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Abstract

The time 7(n) of first passage from queue length x to queue length
n > z in an MAP/M/c queue is considered. The mean and the Laplace
transform is computed as solutions of systems of linear equations com-
ing out by optional stopping of a martingale obtained as a stochastic
integral of the exponential Wald martingale for Markov additive pro-
cesses. Compared to existing techniques for QBD’s, the approach has
the advantage of being far more efficient for large n.
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1 Introduction

In this paper, we study transient (time-dependent or non—stationary) prop-
erties of the queue length process {Q(t)}+>o in a M/M/c or, more generally,
a MAP/M/c queue (MAP = Markovian arrival process, cf. [25], [26]). In
particular, in a finite buffer system with buffer size n and Q(0) < n, we can
interpret 7(n) = inf{t > 0 : Q(¢) = n} as the time of first buffer overflow.
This motivates the interest in telecommunications, and accordingly random
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times of this type have been studied by many authors for a variety of queueing
models.

The usual approach of the literature to this type of problems is asymp-
totics, stating in this case that for a stable (p < 1) queue (in our model
p = [ /cp where 1/ is the mean of F') 7(n) can be normalized to have limit-
ing exponential distributions as n — oo, whereas 7(n)/n — 1/(\ — cu) when
p > 1. The asymptotics for p > 1 is an easy consequence of the law of large
numbers, whereas the case p < 1 is more delicate. Here one proceeds via the
regenerative structure and decomposes 7(n) into the geometric sum of the
cycles without overflow and the (asymptotically unimportant) initial part of
the cycle with overflow.

Rare events in regenerative processes approached via geometric sums is a
topic to which V. Kalashnikov has made profound contributions (see in par-
ticular [16], [17], [18]), and this is our motivation for presenting the present
study in this volume'. However, rather than giving asymptotics (additional
references are [19], [14], [20], [13], and the surveys in [2], [3]) we will in-
stead derive algorithms for exact computation of the expected value and the
Laplace transform of 7(n) in the specific setting of MAP/M/c queues.

The case ¢ = 1 was investigated in [4] by exploiting optional stopping of
martingales introduced in [22] and [6]. We develop the (non—trivial) extension
of this approach to ¢ > 1.

The paper is divided into two parts. The first part in Section 2—3 presents
the adaptation of the martingales of [22], [6] to many—server queues. The
main idea is exposed in Section 2 in the simplest (toy) setting of E,7(n) in
M/M/c. Section 3 then presents the extension to MAP/M/c. The results
there are the main new ones of the paper.

The second part in Sections 4 and 5 discusses some alternative approaches.
For the simplest M/M/c case, these are motivated from M/M/c being a spe-
cial birth—death process, and classical results on level crossing times of birth—
death processes as treated in [20]; the extension of this approach to level-
dependent QBD’s (quasi birth—death processes), of which the MAP/M/c
queue length process is a special case, is given in [12]. The question we raise
is whether level crossing problems for birth—death processes and QBD’s can
be put in a modern martingale framework; this largely inspired by the mod-
ern theory of diffusion processes (note that a birth-death process in view of
its skip—free property can be seen as a discrete analogue of a diffusion), in
particular the theory of the natural scale. Somewhat surprisingly, the con-
clusion is that there is a close analogue in the simple birth—death case but

!The paper is submitted to a special issue of Queueing Systems in memoriam of V.
Kalashnikov.



that the QBD case is more involved.

Finally, in Section 6 we compare our martingale approach and the recur-
sive one of [12], and in Section 7 we exemplify the extension of our approach
to heterogeneous servers in a simple setting.

Additional references on more or less related martingale techniques and
their queueing applications are [8], [27], [29] and [28]. For different ap-
proaches to birth—death processes, see [9] and references there.

2 E,7(n)in M/M/c

We consider the M/M/c queue with service intensity p and write E, =
E(-|Q(0) = ). Let (psj)i,jefo,,.} denote the transition matrix of the imbed-
ded Markov chain, p;; = B/(8 +ip) if j = ¢+ 1 and p;; = ip/(B + ip) if
j =i — 1 and zero otherwise. In order to conform to the setting of [22] we
will write Q(t) = x+ X (¢) + L(t) where X (¢) is a Lévy process defined as the
independent difference between two Poisson processes N()(t), N(-)(t) with
intensities 3, resp. cu. Let {N;(t)}, 1 < i < ¢, denote the Poisson process
corresponding to the number of services performed by server ¢ up to time t.
It is then easy to see that we can use the representation

NO(t) = Ni(t) + -+ Ne(t), dL(t)= > dNi(2)

(the epochs of L(t) can be viewed as dummy service events performed by the
idle servers). For easy reference, we state the following result from [22].
Let {&(t)} be a Lévy process with Lévy exponent x(a) and consider

C(t) = ¢(0) +&(t) + v(t)

where {v(t)} is an adapted process of locally bounded variation with finitely
many jumps in an interval. Then {M(¢)} defined by

t t
M(t) = H(a)/ e®(8)dg 4 e¢(0) _ gal(t) 4 a/ ea((s)dvc(s)
0 0
L3 e o) @

0<s<t
is a zero mean martingale, where {v(¢)} is the continuous part of {v(¢)} and
Av(s) = v(s)—wv(s—). In M(t), take v(t) = L(t). Since {v(t)} can increase
when 0 < Q(t) < ¢ — 1 and v¢(¢) = 0, the martingale is

t
H(a)/ Q) ds 4 ex® — QM) 4 (1 — e~ Ze‘”L (2.2)
0
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where L;(t) is the number of elements in the set
Mi(t) = {s <t:Q(s) = i, L(s) # L(s—)}
and (+) is the Lévy exponent of {X (¢)},

k(a) = p(e* = 1) +cu(e > —1).
We denote by v the non—zero solution of k() = 0 which exists when 8/cu =
p#1,v=—logp.

In the M/M/1 case in [4], taking @ = <, optional stopping at 7(n) is
justified according to [6] which may be used directly, since in the M/M/1
case L(t) is just the local time at zero of the reflected Lévy process. We put
« = v, apply optional stopping at 7(n) and get

0=e" — " L B, Lo(r(n))(1 — e 7). (2.3)

From (2.3) and E, X (7(n)) = (8 — u)E,7(n) it follows that in the M/M/1

case
1—e ") (n—2x)—(e" — ™)

(B —p)(1—e7)

In M/M/e, [6] does not directly apply so we have to first directly ver-
ify that optional stopping is justified; the details are, however, close to [6]
but given in the Appendix for the sake of the paper to be self—contained.
However, the more serious difficulty is that (2.3) takes the form

E,7(n) = (

0=e”—e"+E,(1-¢e7) i e Li(1(n)) (2.4)

=0
so that we have an additional c—1 unknowns (E, L1 (7(n)), ..., E, L. 1(7(n))),
but no more equations. Define

7(n)
ai:Egg/ I(Q(s) =i)ds, i=0,...,c— 1.
0

Then the representation dL(t) = Z;“;Q(t) dN;(t) of the increments of L(t)
immediately gives us E,L;(7(n)) = (¢ — ¢)pa;. We have:
Proposition 2.1 The unknowns «;, ¢ = 1,...,¢c — 1 depend linearly upon
ap, a; = a;(ag) = riag + s;. More precisely, 1o =1, so =0,
r1=B/u, s1=—00/pt
and fori=2,...,c—1:
(B+ (G —1Dp)rig — Bris (B+ (i —1)p)si—1 — Bsi—a — O(i—1)a

Ti: - 7i:

o o




Proof. For : =0,...,¢c—1, let
o =EF, Y I(Q(s—)#i,Q(s) =)+ bi.

0<s<7(n)

By the skip—free property of paths of {Q(t)} it follows that a jump to state i
must have originated at either of the states ¢ —1 and i+ 1. Thus conditioning
upon the origin of a jump to i we have:

o = bp+E, Z —)=1i-1,Q(s) =1)
0<s<7(n)
+E, Y I(Q(s—) =i+1,Q(s) = i)
0<s<7(n)

=0iz + | e Z I(Q(s—) #1—1,Q(s) =i —1) + 5(i—1)z Pi1,

0<s<t(n)

0<s<7(n)
G+Dp B
) N |

which together with o; = /(8 + in) becomes

o = B+ (i —Dp)ag —Ziz'nx —I(i > 2)5041—2‘ (2.5)

From (2.5) the desired result follows. O

= 6in+a I(i > 0),

Further:

Theorem 2.2 ap = (—e" + e — s)/r where

c—1 c—1
=(1—e") Zew(c —i)us;, r=(1—e7") Zew(c — i) pur.
i=0 1=0

Proof. We apply optional stopping at 7(n) in (2.4). Having Proposition 2.1
in mind, we obtain

[ay

o
0=e”—e™+(1—e )Y e(c—i)u(r + si)

i

Il
IS

as asserted. O



Corollary 2.3

Proof. From the representation Q(t) = = + X (t) + L(t), Wald’s identity gives

c—1
n=z+ (8 —cu)E,7(n +ZC—2M%
1=0

If we apply Theorem 2.2 the desired result follows. O

3 7(n)in MAP/M/c

Let {J(t)}+>0 denote the background Markov process, with p states, intensity
assume that the arrival rate is 5; and the service intensity is p; when J(t) = j.
Furthermore, a transition from state k to state £ of {J(¢)} has probability
Py of causing an arrival to the system. We use the notation A,,, Ay, ... to
denote the diagonal matrices with the p;, 7;, ... on the diagonal.

As in the previous section, we let {Q(t)};>o denote the queue length
process. We have Q(t) =  + X (t) + L(t), where {X(¢)}:>o is the indepen-
dent difference between two (non-homogeneous) Poisson processes N(+)(t),
NO)(t) with intensities B, resp. cpypy. Define Ni(t), 1 < i < ¢, as the
number of services performed by the ith server prior to time t. We use the
representation

NOYt) = Ny(t) + -+ + Ne(t), dL(t) = Y dN(t)
The mean drift of {X (¢)}, m = lim;_,o, X (¢)/t is

m = Zm —cpy) =w(Ag —cAy)l

where 1 is a column vector with all entries equal to one.

Let F(a) = A+ Ag(e®* — 1) + A,(e™* — 1). We denote by x(a) the
eigenvalue of F(a) with maximal real part and h(® the corresponding right
eigenvector. Let 1; denote the p-row vector with jth entry 1 and 0 otherwise.
We shall need the following result, which follows by combining [22] and [5]:
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Consider ((t) = ¢(0) + ((t) + v(t) where {v(t)} is an adapted process of lo-
cally bounded variation with only finitely many jumps in a bounded interval.
Then, for any a € C,

¢
/0 eaC(s)lj(s)F(Oé)dS + eaC(O)lj(g) - eag(t)lj(t)
t
+a / e dve(s) + Y e (1 — e 4)) (3.1)
0 0<s<t
is a zero mean martingale, where {v(¢)} is the continuous part of {v(¢)} and

Av(s) = v(s) — v(s—).

By the form of F(a), we have that

det(F(a)) = ) | f;e",

Jj=-p

from which it follows that F(a) has (not necessarily distinct) 2p eigenval-
ues 7,...,7%2p With corresponding eigenvectors h(l), ey h®P) . We use the
normalization wh® = 1. Define

d
k=—h®
da

a=0

Then (see [4] for details), k = (A — 1) }(mI + A, — Ay)1.

3.1 [Ey7(n)
Let E,; = E(:|J(0) = a,Q(0) = x). Also, let

Mii(t) ={s <t: J(s) = j,Q(s) = k, L(s) # L(s—)},
let L;(t) be the number of elements in M () and
7(n)
ap=Ea [ I0(5) = 5.Qs) = )ds
0

Then anij(T(n)) = (C - k)lu’jajk and



Proposition 3.1 The pc unknowns aj;, depend linearly upon the p oo,
ajr = ajp(0a0, ..., Qpo) = Tjp110 + - - + TjkpQpo + Sjk-
More precisely: Let
ajr = Bj + kpj — Ajj, bjw = (B + (k= gy — Aj5) /[ (Bj + kg — Ajj)-

Then Tjok = 5jk; Sjo = 0,

Qa; .
riy = =2, e = —Ai(1— Py) L% 4, sj1= 8(j,0)(a)»
14
1
ik = (@5(k—1)Tj(k—1)m — BT j(k—2)m
)

— Z )\g] Pz] Te(k—1)m +Plj7’l(k—2)m)))’
]

1
Sik = W(a](k 1)Si(k-1) — BiSjh-2)

= (i (1= Pij)se 1) + Pejsege2))) = (k- 1)(aw))-

2
Proof. Let
W = ikt Ea Y I((J(s=),Q(s=)) # (5, k), (J(5),Q(5)) = (4, k))-
0<s<t(n)

By Wald’s equality, oy = a;k/(ﬁj + kp; + Zl;ﬁj Aje) = a;k/(ﬁj + ki — Ajj)-
Conditioning upon the origin of a jump to state jk we get:

!

o = 0(j,0)(ae 5] n M] >, Y + Z 5{ — Pyj)ag

andfor1<k<e¢-1

N (k+1)p;
5)’ (k + 1) - )‘J] (k+1)
ﬁj !

+ (e
Bi + (k — Dy — Ay 16D

)‘Zj ’ ’
+3 24 [(1— Py)al, + Py
4] Be + ke — Aee ( ti)el + P 1)]

Qi = Ok

and it follows that

K01 = Qjo0go — 5(] 0)( Z )\Z] 1 - PE])aZO
L£j



and for k =2,...,c—1:

ki Qe = aj(e-1)%(k-1) = OGik—1)(ae) — Fij(h—2)

— Z Aej(1 — Ppj)oue—1) + Aej Pojae—1)k—2)),
t#y

which gives the assertion. O

We now form an equivalent of Theorem 2.2.

Theorem 3.2 Define ¢; = Po(J(7(n)) = i). Then qi,...,qp, o,---,0po
can be computed as the solution of the 2p linear equations

P
j=1
‘ p el p
e h{D (1 — e ) Z ,ujh;z) Ze””'k(c — k) (Z TjkeCeo + sjk) . (3.2)
j=1 k=0 =1
Furthermore,
Eupe X —rz—(—
Eop7(n) = (rn) _n-z ‘ (3.3)
m m
where

c—1 p p
(=B L(r(n)) = > (c—i) Y mjaji, ¢ = ko — Bazhyirm) = ka — > _ kit
i=0 j=1 i=1

Proof. In the martingale (3.1), take ((t) = X (¢) and v(¢) = L(t). Now {v(¢)}
can increase when 0 < Q(¢) < ¢ — 1 and the martingale is

t
/0 e"‘Q(S)IJ(S)F(a)ds +e*1, — eo‘Q(t)lj( (1—e” Z 1; Zeo‘kL]k
j=1

For i = 1,...,2p, we put a = ;, multiply R to the right and get a new
martingale

P c—1
e%wh((li) _ eviQ(t)hyg (1—e™) Z h;z) Z e”ijk(t)
7=1 =



By Theorem 3.1, we have a; = sj; + 25:1 Tjkectgo and optional stopping at
7(n) gives us

_ viep(d) L vn (4)
0 =e""h, e’ Eath(T(n))

p c—1 p
F A=) Yo b)Y e e~ ) (Z Tk + )
7=1

k=0 =1

which is precisely (3.2). By Wald’s identity for Markov additive processes
(see e.g. [11])

Eaa:X(T(n)) = mEaxT(n)+Eax kJ(O)_Eax kJ(T(n)) = mEaxT(n)+ka_Eax kJ(T(n))
which together with
n=Q(r(n)) =z + X(7(n)) + L(r(n))

proves (3.3). O

3.2 [E,e™ in MAP/M/c
Define

’

Ap(t) ={0 < s <t:(J(s-),Q(s—)) # (4,k), (J(5),Q(s)) = (4, k) },
Aji(t) = Ay (1) if (4, k) # (a,2)

and
Ao (t) = A, (t) U {0}
Then
Proposition 3.3 E,, Z ¥t = Bk (0)Eqy % where
teM;(r(n)) s€A i (T(n))
c—k)u,;

B+ kuy =X — 0
if RO < B + kpj — Ajj and +oo otherwise.

Proof. If state (j, k) is entered at time t, and we let S = {t, < s < t, + T :
L(s—) # L(s)} where T}y, is the sojourn time in state (j, k), then

anE eos:EaxeotzEjk E e%s.

SES SES—ty
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Since dL(t) = (¢ — k)u;dt, every instant v contributes to Ejx ., ¢, €% by
e?(c — k)uje~Aku=Xii)vdy since, in order for an event at time v to make
a contribution, we have to have Ty > v (P (T > v) = e~ M FHkumi—Aii)v),
Integration over all positive vs yields

— k),
_ —(\hui=Aji=6)v §,) — (c j
K Z / ¢ = ke Atk — N, — 0

We put 7;(6) = Eq, ZseAjk(r(n)) e 1<j<p 0<k<c-—1.
Proposition 3.4 For all 8, the pc unknowns n;(0) depend linearly upon the

P Mjo,
Nik = njk(mo, S 77p0) = Mjg1Mi0 + =+ Mgplpo + Njk-
More precisely: Define for 8 with R < minf(8; — \y;),
_ ku; do — B;
Cir = y Gjk =
Bj + ki — Ajj — 0 Bj + ki — Ajj — 0
A
and e;re = ! .
TR Byt ke — Mg — 0
Then
Mok = Ojk, Sjo = 0,
]_ _d y ]_ - P y . _5 a.r
s = ) gy = —26 0= P) e TO0e)
Ci1 Cj1 Cj1
1
Mjkm = — (mj(kfl)m - dj(kf2)mk(k72)m
Cik
— > (e 1)e(1 = Pej) e 1ym + €52 Pesma—2ym))
tj
1
njk = — (M1 = die-2)nj-2)
ik
— > (s e(l = Pey)nag 1) + e 2ePeyma2) = 01)(am) -
]
Proof. Let
Aje = {(J(s+Tp), Qs + Tji)) = (4, k — 1)}
Bjx = {(J(s+Ti), Qs +Tjx)) = (J, k + 1)}
Cie = {(J(s+Tji), Q(s + Tin)) = (£, k)}
Djpe {(J(s + Tjk), Q(s + Tj)) = (L, k + 1)}



Then

SGAjk(T(n))
Somaar + Y, CTHEMII(A )

SE€EA; (k41)(T(n))

H(k#0) Y eIy )

s€A(i—1);((n))

+ Z Z 0 s—l—le (Clk )

t#j | s€Aw(T(n))

+I(k#0)> > et I(Dy,)

£] | s€Ayk—1)(T(n))

If we take expectations of both sides we get

Njk = 0gk(ae) + Mite+1) Bi(er1) €700 D11 ik
+ I(k # 0)m50-1)Ej(e—1) €D pj1) ik
+ Z NeeEer €” % por i + I(k # 0)nege—1)Eegre—1) e D pye_1) i ]

t4]
where

Pitk-1)igk = Bi/(Bj + (k= 1)pj — Ajj)

Pitkrnyge = (k+ 1) /(85 + (k+ 1)u; — Aj5)

Dok = Aj(1— Pei)/(Be+ kpe — Aee)
Pek-1) gk = AeiPei/(Be+ (K — L)pg — Aee)
Eje®™t = (Bj + kpy — Ajj)/(Bj + kg — Ay — 0).

We get

Njik =
(k + 1)y,
d i k)(a,z) T Tj(k
(4:k)(a,z) ](+1)/8j+(k+1),u’j_)\jj_9

ik # O)m'(k*l)ﬁj + (k- 1?:% —Ajj — 0

i (1 — Pyj)
_|_
ZU ,3e+kue Ao — 0

+I(k#0 ka 1)

t#j

)\gjpgj
"Be+ (k= Ve — A — 6

12



If welet K+ 1 — k we get

Cj1Mj1 = Mjo — 5(; 0)( Z dey 1 - PZJ)WO
L£j

and for k=2,...,¢c—1:

CikMNjik = Mjk—1) — O(k)(az) — j(k—2)7j(k—2)
- Z(ej(k—nz(l — Pyj)nuk—1) + €j(k—2)ePriMee—2))
0]

and we obtain the assertion. O

Theorem 3.5 For each 0 < 0, define y1(0),...,72,(6) as the roots of the
equation 0 = det(F(y) + 6I) and let h*® be a non-zero column vector
satisfying (F(y) + 01)h"® = 0. Then one can compute x = Fooe?™™ as
T =z + -+ xp by solving the 2p linear equations (here w1,...,x, and
Mo, - - -, Tpo are unknowns)

p

e%thz;o =en" Z 37th o (1—e™) Z hi? Z e%kﬁ i ( (Z MyjkeNeo + n]k)
j=1 j=1

Proof. In the martingale (3.1), take £(¢) = X (¢), ((0) = z and v(t) =

td/a. Then a((t) = aQ(t) + Ot and in particular a{(7(n)) = an + 07(n).

Also, we have added a continuous part to the martingale, and dv®(t) =

Then

Z e® 1 . efaAv(s)) _ (1 . efa) Z 1] eak ees.
0<s<t J=1 k=0  seMi(t)
The martingale becomes
t
(Ii(Oé) + 9) / eaQ(s)IJ(s)dS +e*1, — eaQ(t)+ot1J(t)
0
c—1

For i = 1,...,2p, we put a = v;(#), multiply A%’ to the right and get the
martingale

e%whiﬂ _ e'nQ(t)-I-Gthf]%?t) —e % Z B0 Z ik Z e
j=1

SGM]k( )

13



We apply optional stopping at 7(n) and get

_ vt vn 07(n)1,4;0
0 =e""h)” —e""E, e hJ(T(n))

P c—1 p
+(L—e )Y R e B (6) (Z Mjkeneo + njk)
] =1

where we used Proposition 3.3 and Proposition 3.4 to obtain the last term.
If we put z; = E,,[e?7(™); J(7(n)) = i] the desired result follows. The inter-
pretation of the auxiliary variables n;q is

77]'0(9) = Eax Z eos.

s€Ajo(7(n))

4 Characteristics of 7(n) in simple birth—death
processes

We consider a simple birth—-death process {Q(¢)}:>0 on N with birth rate A,
when Q(¢) = n and death rate p, when Q(t) = n > 0. As before, 7(n) =
inf{t > 0: Q(t) = n}.

The classical approach (see [20]) is to write 7(n) as the independent sum

T(n) = 7(@,x+1)+ - +7(n—1n) (4.1)
where z = Q(0) and
T(k,k+1) = inf{t >0: Q(t) =k+1|Q(0) =k},

and to derive recursions for characteristics of 7(n). Consider first E,7(n).
Then

1 i

Er(k, k+1) =
(kb +1) )\k+ﬂk+)\k+ﬂk

[Er(k — 1,k) + Er(k,k +1)]; (4.2)

indeed, the first term is the expected time until the first jump (exit from
state x), and the second is the additional contribution from the event that
the first jump is downwards (note that py /(A + pr) is the probability of this
event). Moving the Er(k,k 4+ 1) on the r.h.s. to the Lh.s. yields a recursion
which is easily solved to get

14



1 K M- Mg
Er(k k41) = — ,
UL v Ny WL s w

(4.3)

If we use the notation of [20], g = 1, m, = Ag ... Au_1/H1 ...ty (note that
in the ergodic case, {m,} is proportional to the stationary distribution) this
gives

n—1 n—1 k
1
k=x k=x =0

In [20], also an expression for P, (Q(w(n)) = n) is given where
w(n) = inf{t>0: Q(t) =0orn}.

The proof is by similar recursions. Asmussen [3] gave an alternative deriva-
tion, determining a function @g(-) such that {@o(Q(t A w(n)))} is a martin-
gale and using optional stopping. Proceeding similarly for E,7(n) motivates:

Proposition 4.1 For each set ¢1(0),...,p1(n) such that
(M)} = {p(QUEAT(R))) = :(Q0)) +EAT(n)} (4.5)

is a martingale, we have B,7(n) = p1(z) — @1(n). Further such a set exists,
is unique up to an additive constant and the set satisfying p1(n) = 0 is given

by

Proof. Since (4.5) may be bounded by 7(n)+ 2 supy |¢1(k)| and E,7(n) < oo,
optional stopping at 7(n) is permissible and yields

0 = M(0) = E.M(7(n)) = ¢1(n) —¢1(z) + E.7(n)

and the first statement. The uniqueness statement is then clear.
The martingale property will hold if and only if Eg[p:(Q(R)) + h] =
p1(k) +o(h), k=0,...,n— 1, which for k # 0 gives

(A + pr)pr(k) + prpr(k — 1) + Agpr(k +1) +1 = 0,

Le if Api1 = —1/ A + (ux/Ax) Ay where Ay = p1(k) — p1(k — 1). Similarly,
—X01(0) + Aop1(1) + 1 = 0. It follows that ¢q(0) may be taken arbitrary
and that then there is a unique solution for the remaining ¢, (k). The rest is
easy algebra. O
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Remark 4.2 The existence part in Proposition 4.1 can alternatively be ob-
tained by noting that E[7(n) | F;] is a martingale where F; = o(Q(s) : 0 <
s < 't). Indeed,

E[r(n) | F] = t A7(n) + Eguarn) T(n)

(note that Eg(rn))7(n) = E,7(n) = 0) so that taking ¢ (k) = Ex7(n) makes
{p1(Q(t AT(n))) +t A7(n)} and hence also

{p1(Qt A T(n))) = 1(Q(0)) + A T(n)}

a martingale. Note incidentally that this is precisely the martingale used
by Aldous & Shepp [1] (in the setting of general finite absorbing Markov
processes).

The ideas sketched above have of course been applied in many similar
situations. The essence is for a given Markov process {Y(¢)} to look for
functions f, g such that Gf(Y(¢t)) = 0 or G*f(Y(¢),t) = 0 where G, G*
are the generators of {Y'(¢)}, resp. the space—time process {(Y (¢),¢)}. Then
Dynkin’s identity and suitable integrability conditions ensure that {f(Y(¢))},
{g(Y'(t),t)} are martingales. For examples of this technique, see e.g. Dassios
& Embrechts [10], Kella & Stadje [21] and Jacobsen [15].

Note that an f making {f(Y(¢))} a martingale is a discrete analogue of
the natural scale for a diffusion. a

Similarly, for the Laplace transform E,e?”(™) the same reasoning that
lead to (4.2) yields

Ak

Eear(k,kJrl) _
—0 4+ M\ + i — ukEeGT(kfl,k) ’

This together with
Ao

-0+ Xo

gives us recursions for determining I, e?” (™ since

EeoT(O,l) _

E, eGT(n) — Ee@r(x,x-l—l)EeGT(x-i-l,x-i-Z) o Ee@r(n—l,n)

Y

and we obtain the following parallel of Proposition 4.1:
Proposition 4.3 For each set p3(0),...,ps(n) and every 6 such that
{M'(1)} = {" T py(Q(t A 7(n))) /02(Q(0))}

is a martingale and Ee®™ (™ < oo, it holds that E,e®™ ™) = po(z)/py(n). Such
a set exists and 1s unique up to a multiplicative constant. Also, we may find
0 with RO > 0 such that Ee?™(") < oo,
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Proof. Since Ee®™™ < 0o and P(7(n) < oo) = 1, optional stopping at 7(n) is
permissible and gives

1 = M(0) = E,M'(7(n) = wa(n)Ee”™ /py()
from which the first assertion and the uniqueness follow. The martingale

property holds if and only if By [2(Qr)e®"] = @o(k) +o(h), k=0,...,n—1,
which for k # 0 yields

Oipa(k) — (e + i) p2(k) + Aepa(k + 1) + prepa(k — 1) = 0
Le if Agrr = —(0pa(k))/ e + (ug/Ar)Ag. Similarly
9@2(0) + )\(]A]_ =0.

Thus ¢5(0) may be chosen arbitrarily and then there is a unique solution for
the remaining @ (k). For the last part, see Keilson [20]. O

5 Level-dependent QBD’s

We now consider a level-dependent QBD (see [24] for basic definitions), that
is, a Markov process {(J(¢),Q(t))} such that Q(¢) € N and J(t) € E, when
Q(t) = ¢ and that the intensity matrix is of the form

B(0) A(0) © 0 0
c(1) B(1) A1) 0o o0

Q= | o c@ B2 A2 o (5.1)
0 0 CB3) B(3) A3)

where the dimensions are
C(Z) : Eg X Eg_l, B(E) : Eg X Eg, A((Z) : Eg X El—l—l-
We assume that @Q is irreducible. As above, 7(n) = inf{t > 0: Q(¢t) = n},
and we want to compute E,,7(n) or possibly Ey,[7(n); J(7(n)) = b].
Fora € E;,b € Eyyq,, write
Pap(l) = Poo(J(7(£+ 1)) =b), mep(l) = Ege[r(£+ 1); J(T(€+ 1)) = b],

collected in matrix form as P(¢) = (pa(£)), M (£) = (ma(L)).
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The following algorithm was proposed by Gaver, Jacobs & Latouche [12]
and is basically a Markov—modulated version of (4.1)—(4.4). Define

09(z) = Pienylr(0) <z, J(r(0)) = 4], £>1.

Let GE? (&) be the Laplace—Stieltjes transform of gz%-) (x)
60 = [ e et o
0] . Az Jii

and GY(¢) = (G(Z) (€)). Then we have (a proof of this may be found in [12])

Proposition 5.1 P({) = —D({) *A(¢) where D(0) = B(0) and D(¢) =
B()+C)(—D((t —1)"HA((—1), £>1. Also

GM(€) = Eo(6)A0)
GY(¢) = E1(A(L-1)

where Eo(§) = (€1 — B(0)) * and E,(¢) = (I - B() - C(OGY(¢)) . In
particular M (€) = —dG"V(€)/d€¢—o, and it then follows

M(0) = (D,")*A(0)
M) = D,}(I+C()M(¢—-1))D,*A(¢), ¢> 1.

If we are only interested in w(f) = (Egr(£ + 1)) = M (£)1, we get

u(0) = —-D(0)™"1
u(l) = —DO) 1+ C)u(l-1)), £>1.

Also, B, [7(n); J(7(n)) = b] is the abth element of the matrix

S R(k)M(k)S(k +1) where R(k) = ﬁp(@), S(k) = nHP(/z) (5.2)

(To see this, note that R(k)(i,j) = Pi(J(7(k)) = j) and S(k)(¢,5) =
Pir(J(7(n)) = j).)
In our MAP/M/c model we have for i # j that
A(0j; = Bjy A0 = NPy
B(0)i; = Xij(1—Fy),
C’(ﬁ)]-j = E/,Lj, if £ <e, C(ﬁ)” = Cly, if £ > ¢, C’(K),] = 0.
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Note that B(0);; and B(¢);; are determined by the requirements B(0)1 +
A(0)1 =0 and C({)1 + B(¢)1 + A(¢)1 = 0. Thus we may use (5.2) and
the results of [12] to compute E,,7(n) in MAP/M/c as the ath component
of (072 R(k)M (k)S(k + 1))1.

The obvious question now arises whether it is possible to find an equiva-
lent to Proposition 4.1, i.e. is it to find @3 : U?' ;¢ X E; — R such that

{ps(J(t A 7(n)),Q(t AT(n))) — @s(J(0),Q(0)) + ¢ A7(n)} (5.3)

is a martingale?

Proposition 5.2 Let {(J(t),Q(t))} be an irreducible QBD with intensity
matriz Q.

(1) For each set 3(0,1),...,¢03(0,|Ep|),...,ps(n,1),...,03(n,|E,|) such that
(5.8) is a martingale, we have

Eox7(n) = ¢s(a,z) - Z w3(1, 1)Pag (J(7(n)) = 1);

(ii) Such a set always exists, namely ps3(a,x) = Eu7(n); If all A(C) are
quadratic with dimension |E| X |E| and non-singular, let

w3(0) = (p3(0,1),...,03(¢,|E|)T. Then we may choose an arbitrary 4(0)
and then there is a unique solution for the remaining 4 (¢).

Proof. (5.3) is bounded by

7(n)+2 sup sup |ps3(,])]
0<j<n1<i<| ;|

and E,,7(n) < oo. Thus optional stopping at 7(n) is permissible and gives

0 = M(0) = E,, M(r(n))
= 3 Eur(a(J(r (), QW) (r(n)) = DBar(J(r(n)) = ))=ps(a,2)+Eua(n)
= 3 a6, n)Pus(J(7(n)) = i) — a(a, ) + Eag7(n),

icE,

showing part (i). Part (ii) follows just as in the first part of remark 4.2.
For (5.3) to be a martingale, it is necessary and sufficient that E;i. [ps(J(h), Q(h))+
h] = ¢(j, k) + o(h) which becomes

B(0)p;3(0) + A(0)p4(1)
= B{l)p;({) + A(0)p;((+ 1)+ C(0)ps(f —1), 1 < ¢ < n.
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If we pick an arbitrary ¢4(0), then there is a unique solution for the remaining
P (k). O

The conclusion is that whereas 3 always exists, the recursive computa-
tion is not always feasible. Indeed, we need the A(¢) to be non—singular,
which does not hold in many specific cases (for example if the arrival pro-
cess is Markov—modulated Poisson with some (3; = 0 or renewal with Erlang
interarrival times).

6 Complexity

We now compare the complexities of the two different methods used, the
one based upon the martingale (3.1) in Section 3 and the recursive approach
in Section 5. For simplicity, we consider only the case of E,,;7(n). In the
first approach we first need to use Proposition 3.1 to reduce the number
of unknowns. A careful examination of the relevant equations shows that
this costs precisely (¢ — 1)p(8p + 2) flops, since we need to calculate various
constants as well as solving the actual equations. Further, in Proposition 3.2,
we need to solve a system of 2p linear equations which costs roughly 16p3/3,
and calculate m and k which in all costs around 4p? + 6p?. This means that
the method of Section 3.1 costs around 10p® + (8¢ — 2)p? + (2¢ — 1)p flops.
The second approach from Section 5 requires knowledge of all M (¢) and E(¢)

0 < ¢ < n. This costs around 12np® + 2np®. In addition, we need to do
(n — 1 — z)? multiplications to be able to compute the sum

S
—

R(k)M (k)S(k + 1).

T

£
Il

This costs about 2(n — 1 — z)?p® flops in addition to the (n — 1 — z)p? flops
it costs to perform the summation. Thus this method requires something in
the vicinity of (2(n — 1 — z)? + 12n)p® + (2n — z)p? flops.

An obvious conclusion is that the first method, though a bit less straight-
forward, is much more efficient than the second method when n is large, as
will be the case in rare events problems.

7 E,7(n) in M/M/2-heterogeneous
Consider the situation where we have a M/M/2 queueing system with ar-

rival rate § and with the two independent servers, server a and server b,
having different service intensities, p, and pp, with gy > p,. As usual, let
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Q(t) denote the queue length at time ¢. If a customer arrives at an empty
system, we assume that he always chooses server b. Otherwise, the first
vacant server is chosen. (Other schemes are possible, see e.g. [7].) Let
A(s) = {server a idle at time s} and B(s) = {server b idle at time s}. Define

7(n)
a = Ex/ I(Q(s) =i)ds, i =0 and 2
0

o] = 5w+E Z —) #i,Q(s) =14), i =0 and 2
0<s<7(n)
of = 0 +EB > I(Q(s—) #1,Q(s) =1,A(s))
0<s<7(n)
of = E Y I(Q(s—)#1,Q(s) = 1,B(s)).
0<s<7(n)

An argument like that of the proof of Proposition 2.1 gives that

' r Wy bl Ha
a, = 0y +af +a
° T By Bt pa
a,’ ! Ma
af = G top g
' S
o = o __
' 2B+ pa + i
which, together with
! ! I bl
Qg Qo a of b 51
g =—, 0 =——>— qaf = ,ab = ,
"B Btpatm " Btm ' Bt
may be reduced to
afpp+ e = apB — o (7.1)
a(B + ta
Oétll(,B + Mb) — Oé?% = O[()ﬁ + (5133. (72)
b

(7.1) and (7.2) have solution

Ola _ /B(B + Ha + Mb)Oéo — (/8 + ,u/a.)(sﬂx + ,u’b(slx (7 3)
' 106(28 + fa + ) '
B2ay — (B + 116)000 — 16012

1a(28 + pig + 1)

b
aq
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We have the representation
Q(t) =z + X(t)+ L(¢t)

where {X(t)} is a Lévy process defined as X (t) = N (¢t) — N (t) where
N®)(t) and N)(t) are independent Poisson processes with intensities 3
resp. fq+ - If we let k() denote the Lévy exponent of X (¢) it is immediate
that k(o) = B(e* — 1) + (ue + pp)(e™® — 1). Let 4 be the non—zero root of
the equation k(y) = 0. It is easily seen that v = —log(8/(ua + ). If we
copy the proof of Theorem 2.2, we get

0=e" — e + (1 — e )((1ta + m)ao + & (kaef + ppal)).

From this, (7.3) and (7.4) we may calculate o. This and n =z + (8 — (e +
o)) Ee7(n) + (e + o) + pa0f + ppal give us E,7(n).

A Justification of optional stopping at 7(n)

In M/M/c and MAP/M/¢, Er(n) < oo follows from the general theory of
regenerative processes (see [3]). Since in the M/M/c case {L(t)} is bounded
in stochastic order by a Poisson process {Lyax(t)} with intensity ¢ max$ u;,
ELnpax (7(n)) = emax§ p;Er(n) < oo and obviously Q(¢) <non0 <t < 7(n)
we have that EM (7(n)) = 0 follows from EM (¢A7(n)) = 0 by dominated con-
vergence of (2.2) (note that in (2.2) the first term is bounded by x(a)e*7(n)
and the third by e*"). The same argument applies in MAP/M/c (i.e. in the
proofs of Theorem 3.2 and Theorem 3.5), since we consider Eef”(®) for § < 0
only and in the MAP/M/c case {L(t)} is bounded in stochastic order by a

Poisson process {L* . (t)} with intensity ¢ maxj p;.
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