POSITIVITY THEOREM FOR A STOCHASTIC DELA Y EQUA TION ON A MANIF OLD

Rémi Léandre

I INTR ODUCTION

If Malliavin Calculus has a lot of precursors (See works of Hida, Albeverio, Fomin, Elworthy..), the rupture of Malliavin Calculus was to complete the differential operations on the Wiener space in all the L^p, such that the originalit y of Malliavin Calculus is to differentiate functional almost surely defined, because there is no Sobolev Imbedding in infinite dimension. The classical case of a functional almost surely defined is the case of a diffusion. It allowed to Malliavin to get a probabilistic proof of Hoermander’s theorem ([Ma_1]), where the invertibilit y of Malliavin’s matrix plays a big role.

Bismut considers Gram matrix ([Bi]), called in this situation deterministic Malliavin matrix, associated to the deterministic differential equation associated to the diffusion, and shows it plays a big role in the asymptotic of an hypoelliptic heat kernel. Ben Arous-Léandre ([B.L]) have shown that the non-degeneracy condition of Bismut plays a big role in order to know if an heat kernel is strictly positive or not. Later, Léandre ([L_1]) has generalized the positivit y theorem for a density to the case of a jump process. Aida- Kusuoka-Stro ock ([A.K.S]) have given an abstract version of this positivit y theorem. Bally and Pardoux ([B.P]) have given a version of this theorem to the case of a stochastic heat equation and A. Millet and M. Sanz-Sole ([M.S]) have given a positivit y theorem to a stochastic wave equation. Fournier ([F]) has generalized the theorem of Léandre ([L_1]) to the case of a non-linear jump process associated to Boltzmann equation. Léandre ([L_1]) has removed the traditional assumptions of boundedness of Malliavin Calculus in the positivit y theorem of [B.L].

We are motivated in this work by another extension to this positivit y theorem than diffusions, that is stochastic delay equation.

Bell and Mohammed ([B.M_1], [B.M_2]) have studied the stochastic delay equation

(1.1) dx_t = ∑ X_i(x_{t− δ})dw^i_t

where w^i_t are flat Brownian motion and X_i are vector fields over R^d. They have shown, that we can apply to x_t the machinery of Malliavin Calculus, and have shown that the law of x_1 has a smooth density under suitable assumptions. We are interested in this theorem to an extension of this theorem to a compact Riemannian manifold M of dimension d^′. Léandre and Mohammed have namely considered m vector fields over M and have studied the stochastic delay equation on the manifold:

(1.2) dx_t = ∑ τ_{t,t − δ}X_i(x_{t− δ})dw^i_t

where τ_{t,t − δ} is the stochastic parallel transp ort along the path s → x_s , s ∈ [t − δ,t] from x_{t− δ} to x_t ([L.M]) for the Levi-Civita connection. Léandre and Mohammed have shown that the solution x_t of the stochastic delay equation is smooth in the stochastic Chen-Souriau sense ([L.M]), which is another Calculus, which can be applied as Malliavin Calculus, to functional almost surely defined.

Our goal is to apply Malliavin Calculus to the solution x_1 of (1.2). Our theorem is the following: Theorem : Suppose that the vector fields X_i spann T_x (M) in all points of the manifold. Then x_1 has a smooth density q and q > 0.

We thank the warm hospitalit y of Maphysto, Aarhus University, where this work was done.

II. DIFFERENTIABILITY OF THE SOLUTION OF THE DELA Y EQUA TION

Let M be a compact Riemannian manifold. Let X_i i = 1,..,m be some vector fields over the manifold M which spann in all x of the manifold the tangen t space T_x (M). We can imbedd M isometrically the manifold M in R^d and extend the vector fields X_i into vector fields over R^d with bounded derivatives of all orders. Let us consider the Levi-Civita connection over M, and let us consider a m-dimensional Brownian motion over R^m B^i(t). Let x be a distinguished point over M and let s → γ(s) a curve from [− δ,0] into M such that γ(0) = x, which is supposed smooth.

We consider the stochastic delay equation for t ≥ 0 in Stratono vitch sense:

(2.1) dx_{c,t} = τ_{t,t − δ} ∑ X_i(x_{c,t − δ})dB^i_t

with initial condition x_t = γ(t) over [− δ,0].

Following the theory of Léandre-Mohammed ([L.M]), inspired by Driver’s flow ([Dr]), there is by pulling back another functional diferential equation over T_x (M):

(2.2) τ^{− 1}_{t, 0} dx_{c,t} = dx_{f ,t} = τ^{− 1}_{t− δ,0} ∑ X_i(x_{c,t − δ})dB^i_t

where τ_{t,s} is the stochastic parallel transp ort between x_{c,s} and x_{c,t} along the curve u → x_{c,u} . If t < s, it is (τ_{s,t} )^{− 1}.

By using the argumen t of [L.M], the solution can be constructed step by step along [kδ,(k + 1)δ]. It is clear for [0,δ], and if we suppose that x_{c,t} is constructed over [0,kδ], x_{f ,t} is constructed over [kδ,(k + 1)δ] by (2.2), and therfore x_{c,t} .

We consider the polygonal approximation dB^{n,i}_t of dB^i_t associated to the subdivision of [0,1] [k/n, (k + 1)/n]. We can consider the family of solutions x^n_{c,t} and x^n_{f ,t} associated to the stochastic differential equation:

(2.3) dx^n_{c,t} = τ^n_{t,t − δ} ∑ X_i(x^n_{c,t− δ})dB^{n,i}_t

(2.4) dx^n_{f ,t} = (τ^n_{t− δ,0})^{− 1} ∑ X_i(x^n_{c,t − δ})dB^{n,i}_t

with the same initial data than x_{c,t} and x_{f ,t} .

Let us introduce the canonical vector fields Y_i over the frame bundle of M. Or, in an analoguous way, let us trivialize the frame bundle of M by adding an auxiliary bundle to the tangen t bundle of M, such that the total bundle is trivial, and such that we get a global connection form A which extend the Levi-Civita connection on M.

Let us assume by induction that the stochastic gradient in the sense ofMalliavin Calculus (∇^j x^n_{f ,t} ,∇^j x^n_{c,t} ), which are F_t measurable for the natural filtration of the Brownian motion B^i_t tends in all the L^p to the j^{th} stochastic gradient in the sense of Malliavin Calculus (∇^j x_{f ,t} ,∇^j x_{c,t} ) over [0,kδ], uniformly in t. By (2.2), it is clearly true for x_{f ,t} over [0,(k + 1)δ] and therefore, after a suitable trivialization of the bundle, τ^n_{t,k δ} tends in all the Sobolev spaces of the Malliavin Calculuis to τ_{t, kδ} over [kδ,(k+ 1)δ] uniformly in t. We deduce that it is still true for x_{c,t} over [kδ,(k + 1)δ].

Remark : In order to do this consideration, we have plungged M in R^d and trivialized the tangen t bundle of M. It should be possible to do that more intrinsically , but we are not interested in this work by an intrinsic Calculus over x_{c,t} , but by a regularit y result of the law of x_{c,1}.

Remark: : after imbedding the manifold in R^d, the stochastic differential equation of the derivative of x^n_{c,t} is given by:

(2.5) d∇_h x^n_{c,t} = ∇_h τ^n_{t,t − δ} ∑ X_i(x^n_{c,t − δ})dB^{n,i}_t +

τ^n_{t,t − δ} ∑ DX_i(x^n_{c,t − δ})∇_h x^n_{c,t − δ}dB^{n,i}_t dt + τ^n_{t,t − δ} ∑ X_i(x^n_{c,t − δ})dh^{n,i}_t

where we have done the perturbation dB^{n,i}_t by dB^{n,i}_t + λdh^{n,i}_t , where h^{n,i}_t is the polygonal approximation of the deterministic element of the Cameron space h^i_t . Moreover, we have the following formula (See [Ar], [Bi])

(2.6) ∇_h τ^n_{t,t − δ} = τ^n_{t,t − δ}

∫_t

t− δ

(τ^n_{u,t − δ})^{− 1}R(dx^n_s ,∇_h x^n_s )τ^n_{u,t − δ} + A_{∇ h x} n_t τ^n_{t,t − δ} − τ^n_{t,t − δ}A_{∇ h x} n_{t − δ}

(See [L_2] (3.84)) where R is the curvature tensor of the connection and A the connection form of the tangen t bundle supposed trivialized.

This goes to the limit to the differential equation:

(2.7) d∇_h x_{c,t} = (τ_{t,t − δ}

∫_t

t− δ

(τ^{− 1}_{u,t − δ}R(dx_{c,u} ,∇_h x_{c,u} )τ_{u,t − δ} + A_{∇ h x c,t} τ_{t,t − δ} − τ_{t,t − δ}A_{∇ h x c,t − δ} ) ∑ X_i(x_{c,t − δ})dB^i_t + τ_{t,t − δ} ∑ (DX_i(x_{c,t − δ})∇_h x_{c,t − δ}dB^i_t + τ_{t,t − δ} ∑ X_i(x_{c,t − δ})dh^i_t

It should be possible to get a more intrinsic version to this formula, but we choose a less intrinsic approac h to be more accessible. For analoguous statemen t for Driver’s flow, we refer to [L_3] and [Cr].

III. INVER TIBILITY OF THE MALLIA VIN MA TRIX

In the previous part, we have shown that x_{c,1} belongs to all the Sobolev spaces of Malliavin Calculus. Moreover, ∇_.x_{c,1} realizes a random map from the Cameron -Martin space into T_{x c, 1} (M). We can compute its adjoint^t ∇ x_{c,1}, which realizes a map from T_{x c, 1} (M) into the Cameron-Martin space. The Malliavin matrix is C = < ∇ x_{c,1},∇ x_{c,1} > . If C^{− 1} belongs to all the L^p, the law of x_{c,1} has got a smooth density, by Malliavin Calculus (See [Ma_1], [I.W], [Nu]). Classically, this theorem works over R^d, but we can come back to R^d by local trivialization and a suitable partition of unity over the manifold.

In this part, we will show: Theorem III.1 : The law of x_{c,1} has got a smooth density q(y) ≥ 0. Pro of: It is enough to show that C^{− 1} belongs to all the L^p. We will use the methid of [N.S] to invert the quadratic Malliavin matrix and not the metho d of [B.M_1]. Let Z_{t,s} be the solution of the stochastic differential equation equals to 0 before time s, equal to Id in time s:

(3.1) d_t Z_{t,s} = (τ_{t,t − δ}

∫_t

t− δ

(τ_{u,t − δ})^{− 1}R(dx_{c,u} ,Z_{u,s} )τ_{u,t − δ} + A_{Z t,s} τ_{t;t− δ} − τ_{t,t − δ}A_{Z t − δ,s} ) ∑ X_i(x_{c,t − δ})dB^i_t + τ_{t,t − δ} ∑ DX_i(x_{c,t − δ})Z_{t− δ,s} dB^i_t

It is a linear delay equation in Z_{t,s} , which can be solved by the metho d of Picart iteration (See [L.M], [B.M]) after converting it in an Itô equation. t → Z_{t,s} is a semi-martingale, and we get by Kolmogorov lemma that

(3.2) E[sup

|Z_{t,s} − Z_t ′_{,s} |^p |t − t^′|^{pα}

] < ∞

for α < 1/2.

Lemma III.2 : We get that

(3.3) ∇_h x_{c,t} =

∫_t 0 Z_{t,s} τ_{s,s − δ} ∑ X_i(x_{c,s − δ})dh^i_s

Pro of: Let us call call A_t (h) the right hand side of (3.3). We get that

(3.4) d_t A_t (h) = τ_{t,t − δ} ∑ X_i(x_{c,t − δ})dh^t +

∫_t 0 d_t Z_{t,s} τ_{s,s − δ} ∑ X_i(x_{c,s − δ})dh^i_s

We replace d_t Z_{t,s} by its expression in (3.1), and we deduce, since Z_{t,s} is solution of a linear equation that

(3.5)

∫_v 0 Z_{u,s} τ_{s,s − δ} ∑ X_i(x_{c,s − δ})dh^i_s = A_v(h)

But in this last integral, we can reduce the integration time to [0,s], because Z_{u,s} = 0 if s > u.

♦ From the previous lemma, we deduce that the Malliavin matrix for the Brownian functional x_{c,1} is

(3.6)

∫_1 0 ∑ < Z_{1,s} τ_{s,s − δ}X_i(x_{c,s − δ}),. >^2 ds = C

We can use the metho d of Nualart-Sanz ([N.S]) in order to invert the Malliavin-Matrix. We get:

(3.7) P {det(C) < ϵ} ≤ P {det

∫_1

1− ϵ^α ∑ < Z_{1,s} τ_{s,s − δ}X_i(x_{c,s − δ}),. >^2 ds < ϵ}

for some small α < 1/2.

But Z_{1,1} = I_d. So this quantity is smaller that

(3.8) P {

∫_1

1− ϵ^α |Z1,s − I| 2ds ϵ^α

≤ Kϵ^{1− α} }

But the L^p norm by Jensen inequalit y of

∫_1

1− ϵα

|Z_{1,s} − I |^2 ds

ϵ^α is smaller than

∫_ϵα 0 s^δ ds ϵ^α ≤ Kϵ

1− δ^′ for δ arbitrarily

closed from 1 and δ arbitrarily closed from 0. Therefore,

(3.9) P {

∫_1

1− ϵ^α

|Z_{1,s} − I|^2ds ϵ^α

< Kϵ^{1− α} } ≤ Kϵ^p

for all p.

Therefore C^{− 1} belongs to all the L^p. ♦

IV. POSITIVITY THEOREM

The goal of this part is to show the following theorem: Theorem IV.1 : The law of x_{c,1} has got a strictly positive density. For that, we introduce the deterministic delay equation:

(4.1) dx_{c,t} (h) = τ_{t,t − δ}(h) ∑ X_i(x_{c,t − δ}(h))h^i_t dt

where h^i_t is a a deterministic element ofthe Cameron-martin space:

∑ ∫_1 0 |h^i_t |^2dt < ∞ and τ_{t,t − δ}(h) the parallel transp ort along the deterministic curve s → x_{c,s} (h) between t − δ and t for the Levi-Civita connection on the manifold.

By a simple adaptation of the part II, we get: Theorem IV.2 : h → x_{c,1}(h) is Frechet differentiable and is in all h a submersion. Pro of: let us introduce the solution of the flat deterministic equation:

(4.2) dx_{f ,t} (h) = τ_{t− δ,0}(h)^{− 1} ∑ X_i(x_{c,t − δ}(h))h^i_t dt

By proceeding step by step as in the part II, we get that that h → x_{f ,.}(h) is Frechet differentiable for the finite energy topology of paths in T_x (M). Since the couple of x_{c,.} (h) and τ_.(h) is a solution of a differential equation with bounded derivatives of all orders, we deduce that h → (x_{c,1}(h),τ_1(h)) is Frechet differentiable.

In order to compute the Gram matrix associated to h → x_{c,1}(h), called in this situation the deterministic Malliavin matrix ([Bi]), we consider the solution of the deterministic delay equation:

(4.3) d_t Z_{t,s} (h) = (τ_{t,t − δ}(h)

∫_t

t− δ

(τ_{u,t − δ})^{− 1}R(dx_{c,u} ,Z_{u,s} (h))τ_{u,t − δ}(h) + A_{Z t,s (h)}τ_{t,t − δ}(h)−

τ_{t,t − δ}(h)A_{Z t − δ,s (h)}) ∑ X_i(x_{c,t − δ}(h))h^i_t dt+ τ_{t,t − δ}(h) ∑ DX_i(x_{c,t − δ}(h))Z_{t− δ,s} h^i_t dt with the following initial conditions: Z_{u,s} (h) = 0 if u < s and Z_{s,s} (h) = Id. We get as in the part III (3.5), that the Gram matrix

(4.4) C(h) = < Dx_{c,1}(h),Dx_{c,1}(h) > =

∑ ∫^1 0 < Z_{1,s} (h)τ_{s,s − δ}(h)X_i(x_{s− δ}(h)),. >^2 ds

C(h) is clearly invertible, because s → Z_{1,s} is of finite energy in s, by the next lemma, and because Z_{1,1} = Id.

Lemma IV.3 : s → Z_{1,s} is of finite energy. Pro of: In order to state this lemma, we imbedd the manifold in a linear space and we trivialize the bundle. We get Z_{t,s} = Id +

∫_t s α_{u,s} du and Z_{t,s} ′ = Id +

∫_t

s^′ αu,s^′du such that if s

′ > s

(4.5) Z_{t,s} − Z_{t,s} ′ =

∫_s ′ s α_{u,s} du +

∫_t

s^′

(α_{u,s} − α_{u,s} ′)du

But α_{u,s} − α_{u,s} ′ is linear in Z_{.,s} − Z_{.,s} ′ such that we can deduce from (4.3) that

(4.6) Z_{t,s} − Z_{t,s} ′ = Z_{t,s}

∫_s ′ s α_{u,s} du

because Z_{t,s} − Z_{t,s} ′ solve the same delay linear equation than Z_{t,s} ′, but with different initial data. This shows the property. ♦ In particular

(4.7) Dx_{c,1}(h).k =

∫_1 0 Z_{1,s} τ_{s,s − δ} ∑ X_i(x_{c,t − δ}(h))k^i_s ds =

∫_1 0 Z̃_{1,s} .k_s ds

Since s → Z_{1,s} is of finite enegy, we can as in [B.L] p 395 define

(4.8) Dx_{c,1}.B =

∫_1 0 Z̃_{1,s} ds.B_1 −

∫_1 0 d_sZ̃_{1,s} .B_s ds

such that Dx_{c,1}(h).B is a continuous function for the uniform norm.

Lemma IV.4 : for all y in M, there exists an h such that x_1(h) = y. Pro of: let h̃_t an element of the Cameron-Martin space in T_x (M). By (4.1), and solving step by step the equation, we can find an h such that

(4.9) x_{f ,t} (h) = h̃_t

Now for a given y, we can find an h̃ such that the horizontal displacemen t along h̃ goes from x to y. We choose h later. ♦ The beginning of the proof of Theorem IV.1 is exactly the same than the proof of theorem II.1 in [B.—) (which is an improvement of the lower Varadhan estimate of [L_1]).

Let h be a curve in the Cameron-Martin space such that x_{c,1}(h) = y. We have seen that the Gram matrix < Dx_{c,1}(h),Dx_{c,1}(h) > is invertible.^t Dx_{c,1}(h) applies the tangen t space in y of M to the Cameron-Martin space in T_x (M). We study the equation:

(4.10) dx_c(p)(t) = τ_{t,t − δ}(p)( ∑ X_i(x_{c,t − δ}(p){dB_t + h^i_t dt + (^t Dx_{1,c}(h).p)^i_t }

as in [B.L] (2.17).

Let us remark that if B^i_t = 0, we get an equation

(4.11) dx^′_c(p)(t) = τ^′_{t,t − δ}(p) ∑ X_i(x^′_{c,t − s} (p)){h^i_t dt + d(^t Dx_{1,c}(h)p)^i_t } and p → x^′_c(p)(t) is a local diffeomorphism from a neighborhood of 0 in T_y(M) into a neighborhood of y in M. We will show later, by imbedding the manifold in R^d: Theorem IV.4 (Stro ock-V aradhan supp ort theorem) : For all multi-indices (α), all compact K, all η

(4.12) sup_{p∈ K} E[sup_{t≤ 1} |∂^{(α )}x_c(p)(t) − ∂^{(α )}x^′_c(p)(t)|^η| sup_{t∈ [kδ,(k+1) δ]} |B(t) − B(kδ)| < δ_k ] ≤ ϵ

for a sequence of δ_k > 0 depending only on ϵ, K α and η.

By (4.8), we get the analoguous of (2.20) in [B.L]

(4.13) E[sup_{t≤ 1} |∂^{(α )}(x_c(p − C(h)^{− 1}Dx_{c,1}(h).B)(1))( t) − ∂^α (x^′_{c,1}(p)(t)|^n | sup_{t∈ [kδ,(k+1) δ]} |B(t) − B(kδ)| < δ_k ] < ϵ

We introduce following Bismut ([Bi]) and Léandre ([L_1], the Gaussian process B_{1,t} defined by

(4.14) B_{1,.} = B_. −^t Dx_{1,c}(h)C(h)^{− 1}Dx_{c,1}(h).B

Folowing [Bi] and [L_1], B_{1,.} and^t Dx_{c,1}(h)C(h)^{− 1}Dx_{c,1}(h).B are two Gaussian processes which are independents. Moreover x_{c,1}(p − C(h)^{− 1}Dx_{c,1}(h).B) is B_{1,.} measurable, as it can be seen by using the polygonal approximation of x_{c,.} and x_{f ,.} as in in Part II.

Moreover, there exist a random set B_{1,.} measurable of probabilit y 0 containing a neighborhood of 0 in T_y(M) such that the random map which to p associates x_{c,1}(p− C(h)^{− 1}Dx_{c,1}(h)(B)) is a local diffeomorphism for an open subeset O of 0 in a neighborhood of y equal to y in p(w_1).

We get, by applying the metho d of decomposition of the Wiener space in two pieces (See [Bi], [L_1] second part and [B.L] p 395) for f ≥ 0:

(4.15) E[f (x_{c,1}] = ∫ (2π)^{− d/2}dp ∫ exp[− 1/2 < p,C(h)p > ]f (x_{c,1}(p − C(h)^{− 1}Dx_{c,1}(h)(B))dp_1(B_{1,.})

x_{c,1}(p − C(h)^{− 1}Dx_{c,1}(h)(B)) is B_{1,.} measurable. We deduce as in [L_1] second part or in [B.L] p 396,

(4.16) E[f (x_{c,1})] ≥ ∫ A dP_1(B_{1,.})(2π)^{− d/2} ∫ 0 exp[− 1/2 < p,C(h)p > ]f (x_{c,1}(p − C(h)^{− 1}Dx_{c,1}(h).B)dp

It remains to do the change of variable z = x_{c,1}(p − C(h)^{− 1}Dx_{c,1}(h)(B)) on p in order to conclude, such that we get a lower bound of the density q(y) which is strictly positive. We conclude by using the Cameron- Martin-Maruy ama-Girsano v formula.

Let us prove the Stroock-Varadhan support theorem. Let us recall that (x_{c,t} ,τ_t ) is the solution of a stochastic differential equation

(4.17) dX_t = Y(X_t )dx_{f ,t}

after imbedding the manifold in R^d such that Y is bounded with bounded derivatives of all orders. Let us prove Teorem IV.4 for the couple (x_c(p)(t),τ_t (p)), by proceeding inductiv ely over k for the interval [0,kδ]. For k = 0, it is the classical Stroock-Varadhan theorem, because s → γ(s) is smooth for s ∈ [− δ,0]. Let us suppose that it is true for k, and let us show it is still true for k + 1. Between kδ and (k + 1)δ , dx_{f ,t} (p) can be computed easily in term of x_{c,t} (p) and τ_t (p) for t smaller than kδ. We can choose δ_1,..,δ_k small enough such that (4.12) is true for the differential elements appearing in x_{f ,t} (p) and in x^′_{f ,t} (p). We can apply the classical Stoock-Varadhan of [B.L] Theorem A.1 to the flow between [kδ,(k + 1)δ] associated to τ^′_{t− δ,0}(p))^{− 1} ∑ X_i(x^′_{c,t − δ}(p)){dB^i_t + h^i_t dt + d(^t Dx_{1,c}(h)p)^i_t }.

We get by this procedure 3 processes between [kδ,(k + 1)δ]: -)The original process X_t (p). -)The support process X^′_t (p). -)The interp olating process X^′_t (p).

We consider the event: {sup |∂^{(α} )X^′_t (p) − ∂^{(α} )X^1_t (p)| > K}. It is included in the union of the event {sup_{t≤ δk} |∂^{(α} )X_t (p) − ∂^{(α} )X^′_t (p)| > K/2} = A and the event B = ∪_{|β|≤ |α |+ k}′{sup_{[δk,δ(k+1)]} |∂^{(β)}X^′_t (p) − ∂^{(β)}X^1_t (p)| > K/2}. By the classical theorem of Stroock-Varadhan, we can find δ_{k+1} depending only on K/2 such that if we put C(δ_{k+1} ) = sup_{t∈ [kδ,(k+1) δ]} |B(t) − B(kδ)| ≤ δ_{k+1} , we get

(4.18) P {B|C(δ_{k+1} } ≤ ϵ

Moreover C(δ_k + 1) is independent of F (kδ) the sigma algebra spanns by B_s for s ≤ δk. Let us consider C(δ_1,..,δ_k ) = ∩_{j ≤ k− 1} sup_{[0δ,(j +1) δ]} |B(t) − B(jδ)| ≤ δ_{j +1} . We get clearly

(4.19) P { sup_{[o,(k+1) δ]} |∂^{(α )}X^′_t (p) − ∂^{(α )}X^1_t (p)| > K|C(δ_{k+1} ) ∩ C(δ_1,..,δ_k )} ≤ ϵ+ P {A|C(δ_1,..,δ_k )}

Let us consider the event {sup_{[0,(k+1) δ]} |∂^{(α} )X^1_t (p) − ∂^{(α )}X_t (p)| > K}. It is included in the union of the set C {sup_{[0,kδ]} |∂^{(α )}X_t (p) − ∂^{(α )}X^′_t (p)| > ηK} and of the set D = {sup_{[kδ,(k+1) δ]} |∂^{(α )}X^1_t (p) − ∂^{(α )}(X_t (p))| > K} ∩ {sup_{[0,kδ]} |∂^{(α )}X_t (p) − ∂^{(α )}X^′_t (p)| ≤ ηK} Let us choose η small enough.Let us fix C(δ_1,..δ_k ). By conditionating along F (δk), we can chose η small enough δ_{k+1} chosen as before freely from C(δ_1,..,δ_k ) such that

(4.20) P {D|C(δ_{k+1} )C(δ_1,..δ_{k− 1})} ≤ ϵ

On the other hand, we get by using the fact that the the σ-algebra F (kδ) is spanns by σ(B(s) − B(kδ)s ∈ [kδ,(k + 1)δ], we get that

(4.21) P {C|C(δ_1,..,δ_k )} ≥ P {A|C(δ_1,..,δ_k }

if η is small enough. It remains to use the recurrence hypothesis, and to find a δ_1,..δ_k such that the conditional expectation P {C|C(δ_1,..,δ_{k− 1}} is smaller than ϵ.

Remark : There is another way to get Theorem IV.1. We work over [kδ,(k+ 1)δ], and we are interested by the law of x_{c,(k+1) δ}. Between [kδ,(k + 1)δ], conditionated by F (kδ), x_{f ,s} − x_{f ,kδ} = B̃_s is a Gaussian process. We perform Malliavin Calculus with respect of this process, and we perform classical Stroock- Varadhan theorem with respect of this process. That is we conditionate by sup_{[kδ,(k+1) δ]} |B̃_s | ≤ δ or not in order to conclude. But this argumen t works only in an elliptic situation. Namely, we have a more general theorem:

Theorem IV.5 : Let us suppose that the inverse of the Malliavin matrix < ∇ x_{c,1},∇ x_{c,1} > belongs to all the L^p such that the law of x_{c,1} has a smooth density q(y). Then q(y) > 0 if and only if there exists an h such that x_{c,1}(h) = y and such that the Gram matrix < Dx_{c,1}(h),Dx_{c,1}(h) > is invertible.

Pro of:: the fact that the condition is sufficien t is exactly proven as before. The fact that the condition is necessary has exactly the same proof than for diffusion, because x_{c,1} is the limit in all the Sobolev spaces of Malliavin Calculus of x_{c,1}(B^n ) where B^n is the polygonal approximation of the flat Brownian motion B (See [B.L] and the part II of this work). ♦ .

V. REFERENCES

[A.K.S] Aida S. Kusuoka S. Stroock D.W.: On the support of Wiener functionals. In ”Asymptotics problems in probabilit y theory: Wiener functionals ans asymptotics” K.D. Elworthy, N. Ikeda edit. Pitman. Res. Notes. Maths. Seris 284 (1993), 3-34. [Ar] Arefeva Y.: Non Abelian Stokes formula. Teoret. Mat. Fiz. 43 (1980), 353-356. [B.P] Bally V. Pardoux E.: Malliavin Calculus for white noise driven parab olic SPDES. Potential Analysis 9.1 (1998), 27-64. [B.M] Bell D. Mohammed S.: The Malliavin Calculus and stochastic delay equation. J.F.A. 99.1. (1991), 75-99.

[B.M_2] Bell D. Mohammed S;: Smooth densities for degenerate stochastic delay equations with heriditary drift. Ann. Probab. 23. 4 (1995), 1875-1894. [B.L] Ben Arous G. Léandre R.: Décroissance exponentielle du noyau de la chaleur sur la diagonale (II). P.T.R.F. 90.3 (1991), 377-402. [Bi] Bismut J.M.: Large deviations and the Malliavin Calculus. Progress in Maths. 45. Birkhauser (1984). [Cr] Cross C.: Thesis. University of San-Diego (1999). [Dr] Driver B.: A Cameron-Martin type quasi-invariance theorem for Brownian motion on a compact manifold. J.F.A. 109 (1992), 272-376. [El] Elworthy K.D.: Stochastic differential equations on manifolds. London. Math. Soc. Lectures. Notes. 20. Cambridge Univ. Press (1982). [Em] Emery M.: Stochastic Calculus in manifolds. Springer (1989). [F] Fournier N.: Strict positivit y of a 2-dimensional spatially homogeneous Boltzmann equation without cutoff. Ann. Inst. Henri Poincaré. Probab. Stat. 31.4 (2001), 481-502. [I.W] Ikeda N. Watanab e S.: Stochastic differential equations and diffusion processes. North Holland (1981). [L_1] Léandre R.: Intégration dans la fibre associée a une diffusion dégénérée. P.T.R.F. 76.3. (1987), 341-358. [L_2] Léandre R.: Strange behaviour of the heat kernel on the diagonal. In ”Sto chastic processes, physics and geometry”.S. Albeverio edit. World Scientific (1990), 516-527. [L_3] Léandre R.: Invariant Sobolev Calculus on free loop space. Act. Appli. Math. 46 (1997), 267-350. [L_4] Léandre R.: Stochastic Adams theorem for a general compact manifold. Rev. Maths. Phys. 13.9. (2001), 1095-1133. [L_5] Léandre R.: Positivit y theorem without compactness assumption. Preprin t. (2002). [L.M] Léandre R. Mohammed S.: Stochastic functional differential equations on manifolds. P.T.R.F. 121 (2001), 117-135. [Ma_1] Malliavin P.: Stochastic Calculus of variations and hypoelliptic operators. In ”Sto chastic Analysis”. K. Itô edit. Kinokuyina (1978), 155-263. [Ma_2] Malliavin P.: Stochastic Analysis. Grund. Math. Wissens. 313. Springer (1997). [M.S] Millet A. Sanz-Sole M.: points of positive density for the solution to a hyperbolic SPDE. Potential Analysis 7.3 (1997), 623-659. [N] Nualart D.: The Malliavin Calculus and related topics. Springer (1995). [N.S] Nualart D. Sanz M.: Malliavin Calculus for two-parameter Wiener functionals. Z.W. 70.4. (1985), 573-590. [S.V] Stroock D. Varadhan S.R.S.: On the support of diffusion with application to the strong maximum principle. In ”Sixth Berkeley Symposium” (Univ. California Press. 1972), 333-368.

Maph ysto. Departmen t of mathematics. Univ ersit y of Aarh us. Denmark Institut Elie Cartan. Facult é des Sciences. Univ ersit é de Nancy I. 54000. Vando euvreles-Nancy . FRANCE

email :leandre@iecn.u-nancy .fr