Workshop on

Stochastic Partial Differential Equations

Statistical Issues and Applications

Centre for Mathematical Physics and Stochastics - MaPhySto

Organized by

Marianne Huebner (Michigan State University) and Michael Sørensen (University of Copenhagen)

1 Introduction

The MaPhySto–workshop “Stochastic Partial Differential Equations – Statistical Issues and Applications” was held 4 – 6 January 2001 at the Department of Statistics and Operations Research, University of Copenhagen.

The aim of the workshop was to identify promising research directions concerning statistical issues, including ill-posed problems, and to discuss where stochastic partial differential equations can fruitfully be applied. The focus was on applications in finance and hydrology.

This booklet contains extended abstracts of the talks given at the workshop followed by the list of participants.

2 Extended Abstracts

List of extended abstracts:

Bishwal, J.P.N.

Bernstein - von Mises Theorem and Bayes Estimation for Parabolic SPDEs 3

Cont, R.

Stochastic PDEs, infinite dimensional diffusions and interest rate dynamics 9

Cvitanić, J., Liptser, R. and Rozovskii, B.

Tracking Volatility 13

Huebner, M. and Lototsky, S.

Inverse problems for stochastic partial differential equations 22

Ibragimov, I.A.

An estimation problem for partial stochastic differential equations 27

Leonenko, N.

Parameter identification for rescaled solutions of PDE with random data 34

Markussen, B.

Likelihood inference for a linear SPDE observed at discrete points in time and space 38

Mohapl, J.

What is the Time Value of an Option? 44

Øksendal, B.

Stochastic partial differential equations driven by fractional Brownian motion 49

Piterbarg, L.I.

Parameter estimation in equations of stochastic fluid mechanics under Lagrangian data 50

Shardlow, T.

Stochastic Allen Cahn: Analysis and Numerics 54

Zhang, T.S.

On the small time large deviation principle for solutions of stochastic partial differential equations 58

Bernstein - von Mises Theorem and Bayes Estimation for Parabolic SPDEs

Jaya P. N. Bishwal Princeton University

Recently, infinite dimensional stochastic differential equations (SDEs), like the stochastic partial differential equations (SPDEs), are being paid a lot of attention in view of their modeling applications in neurophysiology, turbulence, oceonography and finance, see Itô (1984), Walsh (1986) and Kallianpur and Xiong (1995), Holden et al. (1996) and Carmona and Rozovskii (1999). In view of this it becomes necessary to estimate the unknown parameters in SPDEs.

Various methods of estimation in finite dimensional SDEs has been extensively studied during the last three decades as the observation time tends to infinity (see, Liptser and Shiryayev (1978), Basawa and Prakasa Rao (1980), Kuchler and Sørensen (1997), Prakasa Rao (1999) and Kutoyants (1999)) or as the intensity of noise tends to zero (see, Ibragimov and Has’minskii (1981), Kutoyants (1984, 1994)). On the other hand, this problem for infinite dimensional SDEs is young.

Consider an SPDE: du(t, x) = θAu(t, x)dt + dW (t, x), 0 ≤ t ≤ T, x ∈ G where G is a suitable Euclidean domain, A is a partial differential operator, W is a cylindrical Brownian motion and θ is an unknown parameter to be estimated on the basis of observations of the diffusion field u.

Loges (1984) initiated the study of parameter estimation in such models. When the length of the observation time becomes large (T → ∞), he obtained consistency and asymptotic normality of the maximum likelihood estimator (MLE) of a real valued drift parameter in a Hilbert space valued SDE. Koski and Loges (1986) extended the work of Loges (1984) to minimum contrast estimators. Koski and Loges (1985) applied the work to a stochastic heat flow problem. Kim (1996) also studied the properties of MLE in a similar set up. Mohapl (1992) studied the asymptotics of MLE in a in a nuclear space valued SDE. For partially observed SPDE systems of both parabolic and hyperbolic type, parameter estimation is studied by Aihara (1992, 1994, 1995), Aihara and Bagchi (1988, 1989, 1991), Bagchi and Borkar (1984). Nonparametric estimation where θ is an infinite dimensional parameter was studied by Ibragimov and Khasminskii (1998, 1999).

Huebner, Khasminskii and Rozovskii (1992) introduced spectral method and obtained consistency, asymptotic normality and asymptotic efficiency of MLE of a parameter in the drift coefficient of an SPDE. Spectral approach allows one to obtain asymptotics of estimators under conditions which guarantee the singularity of the measures generated by the corresponding diffusion field for different parameters. Unlike in the finite dimensional cases, where the total observation time was assumed to be long or intensity of the noise was assumed to be small (ϵ → 0), here both are kept fixed. Here the asymptotics are obtained when the number of Fourier coefficients (n) of the solution of SPDE becomes large.

Huebner, Khasminskii and Rozovskii (1992) gave two contrast examples in one of which they obtained consistency, asymptotic normality and asymptotic efficiency of the MLE as noise intensity decreases to zero under the condition of absolute continuity of measures generated by the process for different parameter values (the situation is similar to the classical case) and in the other they obtained these properties as the finite dimensional projection becomes large under the condition of singularity of the measures generated by the process. The study of small noise asymptotics of the MLE for more general parabolic SPDEs in the absolutely continuous case was studied by Huebner (1999).

The spectral asymptotics for MLE was extended by Huebner and Rozovskii (1995) to more general parabolic SPDEs where the partial differential operators commute and satisfy some order conditions. Piterberg and Rozovskii (1995) studied the properties MLE of a parameter in SPDE which are used to model the upper ocean variability in physical oceanography. Piterbarg and Rozovskii (1996) studied the properties of MLE based on discrete observations of the corresponding diffusion field. Huebner (1997) extended the problem to the ML estimation of multidimensional parameter. Lototsky and Rozovskii (1999) studied the same problem without the commutativity condition.

The Bernstein-von Mises theorem, concerning the convergence of suitably normalised and centered posterior distribution to normal distribution, was first proved by Bernstein (1917) and von Mises (1931) in specific i.i.d. cases. It plays a fundamental role in asymptotic Bayesian inference, see Le Cam and Yang (1990). A complete proof in the i.i.d. caes was first given by Le Cam (1953). Since then the theorem has been extended to many dependent cases. Borwanker et al. (1972) obtained the theorem for discrete time Markov processes. For the linear homogeneous diffusion processes, the Bernstein - von Mises theorem was proved by Prakasa Rao (1980). Prakasa Rao (1981) extended the theorem to a two parameter diffusion field. Bose (1983) extended the theorem to the homogeneous nonlinear diffusions and Mishra (1989) to the nonhomogeneous diffusions. As a further refinement in Bernstein-von Mises theorem, Bishwal (2000a) obtained sharp rates of convergence to normality of the posterior distribution and the Bayes estimators in the Ornstein-Uhlenbeck process.

All these above work on Bernstein-von Mises theorem are concerned with finite dimensional SDEs. Recently Bishwal (1999) proved the Bernstein-von Mises theorem and obtained asymptotic properties of regular Bayes estimator of the drift parameter in a Hilbert space valued SDE when the corresponding diffusion process is observed continuously over a time interval [0, T ]. The asymptotics are studied as T → ∞ under the condition of absolute continuity of measures generated by the process. Results are illustrated for the example of an SPDE. The situation is analogous to the finite dimensional SDEs, where the measures are absolutely continuous.

Here we prove the Bernstein-von Mises theorem for a certain class of linearly parametrized parabolic SPDEs when the corresponding random field is observed continuously in time. We will consider two types of asymptotics: 1) spectral asymptotics when the measures generated by the corresponding diffusion field for different parameter values are singular and 2) small noise asymptotics when the above measures are absolutely continuous with respect to each other. As a consequence of the above theorem, it will be shown that regular Bayes estimators, for smooth priors and loss functions, are asymptotically equivalent to the maximum likelihood estimators, strongly consistent, asymptotically normally distributed and asymptotically efficient in the Hajek-Le Cam sense. An example of heat equation is given where the assumptions made are verified. First part is from Bishwal (1998) and the second part from (2000b). As further refinement of these results, rates of normal approximation of the posteriors and Bayes estimators are shown. The rate is interesting which differs from the classical i.i.d. case. For the heat equation, it is of the order n^{−3/2} where n is the number of observable Fourier coefficients. This part is from Bishwal (2001). Similar rate was shown by Bishwal, Markussen and Sørensen (2000) for the MLE.

Sequential estimators are known to have better properties than the MLE in finite dimensional SDEs (see Küchler and Sørensen (1997)). Sequential estimation in SPDEs is studied in Bishwal and Sørensen (2000).

References

[1] Aihara, S.I. (1994) : Maximum likelihood estimate for discontinuous parameter in stochastic hyperbolic systems, Acta Applicandae Mathematicae 35, 131-151.

[2] Aihara, S.I. (1995) : Identification of a discontinuous parameter in stochastic parabolic systems, To appear in Applied Math. ptimization.

[3] Aihara, S.I. and Bagchi, A. (1989) : Infinite dimensional parameter identification for stochastic parabolic systems, Statist. Probab. Letters 8, 279-287.

[4] Aihara, SI. and Bagchi, A. (1988) : Parameter identification for stochastic diffsion equations with unknown boundary conditions, App. Math. Optimizaton 17, 15-36.

[5] Aihara, S.I. and Bagchi, A. (1991) : Parameter identification for hyperbolic stochastic systems, J. Math. Anal. Appl. 160, 485-499.

[6] Aihara, S.I. (1992) : Regularized maximum likelihood estimate for an infinite dimensional parameter in stochastic parabolic systems, SIAM J. Cont. Optim. 30, 745-764.

[7] Bagchi, A. and Borkar, V. (1984) : Parameter identification in infinite dimensional linear systems, Stochastics 12, 201-213.

[8] Basawa, I.V. and Prakasa Rao, B.L.S. (1980) : Statistical Inference for Stochastic Processes, Academic Press, New York-London.

[9] Bernstein, S. (1917) : Theory of Probability, (in Russsian).

[10] Bishwal, J.P.N. (1998) : The Bernstein-von Mises theorem and spectral asymptotics for Bayes estimators for parabolic SPDEs, Forthcoming in J. Australian Math. Soc., Ser. A

[11] Bishwal, J.P.N. (1999) : Bayes and sequential estimation in Hilbert space valued stochastic differential equations, J. Korean Statistical Society 28 (1), 93-106.

[12] Bishwal, J.P.N. (2000a) : Rates of convergence of the posterior distributions and the Bayes estimators in the Ornstein-Uhlenbeck process, Random Operators and Stochastic Equations 8, 51-70.

[13] Bishwal, J.P.N. (2000b) : Bernstein-von Mises theorem and asymptotics for Bayes estimators for parabolic SPDEs disturbed by small noise, Preprint

[14] Bishwal, J.P.N. (2001) : Rates of convergence of the posterior distributions and the Bayes estimators in parabolic SPDEs, preprint.

[15] Bishwal, J.P.N., Markussen, B. and Sørensen, M. (2000a) : Large deviations and Berry-Esseen inequality for the maximum likelihood estimator in parabolic SPDEs, working paper.

[16] Bishwal, J.P.N. and Sørensen, M. (2000b) : Sequential estimation in parabolic SPDEs, working paper.

[17] Borwanker, J.D., Kallianpur, G. and Prakasa Rao, B.L.S. (1971) : The Bernsteinvon Mises theorem for Markov processes, Ann. Math. Statist. 42 (1971), 1241-1253.

[18] Bose, A. (1983) : The Bernstein-von Mises theorem for a certain class of diffusion processes, Sankhyā Ser. A 45, 150-160.

[19] Carmona, R. and Rozovskii, B.L. (1999) Stochastic Partial Differential Equations:

Six Perspectives, American Mathematical Society, Rhode-Island.

[20] Holden, H., Øksendal, B. Ubøe, J. and Zhang, T. (1996) : Stochastic Partial Differential Equations, Birkhäuser, Boston.

[21] Huebner, M. (1997) : A characterization of asymptotic behaviour of maximum likelihood estimators for stochastic PDE’s, Math. Methods. Statist. 6, 395-415.

[22] Huebner, M. (1999) : Asymptotic properties of the maximum likelihood estimator for stochastic PDEs disturbed by small noise, Statistical Inference for Stochastic Processes, 2, 57-68.

[23] Huebner, M., Has’minskii, R.Z. and Rozovskii, B.L. (1992) : Two examples of parameter estimation for stochastic partial differential equations, In : S. Cambanis, J.K. Ghosh, R.L. Karandikar, P.K. Sen (Eds.) Stochastic Processes, Freschrift in Honour of G. Kallianpur, Springer, Berlin, p. 149-160.

[24] Huebner, M. and Rozovskii, B.L. (1995) : On the asymptotic properties of maximum likelihood estimators for parabolic stochastic PDEs, Prob. Theor. Rel. Fields 103, 143-163.

[25] Ibragimov, I.A. and Has’minskii, R.Z. (1981) : Statistical Estimation : Asymptotic Theory, Springer-Verlag, Berlin.

[26] Ibragimov, I.A. and Khasminskii, R.Z. (1998) : Estimation problems for coefficients of stochastic partial differential equations, Part I Theory Probab. Appl. 43, 370-387.

[27] Ibragimov, I.A. and Khasminskii, R.Z. (1999) : Estimation problems for coefficients of stochastic partial differential equations, Part II Theory Probab. Appl. 44. [28] Itô, K. (1984) : Foundations of Stochastic Differential Equations in Infinite Dimensional Spaces, CBMS-NSF Regional Conference Series in Applied Mathematics, 49, SIAM, Philadelphia, Pennsylvania.

[29] Kallianpur, G. and Xiong, X. (1995) : Infinite Dimensional Stochastic Differential Equations, Institute of Mathematical Statistics, Lecture Notes-Monograph Series, 26. [30] Kim, Y.T. (1996) : Parameter estimation for an infinite dimensional stochastic differential equations, J. Korean Statistical Society 25, No. 2, 161-173.

[31] Koski, T. and Loges, W. (1985) : Asymptotic statistical inference for a stochastic heat flow problem, Statist. Prob. Letters 3, 185-189.

[32] Koski, T. and Loges, W. (1986) : On minimum contrast estimation for Hilbert space valued stochastic differential equations, Stochastics 16, 217-225.

[33] Küchler, U. and Sørensen, M. (1997) : Exponential Families of Stochastic Processes, Springer-Verlag, Berlin-New York.

[34] Kutoyants, Yu. A. (1984) : Parameter Estimation for Stochastic Processes (Translated and eedited by B.L.S.Prakasa Rao), Heldermann-Verlag, Berlin.

[35] Kutoyants, Yu. A. (1994) : Identification of Dynamical Systems with Small Noise Kluwer, Dordrecht.

[36] Kutoyants, Yu. A. (1999) : Parameter Estimation for Ergodic Diffusion Processes, To appear.

[37] Le Cam, L. (1953) : On some aymptotic properties of maximum likelihood and related Bayes estimators, Univ. Calif., Publ. in Statist. 1, 227-330.

[38] Le Cam and Yang, G.L. (1990) : Asymptotics in Statistics : Some Basic Concepts, Springer, New York.

[39] Liptser, R.S. and Shiryayev, A.N. (1977, 1978) : Statistics of Random Processes I, II, Springer, Berlin

[40] Lototsky, S.V. and Rozovskii, B. L. (1999) : Spectral asymptotics of some functionals arising in statistical inference for SPDEs, Stoch. Process Appl. 79, 69-94.

[41] Mishra, M.N. (1989) : The Bernstein- von Misses theorem for a class of nonhomogeneous diffusion processes, Statist. Decisions 7, 153-165.

[42] Mohapl, J. (1994) : Maximum likelihood estimation in linear infinite dimensional models, Commun. Statist. - Stoch. Models 10, 781-794.

[43] Mohapl, J. (1997) : On estimation in planar Ornstein-Uhlenbeck process, Comm.

Statist.- Stoch. Models 13, 433-455.

[44] Piterbarg, L. and Rozovskii, B.L. (1995) : Maximum likelihood estimators in the equations of physical oceanography, In: Stochastic Modelling in Physical Oceanography, (Eds.) R. Adler, P. Muller, and B. Rozovskii, Birkhauser, Boston.

[45] Piterbarg, L. and Rozovskii, B.L. (1996) : On asymptotic problems of parameter estimation in stochastic PDEs : discrete time sampling, Math. Methods Statist. 6 (2), 200-223.

[46] Prakasa Rao, B.L.S. (1980) : The Bernstein - von Mises theorem for a class of diffusion processes, Theory of Random Processes 9, 95-101 (in Russian).

[47] Prakasa Rao, B.L.S. (1981) : On Bayes estimation for diffusion fields, In : Statistics : Applications and New Directions, Proc. ISI Golden Jubilee Conferences, ed. J.K. Ghosh and J. Roy, 504-511.

[48] Prakasa Rao, B.L.S. (1999) : Statistical Inference for Diffusion Type Processes, Arnold, London.

[49] von Mises, R. (1931) : Wahrscheinlichkeitsrechnung, Springer-Verlag.

[50] Walsh, J.B. (1986) : An introduction to stochastic partial differential equations, Lecture Notes in Mathematics 1180, 265-439, Springer, Berlin.

Stochastic PDEs, infinite dimensional diffusions and interest rate dynamics

Rama Cont^1 Ecole Polytechnique, Palaiseau, France

Interest rates admit a natural description in terms of a random field indexed by time and maturity: for example, one may represent the structure of interest rates at date t by the forward rate f(t, T ) for the maturity T = t + x, x units of time ahead from the current date. Here x is the time to maturity of the corresponding forward contract. Forward rates are linked to bond prices by

B(t, T ) = exp − ∫_T t f(t, u)du The forward rates f(t, T ) are modeled in the Heath Jarrow Morton (HJM) framework as a family of diffusion processes indexed by the maturity date T : for each T ≥ t, f(t, T ) is the solution of df(t, T ) = α(t, T )dt + σ(t, T ).dW_t (1) where W is a finite dimensional Wiener process on a filtered probability space (Ω, F_t, P). Driving a infinite (continuum) of diffusion processes with the same finite dimensional noise sources creates considerable amount of correlations among different forward rates, leading to risk-free arbitrage strategies in the model, which is undesirable from a financial point of view. A sufficient condition for avoiding such arbitrage opportunities is the existence of an equivalent martingale measure Q ∼ P such that for each maturity T , the bond price B(t, T ) is a Q-martingale. In the diffusion context, one can parametrize Q by its Girsanov kernel with respect to P. As shown by Heath, Jarrow &Morton [9] this leads to a restriction on the form of the drift in Eq.1: α(t, T ) = σ(t, T ) ∫_T t σ(t, u)du + σ(t, T )γ(t) (2) where γ(t) is a F_t predictable process, depending only on t and not on T and verifying a Novikov condition allowing to link P to Q via a Girsanov transformation:

E exp[− ∫_T 0 γ(t)dW^i_t − ∫_T 0 γ(t)^2dt] < +∞ (3)

However absence of arbitrage gives no more restrictions on the process γ, leaving a large degree of freedom for the modeling of interest rate dynamics. Most of the literature on this topic [1, 9, 8, 10] deals with the case γ = 0 which is the case when P = Q describing the ”risk-neutral” dynamics of interest rates. This corresponds to the dynamics one

1The author thanks Marianne Huebner and Michael Sørensen for the invitation to the MaPhySto workshop and Rene Carmona, Robert Dalang, Nicole El Karoui, Rokhsaneh Ghandi, Boris Rozovskii and Jerzy Zabczyk for many helpful remarks and encouragement.

would use in a Monte Carlo simulation for pricing interest rate option. In this case, if one denotes by r(t, x) = f(t, t + x) the forward rate curve as a function of time to maturity, then r(t, .) is a function defined on [0, ∞[, solution of a stochastic evolution equation the random field r(t, x) is the solution to a hyperbolic first-order stochastic PDE with finite dimensional Wiener process as noise source [10]: ∂r(t, x) ∂t = ∂r ∂x + σ(t, x) ∫_x 0 σ(t, u)du + σ(t, x).η(t, x) (4) where η is a white noise in t, eventually correlated in x.

However, statistical analysis of observations reveals interesting properties of this random field which seem to be at odds with such a specification [4, 3, 5]: the meanreverting character of interest rates, the influence of the curvature of the yield curve on the dynamics and the increasingly oscillating behavior of higher order principal components of forward rates as well as their as the quick decay of their eigenvalues are empirical facts which have no generic theoretical counterparts in HJM models, which have to be fine tuned to obtain these effects. This often leads to postulating complicated time dependent volatility structures to reproduces empirical stylized facts. Also, the fact that Eq. 4 is a first order SPDE means that there is no smoothing effect: an anomaly / non-smoothness in the initial condition will not be ”arbitraged out” as in real markets by the evolution described in Eq.4. As illustrated in [5], these empirical facts can be easily accomodated by introducing a curvature dependent (second order derivative) term in Eq.4, leading to a parabolic SPDE for r.

Considering the forward rate curve r_t = r(t, .) as the state variable, Eq. 4 can also be regarded as an infinite dimensional diffusion taking values in some functional (Hilbert) space H to be specified [10]: dr_t = A.r_tdt + Σ.dB_t (5) A.r = ∂r ∂x + σ(t, .) ∫_. 0 σ(t, u)du (6) where the operator A is now considered as an operator in H and B_t is an infinite dimensional cylindrical Brownian motion on H. Σ is a densely defined linear operator in H which, in the case of a finite factor model, reduces to an operator of finite rank. The Hilbert space H should contain all possible forward rate curves; the choice of the space is discussed in detail in [8], see also [1]. However from a statistical perspective many joint specifications of (Σ, H) lead to the same (weak) solution of the SDE; reciprocally, given certain statistical properties of the yield curve, the choice of H influences that of Σ [5]. The main point here is that it is the nature of A which determines the properties of the evolution semigroup of the forward rates, and the HJM operator in Eq.5 does not generically possess the properties pointed out above.

The statistical properties described above –mean reversion, structure of principal components, fast decay of PC variances, inreasingly oscillating PCs– can be easily reproduced by choosing A as a Sturm Liouville operator: dr_t = A.r_tdt + Σ.dB_t (7) A.f = 1 s(x) ∂ ∂x [a(x) ∂f ∂x ]. (8)

This means that r(t, x) is now the solution of a parabolic stochastic PDE. We study in [5] a simple example of this model where A = ∂ ∂x + κ ∂^2 ∂x^2 (9) and show how all the statistical properties observed in empirical data can be recovered with a single additional parameter κ, without introducing a complex time dependent volatility structure.

Considered as a diffusion in Hilbert space, the model has even a simpler structure: it is a Hilbert space valued Ornstein Uhlenbeck, the infinite dimensional analog of the Vasicek model, in which the short rate is an Ornstein Uhlenbeck process. In fact, the projections of r_t onto the eigenvectors of A are scalar Ornstein Uhlenbeck processes, independent if the process is covariance stationary [5]. This model can then also be considered as an infinite factor model with factors which are Ornstein Uhlenbeck processes.

The remaining question is whether the parabolic SPDE model is compatible with the HJM arbitrage condition (2). This is where the infinite dimensional nature of the driving noise plays a role. The infinite dimensional nature of the noise is shown to guarantee the absence of arbitrage in this framework: the non-degeneracy of the volatility operator Σ allows a parabolic SPDE of the type (7) to be expressed in the form 5; see [6]. Thus infinite factor HJM models appear not simply as technical generalization of finite factor models but as an elegant way to conciliate arbitrage restrictions and econometric observations.

References

[1] Björk T., G. Di Masi, Y. Kabanov, W. Runggaldier (1997) “Towards a general theory of bond markets”, Finance and Stochastics, 1 (2), 141-174.

[2] Tomas Björk (2001) A geometric view of interest rate theory, in Handook of Mathematical Finance, Cambridge University Press.

[3] J.P. Bouchaud, R. Cont, N. El Karoui, M. Potters & N. Sagna (1999) “Phenomenology of the interest rate curve: a statistical analysis of term structure deformations”, Applied mathematical finance, 6, No.3.

[4] J.P. Bouchaud, R. Cont, N. El Karoui, M. Potters & N. Sagna (2000) “Strings Attached”, in: Hughston, L (Ed.): New interest rate models: Innovations from Heath-Jarrow-Morton to the Present, London: Risk Publications.

[5] Cont, R. (1998), “Modeling term structure dynamics: an infinite dimensional approach”, to appear in: International Journal of theoretical and applied finance.

[6] Cont, R. (2000), “Stochastic PDEs and term structure deformations”, Working Paper.

[7] Rama Cont : Random fields, stochastic PDEs and interest rate dynamics, Stochastic analysis, random fields and applications: in honor of Sergio Albeverio (Ascona, Sept 1999), Birkhauser.

[8] Damir Filipović (2000): Consistency Problems for HJM Interest Rate Models, PhD Thesis, ETH Zürich (2000).

[9] Heath D., Jarrow R & Morton A. (1992) Bond pricing and the term structure of interest rates, Econometrica, 60, 77–105.

[10] Marek Musiela & Ben Goldys: Infinite dimensional diffusions, Kolmogorov equations and interest rate models, preprint (1998).

Tracking Volatility

Jakša Cvitanić, Robert Liptser, and Boris Rozovskii

Abstract: This paper is concerned with nonlinear filtering of the volatility coefficient in a Black-Scholes type model that allows stochastic volatility. More specifically we assume that the asset price process S = (S_t)_{t≥0} is given by dS_t = rS_tdt + √ v_tS_tdB_t, where B = (B_t)_{t≥0} is a Brownian motion and v_t is the (stochastic) volatility process. Moreover, it is assumed that v_t = v(θ_t) where v is a nonnegative function and θ = (θ_t)_{t≥0} is a homogeneous Markov jump process, taking values in the finite alphabet {a_1, . . . , a_M }, with the intensity matrix Λ = ||λ_{ij}|| and the initial distribution p_q = P (θ_0 = a_q), q = 1, . . . , M.

The random process θ is unobservable. Following to Frey and Runggaldier [4], we assume also that the asset price S_t is measured only at random times 0 < τ_1 < τ_2 < . . . ,. This assumption is designed to reflect the discrete nature of high frequency financial data (e.g. tick-by-tick stock prices). The random time moments τ_k “represent instances at which a large trade occurs or at which a market maker updates his quotes in reaction to new definition.”

In the above setting the problem of volatility estimation is reduced naturally to a special nonlinear filtering problem. We remark that while quite natural, the latter problem does not fit into the ”standard” framework and requires new technical tools.

In this paper, we derive a mean-square optimal recursive Bayesian filter for θ_t based on the observations of S_{τ1} , S_{τ2} , . . . for all τ_k ≤ t. In addition we derive Duncan- Mortensen-Zakai and Wonham-Kushner type equations for posterior distributions of θ_t and prove uniqueness of their solutions.

1. Introduction

In the classical Black-Scholes model for financial markets, the stock price S_t is modeled as a Geometric Brownian motion, namely with diffusion coefficient equal to σS_t, where “volatility” σ is assumed to be constant. The volatility parameter is the most important one when it comes to option pricing, so, naturally, many researchers generalized the constant volatility model to so-called stochastic volatility models, where σ_t is itself random and time dependent. There are two basic classes of models - complete and incomplete. In complete models the volatility is assumed to be a functional of the stock price, while in incomplete models it is driven by some other source of noise, possibly correlated with the original Brownian motion. In this paper we study a particular

J. Cvitanić is with the Department of Mathematics, University of Southern California, Los Angeles, CA 90089-1113, USA, email: cvitanic@math.usc.edu

R. Liptser is with the Department of Electrical Engineering-Systems, Tel Aviv University, Tel Aviv, 69978, Israel, email: liptser@eng.tau.ac.il

B. Rozovskii is with the the Department of Mathematics, University of Southern California, Los Angeles, CA 90089-1113, USA, email: rozovski@math.usc.edu — Corresponding author

incomplete model in which the volatility process is independent of the driving Brownian motion process. This has the economic interpretation of the volatility being influenced by market, political, financial and other factors which are independent of the systematic risk (the Brownian motion process) associated to the particular stock price under study. It is also close in spirit to the way traders think about volatility - as a parameter that changes with time, and whose future value in a given period of interest has to be estimated/predicted. They need the estimate of the volatility to decide how they will trade in financial markets, especially derivatives markets. In fact, the notion of volatility is so important to traders that they even quote option prices in volatility units rather than in dollars (or some other currency). It is also important for investment banks who need to know the model for the future volatility in order to be able to price custom-made financial products, whose payoff depends on the future path of the underlying stock price. Very recently new contracts have been developed, which directly trade the volatility itself (volatility swaps, for example). We plan to address the issue of pricing options within the framework of our model in future research.

Estimation of volatility from observed stock prices is not a trivial task in either complete or incomplete models, in part because the prices are observed at discrete, possibly random time points. Since volatility itself is not observed, it is natural to apply filtering methods to estimate the volatility process from the historical stock price observations. Nevertheless, this has only recently been investigated in continuoustime models, in particular by Frey and Runggaldier [4]. Most of the earlier research was concentrated on either the time series approach (ARCH-GARCH models) or on calibration methods. The latter do not use historical data to estimate the volatility, but try instead to find the volatility process that matches best (in some appropriately defined sense) the observed present prices of frequently traded option contracts. In other words, methods have been developed to solve the “inverse problem” of finding the volatility process such that the corresponding theoretical prices of options become close, in some sense, to the observed market prices of options. In this paper we adopt the approach of filtering the volatility from the observed historical stock prices. In the future work we plan to combine the two approaches, thereby estimating the model by taking into account both the historical behavior of volatility (as indicated through past stock prices), as well as the market opinion about its future behavior (as indicated through present option prices).

More precisely, we are concerned with nonlinear filtering of the volatility coefficient in a Black-Scholes type model in which the asset price process S = (S_t)_{t≥0} is given by dS_t = rS_tdt + √ v_tS_tdB_t, (1) where B = (B_t)_{t≥0} is a Brownian motion and v_t is the (stochastic) volatility process (see [3]). Moreover, it is assumed that v_t = v(θ_t), v(x) is bounded positive (known) function, and θ = (θ_t)_{t≥0} is a homogeneous Markov jump process taking values in the finite alphabet {a_1, . . . , a_M } with the intensity matrix Λ = ||λ_{ij}(t)|| and the initial distribution p_q = P (θ_0 = a_q), q = 1, . . . , M.

The random process θ is unobservable. Following Frey and Runggaldier [4], we assume also that the asset price S_t is observed only at random times 0 := τ_0 < τ_1 < τ_2 < . . . ,. This assumption is designed to reflect the discrete nature of high frequency financial data (e.g. tick-by-tick stock prices). The random time moments τ_k “represent instances at which a large trade occurs or at which a market maker updates his quotes in reaction to new information” (see [3] ).

In the above setting the problem of volatility estimation is reduced naturally to a special nonlinear filtering problem. We remark that while quite natural, the latter problem does not fit into the ”standard” framework and requires new technical tools.

Frey and Runggaldier [4] derived a Kallianpur-Striebel type formula for the optimal mean-square filter for θ_t based on the observations of S_{τ1} , S_{τ2} , . . . for all τ_k ≤ t and investigated Markov Chain approximations for this formula. In this paper, we extend their result in that we derive exact Duncan-Mortensen-Zakai and Wonham-Kushner type filters for θ_t.

2. Preliminaries.

In this Section we introduce additional notation and further specialize the mathematical model.

To begin with let us consider the observation process. As in Frey and Runggaldier [4], we assume that the price process is observed only at random time moments 0 < τ_1 < τ_2 < .... More specifically, observation process is the discrete-time stochastic process (τ_k, S_{τk} )_{k≥1}. By technical reasons it is more convenient to deal with the Gaussian process U_t = log S_t ruther then the original price process S_t. Obviously, U_t − U_{τk−1} = ∫_t τ_{k−1} ( r − 1 2 v(θ_s) ) ds + ∫_t τ_{k−1} v^{1/2}(θ_s)dB_s. Write U_{k−1}(t) := U_t − U_{τk−1} and set Y_t = I_{{τk−1<t≤τk }}U_{k−1}(t) where τ_0 = 0. Of course, the sequences (τ_k, S_{τk} )_{k≥1}and ((τ_k, Y_{τk} )_{k≥1}) provide the same information regarding the volatility process θ_t. Thus, without loss of generality, we can assume that the observation is given by the process

G_k = {(τ_k, Y_{τk} ); (τ_{k−1}, Y_{τk−1} ); . . . ; (τ_1, Y_{τ1} )}.

The counting process

N_t = ∞∑ k=1 I(τ_k ≥ t) and the random integer-valued measure μ ( [0, t] × Γ ) = ∫_t 0 I(Y_s ∈ Γ)dN_s will play an important role in the future.

We assume that the triple (B_t, θ_t, N_t) are defined on a fixed stochastic basis (Ω, F, (F_t), P ) subject to standard conditions. Let (G_t) be the right continuous complete filtration generated by μ, that is by the processes ∫_t 0 ∫ R f(y)μ(ds, dy) with bounded (measurable) functions f. Obviously, (G_t) ⊂ (F_t).

The following assumptions will be in force everywhere below:

A The Brownian motion (B_t) is independent of (θ_t, N_t).

B The counting process (N_t) is a double Poisson (Cox) process with the stochastic intensity n(θ_t), where n is bounded and strictly positive function. The jumps of the processes (θ_t) and (N_t) are disjoint.

The first part of B means that N_t − ∫_t 0 n(θ_s)ds is a martingale with respect to (F_t) or, equivalently, that ^N_t = ∫_t 0 n(θ_s)ds is an (F_t) −adapted compensator of N_t Note also, that assumption A yields that the conditional distribution P ( U_{k−1}(t) ≤ y|G_{t−}; θ_{[0,τk]} ) is Gaussian with the density p_{(k−1),θ}(y) = 1 √ 2πσ^2_{k−1}(θ, t) e^− (y−mk−1(θ,t))2 2σ2k−1(θ,t)

where m_{k−1}(θ, t) = ∫_{t∧τk} τ_{k−1} ( r − 1 2 v(θ_s) ) ds σ^2_{k−1}(θ, t) = ∫_{t∧τk} τ_{k−1} v(θ_s)ds. It is also convinient to introduce the vector process I_t with the components

I(θ_t = a_1), I(θ_t = a_2), . . . , I(θ_t = a_M ).

Obviously, I_t is just another representation of θ_t. Set v = v(a_1), v(a_2), . . . , v(a_M ) n = n(a_1), n(a_2), . . . , n(a_M )

It is readily checked that v(θ_t) = vI_t, n(θ_t) = nI_t, and the process I_t is a semimartingale (with respect to (F_t)) given by the Itô equation

I_t = I_0 + ∫_t 0 ΛI_sds + I_t (2)

where (I_t) is a purely discontinuous vector martingale. The paths of every component of (I_t) is right continuous with unit size jumps, and admits left-hand limits (see Lemma 9.2 in [8]).

Note that the disjointness of jumps of (θ_t) and (N_t) is equivalent to the disjointness of jumps of (I_t) and (N_t).

Write ϱ_{k−1}(t, y) = E ( diag(I_t)n^∗p_{(k−1),θ}(y)|G_{t−} ) E ( nI_tp_{(k−1),θ}(y)|G_{t−} ) and ϱ(t, y) = ∞∑ k=1 I_{{τk−1<t≤τk }}ϱ_{k−1}(t, y) where p_{(k−1),θ}(y) is the Gaussian density introduced above,^∗ is the transposition symbol, and diag(I_t) is the scalar matrix with the diagonal I_t.

Note that the integrand in ϱ_k(t, y) is a functional of (I_t). Indeed, the parameters of the density p_{(k−1),θ}(y) can be rewritten as follows: m_{k−1}(θ, t) = ∫_{t∧τk} τ_{k−1} ( r − 1 2 vI_s ) ds σ^2_{k−1}(θ, t) = ∫_{t∧τk} τ_{k−1} vI_sds. 3.Filters

3.1 The Wonham-Kushner filter

Set π_t(I) = E(I_t|G_t). The process π_t(I) describes the dynamics of posterior conditional distributions P (θ_t = a_1|G_t), P (θ_t = a_2|G_t), . . . , P (θ_t = a_M |G_t)

Of course, this posterior distribution fully defines the mean-square optimal nonlinear filter.

The main result of this paper is formulated in the following Theorem.

Theorem. The posterior distribution π_t(I) verifies the following equation

π_t(I) = π_0(I) + ∫_t 0 Λπ_s(I)ds + ∑ k:τ_k≤t ( ϱ_{k−1}(τ_k, Y_{τk} ) − π_{τk −}(I) )

− ∫_t 0 ( diag(π_s(I)) − π_s(I)π^∗_s (I) ) n^∗ds. (3)

Equations for posterior distributions of jump processes is often referred to as Wonham- Kushner equations and we will follow this tradition. It is redily checked that Wonham- Kushner equation can be rewritten as follows:

π_t(I) = π_0(I) + ∫_t 0 Λπ_s(I)ds + ∫_t 0 ∫ R ( ϱ(s, y) − π_{s−}(I) )( μ − ~ν ) (ds, dy)) where ~ν(dt, dy) = ∞∑ k=1 I_{{τk−1<t≤τk }}E ( nIp_{(k−1),θ}(y)|G_t ) dtdy is the compensator of μ with respect to the “observation”. Moreover ∫_t 0 ∫ R ( μ − ~ν ) (ds, dy) is a martingale and “μ − ~ν” plays the role of the innovation process. The latter form of the Kushner-Wonham equation is quite similar to its well known version developed for diffusion type observation process (see [8], [12]).

The proof of the Theorem is based on a general filtering result for semimartingales - Theorem 4.10.1 in Liptser and Shiryaev [9].

Continuous time filtering equation with discontinuous observation were addressesed by many authors (see e.g. Grigelionis [5], [6]; Elliott, Aggoun and Moore [2]; Krylov and Zatezalo [7] etc.) Unfortunately, these works do not cover our setting.

3.2 Duncan-Mortensen-Zakai equation

If n(x) ≡ 1, i.e. N_t is the Poisson process with the unit intensity, the jump moments τ_1, τ_2, . . . , do not carry any “information” regarding the volatility and the observation process G can be reduced to the sequence Y_{τ1} , Y_{τ2} , . . . It is readily checked that in this case the filtering equation takes a much simpler form:

π_t(I) = π_0(I) + ∫_t 0 Λπ_s(I)ds + ∑ k:τ_k≤t ϱ_{k−1}(τ_k, Y_{τk} ) where ϱ_{k−1}(t, y) = E ( I_tp_{(k−1),θ}(y)|G_{t−} ) E ( p_{(k−1),θ}(y)|G_{t−} ) This fact inspires the idea to find a new measure P^′ that is absolutely continuous with respect to the original measure P and such that (N_t, P^′) is the Poisson process with the unit intensity. Such change of the measure is possible, if the filtering problem is treated on a finite time interval [0, T ]. Specifically, the new measure is defined by

dP^′ = z_T dP_T

where P_T is the restriction of P to F_T , and t ≤ T,

z_t = exp ( ∫ t 0 − log n(θ_{s−})dN_s − ∫_t 0 1 − n(θ_s) n(θ_s) d ^Ns ) (4) (see e.g. Section 19.4 in Ch. 19 [8]).

In the future, an expectation with respect to the measure P^′ will be denoted E^′. Write π^′_t(zI) = E^′ ( z^{−1}_t I_t|G_t ) , and π^′_t(z) = E^′ ( z^{−1}_t |G_t ) ). By the Kallianpur-Striebel formula, we have

π_t(I_t) = π^′_t(z^{−1}I) π^′_t(z^{−1}) . The equation for π^′_t(z^{−1}I) in the case of diffusion type observation (usually referred to as the Duncan-Mortensen-Zakai equation ) is well known ( see e.g. [12]). To derive an analog of this equation in the present setting, we start with the Kushner type equations for the time evolution of π^′_t(z^{−1}I) and π^′_t(z^{−1}). To this end, let us discuss briefly some important features of our model with respect to the new measure P^′. Since (θ_t) and (N_t) have disjoint jumps, the distribution of the process θ remains the same under the new measure. Similarly, since the predictable covariance of (B_t) and (N_t − ^N_t) is zero, it ie readily checked that the process (B_t) is a standard Brownian motion independent of (θ_t) and (N_t). Further, since (N_t) is the Poisson process with the unit intensity, we have ϱ^′_{k−1}(t, y) = E^′ ( I_tp_{(k−1),θ}(y)|G_{t−} ) E^′ ( p_{(k−1),θ}(y)|G_{t−} ) and ϱ^′(t, y) =^∞ ∑ k=1 ϱ^′_{k−1}(t, y). The compensator ~ν is is given now by the formula

~ν^′(dt, dy) = ∞∑ k=1 I_{{τk−1<t≤τk }}E^′ ( p_{(k−1),θ}(y)|G_t ) dtdy. Making use of Theorem 4.10.1 from [9], one can show that the following representation for π^′_t(z^{−1}) holds true:

π^′_t(z^{−1}) = 1 + ∫_t 0 ∫ R ϱ^′(s, y)(μ − ~ν^′)(ds, dy) Write w(s, y) = E(nIp_{(k−1),θ}(y)|G_{s−}) E(p_{(k−1),θ}(y)|G_{s−}) . (5)

It is readily checked that ϱ^′(s, y) π^′_{s−}(z^{−1})

= w(s, y) − 1 (6)

Theorem 4.10.1 in [9], (5) , and (6) yield the following linear equation for π^′_t(z^{−1}) :

π^′_t(z^{−1}) = 1 + ∫_t 0 ∫ R π^′_{s−}(z^{−1}) ( w(s, y) − 1 ) (μ − ~ν^′)(ds, dy). Obviously the Dolean-Dade exponent is the unique solution of this equation. Thus we have

π^′_t(z^{−1}) = exp ( ∫ t 0 ∫ R log w(s, y)μ(ds, dy) − − ∫_t 0 ∫ R (w(s, y) − 1)~(ν)(ds, dy) )

To derive the Duncan-Mortensen-Zakai filter for π^′_t(z^{−1}I), we begin with deriving the semimartingale decomposition for z^{−1}_t I_t. From (4) by the Itô formula, we have

z^{−1}_t = 1 + ∫_t 0 z^{−1}_{s−}(n(θ_{s−}) − 1)(dN_s − ds).

Now, taking into account (1) and applying Itô’s formula to z_tI_t we get

z_tI_t = I_0 + ∫_t 0 Λz_sI_sds + ∫_t 0 z_{s−}I_{s−}dI_s + ∫_t 0 z_{s−}I_{s−}(n(θ_{s−}) − 1)(dN_s − ds). Now, applying Theorem 4.10.1 in [9], we find

π^′_t(z^{−1}I)

= π^′_0(I) + ∫_t 0 Λπ^′_s(z^{−1}I)ds + ∫_t 0 ∫ R ( φ^′(s, y) − π^′_{s−}(z^{−1}I) ) (μ − ~ν^′)(ds, dy), where φ^′(t, y) =^∞ ∑ k=1 I_{{τk−1<t≤τk }}φ^′_{k−1}(t, y) and

φ^′_{k−1}(t, y) = E^′ ( diag(z^{−1}_t I_t)n^∗p_{(k−1),θ}(y)|G^′_{t−} ) E^′ ( p_{(k−1),θ}(y)|G^′_{t−} ) . The above results can be reformulated as follows:

Theorem. The Duncan-Mortensen-Zakai filter is given by the equations

π^′_t(z^{−1}) = 1 + ∑ k:τ_k≤t π^′_{τk −}(z^{−1}) ( w(τ_k, Y_{τk} ) − 1 )

− ∫_t 0 π^′_s(z^{−1}) ( π_s(nI) − 1 ) ds and π^′_t(z^{−1}I)

= π^′_0(I) + ∫_t 0 Λπ^′_s(z^{−1}I)ds + ∑ k:τ_k≤t ( φ^′(τ_k, Y_{τk} ) − π^′_{τk −}(z^{−1}I) )

− ∫_t 0 ( diag(π^′_s(z^{−1}I)n^∗ − π^′_s(z^{−1}I) ) ds. The proof follows from the following relations: ∫ R ~ν^′(ds, dy) = ds ∫ R w(s, y)~ν^′(ds, dy) = π_s(nI)ds ∫ R φ^′(s, y)~ν^′(ds, dy) = diag ( π^′_s(z^{−1}) ) ds.

References

[1] Bremaud, P. Point Processes and Queues: Martingale Dynamics, Springer Verlag, New York 1981.

[2] Elliott, R.J., Aggoun, L. and Moore, J.B. Hidden Markov Models. (1995) Springer- Verlag, New York Berlin Heidelberg [3] Frey, R. Derivative asset analysis in models with level-dependent and stochastic volatility. CWI Quartery, Amsterdam. 10 (1997) pp. 1-34.

[4] Frey, R. and Runggaldier, W. A. Nonlinear Filtering Approach to Volatility Estimation with a View Towards High Frequency Data. May 12, 1999.

[5] Grigelionis, B. On stochastic equations of nonlinear filtering of random processes.

Litov. Mat. Sb., 12, 4 (1972), 37–51 [6] Grigelionis, B. On nonlinear filtering theory and absolute continuity of measures corresponding to stochastic processes. In: Lecture Notes in Mathematics 330, (1974), Springer-Verlag, Berlin Heidelberg New York [7] Krylov, N.V. and Zatezalo, A. Filtering of finite-state time-non homogeneous Markov processes, a direct approach. Appl. Math. Optimization. (1998) Submitted [8] R.S. Liptser and A.N. Shiryaev. Statistics of Random Processes II. Applications, Springer Verlag, New York, 1978.

[9] Liptser, R.Sh. and Shiryayev, A.N. Theory of Martingales. Kluwer Acad. Publ., Boston, 1989.

[10] Jacod, J. and Shiryayev, A.N. Limit Theorems for Stochastic Processes, Springer Verlag, New York, 1987 [11] Loeve, M. Probability Theory, Van Nostrand, Princeton, 1960. [12] Rozovskii, B. L., Stochastic Evolution Systems, Kluwer Acad. Publ., Boston, 1990.

Inverse problems for stochastic partial differential equations

Marianne Huebner Michigan State University and Sergey Lototsky University of Southern California

1. Motivation and examples

Many physical models are represented by linear and nonlinear stochastic partial differential equations. The linear SPDEs are of the form du(t, x) = ( A_0u(t, x) + r∑ k=1 θ_k(t, x)A_ku(t, x) ) dt + dW (t, x), (1) 0 ≤ t ≤ T, x ∈ G ⊂ IR^d, where A_0 + ∑_r k=1 θ_kA_k is an elliptic differential operator with unknown coefficients θ_k = θ_k(t, x), and W is a cylindrical Brownian motion. The cylindrical Brownian motion is used only to simplify the presentation. A more general noise term, BdW (t, x), with some correlation operator B can be considered without difficulty.

Example 1: Sea surface temperature anomalies. The study of the evolution of the sea surface temperature anomalies u(t, x) (that is, u is the deviation of the sea surface temperature from some average value), where t denotes time and x, the space variable, is of interest for environmental research as well as for the development of modern technological devices sensitive to water temperature. The evolution of the temperature anomalies is described by a linear stochastic partial differential equation. The stochastic nature of the equation is due to short-term atmospheric forcing. Frankignoul and Reynolds (1983) suggested adding a noise term such as cylindrical Brownian motion W (t, x), because typical weather conditions do not have an influence on the sea temperature for more than three days. This assumption was supported by experimental data (see also Ostrovskii and Piterbarg (1997)). The evolution of the sea surface temperature anomalies has the following form du(t, x) = (κΔu(t, x) − (v, ∇) u(t, x) − λu(t, x)) dt + dW (t, x). Model parameters are the heat conductivity κ, Newton’s cooling coefficient λ, and the velocity vector v of the top layer of the ocean. It is desirable to estimate these parameters to get a more accurate model for the temperature evolution.

Example 2: Groundwater flow. The groundwater level fluctuates in response to the combined action of deep percolation, evaporation, pumping, and groundwater depletion. A model for a one-dimensional groundwater flow is (see Serrano and Unny

(1987): du(t, x) = KΔu(t, x) dt + dW (t, x), x ∈ (0, L), t > 0 u(t, 0) = C, ∂u ∂x (t, L) = 0, ∂u ∂x (0, x) = v_0(x)

where u is the deviation of the groundwater level from the steady state. The physical parameter K describes water percolation and is the model parameter to be estimated from the measurements of u. The initial condition v_0 is the initial hydraulic gradient and is a random variable due to inaccurate measurements. There are a number of other interesting models in hydrology that can be reduced to (1) (see e.g. Serrano and Adomin (1996)).

2. Estimation

Being a relatively new area of stochastic analysis, stochastic partial differential equations have only recently been introduced as a modelling tool in applied sciences, and the approach to estimation has been mostly intuitive and experimental. Therefore, identification in many models is an open problem.

Rigourous mathematical study of the estimation problems for model (1) involves asymptotical analysis of the corresponding estimator. Just as in other statistical problems, small noise or long time asymptotics can be used. In the small noise asymptotics, estimation problems for (1) were studied by Ibragimov and Khasminski (1997 and later), and in the long time asymptotics, by Aihara (1992), Bagchi and Borkar (1984) and others.

Still, under certain conditions, a consistent estimation in (1) is possible even if the amplitude of the noise and the observation time are fixed. The solution is projected on a special orthonormal basis in L_2(G), and the dimension of the projection becomes the new asymptotic parameter. The following commutativity assumption is often made to simplify the analysis: the operators A_0, . . . , A_r have a common system of eigenfunctions {ϕ_i, i ≥ 1} that is an orthonormal basis in L_2(G). The solution is then projected on this basis, and the estimator is based on the first N Fourier coefficients of the solution.

The first examples of such estimators for the model with r = 1 and the corresponding coefficient θ_1 independent of t, x were studied by Huebner et al. (1992). This parametric model was further analysed, with and without the commutativity assumption, by Huebner and Rozovskii (1995), Huebner (1997), Piterbarg and Rozovskii (1997), Lototsky (1997), Lototsky and Rozovskii (1999).

In the non-parametric setting, the following particular case of (1) was studied under the commutativity assumption: du(t, x) = (A_0 + θ_0(t)A_1) u(t, x) dt + dW (t, x), t ∈ (0, T ], x ∈ G u(0, x) = u_0(x), u|_{∂G} = 0.

The set Θ of admissible functions θ_0 is such that A_0 + θ_0(t)A_1 is a strongly elliptic operator for all t ∈ [0, T ] and all θ_0 ∈ Θ. Possible estimators for θ_0 in this model are sieve estimator (Huebner and Lototsky (2000a)) or kernel estimator (Huebner and Lototsky (2000b)).

If the initial condition u_0 is not random, then the Fourier coefficients u_1(t), . . . , u_N (t) are independent Ornstein–Uhlenbeck process, and the drift of each process contains the unknown function θ_0(t) and the eigenvalues of the operators A_0, A_1. As a result, we get the drift estimation problem when the observations are independent but not identically distributed diffusions. In the i.i.d. setting, this problem was studied by Nguyen and Pham (1982) using sieves and by Kutoyants (1984) using kernel estimators.

Sieve estimator

The sieve estimator θ̂^N of θ_0(t) is obtained by maximizing the likelihood function based on the N Fourier coefficients of the solution. The maximization is carried out over a sieve Θ_N , that is, a finite dimensional subspace of Θ. The family of spaces {Θ_N , N ≥ 1} is chosen so that the approximation error decreases to zero as the the number N of observations increases. We assume that every function θ ∈ Θ can be represented as an infinite linear combination of known functions {h_j , j ≥ 1}: θ(t) = ∞∑ j=1 θ_j h_j (t)

and the functions {h_j} are orthonormal on [0, T ]. If we choose the sieve Θ_N to be the span of h_1(t), . . . , h_{dN} (t), then the sieve maximum likelihood estimate will be of the form

θ̂^N = d_N∑

j=1 θ̂_j h_j(t). The numbers θ̂_j are computed by solving a linear system of equations; the matrix and the right hand side of the system are determined by the observations.

The choice of the number d_N , the dimension of Θ_N , in relation to the number N of Fourier coefficients of the solution, is an essential part of designing the estimator. In the paper Huebner and Lototsky (2000a) we describe the procedure for choosing d_N and prove consistency and asymptotic normality of the estimator.

Kernel estimator

We consider the following estimate θ̂^N of θ_0:

θ̂^N (t) = ∫_T 0 R_{hN} (s − t)dX^N (s), where R is a kernel function, R_{hN} (s) = R(s/h_N )/h_N with h_N → 0, N → ∞, and X^N is a certain process constructed from u_1, . . . , u_N . In the apper Huebner and Lototsky (2000b) we prove the mean-square convergence of the type

lim_{N→∞} sup_{θ0∈Θ} sup_{t∈[t1,t2]} N^γ E|θ̂^N (t) − θ_0(t)|^2 < ∞,

and explicitly compute the rate γ > 0 which is determined by the parameter class Θ and the orders of the operators A_0, A_1.

References

[1] Aihara, S. I. (1992). Regularized Maximum Likelihood Estimate for an Infinite Dimensional Parameter in Stochastic Parabolic Systems. SIAM J. Control Optim. 30(4), 745–764.

[2] Bagchi, A. and Borkar, V. (1984). Parameter Identification in Infinite Dimensional Linear Systems. Stochastics, 12, 201–213.

[3] Frankignoul, C. and Reynolds, R. (1983). Testing a dynamical model for mid-latitude SST anomalies. J. Phys. Oceanogr. 13, 1131-1143.

[4] Huebner, M., Khasminskii, R., and Rozovskii, B. L. (1992). Two Examples of Parameter Estimation, in Stochastic Processes, editors S. Cambanis et al.

[5] Huebner, M. and Rozovskii, B. (1995). On Asymptotic Properties of Maximum Likelihood Estimators for Parabolic Stochastic PDE’s Probability Theory and Related Fields, 103, 143–163.

[6] Huebner, M. (1997). A characterization of asymptotic behaviour of maximum likelihood estimators for stochastic PDE’s Math. Methods Statist. 6(4), 395– 415.

[7] Huebner, M. and Lototsky, S. (2000a). Asymptotic analysis of a sieve estimator for a class of parabolic equations with time-dependend coefficients. Scandinavian Journal of Statistics 26, 353-370.

[8] Huebner, M. and Lototsky, S. (2000b). Asymptotic analysis of a kernel estimator for a class of stochastic parabolic equations with time-dependent coefficients. Annals of Applied Probability 10, 1–13.

[9] Ibragimov, I. and Khasminskii, R. (1997). Some estimation problems for stochastic partial differential equations. Dokl. Acad. Nauk 353, 300–302.

[10] Kutoyants, Yu.A. (1984). On nonparametric estimation of trend coefficients in a diffusion process. Proceedings of the Steklov Seminar. Statistics and Control of stochastic processes, 230–250.

[11] Lototsky, S. (1997) Parameter Estimation for Stochastic Parabolic Equations: Asymptotic Properties of a Two-Dimensional Projection Based Estimate. IMA Preprint Series # 1486.

[12] Lototsky, S.V. and Rozovskii, B.L. (1999). Spectral Asymptotics of Some Functionals Arising in Statistical Inference for SPDEs. Stochastic Processes and Their Application 79, 64–94.

[13] Nguyen, T. H. and Pham, T. D. (1982). Identification of Nonstationary Diffusion Model by the Method of Sieves. SIAM J. Control Optim. 20(5), 603– 611.

[14] Ostrovskii, A. and Piterbarg, L. (1997). A new method for obtaning velocity and diffusivity from time-dependent distributions of a tracer via the maximum likelihood estimator for the advection-diffusion equation J. Comput. Physics 133, 340-360.

[15] Piterbarg, L. and Rozovskii, B. (1997) On asymptotic problems of parameter estimation in stochastic PDE’s: discrete time sampling. Math. Methods Statist. 6(2), 200–223.

[16] Serrano, S. and Adomin, G. (1996). New contributions to the solution of transport equations in porous media. Mathl. comput. Modelling 24, 15-25.

[17] Serrano, S. and Unny, T. (1987). Stochastic partial differential equations in hydrology. Stochastic Hydrology. Kluwer Academic Publishers, 113-130.

An estimation problem for partial stochastic differential equations

I.A.Ibragimov St Petersburg Branch of Mathematical Steklov Institute Russian Ac. Sci.

This research is partially sponsored by Russian Foundation for Fundamental Research, Grants 99-01-04027, 00-015-019, 99-01-00111 and INTAS, Grant 99-01317.

Introduction. Let G be a bounded region in R^d with smooth boundary ∂G, Q_T means cylinder [0, T ] × G and Γ_T = [0, T ] × ∂G. Let L = ∑ |k|≤2p a_k(t, x)D^k_x

be a strongly elliptic differential operator with the coefficients a_k being smooth functions defined on Q_T . Here k = (k_1, . . . , k_d), |k| = ∑_d i=1 k_i, D^k_x = D^{k1}_{x1} . . . D^{kd}_{xd} . Below we consider the problem of estimation of a functional parameter θ(x), x ∈ G, on the base of observations u_ϵ(t, x), (t, x) ∈ Q_T , and u_ϵ is the solution to the problem du_ϵ(t) = Lu_ϵdt + θ(x)g(u_ϵ)dt + ϵdw(t), u_ϵ(0, x) = ϕ(x), B(x, D_x)u|_{ΓT} = h. (1) A general estimation problem has been set up in [1]. Different estimation problems for the linear case, g(u) = u, has been considered in [3]. Below we continue these investigations.

Denote u_0 the solution to the nondisturbed problem ∂u ∂t = Lu + θg(u) with the same boundary and initial conditions as in (1). We suppose that the operator L, the function g, the region G, the initial and boundary conditions satisfy such regularity conditions which ensure the existence and unicity of the sufficiently smooth solution u in some interval [0, T ]. In particular, we suppose that there exist constants c_1, c_2 such that |g(u)| ≤ c_1|u|, |g(u_1) − g(u_2)| ≤ c_2|u_2 − u_1|. On such regularity conditions see, for example, [4].

We restrict our consideration by the case when the noise w(t) is the cylindrical Wiener process (see [5]). We assume below that the order 2p of the operator L is strongly greater than the dimension d. Under this condition the solution u_ϵ to (1) exists, is unique and with probability one satisfies Hölder conditions of some positive order γ > 0 (see [5], [1]).

Denote < ., . >, |.| inner product and norm on the Hilbert space L_2(G) of functions of x. Denote L_2 the Hilbert space of L_2(G)-valued fuctions φ(t) with the scalar product and norm (φ, ψ) = ∫_T 0 < φ(t), ψ(t) > dt, ||φ|| = ∫_T 0 |φ|^2dt.

We denote ||.||_H norm in a normed space H.

Below we suppose that the operator L, the function g and the noise level ϵ are known to the statistician and that the only unknown parameter is the function θ(x). However we know that θ ∈ Θ where Θ is a known subset of L_2(G). We assume also that all functions in Θ are continuous. Our statistical problem looks as follows. We are given a known function Φ : L_2(G) −→ H where H is a Hilbert or an Euclidean space. The problem is to estimate the value Φ(θ) of the known function Φ at the unknown point θ.

Here are a few examples:

1. Φ(θ) = ∫ G φ(x)θ(x)dx where φ is a known function from L_2(G) (a bounded linear functional of θ).

2. Φ(θ) = ∫ G |θ(x)|^2dx (a quadratic functional of θ).

3.Φ(θ) = ∫ G K(x, y)θ(y)dy, ∫ G ∫ G K^2(x, y)dxdy < ∞(a linear Hilbert-Schmidt operator of θ).

4.Φ(θ) = θ(x_0) where x_0 is a given point of G (an unbounded linear functional of θ).

5. Φ(θ) = θ (a linear bounded but not Hilbert-Schmidt operator).

2. Asymptotically efficient estimators. Definition. Denote P^{(ϵ)}_θ the distribution of the solution u_ϵ to (1). It follows easely from the results of Kozlov [6] that the likelihood ratio

dP^{(ϵ)}_{θ+h} dP^{(ϵ)}_θ

(u_ϵ) = exp { 1 ϵ ∫_T 0 < hg(u_ϵ), dw(t) > − 1 2ϵ^2 ∫_T 0 |hg(u_ϵ)|^2dt } . (2)

To begin with suppose that the set Θ is one-dimensional and consists of all functions θ(x) = αe(x), e(x) ≡ 1, −α_0 ≤ α ≤ α_0. Let Φ(θ) = α. It means that in fact we deal with parametric problem of estimation of the one-dimensional parameter α. It follows easely from (2) that the family of measures P^{(ϵ)}α satisfies Le Cam’s LAN condition (see [7], ch.2):

dP^{(ϵ)}α dP^{(ϵ)}_0

= exp { α ϵ ∫_T 0 < g(u_0), dw(t) > − α^2 2ϵ^2 ∫_T 0 |g(u_0)|^2dt + o_{pr}(1) } . The classic Hajek-LeCam inequality (see [7], ch.2) implies then that for any δ > 0

lim inf_ϵ sup_{|β|≤δ} ϵ^{−2}E_β|α − α^∗|^2 ≥ ||g(u_0)||^{−2} = (∫_T 0 ∫ G (g(u_0(t, x)))^2dtdx )_{−2} . Evidently in this case ||g(u_0)||^2 is Fisher’s information of the problem. (We can consider even more general case when g = g(u; α_1, . . . , α_k) is a differentiable function of parameters α_j . In this case Fisher’s information matrix of the problem is equal to I = (∫_T 0 ∂g ∂α_i ∂g ∂α_j dt ) i,j=1,...,k .)

To treat our main problem, the nonparametric case, we notice that because of (2) the family of distributions {P^{(ϵ)}_θ } satisfies the LAN conditions in the sense of [8] with the norming operators A_ϵ = ϵ(g(u_0)0^{−1}, (g(u_0))^{−1} denoting the operator of multiplication by the function (g(u_0(t, x)))^{−1} (cf [3]). The version of Hajek-Le Cam inequality from [8] gives us the possibility to write some analogues of Hajek-LeCam inequality. For the sake of simplicity we restrict oureself by the case when the set Θ is sufficiently massive. Namely we assume that for any point θ ∈ Θ the intersection of Θ with L_2-balls O_r(θ) with the center in θ and radius r is dense in O_r(θ) for sufficiently small r.

Theorem 1. Let Φ(θ) be a Frechét differentiable function. Assume that the derivative Φ^′(θ) is a Hilbert- Schmidt operator. Then for any estimator Φ_ϵ of Φ(θ)

inf_V lim inf_{ϵ→0} sup_{v∈V} ϵ^{−2}E_v||Φ(θ) − Φ_ϵ||^2_H ≥ tr(Φ^′v^2_0(Φ^′)^∗) (3)

where inf is taken over all L_2-vicinities V of θ and v^2_0 denotes the operator of multipli-

cation by the function v^2_0 = (∫_T 0 g(u_0(t, x))^2dt )_{−1} . We call estimators Φ̂_ϵ asymptotically efficient if for them the equality signe is realized in (3).

Examples.

1. In the case of the example 1.1 the derivative Φ^′(θ) = ϕ and

lim inf_ϵ sup_{v∈V} ϵ^{−2}E_v|Φ(θ) − Φ_ϵ|^2 ≥ ∫ G ϕ^2(x) ∫_T 0 (g(u_0(t, x)))^2dt dx. 2. In the case of the example 1.2 the derivative Φ^′(θ) = 2θ and

lim inf_ϵ sup_V ϵ^{−2}E_v|Φ(θ) − Φ_ϵ|^2 ≥ 4 ∫ G θ^2(x) ∫_T 0 (g(u_0(t, x)))^2dt dx. 3. In the case of the example 1.3 the derivative is the integral operator with the kernel K and lim inf_ϵ sup_V ϵ^{−2}E_v|Φ(θ) − Φ_ϵ|^2 ≥ ∫ G ∫ G K^2(x, y)v^2_0(x)dxdy.

4. In the case of the examples 1.4, 1.5 tr(Φ^′v^2_0 (Φ^′)^∗) = ∞ and we can say only that for any estimator Φ_ϵ lim inf_ϵ sup_V ϵ^{−2}E|Φ(θ) − Φ_ϵ|^2 = ∞

and to treate these examples we need a different approach which we consider in the next section.

3. Estimation of θ. Lower bounds. Consider a metric space (M, ρ) where M ⊆ L_2(G) and ρ is a metric such that 1. ρ(x, y) ≥ |x − y|, c > 0;

2. if |x − y| = 0, thenρ(x, y) = 0.

Denote C_δ(B, M, ρ) = C_δ(B) Kolmogorov’s δ- capacity of a set B in (M, ρ) (see, for example, [9]). Introduce now Shannon’s capasity C_ϵ(Θ) of the set Θ letting C_ϵ(Θ) = sup I(u_ϵ, θ) where I(u_ϵ, θ) denotes Shannon’s information in u_ϵ about θ and the upper bound is taken over all random fields θ(x) on G connected with u_ϵ by the problem (1), independent on w and such that all realizations of θ belong to Θ.

Theorem 2. Let the parametric set Θ be a subset of (M, ρ). Then for any estimator θ_ϵ of θ sup_{θ∈Θ} P_θ {ρ(θ_ϵ, θ) ≥ δ} ≥ 1 − C_ϵ(Θ) + 1 C_{2δ}(Θ) − 1 . In particular

sup_θ E_θ|θ − θ_ϵ|^2 ≥ sup_{δ>0} δ^2 ( 1 − C_ϵ(Θ) + 1 C_{2δ}(Θ) − 1 ) . (4)

The proof of the theorem is the same as in [2] and [3].

There exist many results about asymptotic behaviour of C_δ when δ → 0 (see [9]). Shannon’s capacity C_ϵ satisfies the following inequality (cf. [3]): C_ϵ(Θ) ≤ Cϵ^{−2} sup_{θ∈Θ} |θ|^2 (5)

where the constant C depends on Θ and the given elements of the problem (1).

Let a_n ↑ ∞. Let {ϕ_n} be an orthonormal sequence in L_2(G). We say that Σ = Σ{a_n} is an ellipsoidal disk in L_2(G) if Σ = {θ ∈ L_2(G) : θ = ∑ n c_nϕ_n, ∑ n c^2_na^2_n ≤ 1}.

Theorem 3 . Let Θ ⊃ Σ{a_n}. Then sup_{θ∈Θ} E_θ||θ_ϵ − θ_ϵ|| ≥ ca^{−1}_{N+1} (6)

where N = min{n : n ≥ Ca^{−2}_{n+1}ϵ^{−2} + 2} and c, C are constants.

The inequality (6) can be deduced from (4) and (5) in the same way as in [3].

Example. Let β = (β_1 , . . . , β_d), β_j > 0. Denote H^{(p)}_β (G)M the set of all functions f ∈ L_p(G) such that the derivatives^{∂rj f}_{∂x}r_{jj} satisfy in L_2(G) Hölder’s condition of order α_j, 0 < α_j ≤ 1, r_j + α_j = β_j, and constant M. If the index p = 2, we omit it.

Theorem 4. If Θ ⊃ H_β(G)M, then for any estimator θ_ϵ of θ sup_{θ∈Θ} E_θ|θ_ϵ − θ| ≥ Cϵ^{2β2β+1} (7) where β is defined by the relation β^{−1} = ∑ β^{−1}_j and C is a positive constant.

Consider now the estimation problem of the example 1.4.

Theorem 5. If Θ ⊃ H^{(∞)}_β (G)M, then for all estimators θ_ϵ of θ(x_0), x_0 ∈ G,

sup_{θ∈Θ} E_θ|θ(x_0) − θ_ϵ| ≥ Cϵ^{2β2β+1} . (8)

The proof of this theorem follows [3], and uses the method initiated by B.Levit and consisting of proper selection of appropriate one-parametric estimation problems related to the initial problem (see details in [6], ch.4).

4. Consistent estimators of θ. A naturally looking estimator for θ ∫_T 0 g(u_ϵ(t))(du_ϵ(t) − Lu_ϵ(t)dt) ∫_T 0 (g(u_ϵ(t))^2dt (9) evidently has no sense. To correct this ”naive” estimator we argue as follows. Notice at first that under our conditions {u_ϵ, (t, x) ∈ Q_T } are observable, they are statistics. Let f(t) be an L_2(G)- valued step function whose values are infinitely differentiable functions of x ∈ G with compact support strongly inside G. Then ∫_T 0 < f(t), du_ϵ(t) = ∑ j < f(t_{j−1}), u_ϵ(t_j ) − u_ϵ(t_{j−1}) > and ∫_T 0 < u_ϵ(t), L^∗f(t) > dt also are statistics. We write the difference of these statistics as ∫_T 0 < f(t), du_ϵ(t) − Lu_ϵ(t)dt > . (10) This integral is a statistic. The set of above defined step functions is dense enough in L_2(G) and standard arguments show that the integrals (10) will be statistics for all f(t) such that ||f(t)||^2 + ||L^∗f||^2 < ∞. Finally, if a : R^1 → R^1 is continuous and |a(x)| ≤ c(1 + |x|), then the integrals ∫_T 0 a(u_ϵ(t)) < f(t), du_ϵ(t) − Lu_ϵ(t)dt > (11) also are statistics.

Define now corrected versions of our naive estimators (9) as follows

θ_ϵ(x) = θ_ϵ(x, f_x) = ∫_T 0 g(u_ϵ(t) < f_x, du_ϵ(t) − Lu_ϵ(t)dt > ∫_T 0 g^2(u_ϵ(t))dt

. (12)

The function f_x does not depend on t and for all t is equal to ϕ_x(y) where ϕ_x(y), y ∈ G is a continuous function with a sharp maxima at the point x. We may, for example take ϕ_x(y) = (r(ϵ))^dK(r(ϵ)(x − y) where ∫ R^d K(x)dx = 1 and r(ϵ) → ∞ when ϵ → 0

(kernel estimators). These estimators evidently are statistics.

Theorem 6. Assume that inf_{x∈G} |g(u_0(0, x))| = m > 0. Let Θ ⊂ H_β(G)M, beta > 1/2. Then there exist estimators θ_ϵ such that

sup_{θ∈Θ} E_θ|θ_ϵ − θ|^2 ≤ cϵ^{4β2β+1}

where β is defined as above and c is a constant.

The proof of the theorem is a reprise of the arguments given in [3], though the arguments are more involved. The estimators θ_ϵ are selected from the estimators (12).

Corollary. Let under the conditions of the Theorem 6 the set Θ = H_β(G)M, β > 1/2. Then inf_{θϵ} sup_{θ∈Θ} E_θ|θ_ϵ − θ|^2 ≍ ϵ^{4β2β+1} .

The estimators of the Theorem 6 can be used also to prove the following result.

Theorem 7. Let Θ = H^∞_β (G)M. Let x_0 ∈ θ. Then

inf_{θϵ} sup_{θ∈Θ} E_θ|θ_ϵ − θ(x_0)|^2 ≍ ϵ 4β 2β + 1 .

5. Asymptotically efficient estimators. Construction. Let us return to the problem of estimation of the values Φ(θ) of a function Φ with a Hilbert-Schmidt derivative Φ^′. A natural way to construct estimators for Φ(θ) is to put the estimator of the theorem 6 into the function Φ to get the plug-in estimator Φ(θ_ϵ).

Theorem 8. Assume that inf_x |g(u_0(0, x)| = m > 0. Assume that the set Θ = H_β(G)M. Let Φ(θ) be a Frecht́ differentiable function and let the derivative Φ^′(θ) as a function of θ satisfy Hölder condition of order α. If β > 1/2 + 1/(2α), then there exist estimators Φ_ϵ of Φ(θ) such that the differences ϵ^{−1}(Φ_ϵ − Φ(θ)) are asimtotically normal with mean zero and correlation operator Φ^′(θ)v_0 and

lim_ϵ ϵ^{−1}E_θ||Φ_ϵ − Φ(θ)||^2_H = tr(Φ^′(θ)v_0(Φ^′(θ))^∗).

Theorem 9. Let under the conditions of the Theorem 8 the function Φ(θ) = Kθ, K be a linear Hilbert-Schmidt operator. If β > 1/2, there exist estimators K_ϵ of Φ(θ) such that the differences ϵ^{−1}(K_ϵ − Kθ) are asymptotically Gaussian with mean zero and correlation operator Kv_0 and

lim_ϵ ϵ^{−1}E_θ||K_ϵ − Kθ||^2_H = tr(Kv_0K^∗).

The proof of both Theorems follows the same lines as in [3]. It follows from the results of Sect. 2 that the estimators of Theorems 7, 8 are asymptotically efficient. Remark. It follows from the condition Θ ⊂ H_β(G)M, β > 1/2 that all functions from Θ are continuous and satisfy Hölder’s condition of order β − 1/2.

References

[1] Ibragimov I.A., Khasminskii R.Z. (1998): Estimation problems for coefficients of stochastic partial differential equations. Theory Probab. Appl. 43, 370 – 387.

[2] Ibragimov I.A., Khasminskii R.Z. (1999): Estimation problems for coefficients of stochastic partial differential equations. Theory Probab. Appl. 44, 469 – 494.

[3] Ibragimov I.A., Khasminskii R.Z. (2000): Estimation problems for coefficients of stochastic partial differential equations. Theory Probab. Appl. 45, 210-232.

[4] Friedman A. (1964): Parabolic Systems. Prentice Hall, Englehood-Cliffs, NJ. [5] Da Prato J., Zabczyk J. (1992): Stochastic Equations in Infinite Dimensions.

Cambridge Univ. Press.

[6] Kozlov S. M. (1978): Some questions of stochastic partial differential equations.

Trudy Sem. Petrovsk. 4, 147 – 172. (In Russian).

[7] Ibragimov I. A., Khasminskii R. Z. (1981): Statistical Estimation: Asymptotic Theory. Springer Verlag, N.Y.

[8] Ibragimov I. A., Khasminskii R. Z. (1991): Asymptotically normal families of distributions and efficient estimation. Ann. Statistics 19, 1681 – 1724.

[9] Lorentz G. (1988): Approximation of functions. Chelsea, N.Y.

Parameter identification for rescaled solutions of PDE with random data

Nikolai Leonenko Cardiff University

We present a systematic study of classical statistical inference problems (parameter estimation and hypothesis testing ) for random fields arising as rescaled solutions of the nonlinear diffusion equation (the Burgers’ turbulence problem) as well as solutions of fractional diffusion equation with weakly dependent and strongly dependent random initial conditions.

A nonlinear diffusion equation known as the Burgers’ equation describes various physical phenomena, from nonlinear acoustic and kinematic waves, to the growth of molecular interfaces and formation of large-scale structures of the universe (see Woyczynski (1998), Leonenko and Woyczynski (1998a), Leonenko (1999) and the references therein).

One-dimensional Burgers’ equation have also emerged in models of financial markets (see He and Lelard (1993), Hodges and Carverhill (1993, 1997).

We introduce a new statistical model of random fields arising in Burgers’ turbulence and provide statistical inference tools for them, both in the space and in the frequency domain.

We begin with a review of results on parabolically rescaled solutions of Burgers’ equation (with viscosity parameter μ > 0) ∂u ∂t + u ∂u ∂x = μ ∂^2u ∂x^2 with weakly dependent and strongly dependent random initial data (see Leonenko and Woyczynski(1998a, 2001)). The statistical inference for rescaled solutions of Burgers’ equation with weakly dependent initial conditions is reduced to the statistical analysis for stationary Gaussian processes with the covariance function of the form B(x) = c ( 1 − x^2 4μt ) e^{− x28μt} , x ∈ R and the spectral density of the form g(λ) = qλ^2e^{−2μtλ2} , λ ∈ R, where c, q and μ are unknown parameters.

On the other hand, statistical inference for the rescaled solutions of Burgers’ equation with strongly dependent initial data can be reduced to analysis of stationary Gaussian process with the spectral density of the form f(λ) = p |λ|^{1+α} e^{−2μtλ2} , λ ∈ R, 0 < α < 1, where p and μ are unknown parameters. The parameter α, called here the fractional exponent is also unknown. This parameter characterizes the decay at infinity of the correlation function of the initial data.

We discuss estimation of several important physical parameters of the equation itself (such as kinematic viscosity μ ) and parameters of the initial data (such as fractional exponent). We use information on parameters containes in the limiting covariance structure of parabolically rescaled solution of Burgers’ equation with random data (estimation in space domain). On the other hand our statistical analysis in frequency domain is based on asymptotic theory of minimum contrast estimators. These results are obtained jointly with W.A.Woyczynski (Case Western Reserve University, Cleveland).

Similar results for multidimensional Burgers’ equation can be found in Leonenko Woyczynski (1999).

Fractional diffusion equations were introduces to describe physical phenomena such as diffusion in porous media with fractal geometry, kinematics in viscoelastic media, relaxation processes in complex systems, propagation of seismic waves and turbulence(see Leonenko Woyczynski (1998), Anh and Leonenko (1999, 2000, 2001), Anh et al. (1999), Angulo et al.(2000), Beghin et al.(2000) and references therein). These equations are obtained from the classical diffusion equation by replacing the first and/or second-order derivative by a fractional derivative.

We consider the following fractional diffusion equation ∂^β u ∂t^β = −μ(I − Δ)^{γ/2}(−Δ)^{α/2}u, μ > 0 with random data, where the time derivative of order β ∈ (0, 1} is defined in Caputo- Djrbashian sense, and the operators −(I − Δ)^{γ/2}, γ ≥ 0, and (−Δ)^{α/2}, α > 0, are interpreted as inverses of the Bessel and Riesz potentials respectively and Δ is the n-dimansional Laplacian.

We present a spectral representation of the mean-square solution of the fractional diffusion equation with random data. Gaussian and non-Gaussian limiting distributions of the renormalized solution are described in terms of multiple stochastic integral representations.

In particular, the second order spectral density of rescaled solution g(λ) = const |λ|^{n−κ} E^2_β(−μt^β |λ|^α), λ ∈ R^n where κ ∈ (0, n) is the parameter of the strongly dependent initial condition, and

E_β (−x) = ∞∑ j=0 (−1)^j x^j Γ(βj + 1) , x ≥ 0 is the Mittag-Leffler function.

A Gaussian random field with the spectral density g(λ) can be used as model of physical phenomena with important features such as long-range dependence and intermittency simultaneously.These results are obtained jointly with V.Anh (Queensland University of Technology, Brisbane )

The minimum contrast estimates of unknown parameters of this spectral density can be used (see Leonenko and Moldavska(1999)).

References

J.M. Angulo, M.D. Ruiz-Medina, V.V. Anh and W. Grecksch (2000) Fractional diffusion and fractional heat equation. Adv. Appl. Prob., 32, 1-23, 2000

V.V. Anh, J.M. Angulo and M.D.Ruiz-Medina (1999) Possible long-range dependence in fractional random fields. J. Stat. Plann. and Inference, 80 (1/2), 95-110

V.V. Anh and N.N. Leonenko (1999) Non-Gaussian scenarios for the heat equation with singular initial conditions. Stoch. Proc. Appl., 84, 91-114

V.V. Anh and N.N. Leonenko (2000) Renormalization and homogenization of fractional diffusion equations with random data. Submitted

V.V. Anh and N.N. Leonenko (2000) Scaling laws for fractional diffusion-wave equation with singular data. Statist. Probab. Letters, 48, 239-252

V.V. Anh and N.N. Leonenko (2001) Spectral analysis of fractional kinetic equations with random data. J. Stat. Physics. Submitted

L. Beghin, V.P. Knopova, N.N. Leonenko and E. Orsingher (2000) Gaussian limiting behavior of the rescaled solution of the linear Korteweg-de Vries equation with random data. J. Stat. Physics, 99 (3/4), 769-781

H. He and H. Lelard (1993) On equilibrium asset price processes (1993). Review of Financial Studies, 6, N 3, 593-617

S. Hodges and A. Carverhill (1993) Quassi-mean reversion in an efficient stock market;

the characterization of economic equilibria which support Black-Schols option pricing. J. Econ., 102, 395-405

S. Hodges and M.J.P. Salby (1992) The risk premium in trading equilibria with support Black-Schols option pricing. In: Mathematics of derivative securities (M. Demster, S.Sliska, eds) Cambridge University Press., 41-52

N. Leonenko (1999) Limit Theorem for Random Fields with Singular Spectrum.

Kluwer, Dordrecht

N.N. Leonenko and E.M. Moldavska (1999) Minimum contrast estimators of a parameter of the spectral density of continuous time random fields. Theor. Probab. and Math. Statis., 58, 101-112

N.N. Leonenko and W. Woyczynski (1998) Scaling limits of solution of the heat equation with non-Gaussian data. J. Stat. Phys., 91 (1/2) , 423-428

N.N. Leonenko and W.A. Woyczynski (1998a) Exact parabolic asymptotics for singular n-D Burgers’ random fields: Gaussian approximation. Stoch. Proc. Appl., 76, 141-165

N.N. Leonenko and W.A. Woyczynski (1999) Parameter identification for singular random fields arising in Burgers’ turbulence. J. Stat. Plann. and Inference, 80, 1-13

N.N. Leonenko and W.A. Woyczynski (2001) Parameter identification for stochastic Burgers’ flows via parabolic rescaling. Probab. and Math. Statist., to appear

W.A. Woyczynski (1998) Burgers-KPZ Turbulence. Göttingen Lectures, v. 1700 of Lecture Notes in Math. Springer, Berlin

Likelihood inference for a linear SPDE observed at discrete points in time and space

Bo Markussen University of Copenhagen

1. Introduction

The purpose of the present paper is to propose an approximate likelihood and study the asymptotic properties of the associated maximum likelihood estimator for the parameter θ = (η_1, η_2, ξ_0, ξ_1, ξ_2) given observations in discrete points in time and space of the stationary solution of the parabolic (η_2 = 0) or hyperbolic (η_2 > 0) stochastic partial differential equation

η_2

∂^2 ∂t^2 V (t, x) + η_1 ∂ ∂t V (t, x) = ξ_0V (t, x) + ξ_1 ∂ ∂x V (t, x) + ξ_2 ∂ ∂x^2 V (t, x) + W_ξ(t, x), t ∈ R, 0 < x < 1 (1a) with Dirichlet boundary conditions

V (t, 0) = V (t, 1) = 0, t ∈ R. (1b)

Here the parameters satisfies η_1, ξ_2 > 0, η_2 ≥ 0 and the stochastic disturbance term W_ξ(t, x) is related to Brownian white noise W (t, x) via the equation

W_ξ(t, x) = e^{− ξ12ξ}2^xW (t, x). (2)

The proposed approximate likelihood would have to be optimized using numerical methods. The motivation for studying this statistical problem is applications in mathematical finance to the modeling of the term structure for bonds of different maturity times, see Cont (1998) and Santa-Clara & Sornette (1999). In these models the spatial component represents time to maturity. In Cont (1998) it is argued that the short rate (x = 0) and the long rate (x = 1) can be modeled independently of the profile from the short rate to the long rate. Moreover it is argued that the deviation from the average profile can be modeled by the solution V (t, x) to the stochastic partial differential equation. Realistic data thus consist of observations at discrete points in time and space organized in a lattice. The spatial resolution is usually fairly low consisting of e.g. 20 maturity times. Calculating the discrete Fourier transforms and using the Galerkin approximation would thus be inadequate and result in biased estimates. The solutions to the parabolic and hyperbolic equations have different properties, see the discussion in Cont (1998), whence it is of interest to test the hypothesis of a parabolic equation against a hyperbolic equation.

The paper is organized as follows. In section 2 we describe for which parameters there exists a stationary solution to (1), give a representation of the stationary solution, and describe the sample path properties of the solution. In section 3 we give a time series representation for a observation of V (t, x) in discrete points in time and space organized in a lattice. In section 4 we propose an approximate likelihood and give conditions under which this approximate likelihood has the same first order asymptotic properties as the exact likelihood. Moreover we derive the likelihood ratio test for a parabolic equation against a hyperbolic equation.

This extended abstract is a shortened version of Markussen (2001b).

2. The stationary solution and its properties

The stochastic partial differential equation (1) contains a second order derivative w.r.t. time and is thus most easily formulated in terms of white noise calculus in the sense of e.g. Holden et al. (1996). But since the equation (1) lives in one dimensional space there exists an ordinary solution, which coincides with the solution of the corresponding equation in the calculus of Walsh (1986), see also Kallianpur & Xiong (1995). The following theorem is well-known.

Theorem 1. If the parameter θ = (η_1, η_2, ξ_0, ξ_1, ξ_2) lies in the parameter space Θ ⊂ R^5 given by

η_1, ξ_2 > 0, η_2 ≥ 0, ξ_0, ξ_1 ∈ R, ξ_1 4ξ_2

+ π^2ξ_2 > ξ_0

then there exists a unique stationary solution V (t, x) = ∑_∞ k=1 U_k(t)X_k(x) to the stochastic partial differential equation (1). Here the deterministic functions X_k(x) are given by X_k(x) = √ 2 sin(πkx)e^{− ξ12ξ}2^x,

and the coefficients U_k(t) are independent stochastic processes. Let the independent Brownian motions B_k(t), k ≥ 1 be given by

B_k(t) = ∫_t 0 ∫_1 0 W_ξ(s, y)X_k(y)e^{ξ1ξ}2 dy ds, and put

λ_k = ξ_0 − ξ^2_1 4ξ_2

− π^2k^2ξ_2, μ_k = η^2_1 + 4η_2λ_k.

In the parabolic case U_k(t) is a stationary solution to the stochastic differential equation dU_k(t) = λ_k η_1 U_k(t) ds + dB_k(t), and in the hyperbolic case U_k(t) is the first component of a stationary solution Ū_k(t) = (U_k(t), Ũ_k(t)) to the stochastic differential equation

dŪ_k(t) =

1 2η_2 ( −η_1 √ μ_k √ μ_k −η_1 ) Ū_k(t) dt + ( 0 1 ) dB_k(t) if μ_k > 0 1 2η_2 ( −η_1 2η_2 0 −η_1 ) Ū_k(t) dt + ( 0 1 ) dB_k(t) if μ_k = 0 1 2η_2 ( −η_1 √ −μ_k − √ −μ_k −η_1 ) Ū_k(t) dt + ( 0 1 ) dB_k(t) if μ_k < 0. (3)

In the hyperbolic case the paths of the coefficient processes U_k(t) are continuous differentiable as is seen from (3). This fact suggest that the solution V (t, x) is more smooth in the hyperbolic case than in the parabolic case. Following Walsh (1986) Theorem 3.8 we can prove Theorem 2.

Theorem 2. The solution V (t, x) to the stochastic partial differential equation (1) has a version that is continuous in (t, x). Moreover if for some fixed t_0 < ∞,

ω_t(δ) = sup x,y∈[0,1]:|x−y|≤δ |V (t, x) − V (t, y)|, t ∈ [0, t_0], ω(δ) = sup s,t∈[0,t_0],x,y∈[0,1]:((s−t)^2+(x−y)^2 )^12 ≤δ |V (s, x) − V (t, y)| are the moduli of continuity in space at time t respectively in time and space then there exists a constant α < ∞ and random variables Y_t, t ∈ [0, t_0] and Y with exponential moments such that for 0 ≤ δ ≤ 1,

ω_t(δ) ≤ Y_tδ^{12} + αδ^{12} √ log(δ^{−1}), ω(δ) ≤ { Y δ^14 + αδ^14 √ log(δ^{−1}) if η_2 = 0 Y δ^12 √ log(δ^{−1}) + αδ^12 log(δ^{−1}) if η_2 > 0.

Theorem 2 states that the solution V (t, x) to (1) has paths that essentially are Hölder continuous of order^1_2 in space and^1_4 in time in the parabolic case, and of order 1 2 in time and space in the hyperbolic case. The paths are thus substantially more rough in time in the parabolic case, in which case they also by Walsh (1986) Theorem 3.10 have non-vanishing quartic variation.

3. Time Series Representation

Let a fixed time step Δ > 0 and fixed rational spatial coordinates^{an}_b ∈ (0, 1), n = 1, . . . , N be given. Let the N-dimensional time series V^Δ(t), t ∈ N_0 , and the 2bdimensional time series U^Δ(t), t ∈ N_0 be given by

V^Δ(t) = V ( tΔ, a_n b ) n=1,... ,N , U Δ(t) = (∑_∞ j=0 U_{k+2bj} (tΔ) ) k=1,... ,2b , and let the matrices Ξ ∈ R^{N×N} and Ψ ∈ R^{N×2b} be given by

Ξ = diag ( e^{− ξ12ξ}2^{anb} ) n=1,... ,N , Ψ = (√ 2 sin ( πk^{an}_b ))_{n=1,... ,N} k=1,... ,2b . Then the time series V^Δ(t) has the state space representation

V^Δ(t) = ΞΨU^Δ(t), t ∈ N_0 .

The components of the time series U^Δ(t) are independent and given as infinite sums of the independent time series U^Δ_k (t) = U_k(tΔ). In the parabolic case, U^Δ_k is a first order autoregressive process

U^Δ_k (t + 1) = e^{λkη}1^ΔU^Δ_k (t) + ε^Δ_k (t + 1) ∼ N ( 0, −1 2η_1λ_k ) , ε^Δ_k (t) i.id. N ( 0, −1 2η_1λ_k

(1 − e^{2 λkη}1^Δ) ) .

In the hyperbolic case, U^Δ_k (t) is the first component of the similarly defined twodimensional first order autoregressive process Ū^Δ_k (t) = (U^Δ_k (t), Ũ^Δ_k (t)),

Ū^Δ_k (t + 1) = ρ^Δ_k Ū^Δ_k (t) + ε̄^Δ_k (t + 1) ∼ N_2(0, σ^2_k),

ε̄^Δ_k i.id. N_2(0, σ^2_k − ρ^Δ_k σ^2_kρ^{Δ∗}_k ).

Here the structure of the autoregression coefficient ρ^Δ_k and the stationary variance σ^2_k depends on the sign of μ_k. If μ_k > 0 then

ρ^Δ_k = e^{− η12η}2^Δ ( √_{μk} 2η_2 Δ 0

0 −^{√μk}_{2η2} Δ ) , σ^2_k = (_{η2} −2η_1λ_k η_1η^2 −2λ_k μ_k η_1η^2 −2λ_k μ_k η^2 −2η_1 λ_k +

4η^2 η_1μ_k ) , if μ_k = 0 then

ρ^Δ_k = e^{− η12η}2^Δ ( 1 1 0 1 ) , σ^2_k =

(_{2η2}

η^3_1 1 η^2_1 1 η^2_1 1 η_1η_2 ) , and if μ_k < 0 then

ρ^Δ_k = e^{− η12η}2^Δ ( cos(^{√−μk}_{2η2} Δ) sin(^{√−μk}_{2η2} Δ) − sin(^{√−μk}_{2η2} Δ) cos(^{√−μk}_{2η2} Δ) ) ,

σ^2_k = (_{−1} 2η_1 λ_k −1 2λ_k √ −μ_k −1 2λ_k √ −μ_k −1 2η_1λ_k + η_1 λ_kμ_k ) . 4. Approximate Likelihood Inference

Assume observations of V (t, x) in discrete points in time and space at the lattice given by t = Δ, 2Δ, . . . , T Δ, x = a_1 b , . . . , a_N b (4) are at our disposal, i.e. that the time series

V^Δ(t) = ΞΨU^Δ(t), t = 1, . . . , T

have be observed. In practical applications it might be necessary to let the spatial sampling points^{an}_b , n = 1, . . . , N depend on the time point t. If the spatial sampling points e.g. are altered to^{an(t)}_b or x(t) +^{an}_b , n = 1, . . . , N in some appropriate periodic fashion then we conjecture Theorem 4 below to remain true for some other Fisher information matrix.

Let the cutoff point K(T ) and the white noise variances τ^2_k (T ) be given by

K(T ) = { ⌈^1_π √_{η1} 2ξ_2Δ √ log T ⌉ if η_2 = 0 ⌈T^14 ⌉ if η_2 > 0 ,

τ^2_k (T ) = ∞∑ j∈N_0 :k+2bj≥K(T ) −1 2η_1λ_{k+2bj} , k = 1, . . . , 2b. (5)

We propose to approximate the distribution of V^Δ(t) by the distribution of ΞΨÛ^Δ(t), where Û^Δ(t) = (∑_{j∈N0 :k+2bj<K(T )} U^Δ_{k+2bj} (t) + ε̂_k(t))_{k=1,... ,2b} , ε̂_k(t) i.id. N ( 0, τ^2_k (T ) ) , Since we have an explicit description of the finite dimensional state space model ΞΨÛ^Δ(t) the approximate likelihood can easily be calculated via the Kalman-Bucy filter, and thereafter optimized via numerical methods.

Let φ^Δ_k (ω), ω ∈ (−^1_2 ,^1_2 ] be the spectral density of the time series U^Δ_k (t) under the parameter θ. If θ_0 is the true value of the parameter then the time series V^Δ(t) = ΞΨU^Δ(t) has spectral density Φ^Δ_{θ0} (ω) given by

Φ^Δ_{θ0} (ω) = ΞΨdiag (∑_∞ j=0 φ^Δ_{k+2bj}(ω) ) k=1,... ,2b Ψ ∗Ξ^∗, and the approximation ΞΨÛ^Δ(t) has spectral density Φ^Δ_{T,θ0} (ω) given by

Φ^Δ_{T,θ0} (ω) = ΞΨdiag (∑ j∈N_0 :k+2bj<K(T ) φ Δ k+2bj (ω) + τ 2 k (T ) ) k=1,... ,2b Ψ ∗Ξ^∗. We measure the quality of the approximation via the L_2-distance between the spectral density Φ^Δ_{θ0} (ω) and the approximation Φ^Δ_{T,θ0} (ω) in the L_2-space of C^{N×N} -valued functions on (−^1_2 ,^1_2 ]. For a matrix A ∈ C^{N×N} , the Schatten p-norm ‖A‖_p, p ∈ [1, ∞] is defined as the l_p-norm of the eigenvalues of the positive semi definite matrix |A| = (A^∗A)^12 . For a matrix valued function Φ : (−^1_2 ,^1_2 ] → C^{N×N} , the L_p-norm ‖Φ‖_p is defined as the usual L_p-norm of the real function ‖φ(·)‖_p. These L_p-norms behaves much like the usual L_p-norms and especially satisfies the Hölder inequality.

Lemma 1. If the cutoff point K(T ) and white noise variances τ^2_k (T ) are given by (5) then T^12 ‖Φ^Δ_θ − Φ^Δ_{T,θ}‖_2 is bounded as T → ∞.

The analysis now relies on the following theorem proved in Markussen (2001a).

Theorem 3. Let V (t), t ∈ N be a N-dimensional Gaussian time series, i.e.

V_T = ( V (1), . . . , V (T ) )_∗ ∼ N_{T ×N} ( 0, Σ_T (φ) ) , where Σ_T (φ) is the Toeplitz matrix associated to the spectral density Φ(ω). For each T ∈ N let Φ_{T,θ}(ω), θ ∈ Θ ⊆ R^d be a family of spectral densities and let l_T (θ) be the corresponding log likelihood ratio,

l_T (θ) = − 1 2 log det Σ_T (Φ_{T,θ}) − 1 2 tr ( Σ_T (Φ_{T,θ})^{−1}V_T V^∗_T ) . (6)

If T^12 ‖Φ − Φ_{T,θ0} ‖_2 is bounded as T → ∞ then under additional mild regularity conditions, see Markussen (2001a), the maximum likelihood estimator θ̂_T = argmax_{θ∈Θ}l_T (θ) is √ T -consistent for θ_0 and the localized log likelihood ratio converges uniformly to a Gaussian shift process, i.e. there exists d-dimensional random variables G_T such that E ( sup u∈R^d:|u|≤r,θ_0+T^{− 1}2 u∈Θ |l_T (θ_0 + T^{− 12} u) − l_T (θ_0) − ( u^∗G_T − 1 2 u^∗J_{θ0} u ) | ) (7) vanishes for every r > 0 and G_T converges in distribution to N_d(0, J_{θ0} ) as T → ∞. Here the Fisher information matrix J_{θ0} is given by

J_{θ0} = lim_{T →∞}

(_1 2 ∫ 1_2

−^1_2 tr ( Φ^{−1}_{T,θ0} (ω)∂_iΦ_{T,θ0} (ω)Φ^{−1}_{T,θ0} (ω)∂_jΦ_{T,θ0} (ω) ) dω ) i,j=1,... ,d . The additional regularity conditions are satisfied for the stochastic partial differential equation model under consideration, see Markussen (2001a), whence Theorem 3 applies by lemma 1. Using the LAN-property (7) we get the following theorem.

Theorem 4. Let θ_0 = (η_1, η_2, ξ_0, ξ_1, ξ_2) be the true parameter and let the cutoff point K(T ) and the white noise variances τ^2_k (T ) be given by (5). Then the approximate log likelihood l_T (θ) given in (6) can be calculated via the Kalman-Bucy filter, and the approximate maximum likelihood estimator θ̂_T = argmax_{θ∈Θ}l_T (θ) is normal √ T -consistent for θ_0 with Fisher information (_1 2 ∫ 1_2

−^1_2 tr ( Φ^Δ_{θ0} (ω)^{−1}∂_iΦ^Δ_{θ0} (ω)Φ^Δ_{θ0} (ω)^{−1}∂_j Φ^Δ_{θ0} (ω) ) dω ) i,j=1,... ,5 and asymptotically efficient as T → ∞ in the sense of Hajek-LeCam, see LeCam & Yang (2000). If η_2 = 0 then the likelihood ratio test statistic χ(T ) = 2 sup_{θ∈Θ} l_T (θ) − 2 sup_{θ∈Θ:η2=0} l_T (θ) for a parabolic against a hyperbolic equation converges in distribution to^1_2 ε_0 +^1_2 χ^2_1 as T → ∞. Here ε_0 is the point measure in 0 and χ^2_1 is the chi-square distribution with one degree of freedom.

References:

R. Cont (1998): Modeling term structure dynamics: an infinite dimensional approach.

Holden et al. (1996): Stochastic Partial Differential Equations, Birkhäuser.

G. Kallianpur & J. Xiong (1995): Stochastic Differential Equations in Infinite Dimensional Spaces, IMS Lecture Notes, Monograph Series, Vol. 26.

L. LeCam & G.L. Yang (2000): Asymptotics in Statistics, Springer.

B. Markussen (2001a): Uniform convergence of approximating likelihood functions for a stationary multivariate Gaussian time series, working paper, University of Copenhagen.

B. Markussen (2001b): Likelihood inference for a stochastic partial differential equation observed in discrete points in time and space, working paper, University of Copenhagen.

L. Piterbarg & B. Rozovskii (1997): On asymptotic problems of parameter estimation in stochastic PDE’s: Discrete time sampling, Mathematical Methods of Statistics, 6, no. 2, 200-223.

P. Santa-Clara & D. Sornette (1999): The dynamics of the Forward Interest Rate Curve with Stochastic String Shocks.

J.B. Walsh (1986): An introduction to stochastic partial differential equations, in R. Carmona, H. Kesten & J.B. Walsh (editors): École d’Été de Probabilités de Saint-Flour XIV-1984. Springer LNM 1180, 265-437.

What is the Time Value of an Option?

Jaroslav Mohapl University of Waterloo

Plotted against time, the price of a common American option traded on a Canadian or US market exhibits changes as random as an ordinary stock. From an in-the-money option, such a behavior is anticipated due to the presence of the intrinsic value. An out-of-the money option has no intrinsic value; the random behavior is thus a feature of the time value, or premium, paid for the option on the market. A closer look at summary statistics published by exchanges after the bell shows that absolute changes in the option price are usually smaller then those of the underlying equity. This is caused by the cushioning effect of the option’s time value. Though the premium is known to decline with time and has the cushioning effect, the option price and its underlying security price arise from independent negotiations between traders on the stock and option markets, respectively. It is thus worthwhile to ask about its volatility and how the volatility affects the predictability of the American option price. The argument below shows that under fairly general assumptions about the equity price and the time value, the conditional expectation one would naturally use for prediction of the option price is random and satisfies a stochastic partial differential equation (SPDE). The assumptions arise from analysis of the current option and equity market prices posted daily by the Montreal and Toronto Stock Exchanges, respectively. The equation can be used for option pricing in a similar manner as the deterministic counterpart with minor modifications and shall be useful for those who need to include the expected premium prices and their volatility into their calculations.

The definition of an option and basic risk management strategies are described in [19]. The market price of an American option consists of two quantities: the time-value and the intrinsic value. The instantaneous price, say, of a call option with an exercise price Q Canadian dollars is thus described by the formula C(t, S_t, Q) = R(t, S_t, Q) + max(S_t − Q, 0), (1) where R(t, S_t, Q) is a random function describing the time value at time t and max(S_t − Q, 0) is the intrinsic value of the option. We consider a contract that gives the right to buy a single share of a common stock. Literature on financial derivatives [18] commonly assumes that S_t, the underlying equity price at time t, is a random quantity generated from a stochastic process satisfying for s ≤ t an Itô’s equation dS_t = α(t, S_t) + β(t, S_t)dw_t, S_s = y. (2) Functions α(t, y) and β(t, y) are deterministic, w_t is a Wiener process and S_s = y is the initial condition. This model is often acceptable even if the ”ideal conditions” in the market considered by [2] are not fulfilled. The particular shape of α(t, y) and β(t, y) can be determined by analysis of historical data, fundamentals of the company issuing the underlying stock, market conditions etc. Definition, meaning and assumptions assuring that a unique solution of (2) exists are e.g. in [13]. Investigation of the historical equity market prices etc. was done using methods described, for example, in [4], [9], and [6].

Statistical inference on continuous-time stochastic processes is discussed in [16]. The time value is of the form R(t, S_t, Q) = r(t, S_t, Q) + ϵ(t, S_t, Q), (3) where r(t, y, Q) is a deterministic function and ϵ(t, y, Q) is a Gaussian random field. The choice is determined by the data and their spatio-temporal analysis. Theoretically, R(t, S_t, Q) should be always non-negative before the time of expiry, a condition the Gaussian field cannot satisfy. However, if the last trade on an option took place early in the day and the stock price changed substantially by the end of the session, which is a usual situation caused by the low volume of options traded on the market compared to the volume of the underlying stock, the time value calculated from closing data using (1) may well be negative. Use of non-negative time values only causes an undesired loss of information. Common transformations for variance stabilization that might result in a model with non-negative values did not contribute to fit improvement either. Validation of the model (3) and related problems are discussed e.g. in [14], [8] and [10].

Let us suppose that (2) determines a (unique) conditional probability density function p(s, y, t, x). Following [3], [5] and others it is natural to predict the value f(S_t) of an arbitrary integrable function of the equity price S_t using the conditional expectation based on equity price observed at the present time s:

E[f(S_t)|S_s = y] = ∫_∞ −∞ f(x)p(s, y, t, x)dx. (4) Hence, introducing the quantity η(s, y, Q) = E[ϵ(t, S_t, Q)|S_s = y] (5) we can describe the expected market price of the option at time t prior to the date of expiry conditioned on the current equity value observed at time s as V (s, y, Q) = E[C(t, S_t, Q)|S_s = y] (6)

= ∫_∞ −∞ (r(t, x, Q) + max(x − Q, 0))p(s, y, t, x)dx + η(s, y, Q). (7) The second summand η(s, y, Q) is random and since integration is a linear operation, it is a Gaussian random variable. It describes the uncertainty arising from negotiations on the option market, which cannot be explained by the information contained in the underlying equity price.

In most applications, p(s, y, t, x) is likely to satisfy the backwards Kolmogorov equation [11]. An expression similar to (6) is thus obtained by solving the SPDE ∂ ∂_s V (s, y, Q) = −α(t, y) ∂ ∂_y V (s, y, Q) − β(t, y)^2 2 ∂^2 ∂^2_y V (s, y, Q) + Ẇ (s, y, Q) (8) with terminal condition V (t, y, Q) = r(t, Q, y) + max(y − Q, 0) (9) and Gaussian white noise term Ẇ (s, y, Q). Notice that Q is treated as a parameter. Without the noise, (8) is the backwards Kolmogorov equation. Solution of (8) has form V (s, y, Q) = ∫_∞ −∞ V (t, x, Q)p(s, y, t, x)dx + ∫_t s ∫_∞ −∞ p(s, y, τ, x)W (dτ, dx, Q). (10) where W (s, y, Q) is a Brownian sheet and the last integral is in Itô’s sense. A general theory introducing SPDE’s and methods of solution is given, for example, in [7] and [17]. The expected value of (10) serves as the option value predictor, whereas the variance of (10) is necessary to assess the error of the prediction.

The equation (8) can be modified to incorporate further factors, such as the interest rate. Let us take a writer of a covered call option, for example. On American markets, options are issued and expire the third Friday of the month. Their lifetime is about three months and more. In anticipation of an important event such as company’s quarterly report or announcement of the federal reserve within the option’s lifetime, the writer may plan to change position after the announcement and if possible, cover his options by equivalent option contracts and sell the underlying equity afterwards. Buying equivalents of its options, the writing institution is loosing not only the intrinsic value (if present) and a part of the premium but also the interest associated with assets fixed in stocks the writer must hold to cover his options. Due to the presence of the time value, the likelihood a market participant who bought the option on the market will exercise it is nearly zero. It is always more advantageous to cash in the intrinsic value on the option market and add some of the premium back into the seller’s account. The assumption that the writer has no need to cover the exercise expenses prior to the expiry date is thus plausible and allows us to calculate the lost interest easily. This interest loss can be incorporated in the equation (8) by subtracting an extra term from the right side: ∂ ∂_s V (s, y, Q) = −ρ(s)V (s, y, Q) (11)

−α(t, y) ∂ ∂_y V (s, y, Q) − β(t, y)^2 2 ∂^2 ∂^2_y V (s, y, Q) + Ẇ (s, y, Q). The function ρ(s) is positive and describes the possibly time dependent interest rate. The solution V (s, y, Q) of (11) with terminal condition (9) is interpreted as the expected expense associated with buying the option back on the market at time t before expiry conditioned on the equity price at time s. Solution of the equation has form V (s, y, Q) = ∫_∞ −∞ V (t, x, Q)e^{∫ ts ρ(u)du}p(s, y, t, x)dx + (12) ∫_t s ∫_∞ −∞ e^{∫ tτ ρ(u)du}p(s, y, τ, x)W (dτ, dx, Q). The Gaussian distribution of V (s, y, Q) in (12) allows us to specify a confidence region for the predicted expense. The distribution of V (s, y, Q) is likely to contain parameters estimable by methods described in [12]. Investigation of variability due to the use of estimated instead of exact parameter values may be thus of interest. The function e^{∫ ts ρ(u)du} in (12) describes the appreciation of the stock over time and in this case it increases the writer’s loss. Comparison of the outlined option valuation procedure and the familiar Black-Scholes formula can be done by addressing the theoretical background leading to the formulas and the corresponding empirical valuation methods. Both approaches take an Itô’s process as a model of the stock market price. Here, the ideal market assumptions required by [2] for elimination of the equity price randomness and resulting in their popular equation are replaced by the assumption that the optimal predictor of the option price is described by the conditional expectation calculated from the equity’s probability distribution; see [3], [15] and [5]. Consequently, the option does not have to be European unless interest should be included in calculations. In addition, the method introduced above involves the premium charged to the intrinsic value on the option market. [1] assess their model by testing ”market efficiency” using historical data and different hedging strategies. If their valuation formula was wrong then one of the strategies would lead to a systematic profit or loss for the user. Diagnostics of results presented here relies on a common analysis of historical data and model residuals.

References

[1] F. Black and M. Scholes. The valuation of option contracts and a test of market efficiency. Journal of Finance, 27:399–417, 1972.

[2] F. Black and M. Scholes. The pricing of options and corporate liabilities. The Journal of Political Economy, 81:637–654, 1973.

[3] J. A. Boness. Elements of a theory of stock option values. Journal of Political Economy, 72:163–175, 1964.

[4] P. J. Brockwell and R. A. Davis. Time Series: Theory and Methods. Springer- Verlag, New York Berlin Heidelberg Tokyo, 1987.

[5] A. H. Y. Chen. A model of warrant pricing in a dynamic market. Journal of Finance, 25:1041–1060, 1970.

[6] W. A. Fuller. Introduction to Statistical Time Series. Wiley, New York Chichester Brisbane Toronto Singapore, second edition, 1996.

[7] K. Itô. Foundations of Stochastic Differential Equations in Infinite Dimensional Spaces. Society for Industrial and Applied Mathematics, Philadelphia, Pennsilvania, 1984.

[8] R. H. Jones. Fitting a stochastic partial differential equation to aquifer data.

Stochastic Hydrology and Hydraulics, 3:85–96, 1989.

[9] R. H. Jones and L. M. Ackerson. Serial correlation in unequally spaced longitudinal data. Biometrika, 77:721–731, 1990.

[10] R. H. Jones and A.V. Vecchia. Fitting continuous ARMA models to unequally spaced spatial data. J. Am. Stat. Assoc., 88:947–954, 1993.

[11] I. Karatzas and S. E. Shreve. Brownian Motion and Stochastic Calculus. Springer- Verlag, New York Berlin Heidelberg London Paris Tokyo, 1988.

[12] E. L. Lehmann. Theory of Point Estimation. Wiley, New York Chichester Brisbane Toronto Singapore, 1983.

[13] R. S. Liptser and A. N. Shiryayev. Statistics of Random Processes I. General Theory. Springer-Verlag, New York Berlin Heidelberg Tokyo, 1977.

[14] B. Matérn. Spatial Variation, volume 36 of Lecture Notes in Statistics. Springer- Verlag, Berlin Heidelberg, second edition, 1986.

[15] P. Samuelson. Rational theory of warrant pricing. Industrial Management Review, 6:13–31, 1965.

[16] Katsuko Tanaka. Time Series Analysis. Non stationary and Noninvertible Theory.

Wiley, New York Chichester Brisbane Toronto Singapore, 1996.

[17] J.B. Walsh. An introduction to differential equations. Lect. Notes Math., 1180:266– 437, 1986.

[18] P. Willmott, S. Howison, and J. Dewynne. The Mathematics of Financial Derivatives. Cambridge University Press, Cambridge, 1995.

[19] T. Yisong. Derivatives and Financial Risk Management. The Mutual Group Financial Services Research Center, Wilfrid Laurier University, School of Business & Economics, Waterloo, 1995.

Stochastic partial differential equations driven by fractional Brownian motion

Bernt Øksendal University of Oslo

We use fractional white noise theory to study stochastic partial differential equations driven by multiparameter fractional Brownian motion with all its Hurst coefficients in the interval (1/2, 1). In particular, we give explicit solutions of the fractional versions of the following SPDEs: The linear heat equation, the Laplace-Poisson equation and the quasi-linear heat equation.

Compared to the corresponding SPDEs driven by the classic multi-parameter Brownian motion (when all the Hurst coefficients are being equal to 1/2), the solutions in the fractional case tend be be smoother. In particular, in the fractional case we typically get genuine L^2–solutions (and not just distribution valued solutions) in higher dimensions than in the classical case. This feature makes the fractional white noise more tractable than the classical white noise when we apply SPDEs in mathematical modelling.

The talk is partially based on joint works with Yaozhong Hu and Tusheng Zhang.

References:

[1] Y.Hu: ”Heat equation with fractional white noise potentials”. Preprint, University of Kansas 1998.

[2] Y.Hu: ”A class of stochastic partial differential equations driven by fractional white noise”. Preprint, University of Kansas 1999.

[3] Y.Hu, B.Øksendal and T.Zhang: ”Stochastic partial differential equations driven by multi-parameter fractional white noise”. Preprint, University of Oslo 17/1999.

[4] B.Øksendal and T.Zhang: ”Multiparameter fractional Brownian motion and quasilinear stochastic partial differential equations”. Preprint, University of Oslo 5/2000. To appear in Stochastics and Stochastics Reports.

Parameter estimation in equations of stochastic fluid mechanics under Lagrangian data

Leonid I. Piterbarg University of Southern California

Let u(t, x; θ) ∈ R^d, be a random velocity field, t ≥ 0, x ∈ R^d depending on an unknown multi dimensional parameter θ. Denote by X(t, r) the displacement of a particle released at moment t = 0 at the point r, driven by the given velocity field, i.e Ẋ(t, r) = u(t, X(t, r)), X(0, r) = r, (1) where the dot means time derivative. The sample

X_1(t), X_2(t), . . . , X_N (t), t ∈ (0, T ) (2)

corresponding to different initial values X_n(t) = X(t, r_n), X(0, r_n) = r_n, n = 1, . . . , N is called Lagrangian data with observation time T . We stress that the sample (2) is not independent because all X_n(t) come from the same equation (1). Our purpose is to study asymptotic behavior of the Maximum Likelihood estimator θ̂ of θ based on Lagrangian data as T → ∞. Originally this problem has come from oceanography where measurements by drifters (current following devices) have been increasingly growing during the last two decades (Davis, 1991). We consider two models of a turbulent flow with infinitely small and finite velocity correlation time respectively. The asymptotic behavior of θ̂ crucially depends on the sign of the Lyapunov exponent, λ, for the corresponding flow of diffeomorphisms. In the case of the delta-correlated velocity field λ has been found in (Le Jan, 1985, Baxendale and Harris, 1986). An explicit expression for the Lyapunov exponent for the turbulent flow with memory is given here. In the first model we assume that

u(t, x) = ū(x; θ) + u^′(t, x), where ū(x; θ) is a deterministic vector field and u^′(t, x) is a Gaussian white noise in time, i.e. Eu^′(t, x) = 0, Eu^′(t, x)u^′(s, y)^∗ = δ(t − s)B(x, y)., Define (Nd)-dimensional vectors y = (x_1, . . . , x_N ), U(y) = (ū(x_1), . . . , ū(x_N )), Y (t) = (X_1(t), . . . , X_N (t)), and (Nd × Nd)-matrix D(y) = (B(x_m, x_n)). The process Z(t) is a diffusion process in R^{Nd} with the drift U(y) and the diffusion matrix D(y), (Kunita, 1990), i.e. dY (t) = U(Y (t))dt + D^{1/2}(Y (t))dW (t).

Thus, the problem is reduced to estimation in a finite dimension diffusion with the diffusion matrix degenerating on some hyperplanes. In the case of non-degenerate diffusion this problem was comprehensively considered before (e.g. Citovich, 1977 and Kutoyants, 1993). The incremental observed information can be found using the general maximum likelihood ideology (e.g. O.E.Barndorf-Nielsen and M.Sørensen, 1994)

I_{kl}(θ) = D^{−1}(Y (t)) ∂U(Y (t); θ) ∂θ_k · ∂U(Y (t); θ) ∂θ_l , where the dot means the dot product in R^{Nd}. Now let ū(x; θ) ≡ θ and u^′(t, x) be isotropic. Isotropy implies that the correlation tensor is expressed through two functions b_L(r), b_N (r) : R^1_+ :→ R^1 called the longitudional and transversal correlation functions respectively (Monin and Yaglom, 1971, 1975),

b_{ij} (x) = b_N (r)δ_{ij} + y_iy_j r^2

(b_L(r) − b_N (r)),

where r = |x|. We suppose that b_{ij} (x) are twice differentiable

b_L(r) = b_0 − 1 2 β_Lr^2 + O(r^4), b_N (r) = b_0 − 1 2 β_N r^2 + O(r^4), (3) and b_L(r), b_N (r) → 0 as r → ∞, where b_0, β_L, β_N > 0. The top Lyapunov exponent for the flow of diffeomorphisms generated by the considered velocity field is given by λ = d − 1 2 β_N − β_L 2 . The following statement addresses the asymptotic of the mean square error for the first model.

Theorem 1 (L.Piterbarg, 1998) Relation

lim_{T →∞} T E(θ̂ − θ)(θ̂ − θ)^∗ =

B(0) N holds in the following cases d ≥ 4, or d = 3, λ ≥ 0, or d = 2, λ > 0, and relation lim_{T →∞} T E(θ̂ − θ)(θ̂ − θ)^∗ = B(0)

holds if one from the following is true d = 2, λ < 0, or d = 1.

Now consider another model corresponding to the turbulence with memory u(t, x) = ū(x; θ) + u^′(t, x; θ), where the fluctuation velocity satisfies an Euler equation with a Gaussian white noise forcing ∂u^′ ∂t + u^′ · ∇u^′ = a(u^′, x; θ)+ξ(t, x), (4) where a(u^′, x; θ) is a function presenting dissipation and deterministic forcing and known up to the unknown parameter, Eξ(t, x) = 0, Eξ(t, x)ξ(s, y)^∗ = δ(t − s)B(x, y). (5) In this case the vector Z(t) = (Ẋ_1(t), X_1(t), . . . , Ẋ_N (t), X_N (t)) is a diffusion in R^{2Nd} with a degenerated diffusion matrix. Introduce

A(Z(t)) = (a(Ẋ_1(t) − ū(X_1(t)), X_1(t)), ..., a(Ẋ_N (t) − ū(X_N (t)), X_N (t))). Then the incremental observed information is I_{kl}(θ) = D^{−1}(Y (t)) ∂A(Z(t); θ) ∂θ_k · ∂A(Z(t); θ) ∂θ_l . Assume isotropy of ξ(t, x) such that (3) holds for B(x, y) appearing in (5), and ū(x; θ) = θ, a(u^′, x; θ) = −au^′, (6) where a is unknown parameter and τ = 1/a is so called the Lagrangian correlation time. Set β = β_N − β_L, where β_N , β_L are given in (3) .

Theorem 2 If d = 2 and β > 0, then the Lyapunov exponent for the flow defined by (4,6) is positive and given by

λ = 1 2τ ( K_{−2/3}(1/6βτ^3) K_{1/3}(1/6βτ^3) − 1 ) , where K_ν (x) is the modified Bessel function of the second kind and order ν. Proposition 3 Under conditions of Theorem 2 lim_{T →∞} T E(θ̂ − θ)(θ̂ − θ)^∗ =

B(0) a^2N

, lim_{T →∞} T E(^a − a)^2 = 2a N . The last statement is not completely proven yet.

References

Barndorff-Nielsen, O.E. and M. Sørensen (1994). A review of some aspects of asymptotic likelihood theory for stochastic processes, International Statistical Review, 62, 1, pp. 133-165.

Baxendale, P. and T.Harris (1986). Isotropic stochastic flows, Ann. Prob., 14, No.4, 1155-1179.

Citovich, I.I. (1977). On estimating the drift of a diffusion process from observations in a domain, Theory of Probab. and its Applic., n4, 871-878. Davis, R.E. (1991). Lagrangian ocean studies, Ann.Rev.Fluid Mech., 23, 43-64. Kunita, H. (1990). Stochastic flows and stochastic differential equations, Cambridge University Press.

Kutoyants, Yu. A. (1993). Identification of Dynamical Systems with Small Noise, Kluwer.

Monin, A.S. and A.M.Yaglom (1971), (1975). Statistical Fluid Mechanics of Turbulence, MIT, Cambridge, MA, v.1,2.

Le Jan, Y. (1985). On isotropic Brownian motions, Z. Wahrsch. verw. Gebiete, 70, 609-620.

Piterbarg, L.I. (1998). Drift estimation for Brownian flows, Stochastic Proces. and Appl., 79, 132-149.

Stochastic Allen Cahn: Analysis and Numerics

Tony Shardlow Durham University

1. Introduction

I will present an analysis of the Allen-Cahn equation perturbed by a space-time noise process. The equation has the following form du = [ ϵ^2Δu + f(u) ] dt + σdW (t), (1) where Δ is the Laplacian, ϵ and σ are small parameters, f(u) =^1_2 (u − u^3), the initial data u(0) should be specified, and homogeneous Neumann boundary conditions are specified on the domain [0, 1]. The purpose of this work is see how the many results in the deterministic case σ = 0 extend to the stochastic case.

2. Allen-Cahn Equation

Background references on this equation include [1], [3], [20], [12], [13], [15], [21], [6], [2].

The dynamics of this equation in the case σ = 0 divides into regimes. Very quickly, the solution u will converge to u(t, x) ≈ ±1. The leads to solutions consisting of phases u ≈ ±1 separated by transition layers of width ϵ. In intermediate time, the phase boundaries evolve and it can be shown the contours {u = 0} obeys an ODE of the following form: let h_i be a well ordered set representing the positions of the contours {u = 0}, then dh_i dt = ϵ ‖U^′‖^2 [ μ_{i+1}e^{−σi+1(1+δi,N )ϵ−1ℓi+1} − μ_ie^{−σi(1+δi,1 )ϵ−1ℓi} ] (2) where ℓ_i = h_i − h_{i−1} (for f(u) =^1_2 (u − u^3), μ_i = 4, ‖U^′‖^2 = 2/3, σ_i = 1). These equations hold in the case σ = 0 on an exponentially long time scale e^{1/ϵ2} . Finally, the solution reaches a stable equilibrium at one of the homogeneous phases u(x) = ±1 for 0 ≤ x ≤ 1.

Analysis in [17] in the case σ ≠ 0 shows that a solution u_{ϵ,σ} of (1) with noise intensity σ converges to the corresponding deterministic problem u_ϵ in the limit σ^2/ϵ → 0 in the mean square sense. In the limit σ^2/ϵ → ∞, the mean square norm of u_{ϵ,σ} blows up because of the ill posedness of the space-time process W (t) in L_2.

The second part of the analysis is a formal derivation of the SDEs corresponding to (2). A formal derivation in [17] shows that dh_i = ϵ ‖U^′‖^2 [ μ_{i+1}e^{−σi+1(1+δi,N )ϵ−1ℓi+1} − μ_ie^{−σi(1+δi,1)ϵ−1ℓi} ] dt + σϵ^{1/2} ‖U^′‖ dβ_i(t). (3)

The derivation is based on asymptotics done by [20] and is not rigorous (in contrast to the results for σ = 0 derived in [19]). The result is however supported by numerical simulations that suggest convergence in a weak sense.

3. Numerics

To verify the formal derivation of (3) numerically, I chose to simulate the numerical solution of the SDE (3) and compare it to the numerical solution of the stochastic PDE (1).

The numerical solution of SDEs is well understood and the subject of several excellent monographs, for example [11] and [14]. There are no special difficulties in simulating (3).

In contrast however, the numerical solution of parabolic stochastic PDEs is a relevantly recent topic. Research in this area includes Gyongy [10, 9], Shardlow [16], and Davie-Gaines [4]. By far the most general results are those of Gyongy who succeeds in proving convergence of numerical methods for very general types of equations. Shardlow writes for equations of the form (1) and is motivated by work on the approximation of ergodicity [18]. The results consider finite difference schemes, taking the θ method in time and the standard three point approximation to the Laplacian in space, together with a spectral approximation to the noise term. For a time step Δt and grid spacing Δx, the rate of convergence is proven to be Δx^{1/2} subject to a stability condition (1−2θ)Δt ≤ Δx^2/4. Davie-Gaines give an interesting result about how rates of convergence will never be better than Δx^{1/2} unless more sophisticated approaches are used to evaluate the noise. Other references in this general area include [5], [7], [8].

I implemented schemes for the SDE and Allen-Cahn equation and computed solutions for a simple test case. An initial condition was chosen with a single interface, and the mean and variance computed for the change of the location of the interface by simulating the equations for many realisations of the noise. The computations support the derivation of (3) and are presented in [17].

References

[1] S. Allen and J. W. Cahn, A microscopic theory for antiphase boundary motion and its application to antiphase domain coarsing, Acta Metallurgica, (1979), pp. 1084–1095.

[2] J. Carr and R. L. Pego, Metastable patterns in solutions of u_t = ϵ^2u_{xx} − f(u), Comm. Pure Appl. Math., 42 (1989), pp. 523–576.

[3] H. E. Cook, Brownian motion in spinodal decomposition, Acta Metallurgica, 18 (1970), pp. 297–306.

[4] A. M. Davie and J. G. Gaines, Convergence of implicit schemes for numerical solution of parabolic stochastic partial differential equations. Unpublished, 1996.

[5] K. D. Elworthy, H. Z. Zhao, and J. G. Gaines, The propogation of travelling waves for stochastic generalized KPP equations, Mathematical Computing and Modelling, 20 (1994), pp. 131–166.

[6] G. Fusco and J. K. Hale, Slow-motion manifolds, dormant instability, and singular perturbations, J. Dynamics Differential Equations, 1 (1989), pp. 75–94.

[7] J. G. Gaines, Numerical experiments with s(p)des, in Sotchastic Partial Differential Equations, A. Etheridge, ed., no. 216 in London Mathematics Society Lecture Note Series, Cambridge, 1995, pp. 55–71.

[8] W. Grecksch and P. Kloeden, Time–discretized Galerkin approximations of parabolic stochastic PDEs, Bulletin Australian Mathematics Society, 54 (1996), pp. 79–85.

[9] I. Gyöngy, Lattice approximations for stochastic quasi–linear parabolic partial differential equations driven by space–time white noise I and II. Submitted.

[10] I. Gyöngy and D. Nualart, Implicit scheme for quasi–linear parabolic partial differential equations perturbed by space–time white noise, Stochastic processes and their applications, 58 (1995), pp. 57–72.

[11] P. E. Kloeden and E. Platen, Numerical solution of stochastic differential equations, vol. 23 of Applications of mathematics, Springer–Verlag, 1992.

[12] J. G. L. Laforgue and R. E. O’Malley, Jr., Viscous shock motion for advection-diffusion equations, Stud. Appl. Math., 95 (1995), pp. 147–170.

[13] , Exponential asymptotics, the viscid Burgers’ equation, and standing wave solutions for a reaction-advection-diffusion model, Stud. Appl. Math., 102 (1999), pp. 137–172.

[14] G. N. Milstein, The Numerical Integration of Stochastic Differential Euqations, Kluwer, 1995.

[15] L. G. Reyna and M. J. Ward, On exponential ill-conditioning and internal layer behavior, Numer. Funct. Anal. Optim., 16 (1995), pp. 475–500.

[16] T. Shardlow, Numerical methods for stochastic parabolic PDEs, Numer. Funct.

Anal. Optim., 20 (1999), pp. 121–145.

[17] , Stochastic perturbation of the Allen–Cahn equation, Electron. J. Diff. Eqns., 2000 (2000), pp. 1–19.

[18] T. Shardlow and A. M. Stuart, A perturbation theory for ergodic properties of Markov chains, SIAM J. Num. Anal., 37 (2000).

[19] M. J. Ward, Eliminating indeterminacy in singularly perturbed boundary value problems with translation invariant potentials, Stud. Appl. Math., 87 (1992), pp. 95–134.

[20] , Metastable patterns, layer collapses, and coarsening for a one-dimensional Ginzburg-Landau equation, Stud. Appl. Math., 91 (1994), pp. 51–93.

[21] M. J. Ward and L. G. Reyna, Internal layers, small eigenvalues, and the sensitivity of metastable motion, SIAM J. Appl. Math., 55 (1995), pp. 425–445. Perturbation methods in physical mathematics (Troy, NY, 1993).

On the small time large deviation principle for solutions of stochastic partial differential equations

T.S.Zhang University of Manchester

The aim of this talk is to present some results on the small time asymptotics of diffusion processes and heat semigroups on Hilbert spaces, which includes solutions of some stochastic evolution equations. First let us recall the basic results in finite dimensions. Let L =^1_2 Δ be the one half of the Laplacian operator on R^d. Then we know that the heat kernel is the transition density of the Brownian motion given by

P_t(x, y) = (2πt)^{− d2} exp{− d^2(x, y) 2t }, where d(x, y) stands for the usual distance on R^d. It is clear that the following small time asymptotics holds

lim_{t→0} 2t log P_t(x, y) = −d^2(x, y). (1.1)

Much work has been done to extend the above asymptotics to general situations where the Laplacian is replaced by general elliptic operators , R^d is replaced by some finite dimensional Riemannian manifolds and d(x, y) is the corresponding Riemannian distance. The results are quite satisfactory, see [6], [23] and references therein.

We are here concerned with the above asymptotics in infinite dimensional cases where L will be the generator of a symmetric diffusion process X_t, t ≥ 0 on some Hilbert space E. Because of the lack of the transition density , the natural replacement for P_t(x, y) in the equation (1.1) is P (X_0 ∈ B, X_t ∈ C), where C, B are two Borel subsets. The distance d(x, y) between two points x, y is replaced by the distance of the two sets C and B. Specifically, we obtained the following small time asymptotics

lim_{t→0} 2t log P (X_0 ∈ B, X_t ∈ C) = −d^2(B, C), (1.2)

where d is the appropriate Riemannian distance associated with the diffusion. The upper bound and the lower bound are proved separately. The upper bound is proved for any two Borel subsets B, C with positive measures and quite general diffusions with continous diffusion operators. For the lower bound, we assume that the diffusion is a solution of a stochastic differential equation or a stochastic evolution equation on the Hilbert space . We first establish a small time large deviation principle for solutions of stochastic evolution equations of the type: u_t = x − ∫_t 0 Au_sds + ∫_t 0 b(u_s)ds + ∫_t 0 σ(u_s)dW_s (1.3)

Then the lower bound follows from the large deviation principle.

References

[1] S.Aida, I.Shigekawa, Logarithmic Sobolev Inequalities and Spectal Gaps: Perturbation Theory, J.Funct.Anal., (1994), 448–475.

[2] S. Albeverio , M.Röckner : Stochastic Differential Equations in Infinite Dimensions: Solutions via Dirichlet Forms, Prob.Th.Rel.Fields, 89 (1991), 347–386.

[3] S.Albeverio, M.Röckner, T.S.Zhang, Girsanov transform for symmetric diffusions with infinite dimensional state space, The Annals of Probability, 21:2 (1993), 961–978.

[4] V.I. Bogachev and M. Röckner, Mehler formula and capacities for infinite dimensional Ornstein-Uhlenbeck processes with general linear drift, to appear in Osaka Math. Journal.

[5] P.L.Chow and J.L.Menaldi, Exponential estimates in exit probability for some diffusion processes in Hilbert spaces, Stochastics and Stochastics Reports, 29 (1990) 377–393.

[6]. E.B.Davies, Heat kernels and spectral theory, Cambridge University Press, 1989.

[7] A.Dembo and O.Zeitouni, Large Deviations Techniques . Boston,London: Jones and Bartlett 1993.

[8] S.Fang, On the Ornstein-Uhlenbeck process, Stochastics and Stochastic reports, 46 (1994),141–159.

[9] S.Fang and T.S.Zhang, On the small time behavior of Ornstein-Uhlenbeck processes with unbounded linear drifts, preprint 1997. To appear in Probability Theory and Related Fields.

[10] M. Fukushima, Y.Oshima, M.Takeda, Dirichlet forms and symmetric Markov processes, Berlin : Walter de Gruyter, 1994.

[11] I. Iscoe and D. McDonald, Large deviations for l^2-valued Ornstein-Uhlenbeck processes, The Annals of Probability, 17:1 (1989) 58–73.

[12] H.H. Kuo , Gausian measures on Banach space. Lecture notes, Springer 1977

[13] T.J. Lyons and T.S. Zhang, Decomposition of Dirichlet processes and Its Applications, The Annals of Probability, 22:1 (1994), 494–524.

[14] T.J. Lyons, W.A. Zheng, Acrossing estimate for the canonical process on a Dirichlet space and tightness result, Colloque Paul Lévy sur les processes stochastique, Asterisque, 157-158 (1988) 248–272.

[15] Z.M. Ma and M. Röckner, “An introduction to the theory of (non-symmetric) Dirichlet forms”, Springer, Berlin, 1992.

[16] E.Pardoux, Stochastic partial differential equations and filtering of diffusion processes, Stochastics, 3 (1979) 127–167.

[17] G.Da Prato and J.Zabczyk, Stochatic Equations in Infinite Dimensions, Cambridge University Press, 1992.

[18] M. Röckner and T.S. Zhang: Uniqueness of generalized Schrödinger operators and applications, Journal of Fuctional Analysis, 105 (1992), 187–231.

[19] M. Röckner and T. S. Zhang, Uniqueness of generalized Schrödinger operators, II, J. Funct. Anal., 119 (1994), 455–467.

[20] D. Stroock, An introduction to the theory of large deviations, Springer, Berlin, 1984.

[21] M. Takeda, On a martingale method for symmetric diffusion processes and its Applications, Osaka J. Math., 26 (1989), 605–625.

[22] G. Tessitore and J.Zabczyk, Strict positivity for stochastic heat equations, Stochastic Processes and their applications, 77 (1998) 83–98.

[23] S.R.S.Varadhan, Diffusion processes in small time intervals, Comm. Pure Appl. Math., 20 (1967) 659–685.

3 List of Participants

Ole E. Barndorff-Nielsen Department of Theoretical Statistics University of Aarhus DK-8000 Aarhus C Denmark

oebn@imf.au.dk http://home.imf.au.dk/oebn

Jaya P. N. Bishwal Bendheim Center for Finance 26 Prospect Avenue Princeton University Princeton NJ 08540-5296 U.S.A.

jbishwal@Princeton.edu

Nataliya Burykina Kiev Taras Shevchenko University

Mailing addres:

15 Malishko str., apt. 100 Kiev, 253206 Ukraine

nataburykina@altavista.net

Rama Cont Centre de Mathématiques Appliquées Ecole Polytechnique F-91128 Palaiseau France

rama@cmapx.polytechnique.fr http://www.cmap.polytechnique.fr/~rama/

Susanne Ditlevsen Department of Biostatistics University of Copenhagen Blegdamsvej 3 DK-2200 København N Danmark

s.ditlevsen@biostat.ku.dk

Marianne Huebner Department of Statistics and Probability Michigan State University East Lansing, MI 48824 U.S.A.

http://www.stt.msu.edu/∼huebner huebner@stt.msu.edu

Ildar Ibragimov Mathematical Institute Russian Academy of Science Fontanka 27 St.Petersburg 191011 Russia

ibr32@pdmi.ras.ru

Martin Jacobsen Department of Statistics and Operations Research University of Copenhagen Universitetsparken 5 DK-2100 Copenhagen Ø Denmark

martin@math.ku.dk

Nikolai Leonenko School of Mathematics Cardiff University Sengennydd Road Cardiff CF2 4YH U.K.

leonenkon@Cardiff.ac.uk

Sergey V. Lototsky University of Southern California 1042 W 36th Place, DRB 155 Los Angeles, CA 90089-1113 U.S.A.

lototsky@math.usc.edu http://math.usc.edu/people

Bo Markussen Department of Statistics and Operations Research University of Copenhagen Universitetsparken 5 DK-2100 Copenhagen Ø Denmark

markusb@math.ku.dk

Jaroslav Mohapl 517-B Weber St. North Waterloo, Ontario, Canada N2L 4G1

jmmohapl@scienide.uwaterloo.ca

Anders Nielsen Danish Institute for Fisheries Research Charlottenlund Castle DK-2920 Charlottenlund Denmark

http://www.math.ku.dk/∼anielsen anders@anielsen.org

Bernt Øksendal Department of Mathematics University of Oslo Box 1053 Blindern N - 0316 Oslo Norway

oksendal@math.uio.no

Leonid I. Piterbarg Center of Applied Mathematical Sciences (CAMS) University of Southern California DRB-155 1042 W. 36th Place Los Angeles, CA 90089-1113 U.S.A.

piter@math.usc.edu http://math.usc.edu/people

Ulrike Putschke Department of Statistics and Operations Research University of Copenhagen Universitetsparken 5 DK-2100 Copenhagen Ø Denmark

putschke@stat.ku.dk

Boris L. Rozovskii Center of Applied Mathematical Sciences (CAMS) University of Southern California DRB-155 1042 W. 36th Place Los Angeles, CA 90089-1113 U.S.A.

rozovski@math.usc.edu http://math.usc.edu/people

Tony Shardlow Department of Mathematical Sciences Durham University Durham DH1 3LE U.K.

Tony.Shardlow@durham.ac.uk http://maths.dur.ac.uk/∼dma0ts

Helle Sørensen Department of Statistics and Operations Research University of Copenhagen Universitetsparken 5 DK-2100 Copenhagen Ø Denmark

hsoeren@stat.ku.dk http://www.math.ku.dk/∼hsoeren

Michael Sørensen Department of Statistics and Operations Research University of Copenhagen Universitetsparken 5 DK-2100 Copenhagen Ø Denmark

michael@math.ku.dk http://www.math.ku.dk/∼michael

Sibel Tari Middle East Technical University Deptartment of Engineering Sciences 06531 Ankara Turkey

stari@metu.edu.tr

Uffe Høgsbro Thygesen Danish Institute for Fisheries Research Charlottenlund Slot Jægersborg All 1 DK-2920 Charlottenlund Denmark

uht@dfu.min.dk http://www.dfu.min.dk

Tusheng Zhang Department of Mathematics University of Manchester Oxford Road Manchester M13 9PL U.K.

tzhang@maths.man.ac.uk