Transient properties of many–server queues and related QBD’s

Søren Asmussen^∗ Mats Pihlsgård^†

November 11, 2002

Abstract

The time τ(n) of first passage from queue length x to queue length n > x in an MAP/M/c queue is considered. The mean and the Laplace transform is computed as solutions of systems of linear equations coming out by optional stopping of a martingale obtained as a stochastic integral of the exponential Wald martingale for Markov additive processes. Compared to existing techniques for QBD’s, the approach has the advantage of being far more efficient for large n.

Keywords: birth–death process, buffer overflow, exponential martingale, first passage problem, heterogeneous servers, Kella–Whitt martingale, Laplace transform, Lévy process, MAP/M/c queue, Markov additive process, optional stopping.

1 Introduction

In this paper, we study transient (time–dependent or non–stationary) properties of the queue length process {Q(t)}_{t≥0} in a M/M/c or, more generally, a MAP/M/c queue (MAP = Markovian arrival process, cf. [25], [26]). In particular, in a finite buffer system with buffer size n and Q(0) < n, we can interpret τ(n) = inf{t > 0 : Q(t) = n} as the time of first buffer overflow. This motivates the interest in telecommunications, and accordingly random

∗MaPhySto (Centre for Mathematical Physics and Stochastics, funded by a grant from The Danish National Research Foundation) and Department of Mathematical Statistics, Lund University, Box 118, S–221 00 Lund, Sweden (e–mail: asmus@maths.lth.se) †Department of Mathematical Statistics, Lund University, Box 118, S–221 00 Lund, Sweden (e–mail: mats@maths.lth.se)

times of this type have been studied by many authors for a variety of queueing models.

The usual approach of the literature to this type of problems is asymptotics, stating in this case that for a stable (ρ < 1) queue (in our model ρ = β/cμ where 1/μ is the mean of F ) τ(n) can be normalized to have limiting exponential distributions as n → ∞, whereas τ(n)/n → 1/(λ − cμ) when ρ > 1. The asymptotics for ρ > 1 is an easy consequence of the law of large numbers, whereas the case ρ < 1 is more delicate. Here one proceeds via the regenerative structure and decomposes τ(n) into the geometric sum of the cycles without overflow and the (asymptotically unimportant) initial part of the cycle with overflow.

Rare events in regenerative processes approached via geometric sums is a topic to which V. Kalashnikov has made profound contributions (see in particular [16], [17], [18]), and this is our motivation for presenting the present study in this volume^1. However, rather than giving asymptotics (additional references are [19], [14], [20], [13], and the surveys in [2], [3]) we will instead derive algorithms for exact computation of the expected value and the Laplace transform of τ(n) in the specific setting of MAP/M/c queues.

The case c = 1 was investigated in [4] by exploiting optional stopping of martingales introduced in [22] and [6]. We develop the (non–trivial) extension of this approach to c > 1.

The paper is divided into two parts. The first part in Section 2–3 presents the adaptation of the martingales of [22], [6] to many–server queues. The main idea is exposed in Section 2 in the simplest (toy) setting of E_x τ(n) in M/M/c. Section 3 then presents the extension to MAP/M/c. The results there are the main new ones of the paper.

The second part in Sections 4 and 5 discusses some alternative approaches. For the simplest M/M/c case, these are motivated from M/M/c being a special birth–death process, and classical results on level crossing times of birth– death processes as treated in [20]; the extension of this approach to level– dependent QBD’s (quasi birth–death processes), of which the MAP/M/c queue length process is a special case, is given in [12]. The question we raise is whether level crossing problems for birth–death processes and QBD’s can be put in a modern martingale framework; this largely inspired by the modern theory of diffusion processes (note that a birth–death process in view of its skip–free property can be seen as a discrete analogue of a diffusion), in particular the theory of the natural scale. Somewhat surprisingly, the conclusion is that there is a close analogue in the simple birth–death case but

1The paper is submitted to a special issue of Queueing Systems in memoriam of V. Kalashnikov.

that the QBD case is more involved.

Finally, in Section 6 we compare our martingale approach and the recursive one of [12], and in Section 7 we exemplify the extension of our approach to heterogeneous servers in a simple setting.

Additional references on more or less related martingale techniques and their queueing applications are [8], [27], [29] and [28]. For different approaches to birth–death processes, see [9] and references there.

2 E_xτ(n) in M/M/c

We consider the M/M/c queue with service intensity μ and write E_x = E (·|Q(0) = x). Let (p_{ij})_{i,j∈{0,1,...}} denote the transition matrix of the imbedded Markov chain, p_{ij} = β/(β + iμ) if j = i + 1 and p_{ij} = iμ/(β + iμ) if j = i − 1 and zero otherwise. In order to conform to the setting of [22] we will write Q(t) = x + X(t) + L(t) where X(t) is a Lévy process defined as the independent difference between two Poisson processes N^{(+)}(t), N^{(−)}(t) with intensities β, resp. cμ. Let {N_i(t)}, 1 ≤ i ≤ c, denote the Poisson process corresponding to the number of services performed by server i up to time t. It is then easy to see that we can use the representation

N^{(−)}(t) = N_1(t) + · · · + N_c(t), dL(t) = c−Q(t)∑

i=1 dN_i(t)

(the epochs of L(t) can be viewed as dummy service events performed by the idle servers). For easy reference, we state the following result from [22].

Let {ξ(t)} be a Lévy process with Lévy exponent κ(α) and consider

ζ(t) = ζ(0) + ξ(t) + υ(t)

where {υ(t)} is an adapted process of locally bounded variation with finitely many jumps in an interval. Then {M(t)} defined by M(t) = κ(α) ∫_t 0 e^{αζ(s)}ds + e^{αζ(0)} − e^{αζ(t)} + α ∫_t 0 e^{αζ(s)}dυ^c(s) + ∑ 0≤s≤t e^{αζ(s)}(1 − e^{−αΔυ(s)}) (2.1)

is a zero mean martingale, where {υ^c(t)} is the continuous part of {υ(t)} and Δυ(s) = υ(s) − υ(s−). In M(t), take υ(t) = L(t). Since {υ(t)} can increase when 0 ≤ Q(t) ≤ c − 1 and υ^c(t) = 0, the martingale is κ(α) ∫_t 0 e^{αQ(s)}ds + e^{αx} − e^{αQ(t)} + (1 − e^{−α}) c−1∑ i=0 e^{αi}L_i(t) (2.2) where L_i(t) is the number of elements in the set M_i(t) = {s ≤ t : Q(s) = i, L(s) ≠ L(s−)} and κ(·) is the Lévy exponent of {X(t)}, κ(α) = β(e^α − 1) + cμ(e^{−α} − 1).

We denote by γ the non–zero solution of κ(γ) = 0 which exists when β/cμ = ρ ≠ 1, γ = − log ρ.

In the M/M/1 case in [4], taking α = γ, optional stopping at τ(n) is justified according to [6] which may be used directly, since in the M/M/1 case L(t) is just the local time at zero of the reflected Lévy process. We put α = γ, apply optional stopping at τ(n) and get 0 = e^{γx} − e^{γn} + E_x L_0(τ(n))(1 − e^{−γ} ). (2.3) From (2.3) and E_x X(τ(n)) = (β − μ)E_x τ(n) it follows that in the M/M/1 case E_x τ(n) =

(1 − e^{−γ} )(n − x) − (e^{γn} − e^{γx}) (β − μ)(1 − e^{−γ} ) . In M/M/c, [6] does not directly apply so we have to first directly verify that optional stopping is justified; the details are, however, close to [6] but given in the Appendix for the sake of the paper to be self–contained. However, the more serious difficulty is that (2.3) takes the form

0 = e^{γx} − e^{γn} + E_x (1 − e^{−γ} ) c−1∑ i=0 e^{γi}L_i(τ(n)) (2.4)

so that we have an additional c−1 unknowns (E_x L_1(τ(n)), . . . , E_x L_{c−1}(τ(n))), but no more equations. Define

α_i = E_x ∫_{τ (n)} 0 I(Q(s) = i)ds, i = 0, . . . , c − 1. Then the representation dL(t) = ∑_{c−Q(t)} i=1 dN_i(t) of the increments of L(t) immediately gives us E_q L_i(τ(n)) = (c − i)μα_i. We have:

Proposition 2.1 The unknowns α_i, i = 1, . . . , c − 1 depend linearly upon α_0, α_i = α_i(α_0) = r_iα_0 + s_i. More precisely, r_0 = 1, s_0 = 0, r_1 = β/μ, s_1 = −δ_{0x}/μ and for i = 2, . . . , c − 1:

r_i = (β + (i − 1)μ)r_{i−1} − βr_{i−2} iμ , s_i = (β + (i − 1)μ)s_{i−1} − βs_{i−2} − δ_{(i−1)x} iμ .

Proof. For i = 0, . . . , c − 1, let α^′_i = E_x ∑ 0<s≤τ (n) I(Q(s−) ≠ i, Q(s) = i) + δ_{ix}. By the skip–free property of paths of {Q(t)} it follows that a jump to state i must have originated at either of the states i−1 and i+1. Thus conditioning upon the origin of a jump to i we have: α^′_i = δ_{ix} + E_x ∑ 0<s≤τ (n) I(Q(s−) = i − 1, Q(s) = i) +E_x ∑ 0<s≤τ (n) I(Q(s−) = i + 1, Q(s) = i)

= δ_{ix} + E_x ∑ 0<s≤τ (n) I(Q(s−) ≠ i − 1, Q(s) = i − 1) + δ_{(i−1)x} p_{i−1,i}

+ E_x ∑ 0<s≤τ (n) I(Q(s−) ≠ i + 1, Q(s) = i + 1) + δ_{(i+1)x} p_{i+1,i}

= δ_{ix} + α^′_{i+1}

(i + 1)μ β + (i + 1)μ + α^′_{i−1} β β + (i − 1)μ I(i > 0), which together with α_i = α^′_i/(β + iμ) becomes α_i = (β + (i − 1)μ)α_{i−1} − δ_{(i−1)x} − I(i ≥ 2)βα_{i−2} iμ . (2.5) From (2.5) the desired result follows. □ Further:

Theorem 2.2 α_0 = (−e^{γx} + e^{γn} − s)/r where

s = (1 − e^{−γ} ) c−1∑ i=0 e^{γi}(c − i)μs_i, r = (1 − e^{−γ} ) c−1∑ i=0 e^{γi}(c − i)μr_i. Proof. We apply optional stopping at τ(n) in (2.4). Having Proposition 2.1 in mind, we obtain 0 = e^{γx} − e^{γn} + (1 − e^{−γ} ) c−1∑ i=0 e^{iγ} (c − i)μ(r_iα_0 + s_i) as asserted. □

Corollary 2.3

E_x τ(n) = 1 β − cμ ( n − x − −e^{−γx} + e^{−γn} − s r c−1∑ i=0 (c − i)μr_i + c−1∑ i=0 (c − i)μs_i )

Proof. From the representation Q(t) = x + X(t) + L(t), Wald’s identity gives n = x + (β − cμ)E_x τ(n) + c−1∑ i=0 (c − i)μα_i. If we apply Theorem 2.2 the desired result follows. □

3 τ(n) in MAP/M/c

Let {J(t)}_{t≥0} denote the background Markov process, with p states, intensity matrix Λ = (λ_{ij} )_{i,j∈{1,...,p}} and stationary row vector π = (π_i)_{i=1,...,p}. We assume that the arrival rate is β_j and the service intensity is μ_j when J(t) = j. Furthermore, a transition from state k to state ℓ of {J(t)} has probability P_{kℓ} of causing an arrival to the system. We use the notation Δ_μ, Δ_π, . . . to denote the diagonal matrices with the μ_i, π_i, . . . on the diagonal.

As in the previous section, we let {Q(t)}_{t≥0} denote the queue length process. We have Q(t) = x + X(t) + L(t), where {X(t)}_{t≥0} is the independent difference between two (non–homogeneous) Poisson processes N^{(+)}(t), N^{(−)}(t) with intensities β_{J(t)}, resp. cμ_{J(t)}. Define N_i(t), 1 ≤ i ≤ c, as the number of services performed by the ith server prior to time t. We use the representation

N^{(−)}(t) = N_1(t) + · · · + N_c(t), dL(t) = c−Q(t)∑

k=1 dN_k(t). The mean drift of {X(t)}, m = lim_{t→∞} X(t)/t is m = p∑ i=1 π_i(β_i − cμ_i) = π(Δ_β − cΔ_μ)1

where 1 is a column vector with all entries equal to one.

Let F (α) = Λ + Δ_β(e^α − 1) + Δ_μ(e^{−α} − 1). We denote by κ(α) the eigenvalue of F (α) with maximal real part and h^{(α)} the corresponding right eigenvector. Let 1_j denote the p–row vector with jth entry 1 and 0 otherwise. We shall need the following result, which follows by combining [22] and [5]:

Consider ζ(t) = ζ(0) + ζ(t) + υ(t) where {υ(t)} is an adapted process of locally bounded variation with only finitely many jumps in a bounded interval. Then, for any α ∈ C , ∫_t 0 e^{αζ(s)}1_{J(s)}F (α)ds + e^{αζ(0)}1_{J(0)} − e^{αζ(t)}1_{J(t)} +α ∫_t 0 e^{αζ(s)}1_{J(s)}dυ^c(s) + ∑ 0≤s≤t e^{αζ(s)}1_{J(s)}(1 − e^{−αΔυ(s)}) (3.1)

is a zero mean martingale, where {υ^c(t)} is the continuous part of {υ(t)} and Δυ(s) = υ(s) − υ(s−). By the form of F (α), we have that

det(F (α)) = p∑ j=−p f_je^{jα},

from which it follows that F (α) has (not necessarily distinct) 2p eigenvalues γ_1, . . . , γ_{2p} with corresponding eigenvectors h^{(1)}, . . . , h^{(2p)}. We use the normalization πh^{(α)} = 1. Define k = d dα h^{(α)} | | | α=0 . Then (see [4] for details), k = (Λ − 1)^{−1}(mI + Δ_μ − Δ_λ)1.

3.1 E_{ax} τ(n)

Let E_{ax} = E (·|J(0) = a, Q(0) = x). Also, let M_{jk}(t) = {s ≤ t : J(s) = j, Q(s) = k, L(s) ≠ L(s−)}, let L_{jk}(t) be the number of elements in M_{jk}(t) and α_{jk} = E_{ax} ∫_{τ (n)} 0 I(J(s) = j, Q(s) = k)ds. Then E_{ax} L_{jk}(τ(n)) = (c − k)μ_jα_{jk} and

Proposition 3.1 The pc unknowns α_{jk} depend linearly upon the p α_{j0};

α_{jk} = α_{jk}(α_{10}, . . . , α_{p0}) = r_{jk1}α_{10} + · · · + r_{jkp}α_{p0} + s_{jk}.

More precisely: Let

a_{jk} = β_j + kμ_j − λ_{jj}, b_{jk} = (β_j + (k − 1)μ_j − λ_{jj})/(β_j + kμ_j − λ_{jj}).

Then r_{j0k} = δ_{jk}, s_{j0} = 0,

r_{j1j} = a_{j0} μ_j , r_{j1ℓ} = −λ_{ℓj} (1 − P_{ℓj}) ℓ ≠ j, s_{j1} = δ_{(j,0)(a,x)}, r_{jkm} = 1 kμ_j ( a_{j(k−1)}r_{j(k−1)m} − β_jr_{j(k−2)m} − ∑ ℓ≠j ( λ_{ℓj} ((1 − P_{ℓj})r_{ℓ(k−1)m} + P_{ℓj}r_{ℓ(k−2)m}) )) , s_{jk} = 1 kμ_j ( a_{j(k−1)}s_{j(k−1)} − β_js_{j(k−2)} − ∑ ℓ≠j ( λ_{ℓj}((1 − P_{ℓj})s_{ℓ(k−1)} + P_{ℓj}s_{ℓ(k−2)}) ) − δ_{(j,k−1)(a,x)} ) . Proof. Let α^′_{jk} = δ_{(j,k)(a,x)} +E_{ax} ∑ 0<s≤τ (n) I((J(s−), Q(s−)) ≠ (j, k), (J(s), Q(s)) = (j, k)). By Wald’s equality, α_{jk} = α^′_{jk}/(β_j + kμ_j + ∑ ℓ≠j λjℓ) = α ′ jk/(β_j + kμ_j − λ_{jj}). Conditioning upon the origin of a jump to state jk we get:

α^′_{j0} = δ_{(j,0)(a,x)} + μ_j β_j + μ_j − λ_{jj} α^′_{j1} + ∑ ℓ≠j λ_{ℓj} β_ℓ − λ_{ℓℓ} (1 − P_{ℓj})α^′_{ℓ0} and for 1 ≤ k ≤ c − 1 α^′_{jk} = δ_{(j,k)(a,x)} + (k + 1)μ_j β_j + (k + 1)μ_j − λ_{jj} α^′_{j(k+1)} + β_j β_j + (k − 1)μ_j − λ_{jj} α^′_{j(k−1)} + ∑ ℓ≠j λ_{ℓj} β_ℓ + kμ_ℓ − λ_{ℓℓ} [ (1 − P_{ℓj})α^′_{ℓk} + P_{ℓj}α^′_{ℓ(k−1)} ]

and it follows that

μ_j α_{j1} = a_{j0}α_{j0} − δ_{(j,0)(a,x)} − ∑ ℓ≠j λ_{ℓj}(1 − P_{ℓj})α_{ℓ0} and for k = 2, . . . , c − 1: kμ_j α_{jk} = a_{j(k−1)}α_{j(k−1)} − δ_{(j,k−1)(a,x)} − β_jα_{j(k−2)} − ∑ ℓ≠j (λ_{ℓj}(1 − P_{ℓj} )α_{ℓ(k−1)} + λ_{ℓj} P_{ℓj}a_{ℓ(k−1)}α_{ℓ(k−2)}), which gives the assertion. □

We now form an equivalent of Theorem 2.2.

Theorem 3.2 Define q_i = P_{ax}(J(τ(n)) = i). Then q_1, . . . , q_p, α_{10}, . . . , α_{p0} can be computed as the solution of the 2p linear equations

e^{γin} p∑ j=1 h^{(i)}_j q_j =

e^{γix}h^{(i)}_a (1 − e^{−γi} ) p∑ j=1 μ_jh^{(i)}_j c−1∑ k=0 e^{γi k}(c − k) (_p ∑ ℓ=1 r_{jkℓ}α_{ℓ0} + s_{jk} ) . (3.2)

Furthermore, E_{ax} τ(n) = E_{ax} X(τ(n)) m = n − x − ℓ − c m (3.3) where

ℓ = E_{ax} L(τ(n)) = c−1∑ i=0 (c − i) p∑ j=1 μ_jα_{ji}, c = k_a − E_{ax} k_{J(τ (n))} = k_a − p∑ i=1 k_iq_i.

Proof. In the martingale (3.1), take ζ(t) = X(t) and υ(t) = L(t). Now {υ(t)} can increase when 0 ≤ Q(t) ≤ c − 1 and the martingale is ∫_t 0 e^{αQ(s)}1_{J(s)}F (α)ds + e^{αx}1_a − e^{αQ(t)}1_{J(t)} + (1 − e^{−α}) p∑ j=1 1_j c−1∑ k=0 e^{αk}L_{jk}(t).

For i = 1, . . . , 2p, we put α = γ_i, multiply h^{(i)} to the right and get a new martingale

e^{γix}h^{(i)}_a − e^{γiQ(t)}h^{(i)}_{J(t)} + (1 − e^{−γi} ) p∑ j=1 h^{(i)}_j c−1∑ k=0 e^{γik}L_{jk}(t).

By Theorem 3.1, we have α_{jk} = s_{jk} + ∑_p ℓ=1 r_{jkℓ}α_{ℓ0} and optional stopping at τ(n) gives us

0 = e^{γix}h^{(i)}_a − e^{γin}E_{ax} h^{(i)}_{J(τ (n))}

+ (1 − e^{−γi} ) p∑ j=1 μ_jh^{(i)}_j c−1∑ k=0 e^{γik}(c − k) (_p ∑ ℓ=1 r_{jkℓ}α_{ℓ0} + s_{jk} )

which is precisely (3.2). By Wald’s identity for Markov additive processes (see e.g. [11]) E_{ax} X(τ(n)) = mE_{ax} τ(n)+E_{ax} k_{J(0)}−E_{ax} k_{J(τ (n))} = mE_{ax} τ(n)+k_a −E_{ax} k_{J(τ (n))} which together with n = Q(τ(n)) = x + X(τ(n)) + L(τ(n)) proves (3.3). □

3.2 E_{ax} e^{θτ(n)} in MAP/M/c

Define A^′_{jk}(t) = { 0 < s ≤ t : (J(s−), Q(s−)) ≠ (j, k), (J(s), Q(s)) = (j, k) } , A_{jk}(t) = A^′_{jk}(t) if (j, k) ≠ (a, x) and A_{ax}(t) = A^′_{ax}(t) ∪ { 0 } . Then Proposition 3.3 E_{ax} ∑ t∈M_{jk} (τ (n)) e^{θt} = β_{jk}(θ)E_{ax} ∑ s∈A_{jk} (τ (n)) e^{θs} where

β_{jk} = (c − k)μ_j β_j + kμ_j − λ_{jj} − θ if ℜθ < β_j + kμ_j − λ_{jj} and +∞ otherwise.

Proof. If state (j, k) is entered at time t_x and we let S = {t_x ≤ s ≤ t_x + T_{jk} : L(s−) ≠ L(s)} where T_{jk} is the sojourn time in state (j, k), then E_{ax} ∑ s∈S e^{θs} = E_{ax} e^{θtx} E_{jk} ∑ s∈S−t_x e^{θs}.

Since dL(t) = (c − k)μ_jdt, every instant v contributes to E_{jk} ∑ s∈S−t_x e θs by e^{θv}(c − k)μ_j e^{−(λ+kμ−λjj )v} dv since, in order for an event at time v to make a contribution, we have to have T_{jk} > v (P_{jk}(T_{jk} > v) = e^{−(λ+kμj −λjj )v}). Integration over all positive vs yields E_{jk} ∑ s∈S−t_x e^{θs} = ∫_∞ 0 (c − k)μ_j e^{−(λ+kμj −λjj −θ)v}dv = (c − k)μ_j λ + kμ_j − λ_{jj} − θ . □ We put η_{jk}(θ) = E_{ax} ∑ s∈A_{jk} (τ (n)) e θs, 1 ≤ j ≤ p, 0 ≤ k ≤ c − 1. Proposition 3.4 For all θ, the pc unknowns η_{jk}(θ) depend linearly upon the p η_{j0};

η_{jk} = η_{jk}(η_{10}, . . . , η_{p0}) = m_{jk1}η_{10} + · · · + m_{jkp}η_{p0} + n_{jk}. More precisely: Define for θ with ℜθ < min^p_1(β_i − λ_{ii}), c_{jk} = kμ_j β_j + kμ_j − λ_{jj} − θ , d_{jk} = β_j β_j + kμ_j − λ_{jj} − θ and e_{jkℓ} = λ_{ℓj} β_ℓ + kμ_j − λ_{ℓℓ} − θ . Then

m_{j0k} = δ_{jk}, s_{j0} = 0,

m_{j1j} = 1 c_{j1} , m_{j1ℓ} = −d_{ℓj}(1 − P_{ℓj}) c_{j1} ℓ ≠ j, n_{j1} = −δ_{(j,0)(a,x)} c_{j1} , m_{jkm} = 1 c_{jk} ( m_{j(k−1)m} − d_{j(k−2)}m_{k(k−2)m} − ∑ ℓ≠j ( e_{j(k−1)ℓ}(1 − P_{ℓj})m_{ℓ(k−1)m} + e_{j(k−2)ℓ}P_{ℓj}m_{ℓ(k−2)m} ))

n_{jk} = 1 c_{jk} ( n_{j(k−1)} − d_{j(k−2)}n_{j(k−2)} − ∑ ℓ≠j ( e_{j(k−1)ℓ}(1 − P_{ℓj} )n_{ℓ(k−1)} + e_{j(k−2)ℓ}P_{ℓj}n_{ℓ(k−2)} ) − δ_{(j,k)(a,x)} ) . Proof. Let A_{jk} = {(J(s + T_{jk}), Q(s + T_{jk})) = (j, k − 1)} B_{jk} = {(J(s + T_{jk}), Q(s + T_{jk})) = (j, k + 1)} C_{jkℓ} = {(J(s + T_{jk}), Q(s + T_{jk})) = (ℓ, k)} D_{jkℓ} = {(J(s + T_{jk}), Q(s + T_{jk})) = (ℓ, k + 1)}

Then ∑ s∈A_{jk} (τ (n)) e^{θs} = δ_{(j,k)(a,x)} + ∑ s∈A_{j(k+1)}(τ (n)) e^{θ(s+Tj(k+1))}I(A_{j(k+1)})

+I(k ≠ 0) ∑ s∈A_{(i−1)j} (τ (n)) e^{θ(s+Tj(k−1) )}I(B_{j(k−1)})

+ ∑ ℓ≠j ∑ s∈A_{ℓk}(τ (n)) e^{θ(s+Tℓk )}I(C_{ℓkj})

+I(k ≠ 0) ∑ ℓ≠j ∑ s∈A_{ℓ(k−1)}(τ (n)) e^{θ(s+Tℓ(k−1))}I(D_{ℓkj}) . If we take expectations of both sides we get η_{jk} = δ_{(j,k)(a,x)} + η_{j(k+1)}E_{j(k+1)} e^{θTj(k+1)} p_{j(k+1),jk} + I(k ≠ 0)η_{j(k−1)}E_{j(k−1)} e^{θTj(k−1)} p_{j(k−1),jk} + ∑ ℓ≠j [ η_{ℓk}E_{ℓk} e^{θTℓk} p_{ℓk,jk} + I(k ≠ 0)η_{ℓ(k−1)}E_{ℓ(k−1)} e^{θTℓ(k−1)} p_{ℓ(k−1),jk} ]

where p_{j(k−1)j,jk} = β_j/(β_j + (k − 1)μ_j − λ_{jj}) p_{j(k+1),jk} = (k + 1)μ_j/(β_j + (k + 1)μ_j − λ_{jj}) p_{ℓk,jk} = λ_{ℓj}(1 − P_{ℓj})/(β_ℓ + kμ_ℓ − λ_{ℓℓ}) p_{ℓ(k−1),jk} = λ_{ℓj}P_{ℓj}/(β_ℓ + (k − 1)μ_ℓ − λ_{ℓℓ}) E_{jk} e^{θTjk} = (β_j + kμ_j − λ_{jj})/(β_j + kμ_j − λ_{jj} − θ). We get η_{jk} = δ_{(j,k)(a,x)} + η_{j(k+1)} (k + 1)μ_j β_j + (k + 1)μ_j − λ_{jj} − θ +I(k ≠ 0)η_{j(k−1)} β_j β_j + (k − 1)μ_j − λ_{jj} − θ + ∑ ℓ≠j η_{ℓk} λ_{ℓj}(1 − P_{ℓj}) β_ℓ + kμ_ℓ − λ_{ℓℓ} − θ +I(k ≠ 0) ∑ ℓ≠j η_{ℓ(k−1)} λ_{ℓj} P_{ℓj} β_ℓ + (k − 1)μ_ℓ − λ_{ℓℓ} − θ .

If we let k + 1 → k we get c_{j1}η_{j1} = η_{j0} − δ_{(j,0)(a,x)} − ∑ ℓ≠j d_{ℓj}(1 − P_{ℓj} )η_{ℓ0} and for k = 2, . . . , c − 1: c_{jk}η_{jk} = η_{j(k−1)} − δ_{(j,k)(a,x)} − d_{j(k−2)}η_{j(k−2)} − ∑ ℓ≠j (e_{j(k−1)ℓ}(1 − P_{ℓj})η_{ℓ(k−1)} + e_{j(k−2)ℓ}P_{ℓj} η_{ℓ(k−2)}) and we obtain the assertion. □

Theorem 3.5 For each θ ≤ 0, define γ_1(θ), . . . , γ_{2p}(θ) as the roots of the equation 0 = det(F (γ) + θI) and let h^{i;θ} be a non–zero column vector satisfying (F (γ) + θI)h^{i;θ} = 0. Then one can compute x = E_{ax} e^{θτ (n)} as x = x_1 + · · · + x_p by solving the 2p linear equations (here x_1, . . . , x_p and η_{10}, . . . , η_{p0} are unknowns) e^{γix}h^{i;θ}_a = e^{γin} p∑ j=1 x_j h^{i;θ}_j −(1−e^{−γi} ) p∑ j=1 h^{i;θ}_j c−1∑ k=0 e^{γik}β_{jk}(θ) (_p ∑ ℓ=1 m_{jkℓ}η_{ℓ0} + n_{jk} )

Proof. In the martingale (3.1), take ξ(t) = X(t), ζ(0) = x and υ(t) = L(t) + tθ/α. Then αζ(t) = αQ(t) + θt and in particular αζ(τ(n)) = αn + θτ(n). Also, we have added a continuous part to the martingale, and dυ^c(t) = θdt/α. Then ∑ 0≤s≤t e^{αζ(s)}1_{J(s)}(1 − e^{−αΔυ(s)}) = (1 − e^{−α}) p∑ j=1 1_j c−1∑ k=0 e^{αk} ∑ s∈M_{jk} (t) e^{θs}. The martingale becomes

(κ(α) + θ) ∫_t 0 e^{αQ(s)}1_{J(s)}ds + e^{αx}1_a − e^{αQ(t)+θt}1_{J(t)}

+ (1 − e^{−α}) p∑ j=1 1_j c−1∑ k=0 e^{αk} ∑ s∈M_{jk}(t) e^{θs}. For i = 1, . . . , 2p, we put α = γ_i(θ), multiply h^{i;θ} to the right and get the martingale e^{γix}h^{i;θ}_a − e^{γiQ(t)+θt}h^{i;θ}_{J(t)} + (1 − e^{−γi} ) p∑ j=1 h^{i;θ}_j c−1∑ k=0 e^{γik} ∑ s∈M_{jk}(t) e^{θs}.

We apply optional stopping at τ(n) and get

0 = e^{γix}h^{i;θ}_a − e^{γin}E_{ax} e^{θτ (n)}h^{i;θ}_{J(τ (n))}

+ (1 − e^{−γi} ) p∑ j=1 h^{i;θ}_j c−1∑ k=0 e^{γi k}β_{jk}(θ) (_p ∑ ℓ=1 m_{jkℓ}η_{ℓ0} + n_{jk} )

where we used Proposition 3.3 and Proposition 3.4 to obtain the last term. If we put x_i = E_{ax} [e^{θτ (n)}; J(τ(n)) = i] the desired result follows. The interpretation of the auxiliary variables η_{j0} is

η_{j0}(θ) = E_{ax} ∑ s∈A_{j0}(τ (n)) e^{θs}. □ 4 Characteristics of τ(n) in simple birth–death processes

We consider a simple birth–death process {Q(t)}_{t≥0} on N with birth rate λ_n when Q(t) = n and death rate μ_n when Q(t) = n > 0. As before, τ(n) = inf{t > 0 : Q(t) = n}.

The classical approach (see [20]) is to write τ(n) as the independent sum

τ(n) = τ(x, x + 1) + · · · + τ(n − 1, n) (4.1)

where x = Q(0) and

τ(k, k + 1) = inf{t > 0 : Q(t) = k + 1 | Q(0) = k},

and to derive recursions for characteristics of τ(n). Consider first E_x τ(n). Then E τ(k, k + 1) = 1 λ_k + μ_k + μ_k λ_k + μ_k

[E τ (k − 1, k) + E τ(k, k + 1)] ; (4.2)

indeed, the first term is the expected time until the first jump (exit from state x), and the second is the additional contribution from the event that the first jump is downwards (note that μ_k/(λ_k + μ_k) is the probability of this event). Moving the E τ(k, k + 1) on the r.h.s. to the l.h.s. yields a recursion which is easily solved to get

E τ(k, k + 1) = 1 λ_k + μ_k λ_{k−1}λ_k + · · · + μ_1 . . . μ_k λ_0 . . . λ_k . (4.3)

If we use the notation of [20], π_0 = 1, π_n = λ_0 . . . λ_{n−1}/μ_1 . . . μ_n (note that in the ergodic case, {π_n} is proportional to the stationary distribution) this gives

E_x τ(n) = n−1∑ k=x E τ (k, k + 1) = n−1∑ k=x 1 λ_kπ_k k∑ i=0 π_i . (4.4)

In [20], also an expression for P_x(Q(ω(n)) = n) is given where

ω(n) = inf {t > 0 : Q(t) = 0 or n} .

The proof is by similar recursions. Asmussen [3] gave an alternative derivation, determining a function φ_0(·) such that {φ_0(Q(t ∧ ω(n)))} is a martingale and using optional stopping. Proceeding similarly for E_x τ(n) motivates:

Proposition 4.1 For each set φ_1(0), . . . , φ_1(n) such that

{M(t)} = {φ_1(Q(t ∧ τ(n))) − φ_1(Q(0)) + t ∧ τ(n)} (4.5)

is a martingale, we have E_x τ(n) = φ_1(x) − φ_1(n). Further such a set exists, is unique up to an additive constant and the set satisfying φ_1(n) = 0 is given by φ_1(x) = E_x τ(n) = n−1∑ k=x 1 λ_kπ_k k∑ i=0 π_i Proof. Since (4.5) may be bounded by τ(n) + 2 sup^n_0 |φ_1(k)| and E_x τ(n) < ∞, optional stopping at τ(n) is permissible and yields

0 = M(0) = E_x M(τ(n)) = φ_1(n) − φ_1(x) + E_x τ(n)

and the first statement. The uniqueness statement is then clear.

The martingale property will hold if and only if E_k [φ_1(Q(h)) + h] = φ_1(k) + o(h), k = 0, . . . , n − 1, which for k ≠ 0 gives

(λ_k + μ_k)φ_1(k) + μ_kφ_1(k − 1) + λ_kφ_1(k + 1) + 1 = 0,

i.e. if Δ_{k+1} = −1/λ_k + (μ_k/λ_k)Δ_k where Δ_k = φ_1(k) − φ_1(k − 1). Similarly, −λ_0φ_1(0) + λ_0φ_1(1) + 1 = 0. It follows that φ_1(0) may be taken arbitrary and that then there is a unique solution for the remaining φ_1(k). The rest is easy algebra. □

Remark 4.2 The existence part in Proposition 4.1 can alternatively be obtained by noting that E [τ(n) | F_t ] is a martingale where F_t = σ(Q(s) : 0 ≤ s ≤ t). Indeed, E [τ(n) | F_t ] = t ∧ τ(n) + E_{Q(t∧τ (n))} τ(n) (note that E_{Q(τ (n))} τ(n) = E_n τ(n) = 0) so that taking φ_1(k) = E_k τ(n) makes {φ_1(Q(t ∧ τ(n))) + t ∧ τ(n)} and hence also

{φ_1(Q(t ∧ τ(n))) − φ_1(Q(0)) + t ∧ τ(n)}

a martingale. Note incidentally that this is precisely the martingale used by Aldous & Shepp [1] (in the setting of general finite absorbing Markov processes).

The ideas sketched above have of course been applied in many similar situations. The essence is for a given Markov process {Y (t)} to look for functions f, g such that Gf(Y (t)) = 0 or G^∗f(Y (t), t) = 0 where G, G^∗ are the generators of {Y (t)}, resp. the space–time process {(Y (t), t)}. Then Dynkin’s identity and suitable integrability conditions ensure that {f(Y (t))}, {g(Y (t), t)} are martingales. For examples of this technique, see e.g. Dassios & Embrechts [10], Kella & Stadje [21] and Jacobsen [15].

Note that an f making {f(Y (t))} a martingale is a discrete analogue of the natural scale for a diffusion. □

Similarly, for the Laplace transform E_x e^{θτ (n)}, the same reasoning that lead to (4.2) yields

E e^{θτ (k,k+1)} = λ_k −θ + λ_k + μ_k − μ_kE e^{θτ (k−1,k)} . This together with

E e^{θτ (0,1)} = λ_0 −θ + λ_0 gives us recursions for determining E_x e^{θτ (n)}, since

E_x e^{θτ (n)} = E e^{θτ (x,x+1)} E e^{θτ (x+1,x+2)} . . . E e^{θτ (n−1,n)} ,

and we obtain the following parallel of Proposition 4.1:

Proposition 4.3 For each set φ_2(0), . . . , φ_2(n) and every θ such that

{M^′(t)} = {e^{θ(t∧τ (n))}φ_2(Q(t ∧ τ(n)))/φ_2(Q(0))}

is a martingale and E e^{θτ (n)} < ∞, it holds that E_x e^{θτ (n)} = φ_2(x)/φ_2(n). Such a set exists and is unique up to a multiplicative constant. Also, we may find θ with ℜθ > 0 such that E e^{θτ (n)} < ∞.

Proof. Since E e^{θτ (n)} < ∞ and P(τ(n) < ∞) = 1, optional stopping at τ(n) is permissible and gives

1 = M^′(0) = E_x M^′(τ(n)) = φ_2(n)E e^{θτ (n)} /φ_2(x)

from which the first assertion and the uniqueness follow. The martingale property holds if and only if E_k [φ_2(Q_h)e^{θh}] = φ_2(k) + o(h), k = 0, . . . , n − 1, which for k ≠ 0 yields

θφ_2(k) − (λ_k + μ_k)φ_2(k) + λ_kφ_2(k + 1) + μ_kφ_2(k − 1) = 0

i.e. if Δ_{k+1} = −(θφ_2(k))/λ_k + (μ_k/λ_k)Δ_k. Similarly

θφ_2(0) + λ_0Δ_1 = 0.

Thus φ_2(0) may be chosen arbitrarily and then there is a unique solution for the remaining φ_2(k). For the last part, see Keilson [20]. □

5 Level–dependent QBD’s

We now consider a level–dependent QBD (see [24] for basic definitions), that is, a Markov process {(J(t), Q(t))} such that Q(t) ∈ N and J(t) ∈ E_ℓ when Q(t) = ℓ and that the intensity matrix is of the form

Q = B(0) A(0) 0 0 0 . . . C(1) B(1) A(1) 0 0 . . .

0 C(2) B(2) A(2) 0 . . . 0 0 C(3) B(3) A(3) . . . . . ...

(5.1)

where the dimensions are C(ℓ) : E_ℓ × E_{ℓ−1}, B(ℓ) : E_ℓ × E_ℓ, A(ℓ) : E_ℓ × E_{ℓ+1}. We assume that Q is irreducible. As above, τ(n) = inf{t > 0 : Q(t) = n}, and we want to compute E_{ax} τ(n) or possibly E_{ax} [τ(n); J(τ(n)) = b].

For a ∈ E_ℓ, b ∈ E_{ℓ+1},, write

p_{ab}(ℓ) = P_{aℓ}(J(τ(ℓ + 1)) = b), m_{ab}(ℓ) = E_{aℓ} [τ(ℓ + 1); J(τ(ℓ + 1)) = b],

collected in matrix form as P (ℓ) = (p_{ab}(ℓ)), M (ℓ) = (m_{ab}(ℓ)).

The following algorithm was proposed by Gaver, Jacobs & Latouche [12] and is basically a Markov–modulated version of (4.1)–(4.4). Define g^{(ℓ)}_{i,j} (x) = P_{i(ℓ−1)}[τ(ℓ) ≤ x, J(τ(ℓ)) = j], ℓ ≥ 1. Let G^{(ℓ)}_{i,j} (ξ) be the Laplace–Stieltjes transform of g^{(ℓ)}_{i,j} (x)

G^{(ℓ)}_{i,j} (ξ) = ∫_∞ 0 e^{−ξx} [ d dx g^{(ℓ)}_{i,j} (x) ] dx and G^{(ℓ)}(ξ) = (G^{(ℓ)}_{i,j} (ξ)). Then we have (a proof of this may be found in [12])

Proposition 5.1 P (ℓ) = −D(ℓ)^{−1}A(ℓ) where D(0) = B(0) and D(ℓ) = B(ℓ) + C(ℓ)(−D(ℓ − 1)^{−1})A(ℓ − 1), ℓ ≥ 1. Also

G^{(1)}(ξ) = E_0(ξ)A(0) G^{(ℓ)}(ξ) = E_{ℓ−1}(ξ)A(ℓ − 1)

where E_0(ξ) = (ξI − B(0))^{−1} and E_ℓ(ξ) = (ξI − B(ℓ) − C(ℓ)G^{(ℓ)}(ξ))^{−1}. In particular M(ℓ) = −dG^{(ℓ+1)}(ξ)/dξ|_{ξ=0}, and it then follows

M (0) = (D^{−1}_0 )^2A(0) M(ℓ) = D^{−1}_ℓ (I + C(ℓ)M(ℓ − 1))D^{−1}_ℓ A(ℓ), ℓ ≥ 1. If we are only interested in u(ℓ) = (E_{aℓ} τ(ℓ + 1)) = M(ℓ)1, we get

u(0) = −D(0)^{−1}1 u(ℓ) = −D(ℓ)^{−1}(1 + C(ℓ)u(ℓ − 1)), ℓ ≥ 1. Also, E_{ax} [τ(n); J(τ(n)) = b] is the abth element of the matrix n−1∑ k=x R(k)M(k)S(k + 1) where R(k) = k−1∏ ℓ=x P (ℓ), S(k) = n−1∏ ℓ=k P (ℓ) (5.2)

(To see this, note that R(k)(i, j) = P_{ix}(J(τ(k)) = j) and S(k)(i, j) = P_{ik} (J(τ(n)) = j).)

In our MAP/M/c model we have for i ≠ j that A(ℓ)_{jj} = β_j , A(ℓ)_{ij} = λ_{ij}P_{ij} B(ℓ)_{ij} = λ_{ij} (1 − P_{ij} ), C(ℓ)_{jj} = ℓμ_j, if ℓ ≤ c, C(ℓ)_{jj} = cμ_j, if ℓ > c, C(ℓ)_{ij} = 0.

Note that B(0)_{jj} and B(ℓ)_{jj} are determined by the requirements B(0)1 + A(0)1 = 0 and C(ℓ)1 + B(ℓ)1 + A(ℓ)1 = 0. Thus we may use (5.2) and the results of [12] to compute E_{ax} τ(n) in MAP/M/c as the ath component of ( ∑_{n−1} k=x R(k)M(k)S(k + 1))1. The obvious question now arises whether it is possible to find an equivalent to Proposition 4.1, i.e. is it to find φ_3 : ∪^n_{i=0}i × E_i → R such that

{φ_3(J(t ∧ τ(n)), Q(t ∧ τ(n))) − φ_3(J(0), Q(0)) + t ∧ τ(n)} (5.3)

is a martingale?

Proposition 5.2 Let {(J(t), Q(t))} be an irreducible QBD with intensity matrix Q.

(i) For each set φ_3(0, 1), . . . , φ_3(0, |E_0|), . . . , φ_3(n, 1), . . . , φ_3(n, |E_n|) such that (5.3) is a martingale, we have E_{ax} τ(n) = φ_3(a, x) − ∑ i∈E_n φ_3(i, n)P_{ax}(J(τ(n)) = i); (ii) Such a set always exists, namely φ_3(a, x) = E_{ax} τ(n); If all A(ℓ) are quadratic with dimension |E| × |E| and non–singular, let φ_3(ℓ) = (φ_3(ℓ, 1), . . . , φ_3(ℓ, |E|))^T . Then we may choose an arbitrary φ_3(0) and then there is a unique solution for the remaining φ_3(ℓ).

Proof. (5.3) is bounded by τ(n) + 2 sup_{0≤j≤n} sup_{1≤i≤|Ej |} |φ_3(i, j)| and E_{ax} τ(n) < ∞. Thus optional stopping at τ(n) is permissible and gives

0 = M(0) = E_{ax} M(τ(n)) = ∑ i∈E_n E_{ax} (φ_3(J(τ(n)), Q(τ(n)))|J(τ(n)) = i)P_{ax}(J(τ(n)) = i)−φ_3(a, x)+E_{ax} τ(n) = ∑ i∈E_n φ_3(i, n)P_{ax}(J(τ(n)) = i) − φ_3(a, x) + E_{ax} τ(n), showing part (i). Part (ii) follows just as in the first part of remark 4.2.

For (5.3) to be a martingale, it is necessary and sufficient that E_{jk} [φ_3(J(h), Q(h))+ h] = φ(j, k) + o(h) which becomes

1 = B(0)φ_3(0) + A(0)φ_3(1) 1 = B(ℓ)φ_3(ℓ) + A(ℓ)φ_3(ℓ + 1) + C(ℓ)φ_3(ℓ − 1), 1 ≤ ℓ < n.

If we pick an arbitrary φ_3(0), then there is a unique solution for the remaining φ_3(k). □ The conclusion is that whereas φ_3 always exists, the recursive computation is not always feasible. Indeed, we need the A(ℓ) to be non–singular, which does not hold in many specific cases (for example if the arrival process is Markov–modulated Poisson with some β_i = 0 or renewal with Erlang interarrival times).

6 Complexity

We now compare the complexities of the two different methods used, the one based upon the martingale (3.1) in Section 3 and the recursive approach in Section 5. For simplicity, we consider only the case of E_{ax} τ(n). In the first approach we first need to use Proposition 3.1 to reduce the number of unknowns. A careful examination of the relevant equations shows that this costs precisely (c − 1)p(8p + 2) flops, since we need to calculate various constants as well as solving the actual equations. Further, in Proposition 3.2, we need to solve a system of 2p linear equations which costs roughly 16p^3/3, and calculate m and k which in all costs around 4p^3 + 6p^2. This means that the method of Section 3.1 costs around 10p^3 + (8c − 2)p^2 + (2c − 1)p flops.

The second approach from Section 5 requires knowledge of all M(ℓ) and E(ℓ) 0 ≤ ℓ < n. This costs around 12np^3 + 2np^2. In addition, we need to do (n − 1 − x)^2 multiplications to be able to compute the sum n−1∑ k=x R(k)M(k)S(k + 1). This costs about 2(n − 1 − x)^2p^3 flops in addition to the (n − 1 − x)p^2 flops it costs to perform the summation. Thus this method requires something in the vicinity of (2(n − 1 − x)^2 + 12n)p^3 + (2n − x)p^2 flops.

An obvious conclusion is that the first method, though a bit less straightforward, is much more efficient than the second method when n is large, as will be the case in rare events problems.

7 E_xτ(n) in M/M/2–heterogeneous

Consider the situation where we have a M/M/2 queueing system with arrival rate β and with the two independent servers, server a and server b, having different service intensities, μ_a and μ_b, with μ_b > μ_a. As usual, let

Q(t) denote the queue length at time t. If a customer arrives at an empty system, we assume that he always chooses server b. Otherwise, the first vacant server is chosen. (Other schemes are possible, see e.g. [7].) Let A(s) = {server a idle at time s} and B(s) = {server b idle at time s}. Define

α_i = E_x ∫_{τ (n)} 0 I(Q(s) = i)ds, i = 0 and 2

α^a_1 = E_x ∫_{τ (n)} 0 I(Q(s) = 1, A(s))ds α^b_1 = E_x ∫_{τ (n)} 0 I(Q(s) = 1, B(s))ds α_i^′ = δ_{ix} + E_x ∑ 0<s≤τ (n) I(Q(s−) ≠ i, Q(s) = i), i = 0 and 2 α^{a′}_1 = δ_{1q} + E_x ∑ 0<s≤τ (n) I(Q(s−) ≠ 1, Q(s) = 1, A(s)) α^{b′}_1 = E_x ∑ 0<s≤τ (n) I(Q(s−) ≠ 1, Q(s) = 1, B(s)). An argument like that of the proof of Proposition 2.1 gives that α^′_0 = δ_{0x} + α^{a′}_1 μ_b β + μ_b + α^{b′}_1 μ_a β + μ_a α^{a′}_1 = δ_{1x} + α^′_0 + α^′_2 μ_a β + μ_a + μ_b α^{b′}_1 = α^′_2 μ_b β + μ_a + μ_b which, together with

α_0 = α^′_0 β , α_2 = α^′_2 β + μ_a + μ_b

, α^a_1 = α^{a′}_1 β + μ_b , α^b_1 = α^{b′}_1 β + μ_a , may be reduced to α^a_1 μ_b + α^b_1μ_a = α_0β − δ_{0x} (7.1) α^a_1 (β + μ_b) − α^b_1 μ_a(β + μ_a) μ_b = α_0β + δ_{1x}. (7.2)

(7.1) and (7.2) have solution

α^a_1 = β(β + μ_a + μ_b)α_0 − (β + μ_a)δ_{0x} + μ_bδ_{1x} μ_b(2β + μ_a + μ_b)

(7.3)

α^b_1 = β^2α_0 − (β + μ_b)δ_{0x} − μ_bδ_{1x}

μ_a(2β + μ_a + μ_b)

(7.4)

We have the representation

Q(t) = x + X(t) + L(t)

where {X(t)} is a Lévy process defined as X(t) = N^{(+)}(t) − N^{(−)}(t) where N^{(+)}(t) and N^{(−)}(t) are independent Poisson processes with intensities β resp. μ_a +μ_b. If we let κ(·) denote the Lévy exponent of X(t) it is immediate that κ(α) = β(e^α − 1) + (μ_a + μ_b)(e^{−α} − 1). Let γ be the non–zero root of the equation κ(γ) = 0. It is easily seen that γ = − log(β/(μ_a + μ_b)). If we copy the proof of Theorem 2.2, we get

0 = e^{γx} − e^{γn} + (1 − e^{−γ} )((μ_a + μ_b)α_0 + e^γ (μ_aα^a_1 + μ_bα^b_1)).

From this, (7.3) and (7.4) we may calculate α_0. This and n = x + (β − (μ_a + μ_b))E_x τ(n) + (μ_a + μ_b)α_0 + μ_aα^a_1 + μ_bα^b_1 give us E_x τ(n).

A Justification of optional stopping at τ(n)

In M/M/c and MAP/M/c, E τ (n) < ∞ follows from the general theory of regenerative processes (see [3]). Since in the M/M/c case {L(t)} is bounded in stochastic order by a Poisson process {L_{max}(t)} with intensity c max^c_1 μ_i, E L_{max} (τ(n)) = c max^c_1 μ_iE τ(n) < ∞ and obviously Q(t) ≤ n on 0 ≤ t ≤ τ(n) we have that E M(τ(n)) = 0 follows from E M(t∧τ (n)) = 0 by dominated convergence of (2.2) (note that in (2.2) the first term is bounded by κ(α)e^{αn}τ(n) and the third by e^{αn}). The same argument applies in MAP/M/c (i.e. in the proofs of Theorem 3.2 and Theorem 3.5), since we consider E e^{θτ (n)} for θ ≤ 0 only and in the MAP/M/c case {L(t)} is bounded in stochastic order by a Poisson process {L^∗_{max}(t)} with intensity c max^p_1 μ_i.

References

[1] D. Aldous & L. Shepp (1987) The least variable phase type distribution is Erlang. Stochastic Models 3, 467–473.

[2] S. Asmussen (1998) Extreme value theory for queues via cycle maxima. Extremes 1, 137–168.

[3] S. Asmussen (2003) Applied Probability and Queues (2nd ed.). Springer.

[4] S. Asmussen, M. Jobmann & H.P. Schwefel (2002) Explicit buffer overflow calculations for queues via martingales. Queueing Systems 42 63–90.

[5] S. Asmussen & O. Kella (2000) A multi–dimensional martingale for Markov additive processes and its applications. Adv. Appl. Probab. 32 376–393 .

[6] S. Asmussen & O. Kella (2001) On optional stopping of some exponential martingales for Lévy processes with or without reflection. Stoch. Proc. Appl. 91, 47-55.

[7] S. Asmussen & J.R. Møller (2001) Calculation of the steady–state waiting time distribution in GI/PH/c and MAP/PH/c queues. Queueing Systems 37, 9–29.

[8] F. Baccelli & A.M. Makowski (1989) Dynamic, transient and stationary behaviour of the M/G/1 queue via martingales. Ann. Probab. 17, 1691-1699.

[9] F. Ball & V.T. Stefanov (2001) Further approaches to computing fundamental characteristics of birth–death processes J. Appl. Probab. 38, 995-1005.

[10] A. Dassios & P. Embrechts (1989). Martingales and insurance risk. Stochastic Models 5, 181–217.

[11] C.D. Fuh & T. Lai (1998) Wald’s equation, first passage times and moments of ladder variables in Markov random walks. J. Appl. Probab. 35, 566-580.

[12] D.P. Gaver, P.A. Jacobs & G. Latouche (1984) Finite birth–and–death models in randomly changing environments. Adv. Appl. Probab. 16, 715–731.

[13] P. Glasserman & S.–G. Kou (1995b) Limits of first passage times to rare sets in regenerative processes. Ann. Appl. Probab. 5, 424–445.

[14] B.V. Gnedenko & I.N. Kovalenko (1989) Introduction to Queueing Theory (2nd ed.). Birkhäuser, Basel.

[15] M. Jacobsen (2002) Martingales and the Distribution of the Time to Ruin.

MaPhySto Aarhus.

[16] V. Kalashnikov (1994) Regenerative Processes. CRC Press.

[17] V. Kalashnikov (1994) Mathematical Methods in Queueing Theory. Kluwer Academic Publishers.

[18] V.Kalashnikov (1997) Geometric Sums: Bounds for Rare Events with Applications. Kluwer Academic Publishers.

[19] J. Keilson (1966) A limit theorem for passage times in ergodic regenerative processes. Ann. Math. Statist. 37, 866–870

[20] J. Keilson (1979) Markov Chain Models – Rarity and Exponentiality. Springer.

[21] O. Kella & W. Stadje (2001) On hitting times for compound Poisson dams with exponential jumps and linear release rate. J. Appl. Probab. 38, 781–786.

[22] O. Kella & W. Whitt (1992) Useful martingales for stochastic storage processes with Lévy input. J. Appl. Probab. 29, 396-403.

[23] G. Latouche, C.E.M. Pearce & P.G. Taylor (1998) Invariant measures for quasi–birth–and–death processes. Stochastic Models 14, 443–460.

[24] G. Latouche & V. Ramaswami (1999) Introduction to Matrix Analytic Methods in Stochastic Modeling. SIAM.

[25] M.F. Neuts (1979) A versatile Markovian point process. J. Appl. Probab. 16, 764–779.

[26] M.F. Neuts (1992) Models based on the Markovian arrival process. IEICE Trans. Comm. E75–B, 1255–1265.

[27] J. Preater (2002) On the severity of M/M/∞ congested episodes. J. Appl.

Probab. 39, 228-230.

[28] D. Revuz & M. Yor (1999) Continuous Martingales and Brownian Motion (3rd ed.). Springer.

[29] P. Robert (2000) Réseaux et files d’attente: méthodes probabilistes. Springer.