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Introduction

This conference dealt with a broad spectrum of number theory, including transcendental
numbers, modular forms, spectral theory and statistical analysis of the Riemann zeros.

In this leaflet we have collected brief accounts of the subjects of the talks given during the
conference. Furthermore, at the end of the leaflet, the programme and the list of participants
of the the Conference are included.

We wish to thank all participants — the speakers in particular — for contributing to the
Conference.

Erik Balslev and Alexei Venkov
Aarhus, March 2000.
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Random Matrices and the distribution of zeros of the
Riemann zeta function — a survey of results of Odlyzko

Uffe Haagerup*

Numerical computations of the roots of the Riemann zeta function on the critical line
Re(s) = 1/2 unveils a certain randomness in the separation of the zeros: Assuming the
Riemann hypothesis, the average distance between neighboring zeros on the line near 1/2+iT
is approximately 27t/ log T, but sometimes the actual distance is much smaller or much larger,
than this number (see e.g. [Ed1, p. 178]). In order to give a mathematical explanation to this
phenomena, Montgomery [Mo] posed in 1973 the pair correlation conjecture, which states,
that for 0 < a < b the ratio

#{( Y)I0<y, ¥ <T, grra<vy—79 <102g”Tb}
#{v10<y<T}

/ab (1- (s2mt)°) at

as T goes to infinity. Here v and ' denote the imaginary parts of two zeros of the zeta
function on the line Re(s) = 1/2. The above conjecture was posed on basis of number
theoretical results proved in [Mo], but the conjecture happens to be very similar to the
formula for pair correlation of eigenvalues of certain complex, selfadjoint random matrices
(the Gaussian unitary ensemble, “GUE"). The mathematical theory for these random matrices
was developed by Dyson, Mehta, Wigner and others in the 50’es and 60’es (see [Me]). With
a suitable normalization, the distribution of the eigenvalues of the NV x N random matrices
in the GUE-ensemble converges as N goes to infinity to the probability measure on the real
line with density (see [Me, p. 93]):

converges to

1
— 1—372/4 1[_2,2](.7)).

This is Wigner's semicircle law. Using the same normalization, the pair correlation result for
the GUE-ensemble can be stated as follows (see [Me, p. 94]):

AN J0O<A N<e 4 <cA—)N<
e T #{AN)[0< A XN <e, & 21 /

s1n7rt dt
e—=0 N—oo #{)\|0§)\§8} )

where X\ and )\’ denote two eigenvalues of the N x N random matrix from the GUE-ensemble.

*Department of Mathematics, SDU-Odense University, Campusvej 55, DK-5230 Odense M, Denmark.
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Similar results holds for real Gaussian random matrices (the GOE-ensemble) and for
sin7rt)2

quaternionic Gaussian random matrices (the GSE-ensemble), but the function 1 — (%2

in the pair correlation formula has to be changed (see [Me, p.136 and p.167]).

In the 80’es, Odlyzko developed numerical methods to compute zeros of the Riemann
zeta function with large imaginary part. Based on a sample of 10° zeros around the 10'?'th
zero on the critical line, Odlyzko tested in 1987 Montgomery's pair correlation conjecture
(see [Od1] and [Me, p.26]). This gave only a moderately good fit between the conjecture
and the “experimental”’ data, and actually the pair correlation function for the GSE-ensemble
appears to fit equally good for this sample. However 2 years later Odlyzko published a similar
investigation based on 79 million zeros in the neighborhood of zero no. 10%° ([Od2] and [Me,
p. 27]) and in this case there is a very convincing fit between Montgomery's conjectured
formula and the “experimental” data. Indeed, it is clear that among the three choices of
random matrix ensembles GOE, GUE and GSE, only the pair correlation function for the
GUE-ensemble fits with the numerical data based on this large sample.

The random matrix theory gives also very precise information about the distribution of the
distance of two neighboring eigenvalues (next neighbor separation) for the GOE-, GUE- and
GSE-ensembles. For the the next neighbor separation of roots of the Riemann zeta function
Odlyzko found again, based on his 79 million sample of roots, a very convincing fit with the
next neighbor separation of eigenvalues for the GUE-ensemble (see [Me, p.30]).

The Montgomery pair correlation conjecture has also been investigated for the Dirichlet
L-functions and for zeta functions based on other number fields, see [RS], [KS] and references
given there.
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Number theory, dynamical systems and statistical
mechanics

Andreas Knauf*

Abstract

We shortly review recent work interpreting the quotient ((s — 1)/((s) of Riemann
zeta functions as a dynamical zeta function. The corresponding interaction function
(Fourier transform of the energy) has been shown to be ferromagnetic, i.e. positive.

On the additive group
Gy := (Z/2Z)*, with Z/2Z = ({0,1},+).
we set inductively
hy:=1, hyyi1(0,0) :=hg(oc) and hyii(o,1) :=hg(o) + he(1 — o), (1)

where 0 = (01,...,0%) € Ggyand 1 — 0 := (1 —0y,...,1 — 0y) is the inverted configu-
ration. The sequences hy (o) of integers, written in lexicographic order, coincide with the
denominators of the modified Farey sequence.

We now formally interpret 0 € Gy, as a configuration of a spin chain with £ spins and
energy function

Hk = ln(hk)

Thus we may interpret

Zi(s) = 3 expl—s - Hy(0))

ce€Gy

as the partition function of that finite spin chain for inverse temperature s. The quotient
((s—1) _« -
Z(s):=>——2= ng(n)n s (2)
C(S) n=1
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is the thermodynamic limit

lim Zg(s) = Z(s) (R(s) > 2) (3)

k—00

of partition functions Z,(s) = > 7, wp(n)n~*. That number-theoretical spin chain was

introduced in [9], see also Cvitanovi¢ [5], and [8, 4] for a translation invariant version. The
Gibbs measure for inverse temperature 3 € R assigns probabilities

exp(—Hg(0))
Zr ()

to the configurations of the spin chain. We denote the expectation of a random variable by

exp(—fH(0))
Zk(B)

(O’ € Gk) (4)

(e (B) =D o)

c€Gy

To show that the analogy with statistical mechanics is not only formal, the Fourier coef-
ficients of H), were estimated in [9]. One notes that the dual group Gj of Gy is naturally
isomorphic to Gy, since the characters on G can be written in the form

Xe:Gr—={=1,1} | x(o) = (D)=t (e GY).
The Fourier coefficients

je(t) = =273 Hy(0) - xilo)  (t€Gj)

0e€Gy

of —H}, are called interaction coefficients in the statistical mechanics terminology, and

Hy (o) = — Z k() - xo (1)

teG;

The negative mean j,(0) of Hy has special properties. In the thermodynamic limit it is
asymptotic to jx(0) ~ —c - k for some ¢ > 0 [10], but it is the only coefficient whose value
does not affect the Gibbs probability measure (4).

When we write t = (ty,...,t) € Gi \ {0} in the form
t=1(0,...,0,1,t101, ..., t,1,1,0,...,0),
s := 1 — [ will be called the size of t, and d := min(l, k + 1 — r) its distance from the ends

of the chain at 1 and k. Finally we say that ¢ is even (odd ) if S.F_ ; is even (odd ). With
these notations the following estimates were shown.



Theorem [9].
e The even interactions decay exponentially in the size:
Je(t) <27° (t € G; \ {0} even), (5)
whereas in the odd case one even has
gr(t) <27®D (¢t € Gf odd). (6)

So odd interactions are small in comparison to the even ones except near the right end
of the chain.

e The interaction is asymptotically translation invariant in the sense that, up to a relative
error which is exponentially small in the distance from the ends, the interactions only
depend on the relative positions of the spins involved:

0 < (rs1(0,8) — jxa(£,0)) - 2° < C- 274 (t€ G}).
e The interaction has a thermodynamic limit in the sense
0 < (jr1(0,8) —jr(1)-2° < C-27%  (te G\ {0}).
For 3 > 0 the thermodynamic limit

1

F(B) := lim Fi(8) with Fi(p):= In (Z,(3)) (7)
k—o0 ﬂ -k
of the free energy per spin exists [11].
e The interaction is ferromagnetic, that is,
Je(t) 20 (t € Gy \{0}). (8)

This is in accordance with earlier speculations (see Ruelle [18]). Note, however, that
the system is not of Ising type, since multi-body interactions are present.

e The effective interaction

Ap(lr) = > G0,...,0,1, tig, . tp1,1,0,...,0)

veGr_
between spins at positions [ and r decays quadratically with their distance s =r —1[ in
the bulk:

1 2 (k-
Al 1) < =
k( ,7“) = 2 + s

(9)

This is just the borderline decay rate for a phase transition



A proof of the ferromagnetic property can be based on abstract polymer models, see [6],
and this kind of combinatorics appears naturally in the context of number-theoretical zeta
functions [3].

Switching to a multiplicative representation s;(c) := (—1)7 of the ith spin, an important
variable is the mean magnetization per spin

1 k

M(B) =+ D (i) (8)

=1

and its thermodynamic limit A (). By analyzing a Perron-Frobenius operator with PF
eigenvalue exp(—/f - F'((3)), the following statements were proved.

Theorem [2]. The only phase transition of the number-theoretical spin chain occurs for
inverse temperature (3., := 2. For lower temperatures

FB)=U(pB)=0 and M(B)=1 (8> fa)

whereas for high temperatures

UB) > 3(B—0Bx) (1<B<Pe) and M(B)=0 (0<5<be)

The energy function can be interpreted as the time delay of scattering geodesics in the
modular domain [12]. There exist direct relations with the works [16], [17] by Mayer, and [15]
by Lanford and Ruedin, and the Riemann Hypothesis can be related to a problem concerning
the spectral radius of a related Markov chain [13]. See, however the work by Heiss [7]
disproving a conjecture in [13].

More details can be found in the lecture notes [14]. This abstract is an up to date version
of the abstract in [1].

References

[1] Proceedings of the ESI Conference on the Riemann Zeta Function
http://www.esi.ac.at/Proceedings/riemannzeta98.html

[2] Contucci, P., Knauf, A.: The Phase Transition of the Number-Theoretical Spin Chain.
Forum Mathematicum 9, 547-567 (1997)

[3] Contucci, P., Knauf, A.: The Low Activity Phase of Some Dirichlet Series. J. Math.
Phys. 37, 5458-5475 (1996).

[4] Contucci, P., Knauf, A. Kleban, P.: A Fully Magnetizing Phase Transition. J. Stat. Phys.
(1999)

[5] Cvitanovi¢, P.: Circle Maps: Irrationally Winding. In: M. Waldschmidt, P. Moussa, J.M.
Luck, C. ltzykson, Eds.: From Number Theory to Physics. Berlin, Heidelberg, New York:
Springer 1992



[6]

[7]

[8]
[9]
[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

Guerra, F., Knauf, A.: Free Energy and Correlations of the Number-Theoretical Spin
Chain. J. Math. Phys. 39 (1998)

Personal Communication.
Homepage of Alain Valette: http://www.unine.ch/math/

Kleban, P., Ozliik, A.E.: A Farey Fraction Spin Chain. Commun. Math. Phys. (1998)
Knauf, A.: On a Ferromagnetic Spin Chain. Commun. Math. Phys. 153, 77-115 (1993)

Knauf, A.: Phases of the Number-Theoretical Spin Chain. Journal of Statistical Physics
73, 423-431 (1993)

Knauf, A.: On a Ferromagnetic Spin Chain. Part Il: Thermodynamic Limit. J. Math.
Phys. 35, 228-236 (1994)

Knauf, A.: Irregular Scattering, Number Theory, and Statistical Mechanics. In: Stochas-
ticity and Quantum Chaos. Z. Haba et al, Eds. Dordrecht: Kluwer 1995

Knauf, A.: The Number-Theoretical Spin Chain and the Riemann Zeroes. Commun.
Math. Phys. 196, 703-731 (1998) Erratum: Commun. Math. Phys. 206, 491 (1999)

Knauf, A.: Number Theory, Dynamical Systems and Statistical Mechanics. Rev. Math.
Phys. (1998)

Lanford, O.E., Ruedin, L.: Statistical Mechanical Methods and Continued Fractions.
Helv. Phys. Acta 69, 908-948 (1996)

Mayer, D.: On the Thermodynamic Formalism for the Gauss Map. Commun. Math.
Phys. 130, 311-333 (1990)

Mayer, D.: The Thermodynamic Formalism Approach to Selberg’s Zeta Function for
PSL(2,7Z). Bull. AMS 25, 55-60 (1991)

Ruelle, D.: Is Our Mathematics Natural? The Case of Equilibrium Statistical Mechanics.
Bull. AMS 19, 259-268 (1988)



Integer Points in Plane Regions and Exponential Sums

M. N. Huxley*

An old problem in mathematics is to find the area inside a closed curve. A practical
method is counting squares: put a grid of squares over the curve, and count the number
of squares which are inside the curve. This number should be proportional to the area. A
rule is needed about squares cut by the curve. Counting them all as 1/2 seems to give a
slight over-estimate. Counting them when the centre of the square is inside the curve makes
mathematical sense, but it is hard to judge the centre by eye. Counting them when the
bottom left corner is inside the curve is essentially the same rule (shift the grid of squares so
that corners are now where centres were before), and it is easier to apply.

Can you get prescribed accuracy (d significant figures, say) by taking squares small
enough? Suppose that 10" squares fit across the curve. The curve must be smooth (piecewise
convex and sufficiently differentiable), or you cannot say anything.

Usually (for most placings of the square grid) you get d-figure accuracy for n a little
larger than 2d/3.

Classical result (van der Corput 1917). You can guarantee d-figure accuracy by taking n
a little larger than 3d/4.

Modern result (lwaniec, Mozzochi 1989). You can guarantee d-figure accuracy with n a
little larger than 11d/15 (11/15 = 0.7333...).

Recent improvements: (Huxley 1993). You can guarantee d-figure accuracy with n a
little larger than 73d/100 (73/100 = 0.73). Now being typed: improvement to 208d/285
(208/285 = 0.7298...).

Limit of the Iwaniec-Mozzochi method would be 8d/11 (8/11 = 0.7273...).

The points counted are the lattice points, the intersection points in the grid of squares.
Renormalize so that the squares are unit squares and the lattice points are integer points.
The CAT maps

xr — ax + by, y — cr + dy,

where a, b, ¢, d are integers with ad — bc = 1, are automorphisms of the set of lattice points,
but they send the squares of the grid to parallelograms. Shapes are distorted, but areas
remain the same. So the number of bottom left corners of squares inside the closed curve,
and the area inside the curve both remain unchanged after a CAT map.

*Mathematics Institute, School of Mathematics, University of Wales, Cardiff, P.O. Box 926, Cardiff CF24
4YH, Wales. Email: huxley@cardiff.ac.uk
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If the square grid is thought of as fixed, defining the (z,y)-coordinate system, and the
curve is shifted by a vector (z,y), then the area stays the same, but the number of squares
counted changes as a periodic function of x and y. Accordingly it has a Fourier series of the
form > c(h, k)e(hx + ky), where e(t) is written for exp(2mit). The constant term is the
area. The other Fourier coefficients can be calculated first as integrals over the interior, then,
by the divergence theorem, as integrals round the curve of stationary phase type. The points
of stationary phase occur where the label (h, k) is a normal vector to the curve, (—h, k) is a
tangent vector, so if you look along the curve, the integer points line up along straight lines
with gradient —h/k. The ‘usually 2d/3' result follows by Parseval’s theorem (Kendall 1948).

The Fourier series does not lend itself to easy estimation. Iwaniec and Mozzochi used a
divide and conquer method, based on that of Bombieri and lwaniec for the single exponential
sum. The area problem seems to be more fundamental, in that the steps can be explained
geometrically.

Divide the curve into short arcs. Look along the curve, see rows of integer points lining up
in straight lines with some gradient a/q. The arc has now been labelled by a ‘Farey fraction’
a/q.

Approximate the curve by a quadratic equation

qu =a(x —m) +b+ kK + pgx —m)?,

where a, b, ¢, m are integers, and the last two terms are real number corrections.
Combine the patterns from different arcs in some way.

In more detail, the ‘approximate’ step continues by choosing a new basis (¢, a), (—a, 7),
where ad+qg = 1. Choose a CAT map to take these to the unit vectors (1,0) and (0,1). The
arc is now approximately horizontal. Count integer points using the row of teeth function
p(t) = [t] — t + 3, where [] means the largest integer n with n < ¢. This function has the
property that the number of integers n in an interval o <n < fis 3 — a+ p(f3) — p(a). It
has a well-known Fourier series, which is used to translate into exponential sums.

The use of exponential sums is based on the observation that e(x) := exp(2wiz) depends
only on the fractional part of z, x — [z]. When these are studied for their own sake, the most
interesting sums are the single sum

Mo

Y e(F(m))

m=M

for My < 2M, (log F"(x))/(log M) in an interval around zero, and the double sum

for Hy < 2H, M, < 2M, and (log f'(z))/(log M) in an interval around zero. There are two
things to do with an exponential sum.

Poisson summation transforms > e(F(m)) into a sum of type > G(n), where F(x)
and G(y) are complementary functions, in the sense that their derivatives F'(z) and G'(y)
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are inverse functions. If F'(z) represents the area below a graph, then G(y) represents the
area between the same graph and the y-axis.

Rearrange the modulus squared of sums. One way to do this gives the so-called large
sieve inequality that estimates the square of a double sum

SN aibje (x0 -y )
T g

with the inner product of vectors inside the exponential, in terms of not just the sum of the
squares of the coefficients a;, but the sum over a ‘neighbourhood’ of the diagonal: the sum
> 57, laiax| taken over pairs of vectors with x( close to x¥), and the corresponding sum
for the y vectors.

Using the row of teeth function leads to a two variable exponential sum. This is trans-
formed by Poisson summation, and the resulting mess is raised to the fourth power. After
simplification the exponent takes the form x.y, where x is a four-dimensional vector de-
rived from the integer summands, and y is a vector formed from the data in the quadratic
approximation on the short arc.

The large sieve inequality is the ‘combine’ step of the divide and conquer method. It
says that the worst case doe not happen very often. But ‘often’ is counted on the simplified
forms after the CAT map. If the simplified forms of two different short arcs coincide up to
the accuracy of approximation, then the corresponding y vectors count as close together in
the large sieve. In terms of the approximation data we have

(v a")=(e5) (0 a"); g

where the matrices are in SL(2,Z): integer entries and determinant one, and A, B, C, and
D are small. Geometrically, the new lattice bases are closely related.

1 = pg’. (2)
Geometrically, residual areas are equal.
ab  ab
—- = — modulo one, (3)
q q

meaning the fractional parts are approximately equal. Geometrically, the constant terms
correspond.

K = K. (4)

Geometrically, the residual constants correspond.

To complete the argument one must estimate how many pairs of short arcs have the same
simplified form under the CAT maps. This is itself a divide and conquer argument. There
is a CAT map that takes one short arc to the other short arc. We ask: for each possible
CAT map, how many short arcs can it take into coincidence with other short arcs. The

12



equations that say that one short arc is taken to another short arc can be interpreted (this
is my contribution) as saying that there is an integer point that approximately satisfies some
equation. So the integer point is close to the graph of this equation, which | call a resonance
curve. | am told that this is an outmoded use of ‘resonance’ which has a very precise meaning
in terms of poles of a scattering matrix, and the other uses of the word have been replaced
by ‘constructive interference’. But it is too late to change the terminology in my book.

The resonance curve detects the coincidence after CAT maps of the short arcs of the
curve with gradients a/q and a'/¢’, for the gradients a/q and a'/q’ in intervals
e a f e a f

- < —-< = — <= <=,
r q S r q S

on which (1) and (2) hold throughout, so that

(Lo)=(en)(ir)

in SL(2,Z); all three matrices have integer entries and determinant one. If (3) and (4)
hold on the short arc labelled a/q, then there is an integer point (c,d) close to a curve

Cc=C (9, L.e f—:) The curve has negative gradient, and usually has a cusp where two
T s’r S

branches join. The construction of C' used point and line duality in the plane, the implicit

function theorem and the complementary function construction that also occurs in the Poisson

summation formula.

The analytic construction of the resonance curve goes as follows. The original curve is
y = f(x). Take the gradient v = f’(z) as the independent variable, and put 5 f”(z) = h(v).
The data are two arcs e/r < v < f/s, €/r' < v < f'/s'. Parametrize by a new variable x
in 0 <z < oo as
ex + f et f

v (@) = re+s’ va(w) = r'y + s

(when z takes rational values u/t, this is the fractal self-similarity of the rational numbers).
Put hi(x) = h(vi(x)), he(x) = h(ve(x)). The function Gi(z) is the solution of the differ-
ential equation

1
" o
@) = e T o
with boundary conditions G1(c0) = 0, G’ (0c0) = 0, and G(x) is constructed similarly.

The resonance-detecting function is
9(x) = Gi(z) — Ga(7),

which is small when (2) holds; h;(z) is p, rz+ s corresponds to ¢. The derivatives ¢'(x) and
g"(z) are connected with the conditions (3) and (4). The ‘resonance curve' C' lies in some
dual space, the locus of points (y, z) with

@_ dz

o e "
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for certain boundary conditions at x = co. The curve C' has gradient —z. The conditions
for the coincidence of short arcs can be translated in terms of the resonance curve using the
identity

m-+n

fm+n)= f(m)+nf'(m)+ /(m+n—x)f”(x)dx.

m

The relations (2), (3) and (4) are approximate, which leads to the integer point (c,d) lying
only approximately on the resonance curve. Approximation theory wants to be linear, but
the construction of the curve C'is non-linear, and the estimations are delicate. There is one
number-theoretical device which gains accuracy. If the real number « is close to an integer
n, and t is a factor of n, then the real number «//t is very close to the integer n/t.

The resonance curve C' = C' (f, f; f—:, f—f) depends on two intervals of gradients e/r <
v< f/s, €/r <uv< f'/s' There should be a relation between the resonance curves for an
interval and for a subinterval. The matrix products

fo eo\ ([ f e I k fo eo N\ ([ f € I k
so ro ) \s T j h )’ s o )\ s j h )’

where the matrices all have integer entries and determinant one, and h, [ > 1, j, k > 0, give
subintervals, with
!/ !/ !/ !/

e e e e

<o fo < i) - 0 0 < f .

r To So S r
The resonance curve Cj constructed from the subintervals is related to C' in the nicest possible
way, by an affine map

G = ) () )+ ()

The transposed vectors indicate that the resonance curve lies in some dual space. A careful
calculation shows that (3, @) is very close to an integer vector. So integer points close to Cy

k )
h> distorts

shapes and usually increases distances). This brings us to the question: can there be many
integer points on a curve or very close to it? Besides the exponential sums used to analyse
the method of counting squares, there is a direct approach using interpolation determinants.
If points P(mq,n;) and Q(ma,ns) lie on a curve y = f(x), then

lift to integer points close to C' (not quite so close, because the CAT map (j

= = f(a)

mo — My

for some z. If P, @), and also R (mg,n3) all lie on the curve, then

1 ny Nz N f//(x)
m m m = —
(m2 — ml)(mg, — mg)(mg — ml) 1 ! 1 2 1 3 2

14



for some x, and so on. The 3 x 3 determinant is an integer (twice the area of the triangle
PQR, and the second derivative has the dimensions of one over length, and so is small. The
product (mg — my)(mg — msy)(ms — my) must be large, and the points P, @ and R cannot
all be close together. So there cannot be too many integer points on the curve.

When we allow points close to the curve, as well as points on the curve, there are two
cases.

Major arc. The points P, (), R lie on a straight line with rational gradient. These cases
can be counted carefully.

Minor arc. The points P, (), R do not lie on a straight line, and the 3 x 3 determinant
is a non-zero integer.

Swinnerton-Dyer’s refinement on the minor arcs is to compare 4 x4 and 3 x 3 determinants.
Formally this involves dividing the curve into regions, counting the integer points close to
each region of the curve, and considering the fourth power mean of the numbers. The fourth
power mean of minor arc sums in the lwaniec-Mozzochi method is strangely analogous. If P,
@, R and S are four integer points close to the curve forming a convex polygon, then the
minor determinants

D, =2 area(QRS), Ds;=2area(PQR), Dy=2area(PQRS)— D, — D;

are small positive integers. The triple D, D5, D3 is almost unique, in the sense that knowing
the values of the D; gives very few possibilities for the integer points P, (), R, S. Probably
knowing D3 alone should be enough.

To sketch the results, some notation: for integer points (m,n) close to curve, with
In — f(m)| < 6, suppose that m and n run through intervals of length M and N, and let
R = VMN, a = (logN)/(log M). The probabilistic expectation is 26(M + 1) integer
points. We want an upper bound of the form

0 (5M + R* (log R)A> .

Van der Corput and Vinogradov both got this with k = % for all . Swinnerton-Dyer’s
refinement gets Kk = % for o near one, but there are other terms in the upper bound involving
fractional powers of §.

For integer points (m,n) inside a closed curve, with M, N, R, « as above, we want
Area + O (RK (log R)A> :

Again van der Corput obtained this with K = % for v near one, and he hinted that a result in

the circle problem with the smaller exponent K = % = 0,6585... should hold more generally.

My latest published result (using resonance curves trivially: the number of integer points is

at most the length of the curve plus one) has K = 2% = 0,6301... for 33 < a < 32. The

result [5] now being typed says that if the estimate for integer points close to a curve holds
for % <a<?2(andif Kk > i) then one gets a slightly smaller K in the counting squares
problem. The partial result with x = % gives K = ;—gé = 0,6298..., and a slightly better
exponent 0,156098... [4] for the growth of the Riemann zeta function ((s) on its critical line

_1
Res—Q.
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Transfer operators and period functions for subgroups

of PSL(2,7)

C. Chang and D. Mayer*

0 Introduction

In the approach through the transfer operator belonging to the geodesic flow on the modular
surface, Selberg's zeta function for PSL(2,7Z) can be expressed as the Fredholm determinant
of a meromorphic family of nuclear operators Lg. They generalize the transfer matrices of
statistical mechanics which serve to calculate so called partition functions. Since the nontrivial
zero's of Selberg's function are closely related to the eigenvalues of the Laplace-Beltrami
operator on the modular surface, the transfer operator L3 connects the geodesic flow trough
its classical properties to the spectrum of the quantized system. Indeed, it turned out that
also the eigenfunctions of Lz corresponding to the eigenvalue A = 1 can be directly related
to the Maass wave forms for PSL(2,7Z). These eigenfunctions generalize, as shown by J.
Lewis and D. Zagier, the period polynomials of Eichler, which also show up as eigenfunctions
for L5 with eigenvalue A =1 for certain 3-values.

In the present note we report on first results to extend the above results to subgroups of
the full modular groups PSL(2,7Z).

In detail the paper is organized as follows: we briefly recall the definition of the Ruelle
zeta function for the geodesic flow for a Fuchsian group I' with some representation x :
I' — end(V) and how it is related to the transfer operator. Next we consider subgroups
[' € PSL(2,Z) of finite index and the symbolic dynamics of the geodesic flow on the surface
I'/H. This allows us to construct the transfer operator Lj for . We show that L} is
closely related to the transfer operator for PSL(2,Z) together with its representation X;nq
induced from the trivial representation of I'. In the next chapter we consider the special
congruence subgroups I'y(2),1°(2),T'y and I'(2) and their transfer operators. We briefly
recall Eichler's automorphic integrals and the period polynomicals of holomorphic cusp forms
for a general Fuchsian group and their cocycle relations, which in the case ' = PSL(2,7Z)
have been related by Zagier to a functional equation of Lewis. We derive the analogous
functional equation for the group T'y(2) and discuss the solutions of this equation. It turns
out that these solutions fall into two classes, so called old and new solutions. They obviously
correspond to old and new forms in Atkin-Lehner’s theory. Indeed in the case of old solution
we can establish a relation with the old forms for these simple congruence groups whereas for

*Institut fiir Theoretische Physik, TU Clausthal, Arnold Sommerfeld Str. 6, D-38678 Clausthal-Zellerfeld
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the new solutions besides some polynomial solutions not much is known up to now besides
numerical hints. But even in case of the polynomials we do not know the explicit relation to
the new cusps forms for instance for the group T'y(2).

1 Ruelle’s zeta function and the transfer operator

On the hyperbolic plane H = {2 = z + iy : y > 0} with metric ds® = .5 (dz® + dy?), acts
the modular group

a

(1) = PSL(2,Z) = {g: (C Z) cabe.de T, detg = 1}/@:1)

by Mobius transformations

az+b

= ) 1
9% cz+d (1)

In the following we are especially interested in subgroups I' C I'(1) of finite index [I'(1) : I'] =
p < 0o. The geodesics on the surface I'/H are just the projections onto I'/H of the geodesics
on H which are half circles based on the real line or straight lines parallel to the imaginary
axis.

The geodesic flow ¢, : S;I'/H — S;T'/H is the flow with constant velocity along the
geodesics on I'/H. An orbit 7y of ¢, is periodic iff 7 is a closed geodesic where 7 : SiT'/H —
['/H denotes the projection of the unit tanget bundle S;I'/H onto I'/H. For unit velocity
the period T'(7y) of a periodic orbit 7 is identical to the length [(7y) of the closed geodesic
77y which we denote simply by (7).

Consider some finite dimensional representation x : I' — end (V). Ruelle’s dynamical
zeta function (X(3) for the geodesic flow ¢, with representation Y is then defined for Re 5 > 1
as

@) =TI det (1= x(e)e ") (2)
v prime
where o, € I' has the property that it fixes a lift 7 of the geodesic vy in H.

The generalized Selberg zeta function Z!'"X of " with representation  is then given for
Ref > 1 as

7B =[XB+k)™ (3)

The classical approach to the analytic properties, the zero's and poles and to the functional
equation of this function, is through Selberg's trace formula [14]. Another approach, which
grew out from the thermodynamic formalism and its applications in the ergodic theory of
dynamical dystems [12], uses the so called transfer operator of the geodesic flow ¢;. The
main idea behind this appoach is the following: consider a Poincaré section ¥ transversal to
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¢¢ and the induced Poincaré map P : ¥ — >. Obviously an orbit v is periodic under ¢; iff
the point z € YN X is periodic under the Poincaré map P, that is P"x = x for some n > 1.
The period I(7) can be expressed through the recurrence time function r : ¥ — R, with
Pz = d)r(m)l‘ as

I(v) =) r(P*) (4)

if P'x = x.
By simple calculation one then shows [13]

Lemma. The Ruelle function ¢(X(/) can be written as

C*(B) = exp (Z 7P, 6))

with ZX(P, 3) the partition functions

n—1
ZX(P,B) = Z trace x (o) exp ( BZT )
k=0

reFizP™

where 0, € I fixes the closed orbit v through x.

The main problem now is to calculate the partition function Z,,. Long time ago there has
been developed in Statistical Mechanics the so called transfer matrix method to transform
this combinatorial problem into an algebraic one: one constructs a matrix, or more generally
a trace class operator, whose traces determine the numbers Z,(/3).

This program obviously demands the explicit knowledge of the Poincaré map P, its fixed
points and the recurrence time function 7 : ¥ — R, .
Surprisingly, these quantities could be determined explicitly for the modular group and the
geodesic flow on the modular surface T'(1)/H [11].

The Poincaré section ¥ can be choosen in a certain coordinate system of S;I'(1)/H as
Y = I, X Zs, where I, denotes the unit square in R?. The Poincaré map P : Iy X Zy — Iy X 7y
then reads

1 1
P(z1,29,6) = | — mod 1, T (5)
x
e
with [ ] the largest integer smaller than Iil
The recurrence time function r turns out to be the function
r(x1,79,2) = —loga?.

From these data the transfer operator L3 for the map P restricted to the expanding directions
which in our case are just (x1,¢),e = £1, can be constructed in a standard manner and reads
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[4]. [3]

Byt =3 () xeras () ©)

n=1

where T" and () denote the generators Tz = 2+ 1, Qz = —% of the modular group T'(1).

Chosing the function f : Iy X Zy — V to be holomorphic for instance in the disc
D ={z:|z—1] < 3}, the operator Eg is a well defined operator for Re 3 > 7 in the Banach
space B(D x Zs, V') of functions holomorphic in D with values in the linear space V. Indeed,
one can show the following properties [4]

) Eg is a meromorphic family of nuclear operators with possible poles only at 8 = 3, =
1k
k=0,1,...
9 ) L

e 7X(B) = trace(ﬁg)" — (=)™ trace(ﬁg)"

o (X(B) =det(1— LY,,)/ det(1 - L})

o ZFIX(B) = det(1 — L)
This shows, that the zeros and poles of Selberg’s zeta function are closely related to spectral
properties of the transfer operator Lg. An analogous interpretation of zeros has been given,
as is well known, for the zeros of the zeta function of Artin and Weil defined for projective
algebraic varieties over finite fields by Dwork and Deligne [7]. Whether also the zeros of

Riemann’s zeta function allow for such an interpretation is being discussed at the moment
with great intensity.

Quite a lot is known also about the eigenfunctions with eigenvalue A = 1 of the transfer
operator L% for the trivial representation xy = 1. In this case £§ has the form

~ D L
X _ B
ﬁﬂ_(% 0)

with £3f(2) = 3= ()1 (=), Refd > 5.1 € B(D).

n=

Then Selberg’s function Z'™)(3) can be written as

Z'W(B) = det(1 — L) det(1 + L) (7)

Hence one has to understand the eigenfunctions of Lz with eigenvalues \g = £1. If f3
is such an eigenfunction then it satisfies the functional equation [9]

Mofo(2) = Mafo(z + 1)+ (77) fs(5), s ==+l (8)

This equation has been derived by J. Lewis in his study of the Maass wave forms of the
modular group by methods in harmonic analysis. One can show also that any solution of this
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Lewis equation holomorphic in the complex plane cut along (—o0, 1) with a certain growth
condition at infinity defines an eigenfunction of Lz with eigenvalue Ag [3],[10].

Work by Zagier, Lewis, Chang and Mayer [3], [5] has shown the following results for the
eigenfunctions f3 with eigenvalue A\s = £1:

e for 3 = —n, n=1,2,..., corresponding to the trivial zeros of Z([3), the functions
fs(z — 1) are the odd (A\z = 1) respectively even parts (A3 = —1) of Eichler's period
polynomials pg(z) of the holomorphic cusps forms of weight 2n+2 of I'(1) respectively
the odd/even parts of Zagier’s period functions pg(z) of the holomorphic Eisenstein
series of weight 2n + 2 of I'(1).

e for Ref =1 , corresponding to the so called spectral zeros of Z((3), the functions
fs(z — 1) are the Lewis transforms of the even (A3 = 1) respectively odd Maass cusp

forms ©3(z) of T'(1) obeying —Ap(z) = B(1 — B)p(2) and p(—z,y) = £p(z,y)

e for Re > 0 such that ((23) = 0, corresponding to the nontrivial zeros of Riemann's
zeta function ((z), the function fz(z —1) is the Lewis transform of the nonholomorphic
Eisenstein series E(f3, z) of ['(1).

The Lewis transforms relating Maass- and Eisenstein wave forms to period functions
read [9]

Folz = 1) = da(z) = 2 / " Poslin) ()P dy (9)

for even forms ¢z and [10]

©o _
fale =0 = 0ale) = [ Sealin)( +7) Py (10)
0
for odd forms g.

e for 3 = 1 the function fz(z — 1) = % is the Lewis transform of the Maass form
©s(2) = const.

Remark. The transfer operator L3 for 3 = 1 is the well known Perron-Frobenius operator

of ergodic theory for the GauB-map. It eigenfunction f5(2) = -1 is up to normalization the

z+1
invariant density of the GauB measure.

2 The transfer operator for subgroups I' C I'(1)

Since [['(1) : T'] = u < oo the surface I'/H is a u-fold, in general a branched covering of
the modular surface I'(1)/H. This allows [4] one to lift both the Poincare surface and the
Poincare map from SiI'(1)/H to S;I'/H : Yp=1I11 XxZyxT\T(1) and Pr: Xp — Xp
is given by

Pr(z1, 29,2, [g]) = (i mod 1,%,—5, [ﬂ%@]) (11)
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where n = n(z,) = [1-].

From this, one next constructs the transfer operator Eg in the usual way [4]

gl =3 (1 )Qﬁf(L,—e,[gQT"ﬂ). (12)

zZ+mn zZ+mn
n=1

Denoting by x" : I'(1) — C* the representation of I'(1) induced from the trivial representation
of the subgroup T, the operator Eg can be written as

Lof(z.e) = g (zin)w X (QT™)f (lern’ —s) (13)

with f: D X Zy — C* holomorphicin 2z € D.

Comparing this with expression (6) we see, that L] is identical Eg(l)’xr the transfer
operator for I'(1) with representation x". Hence if x" = @D x; is the decomposition of x"
into irreducible representations x;, this induces a decomposition of LE into a direct sum of

transfer operators P LrWxi,
i

The transfer operator Eg has the following properties [4]

g is a meromorphic family of nuclear operators with possible poles only at 8 = 3, =
Lk k=0,1,2....

o 7V (B3) = det(1 — LNE) = det(1 — Eg(l)’xr) = Z'X"(3) which is a special case of the
Artin-Venkov-Zograf formula.
: : 5 0 L}
o If X"(T®) =1, then L} can be written as L}, = ( i Oﬂ
B

acts as

) where the operator Eg

55 () = i (jn)ﬁ s (). (14)

Therefore the Selberg function can be written as

ZV(B) = det(1 — L) det(1 + Lf) (15)

As an example consider the congruence subgroups I' = I'y(2),T%(2) or I'y. In all these
cases one finds:

X' =8 xe

where Y denotes the trivial 1-dim. representation, and x» denotes the irreducible 2-dim.
representation of I'(1).

For the principal congruence subgroup I'(2) one finds

X' =X19X, D x2D X2
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where X/ is the nontrivial irreducible representation of I'(1). From this one can see already
that for I'(2) the transfer operator 52(2) decomposes into operators corresponding to the
groups I'(1) and T'y(2). The only new part is the one corresponding to the representation /.
We will see later how this fits nicely into Atkin and Lehner’s theory of old and new forms.

3 The period functions for [' C I'(1)

In the following we restrict our discussion to the case I' = I'y(2), we remark however, that
in principle we can treat any subgroup I' C I'(1) of finite index.

The group I'y(2) has the generators e; = T,eo = QT 2Q and e3 = T QT 2Q with
relations e;ese3 = 1 and €3 = 1.

In Eichler's theory [8] of automorphic integrals and period polynomials to every holomor-
phic cusp form ¢, of weight k of a Fuchsian group I' can be defined a family p,,o € T, of
polynomials of degree < k — 2 with

70

po(2) = ﬁ /(az + b+ (er + d) " 2o (T)dT + O(2) |21 0 — O(2) (16)

70

where © is an arbitrary polynomial of degree < k — 2 and the slash operator |, is defined as

f(2) ko= (cz+d)Ff(o2) (17)

a b
When0—<c d)GF.

The polynomials p, fulfill the following cocycle relations

p0'10'2 — po’1 |2—k 09 +p0'2 (18)

which show that the polynomials for the generators of [ determine the family p, completely.
Since for T' the polynomial can be chosen p, = 0 [8] it follows from the relations for T'y(2)
that p., determines p.,. The relation e = 1 leads to the following equation for p,,:

z+1
—2z—1

@)+ (7 ) (22— 12 = (19)

From Eichler’s theory it follows that the polynomial solutions of this functional equation
are just the period polynomials p., for the group I'y(2).

Trivial solutions of this equation are obviously provided by the period polynomials pg(2)
of the modular group I'(1) through [6]

pes (2) = pol2) + g (—22: 1) | (20)
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In the work of J. Lewis and D. Zagier for I'(1) there is a close relation of the corresponding
cocycle relations for py and the functional equation of Lewis. To extend their approach to
general subgroups, especially for I'y(2), we need the analogous functional equation for this
group. This we will discuss next.

Consider an eigenfunction fz of the operator 520(2) with ,CEO(Q)fB(z) = A\sfs(z). For
As = £1 we find after a simple calculation for the function ¢3(z) = fz(z — 1) the functional
equation [6]:

Aslds(2) = X" PQTQ) s (2 + 1)] — 2 XD (QT)¢s(1 + 1) = 0. (21)
d1
Inserting the representation " °(?) this leads to the following equations for bg=1 02
where we suppressed the dependence of the ¢; on [3: ¢3
Ml61() = gz +1)] = a1 4+5) = 0
Ml6a(2) = balz 1] 2 P61+ 1) =0 (22)

Mla(2) = dr(z 4+ 1) = (1 4+ 1) =0

This shows that the function ¢(z) := ¢ (2) + ¢2(2) + ¢3(2) solves Lewis equation for the
group I['(1)

~

A3b(2) = Aslz +1) + 501 + 1) (23)

It is also easy to see [6] that the solution of the above system of equations can be reduced
to the solution of the following equation for the component ¢2(2) :

M)~ a4 D] = 22+ 07 Dot (5 ) e (25)]
Namely, if ¢5 solves this equation then

A (2 () = (L+:5)] (- 1) %
¢(z) = Pa(2) (25)
Aaz (1)

solves equation (21) identically.

There is a class of solutions of equation (24) and hence of equation (21) closely related
to the solutions of Lewis equation (23) for I'(1) [6].

Proposition. Let ¢(z) be a solution of Lewis equation (23) for ['(1) for some  and A\g = +1.
Then ¢(z) and ¢(2z) solve equation (24) for the same [ and Ag.
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The solutions ¢ for equation (21 ) have the form

$(2) 27%(¢ (551) — 20 (53)
$1(2) = | o(2) respectively () = (22)
$(2) 27294 (3)

To understand these old solutions we recall briefly the theory of old and new forms of
Atkin and Lehner [1] for T'g(2) respectively I'°(2) [2].

If g(z) is a modular form for T'(1) then ¢(z), g(2z) are modular forms for I'y(2), g(z) and
g () are modular forms for I'°(2). If h(z) is a modular form for I'y(2) respectively for ['’(2)

then h (£) is a modular form for I'%(2) respectively h(2z) is a modular form for I'y(2).
Obviously the solutions of the above Proposition are “old” solutions in this sense.

Let us remark only without giving details that those solutions ¢(z) of Lewis equation (23)
for PSL(2,Z) which fulfill certain asymptotic relations at infinity and hence determine also
eigenfunctions of the transfer operator determine through the formulas in the Proposition
also eigenfunctions of the transfer operator EEO(Z). They hence are called old eigenfunctions

being determined by the eigenfunctions of Eg(’(l).

Besides the old eigenfunctions of the transfer operator respectively old solutions of Lewis
equation there should exist also new solutions. Since we do not know how the theory of
Zagier and Lewis for I'(1) can be extended to I'y(2) we looked in a first step after polynomial
solutions of equation (24). Indeed for 3 = —n, we found such solutions numerically [6]: for
Ag = 1 they have the form

—6o(2) — oy (3) 2"

Podd(2) = Po(2) (26)
o0 (3) 2
where ¢,(z) is an odd polynomial solving equation (24) of degree < 2n.
For Ag = —1 on the other hand we found solutions of the form
—¢e(2) — ede (%) 2"+ cp;'n(z)
¢even(z) — ¢e(z) (27)
o, (5) 2

with ¢.(z) an even polynomial solution of equation (24), 0 # ¢ € Q and e = 1. The
polynomial p;. (2) is the even part of the period function of the holomorphic Eisenstein series
Eoni2(2) [4].

One sees that for the odd solutions the sum of the components of ¢,4g vanishes and
hence the solutions cannot be old solutions. Furthermore the solutions ¢,qq, Peven €Xist only
for those weights 2n + 2 for which there exist new holomorphic cusp forms for the group
I'0(2) and the number of solutions found for small values of n numerically coincide exactly
with this number of new forms. This obviously supports the expectation that these solutions
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Bodds Peven are in 1-1 correspondence with the new cusp forms of I'y(2). The form of these
solutions show that the third component of ¢¢ye, and @oqq describes the group I'°(2), since
with ¢(z) an automorphic form for I'q(2) the function ¢ (%) is an automorphic form for
['%(2). One furthermore could conjecture that the first component in ¢ is related to the
group T'y, since as we have seen, the three groups I'4(2),I'°(2) and T'y lead to the same
transfer operator and hence to the same equation (21) for ¢.

What is known about the relation between the second component ¢, of ¢ and the auto-
morphic forms or functions for the group I'4(2)? Surprisingly, for the old forms this relation
seems to be given by the transformation determined by J. Lewis for Maass forms respectively
the Eichler formula for holomorphic cusps forms for I'(1) : in both cases a simple calculation
shows that [6] if

po(e) = [ sl = £V = Tupmss(2) (28)
0
is Eichler’s transformation for cusp forms s, o, then

Tafonia(2) = cpo(22)  for  &(2) = (22) (29)

respectively

Tn@?n-i—?(z) = dan (%) for @(Z) =@ (%) (30)

where ¢, and d,, are some constants. Similarly one finds for the transformation of Lewis

95(2) = (Lsps) () = = / " oslin) (2 4 ) P P dy (31)

for Maass-wave forms or Eisenstein forms:

(Lppp)(2) = ¢, 05(22)  for  @p(2) = pp(22) (32)
respectively

(Lpdp)(2) = ddp(3)  for  @p(2) = ¢ (%) (33)
with ¢/, d’ some constants.

n’ n

Concerning the relation between new forms and new solutions, respectively new eigen-
functions of the transfer operator for I'g(2), unfortunately nothing is known at the moment.
It is also not known how the solutions ¢, of Lewis equation for T'y(2) are related to the solu-
tions of the cocycle equation (19) for the period polynomials of the group I'g(2). Numerical
investigations of the polynomial solutions show however that the number of such solutions
is identical to the number of solutions of equation (24), at least for small values of n. This
obviously supports our expectation that these two equations are closely related to each other.

26



References

[1] A. Atkin, J. Lehner: Hecke operators on I'y(m). Math. Ann., bf 185; 134-160, 1970

[2] E. Balslev, A. Venkov: Spectral theory of Laplacians for Hecke groups with primitive
character Research Report no. 41, MaPhySto, University of Aarhus, 1999

[3] C. Chang, D. Mayer: The transfer operator approach to Selberg's zeta function and
modular and Maass wave forms for PSL(2,Z). In D. Hejhal et al, eds., IMA volume
109 'Emerging applications of number theory’, pp 72-142, Springer-Verlag, 1999

[4] C. Chang, D. Mayer: Thermodynamic formalism and Selberg’s zeta function for modular
groups. Preprint, TU Clausthal, 1999

[5] C. Chang, D. Mayer: The period function of the nonholomorphic Eisenstein series for
PSL(2,Z). Math. Phys. Elec. J. 4 (6) 1998

[6] C. Chang, D. Mayer: Eigenfunctions of the transfer operator and the period functions
for modular groups. To appear in Contemp. Math. 2000

[7] B. Dwork: On the rationality of the zeta function of an algebraic variety. Am. J. Math.
82, 631-648, 1960

[8] M. Eichler: Eine Verallgemeinergung der Abelschen Integrale. Math. Z. 67, 267-298,
1957

[9] J. Lewis: Spaces of holomorphic functions equivalent to the even Maass cusp forms.
Invent. Math.127, 271-306, 1997

[10] J. Lewis, D. Zagier: Period functions and the Selberg zeta function for the modular
group. In “The Mathem. Beauty of Physics”, Adv. Series in Math. Physics 24, 83-97,
World Scientific Singapure 1997

[11] D. Mayer: The thermodynamc formalism approach to Selberg's zeta function for
PSL(2,7Z). Bull. Am. Math. Soc. 25, 55-60, 1991

[12] D. Ruelle: “Thermodynamic formalism” Addison Wesley, Reading MA 1978

[13] D. Ruelle: “Dynamical zeta functions for Piecewise Monotone Maps of the Interval”.
AMS, Providence, Rl 1994

[14] S. Selberg: Harmonic analysis and discontinuous groups in weakly symmetric Riemannian
spaces with applications to Dirichlet series. J. Ind. Math. Soc. 20, 47-87, 1956

27



Spectral decomposition of Iwahori-Hecke algebras

Eric Opdam*

Abstract

The lwahori-Hecke algebra is a subalgebra of the convolution algebra of a p-adic
reductive group. lts representations have been studied in detail, mainly using algebraic
geometry. In this talk | will discuss the lwahori-Hecke from an analytic viewpoint, and
discuss a method to obtain its spectral decomposition explicitly.
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Capacities and Jacobi Forms

Ahmed SEBBAR

March 8, 2000

1 Summary

The purpose of this contribution is to present recent results obtained with Thérese Falliero
on Capacities of an union of several intervals and related topics. Let K be a compact set in
the complex plane, for simplicity we suppose itis infinite. According to Fekete, the transfinite
diameter of K may be defined as follows: For each positive integer n, we consider

d, = max |2 — zj|n(n2*1>.

dy = max |z — 2'| is the “geometrical diameter” of K.
2,2/ €K
If 2, , 2, € K, H |zi—zj|ﬁ is the geometrical mean of the different distances
1<i<j<n

|zi —zj|,7 # j and d,, is the greatest possible value of these geometrical means. The sequence
(dy,)y is decreasing and its limit C'(K) is called the transfinite diameter or capacity of K.
It is known that if K = [a , b], then C(K) is equal to 1(b —a). The formula giving the
capacity of an union of two intervals is given by Akhieser and here we give the result for any
finite union of closed disjoint intervals. There are many motivations for studying capacities.
For instance, it is known that for closed intervals, the length 4 is critical for the problem of
conjugate algebraic integers. This means that, any longer interval contains infinitely many
sets of conjugate algebraic integers, whereas any shorter interval contains only a finite number
of such sets. We believe that it is important to study a such problem for an union of closed
intervals. We mention that in the case of 3 intervals, an account of the essential features
(including the main theorems) has already appeared in [FS1]. The details and the used
references are in [FS2] and in [FS3].

2 Case of 3 intervals

Let K be a compact subset of the real axis of the form

K = [61, 62] U [63, 64] Uu...u [ezk_l, ezk]
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with e; < e; if i < j, we denote p = g+ 1. Let G be the Green’s function of K= P'\ K with
pole at infinity. The capacity C'(K) of K is also given by the constant term in the following
asymptotic expansion:

G(z) =log|z| — log C(K) + o(1), Z — 00.

We consider the hyper-elliptic curve X of genus g > 1 of the form:

2g-+2

W= 1) = [[ (- )

1

We associate to M a canonical basis of cycles “{a,b} = {a1,...,a4,b1,...,b,} and {¢} =
Hdvy, ...,dv,} a basis of holomorphic differentials, normalized and canonically dual to the

basis !{a,b}. If 7 is the matrix of periods 7 = (7;;), 7; = / dv;, then 7 is a Riemann
b4
matrix. The Riemann theta function is defined by its Fourier series:
0(z) =0(z,7) = > exp(mi (NTN +2'Nz)), zeC

NeZ9

A O-function with characteristics is defined as follows: We introduce a 2 X g matrix

€ _ €1, .. €
€ €y, .. €,
Here €, ¢’ € RY and a new function is defined for each z € C9 by :

z0 [ 66, } (2,7) = Z exp (mi("(N +€/2)7(N + ¢/2) + 2/(N + ¢/2)(z + € /2)))

NezZ9

= eXP(QWi[étere + %tez + lee))f(z + I%’ +75,7)

The vector of Riemann constants is given here by

6l

K., = 5 —|—7‘§,€, ¢ € 79.
A fundamental monic polynomial h(z) = ho + hyz + ...+ hy_ 1297 + 29 of degree g = p— 1

is uniquely determined by the conditions on the periods:

€2j+1
/ M)A =0, =1,

82]

h(z) is a polynomial of real coefficients and of real zeros 2z, kK = 1,...,g. These zeros are
the critical points of the Green’s function and play a central role in our problem. They will be
called the equilibrium points. Each zero z is in the gap [es, ear11], K =1,...,p — 1. More
precisely, the positions of the zeros z; are intimately related to some questions on Jacobi
Forms. We will see a specific example in section 4. Returning to the Green’s function, we
note the following useful result:
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Proposition 1 The capacity and the Green’s function are connected to the polynomial h(z)
and to the Riemann theta function by the following formulas:

</_i;<f?s;z—<_<;+ 7))

G(z) =log{z — (e; + 1 Z ( iz~ (611 n 1)> d¢
G(z) = RQ(2)

where

f61C IOOIC+K617 )
f61C IOO)C+K617 )

In the case of 3 intervals where the curve M has genus ¢ = 2, we use the Rosenhain

(1)

Q(z) = —log

relations to arrange the formula (1) of the previous proposition. In fact, if 6 6, stands for
€

0 [ 66, } (0,7), we obtain:

Theorem 1 The capacity of K = [ey, e2] U [e3, e4] U [e5, €] of the real axis is given by:

1/(e3 — e1)(es — e2)(e5 — e2) (e — eo) y

E)=-
C( ) 2 €y — €71

oL ]eln o Vel v

11 e e 0 0 10 0 0
9{ ](f ey S N ol N ol K

3 Difference Operators with periodic coefficients

There is another approach to determine the capacity of general a compact set K. The n'th
Tchebyshev polynomial of K is the unique monic n'th polynomial 7,(z) with a maximum
modulus on K as small as possible. If we define M,, = max |T,(z)|, z € K, then:

lim M/ = C(K)

n—00
It is natural to ask when one Tchebyshev polynomial suffices to give the value of C(K').The
answer is in almost all the cases if K is an union of closed intervals of the real axis. We will
consider here only a typical circumstance. A second order symmetric difference operator C,
periodic of period N, with complex coefficients is an operator acting on sequences by:

(CHe =be1fo1+ arfi + brfr

with agyn = ai , bprn = by. We will assume that [[,...x_, bi is different from zero. Our
basic result is the following:
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Theorem 2 The spectrum o(C') of the operator C is compact and its capacity is

It is also possible to give a family of Tchebyshev polynomials of o(C') in terms of
ag,bg; 0 < k < N — 1, and a similar formula for C'(K) is available in the almost peri-
odic case. The inverse problem can also be solved: to a compact set K = [e;, e5| U [e3, 4] U
..U [egk—1, ear| with e; < e; if i < j, we can associate with the equilibrium points z1, ... z,_4
a second order difference operator C' with almost periodic coefficients such that the spectrum
o(C) is exactly K. The operator C' is periodic if and only if the following conditions hold:

€2k+1

VQ(z)dx =0, 1<k<p-1,

where :

4 Motion of the equilibrium point

We would like to point out that some results of Eichler and Zagier on Jacobi forms can
be used to give a complete parametrization of the equilibrium point at least in the case of
two intervals. For this purpose, let us take —1 < a < # < 1 and map conformally the
complement of the compact set K = [—1, o] U[, 1] upon the annulus A;, = {r < |v| < 1}

where r = e ™K/K" and:
200 — «
R e e B S

K =

! dx . ! dx
/0 N M _/o V(=) (1 - k2a2)

11—«

/ 2 dt K'log s
M — =
o Ja-oa-re) T

T = iK'/K, qg=¢e"", r=e T u

~ K'logv
oo
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Explicitly, the Green's function of A, , is given by the classical formula:

_ 1—v/sT[2, (1 —r*v/s)(1 —r*"s/v)
- _ Ins/lnr n=1
Glv,s) Rlog sv 1—wvs [[,2,(1—=r?vs)(1—r2/uvs)

HE X
HE

It has been pointed out by A.Maria and others that the critical point or the unique equilibrium
point of G(v,s) (for fixed pole s) is on the same diameter as the pole, and two values a, b
exist, 7 < a < b < 1, ab = r? such that a < |v(s)| < b for each s in A;,. Our exposition
reveals a link between the geometrical mean \/r = ab and some properties of the Bergman
metric and kernel of the annulus. By using a result of Eichler and Zagier, we give a complete
parametrization of the unique equilibrium point, the unique zero of the Bergman kernel of the
annulus and of the values a and b. All these statements are transformed into equations of the
form p(z,7) = ¢(7) where @ is the Weierstrass p-function and ¢ is a meromorphic function
in 7 [FS3]. The similar problems in the case of several intervals are still under investigation.

= —Rlog

References

[FS1] Th. Falliero, A. Sebbar. Capacité de la réunion de trois intervalles et fonctions théta
de genre 2.
C. R. Acad. Sci. Paris, 328 (série 1): 763766, 1999.

[FS2] Th. Falliero, A. Sebbar. Capacité de la réunion de trois intervalles et fonctions théta
de genre 2. Preprint ,1999.

[FS3] Th. Falliero, A. Sebbar. Capacities, Jacobi Forms and Jacobi Matrix. Preprint, 2000

Ahmed Sebbar

U.F.R. Mathématiques et Informatique
Université Bordeaux |

351, cours de la Libération

33405 Talence Cedex, France

sebbar@math.u-bordeaux.fr

33



Exceptional Hecke operators for the groups I'g(/N) with
primitive character

A. Venkov*

In the paper [1] we studied embedded eigenvalues of automorphic Laplacians A(T'y(N), x),
for Hecke groups with primitive character x and developed the corresponding Hecke theory
for Maass cusp forms. We proved that A(T'o(N), x) with the Hecke operators T'(p), p{ N,
p prime, determined common eigenfunctions uniquely (multiplicity one theorem). The Hecke
operators U(q), ¢q|N, ¢ prime, were proved to be unitary with eigenvalues +1, and the
continuous spectrum equaled the unit circle. From this follows the analogue of Selberg's
small eigenvalue conjecture for the exceptional Hecke operators.

| will show here briefly how to prove these results. For more details and references see [1].

Let f be a continuous (y(1V), x) automorphic function. Then the Hecke operators are

defined b
’ 1 az +b
Tfe) = o= Sox) 3 7 (257 (1)

ad=n b mod d

and T'(n)f(z) is again a continuous (I'y(IV), x) automorphic function. From (1) follows the

basic relation
T(m)T(n) = > x(d)T(mn/d*). (2)
d|(m,n)
The most fundamental are the Hecke operators T'(p) which correspond to primes. Here we

first have to distinguish two cases, 1) p f N, 2) p|N. For convenience we introduce the
notation U(q) = T'(q) for q|N, while T'(p) is reserved for p{ N. From (1) follows

T(p)f(Z)Z%x(p)f(pZ)Jri T f(z+b> PiN

Uq)f(z) = %@;& i ( - b) LN,

x(g) = 0.

All the operators T'(p), U(q) are bounded in the Hilbert space of automorphic functions
H(T'o(NV)), also they map the subspace of cusp forms #, C H into itself. The operators

*MaPhySto and Department of Mathematical Sciences, University of Aarhus, Ny Munkegade Bldg. 530,
DK-8000 Aarhus C, Denmark. Email: venkov@imf.au.dk
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T(p) are x(p)-hermitian in A :
{ (T(p)f,4) = x(p) (/. T(p)g) or 3)

We introduce next two involutions, K f(z) = f(z) is the complex conjugation, Hy f(z) =
f(=1/Nz). We have the following properties

K:H—H, Hy:H—H, KHy = HyK
KA(FO(N);X) = A(FO(N)vX)K
KT(p) =T(p)K, Ulg)K = KU(q).

Less trivial facts are
T*(p) = HNT(p)Hy, U*(q) = HyU(q)Hy (4)

where T* and U* are the adjoint operators of T and U in H respectively. From (3), (4)
follows

HNT(p) = x(p)T(p)Hy, pt N. (5)

All Hecke operators have only point spectrum in the space of cusp-forms H(To(V), x).
We want to find the common basis of eigenfunctions for A(I'y(N), x) and all Hecke operators
T(p), U(q) in this space. Actually it is possible, because we consider primitive characters y,
which make all cusp forms new. The existence of the above-mentioned common basis follows
from the important theorem (see [1]):

Theorem 1. Each Hecke exceptional operator U(q), ¢|N, is a unitary operator in the
Hilbert space H(I'o(NN), x)), U(q)U*(q) = U;U, = I, where I is the identity operator in
H(To(N)).

The idea of the proof is the following. We consider the more difficult case when ¢|N, but
q> 1 N (that is also the general case, see [1]). We have to prove the equality

U(q)HyU(q)Hy = 1.

We have

z+ U
Ulq)HnU(q)Hy f(z) = - Z > f( (=N/q) bz++1—(N/Q)bb'>

b mod qb’ mod ¢

2+
= +— > D f( N/qbz+1—(N/Q)bbl).

b mod ¢ b’ mod ¢
b£0

We want to prove that the double sum on the right hand side is equal to zero. Then we get
that for each pair b, ' mod ¢, b # 0, there exists a unique matrix depending on o/ mod ¢

(an ?) € To(N). such that (E(N/qw, ?I—(N/qwb')
- <]on7 ?) ( EN/q, Cll—a’N/q)
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and 6 = b mod ¢, § =1 mod N/q. that means x(0) = x,(6) - Xn/4(d) = x,(b), where x, ()
is a part of the character symbol ('), which corresponds to the period ¢ (see [1]). Then we
get that the double sum considered is equal to zero, because of the multiple

> x,(0) =0

b mod ¢q

and that proves the first part of the theorem. The proof of the identity U*(¢q)U(q) = I is
similar.

From Theorem 1 follows that all operators U*(¢q) also commute with all Hecke operators
and A(T'y(N), x) and that is the reason why there exists the common basis of eigenfunctions
for all these operators in Ho(Lo(IN); x). In fact, it is possible to prove a much stronger result
about the existence of the common basis of eigenfunctions, the so-called " multiplicity one”
theorem. Unitarity of U(q) does not follow from this theorem, however. This theorem is
about the following. We take first the common basis of all eigenfunctions v;(z) for all T'(n),
(n, N) =1, and A(['((N), x) in the space Ho(Io(IN), x) of cusp forms. We introduce

T'(n) =4T(n) if x(n) = —1and T'(n) = T'(n) if x(n) = 1. (6)

All T'(n) are selfadjoint operators in H. For v;(z) we have the Fourier series decomposition
(see [1])
vi(2) = Y 65Ky, 1/a(27|nly)e* (7)
n#0

z=u1x+1y, §;(n) € C, K (y) is the modified Bessel function. We have A(Lz(N), x)v; =
)\jUj, )‘j = Sj(l — Sj) and

T(n)vj(z) = Aj(n)v;(2), (n, N) = 1.

We have also if §;(1) = 0, then §;(n) = 0 for all n, (N,n) = 1. If §;(1) # 0 we obtain
forall n, (n,N) =1

We can always assume ¢;(n) = 0;(—n) or ;(—n) = —d;(n) and that means the Fourier
coefficients ¢,;(n) with negative numbers n are determined by d;(n) with positive numbers 7.

We assume that 6;(1) = 0. From that follows ¢;(n) =0, (n, N) = 1. The series (7) can

be written as a sum of terms
vi(2) =Y wiel2). (8)

q|N

Each wj, is associated with a subgroup of I'y(/N) with character x and level ¢, where the
numbers ¢ are mutually prime. Then since the whole sum (8) belongs to (I'4(V), x) it
follows that each wj, € (I'o(IN), x). From the structure of w;, as a Fourier series similar to
(7) follows that each w;, belongs to some overgroup of ['s(IV) with trivial extension of y.
Since the character x is primitive it is only possible if each wj, = 0. From that follows the
multiplicity one theorem.
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Theorem 2. 1) There exists a unique common basis of eigenfunctions for all operators
A(To(N);x), T(n), T(n)*, n > 1 in the space of cusp forms Ho(To(N), X).

2) Each eigenfunction v;(z) of this basis with normalization §,(1) = 1 is uniquely deter-
mined by the eigenvalues \;, A;(n), (n,N) = 1.
3) We have also

U(q)vj(z) = 6;(q)vi(2), U™ (q)v;(z) = 6;(q)v;(2)

and

On the basis of Theorems 1, 2 we can prove
Theorem 3. For any ¢|N we have §;(q) = £1.

For the proof we consider the involution Hy K. We have
T(p)HyKv; = x(p) K HyT (p)v; = x(p)A;(p) HyKv; = Aj(p) Hy Kv;.

From Theorem 2 follows that Hy Kv; = v;v; with v; € C.. Since (HyK)? =1 we have
v; = £1. We obtain HyKwv; = £v;. From Theorem 1 follows

HNU(q)HNU(q) =1
is equivalent to HyKU(q)HyKU(q) = K - K = I, and we get the claim
20\ — §2(,) —
Aj(q) =d,(q) = 1.

The Selberg small eigenvalue conjecture for A(To(N);x) says that all eigenvalues are
embedded in the continuous spectrum [1/4,00). It is not difficult to see that for ¢|N the
continuous spectrum of U(q) is the whole unit circle. Since the only eigenvalues are +1,
the analogue of Selberg’s small eigenvalue conjecture holds true for the exceptional Hecke
operators.

For regular Hecke operator T'(p) (p, N) = 1 the continuous spectrum is the interval
[—1,1] if x(p) = 1, and is the interval of imaginary axis [—i,i] if x(p) = —1. But it is
an open question to prove that all eigenvalues of T'(p) are embedded in the corresponding
continuous spectrum, the part of general Ramanujan’s conjecture.
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Hypergeometric functions, special points on Shimura
varieties and transcendence

Gisbert Wustholz*

Abstract

In the talk we shall explain how algebraic values of hypergeometric functions are
related to special points on rational curves in Shimura varieties and a conjecture of
Andre and Oort. The basic ingredient is the analytic subgroup theorem which we also
shall discuss briefly.

*Dept. Mathematik (D-MATH), Ramistrasse 101, ETH Zentrum, CH-8092 Zirich, Switzerland.
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Programme

FRIDAY
9.30-10.30 Ahmed Sebbar (Bordeaux): Capacity, Jacobi forms and geodesics of the Bergman
metric
Coffee

10.45-11.45 Martin Huxley (Cardiff): Integer points in plane regions and exponential sums
12.00-13.30 Lunch (free for registered participants)

13.30-14.30 Alexei Venkov (Aarhus): Exceptional Hecke operators for the groups I'y(N)
with primitive character

Coffee

15.00-16.00 Gisbert Wiistholz (Ziirich): Hypergeometric functions, special points on Shimura
varieties and transcendence

SATURDAY

9.30-10.30 Uffe Haagerup (Odense): Random matrices and the distribution of zeros of the
Riemann zeta function — a survey of results of Odlyzko

Coffee
10.45-11.45 Eric Opdam (Amsterdam): Spectral decomposition of Iwahori-Hecke algebras
12.00-14.00 Lunch (free for registered participants)

14.00-15.00 Dieter Mayer (Clausthal): Transfer operators and period functions for sub-
groups of the modular group

Coffee

15.30-16.30 Andreas Knauf (Erlangen): Number theory and statistical mechanics
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