prove this result, one shows (7.4.5) — (7.4.7), fidi-convergence and then one applies
Theorem 7.4.4. This is carried out in [R099].

NOTE: Condition (7.4.13) is just (7.4.10), whereas (7.4.14) is apparently a bit stronger than (7.4.11) implying convergence also
for 3. In (7.4.14) it is tacitly understood that v x un (F3) and v(F3) exist. (7.4.14) can be replaced by (7.4.11) if, in addition,
v x pin (F2T€) — v(F2%¢) for some € > 0. On the other hand, as already mentioned in Section 6.4, the condition F = F implies
that F is uniformly bounded. But for uniformly bounded F (7.4.14) reduces to (7.4.11), and so we get finally the following result:

7.4.15. THEOREM (c¢f. [Ro97], Theorem 3.2.4).
Let X be a linear metric space and let F be uniformly bounded having uniformly integrable Lo-entropy.
Assume that the conditions (7.4.8) and (7.4.13) are satisfied. Then

Vi, —v) 55 G, in I®(F),

sep

where G, = (G, (f)) rer is a mean-zero Gaussian process with sample paths in U*(F, d(f)) and
cov(Gy(f), Gu(g)) =v(f-g) —v(f)-vig) for f.g € F.

7.5 A uniform FCLT for the unbiased smoothed empirical process
As in Section 7.4 X is supposed to be an arbitrary linear metric space endowed with its Borel o-field

X and 75,7 € N, are iid re’s in (X, X) with law £{n;} =v on X.
Let us consider first the non-smoothed empirical process G? := /n(v, —v) indexed by a (countable, for
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simplicity) class F of X-measurable functions f: X — R with X-measurable envelope F' : X — R
such that v(F?) < oo.

As we know from (7.1.2) and the general comments preceeding (7.1.2) we have

v £,G, in I®(F) < dp(G’,G,) —0,

sep

Gl/

where G, = (G, (g)) fer is a mean-zero Gaussian process with sample paths in U°(F, d,(,Q)) and

cov(Gy(f), Gu(9)) =v(f-g) —v(f) -v(g) for fgeF,

calling (as in Section 7.4) F to be a v-Donsker class in this case.

Now, concerning the question whether the class F is also a uniform Donsker class, i.e whether
sup,er (x) s (G4, Gy) — 0 (and (F,dS”) is totally bounded uniformly in v), where M'(X) de-
notes the class of all p-measures on X, the following result is known (see [Gi97], Theorem 5.3 and
[Gi91]):

7.5.1. THEOREM.
Let X be an arbitrary measurable space and F be uniformly bounded having uniformly integrable Lo-
entropy. Then (with L{G,} being tight)

(7.5.2) sup dpr(G;,G,) — 0.
veM(X)

Uniform Donsker classes were e.g.studied by Sheehy and Wellner [She92] (who also studied in detail (7.5.2) with the supremum
taken over subclasses of M! (X)) and by Giné and Zinn [Gi91]. They showed that (putting measurablilty questions aside) a so-called
uniformly pregaussian class F (saying F is UPG) is a uniform Donsker class.

F is UPG means that the following two conditions are fulfilled:

(7.5.3) sup  E(||Z,]|F) < o0
veM1(X)
(7.5.4) lim sup E(sup{|Z,(f) = Z(o)l : f.9 € F, dP (f,9) < 5}) = 0.
=0 e m1(x)

In both conditions Z, can be replaced by G, (see [Gi97], Theorem 5.3).

Here Z, = (Z,(f)) feF stands for a mean-zero Gaussian process with tight law £{Z,} on B(I*°(F))
whose covariance structure is given by

cov(Zy(f), Zu(9)) =v(f-g) for f,geF.

From [Va96], Example 1.5.10 it follows that also Z, (as G,) can be chosen to have its sample paths in
Ub(F, dl(,Q)); note that d2 coincides with the so-called intrinsic pseudo-metric pz, (on F) for Z,, i.e.

pz, (f.9) = EY2(1Z,(f) — Z,(9)]*) = dP(f,9) for f.g€ F.
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Now we are going to establish an analogous result as (7.5.2) for smoothed empirical processes under
conditions similar to (7.5.3) and (7.5.4) replacing G by the unbiased smoothed empirical process

Gy, = (Gh())ser

where G4(f) = V(o (f) = v * pa(f), f € F.

7.5.5. THEOREM (cf. [Ro97], Theorem 4.4).
Let X be a linear metric space and F be uniformly bounded. Suppose that for every v € M (X) there
is a mean-zero Gaussian process G, = (G, (h))nerug with tight law L{G,} on B(I*°(F UG)) where

G :={9ppu, : f€F,neN} with gy, (x):= /Xf(:c—l—y)un(dy),:v € X.

Assume that the following conditions (7.5.6) — (7.5.8) are fulfilled:

(7.5.6) sup  E(||G,||) < oo
veM(X)
(7.5.7) lim  sup E(sup{|G,,(h1) —Gy(h1)] s h1,hg € FUG,dP (hy,hy) < 5}) -0
0=0 e M1(X)
@58 s swp [ [ [ (7t )~ f@n(dn)]vid) — o
veMI(X) feF JX JX
Then
(7.5.9) sup dpr(G%,G,) — 0.

veM(X)

In (7.5.9) not only @Z but also G, (restricted to the index set F) is considered as a process with
sample paths in (*°(F) whose law L£{G,} is tight on B(I*°(F)); so dpr in (7.5.9) stands for the
bounded Lipschitz distance based on [*°(F) (and not on I*°(F U G)).

PROOF. We follow the lines of proof of (7.5.2) as given in [Gi97], respectively the lines of proof of
Theorem 2.3 in [Gi91] under the conditions (7.5.3) and (7.5.4) using Gaussian comparison methods.

First, we show that for each 7 > 0

(7.5.10) sup  N(r,F,d?) < cc.
veM1(X)

As to (7.5.10), according to Sudakov’s Inequality (cf. [Va96], A.2.5) there exists a constant 0 < K < oo
such that for every v € M!(X)

1/2
(10g N(r, Fpz)) < K -E([Z,]15)
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(with pz, (£, 9) == EV2(1Z,(f) — Z,(9)P?) = d (f,9) ¥ f.g € F)

whence
1/2
(10g N (7, F,d?)) " < K -E(1Z0l).

Now, let g be a standardnormal distributed rv which is independent of G,; then
L{G, +g- v} =L{Z,}
(as can be seen by computing covariances), so

E(l1Z.]|7) < E(lIGu[l7) +E(|gl) - sup [v(f)];
fer

whence (7.5.6) together with F being uniformly bounded yields (7.5.10).

Next, let k := sup,c o (x)N(7, F, dl(,z)), and for each v € MY (X) let f1,..., fx € F denote the centers

of the dl(,z)-balls with radius 7 that cover F. (Note that, of course, fi,..., fx depend on v.) Then for
each f € F let m-(f) € {f1,..., f} be such that

d,(/2)(7r7(f),f) <7 (where wlo.g. 7 (f;)=/fi YVi=1,...,k).

This allows us to define the processes G (7, ) = (G¥ (1) () fer and G, (7,) = (G (7,)(f)) feF with
sample paths in [*°(F) by

Then, for each H € BL1(I°°(F)) we have the decomposition

[E*(H(GY)) — E(H(G,))| < |E
+|E( H(@;;< ) = E(H (G, (r,)))]
+|E(H (Gy(r,))) — E(H(G))|
=: Iip + Loy, + I3y,

E
@:
E
E
)
ISIAN
3
3

We will show

(7.5.11) limsuplimsup sup sup I =0fori=1,23.
7—0 n—oo pye MY (X) HEBL (I (F))

As to Isn:  Since H € BL1(I>°(F)) we have

‘E(H(GV(WT))) - E(H(Gu))‘
E([|Gu(mr) = Gullx) < E(sup{|G.(f) —Gu(9)| : f,g9 € F, dz(/Q)(fvg) <7},

o (7.5.7) yields (7.5.11) for ¢ = 3.
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Astola,: Letv € MY(X)and H € BL1(I°(F)) be arbitrary. Then there exists a bounded Lipschitz
function L : R*¥ — R s.t.
H(x(7r)) = L((2(f1), -, 2(fr)) V& el®(F)
with z(7;)(f) := x(7-(f)), f € F. So we obtain
[E(H(G},(7,))) — E(H(Gy (7))
< dBL((Gl'r;(fl)v >@Z(fk))t7 (Gu(fl)v "'7Gll(fk))t)>

where the superscript ¢ denotes the transposed vector and here dpy, is the bounded Lipschitz metric
on the space of all p-measures (laws) on B in R*.

Now (G (f1), ., G4 (fr))! = vnn~'Y o, Coj with

[ Fij + 9)pn(dy) — v pn(f1)

Cnj = : ,7=1,..,n,neN.

Jx fr(nj + y)pn(dy) — v * pn(fr)
Let Vi = (Vpi(i,1))1<ij<k and X = (3x(4,0))1<ij<r denote the covariance matrix of (,; and
(Gu(f1), s Gu(fr))!, respectively, where

Y, ) =v(fi- fi) —v(fi) - v(fi) 1<il<k

According to the triangle inequality

dB (G4 (f1), - Gh(fe)'s (Gu(f1)s s G (f2)")
< dpr((GL(f1), - G4 (fe)' s Nk(0, V1)) + dpr (Ni(0, V1), Ni(0, 5)).
Note that L{(G,(f1), .-, G, (fx))'} = Nik(0,Zy).
Now the components fX fin; +y)un(dy),i =1, ..., k, of (,; are rv’s which are bounded by 1 (since F

is assumed to be uniformly bounded with envelope F' =1 w.l.0.g.) for any f; € F, so this bound does
not depend on v. An application of Lemma 2.1 in [Gi91] now gives

lim  sup  dpr ((GY(f1), s G (fx))' Ni(0,Vyr)) = 0.
=0 e ML(X)

From Lemma 2.2 in [Gi91] we have

dBL(Nk(O,an),Nk(O, Ek)) < C- 1<Sul2k ‘an(i,l) - Ek(i,l)|

with a constant C' depending only on k.
Keeping in mind that the fi, ..., fx (and therefore also V,; and ;) depend on v we are going to show
that

(7.5.12) sup  sup |Vpi(4,1) — 2k(i,1)| — 0,
veMN(X) 1<i,I<k
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whence lim sup,, o, SUp, e 1 (x)dBL (N&(0, V1), N3 (0, %)) = 0, which completes the proof of (7.5.11)
for i = 2.

As to (7.5.12):

Vi (i,1) = / / filz + y)pn(dy) — v pn(f3)] / fil@ 4+ y)pn(dy) — v x pn(fi)]v(de)

which is equal to (inserting f;(x) and fi(z), respectively)

/[/ filz +y)pn(dy) — fi(z /fliv-i'yun(d@/) filz)]v(dz)
/ ) = v i (fi)] /fzx+y pin(dy) — fi(x)]v(dz)
X

+/X _V*Nn fl /fzx'i‘y /J’n(dy) fl( )] ( )

+ X ) = v pn(f))] - [fi@) — v pn(fi)]v(d)

Inl(fza fl) + In2(fla fl) + InS(fzy fl) + In4(fz7 fl)

The Cauchy-Schwarz inequality together with (7.5.8) yields

sup  sup Ini(fi, fi) — 0O
veMI(X) 1<i,1<k

Next,
[ Lna(fis 1) = k(8,0 = |[Tna(fi, f1) — (w(fi - i) —v(fi) - v(fi))l
= lvxpn(fi) = v(fi)l - [v* pa(fi) —v(f1)]
2
< sup / / (@4 9) = F@aldywd)]” < sup /X [ /X (f(z +9) — £(2)pnldy))*w(do),

whence by (7.5.8)

sup  sup |Lna(fi, fi) — B3, 1) — 0.
veMI(X) 1<il<k

From this, the Cauchy-Schwarz Inequality and (7.5.8) aggain, we also have

sup  sup In;(fi, fi) — 0 for j =2,3.
veMI(X) 1<i,I<k

This proves (7.5.12).
As to Ly (1= [E*(H(GY) - B(H(GY(r,))|):
Since H € BL;(I°°(F)) it suffices to show that

lim limsup sup ]P’(sup{\@”(fl) Gy(f2)| f1, fo € F, dl, (f1,f2) <7} > 5) =0
=0 p—oo peml(X)
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for all § > 0.
Since for each f € F

GU(f) = GLgpp)  (with gp . (x) = /X @+ Wim(dy) z € X)
we have

sup{|Gy,(f1) — Gi(f2)| : f1, fo € F,dD (f1, f2) < 7}
= sup{|G4 (95, un) — G Gpyu)|  f1, f2 € FdP (f1. f2) < 7}
(7.5.13) < sup{|Gy(f1) — Gy(f2)| : fr. f2 € F,dP (f1, fo) ST} + 2 ;gf)c'@’l:‘(f) —G¥ (g )l

We show first
(a)  Hmsup, oo sUPyet () P(supser [GL(F) — Ghlgrn)l > 8) =0 V5> 0.

Let 6 > 0 be arbitrary but fixed. Then by Markov’s inequality and the Symmetrization Inequality
5.1.2 we obtain

P(sup Gy, (f) = G} (97, )] > )
feF

< (571% E(Sup|Vn(f_gf,un) _V(f_gf,un)D
feF

<25 '/n E(sup\nflzéj(f—gf,;m)(nj)\)a

feFr j<n
where €1, €9, ... is a canonically formed Rademacher sequence which is independent of (7;);en.

Now, by Lemma 2.9.1 in [Va96] we can replace the ¢;’s by a sequence of iid rv’s g; with £L{g;} =
N(0,1), to obtain the following upper bound (by taking expectations w.r.t. the g;’s (denoted by E,)
and the 7;’s (denoted by E, ) seperately:

P(sup |Gy, (f) — Gy (97,u,)| > 0)
feFr

<C-E, Eg(?telg)__ln_l/QZgj (f —gf,un)(nj)\)

Jj<n

where the constant C' depends on ¢ but not on n.
Now , for fixed realizations 7 (w), ..., N, (w) consider the process Zs = (Zy (f)) rer, with

Z2(f) =02 gi f(nj(w)) L f € Fa

Jj<n
and F, :={f, 95, : f € F}.

Then Z7 is a mean-zero Gaussian process with
CO’U(Z;)” (f1)7 Z;Un(fQ)) = Vn(fl . f27w) for f17 f2 S fn;
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where v, (f1 - f2,w) := 1071300, 0y (f1 - f2)-
Considering instead the process (indexed also by F,,)
GE, 49wl 0) = (C2,(1) + 9 vl F, ) e
where GY = (G (f))fer, is a mean-zero Gaussian process with
cov(Gy, (f1), Gy, (f2)) = va(f1 - fo,w) —vn(f1,w) - va(f2, w)

for fi1, fo € Fy, and where g with £{g} = N(0,1) is independent of G , we have (as can be seen by
computing covariances) that Vw

w £ w
(%) L, = Gy +9-vn(-,w).

Thus Yw

sup\n V2N g5 (f = g ) (i ())])

i<n
< E(sup |Gy, (f) = Gs (95,u)1) +E(lg]) - sup [vn(f = g5, w)]
(%) feF feF
< sup E(sup|G,(f) = Gu(gsu.)|) +E(gl) - sup sup [v(f — gy u,)l-
veML(X) feF veML(X) feF

Now let € > 0 be arbitrary and (using (7.5.7)) choose § > 0 s.t.

sup  E(sup {|G,(h1) — Gy (ho)| : hi,he € FUG,dP (b1, hy) < 6}) <e.
veM1(X)

Then by (7.5.8) for large enough n we have for all f € F

sup (AP (f, 9f,,))’

veML(X)
= swp A(f—gpu)?) = sup /[/Xﬂx+w—funwwwfwm»sﬁ,
veM(X) veMI(X)JX JX

and so

limsup sup E, Eq(sup|n” 1/229 (f = 95.0)5)])

n—oo yeMl(X) fer j<n

<limsup sup E(sup |G, (f) = Gu(9f.u,)l) + E(lg]) limsup sup sup [v(f = gp, )]
n—oo peMI(X) feF n—oo peMI(X) feF

=limsup sup E(sup{|G,(f) — Gu(gsu.)l : f € F.dP(f.g5,,) < 0}) +

n—oo yeMI(X)

< sup E(sup{|Gy(h1) — Gy(h2)|: hi,ha € FUG,dP (hi,hy) <6}) < ¢
veML(X)
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where we have used that

limsup sup sup|v(f — gf,yn)‘
n—oo yeMl(X) feF

<limsup sup sup / / (x+y)— f(z ))un(dy)]Qu(dx)

n—oo yeM(X) feF

1/2
| =0
according to (7.5.8). Thus (a) is proved.

To conclude the proof of (7.5.11) for ¢ = 1, we still have to show (see (7.5.13)) that
lim limsup sup P(sup{\G”(fl) Gy (f2)|: f1, fa € F, d,(?)(fl,fg) <7}> 5) =0

70 n—oo peMi(X)

for all § > 0.

This is proved by similar techniques. Since this expression, however, does not involve any smoothing
operations we refer to [Gi97] for a proof.

So we have shown (7.5.11) for i = 1, too, and the theorem is proved. O

Finally, from [Va96], Theorem 2.8.3 we have that (7.5.6) and (7.5.7) are fulfilled if UG has uniformly
integrable Lo-entropy, which in turn is implied if F UG is a VCGC. So, Theorem 7.5.5 yields

7.5.14. THEOREM.
Let X be a linear metric space and let F be uniformly bounded. Suppose that F UG has uniformly
integrable Ly-entropy and that (7.5.8) is fulfilled. Then

sup dBL(G:;,GV) — O.
veML(X)

7.5.15. REMARK.
As we will see in the next section, the results of Section 7.5 are important in the area of bootstrapping
empirical processes (see Section 8.4 and the literature cited there).
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8 Bootstrapping

8.1 Introduction

Bootstrapping is a resampling technique where one replaces the original data given as observations
Yi,...,Yn of iid re’s my, ..., M, in a sample space X = (X, X) with law £{n;} = v on the o-Algebra X
in X by the so-called bootstrap sample 77, ...n;, where the 7;’s are also assumed to be iid re’s in X
with law E{n;} =Qn,1 <j<n,neN, and where ),, may depend on the original data. In fact, the
n;’s, 1 <j <n,n €N, depend on n; if necessary, we indicate this by writing 7, ..., 75,
A typical example of @), is the empirical measure v,, based on the observations of 71, ..., 7,, i.e. in case
of E{nj} = v, we get instead of the empirical process G% := \/n(v, — v) the so-called bootstrapped
empirical process (of sample size n)
GUr = \/ﬁ(n—l > 6y - yn)
Jj<n
based on 77, ...,n5, n € N, to be thought as defined on a basic p-space (2%, A*,P*), i.e. depending on
the realizations y; = n;(w) of the original re’s 7); (defined on a basic p-space (£2,.4,P)), the processes
G}r,n € N, are given as
(*) G (@) = V(1S by ey — ()
Jj<n
where vy, (w) =n"t Y 0y, y; = n;(w),1 < j < n, are to be considered as constants in (¥).
i<n
This principle prové§ to be useful when considering the problem of approximating the law of certain
statistics T'(m1, ..., mn; ) with unknown v by the law of T'(nj,...,n};vy,), being efficient at least for
“smooth” functionals T in view of the fact (cf. Section 6.3) that v, approximates v as n — oo;
in addition, in this connection the law of T'(n7, ..., n}; v,,) may either be computed directly or can be
approximated by Monte Carlo simulation methods.

In Efron’s fundamental paper [Ef79] this procedure was given the name bootstrap. It works in para-
metric and in non-parametric settings as we will see in the following sections.

8.2 On the construction of confidence intervals for an unknown real-valued pa-
rameter by bootstrapping

We will follow here mainly the presentation in [Fa87]. Given iid rv’s n;,j € N, with distribution
function (df) F, defined on a basic p-space (12, .A,P), assume that an unknown parameter 9 can be
represented as a functional of F', i.e. ¥ = T'(F') with a properly choosen T' defined on the space of all
df’s.

For emample, ¢ = E(1;) is representable as the mean-value functional

(8.2.1) 9=T(F):= [ zdF(z).
/
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Then, to obtain an estimate 1J,, for 9, based on 1y, ..., n,,, using the plug in method, one simply replaces
the unknown F' in (8.2.1) by the empirical df (edf) F,,, based on 7y, ...,7,, i.e.

(8.2.2) Oy =T (F).
In case of the mean-value functional (8.2.1), which will be considered exclusively in this section,

T(F,) =n""! an.

j<n
To obtain confidence intervals for ¥ based on ¥,, one would need the knowledge of the df G,,, where
(8.2.3) Go(t) == IP><n1/2 (T(F,) — T(F)) < t), teR.
In fact, knowing G,, one could proceed as follows:
Given a € (0,1), choose (a minimal) dy = do(n) and (a maximal) b, = by (n) such that

Gnlda) >1— % and G (by — 0) <

| R

to obtain with

[T(F) - 22, T(F) - 2=
confidence intervals of level 1 — . In fact
(8.2.4)
de, ba ba o,
B(T(F) € [T(F) — 7, T(R) = =) = B(T(F) < T(F) — ) ~B(T(F) < T(F) - %)

= P(nVAT(Fy) = T(F)) 2 ba ) = P(nV2(T(F,) — T(F)) > do,)
=1~ Gn(ba - 0) - (1 - Gn(da))

= — 0> 11— —- -~ =1—
Gu(da) = Galba —0) 21 -5~ =1-a

But this does not work without knowing G,,, i.e. F'. Here bootstrapping comes into play:

Choosing so-called independent bootstrap-rv’s 17, j € N, defined on another p-space (Q*, A*,P*), where
for each n € N the 77;»‘, 1 < j < mn,areid with df F,,, one replaces in (8.2.3) F,, by the edf F;’ based on
ny,....ny, and F' by F,(-,w), based on 71 (w), ..., N, (w), to obtain as a nonparametric estimate for G,
the function

G*(t) .= P* <n1/2 (T(EY) = T(Fy(w))) < t), teR,

i.e. for each fixed w € 2 G, is defined within the bootstrap model by
(8.2.5) G (t,w) = IP’*({w* e 2 (T(F:(w")) — T(Fa(-yw))) < t}), teR,
with Fi(s,w*) :=n"" 3 1o q(n5(w")), seR.

<n

Note that in (8.2.5) the term T(F,(-,w)) is to be considered as a constant within the bootstrap model
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for each fixed w € (.
Now, in view of (8.2.5), for each n € N and given 1;(w), ..., n,(w) for fixed w € Q, one can determine
(a minimal) d¥, = d} (n,w) and (a maximal) b}, = b%(n,w) such that

Gr(dy(nw).w) 21 -5 and G0 (n,w) ~ 0.w) < 5.
to obtain
d* b*
2.6) P*(T(F,(, T(FH—=2%  T(F)——2]) = GX(d" (n,w),w)— G (b (n,w)—0,w) > 1—a.
(526) P (T(Fu(w) € [T(F)= 2%, T(F) =) = Gilda (1,0),0)=G; (040, 0)=0,) 2 1-a

At this point it is essential to note that in the present situation (see below for its verification):
(8.2.7) d;,(n,:) —da(n) — 0 P —a.s. and by(n,:) —ba(n) — 0 P — a.s.
Therefore the intervals
dg, ba
Vn NZD

constitute a sequence of P — a.s. consistent estimators for the intervals

do, ba
= TFn - T =D N7

yielding thus in view of (8.2.4) a sequence of P — a.s. confidence intervals of asymptotic level 1 — « for
the unknown parameter = T'(F).

(8.2.8) [T(F),) , T(Fy) ], neN,

[T(Fn) -

To verify (8.2.7) in the case of 0 < 02 := V(1);) < oo one uses the following result in [Si81]:
8.2.9. THEOREM.
Assume that 0 < o2 := V(1) < oo; then

(8.2.10) sup |Gy (t,w) — Gp(t)] — 0 for P —a.s. w € Q.
teR

On the other hand, according to the central limit theorem, one has that
t
Gn(t) — Go(t) := ®(—) VteR
o
(® being the standard normal df).
Therefore, by (8.2.10), for P — a.a. w € Q we get

(8.2.11) G (t,w) — Gy(t) vVt eR.

Since Gy is continuous and strictly monotone increasing, it follows from (8.2.11) (cf. [Wit70], Satz
2.11, S. 53) that, with dn(n) and by(n) denoting the (1 — §) - quantile and § - quantile of G, (cf.
(8.2.4)) and with dj,(n,w) and b}, (n,w) denoting the (1 — §) - quantile and § - quantile of G},(-,w)
(cf. (8.2.6)), the assertion (8.2.7) is verified.

IMPORTANT NOTE: For the proof of (8.2.7) continuity and strict monotone increasing of the limit-
ing df Gy was essential.
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8.3 Bootstrapping empirical processes

Let us reconsider at first the uniform empirical process «,, of Section 1.1 based on iid rv’s n; defined
on (2, A,P) with £{n;} = UJ0, 1], where we have seen (cf. (1.1.6)) that o, converges in law to the
Brownian Bridge B® as n — oco. According to Theorem 2.3.9 this implies (cf. (2.3.12))

(8.3.1) lim limsup P(w,,, (6) >e) =0 Ve >0.

0—0 n—ooo

Now, it is well known that for an arbitrary rv & with df F' the law L£{&} of & can be represented as
L{F~Y(n)} where L{n} = U[0,1] and

Fl(s):=inf{tcR : F(t) > s}, 0<s<l.

Thus, for a sequence of iid rv’s §;,j € N, with df F' one gets
(8.3.2) c{ (w2 (rF) - T(F)) __} = £{(@nF®),ep }-

where F), is the edf based on &, ..., &,.

teR

Considering the bootstrap-procedure, given the data in form of 7 (w),...,n,(w) (with the n;’s as
before), let £ (= &), 1 <j <n, be iid bootstrap rv’s with df

Gn(w) :=n""> 11 y(n;(w)),

Jj<n

let F}; be the edf based on &7, ..., & and let

be the bootstrapped uniform empirical process. i.e.
o (s,w0) =02 (Fi(s) = Gu(s,w)),  0<s<1;
then

(8.3.3) ay (w) £, B for P — a.s. w.

n

To prove (8.3.3) we may and do assume (cf. (8.3.2)) that

o (w) = <an(Gn(57 w)))

86[071].
So, we must show that for P — a.s. w

(8.3.4) (an(Gn(s, w))>se[0,1} £, B,
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For this, it suffices to show (in view of the fact a, £, BY) that for P — a.s. w

(+) ]P’( Sup |an (G (5, w)) — an(s), 25) —0asn—oo Ye>0
s€[0,1]

(cf. [GaeT7] 8.6.2).

Now, given an arbitrary € > 0 and ||G,(-,w) —idjg1j|| := sup |Gn(s,w) — s|, we have
s€[0,1]

]P’( Sup |an(Gn(s,w)) — an(s)| > 5) < P(wan(HGn(-,w) R 5),
s€[0,1]

where again w,,, denotes the oscillation-modulus of a,.
But, by the classical Glivenko-Cantelli theorem, for P — a.s. w

|G (s w) —idp || — 0 asn — oo,
whence, according to (8.3.1), for P —a.s. w
P(“’an(HGn(ww) —idpy|l) > 6) — 0 asmn— oo,

which proves (+).

For a different proof see [Bi81].

In what follows, let now X = (X, X) be an arbitrary measurable space (sample space) and n;,j € N, be
iidre’sin X with law £{n;} = v on X, defined as coordinate projections on (€2, A, P) := (XN, AN ).
Let vy, be the empirical measure based on 71, ...,7,, and, given the data in form of y; = n;(w),1 <
j<n,n €N, let 77;?(: n;j), 1<j<n,neN,beiid bootstrap re’s in X, defined on another p-space
(Q*, A*,IP*), where for each n € N the n;,1 <j <mn,areiid with law

L }(B) = vn(B,w) :=n""> 1p(n;(w)), BeX,
Jj<n
Then, the bootstrapped empirical process Gi» is (for fixed w) defined by

(8.3.5) GV (w) := nl/? (1/;; — Un (-, w)),

where 1/ denotes the empirical measure based on 7}, ..., n. Now, given e.g. a VCGC F with v(F?) <
00, we know from Theorem 7.3.5 that for the empirical process G, = (G%(f)) er indexed by F, where

G(f) =2 (valf) = v(f)). f € F,

(8.3.6) G LG,  inl®(F),
sep
where G, (Gu(f)) feF Is a mean-zero Gaussian process with sample paths in U(F, d(VQ)) and

cov(Gy(f),Gu(g)) = v(f-g) —v(f) -v(g), f,g € F. On the other side, given the data y; = n;(w)
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(for any fixed w) one may ask in view of (8.3.3) whether in the present general situation an analogous
e Where (cf. (8.3.5))

GV (f,w) :=n'/? (V;(f)—un(f,w)) and v, (f,w) :=n"1 Y f(nj(w)), f € F. Theanswer is contained
1<n

result holds true for the bootstrapped empirical process G4 (w) = (G%»(f,w))

in the following theorem proved by Giné and Zinn in 1990 (cf. also [Gi96], Section 4):

8.3.7. THEOREM (/Gi90)]).
Under the usual measurability assumptions the following two statements are equivalent:

(a) G £, G, in 1°°(F) and v(F?) < 0o
sep
(b) G (w) £,6, in I°(F) for P —a.a. we .
sep

(As before, F' denotes the envelope of F.)

When specializing to F = {1¢ : C € C} with C C X being a VCC, the validity of (b) in Theorem 8.3.7
was shown in [Gae86] and used in [Gae90b] to construct confidence bands for probability distributions
on VCC C of sets in arbitrary sample spaces X = (X, X)), yielding as result that a confidence band of
asymptotic level 1 — a for v = (v(C))cec is given for P — a.a. y := (y; = n;(w))jen by

yr— {Vn(C,g) + nil/QCZ(n,g),C € C},
where ¢, (n,y) ;= inf{t € Ry : H}(t,y) > 1 — a} with
Hi(ty) = P*(suwp |G (lop) < 1), tE€Ry,
ceC

provided that (cf. the Important Note concerning the parametric case at the end of Section 8.2) the
following two conditions (C7) and (Cs) are fulfilled for

Ho(t) := P(gé%\a,,(lcn < t), teRy :

(C1)  Hy is continuous

(C9)  Hy is strictly monotone increasing.

In his Diploma-Thesis Molnar [Mo02] proved rigorously what was expected, namely that for count-
able VCC’s C C X both conditions (C7) and (C2) are fulfilled. We owe thanks to Dick Dudley for his
guidance in finding the proof presented by Péter Molnar.

8.4 Smoothed empirical processes and the bootstrap

In this last section we want to present a short sketch on bootstrapping smoothed empirical processes.
For details we refer to our paper [Gae03].
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The context is the same as in Section 7.4: So, throughout X is now supposed to be an arbitrary linear
metric space endowed with its Borel o-field X. Let n;,j € N, be iid re’s in X = (X, X) with law
L{n;} = v on X, defined as coordinate projections on the p-space
(Qv A, ]P)) = (XNv XN) VN)a
and let v, :=n"t > dy,; be the empirical measure based on 71, ...,m,,n € N. Consider the smoothed
Jj<n

empirical measure Uy, = Uy, % 1, (With given non-random p,, € M*(X)), n € N, and the bootstrapped
empirical process (already mentioned in Section 8.1)

Gyr = \/T_z<n_1 Z Opr — Vn)

Jj<n

based on 77, ...,n5,n € N, defined on a basic p-space (2*, A*,P*), where the n;’s are assumed to be
independent re’s in X with E{n;'-‘} =vp,1 < j <n,n € N. To be precise, given e.g. a class F of
X-measurable functions f : X — R (with X-measurable envelope F : X — R s.t. v(F?) < o) the

processs G4 = (G4 (f))fe}‘ indexed by F is defined for any fixed y; = n;(w),1 < j <n,w € Q, by

(8.4.1) G (", f) = v (n 3 S5 ) = valf,w))
j<n
for each w* € O and f € F, where v, (f,w) :=n"1 > f(y;), n € N, are considered as constants in
Jj<n
(8.4.1).
Now we are in the position of deriving the following result for the smoothed bootstrapped empirical
process (of sample size n) given by
(8.4.2) ﬁ(n_l 2(577]*_ * fln) — Up * Mn)-
Jj<n
For this, it is important to note by comparing this process with the unbiased smoothed empirical
process GZ of Section 7.5 that the process (8.4.2) arises through bootstrapping @;’l:
In fact, given

G = /(i — v * i) = \/ﬁ<(n—1 S 60,) * fin — ywn)

Jj<n
= ﬁ(Z(% *Mn) - V*,un)
js<n
based on iid re’s n; in X with £{n;} = v and then replacing v by v,, and n; by nj with L{n]} = v, we
get the process (8.4.2) which will be denoted by @;’l” (and also called bootstrapped smoothed empirical

process (of sample size n).
To this process one can apply Theorem 7.5.14 to obtain

8.4.3. THEOREM (c¢f. [Gae03]), Theorem 2.4).
Let the conditions of Theorem 7.5.14 be satisfied. Then

dp (G2, G,)* - 0.
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