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Abstract

The time �(n) of �rst passage from queue length x to queue length
n > x in an MAP/M/c queue is considered. The mean and the Laplace
transform is computed as solutions of systems of linear equations com-
ing out by optional stopping of a martingale obtained as a stochastic
integral of the exponential Wald martingale for Markov additive pro-
cesses. Compared to existing techniques for QBD's, the approach has
the advantage of being far more eÆcient for large n.
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1 Introduction

In this paper, we study transient (time{dependent or non{stationary) prop-
erties of the queue length process fQ(t)gt�0 in a M/M/c or, more generally,
a MAP/M/c queue (MAP = Markovian arrival process, cf. [25], [26]). In
particular, in a �nite bu�er system with bu�er size n and Q(0) < n, we can
interpret �(n) = infft > 0 : Q(t) = ng as the time of �rst bu�er over
ow.
This motivates the interest in telecommunications, and accordingly random
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times of this type have been studied by many authors for a variety of queueing
models.

The usual approach of the literature to this type of problems is asymp-
totics, stating in this case that for a stable (� < 1) queue (in our model
� = �=c� where 1=� is the mean of F ) �(n) can be normalized to have limit-
ing exponential distributions as n!1, whereas �(n)=n! 1=(�� c�) when
� > 1. The asymptotics for � > 1 is an easy consequence of the law of large
numbers, whereas the case � < 1 is more delicate. Here one proceeds via the
regenerative structure and decomposes �(n) into the geometric sum of the
cycles without over
ow and the (asymptotically unimportant) initial part of
the cycle with over
ow.

Rare events in regenerative processes approached via geometric sums is a
topic to which V. Kalashnikov has made profound contributions (see in par-
ticular [16], [17], [18]), and this is our motivation for presenting the present
study in this volume1. However, rather than giving asymptotics (additional
references are [19], [14], [20], [13], and the surveys in [2], [3]) we will in-
stead derive algorithms for exact computation of the expected value and the
Laplace transform of �(n) in the speci�c setting of MAP/M/c queues.

The case c = 1 was investigated in [4] by exploiting optional stopping of
martingales introduced in [22] and [6]. We develop the (non{trivial) extension
of this approach to c > 1.

The paper is divided into two parts. The �rst part in Section 2{3 presents
the adaptation of the martingales of [22], [6] to many{server queues. The
main idea is exposed in Section 2 in the simplest (toy) setting of Ex�(n) in
M/M/c. Section 3 then presents the extension to MAP/M/c. The results
there are the main new ones of the paper.

The second part in Sections 4 and 5 discusses some alternative approaches.
For the simplest M/M/c case, these are motivated from M/M/c being a spe-
cial birth{death process, and classical results on level crossing times of birth{
death processes as treated in [20]; the extension of this approach to level{
dependent QBD's (quasi birth{death processes), of which the MAP/M/c
queue length process is a special case, is given in [12]. The question we raise
is whether level crossing problems for birth{death processes and QBD's can
be put in a modern martingale framework; this largely inspired by the mod-
ern theory of di�usion processes (note that a birth{death process in view of
its skip{free property can be seen as a discrete analogue of a di�usion), in
particular the theory of the natural scale. Somewhat surprisingly, the con-
clusion is that there is a close analogue in the simple birth{death case but

1The paper is submitted to a special issue of Queueing Systems in memoriam of V.
Kalashnikov.
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that the QBD case is more involved.
Finally, in Section 6 we compare our martingale approach and the recur-

sive one of [12], and in Section 7 we exemplify the extension of our approach
to heterogeneous servers in a simple setting.

Additional references on more or less related martingale techniques and
their queueing applications are [8], [27], [29] and [28]. For di�erent ap-
proaches to birth{death processes, see [9] and references there.

2 E x� (n) in M/M/c

We consider the M/M/c queue with service intensity � and write E x =
E (�jQ(0) = x). Let (pij)i;j2f0;1;:::g denote the transition matrix of the imbed-
ded Markov chain, pij = �=(� + i�) if j = i + 1 and pij = i�=(� + i�) if
j = i � 1 and zero otherwise. In order to conform to the setting of [22] we
will write Q(t) = x+X(t)+L(t) where X(t) is a L�evy process de�ned as the
independent di�erence between two Poisson processes N (+)(t), N (�)(t) with
intensities �, resp. c�. Let fNi(t)g; 1 � i � c, denote the Poisson process
corresponding to the number of services performed by server i up to time t.
It is then easy to see that we can use the representation

N (�)(t) = N1(t) + � � �+Nc(t); dL(t) =

c�Q(t)X
i=1

dNi(t)

(the epochs of L(t) can be viewed as dummy service events performed by the
idle servers). For easy reference, we state the following result from [22].

Let f�(t)g be a L�evy process with L�evy exponent �(�) and consider

�(t) = �(0) + �(t) + �(t)

where f�(t)g is an adapted process of locally bounded variation with �nitely
many jumps in an interval. Then fM(t)g de�ned by

M(t) = �(�)

Z t

0

e��(s)ds + e��(0) � e��(t) + �

Z t

0

e��(s)d�c(s)

+
X
0�s�t

e��(s)(1� e����(s)) (2.1)

is a zero mean martingale, where f�c(t)g is the continuous part of f�(t)g and
��(s) = �(s)��(s�). In M(t), take �(t) = L(t). Since f�(t)g can increase
when 0 � Q(t) � c� 1 and �c(t) = 0, the martingale is

�(�)

Z t

0

e�Q(s)ds+ e�x � e�Q(t) + (1� e��)
c�1X
i=0

e�iLi(t) (2.2)
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where Li(t) is the number of elements in the set

Mi(t) = fs � t : Q(s) = i; L(s) 6= L(s�)g

and �(�) is the L�evy exponent of fX(t)g,

�(�) = �(e� � 1) + c�(e�� � 1):

We denote by 
 the non{zero solution of �(
) = 0 which exists when �=c� =
� 6= 1, 
 = � log �.

In the M/M/1 case in [4], taking � = 
, optional stopping at �(n) is
justi�ed according to [6] which may be used directly, since in the M/M/1
case L(t) is just the local time at zero of the re
ected L�evy process. We put
� = 
, apply optional stopping at �(n) and get

0 = e
x � e
n + E xL0(�(n))(1� e�
): (2.3)

From (2.3) and ExX(�(n)) = (� � �)Ex�(n) it follows that in the M/M/1
case

E x�(n) =
(1� e�
)(n� x)� (e
n � e
x)

(� � �)(1� e�
)
:

In M/M/c, [6] does not directly apply so we have to �rst directly ver-
ify that optional stopping is justi�ed; the details are, however, close to [6]
but given in the Appendix for the sake of the paper to be self{contained.
However, the more serious diÆculty is that (2.3) takes the form

0 = e
x � e
n + E x(1� e�
)
c�1X
i=0

e
iLi(�(n)) (2.4)

so that we have an additional c�1 unknowns (E xL1(�(n)); : : : ; E xLc�1(�(n))),
but no more equations. De�ne

�i = E x

Z �(n)

0

I(Q(s) = i)ds; i = 0; : : : ; c� 1:

Then the representation dL(t) =
Pc�Q(t)

i=1 dNi(t) of the increments of L(t)
immediately gives us E qLi(�(n)) = (c� i)��i. We have:

Proposition 2.1 The unknowns �i; i = 1; : : : ; c � 1 depend linearly upon
�0, �i = �i(�0) = ri�0 + si. More precisely, r0 = 1, s0 = 0,

r1 = �=�; s1 = �Æ0x=�

and for i = 2; : : : ; c� 1:

ri =
(� + (i� 1)�)ri�1 � �ri�2

i�
; si =

(� + (i� 1)�)si�1 � �si�2 � Æ(i�1)x
i�

:
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Proof. For i = 0; : : : ; c� 1, let

�0i = E x

X
0<s��(n)

I(Q(s�) 6= i; Q(s) = i) + Æix:

By the skip{free property of paths of fQ(t)g it follows that a jump to state i
must have originated at either of the states i�1 and i+1. Thus conditioning
upon the origin of a jump to i we have:

�0i = Æix + E x

X
0<s��(n)

I(Q(s�) = i� 1; Q(s) = i)

+Ex

X
0<s��(n)

I(Q(s�) = i + 1; Q(s) = i)

= Æix +

0
@E x

X
0<s��(n)

I(Q(s�) 6= i� 1; Q(s) = i� 1) + Æ(i�1)x

1
A pi�1;i

+

0
@E x

X
0<s��(n)

I(Q(s�) 6= i+ 1; Q(s) = i + 1) + Æ(i+1)x

1
A pi+1;i

= Æix + �0i+1
(i + 1)�

� + (i+ 1)�
+ �0i�1

�

� + (i� 1)�
I(i > 0);

which together with �i = �0i=(� + i�) becomes

�i =
(� + (i� 1)�)�i�1 � Æ(i�1)x � I(i � 2)��i�2

i�
: (2.5)

From (2.5) the desired result follows. 2

Further:

Theorem 2.2 �0 = (�e
x + e
n � s)=r where

s = (1� e�
)
c�1X
i=0

e
i(c� i)�si; r = (1� e�
)
c�1X
i=0

e
i(c� i)�ri:

Proof. We apply optional stopping at �(n) in (2.4). Having Proposition 2.1
in mind, we obtain

0 = e
x � e
n + (1� e�
)
c�1X
i=0

ei
(c� i)�(ri�0 + si)

as asserted. 2
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Corollary 2.3

E x�(n) =
1

� � c�

 
n� x�

�e�
x + e�
n � s

r

c�1X
i=0

(c� i)�ri +
c�1X
i=0

(c� i)�si

!

Proof. From the representation Q(t) = x+X(t)+L(t), Wald's identity gives

n = x + (� � c�)Ex�(n) +
c�1X
i=0

(c� i)��i:

If we apply Theorem 2.2 the desired result follows. 2

3 � (n) in MAP/M/c

Let fJ(t)gt�0 denote the background Markov process, with p states, intensity
matrix � = (�ij)i;j2f1;:::;pg and stationary row vector � = (�i)i=1;:::;p. We
assume that the arrival rate is �j and the service intensity is �j when J(t) = j.
Furthermore, a transition from state k to state ` of fJ(t)g has probability
Pk` of causing an arrival to the system. We use the notation ��, ��; : : : to
denote the diagonal matrices with the �i, �i; : : : on the diagonal.

As in the previous section, we let fQ(t)gt�0 denote the queue length
process. We have Q(t) = x +X(t) + L(t), where fX(t)gt�0 is the indepen-
dent di�erence between two (non{homogeneous) Poisson processes N (+)(t),
N (�)(t) with intensities �J(t), resp. c�J(t). De�ne Ni(t); 1 � i � c, as the
number of services performed by the ith server prior to time t. We use the
representation

N (�)(t) = N1(t) + � � �+Nc(t); dL(t) =

c�Q(t)X
k=1

dNk(t):

The mean drift of fX(t)g, m = limt!1X(t)=t is

m =

pX
i=1

�i(�i � c�i) = �(�� � c��)1

where 1 is a column vector with all entries equal to one.
Let F (�) = � + ��(e

� � 1) + ��(e
�� � 1). We denote by �(�) the

eigenvalue of F (�) with maximal real part and h(�) the corresponding right
eigenvector. Let 1j denote the p{row vector with jth entry 1 and 0 otherwise.
We shall need the following result, which follows by combining [22] and [5]:
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Consider �(t) = �(0) + �(t) + �(t) where f�(t)g is an adapted process of lo-
cally bounded variation with only �nitely many jumps in a bounded interval.
Then, for any � 2 C ,Z t

0

e��(s)1J(s)F (�)ds + e��(0)1J(0) � e��(t)1J(t)

+�

Z t

0

e��(s)1J(s)d�
c(s) +

X
0�s�t

e��(s)1J(s)(1� e����(s)) (3.1)

is a zero mean martingale, where f�c(t)g is the continuous part of f�(t)g and
��(s) = �(s)� �(s�).

By the form of F (�), we have that

det(F (�)) =

pX
j=�p

fje
j�;

from which it follows that F (�) has (not necessarily distinct) 2p eigenval-
ues 
1; : : : ; 
2p with corresponding eigenvectors h(1); : : : ;h(2p). We use the

normalization �h(�) = 1. De�ne

k =
d

d�
h(�)

����
�=0

:

Then (see [4] for details), k = (�� 1)�1(mI +�� ���)1.

3.1 E ax�(n)

Let E ax = E (�jJ(0) = a;Q(0) = x). Also, let

Mjk(t) = fs � t : J(s) = j; Q(s) = k; L(s) 6= L(s�)g;

let Ljk(t) be the number of elements in Mjk(t) and

�jk = E ax

Z �(n)

0

I(J(s) = j; Q(s) = k)ds:

Then E axLjk(�(n)) = (c� k)�j�jk and
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Proposition 3.1 The pc unknowns �jk depend linearly upon the p �j0;

�jk = �jk(�10; : : : ; �p0) = rjk1�10 + � � �+ rjkp�p0 + sjk:

More precisely: Let

ajk = �j + k�j � �jj; bjk = (�j + (k � 1)�j � �jj)=(�j + k�j � �jj):

Then rj0k = Æjk, sj0 = 0,

rj1j =
aj0
�j

; rj1` = ��`j(1� P`j) ` 6= j; sj1 = Æ(j;0)(a;x);

rjkm =
1

k�j

�
aj(k�1)rj(k�1)m � �jrj(k�2)m

�
X
` 6=j

�
�`j((1� P`j)r`(k�1)m + P`jr`(k�2)m)

��
;

sjk =
1

k�j

�
aj(k�1)sj(k�1) � �jsj(k�2)

�
X
` 6=j

�
�`j((1� P`j)s`(k�1) + P`js`(k�2))

�
� Æ(j;k�1)(a;x)

�
:

Proof. Let

�0jk = Æ(j;k)(a;x)+E ax

X
0<s��(n)

I((J(s�); Q(s�)) 6= (j; k); (J(s); Q(s)) = (j; k)):

By Wald's equality, �jk = �0jk=(�j + k�j +
P

`6=j �j`) = �0jk=(�j + k�j � �jj).
Conditioning upon the origin of a jump to state jk we get:

�0j0 = Æ(j;0)(a;x) +
�j

�j + �j � �jj
�0j1 +

X
6̀=j

�`j
�` � �``

(1� P`j)�
0
`0

and for 1 � k � c� 1

�0jk = Æ(j;k)(a;x) +
(k + 1)�j

�j + (k + 1)�j � �jj
�0j(k+1)

+
�j

�j + (k � 1)�j � �jj
�0j(k�1)

+
X
`6=j

�`j
�` + k�` � �``

�
(1� P`j)�

0
`k + P`j�

0
`(k�1)

�
and it follows that

�j�j1 = aj0�j0 � Æ(j;0)(a;x) �
X
`6=j

�`j(1� P`j)�`0
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and for k = 2; : : : ; c� 1:

k�j�jk = aj(k�1)�j(k�1) � Æ(j;k�1)(a;x) � �j�j(k�2)

�
X
`6=j

(�`j(1� P`j)�`(k�1) + �`jP`ja`(k�1)�`(k�2));

which gives the assertion. 2

We now form an equivalent of Theorem 2.2.

Theorem 3.2 De�ne qi = Pax(J(�(n)) = i). Then q1; : : : ; qp, �10; : : : ; �p0

can be computed as the solution of the 2p linear equations

e
in
pX

j=1

h
(i)
j qj =

e
ixh(i)a (1� e�
i)

pX
j=1

�jh
(i)
j

c�1X
k=0

e
ik(c� k)

 
pX

`=1

rjk`�`0 + sjk

!
: (3.2)

Furthermore,

E ax�(n) =
E axX(�(n))

m
=

n� x� `� c

m
(3.3)

where

` = E axL(�(n)) =

c�1X
i=0

(c� i)

pX
j=1

�j�ji; c = ka � E axkJ(�(n)) = ka �

pX
i=1

kiqi:

Proof. In the martingale (3.1), take �(t) = X(t) and �(t) = L(t). Now f�(t)g
can increase when 0 � Q(t) � c� 1 and the martingale is

Z t

0

e�Q(s)1J(s)F (�)ds+ e�x1a � e�Q(t)1J(t) + (1� e��)

pX
j=1

1j

c�1X
k=0

e�kLjk(t):

For i = 1; : : : ; 2p, we put � = 
i, multiply h
(i) to the right and get a new

martingale

e
ixh(i)a � e
iQ(t)h
(i)
J(t) + (1� e�
i)

pX
j=1

h
(i)
j

c�1X
k=0

e
ikLjk(t):
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By Theorem 3.1, we have �jk = sjk +
Pp

`=1 rjk`�`0 and optional stopping at
�(n) gives us

0 = e
ixh(i)a � e
inE axh
(i)
J(�(n))

+ (1� e�
i)

pX
j=1

�jh
(i)
j

c�1X
k=0

e
ik(c� k)

 
pX

`=1

rjk`�`0 + sjk

!

which is precisely (3.2). By Wald's identity for Markov additive processes
(see e.g. [11])

E axX(�(n)) = mE ax�(n)+E axkJ(0)�E axkJ(�(n)) = mE ax�(n)+ka�E axkJ(�(n))

which together with

n = Q(�(n)) = x +X(�(n)) + L(�(n))

proves (3.3). 2

3.2 E axe
��(n) in MAP/M/c

De�ne

A
0

jk(t) =
�
0 < s � t : (J(s�); Q(s�)) 6= (j; k); (J(s); Q(s)) = (j; k)

	
;

Ajk(t) = A
0

jk(t) if (j; k) 6= (a; x)

and
Aax(t) = A

0

ax(t) [
�
0
	
:

Then

Proposition 3.3 E ax

X
t2Mjk(�(n))

e�t = �jk(�)E ax

X
s2Ajk(�(n))

e�s where

�jk =
(c� k)�j

�j + k�j � �jj � �

if <� < �j + k�j � �jj and +1 otherwise.

Proof. If state (j; k) is entered at time tx and we let S = ftx � s � tx + Tjk :
L(s�) 6= L(s)g where Tjk is the sojourn time in state (j; k), then

E ax

X
s2S

e�s = E axe
�txE jk

X
s2S�tx

e�s:
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Since dL(t) = (c� k)�jdt, every instant v contributes to E jk

P
s2S�tx

e�s by

e�v(c � k)�je
�(�+k���jj)vdv since, in order for an event at time v to make

a contribution, we have to have Tjk > v (Pjk(Tjk > v) = e�(�+k�j��jj)v).
Integration over all positive vs yields

E jk

X
s2S�tx

e�s =

Z 1

0

(c� k)�je
�(�+k�j��jj��)vdv =

(c� k)�j
�+ k�j � �jj � �

:

2

We put �jk(�) = E ax

P
s2Ajk(�(n))

e�s; 1 � j � p; 0 � k � c� 1.

Proposition 3.4 For all �, the pc unknowns �jk(�) depend linearly upon the
p �j0;

�jk = �jk(�10; : : : ; �p0) = mjk1�10 + � � �+mjkp�p0 + njk:

More precisely: De�ne for � with <� < minp1(�i � �ii),

cjk =
k�j

�j + k�j � �jj � �
; djk =

�j
�j + k�j � �jj � �

and ejk` =
�`j

�` + k�j � �`` � �
:

Then
mj0k = Æjk, sj0 = 0,

mj1j =
1

cj1
; mj1` =

�d`j(1� P`j)

cj1
` 6= j; nj1 =

�Æ(j;0)(a;x)
cj1

;

mjkm =
1

cjk

�
mj(k�1)m � dj(k�2)mk(k�2)m

�
X
`6=j

�
ej(k�1)`(1� P`j)m`(k�1)m + ej(k�2)`P`jm`(k�2)m

��

njk =
1

cjk

�
nj(k�1) � dj(k�2)nj(k�2)

�
X
` 6=j

�
ej(k�1)`(1� P`j)n`(k�1) + ej(k�2)`P`jn`(k�2)

�
� Æ(j;k)(a;x)

�
:

Proof. Let

Ajk = f(J(s+ Tjk); Q(s+ Tjk)) = (j; k � 1)g

Bjk = f(J(s+ Tjk); Q(s+ Tjk)) = (j; k + 1)g

Cjk` = f(J(s+ Tjk); Q(s+ Tjk)) = (`; k)g

Djk` = f(J(s+ Tjk); Q(s+ Tjk)) = (`; k + 1)g
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Then X
s2Ajk(�(n))

e�s =

Æ(j;k)(a;x) +
X

s2Aj(k+1)(�(n))

e�(s+Tj(k+1))I(Aj(k+1))

+I(k 6= 0)
X

s2A(i�1)j(�(n))

e�(s+Tj(k�1))I(Bj(k�1))

+
X
` 6=j

2
4 X
s2A`k(�(n))

e�(s+T`k)I(C`kj)

3
5

+I(k 6= 0)
X
`6=j

2
4 X
s2A`(k�1)(�(n))

e�(s+T`(k�1))I(D`kj)

3
5 :

If we take expectations of both sides we get

�jk = Æ(j;k)(a;x) + �j(k+1)E j(k+1)e
�Tj(k+1)pj(k+1);jk

+ I(k 6= 0)�j(k�1)E j(k�1)e
�Tj(k�1)pj(k�1);jk

+
X
6̀=j

�
�`kE `ke

�T`kp`k;jk + I(k 6= 0)�`(k�1)E `(k�1)e
�T`(k�1)p`(k�1);jk

�
where

pj(k�1)j;jk = �j=(�j + (k � 1)�j � �jj)

pj(k+1);jk = (k + 1)�j=(�j + (k + 1)�j � �jj)

p`k;jk = �`j(1� P`j)=(�` + k�` � �``)

p`(k�1);jk = �`jP`j=(�` + (k � 1)�` � �``)

E jke
�Tjk = (�j + k�j � �jj)=(�j + k�j � �jj � �):

We get

�jk =

Æ(j;k)(a;x) + �j(k+1)
(k + 1)�j

�j + (k + 1)�j � �jj � �

+I(k 6= 0)�j(k�1)
�j

�j + (k � 1)�j � �jj � �

+
X
`6=j

�`k
�`j(1� P`j)

�` + k�` � �`` � �

+I(k 6= 0)
X
`6=j

�`(k�1)
�`jP`j

�` + (k � 1)�` � �`` � �
:
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If we let k + 1! k we get

cj1�j1 = �j0 � Æ(j;0)(a;x) �
X
`6=j

d`j(1� P`j)�`0

and for k = 2; : : : ; c� 1:

cjk�jk = �j(k�1) � Æ(j;k)(a;x) � dj(k�2)�j(k�2)

�
X
6̀=j

(ej(k�1)`(1� P`j)�`(k�1) + ej(k�2)`P`j�`(k�2))

and we obtain the assertion. 2

Theorem 3.5 For each � � 0, de�ne 
1(�); : : : ; 
2p(�) as the roots of the
equation 0 = det(F (
) + �I) and let hi;� be a non{zero column vector
satisfying (F (
) + �I)hi;� = 0. Then one can compute x = E axe

��(n) as
x = x1 + � � � + xp by solving the 2p linear equations (here x1; : : : ; xp and
�10; : : : ; �p0 are unknowns)

e
ixhi;�a = e
in
pX

j=1

xjh
i;�
j �(1�e

�
i)

pX
j=1

hi;�j

c�1X
k=0

e
ik�jk(�)

 
pX

`=1

mjk`�`0 + njk

!

Proof. In the martingale (3.1), take �(t) = X(t), �(0) = x and �(t) = L(t) +
t�=�. Then ��(t) = �Q(t) + �t and in particular ��(�(n)) = �n + ��(n).
Also, we have added a continuous part to the martingale, and d�c(t) = �dt=�.
Then

X
0�s�t

e��(s)1J(s)(1� e����(s)) = (1� e��)

pX
j=1

1j

c�1X
k=0

e�k
X

s2Mjk(t)

e�s:

The martingale becomes

(�(�) + �)

Z t

0

e�Q(s)1J(s)ds+ e�x1a � e�Q(t)+�t1J(t)

+ (1� e��)

pX
j=1

1j

c�1X
k=0

e�k
X

s2Mjk(t)

e�s:

For i = 1; : : : ; 2p, we put � = 
i(�), multiply h
i;� to the right and get the

martingale

e
ixhi;�a � e
iQ(t)+�thi;�
J(t) + (1� e�
i)

pX
j=1

hi;�j

c�1X
k=0

e
ik
X

s2Mjk(t)

e�s:

13



We apply optional stopping at �(n) and get

0 = e
ixhi;�a � e
inE axe
��(n)hi;�

J(�(n))

+ (1� e�
i)

pX
j=1

hi;�j

c�1X
k=0

e
ik�jk(�)

 
pX

`=1

mjk`�`0 + njk

!

where we used Proposition 3.3 and Proposition 3.4 to obtain the last term.
If we put xi = E ax [e

��(n); J(�(n)) = i] the desired result follows. The inter-
pretation of the auxiliary variables �j0 is

�j0(�) = E ax

X
s2Aj0(�(n))

e�s:

2

4 Characteristics of � (n) in simple birth{death

processes

We consider a simple birth{death process fQ(t)gt�0 on N with birth rate �n
when Q(t) = n and death rate �n when Q(t) = n > 0. As before, �(n) =
infft > 0 : Q(t) = ng.

The classical approach (see [20]) is to write �(n) as the independent sum

�(n) = �(x; x + 1) + � � �+ �(n� 1; n) (4.1)

where x = Q(0) and

�(k; k + 1) = infft > 0 : Q(t) = k + 1 jQ(0) = kg;

and to derive recursions for characteristics of �(n). Consider �rst E x�(n).
Then

E�(k; k + 1) =
1

�k + �k
+

�k
�k + �k

[E� (k � 1; k) + E �(k; k + 1)] ; (4.2)

indeed, the �rst term is the expected time until the �rst jump (exit from
state x), and the second is the additional contribution from the event that
the �rst jump is downwards (note that �k=(�k+�k) is the probability of this
event). Moving the E �(k; k + 1) on the r.h.s. to the l.h.s. yields a recursion
which is easily solved to get

14



E �(k; k + 1) =
1

�k
+

�k
�k�1�k

+ � � �+
�1 : : : �k
�0 : : : �k

: (4.3)

If we use the notation of [20], �0 = 1, �n = �0 : : : �n�1=�1 : : : �n (note that
in the ergodic case, f�ng is proportional to the stationary distribution) this
gives

Ex�(n) =
n�1X
k=x

E� (k; k + 1) =
n�1X
k=x

1

�k�k

kX
i=0

�i : (4.4)

In [20], also an expression for Px(Q(!(n)) = n) is given where

!(n) = inf ft > 0 : Q(t) = 0 or ng :

The proof is by similar recursions. Asmussen [3] gave an alternative deriva-
tion, determining a function '0(�) such that f'0(Q(t ^ !(n)))g is a martin-
gale and using optional stopping. Proceeding similarly for Ex�(n) motivates:

Proposition 4.1 For each set '1(0); : : : ; '1(n) such that

fM(t)g = f'1(Q(t ^ �(n)))� '1(Q(0)) + t ^ �(n)g (4.5)

is a martingale, we have Ex�(n) = '1(x)� '1(n). Further such a set exists,
is unique up to an additive constant and the set satisfying '1(n) = 0 is given
by

'1(x) = E x�(n) =
n�1X
k=x

1

�k�k

kX
i=0

�i

Proof. Since (4.5) may be bounded by �(n)+2 supn0 j'1(k)j and E x�(n) <1,
optional stopping at �(n) is permissible and yields

0 = M(0) = E xM(�(n)) = '1(n)� '1(x) + E x�(n)

and the �rst statement. The uniqueness statement is then clear.
The martingale property will hold if and only if E k ['1(Q(h)) + h] =

'1(k) + o(h), k = 0; : : : ; n� 1, which for k 6= 0 gives

(�k + �k)'1(k) + �k'1(k � 1) + �k'1(k + 1) + 1 = 0;

i.e. if �k+1 = �1=�k + (�k=�k)�k where �k = '1(k)� '1(k � 1). Similarly,
��0'1(0) + �0'1(1) + 1 = 0. It follows that '1(0) may be taken arbitrary
and that then there is a unique solution for the remaining '1(k). The rest is
easy algebra. 2
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Remark 4.2 The existence part in Proposition 4.1 can alternatively be ob-
tained by noting that E [�(n) j Ft ] is a martingale where Ft = �(Q(s) : 0 �
s � t). Indeed,

E [�(n) j Ft ] = t ^ �(n) + EQ(t^� (n))�(n)

(note that EQ(�(n))�(n) = E n�(n) = 0) so that taking '1(k) = E k�(n) makes
f'1(Q(t ^ �(n))) + t ^ �(n)g and hence also

f'1(Q(t ^ �(n)))� '1(Q(0)) + t ^ �(n)g

a martingale. Note incidentally that this is precisely the martingale used
by Aldous & Shepp [1] (in the setting of general �nite absorbing Markov
processes).

The ideas sketched above have of course been applied in many similar
situations. The essence is for a given Markov process fY (t)g to look for
functions f; g such that Gf(Y (t)) = 0 or G�f(Y (t); t) = 0 where G, G�

are the generators of fY (t)g, resp. the space{time process f(Y (t); t)g. Then
Dynkin's identity and suitable integrability conditions ensure that ff(Y (t))g,
fg(Y (t); t)g are martingales. For examples of this technique, see e.g. Dassios
& Embrechts [10], Kella & Stadje [21] and Jacobsen [15].

Note that an f making ff(Y (t))g a martingale is a discrete analogue of
the natural scale for a di�usion. 2

Similarly, for the Laplace transform E xe
��(n), the same reasoning that

lead to (4.2) yields

E e��(k;k+1) =
�k

�� + �k + �k � �kEe��(k�1;k)
:

This together with

Ee�� (0;1) =
�0

�� + �0

gives us recursions for determining Exe
��(n), since

Exe
��(n) = Ee�� (x;x+1)Ee�� (x+1;x+2) : : : E e��(n�1;n) ;

and we obtain the following parallel of Proposition 4.1:

Proposition 4.3 For each set '2(0); : : : ; '2(n) and every � such that

fM 0(t)g = fe�(t^�(n))'2(Q(t ^ �(n)))='2(Q(0))g

is a martingale and Ee��(n) <1, it holds that Exe
��(n) = '2(x)='2(n). Such

a set exists and is unique up to a multiplicative constant. Also, we may �nd
� with <� > 0 such that Ee��(n) <1.
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Proof. Since Ee�� (n) <1 and P(�(n) <1) = 1, optional stopping at �(n) is
permissible and gives

1 = M 0(0) = E xM
0(�(n)) = '2(n)E e

�� (n)='2(x)

from which the �rst assertion and the uniqueness follow. The martingale
property holds if and only if E k ['2(Qh)e

�h] = '2(k) + o(h); k = 0; : : : ; n� 1,
which for k 6= 0 yields

�'2(k)� (�k + �k)'2(k) + �k'2(k + 1) + �k'2(k � 1) = 0

i.e. if �k+1 = �(�'2(k))=�k + (�k=�k)�k. Similarly

�'2(0) + �0�1 = 0:

Thus '2(0) may be chosen arbitrarily and then there is a unique solution for
the remaining '2(k). For the last part, see Keilson [20]. 2

5 Level{dependent QBD's

We now consider a level{dependent QBD (see [24] for basic de�nitions), that
is, a Markov process f(J(t); Q(t))g such that Q(t) 2 N and J(t) 2 E` when
Q(t) = ` and that the intensity matrix is of the form

Q =

0
BBBBB@

B(0) A(0) 0 0 0 : : :
C(1) B(1) A(1) 0 0 : : :
0 C(2) B(2) A(2) 0 : : :
0 0 C(3) B(3) A(3) : : :
...

. . .

1
CCCCCA (5.1)

where the dimensions are

C(`) : E` � E`�1; B(`) : E` � E`; A(`) : E` � E`+1:

We assume that Q is irreducible. As above, �(n) = infft > 0 : Q(t) = ng,
and we want to compute E ax�(n) or possibly E ax [�(n); J(�(n)) = b].

For a 2 E`; b 2 E`+1,, write

pab(`) = Pa`(J(�(`+ 1)) = b); mab(`) = E a` [�(` + 1); J(�(`+ 1)) = b];

collected in matrix form as P (`) = (pab(`)),M (`) = (mab(`)).
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The following algorithm was proposed by Gaver, Jacobs & Latouche [12]
and is basically a Markov{modulated version of (4.1){(4.4). De�ne

g
(`)
i;j (x) = Pi(`�1)[�(`) � x; J(�(`)) = j]; ` � 1:

Let G
(`)
i;j (�) be the Laplace{Stieltjes transform of g

(`)
i;j (x)

G
(`)
i;j (�) =

Z 1

0

e��x
�
d

dx
g
(`)
i;j (x)

�
dx

and G(`)(�) = (G
(`)
i;j (�)). Then we have (a proof of this may be found in [12])

Proposition 5.1 P (`) = �D(`)�1A(`) where D(0) = B(0) and D(`) =
B(`) +C(`)(�D(`� 1)�1)A(`� 1); ` � 1. Also

G(1)(�) = E0(�)A(0)

G(`)(�) = E`�1(�)A(`� 1)

where E0(�) = (�I �B(0))�1 and E`(�) = (�I �B(`)�C(`)G(`)(�))�1. In
particular M(`) = �dG(`+1)(�)=d�j�=0, and it then follows

M (0) = (D�1
0 )2A(0)

M(`) = D�1
` (I +C(`)M(`� 1))D�1

` A(`); ` � 1:

If we are only interested in u(`) = (E a`�(` + 1)) =M(`)1, we get

u(0) = �D(0)�11

u(`) = �D(`)�1(1+C(`)u(`� 1)); ` � 1:

Also, E ax [�(n); J(�(n)) = b] is the abth element of the matrix

n�1X
k=x

R(k)M(k)S(k+1) where R(k) =
k�1Y
`=x

P (`); S(k) =
n�1Y
`=k

P (`) (5.2)

(To see this, note that R(k)(i; j) = Pix(J(�(k)) = j) and S(k)(i; j) =
Pik(J(�(n)) = j).)

In our MAP/M/c model we have for i 6= j that

A(`)jj = �j; A(`)ij = �ijPij

B(`)ij = �ij(1� Pij);

C(`)jj = `�j; if ` � c; C(`)jj = c�j; if ` > c; C(`)ij = 0:
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Note that B(0)jj and B(`)jj are determined by the requirements B(0)1 +
A(0)1 = 0 and C(`)1 + B(`)1 + A(`)1 = 0. Thus we may use (5.2) and
the results of [12] to compute E ax�(n) in MAP/M/c as the ath component
of (
Pn�1

k=xR(k)M(k)S(k + 1))1.
The obvious question now arises whether it is possible to �nd an equiva-

lent to Proposition 4.1, i.e. is it to �nd '3 : [
n
i=0i� Ei ! R such that

f'3(J(t ^ �(n)); Q(t ^ �(n)))� '3(J(0); Q(0)) + t ^ �(n)g (5.3)

is a martingale?

Proposition 5.2 Let f(J(t); Q(t))g be an irreducible QBD with intensity
matrix Q.
(i) For each set '3(0; 1); : : : ; '3(0; jE0j); : : : ; '3(n; 1); : : : ; '3(n; jEnj) such that
(5.3) is a martingale, we have

E ax�(n) = '3(a; x)�
X
i2En

'3(i; n)Pax(J(�(n)) = i);

(ii) Such a set always exists, namely '3(a; x) = E ax�(n); If all A(`) are
quadratic with dimension jEj � jEj and non{singular, let
'3(`) = ('3(`; 1); : : : ; '3(`; jEj))

T . Then we may choose an arbitrary '3(0)
and then there is a unique solution for the remaining '3(`).

Proof. (5.3) is bounded by

�(n) + 2 sup
0�j�n

sup
1�i�jEj j

j'3(i; j)j

and E ax�(n) <1. Thus optional stopping at �(n) is permissible and gives

0 =M(0) = E axM(�(n))

=
X
i2En

E ax('3(J(�(n)); Q(�(n)))jJ(�(n)) = i)Pax(J(�(n)) = i)�'3(a; x)+E ax�(n)

=
X
i2En

'3(i; n)Pax(J(�(n)) = i)� '3(a; x) + E ax�(n);

showing part (i). Part (ii) follows just as in the �rst part of remark 4.2.
For (5.3) to be a martingale, it is necessary and suÆcient that E jk ['3(J(h); Q(h))+

h] = '(j; k) + o(h) which becomes

1 = B(0)'3(0) +A(0)'3(1)

1 = B(`)'3(`) +A(`)'3(`+ 1) +C(`)'3(`� 1); 1 � ` < n:
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If we pick an arbitrary'3(0), then there is a unique solution for the remaining
'3(k). 2

The conclusion is that whereas '3 always exists, the recursive computa-
tion is not always feasible. Indeed, we need the A(`) to be non{singular,
which does not hold in many speci�c cases (for example if the arrival pro-
cess is Markov{modulated Poisson with some �i = 0 or renewal with Erlang
interarrival times).

6 Complexity

We now compare the complexities of the two di�erent methods used, the
one based upon the martingale (3.1) in Section 3 and the recursive approach
in Section 5. For simplicity, we consider only the case of E ax�(n). In the
�rst approach we �rst need to use Proposition 3.1 to reduce the number
of unknowns. A careful examination of the relevant equations shows that
this costs precisely (c� 1)p(8p+ 2) 
ops, since we need to calculate various
constants as well as solving the actual equations. Further, in Proposition 3.2,
we need to solve a system of 2p linear equations which costs roughly 16p3=3,
and calculate m and k which in all costs around 4p3 + 6p2. This means that
the method of Section 3.1 costs around 10p3 + (8c� 2)p2 + (2c� 1)p 
ops.

The second approach from Section 5 requires knowledge of allM(`) andE(`)
0 � ` < n. This costs around 12np3 + 2np2. In addition, we need to do
(n� 1� x)2 multiplications to be able to compute the sum

n�1X
k=x

R(k)M(k)S(k + 1):

This costs about 2(n� 1� x)2p3 
ops in addition to the (n� 1� x)p2 
ops
it costs to perform the summation. Thus this method requires something in
the vicinity of (2(n� 1� x)2 + 12n)p3 + (2n� x)p2 
ops.

An obvious conclusion is that the �rst method, though a bit less straight-
forward, is much more eÆcient than the second method when n is large, as
will be the case in rare events problems.

7 E x� (n) in M/M/2{heterogeneous

Consider the situation where we have a M/M/2 queueing system with ar-
rival rate � and with the two independent servers, server a and server b,
having di�erent service intensities, �a and �b, with �b > �a. As usual, let
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Q(t) denote the queue length at time t. If a customer arrives at an empty
system, we assume that he always chooses server b. Otherwise, the �rst
vacant server is chosen. (Other schemes are possible, see e.g. [7].) Let
A(s) = fserver a idle at time sg and B(s) = fserver b idle at time sg. De�ne

�i = E x

Z �(n)

0

I(Q(s) = i)ds; i = 0 and 2

�a
1 = E x

Z �(n)

0

I(Q(s) = 1; A(s))ds

�b
1 = E x

Z �(n)

0

I(Q(s) = 1; B(s))ds

�i
0 = Æix + Ex

X
0<s��(n)

I(Q(s�) 6= i; Q(s) = i); i = 0 and 2

�a0

1 = Æ1q + Ex

X
0<s��(n)

I(Q(s�) 6= 1; Q(s) = 1; A(s))

�b0

1 = E x

X
0<s��(n)

I(Q(s�) 6= 1; Q(s) = 1; B(s)):

An argument like that of the proof of Proposition 2.1 gives that

�
0

0 = Æ0x + �a0

1

�b
� + �b

+ �b0

1

�a
� + �a

�a0

1 = Æ1x + �
0

0 + �
0

2

�a
� + �a + �b

�b0

1 = �
0

2

�b
� + �a + �b

which, together with

�0 =
�
0

0

�
; �2 =

�
0

2

� + �a + �b
; �a

1 =
�a0

1

� + �b
; �b

1 =
�b0

1

� + �a
;

may be reduced to

�a
1�b + �b

1�a = �0� � Æ0x (7.1)

�a
1(� + �b)� �b

1

�a(� + �a)

�b
= �0� + Æ1x: (7.2)

(7.1) and (7.2) have solution

�a
1 =

�(� + �a + �b)�0 � (� + �a)Æ0x + �bÆ1x
�b(2� + �a + �b)

(7.3)

�b
1 =

�2�0 � (� + �b)Æ0x � �bÆ1x
�a(2� + �a + �b)

(7.4)
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We have the representation

Q(t) = x+X(t) + L(t)

where fX(t)g is a L�evy process de�ned as X(t) = N (+)(t) � N (�)(t) where
N (+)(t) and N (�)(t) are independent Poisson processes with intensities �
resp. �a+�b. If we let �(�) denote the L�evy exponent of X(t) it is immediate
that �(�) = �(e� � 1) + (�a + �b)(e

�� � 1). Let 
 be the non{zero root of
the equation �(
) = 0. It is easily seen that 
 = � log(�=(�a + �b)). If we
copy the proof of Theorem 2.2, we get

0 = e
x � e
n + (1� e�
)((�a + �b)�0 + e
(�a�
a
1 + �b�

b
1)):

From this, (7.3) and (7.4) we may calculate �0. This and n = x+(�� (�a+
�b))E x�(n) + (�a + �b)�0 + �a�

a
1 + �b�

b
1 give us Ex�(n).

A Justi�cation of optional stopping at � (n)

In M/M/c and MAP/M/c, E� (n) < 1 follows from the general theory of
regenerative processes (see [3]). Since in the M/M/c case fL(t)g is bounded
in stochastic order by a Poisson process fLmax(t)g with intensity cmaxc1 �i,
ELmax(�(n)) = cmaxc1 �iE �(n) <1 and obviously Q(t) � n on 0 � t � �(n)
we have that EM(�(n)) = 0 follows from EM(t^� (n)) = 0 by dominated con-
vergence of (2.2) (note that in (2.2) the �rst term is bounded by �(�)e�n�(n)
and the third by e�n). The same argument applies in MAP/M/c (i.e. in the
proofs of Theorem 3.2 and Theorem 3.5), since we consider Ee�� (n) for � � 0
only and in the MAP/M/c case fL(t)g is bounded in stochastic order by a
Poisson process fL�max(t)g with intensity cmaxp1 �i.
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