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1. Introduction In the 19–seventies, the classical inequalities for absolute
sums of independent random variables (L´evy’s inequality, Ottaviani’s inequality,
Jensen’s inequality, the symmetrization inequalities, the exponential inequality, the
subgaussian inequalities etc.) was extended to norms of sums of independent ran-
dom vectors taking values in a separable Banach space. In the theory of empirical
processes and uniform convergence of stochastic processes, non-measurable norms and
non-measurable “random elements” occurs naturally and a crucial part of the theory con-
sists in extending the classical inequalities to vector valued non-measurable functions
under various independence and regularity conditions. Note that the usual definition of
independence do not apply to non-measurable functions. In the literature, this prob-
lem has been bypassed by introducing be the concept “independently defined” (see [3],
[15] and Def.2.2 below). The notion of “independently defined” imposes an unpleasant
restriction on the underlying probability space and – as we shall see below – is unnec-
essarily restrictive for the validity of the inequalities. In this paper I shall introduce
a series of concepts of independence which applies to arbitrary probability spaces and
the objective of this paper is to study the exact form of “independence” under which
the classical inequalities hold.

Section 2 is devoted to the study of various concepts of independence of non-
measurable functions defined on a probability space(
;F ; P ) . It is well-known that
symmetrization is an important tool for proving the inequalities and Section 3 is devoted
to a careful study of “symmetric random elements”. In Section 4, we shall study of the
validity of the classical inequalities for non-measurable functions under various concepts
of independence (actually, it turns that some of the inequalities holds far beyond the
realm of “independent random elements”). Working with non-measurable functions,
requires that we replace probabilities by outer or inner probabilities and expectations
with upper or lower expectations. In Appendix A, you will find a brief summary of
the calculus of upper and lower expectations and of upper and lower envelopes. It
is well-known that the concept of a perfect map is a major tool to handle upper and
lower expectations and upper and lower envelopes. In Appendix B, you will find a
brief summary of the fundamental rules of calculus of perfect maps.

We let R denotethe real line, we let N := f1; 2; . . .g denote the set ofpositive
integersand we let �R = [�1;1] := R [ f�1;1g denotethe extended real line.
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In Appendix A, you will the conventional extensions of the arithmetic on the real line
to the extended real line. LetT be given set. Then2T will denote the set of all
subsets ofT and apavingon T is subset of 2T . If A is a paving onT , we let
�(A) denote the smallest�-algebra on T containing A and we let �(A) denote
the smallest algebra onT containing A . We let RT and �RT denote the sets of all
functions from T into the real line R and the extended real line�R , respectively.
We let BT := 
t2T B(R) denote the product�-algebra onRT . If f 2 RT , we let
jjf jjT := supt2T jf(t)j denote thesup-normof f and we let supT f := supt2T f(t)
and infT f := inft2T f(t) denotethe supand inf-functionals. Note that the sup-norm
jj � jjT is BT -measurable onRT if and only if T is countable.

Throughout this paper we let(
;F ; P ) denote a fixed probability space and we
let (
;FP ; �P ) denote the completion of(
;F ; P ) ; that is, FP is the�-algebra of
all P -measurable subsets of
 and �P is the probability measure on(
;FP ) given
by �P (F ) := P �(F ) = P�(F ) for all F 2 FP where P�(A) and P �(A) denote
the inner and outer probabilities ofA � 
 . If X is a function from 
 into the
extended real line�R , we let E�X and E�X denote the upper and lower expectation
of X and we letX� and X� denote the (a.s. unique) upper and lowerP -envelopes
of X . If A � 
 , we let A� and A� denote the (a.s. unique)P -kernel and
P -hull of A (see Appendix A).

Let (M;B) be a measurable space. Then a measurable functionX : (
;FP ) !
(M;B) will be called arandom function. If X : 
 ! (M;B) is a random function,
we let PX denote itsdistribution; that is, the probability measurePX on (M;B)
given by PX(B) := �P (X 2 B) for all B 2 B , and we letBX denote the�-algebra
of all PX -measurable subsets ofM . Recall that a random functionX : 
 ! (M;B)
is discrete with discrete rangeQ if and only if Q 2 B is countable set such that
P (X 2 Q) = 1 and fqg 2 B for all q 2 Q .

Let (M;B) be a measurable space and letX; Y : 
 ! (M;B) be random
functions with distributionsPX and PY . If PX(B) = PY (B) for all B 2 B , we
say that X and Y have the same distribution on(M;B) . Let X; Y : 
 ! M be
arbitrary functions, then we say thatX and Y have the same outer distributionif
P �(X 2 A) = P �(Y 2 A) for all A � M .

2. Independence notions Let (Mi;Bi) be a measurable space for alli in
the non-empty setI . Then we say that the functions(Xi : 
 ! (Mi;Bi) j i 2 I) are
independent, if Xi : 
 ! (Mi;Bi) is a random function for alli 2 I and (Xi) are
independent in the usual sense; that is, for every finite non-empty set� � I we have

(2.1) �P (Xi 2 Bi 8 i 2 �) =
Q

i2�

�P (Xi 2 Bi) 8 (Bi) satisfying Bi 2 Bi 8 i 2 �

Note that independence depends heavily on the�-algebras Bi ; for instance, if
Ti := f;;Mig denotes the trivial�-algebra for all i 2 I , then every family of
functions (Xi : 
 ! (Mi; Ti) j i 2 I) are independent. IfXi : 
 ! Mi is an
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arbitrary function for i 2 I , then the usual definition of independence do not apply.
However, observe that any functionX : 
 ! M is P -measurable with respect to
some�-algebra on M , more precisely:

Let M be a given set and letX : 
 ! M be a given function without any
specified measurability properties. Then we letMP (X) denote the largest�-algebra
on M making X P -measurable, and we letSP (X) denote the�-algebra of all
P -a.s. X-saturated subsets of
 ; that is,

(2.2) MP (X) := fB � M j X�1(B) 2 FP g

(2.3) SP (X) := fF � 
 j 9A � M so that F = X�1(A) a.s.g

Note that X : 
 ! (M;MP (X)) is a random function and thatX : (
;SP (X))!
(M; 2M ) is measurable. We letP̂X(B) := �P (X 2 B) denote the so-calledmaximal
distribution of X for all B 2 MP (X) . In our discussion of “independence” of
arbitrary functions on
 , we shall need the following�-algebras and algebra on
 :

(2.4) LP (X) := �(K) ; CP (X) := �(SP (X) [ K) ; AP (X) := �(SP (X) [ K)

where K denote the set of allP -kernels of all setsH 2 SP (X)

Below you find a series of possible definitions of “independence” of an arbitrary
family of functions (Xi : 
 ! Mi j i 2 I) . Suppose that we have defined a notion
of “independence” for families functions(Xi : 
 ! Mi j2 I) . Then we say that the
notion of “independence” is aweakly consistent notion of independenceif it satisfying
the following two consistency conditions:

(2.A) If the functions (Xi : 
 ! Mi j i 2 I) are “independent” andJ � I is a
non-empty set, then the functions(Xi : 
!Mi j i 2 J) are “independent”

(2.B) If the functions (Xi : 
 ! Mi j i 2 I) are “independent” andfi : Mi ! Li
are given functions for alli 2 I , then the functions(fi(Xi) : 
! Li j i 2 J)
are “independent”

and we say that “independence” is astrongly consistent notion of independenceif
“independence” is a weakly consistent notion of independence satisfying the following
additional consistency condition:

(2.C) If the functions (Xi : 
 ! Mi j i 2 I) are “independent” and(I� j � 2 �)
is a non-empty family of non-empty, mutually disjoint subsets ofI , then the
functions (X� : 
!M� j � 2 �) are “independent” whereM� :=

Q
i2I�

Mi

and X�(!) := (Xi(!))i2I� for all ! 2 
 and all � 2 �

If G;H � 
 are given sets, we say thatG and H are “independent” if the indicator
functions 1G : 
 ! f0; 1g and 1H : 
 ! f0; 1g are “independent” and ifG and
H are pavings on
 , we say G and H are “independent” if G and H are
“independent” for all G 2 G and all H 2 H .
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Lemma 2.1: Let L and M be a given sets and letX : 
 ! M and Y : 
 ! L

be a given functions such thatY = h(X) a.s. for some functionh : M ! L . If K
denotes the paving of allP -kernels of all setsH 2 SP (X) , then we have

(1) SP (Y ) � SP (X) ; X�1(MP (X)) � K � LP (X) � FP ; X(
) 2 MP (X)

(2) LP (Y ) � LP (X) ; LP (Y ) � LP (X) ; CP (Y ) � CP (X) ; AP (Y ) � AP (X)

(3) A 2 MP (Y ) , h�1(A) 2 MP (X)

(4) K is stable under countable intersections and we haveFP \ SP (X) � K

(5) If f : M ! �R is a given function andf(X)� and f(X)� are any given
upper and lowerP -envelopes off(X) , then f(X)� and f(X)� are LP (X)-
measurable and we have

(a) f f(X)� � sg 2 K and f f(X)
�
� sg 2 K 8 s 2 R

(6) (M;MP (X); P̂X) is a complete probability space and ifB is a �-algebra on
M such that X : 
 ! (M;B) is a random function with distributionPX ,
then we have

(a) BX � MP (X) and �PX(B) = P̂X(B) 8B 2 BX

(7) If B is a �-algebra on M such that X : 
 ! (M;B) is a (P;B)-perfect
function, then we have

(a) LP (X) = FP \ SP (X) ; SP (X) = CP (X) and MP (X) = BX

Proof: By Lem.A.5.9, we see thatK is stable under countable intersections and since
Y �1(A) = X�1(h�1(A)) a.s. for allA � L and F = F� for all F 2 FP , we see that
(1)–(4) hold. By Lem.A.5.5+6, we see that (5.a) holds and sinceLP (X) = �(K) , we
see thatf(X)� and f(X)� areLP (X)-measurable. (6) is an immediate consequence
of the definition of the maximal distribution, and (7) follows easily from Lem.B.1.

Definition 2.2: (Complete independence) Let (Mi j i 2 I) be a non-empty family
of sets and let (Xi : 
 ! Mi j i 2 I) be a given family of functions. Then
Xi : 
 ! (Mi;MP (Xi)) is a random function for all i 2 I and we say that
the functions (Xi : 
 ! Mi j i 2 I) are completely independentif the random
functions (Xi : 
 ! (Mi;MP (Xi)) j i 2 I) are (ordinary) independent. Since
Bi � MP (Xi) for every�-algebra on Mi making Xi P -measurable, we see that
complete independence implies ordinary independence (but the converse implication
fails in general). By Lem.2.1.3, we see that the notion “completely independent” is
weakly consistent but the following example shows that “completely independent” is
not strongly consistent.

Example: � denote the Lebesgue measure on the Borel�-algebra B of unit
interval I = [0; 1] . Let A � I be a given set satisfying��(A) = 1 and ��(A) = 0 .
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If Ac := I n A denotes the complement ofA , we have ��(Ac) = 1 and ��(A
c) .

Let a 2 A and b 2 Ac be given points and let us define

X1(!) = ! 1A(!) + a 1Ac(!) ; X2(!) = ! 1Ac(!) + b 1A(!) ; X3(!) = !

for all ! 2 I . Then X1; X2; X3 are functions fromI into I . Let B � I be given.
Since X�1

1
(B) = A\B if a =2 B and X�1

1
(B) = (A\B)[Ac if a 2 B , we see

that either X�1

1
(B) � A or X�1

1
(B) � Ac and since��(A) = 0 and ��(Ac) = 1 ,

we see that��(F ) = 0 or 1 for all F 2 X�1

1
(M�(X1) . In the same manner we see

that ��(F ) = 0 or 1 for all F 2 X�1

2
(M�(X2) . Hence, we see thatX1; X2; X3 are

completely independent. Let us defineU := (X1; X2) . Then Since U is injective
on I n fa; bg , we have U�1(M�(U)) = B� and since X�1

3
(M�(X3)) = B� , we

see that (X1; X2) and X3 are not completely independent.

Definition 2.3: (Independently defined functions) Let Mi be a given of set for all
i in the non-empty setI . Then we say that the functions(Xi : 
 ! Mi j i 2 I)
are independently definedif and only if the exists probability spaces(~
; ~F ; ~P ) and
(
i;Fi; Pi) and functions X̂i : 
i ! Mi for i 2 I satisfying

(1) 
 = ~
 �
Q

i2I


i ; F = ~F 

N

i2I

Fi ; P = ~P 

N

i2I

Pi

(2) Xi(!) = X̂i(!i) 8! = (~!; (!�)�2I) 2 
 8 i 2 I

Observe that the concept “independently defined” imposes an unpleasant restriction on
the form of the underlying probability space(
;F ; P ) and the in next two definitions
we shall we shall remove this restriction. By the definition of “independently defined”
it is obvious that “independently defined” is strongly consistent.

Definition 2.4: (Perfect independence) Let Mi be a given set for all i in the
non-empty set I . Then we say that the functions(Xi : 
 ! Mi j i 2 I) are
perfectly independentif and only if the exist measurable spaces(
i;Fi) and functions
�i : 
 ! 
i and X̂i : 
i ! Mi satisfying (see Appendix B):

(1) The functions (�i : 
 ! (
i;Fi) j i 2 I) are independent and we have
Xi(!) = X̂i(�i(!)) for all ! 2 
 and all i 2 I

(2) The function �(!) := (�i(!))i2I from 
 into the product space(
I ;FI) is
(P;FI)-perfect where
I :=

Q
i2I


i and FI := 
i2I Fi

If (1) holds and the function�(!) in (2) is strictly (P;FI)-perfect, we say that the
functions (Xi) arestrictly perfectly independent. Below, we shall see that “perfectly
independent” and “strictly perfectly independent” are strongly consistent.
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Definition 2.5: (Total independence) Let L and M be two given sets and let
X : 
 ! L and Y : 
 ! M be given functions. If  : L �M ! �R is a given
function andF � 
 is a given set, we say thatX and Y areupper -independentif

(1) E� (X1; X2)g � E� �(X1) where  �(x) := E� (x;X2) 8 x 2 M

If X and Y are upper1D-independent for allD � L �M , we say thatX and
Y are totally independent. If (L;A) and (M;B) are measurable spaces, then it
follows easily that we have

(2) If X : 
 ! (L;A) and Y : 
 ! (M;B) are independent random functions,
then X and Y are upper -independent for everyPX;Y -measurable function
 : L � M ! �R

Note that the notion “totally independent” is non-symmetric in(X; Y ) and I do
not know if the implication “X and Y are totally independent”) “Y and X are
totally independent” holds in general. However, ifM and L are countable sets, then
Thm.2.8 shows that this indeed so. IfX and Y are totally independent andY and
X are totally independent, we say thatX; Y are totally independent.

Let Mi be a given set and letXi : 
 ! Mi be a given function for all i in
the non-empty setI . If � � I is non-empty subset ofI , we let M� :=

Q
i2� Mi

denote the product space and we letX�(!) := (Xi(!))i2� denotethe�-marginal of
X . Then X� is a function from 
 into the product spaceM� and we say that the
functions (Xi : 
!Mi j i 2 I) are totally independentif X� and X� are totally
independent whenever� and � are disjoint non-empty subsets ofI . Below, we
shall see that “totally independent” is strongly consistent.

Theorem 2.6: Let L1 ; M1 ; L2 and M2 be given sets and letX1 : 
!M1 , X2 :

 ! M2 , Y1 : 
 ! L1 and Y2 : 
 ! L2 be given functions such thatYi = fi(Xi)
a.s. wherefi :Mi ! Li are given functions fori = 1; 2 . Let (S1;A1) and (S2;A2)
be countably separated measurable spaces and letZi : (
; CP (Xi)) ! (Si;Ai) be
measurable functions fori = 1; 2 . Then we have

(1) If X1 and X2 are totally independent, thenY1 and Y2 are totally independent
and upper�-independent for every function� : L1 � L2 ! �R

(2) If X1 and X2 are perfectly independent, then(Z1; Y1) and (Z2; Y2) are
totally independent

(3) If (1F ; X1) and X2 are totally independent and :M1�M2 ! �R is a given
function, then we have

(a) E�f1F  (X1; X2)g � E�f1F  
�(X1)g where  �(x) := E� (x;X2)
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Let I be a non-empty set, letMi be a given set for alli 2 I and let the functions
(Xi : 
 ! Mi j i 2 I) be perfectly independent. If� � I is a non-empty countable
set and Ai � Mi are any given sets for alli 2 � , then we have

(4) P �(Xi 2 Ai 8 i 2 �) =
Q

i2�

P �(Xi 2 Ai)

(5) P�(Xi 2 Ai 8 i 2 �) =
Q

i2�

P�(Xi 2 Ai)

Proof: (1): Let � : L1 � L2 ! [0;1] be a non-negative given function and let us
define  (x; y) := �(f1(x); f2(y)) , ��(u) := E��(u; Y2) and  �(x) := E� (x;X2)
for all (x; y) 2 M1 � M2 and all u 2 L1 . Since Yi = fi(Xi) a.s., we
have �(Y1; Y2) =  (X1; X2) a.s. and ��(Y1) =  �(X1) a.s. and if we define
Dt := f(x; y) 2 M1 �M2 j  (x; y) > tg and f(x; t) := P �((x; Y ) 2 Dt) for all
x 2 M1 and all t � 0 , then by Thm.A.3.3 we have

E��(Y1; Y2) = E� (X1; X2) =

Z
1

0

P �( (X1; X2) 2 Dt) dt

 �(x) = E� (x;X1) =

Z
1

0

f(x; t) dt 8 x 2M

SinceX1 and X2 are totally independent, we haveP �((X1; X2) 2 Dt) � E�f(X1; t)
and sincef(X(!); � ) is decreasing and non-negative for all! 2 
 , then by Thm.A.7
we have

E��(Y1; Y2) =

Z
1

0

P �( (X1; X2) 2 Dt) dt �

Z
1

0

dt

Z
�

f(X1(!); t)P (d!)

�

Z
�

P (d!)

Z
1

0

f(X1(!); t) dt =

Z
�

 �(X1(!))P (d!)

= E� �(X1) = E���(Y1)

Hence, we see thatY1 and Y2 are upper�-independent for every non-negative function
� : L1�L2 ! [0;1] . Adding a real constant to do not affect the equation derived
above (see Lem.A.2.10). Hence, if� : L1 � L2 ! �R is an arbitrary function, we see
that Y1 and Y2 are upper�a-independent for everya 2 R where �a := � _ a .
Let us define��(u) := E��(u; Y2) and ��a(u) := E��a(u; Y2) for all u 2 L1 . Then
we have �� � ��a and since Y1 and Y2 are upper�a-independent, we have

E�(�(Y1; Y2) _ a) � E���a(Y1) � E���(Y1) 8 a 2 R

Letting a # �1 , then by Lem.A.2.3 we see thatY1 and Y2 are upper�-independent
for all � : L1�L2 ! �R . In particular, we see thatY1 and Y2 are totally independent.

(2): Suppose thatX1 and X2 are perfectly independent and let(
i;Fi; �i; X̂i) be
chosen according to Def.2.4.1+2 fori = 1; 2 . By Def.2.4.2, we have that� := (�1; �2)
is (P;F1 
 F2)-perfect and by Def.2.4.1 we have thatP� = P�1 
 P�2 . So by
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Lem.B.6.1 and Lem.B.7.1 we see that�i is (P;Fi)-perfect for i = 1; 2 and since
X1(!) = X̂1(�1(!)) , then by Lem.2.1.2+7 we haveCP (Xi) � SP (�i) . Since (Si;Ai)
is countable separated, there exist setsAi

1
; A2;

i ; . . . 2 Ai separating points inLi (i.e.
if u 6= v 2 Li , then there exists an integern � 1 such that u 2 Ai

n and v =2 Ai
n ).

Since Zi : (
; CP (Xi)) ! (Si;Ai) is measurable andCP (Xi) � SP (�i) , there
exist aP -null set N and sets F i

n � 
i such that Z�1

i (Ai
n) n N = ��1

i (F i
n) n N

for all n � 1 . Let !; !0 2 
 n N be given points such thatZi(!) 6= Zi(!
0) .

Since Ai
1
; Ai

2
; . . . separates points inLi , then exists an integern � 1 such

that ! 2 Z�1

i (Ai
n) = ��1

i (F i
n) and !0 =2 Z�1

i (Ai
n) = ��1

i (F i
n) . Hence, we

see that �i(!) 6= �i(!
0) for all !; !0 2 
 n N satisfying Zi(!) 6= Zi(!

0) and
consequently, there exists a functionhi : 
i ! Li such that Zi(!) = hi(�i(!)) for
all ! 2 
 nN . So by Def.2.4.1 we have(Zi(!); Yi(!)) = (hi(�i(!); fi(X̂i(�i(!))))
a.s. for i = 1; 2 . Hence, by (1) it suffices to show that�1 : 
 ! 
1 and
�2 : 
 ! 
2 are totally independent. So letC � 
1 � 
2 be a given set and let us
define  (!1) := P �((!1; �2) 2 C) for all !1 2 
1 . Since � and �1 are perfect
and P� = P�1 
 P�2 , then by Thm.A.6.1 and Lem.B.1.4 we have

P �( (�1; �2) 2 C) = P �

� (C) �

Z
�

�(!1)P�1(d!1) = E��(�1)

that is, �1 and �2 are totally independent which completes the proof of (2).

(3): Let us define�((�; x); y) := �  (x; y) for all (�; x) 2 f0; 1g �M1 and all
y 2M2 . By (1), we have that(1F ; X1) and X2 are upper�-independent and since
E��(�; x); X2) = �  �(x) , we see that (3.a) holds.

(4+5): Let � � I be a given countable set. Since the functions(Xi j i 2 I)
are perfectly independent, then by Lem.B.6.1 and Lem.B.7.1 we see that the functions
(Xi j i 2 �) are perfectly independent. Hence, it suffices to prove (4+5) when� = I

and I is countable. So suppose thatI is countable and letAi � Mi be given
sets for all i 2 I . Let (
i;Fi; �i; X̂i) be chosen according to Def.2.4.1+2 and let
us define (
I ;FI) := (

Q
i2I 
i;
i2I Fi) and �(!) := (�i(!))i2I . Let us define

Bi := X̂�1

i (Ai) for all i 2 I and letP� denote the distribution of� . By Def.2.4.1, we
have P� = 
i2I P�i and by Def.2.4.1 we havefXi 2 Ai 8 i 2 Ig = ��1(

Q
i2I Bi)

and fXi 2 Aig = ��1

i (Bi) for all i 2 I . Since � is (P;FI)-perfect, then by
Lem.B.6.1 and Lem.B.7.1 we see that�i is (P;Fi)-perfect for all i 2 I and so by
Thm.A.8 we have

P �(Xi 2 Ai 8 i 2 I) = P �

�

�Q
i2I

Bi

�
=
Q
i2I

P �

�i
(Bi) =

Q
i2I

P �(Xi 2 Ai)

P�(Xi 2 Ai 8 i 2 I) = (P�)�

�Q
i2I

Bi

�
=
Q
i2I

(P�i)�(Bi) =
Q
i2I

P�(Xi 2 Ai)

which proves (4) and (5).
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Lemma 2.7: Let G � 
 and H � 
 be totally independent sets and let us define
G0 := 
nG , G1 := A , H0 := 
nH and H1 := H . Then for all �; � 2 f0; 1g we have

(1) P (G�

� )P (H
�

�
) = P �(G�)P

�(H�) = P �(G� \ H�) = P (G�

� \H
�

�
)

(2) P (G��)P (H��) = P�(G�)P�(H�) = P�(G� \ H�) = P (G�� \ H��)

(3) (G� \ H�)
� = G�

� \H
�

�
a.s. and (G� [H�)� = G�� [ H�� a.s.

where A� and A� denote the (a.s. unique)P -kernel andP -hull of A � 
 .

Proof: (1): By Thm.2.6.1, we have that1G�
and 1H�

are totally independent for all
�; � 2 f0; 1g . Hence, it suffices to prove (1) when� = � = 1 . The first equality in (1) is
evident. Let us defineD := f(1; 1)g . Then we haveP �(G\H) = P �((1G; 1H) 2 D)
and P �((�; 1H) 2 D) = � P �(H) for � = 0; 1 and since G and H are totally
independent, we have

(*) P �(G \H) = P �( (1G; 1H) 2 D) � E�(1G P
�(H)) = P �(G)P �(H)

Let us define D := f(1; 0); (1; 1); (0; 1)g and �(�) := P �((�; 1H) 2 D) for all
� = 0; 1 . Then we haveG [H = f(1G; 1H) 2 Dg , �(0) = P �(H) and �(1) = 1 .
Hence, we have

�(1G) = P �(H) 1Gc + 1G = P �(H) + (1� P �(H)) 1G

and so and Lem.A.2.5+10 and total independence we have

P �(G [H) = P �( (1G; 1H) 2 D) � E��(1G) = P �(H) + (1� P �(H))P �(G)

= P �(H) + P �(G)� P �(G)P �(H)

Hence, by (*) and Lem.A.1.5 we have

P �(G [H) + P �(G \H) � P �(G [H) + P �(G)P �(H)

� P �(G) + P �(H) � P �(G [H) + P �(G \H)

Hence, we see thatP �(G[H)+P �(G\H) = P �(G)+P �(H) and thatP �(G\H) =
P �(G)P �(H) . In particular, we see that the second inequality in (2) holds and by
Lem.A.5.8 we have(G [ H)� = G� [ H� a.s. Hence, we have

P �(G) + P �(H) = P �(G [H) + P �(G \H) = P (G�) + P (H�)

= P (G� [H�) + P (G� \H�) = P �(G [H) + P (G� \H�)

Thus, we see thatP �(G \H) = P (G� \H�) which completes the proof of (1).

(2): As in the proof of (1), we see that it suffices to prove (2) when� = � = 1 .
The first equality in (2) is evident and the last equality follows from Lem.A.5.9. In the
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proof of (1) we found thatP �(G1 [ H1) + P �(G1 \ H1) = P �(G1) + P �(H1) . So
by (1) and Lem.A.1.1 we have

P�(G \H) = 1� P �(G1 [H1) = 1� fP �(G1) + P �(H1)� P �(G1 \H1)g

= 1 + P �(G1)P
�(H1)� P �(G1)� P �(H1)

= P�(G)� P �(H1)P�(G) = P�(G)P�(H)

which completes the proof of (2).

(3): Since G� \ H� � G�

� \H
�

�
a.s., we see that the first equality in (3) follows

from the last equality in (1). The last equality in (3) follows from the first equality and
Lem.A.5.6.

Theroem 2.8: Let M1 and M2 be non-empty sets and letX1 : 
 ! M1 and
X2 : 
 ! M2 be given function. LetC� denote a fixedP -hull of C whenever
C � 
 . If M1 and M2 are finite, then the following five statements are equivalent:

(1) X1 and X2 are totally independent

(2) fX1 2 Ag and fX2 2 Bg are totally independent8A � M1 8B � M2

(3) fX1 2 Ag� and fX2 2 Bg� are independent8A � M1 8B � M2 and
fX1 = ug� \ fX2 = vg� = fX1 = u ; X2 = vg� a.s. 8 (u; v) 2 M1 �M2

(4) X1 and X2 are strictly perfectly independent

(5) X1; X2 are totally independent

and if M1 and M2 are countable, then the four statements (1), (2), (3) and (5) are
equivalent. Moreover, ifM1 and M2 are arbitrary sets, then we have

(6) X1 and X2 are totally independent, thenX1 and X2 are completely independent

(7) If X1 : 
! (M1; 2
M1) and X2 : 
! (M2; 2

M2) are independentP -measurable
functions and one of the setsM1 or M2 is not real measurable, thenX1 and
X2 are perfectly independent

Remark: Recall that a set M is real measurableif and only if there exists a
probability measure� on (M; 2M ) such that �(fxg) = 0 for all x 2 M . If M

is real measurable, then it follows easily that every setL with cardL � cardM is
real measurable. Hence ifRM denote the smallest cardinality of a real measurable
set, thenM is real measurable if and only ifcardM � RM . It is well-known that
RM is a very large cardinal – actually so large that it need not exists in the sense that
it is consistent with the usual axioms of set theory (including the axiom of choice) to
assume that there exists no real measurable sets at all.

10



Proof: Suppose thatM1 and M2 are finite and let me prove the equivalence of
(1)–(5).

(1) ) (2): Follows from Thm.2.6.1.

(2) ) (3): Follows from Lem.2.7.2+4.

(3) ) (4): Suppose that (3) holds and let� 2 f1; 2g be given and fixed for a
moment. Let u 2 M� be given and letD�

u be a givenP -hull of X�1
� (u) satisfying

D�
u 2 F and D�

u � X�1
� (u) . Let F� denote the�-algebra generated by the sets

(D�
u j u 2 M�) and let (F �

i j i 2 L�) denote the non-empty atoms of the�-algebra
F� . Since M� is finite, then F� is finite and so we see thatL� is a non-empty
finite set and thatF �

i 2 F� � F for all i 2 L� . Let u 2 M� be given and let us
define ��u := fi 2 L� j F

�
i \ D�

u 6= ;g . Since D�
u 2 F� , we have D�

u = [i2��
u

F �
i

with the usual convention that an empty union is empty. Let us define

�� := f (i; u) 2 L� �M� j i 2 ��ug ; G� := f�� \ ( � �M�) j � � L�g

X̂�(i; u) := u ; A�

 := F �

i \X
�1

� (u) ; ��
j := �� \ (fjg �M�)

for all 
 = (i; u) 2 �� and all j 2 L� . Then (��;G�) is a �-discrete measurable
space and sinceD�

u � X�1
� (u) for all u 2 M� , we have 
 = [u2M�

D�
u . Let

i 2 L� be given. SinceF �
i 6= ; , there existsu 2 M� such that F �

i \D�
u 6= ; or

equivalently i 2 ��u . Hence, we see that(i; u) 2 ��
i ; that is, ��

i 6= ; for all i 2 L� .
So by the definition of the�-algebra G� , we see that(��

i j i 2 L�) is the set of all
non-emptyG�-atoms. SinceD�

u = [i2�u F
�
i � X�1

� (u) for all u 2 M� , we have

[

2��

A�

 =

[
u2M�

[
i2�u

F �
i \X

�1

� (u) =
[

u2M�

�
X�1

� (u) \
[
i2�u

F �
i

�

=
[

u2M�

X�1

� (u) \D�
u =

[
u2M�

X�1

� (u) = 


and since the sets(F �
i j i 2 L�) are mutually disjoint and the sets(X�1

� (u) j u 2 M�)
are mutually disjoint, we see that(A�


 j 
 2 ��) is a disjoint partition of
 . Hence, we
may define �� : 
! �� as follows ��(!) := 
 if 
 is the unique
 2 �� satisfying
! 2 A�


 . Since X�(!) = u for all ! 2 A�
(i;u) , we see thatX�(!) = X̂�(��(!))

for all ! 2 
 .

By the definition of �� , we have ��1
� (
) = A�


 for all 
 2 �� . Let i 2 L� be
given and let us defineC�

i := fu 2 M� j i 2 ��ug . Let u 2 X�(F
�
i ) be given. Then

we have F �
i \X

�1
� (u) 6= ; and sinceX�1

� (u) � D�
u , we see thatF �

i \D
�
u 6= ; ; that

is, i 2 ��u or equivalently u 2 C�
i . So we see thatX�(F

�
i ) � C�

i and consequently,
we have F �

i � X�1
� (X�(F

�
i )) � X�1

� (Ci) . Hence, by the definition of��
i , we have

��1
� (��

i) =
[
u2C�

i

F �
i \X

�1
� (u) = F �

i \X
�1(C�

i ) = F �
i 2 F� 8 i 2 L�

Since (��
i j i 2 L�) are the atoms ofG� , we have

(i) �� : (
;F�) ! (��;G�) is a measurable function
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(ii) ��1
� (
) = A�


 = F �
i \X�1

� (u) 8 
 = (i; u) 2 �� and ��1
� (��

i) = F �
i 8 i 2 L�

(iii) X�(!) = X̂�(��(!)) 8! 2 


Let 
 = (i; u) 2 �� be given. Since i 2 ��u , we have F u
i \ D�

u = F �
i and since

F �
i 2 F and D�

u is aP -kernel of X�1
� (u) , then by (ii) and Lem.A.5.10 we have

(iv) ��1
� (
)� = F �

i \ D�
u = F �

i = ��1
� (��

i) a.s. 8 i 2 L�

where ��1
� (
)� is any upperP -envelope of ��1

� (
) .

Let us defineD�
A := [u2AD

�
u for all A �M� with the usual conventionD�

;
:= ; .

Since D�
u is an upperP -envelope of X�1

� (u) and X�1
� (A) = [u2AX

�1
� (u) , then

by Lem.A.5.8 we see thatD�
A is an upperP -envelope of X�1

� (A) . Hence, if
we define D� := fD�

A j A � M�g , then by (3) we have that the pavingsD1 and
D2 are independent. Then the complementary pavingsD1 := fF c j F 2 D1g and
D2 := fF c j F 2 D2g are independent and since the pavingsD1 and D2 are stable
under finite unions, then the pavingsD1 and D2 are stable under finite intersections.
So by [7; (2.5) p.106–107], we have that the�-algebras �(D1) and �(D2) are
independent and sinceD�

u 2 �(D�) = �(D�) , we see that the�-algebras F1 and
F2 are independent. So by (i) we see that�1 and �2 are independent measurable
functions from (
;F) into (�1;G1) and (�2;G2) , respectively.

Let (�;G) := (�1 � �2;G1 
 G2) denote the product space and let us define
�ij := �1

i ��2

j for all (i; j) 2 L1�L2 . Then (�;G) is a discrete measurable space
with atoms (�ij j (i; j) 2 L1 � L2) and �(!) := (�1(!); �2(!)) is a measurable
function from (
;F) into (�;G) . Let (i; j) 2 L1� L2 and 
 = (
1; 
2) 2 �ij be
given. Then there existu 2M1 and v 2M2 such that 
1 = (i; u) and 
2 = (j; v)
and so by (ii) we have

��1(
) = ��1

1
(i; u) \ ��1

2
(j; v) = F 1

i \X
�1

1
(u) \ F 2

i \X
�1

2
(u)

By (3), we have that (X�1

1
(u) \ X�1

2
(v))� = X�1

1
(u)� \ X�1

2
(v)� a.s. and since

F 1

i \ F 2

j 2 F , then by (iv) and Lem.A.4.10 we have

��1(
)? = F 1

i \ F 2

j \ (X�1

1
(u) \X�1

2
(v))� = F 1

i \ F 2

j \X�1

1
(u)� \X�1

2
(v)�

= ��1

1
(
1)

� \ ��1

2
(
2)

� = ��1

1
(�1

i ) \ ��1

2
(�2

i ) = ��1(�ij) a.s.

In particular, we haveP �(� = 
) = P�(�ij) for all 
 2 �ij and all (i; j) 2 L1�L2 .
Since (�ij j (i; j) 2 L1 � L2g are the atoms of the discrete�-algebra G , then by
Lem.B.7.3 we conclude that� is strictly (P;G)-perfect and sinceXi(!) = X̂i(�i(!))
and �1 and �2 are independent, then by (iii) we see thatX1 and X2 are strictly
perfectly independent.

(4) ) (5): Follows from Thm.2.6.2.

(5) ) (1): Evident!

Thus, the equivalence of (1)–(5) is proved under the assumption thatM1 and M2

are finite. So suppose thatM1 and M2 are countable. Without loss of generality,
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we may assume thatM1 = M2 = N . By Thm.2.6.1 and Lem.2.7.2+4, we see that
the implications “(1)) (2) ) (3)” hold and the implication “(5)) (1)” is evident.
Hence, it suffices to show that (3) implies (5) whenM1 = M2 = N .

(3) ) (5): Suppose that (3) holds and thatM1 = M2 = N . Let n � 1 be a
given integer and let us defineXn

i := Xi ^ (n + 1) for i = 1; 2 . Let A;B � N
be given sets. By (3) and Lem.A.5.8, we have

(X�1

1
(A) \X�1

2
(B))� =

[

i2A

[

j2B

fX1 = i ; X2 = jg�

=
[

i2A

[

j2B

fX1 = ig� \ fX2 = jg� =
[

i2A

fX1 = ig� \
[

j2B

fX2 = jg�

= X�1

1
(A)� \X�1

2
(B)� a.s.

In particular, we see that(Xn
1
; Xn

2
) satisfies condition (3) and sinceXn

1
and Xn

2
takes

values in the finite setf1; . . . ; n+1g , then by the first part of the theorem proved above,
we have thatXn

1
; Xn

2
are totally independent for alln � 1 . Let D � N2 be a given

and let us defineDn := f(i; j) 2 D j i � n ; j � ng , Dx
n := fy 2 N j (x; y) 2 Dng

and  n(x) := P �(X2 2 Dn) for all x 2 N . Then we have (x) = P �(Xn
2
2 Dn)

for all x 2 N and since n(x) = 0 for all x > n , we have  n(X1) =  n(X
n
1
) .

By the definition of (Dn; X
n
1
; Xn

2
) , we have f(X1; X2) 2 Dng = f(Xn

1
; Xn

2
) 2 Dng

and since Xn
1

and Xn
2

are totally independent, we have

P �( (X1; X2) 2 D) � P �( (X1; X2) 2 Dn) = P �( (Xn
1
; Xn

2
) 2 Dn)

� E� n(X
n
1
) = E� n(X1)

for all n � 1 . Since Dn " D , then by Lem.A.1.6 we have n(x) "  (x) :=
P �(X2 2 D

x) for all x 2 N where Dx := fy 2 N j (x; y) 2 Dg . So by Lem.A.2.7
we have P �((X1; X2) 2 D) � E� (X1) . Hence, we see thatX1 and X2 are
totally independent and sinceXn

2
and Xn

1
are totally independent, then in the same

manner we see thatX2 and X1 are totally independent; that is,X1; X2 are totally
independent which completes the proof of the equivalence of (1), (2), (3) and (5) when
M1 and M2 are countable.

(6): Let A 2 MP (X1) and B 2 MP (X2) be given. By Thm.2.6.1, we have
that X�1

1
(A) and X�1

2
(B) are totally independent and sinceX�1

1
(A) 2 FP and

X�1

2
(B) 2 FP , then by Lem.2.7.1 we see thatX�1

1
(A) and X�1

2
(B) are independent;

that is, X1 and X2 are completely independent.

(7): Suppose thatM1 is not real measurable (the case whereM2 is not real
measurable follows in the same manner). SincePX1

is a probability measure on
(M1; 2

M1) , there exists a countable setQ � M1 such that PX1
(Q) = 1 . Let

D � M1 � M2 be an arbitrary set and let us defineC := (Q � M2) \ D and
Dx := fy 2 M2 j (x; y) 2 Dg for all x 2 M1 . Since Q is countable and
C = [q2Q fqg �Dq , we see thatC 2 2M1 
 2M2 and sincePX1

(M1 nQ) = 0 and
D n C � (M1 nQ) �M2 , we see thatD n C is a P(X1;X2

)-null set. Hence, we see
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that all subsets ofM1 �M2 areP(X1;X2)-measurable. So by Lem.B.2 we have that
(X1; X2) : 
 ! M1 �M2 is (P; 2M1 
 2M2)-perfect and sinceX1 : 
 ! (M1; 2

M1)
and X2 : 
 ! (M2; 2

M2) are independent random functions, we see thatX1 and
X2 are perfectly independent.

Theorem 2.9: Let M1 and M2 be non-empty sets and letX1 : 
 ! M1

and X2 : 
 ! M2 be totally independent functions. Let�1 : M1 ! [0;1] and
�2 : M2 :! [0;1] be non-negative functions. Then we have

(1) The�-algebrasLP (X1) and LP (X2) are independent and the algebrasAP (X1)
and AP (X2) are totally independent

(2) (E��1(X1)) � (E
��2(X2)) = Ef�1(X1)

� �1(X2)
�g = E�f�1(X1)�2(X2)g

Let L1 and L2 be finite sets and letY1 : 
 ! L1 , f1 : M1 ! L1 , Y2 : 
 ! L2

and f2 : M2 ! L2 be given functions such thatY �1
i (u) 2 AP (Xi) for i = 1; 2

and all u 2 Li. Then we have

(3) f1(X1) and f2(X2) are strictly perfectly independent andY1 and Y2 are
totally independent

(4) The algebrasAP (X1) and AP (X2) are totally independent

Proof: (1): Let Ki denote the paving of allP -kernels of all setsF 2 SP (Xi) for
i = 1; 2 . Let G1 2 K1 and G2 2 K2 be given. Then there exist setsAi � Mi

such thatGi = X�1
i (Ai)� for i = 1; 2 . Since X1 and X2 are totally independent,

then by Thm.2.6.1 we have that1X�1
1

(A1)
and 1

X
�1

2
(A2)

are totally independent. So
by Lem.2.7.2 we see thatG1 and G2 are independent; that is, the pavingsK1 and
K2 are independent and by Lem.2.1.4 we have thatK1 and K2 are stable under
countable intersections. Hence, by [7; (2.5) p.106–107] we conclude that the�-algebras
�(K1) and �(K2) are independent and sinceLP (Xi) = �(Ki) , we have proved (1).

(2): By (1) and Lem.2.1.5, we have that�1(X1)
� and �2(X2)

� are independent
random variables. Hence, the first equality in (2) follows from Lem.A.5.1. Let us define
�(x; y) := �1(x)�2(y) and �(x) := E��(x;X2) for all x 2 M1 and all y 2 M2 .
Since �1 � 0 , then by Lem.A.2.5+9 we have�(x) = �1(x)E

��2(X2) and since
�1; �2 � 0 , we have �1(X1)

� �1(X2)
� � �1(X1)�2(X2) . Since E��2(X2) � 0 ,

then by Thm.2.6.1 and Lem.A.2.5+9 we have

E�f�1(X1)�1(X2)g = E��(X1; X2) � E��(X1) = (E��1(X1)) � (E
��2(X2))

= Ef�1(X1)
� �2(X2)

�g � E�f�1(X1)�2(X2)g

which completes the proof of (2).

(3+4): By Thm.2.6.1, we have thatf1(X1) and f2(X2) are totally independent
and sinceL1 and L2 are finite, then by Thm.2.8 we see thatf1(X1) and f2(X2)
are strictly perfectly independent. SinceAP (Xi) is an algebra andY �1

i
(u) 2 AP (Xi)
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for all u in the finite setLi , we have Y �1

i
(A) 2 AP (Xi) for all A � Li . Let Ki

denote the paving of allP -kernels of all setsF 2 SP (Xi) . Since Li is finite and
AP (Xi) is the algebra generated byKi[SP (Xi) there exist setsF i

1
; . . . ; F i

n 2 Ki and
F i
n+1; . . . ; F

i
n+m 2 SP (Xi) such that Y �1

i (A) 2 �(F i
1
; . . . ; F i

n+m) for all A � Li .
By the definitions ofKi and SP (Xi) , there exist setsAi

1
; . . . ; Ain+m � Mi such that

F i
j = X�1

i (Aij)� for all 1 � j � n and F i
j = X�1

i (Aij) a.s. for all n < j � n+m .
Let us definehi(x) := (1Ai

1

(x); . . . ; 1Ai

n+m
(x)) for all x 2Mi . Then hi is a function

from Mi into the finite set f0; 1gn+m such that F i
1; . . . ; F

i
m+m 2 CP (hi(Xi) for

i = 1; 2 . Hence, by the argument above, we have thath1(X1) and h2(X2) are
strictly perfectly independent and sinceY �1

i (A) 2 �(F i
1
; . . . ; F i

m+m) for all A � Li ,
then by Thm.2.6.2 we see thatY1 and Y2 are totally independent. In particular, we
see that the algebrasAP (X1) and AP (X2) are totally independent.

Theorem 2.10: Let Mi be a given set and letXi : 
!Mi be a given function for all
i in the non-empty setI . Let (~
; ~F ; ~P ) be a probability space and let� : ~
! (
;F)
be aP -measurable function satisfying~P� = P . If we defineYi(~!) := Xi(�(~!)) for
all i 2 I and all ~! 2 ~
 , then we have

(1) If � is ( ~P;F)-perfect and the functions(Xi : 
 ! Mi j i 2 I) are perfectly
independent or totally independent or completely independent, then the functions
(Yi : ~
 ! Mi j i 2 I) are perfectly independent or totally independent or
completely independent

(2) If � is strictly ( ~P;F)-perfect and the functions(Xi : 
 ! Mi j i 2 I) are
strictly perfectly independent then the functions(Yi : ~
 ! Mi j i 2 I) are
strictly perfectly independent

(3) The notion “completely independent” is weakly consistent and the notions “inde-
pendently defined”, “perfectly independent”, “strictly perfectly independent” and
“totally independent” are strongly consistent

(4) “independently defined” ) ”strictly perfectly independent” ) ”perfectly
independent”) ”totally independent” ) ”completely independent”

Let Bi be a�-algebra on Mi for all i 2 I , let (M I ;BI) = (
Q

i2I Mi;
i2I Bi)
denote the product space and let us defineXI(!) := (Xi(!))i2I for all ! 2 
 .
If (Xi : 
! (Mi;Bi) j i 2 I) are independent random functions, thenXI(!) :=
(Yi(!))i2I is a P -measurable function from
 into (MI ;BI) and we have

(5) If XI is (P;BI)-perfect, then the functions(Xi : 
!Mi j i 2 I) are perfectly
independent

(6) If XI is strictly (P;BI)-perfect, then the functions(Xi : 
 ! Mi j i 2 I) are
strictly perfectly independent
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Remark: Recall that the example in Def.2.2 shows that the notion “completely
independent” isnot strongly consistent.

Proof: (1+2): Suppose that the functions(Xi) are perfectly or strictly perfectly
independent and let(
i;Fi; �i; X̂i) be chosen according to Def.2.4.1+2. Then we
have Yi(~!) = X̂i(~�i(~)) where ~�i(~!) := �i(~�(~!)) for all i 2 I and all ~! 2 ~
 .
Since the functions(�i : 
 ! (
i;Fi) j i 2 I) are independent and� : ~
 ! (
;F)

is ~P -measurable with distributionP , we see that (~�i : ~
 ! (
i;Fi) j i 2 I) are
independent. If� and � := (�i) are perfect or strictly perfect, then by Lem.B.6.1=2
we have that � � � = (~�i) is perfect or strictly perfect which proves (2) and the first
claim in (1). Suppose thatX : 
 ! M and Y : 
 ! L are totally independent.
Since � is ( ~P;F)-perfect with ~P� = P , we have

~P �(Y (�) 2 A) = ~P �

� (Y 2 A) = P �(Y 2 A)

~P �((X(�); Y (�) 2 D) = ~P �

� ((X; Y ) 2 D) = P �((X; Y ) 2 D)

for all A � M and all D � L�M . Hence, we see that(X(�); Y (�)) are totally
independent but then we see that total independence of(Xi) implies total independence
of (Yi) . Suppose that the functions(Xi) are completely independent. Let� � I

be a finite non-empty set and letAi 2 M ~P
(Yi) be given sets for all i 2 I . By

Lem.2.1.3, we haveX�1

i (Ai) 2 M ~P (�) and since� is ( ~P ;F)-perfect with ~P� = P ,
then by Def.2.1.9 we see thatX�1

i (Ai) 2 FP or equivalently Ai 2 MP (Xi) . In
particular, we haveP (X�1

i (Ai)) = P�(X
�1

i (Ai)) = ~P (Y �1

i (Ai)) for all i 2 � and
since the functions(Xi) are completely independent, we have

Q

i2�

~P (Y �1

i (Ai)) =
Q

i2�

P (X�1

i (Ai)) = P

�T
i2�

X�1

i (Ai)

�

= ~P�

�T
i2�

X�1

i (Ai)

�
= ~P

�T
i2�

Y �1

i (Ai)

�

Hence, we see that the functions(Yi) are completely independent.

(3): By Lem.2.1.3, we see that “complete independence” is weakly consistent and
by the very definition of “independently defined”, we see that “independently defined”
is strongly consistent. By Lem.B.7.1+2 and Lem.B.9, it follows easily that “perfectly
independent” and “strictly perfectly independent” are strongly consistent.

Let consider the notion “total independence”. The property (2.A) is evident and
the property (2.B) follows from Thm.2.6.1. So let(Xi : 
 ! Mi j i 2 I) be totally
independent functions, let(I� j � 2 �) be a family of disjoint non-empty subsets of
I and let us defineM� :=

Q
i2I�

Mi and Y�(!) := (Xi(!))2I� for all � 2 � and
all ! 2 
 . Let �; � � � be given disjoint sets and let us defineY � := (Y�)�2�
and Y � := (Y�)�2� . If we define A := [�2� I� and B := [�2� I� , then A
and B are disjoint non-empty subsets ofI such that Y � = XA and Y � = XB .
Since the functions (Xi) are totally independent, we have thatY � = XA and
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Y � = XB are totally independent. Hence, we see that the functions(Y� j � 2 �)
are totally independent and so we see that “total independence” satisfies (2.C); that is,
“total independence” is strongly consistent.

(4): The first implication in (4) is an easy consequence of Lem.B.9 and the second
implication is evident.

Let (Xi : 
 ! Mi j i 2 I) be a given family of perfectly independent functions
and let (
i;Fi; �i; X̂i) be chosen according to Def.2.4.1+2. If� � I is a non-empty
set, we let M� :=

Q
i2� Mi and (
�;F�) := (

Q
i2� 
i;�i2� Fi) the product

spaces and we define�� := (�i)i2� , X̂� := (X̂i)i2� and X� := (Xi)i2� . By
Def.2.4.1+2, we have that�I is (P;FI)-perfect with distribution �i2� P�i . So by
Lem.B.6.1 and Lem.B.7.1 we see that�� is (P;F�) perfect. Let�; � � I be disjoint
non-empty sets and letD � M� �M� be given. Let us define
 := � [ � and
f(x) := P �(X� 2 Dx) for all x 2M� where Dx := fy 2M� j (x; y) 2 Dg . Then
we have D � M� �M� = M
 and X
 = (X�; X�) = X̂
 � �
 . Hence, if we
define C := (X̂
)�1(D) and C� := f� 2 
� j (�; �) 2 Cg for all � 2 
� , then we
have f(X�; X�) 2 Dg = ��1


 (C) and ��1
� (C�) = fX� 2 D��(�)g for all � 2 
� .

Since �� is (P;F�)-perfect, we havef(��(�)) = P �(X� 2 D��(�)) = P �

��
(C�) and

since �� and �
 are perfect andP�
 = P�� � P�� , then by Thm.A.6.1 we have

P �( (X�; X�) 2 D) = P �(X
 2 D) = P �

�

(C) �

Z
�

P �

��
(C�)P��(d�)

=

Z
�

f(��(�))P��(d�) = E�f(X�)

Hence, we see thatX� and X� are totally independent; that is the functions(Xi)
are totally independent which proves the third implication in (4).

Suppose that(Xi : 
 ! Mi j i 2 I) are totally independent functions and let us
define M� :=

Q
i2� Mi and B� := 
i2
MP (Xi) for all non-empty sets� � I .

Since Xi : 
 ! (Mi;MP (Xi) is P -measurable, we see thatX� : 
 ! (M�;B�)
is P -measurable and so we haveB� � MP (X

�) for all non-empty sets� � I .
Let �; � � I be disjoint non-empty sets. By (3), we have thatX� : 
 ! M�

and X� : 
 ! M� are totally independent. So by Lem.2.1.1 and Thm.2.9.1 we
see thatX� : 
 ! (M�;MP (X

�)) and X� :! (M� ;MP (X
�)) are independent

random function and sinceB
 � MP (X

) , we conclude thatX� : 
 ! (M�;B�)

and X� : 
 ! (M� ;B�) are independent random functions whenever� and �

are non-empty disjoint subsets ofI . But then a standard argument shows that the
functions (Xi : 
 ! (Mi;MP (Xi)) j i 2 I) are independent; that is, the functions
(Xi) are completely independent which proves the last implication in (4).

(5) and (6) are immediate consequences of the definitions.

Theorem 2.11: Let (L;A) be a measurable space and let� : 
! (L;A) be discrete
random function with discrete rangeQ . Let M be a given set and letX : 
 ! M

and  : L�M ! �R be given functions such that (q; x) � 0 for all (q; x) 2 Q�M .
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Let C� denote a fixedP -hull of C wheneverC � 
 and let  (q;X)� denote an
upperP -envelope of (q;X) for all q 2 Q and let us define �(u) := E� (u;X)
for all u 2 L . Then  � 2 L(P�) and we have

(1) If f� = qg and  (q;X)� are independent for allq 2 Q , then � and X are
upper -independent and we have

(a) E� (�;X) = E �(�) =
P
q2Q

P (� = q)E� (q;X)

(2) � and X are totally independent if and only iff� = qg and fX 2 Ag� are
independent for allq 2 Q and all A � M and if so, then (1.a) holds for every
function  : L�M ! �R satisfying  (q; x) � 0 for all (q; x) 2 Q�M

Proof: (1): Since P (� 2 Q) = 1 and  (q; x) � 0 for all (q; x) 2 Q �M , we
have  � � 0 P�-a.s. and

 (�;X) =
X

q2Q

1f �=qg  (q;X) = sup
q2Q

�
1f �=qg  (q;X)

	
a.s.

So by Def.A.9.1, we see that � 2 L(PX1
) and since Q is countable and

f� = qg 2 FP for all q 2 Q , then by Lem.A.4.3+10 we have

 (�;X)� = sup
q2Q

�
1f �=qg  (q;X)�

	
=
X
q2Q

1f �=qg  (q;X)� a.s.

Since f� = qg and  (q;X)� are ordinary independent and (q;X)� � 0 a.s. then
by Lem.A.5.1 and Beppo-Levi’s theorem we have

E� (�;X) = E (�;X)� =
X
q2Q

E
n
1f �=qg  (q;X)�

o
=
X
q2Q

P (� = q)E (q;X)�

=
X
q2Q

P (� = q)E� (q;X) =
X
q2Q

P (� = q) �(q) = E �(�)

which proves (1.a).

(2): Suppose that� and X are totally independent and letq 2 Q and A �M

be given. Sincef� = qg 2 FP , then by Lem.2.1.4 we havef� = qg 2 LP (�) and
by Lem.2.1.5, we havefX 2 Ag� 2 LP (X) . So by Thm.2.9.1 we conclude that
f� = qg and fX 2 Ag� are independent. Suppose thatf� = qg and fX 2 Ag�

are independent for allq 2 Q and all A � M and let K denote the paving of all
P -kernels of all sets inSP (X) . By Lem.A.5.6, we see that every set inK 2 K is
of the form K = 
 n fX 2 Ag� a.s. Hence, we see thatf� = qg and K are
independent for allK 2 K and by Lem.2.1.4 we have thatK is stable under countable
intersections. SinceLP (X) = �(K) , then by [7; (2.5) p.106–107] we conclude that
f� = qg and LP (X) are independent for allq 2 Q . So by Lem.2.1.5 we see that
f� = qg and f(X)� are independent for every functionf : M ! �R . Thus, by (1)
we see that (1.a) holds for every function : L�M ! �R satisfying  (q; x) � 0 for
all (q; x) 2 Q�M . In particular, we see that� and X are totally independent.
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3. Symmetrization It is well-known that symmetrization is a useful tool for
establishing stochastic inequalities and in this section we shall study various ways of
symmetrizing functions taking values in a vector space.

Let � is a vector space over the reals. Then we let�� denote the (algebraic)dual
space; that is, the set of all linear functionals from� into R . If L is a�-algebra on
� , we say that(�;L) is a measurable linear spaceif the addition (u; v) u+ v is
measurable from(���;L
L) into (�;L) and the scalar multiplication(�; u) �u

is measurable from(R� �;B(R)
 L) into (�;L) . Recall that we have

(3.1) If � � �� is a set of linear functionals, then(�; �(�)) is a measurable
linear space where�(�) denotes the smallest�-algebra on � making all
functions in � measurable

(3.2) If (�i;Li) is a measurable linear space for alli in the non-empty setI ,
then the product space(

Q
i2I

�i;
i2I Li) is a measurable linear space with
respect to the usual (coordinatewise) addition and scalar multiplication

(3.3) If � is a topological linear space such that� is hereditarily Lindel̈of,
then (�;B(�)) is a measurable linear space whereB(�) denotes the Borel
�-algebra on �

In particular, we see that(RT ;BT ) is a measurable linear space and recall that a
stochastic process with parameter setT is a random function from
 into (RT ;BT ) .
Recall that a function� : � ! �R is subadditiveif �(x + y) � �(x) _+�(y) for all
x; y 2 � where we use the upper convention for addition on the extended real line
(see Appendix A) and recall that aseminormis a subadditive function� : �! [0;1]
satisfying �(�x) = j�j�(x) for all x 2 � and all � 2 R . Observe that an arbitrary
supremum of subadditive functions is subadditive and that an arbitrary supremum of
seminorms is a seminorm.

Defnition 3.1: (Symmetric functions) Let n � 1 be a given integer. Then we let
En := f�1; 1gn denote the set ofn-vectors of �1 ’s. Note that En is a group
under the multiplication�� := (�1 � �1; . . . ; �n � �n) for � = (�1; . . . ; �n) 2 En and
� = (�1; . . . ; �n) 2 En . We let En denote the set of all subsets ofEn and we let Bn

denote the uniform probability measure on(En; En) ; that is, the probability measure
given by Bn(f�g) := 2�n for all � 2 En . Recall that aBernoulli vectoris a random
function " : 
 ! (En; En) such that P" = Bn or equivalently a random function
" : 
 ! (En; En) such that the coordinate functions"1; . . . ; "n are independent and
takes the values+1 and �1 with probability 1

2
.

Let � be a vector space and let us defineT�(x) := (�1 x1; . . . ; �n xn) for all
x = (x1; . . . ; xn) 2 �n and all � = (�1; . . . ; �n) 2 En . Then T� : �

n ! �n is a
bijection satisfying (see Lem.B.6.8)

(1) T�1� = T� and T� � T� = T� � T� = T�� 8 �; � 2 En
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(2) If (�;L) is a measurable linear space and(�n;Ln) denotes then-fold product
space, thenT� : (�n;Ln) ! (�n;Ln) is a measurable bijection andT� is
strictly (�;Ln)-perfect for every probability measure� on (�n;Ln)

Let (�;L) be a measurable linear space and letX1; . . . ; Xn : 
 ! (�;L) be
random functions. Recall, that the random vectorX = (X1; . . . ; Xn) is L-symmetric
if and only if X and T�(X) have the same distribution on(�n;Ln) for all
�1; . . . ; �n 2 En . If X1; . . . ; Xn : 
 ! � are arbitrary functions, we say that the
random vectorX = (X1; . . . ; Xn) is totally symmetricif X and T�(X) have the
same outer distribution for all� 2 En .

In [4; p.289], R.M. Dudley defines a “symmetric vector function” to be a function
X = (X1; . . . ; Xn) : 
! �n such that X1; . . . ; Xn are independently defined func-
tions and the probability spaces(
i;Fi; Pi) and the functionsX̂i from Def.2.3.1+2
are of the form

(
i;Fi; Pi) = (
0

i � 
0

i;F
0

i 
 F
0

i; P
0

i 
 P 0

i ) 8 i = 1; . . . ; n

X̂i(!1; !2) = Yi(!1)� Yi(!2) 8 (!1; !2) 2 
0

i � 
0

i 8 i = 1; . . . ; n

that is, if X is the standard symmetrization of some independently defined func-
tions Y1; . . . ; Yn (see Def.3.2.2). In Thm.3.4.5 below, we shall that the standard
symmetrization of strictly perfectly independent functionsX1; . . . ; Xn : 
 ! � is
totally symmetric. So by Thm.2.10.4, we see that Dudley’s concept of “symmetry”
implies “total symmetry”.

It is tempting to believe that ifX1; X2 : 
 ! (�;L) independently definedL-
symmetric random functions with the same outer distribution, then(X1; X2) is totally
symmetric. The following example shows that this isnot the case and the example
shows that “total symmetry” is a rather restrictive assumption.

Example: Let (�;G; Q) be a non-atomic probability space such thatf�g 2 G
for all � 2 � and let (
;F :P ) := (� � �;G 
 G; Q 
 Q) denote the product
space. Let � : � ! R be a symmetricG-measurable random variable on(�;G; Q)
and let f : � ! R be an arbitrary function, Let us define the stochastic processes
X1; X2 : 
 ! R

� as follows

Xi(t; !1; !2) :=

�
�(!i) if t 2 � ; (!1; !2) 2 
 and t 6= !i

f(!i) if t 2 � ; (!1; !2) 2 
 and t = !i

for i = 1; 2 . Let jj � jj� denote the sup-norm onR� . Then I claim that we have

(3) X1; X2 : 
! R
� are independently definedB�-measurable functions such that

(X1; X2) is B�-symmetric andX1 and X2 have the same outer distribution

(4) If f is Q-measurable, then the sup-normsjjX1jj� , jjX2jj� , jjX1 + X2jj	
and jjX1 � X2jj� are P -measurable.

(5) If f � 1 and � only takes the values�1 with P (� = 1) = P (� = �1) = 1

2
,

then (X1; X2) is not totally symmetric and we have

(a) kX1(!) + X2(!)kk� = 2 8! 2 
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(b) P (kX1 � X2k� = 0) = 1

4
; P (kX1 � X2k� = 2) = 3

4

Proof of (3): Since G contains all singletons, we see thatXi(t; � ) is G-measurable
for all t 2 � ; that is, X1 and X2 areB�-measurable functions from
 into R� .
Since Q is non-atomic and� is symmetric, we see that(X1; X2) is B�-symmetric
and by Thm.A.8 and the definition ofX1 and X2 , we see thatX1 and X2 are
independently defined functions with the same outer distribution.

Proof of (4+5): Let ! = (!1; !2) 2 
 be given. By the definition ofX1 and
X2 , we have

kX1(!)k� = j�(!1)j _ jf(!1)j ; kX2(!)k� = j�(!2)j _ jf(!2)j

kX1(!) +X2(!)kT = j�(!1) + �(!2)j _ j�(!1) + f(!2)j _ jf(!1) + �(!2)j

kX1(!)�X2(!)kT = j�(!1)� �(!2)j _ j�(!1)� f(!2)j _ jf(!1)� �(!2)j

In particular, we see that (4) holds. Suppose thatf � 1 and that � only takes the
values �1 with P (� = 1) = P (� = �1) = 1

2
. By the second equality derived

above, we see thatjjX1(!) + X2(!)jj� = 2 for all ! 2 
 . By the last equality
derived above, we see thatjjX1(!) � X2(!)jj� = 0 if (�(!1); �(!2) = (1; 1) and
that jjX1(!) � X2(!)jj� = 2 if (�(!1); �(!2) 6= (1; 1) which proves (5.b). Since
jjX1 + X2jj� and jjX1 � X2jj� do not have the same distribution, we see that
(X1; X2) is not totally symmetric.

Definition 3.2: (Symmetrizations) Let � be a vector space and letX1; . . . ; Xn :

 ! � be given functions. Then there are two methods of symmetrizing the vector
function X = (X1; . . . ; Xn) . Let �i(�) := �i for � = (�1; . . . ; �n) 2 En denote
the projection maps for i = 1; . . . ; n . Then (�1; . . . ; �n) is a Bernoulli vector
on the probability space(En; En;Bn) and we definethe Bernoulli symmetrization
X� = (X�

1
; . . . ; X�

n) to be the functionX� : En � 
 ! �n given by

(1) X�

i
(�; !) := �i(�)Xi(!) 8 (�; !) 2 En � 
 8 i = 1; . . . ; n

Similarly, we definethe standard symmetrizationXs := (Xs

1
; . . . ; Xs

n) to be the
function Xs : 
 � 
 ! �n given by

(2) Xs

i
(!1; !2) = Xi(!1) �Xi(!2) 8 (!1; !2) 2 
 � 
 8 i = 1; . . . ; n

Below we shall see thatX� is totally symmetric on the product probability space
(En � 
; En 
F ;Bn 
 P ) . Since I(!1; !2) := (!2; !1) is a measurable bijection of
(
�
;F
F) onto itself with I�1 = I , then by Lem.B.6.8 we have thatXs and�Xs

have the same outer distribution on the probability space(
�
;F
F ; P
P ) . Below
we shall see thatXs is totally symmetric on the probability space(
�
;F
F ; P
P )
provided that X1; . . . ; Xn are strictly perfectly independent but I don’t know ifXs

is totally symmetric if X1; . . . ; Xn are perfectly independent.

21



Let X1; . . . ; Xn : 
 ! � be given function and letXs = (Xs
1
; . . . ; Xs

n) denote
the standard symmetrization ofX = (X1; . . . ; Xn) . Let A;B � �n be given sets
and let us defineA + B := fx + y j x 2 A ; y 2 Bg . Since

fT�(X
s) 2 Ag � (
� fT�(X) 62 Bg) [ (fT�(X) 2 A+Bg � 
)

for all � 2 En , then by Thm.A.8 we have

(3) (P 
 P )�(T�(X
s) 2 A) � P �(T�(X) 62 B) + P �(T�(X) 2 A + B)

for all � 2 En and all A;B � �n . Note that the example given in Def.3.1
shows that total symmetry is an unpleasant assumption. Below we shall that we may
bypass total symmetry by introducing the following paving ofX-symmetricsets. Let
X1; . . . ; Xn : 
 ! � be given functions and letXs = (Xs

1
; . . . ; Xs

n) denote the
standard symmetrization ofX := (X1; . . . ; Xn) . Then we let �P (X) denote the
paving of all sets A � �n satisfying

(4) (P
P )�(Xs 2 A) � P �(T�(X) 62 B)+P �(T�(X) 2 A+B) 8B � �n 8 � 2 En

Lemma 3.3: Let (�;L) be a measurable linear space and let(�n;Ln) denote the
n-fold product space. LetX1; . . . ; Xn : 
 ! � be given functions and letX� =
(X�

1
; . . . ; X�

n) and Xs = (Xs
1
; . . . ; Xs

n) denote the Bernoulli and standard symmetriza-
tions of X := (X1; . . . ; Xn) . If we define (
2;F2; P2) := (
� 
;F 
 F ; P 
 P )
and (~
; ~F ; ~P ) := (En � 
; En 
 F ;Bn 
 P ) , then we have

(1) If X1; . . . ; Xn are independently defined or perfectly independent or strictly
independent or totally independent, then so areX�

1
; . . . ; X�

n on the probability
space (~
; ~F ; ~P )

(2) If X1; . . . ; Xn are independently defined or perfectly independent or strictly per-
fectly independent, then so areXs

1
; . . . ; Xs

n on the probability space(
2;F2; P2)

(3) If X1; . . . ; Xn : 
! (�;L) are random functions such thatX is L-symmetric
and (P;Ln)-perfect, thenX is totally symmetric

(4) If X1; . . . ; Xn : 
 ! (�;L) are independent random functions such thatXi

and �Xi have the same distribution on(�;L) , then X is L-symmetric

(5) If X1; . . . ; Xn : 
 ! (�;L) are independent random functions, then
Xs

1
; . . . ; Xs

n : 
 � 
 ! (�;L) are independent random functions andXs

is L-symmetric

Proof: (1+2): The “independently defined” case is evident. The “perfectly inde-
pendent” and “strictly independent” cases are easy consequences of Lem.B.6.1+2 and
Lem.B.7.1. The “totally independent” case for the Bernoulli symmetrization follows
easily from Thm.2.11.
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(3): Let � 2 En be given. SinceX is (P;Ln)-perfect, then by Def.3.3.2 and
Lem.B.6.1 we have thatT�(X) is (P;Ln)-perfect and sinceX is L-symmetric, we
have that PX = PT�(X) . Hence, by Lem.B.1.2 we see thatX and T�(X) have the
same outer distribution for all� 2 En ; that is, X is totally symmetric.

(4): Evident!

(5): Let us define Yi(!1; !2) := Xi(!1) and Zi(!1; !2) := Xi(!2) for all
(!1; !2) 2 
�
 and all i = 1; . . . ; n . Then Y1; . . . ; Yn; Z1; . . . ; Zn : 
�
! (�;L)
are independent random function on the probability space(
2;F2; P2) such thatYi�Zi

and Zi � Yi have the same distribution on(�;L) for all i = 1; . . . ; n and since
Xs
i
= Yi � Zi , we see that (5) follows from (4).

Theorem 3.4: Let � be a vector space, letX1; . . . ; Xn : 
! � be given functions
and let " = ("1; . . . ; "n) be a random function from
 into (En; En) such that
" and X = (X1; . . . ; Xn) are totally independent. LetX� = (X�

1; . . . ; X
�
n) and

Xs = (Xs
1 ; . . . ; X

s
n) denote the Bernoulli and standard symmetrizations ofX and let us

defineX" := ("1X1; . . . ; "nXn) . If we define(
2;F2; P2) := (
� 
;F 
 F ; P 
 P )
and (~
; ~F ; ~P ) := (En; En 
 F ;Bn 
 P ) , then we have

(1) P �

2 (X
s 2 A) � ~P �(X� 62 B) + ~P �(X� 2 A + B) 8A 2 �P (X) 8B � �n

(2) P �

2 (X
s 2 A) � P �(X" 62 B) + P �(X" 2 A + B) 8A 2 �P (X) 8B � �n

(3) X� is totally symmetric on the probability space(~
; ~F ; ~P ) and if " is En-
symmetric, thenX" is totally symmetric

(4) If Xs is totally symmetric, thenA 2 �P (X) for all A � �n

(5) If X1; . . . ; Xn are strictly perfectly independent, thenXs is totally symmetric
on the probability space(
2;F2; P2)

(6) If X1; . . . ; Xn are perfectly independent, thenA 2 �P (X) for all A � �n

Let L be a given�-algebra on � such that (�;L) is a measurable linear space and
X1; . . . ; Xn : 
! (�;L) are random functions. If(�n;Ln) denote then-fold product
space, thenX : 
 ! (�n;Ln) and Xs : 
2 ! (�n;Ln) are random functions
and we have

(7) If Xs is L-symmetric, thenLn � �P (X) and we have

(a) P2(X
s 2 A) � P�(X" 62 B) + P�(X" 2 A + B) 8A 2 Ln B � �n

(b) P2(X
s 2 A) � ~P�(X

� 62 B) + ~P�(X
� 2 A +B) 8A 2 Ln 8B � �n

Proof: (1): Let us define �i(�; !) := �i and Yi(�; !) := Xi(!) for all � =
(�1; . . . ; �n) 2 En and all ! 2 
 . Then � = (�1; . . . ; �n) and Y = (Y1; . . . ; Yn) are
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independently defined function. So by Thm.2.10.4, Thm.2.11 and Thm.A.8, we have

~P �(X� 2 D) = 2�n
X

�2En

~P �(T�(Y ) 2 D) = 2�n
X

�2En

P �(T�(X) 2 D)

for all D � �n . Hence, we see that (1) follows from the definition of�P (X) .

(2): Let A 2 �P (X) and B � �n be given. Since " and X are totally
independent andX" = T"(X) , then by Def.3.3.4 and Thm.2.11 we have

P �

2 (X
s 2 A) �

X

�2En

P (" = �) fP �(T�(X) 62 B) + P �(T�(X) 2 A+B)g

= P �(X" 62 B) + P �(X" 2 A+B)

which proves (2).

(3): Suppose that" is En-symmetric and letB � �n and � 2 En be given.
Since " and X are totally independent, then by Thm.2.6.1 we have that" and T�(X)
are totally independent and since" is symmetric, we have thatP (" = �) = P (" = ��)

for all � 2 En . Since � �� is a bijection of En onto En , then by Def.3.3.1
and Thm.2.11 we have

P �(X" 2 B) =
X

�2En

P (" = �)P �(T�(X) 2 B) =
X

�2En

P (" = ��)P �(T��(X) 2 B)

=
X

�2En

P (" = �)P �(T�(T�(X)) 2 B) = P �(T�(X") 2 B)

Hence, we see thatX" and T�(X") have the same outer distribution for all� 2 En ;
that is, X" is totally symmetric. If we define� = (�1; . . . ; �n) and Y = (Y1; . . . ; Yn)
as in the proof of (1), we haveX� = (�1 Y1; . . . ; �n Yn) and since � and Y

are independently defined, then by Thm.2.10.4 we have that� and Y are totally
independent. Since� is totally symmetric, then by the argument above we see that
X� is totally symmetric on the probability space(~
; ~F ; ~P ) .

(4): Immediate consequence of Def.3.3.3.

(5+6): Suppose thatX1; . . . ; Xn are perfectly independent and let(
i;Fi; �i; X̂i)
be chosen according Def.2.4.1+2. Let(
n;Fn) := (

Qn
i=1 
i;


n
i=1Fi) denote the

product space. Then�(!) := (�1(!); . . . ; �n(!)) is a (P;Fn)-perfect function with
P� = P�1
� � �
P�n and �(!1; !2) := (�(!1); �(!2)) is a random function from
�

into 
n�
n with distribution P� = P� 
 P� . Let � = (�1; . . . ; �n) 2 En be given.
If u = (u1; . . . ; un) 2 
n and v = (v1; . . . ; vn) 2 
n are given “vectors”, we define
J�(u; v) := (u�; v�) where (u�i ; v

�

i ) = (ui; vi) if �i = 1 and (u�i ; v
�

i ) = (vi; ui) if
�i = �1 ; that is, J� : 
n � 
n ! 
n � 
n is the function which interchanges the
coordinatesui and vi if �i = �1 and leaves the coordinates at their original positions
if �i = 1 . Hence, we see thatJ� : (
n � 
n;Fn 
 Fn) ! (
n � 
n;Fn 
 Fn)
is a measurable bijection such thatJ� = J�1

� . So by Lem.B.6.8 we see thatJ� is
(P�;F

n 
 Fn)-perfect function and sinceP� = P�1 
 � � � 
 P�n 
 P�1 
 � � � 
 P�n ,
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then by the definition ofJ� we have (P�)J� = P� . Let A � �n be given and let
us define ~X(u) := (X̂1(u1); . . . ; X̂n(un)) for all u = (u1; . . . ; un) 2 
n and

D := f (u; v) 2 
n � 
n j ~X(u)� ~X(v) 2 Ag

Since Xi(!) = X̂i(�i(!)) , we have fXs 2 Ag = ��1(D) and since J� is
(P�;F

n 
 Fn)-perfect with (P�)J� = P� , then by Lem.A.10.4 we have

P �

2 (X
s 2 A) � P �

� (D) = ((P�)J�)
�(D) = P �

� (J
�1

� (D))

with equality if � is perfect; that is, ifX1; . . . ; Xn are strictly perfectly independent.
Since J� interchanges the coordinatesui and vi if �i = �1 and leaves the
coordinates at their original positions if�i = 1 , we have

J�1

� (D) = f (u; v) 2 
n � 
n j T�( ~X(u)� ~X(v)) 2 A g

and since T�(X
s(!1; !2)) = T�( ~X(�(!1)) � ~X(�(!2))) for all (!1; !2) 2 
 � 
 ,

then by Lem.A.10.4 we have

P �

2 (X
s 2 A) � P �

� (J
�1

� (B)) = P �

� ( (u; v) j T�( ~X(u)� ~X(v)) 2 A)

P �

2 (T�(X
s) 2 A) � P �

� ( (u; v) j T�( ~X(u)� ~X(v)) 2 A)

with equality if � is perfect; that is, ifX1; . . . ; Xn are strictly perfectly independent.
Hence, if X1; . . . ; Xn are strictly perfectly independent, we have thatXs and
T�(X

s) have the same outer distribution for all� 2 En which proves (5). Let
A;B � �n be given sets and let us defineF0 := fu 2 
n j T�( ~X(u)) =2 Bg
and F1 := fu 2 
n j T�( ~X(u)) 2 A + Bg . Let (u; v) 2 J�1

� (D) be given . If
~X(v) 2 B , then we have

T�( ~X(u)) = T�( ~X(u)� ~X(v)) + T�( ~X(v)) 2 A +B

Hence, we see thatJ�1

� (D) � (F1 � 
n) [ (
n � F0) and sinceP� = P� 
 P� and
� is (P;Fn)-perfect, then by Thm.A.8 we have

P �

2 (X
s 2 A) � P �

� (J
�1

� (D)) � P �

� (F1 � 
n) + P �

� (

n � F0)

= P �

� (F1) + P �

� (F0) = P �(��1(F1)) + P �(��1(F0))

= P �(T�(X) 62 B) + P �(T�(X) 2 A+B)

for all � 2 En which proves (6).

(7): Evidently, we have thatX : 
 ! (�n;Ln) is P -measurable and since
(�n;Ln) is a measurable linear space andXs(!1; !2) = X(!1)�X(!2) , we see that
Xs : 
2 ! (�n;Ln) is P2-measurable. LetA 2 Ln , B � �n and � 2 En be
given. Since (�;L) is a measurable linear space, we haveT�1

� (A) 2 Ln and since
Xs is L-symmetric, we have thatP2(X

s 2 A) = P2(T�(X
s) 2 A) . Since (�n;Ln)
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is a measurable linear space, we have thatA2 := f(x; y) 2 �n � �n j x � y 2 Ag
belongs to Ln 
 Ln . Since

f (!1; !1) j T�(X
s(!1; !2)) 2 Ag = f (�; !) j T�(X(!1) 2 A+X(!2)g

then by Fubini’s theorem

P2(X
s 2 A) = P2(T�(X

s) 2 A) =

Z


P (T�(X) 2 A+ T�(X(!)))P (d!)

Let us definef�(!) := P (T�(X) 2 A+T�(X(!))) for all ! 2 
 . If T�(X(!)) 2 B ,
we have A + T�(X(!)) � A + B and so we havef�(!) � P�(T�(X) 2 A + B) .
Hence, we have

f�(!) � 1fT�(X)62Bg(!) + 1fT�(X)62Bg(!)P�(T�(X) 2 A+B) 8! 2 


and so by Lem.A.2.2+6 we have

P2(X
s 2 A) �

Z
�
1fT�(X)62Bg dP +

Z �

1fX2Bg P�(T�(X) 2 A+B)P (d!)

� P�(T�(X) 62 B) + P�(T�(X) 2 A+B)

Thus, we see thatA 2 �P (X) for all A 2 Ln and by Thm.A.8 and Lem.A.1.1 we
see that (7.a) holds. SinceP�(T�(X) 2 D) = 1 � P �(T�(X) =2 D) and " and X
are totally independent functions withX" = T"(X) , we see that (7.b) follows from
Thm.2.11.

Lemma 3.5: Let � be a vector spaceS1 : 
! � and S2 :! � be given functions
and let 	 � �R� be a non-empty family of subadditive function. Lets; t 2 R be given
numbers and let us defineQ(x) := sup 2	  (x) for all x 2 � and

Dt := f (x; y) 2 �� � j Q(x� y) > tg ; �(s) := inf
 2	

P �( (S2) � s)

If F 2 FP be a given set satisfyingF � fQ(S1)
� > s + tg a.s., then we have (see

the remark below)

(1) If F and fQ(S2)
� � sg are non-negatively correlated, then we have

(a) P�(Q(S2) � s)P �(G) � P �(G \ fQ(S1 � S2) > tg)

(2) If F \fQ(S1) > s+tg and fQ � sg are non-negatively correlated, then we have

(a) P �(Q(S2) � s)P (F ) � P �(F \ fQ(S1) > s + t ; Q(S1 � S2) > t)

(3) If (1F ; S1) and S2 are upper1Dt
-independent, then we have

(a) �(s)P (F ) � P �(F \ fQ(S1) > s + t ; Q(S1 � S2) > t)
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Remark: If G;H � 
 are given subsets of
 , we say that G and H are
non-negatively correlatedif P �(G)P �(H) � P �(G \ H) .

Proof: (1+2): SinceQ is subadditive, we haveQ(S1) � Q(S2) _+Q(S1�S2) and so
we haveQ(S1)� � Q(S2)

� _+Q(S1�S2)
� . SinceF 2 FP and F � fQ(S1)

� > s+tg
a.s., then by Lem.A.5.5+10 we have

F \ fQ(S2)
� � sg � F \ fQ(S1 � S2)

� > tg a.s.

F \ fQ(S2) � s ; Q(S1) > s+ tg � F \ fQ(S1 � S2) > tg

P (F ) = P (F \ fQ(S1)
� > s+ tg) = P �(F \ fQ(S1) > s+ tg)

P (F \ fQ(S1 � S2)
� > tg) = P �(F \ fQ(S1 � S2) > tg)

Hence, if F and fQ(S2)
� � sg are non-negatively correlated, then we have

P�(Q(S2) � s)P (F ) = P (Q(S2)
� � s)P (F ) � P (F \ fQ(S2)

� � sg)

� P (F \ fQ(S1 � S2)
� > tg) = P �(F \ fQ(S1 � S2) > tg)

and if F \ fQ(S1) > s + tg and fQ(S2) � sg are non-negatively correlated

P �(Q(S2) � s)P (F ) = P �(Q(S2) � s)P �(F \ fQ(S1) > s+ tg)

� P �(F \ fQ(S2) � s ; Q(S1) > s+ tg)

� P �(F \ fQ(S1 � S2) > tg)

which proves (1) and (2).

(3): Let us defineA := fx 2 � j Q(x) > s + tg and f(x) := P �(S2 2 Dx
t ) for

all x 2 � where Dx
t := fy 2 � j (x; y) 2 Dtg is thex-section of Dt . Let x 2 A

be given. SinceQ(x) = sup 2	  (x) > s + t , there exists a function x 2 	 such
that  x(x) > s + t . Let y 2 � be a given vector satisfying x(y) � s . Since
 x is subadditive, we have

s+ t <  x(x) =  x(y) _+ x(x� y) � s+Q(x� y)

So we havefy 2 � j  x(y) � sg 2 Dx
t and since �(s) � P �( x(S2) � s), we have

f(x) � �(s) 1A(x) for all x 2 � . Since (1F ; S1) and S2 are upper1Dt
-independent

and F � fQ(S1)
� > s + tg a.s., then by Thm.2.6.3 and Lem.A.5.5+10 we have

P �(F \ fQ(S1 � S2) > tg) � E�f1F f(S1)g � E�f�(s) 1F 1A(S1)g

= �(s)P �(F \ fS1 2 Ag) = �(s)P �(F \ fQ(S1) > s+ tg) = �(s)P �(F )

which proves (3.a).
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4. Stochastic inequalities Recall that the classical symmetrization, Otta-
viani, Lévy, exponential and subgaussian inequalities gives various upper estimates
of the tail probabilities P (jSnj > s) or P (Mn > s) where Sn is the sum of the
independent random variablesX1; . . . ; Xn and Mn := max1�i�n jX1 + � � � + Xij
is the maximal absolute partial sum. In this section we shall study extensions of the
classical inequalities to “norms” of sums arbitrary vector-valued functions. More pre-
cisely, let � be a vector space and letX1; . . . ; Xn : 
 ! � and Q : � ! �R be
given functions. Let Si := X1 + � � � + Xi denote the partial sums fori = 1; . . . ; n
and let Mn := max1�i�n Q(Si) denote the maximal “norm” of the partial sums.
Then we shall search for upper estimates of the tail probabilitiesP �(Q(Sn) > s) or
P �(Mn > s) . In the current literature (see e.g. [3], [4], [12], [13], [11] and [15]), the
extensions of the classical inequalities are proved under one of the following (implicitly
or explicitly stated) assumptions

(4.A) Q is a seminorm (or a convex increasing function of a seminorm) and the
functions X1; . . . ; Xn are independently defined

(4.B) (�;L) is a measurable linear space such thatQ is anL-measurable semi-
norm (or a convex increasing function of anL-measurable seminorm) and
X1; . . . ; Xn : 
 ! (�;L) are independent random functions

and in some cases with additional measurability assumptions (e.g. the subgaussian
inequality) or additional symmetry assumptions (e.g. Lévy’s inequality) or under the
assumption thatX1; . . . ; Xn are stochastic processes.

Let T be a non-empty set. Observe that the sup-normjj � jjT is BT -measurable if
and only if T is countable, which means that for an uncountable index setT , we are led
to the study of non-measurable functions. A standard method in the current literature is
to replace the sup-norm with an appropriate upper envelope (which will be measurable).
However, if T is uncountable and� is any given probability measure on(RT ;BT )
and jj � jj�

T
is any upper�-envelope of the sup-norm, then the reader easily verifies

that jjf jj�
T
=1 �-a.s. In the literature, this problem has been bypassed by assuming

that X1; . . . ; Xn are independently defined and choosing a more appropriate (and
non-trivial) envelope of the sup-norm (using perfectness of projections, see Lem.B.7).
The observation shows that perfectness of a stochastic process with an uncountable
parameter set is very restrictive assumption; for instance, ifT is uncountable and
X : 
 ! (RT ;BT ) is a stochastic process with a.s. bounded sample paths or more
generally with P �(jjXjjT < 1) > 0 , then X is not (P;BT )-perfect – so assuming
perfectness of the stochastic processesX1; . . . ; Xn (which makes the inequalities easy
consequences of the measurable case) is far too restrictive.

In this section, we shall see that most of the classical inequalities do hold for a large
class of seminorm-like functionsQ : � ! �R and under much weaker independence
properties of the functionsX1; . . . ; Xn than (4.A) or (4.B). The following definition
clarifies the term “seminorm-like function”:
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Definition 4.1: (Convexity) Let � be a vector space and let� � �� be a given
set of linear functionals. Then we letspan(�) denotethe linear spanof � in the
dual space�� and we let a�(�) denotethe affine spanof � ; that is, the set of
all functions of the form x �(x) + c for some � 2 span(�) and some c 2 R .
We let �? := fx 2 � j �(x) = 0 8 � 2 �g denotethe orthogonal complementof
� . If  : � ! �R is a given function and� � �� is a non-empty set of linear
functions, we say that is

• convexif  (�x+ (1� �) y) � � (x) _+ (1� �) (y) 8 x; y 2 � 8 0 � � � 1

• quasiconvexif  (1
2
x + 1

2
y) �  (x) _  (y) 8 x; y 2 �

• �-convexif 9� � a� (�) so that � 6= ; and  (x) = sup�2� �(x) 8 x 2 �

• even if  (x) =  (�x) 8 x 2 �

Let [�; �] � �R be a closed (possibly unbounded) interval and letf : [�; �]! �R be
an increasing continuous function such thatf is finite and convex on the open interval
(�; �) . Then we have the following well-known (and simple) facts:

(1) If � : �! �R is�-convex andC � � is a non-empty set such that�(x) 2 [a; b]
for all x 2 C , then there exists a�-convex function  : � ! �R such that
 (x) = f(�(x)) for all x 2 C

(2) The sets of all subadditive, all convex, all�-convex, all quasiconvex and all even
functions on � are stable under arbitrary suprema

(3) The sets of all convex and all�-convex functions on � are convex cones
containing all constant functions

(4) If � : � ! �R is �-convex, then � is convex and we have

(a) �1 < �(x) � 1 8 x 2 �

(b) �(x) = �(y) 8 x; y 2 � with x � y 2 �?

(5) If � is a locally convex linear topological space and� : � ! (�1;1] is a
lower semicontinuous, convex function, then� is �0-convex where�0 denotes
the topological dual space; that is, the set of all continuous, real-valued, linear
functionals on �

Let Q : �! [0;1] be given seminorm on� . Then Q is a non-negative, convex,
subadditive and even function on� and if B := fx 2 � j Q(x) � 1g denotesthe
Q-unit ball and B� := f� 2 �� j j�(x)j � 1 8 x 2 Bg denotesthe polarof B , then
by Hahn-Banach’s theorem we have

(6) Q(x) = sup
�2B�

�(x) = sup
�2B�

j�(x)j 8 x 2 �
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In particular, we see thatQ is B�-convex.

Let T be a non-empty set and let us consider the measurable linear space(RT ;BT )
equipped with its product topology. ThenRT is a locally convex K-analytic space (see
[14]) and BT is the Baire�-algebra onRT (the Bockstein–Kellerer theorem; see [2]
and [10]). We let�t(f) := f(t) for f 2 RT and t 2 T denote theprojections maps.
Note that �t is a continuous,BT -measurable, linear function onRT for all t 2 T

and if we define� := f�t j t 2 Tg and �� := � [ f��t j t 2 Tg , then we have

(7) supT (f) = sup
�2�

�(f) ; kfkT = sup
�2�

j�(f)j = sup
�2��

�(f) 8 f 2 RT

In particular, we see that the sup-functionalsupT is lower semicontinuous,�-convex
and subadditive and that the sup-normjj � jjT is a lower semicontinuous,��-convex
seminorm.

Definition 4.2: (The mean of random vector) Let � be a vector space and let
� � �� be a given set of linear functions. IfX : 
 ! � is a given function, we
say that X is �-integrable if and only if

(1) �(X) 2 L1(P ) 8 � 2 � and 9 a 2 � so that �(a) = E�(X) 8 � 2 �

The set of all a 2 � satisfying �(a) = E�(X) 8 � 2 � will be denoted E�(X)
and any vectora 2 E�(X) will be called an�-meanof X . If X is �-integrable
and 0 2 E�(X) , we say thatX haszero�-mean. Note that X has�-mean zero
if and only if �(X) 2 L1(P ) and E�(X) = 0 for all � 2 � . If X : 
 ! � is a
�-integrable function, then the reader easily verifies the following simple facts:

(2)  (X) 2 L1(P ) and  (a) = E (X) 8 2 a�(�) 8 a 2 E�(X)

(3) �? = f a � b j a; b 2 E�(X)g

(4) E�(X) = Espan(�)(X) = f a + x j x 2 �?g 8 a 2 E�(X)

Hence, if �? = f0g , then by (3+4) we see that the�-mean of X is unique but if
�? 6= f0g , then the set of�-means of X is a non-trivial affine subspace of� .

Let T be a non-empty set and let us consider the vector spaceRT . If
� := f�t j t 2 Tg denotes the set of all projections, then a stochastic process
X = (Xt) is �-integrable if and only if Xt 2 L1(P ) for all t 2 T and if so,
then we haveE�(X) = f�g where �(t) := EXt is the mean value function.

Theorem 4.3: (Jensen’s inequality) Let � be a vector space and let� � �� be
a non-empty set of linear functions. Let� : � ! �R be a�-convex function and let
X : 
 ! � be a�-integrable function. Then we have

(1) �(a) = �(b) � E��(X) 8 a; b 2 E�(X)
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Let Y : 
 ! � be a given function and let us define (x; y) := �(x + y) for all
(x; y) 2 �� � . If Y and X are upper -independent, then we have

(2) E��(Y + a)
	
� E��(X + Y ) 8 a 2 E�(X)

Remarks: (a): Suppose thatY and X are totally independent. By Thm.2.6.1 we
have that Y and X are upperh-independent for all h 2 �R� . Hence, we see
that (2) holds.

(b): Let (�;L) be a measurable linear space such thatX; Y : 
 ! (�;L)
are independent random functions and (x; y) := �(x + y) is PY;X -measurable. By
Def.2.5.2 we have thatY and X are upper -independent. Hence, we see that
(2) holds.

Proof: (1): Since � is �-convex, there exists a non-empty set	 � a� � such that
� = sup 2	  and since a; b 2 E�(X) , then by Def.4.2.2+4 we have�(a) = �(b) .
Let  2 	 be given. Since (u) � �(u) and  (X) 2 L1(P ) , then by Def.4.2.2
we have  (a) = E (X) � E��(X) . Taking supremum over 2 	 , we obtain (1).

(2): Let x 2 � be given. Since x + a 2 E�(x + X) , then by (1) we have
�(x+a) � E��(x+X) � E��(x+X) and sinceY and X are upper -independent,
we see that (2) holds.

Theorem 4.4: (The symmetrization inequalities) Let � be a vector space, letX =
(X1; . . . ; Xn) be a function from
 into �n and let us defineS� := �1X1+ � � �+�nXn

for all � = (�1; . . . ; �n) 2 En . Let 	 � �R� be a non-empty family subadditive
functions and let us defineQ(x) := sup 2	  (x) for all x 2 � . Let " = ("1; . . . ; "n)
be a random function from
 into (En; En) such that

(1) " and Q(S�)
� are independent and" and Q(�S�)

� are independent8 � 2 En

Let Xs = (Xs
1
; . . . ; Xs

n) and X� = (X�
1
; . . . ; Xs

� ) denote the standard and Bernoulli
symmetrizations ofX and let us define

S :=
nP

i=1

Xi ; Ss :=
nP

i=1

Xs
i ; S� :=

nP

i=1

X�
i ; S" :=

nP

i=1

"iXi ; Q(x) := sup
 2	

 (x)

(
2;F2; P2) := (
� 
;F 
 F ; P 
 P ) ; (~
; ~F ; ~P ) := (En � 
; En 
 F ;Bn 
 P )

�s := f (x1; . . . ; xn) 2 �n j Q(x1 + � � �+ xn) > sg ; �(s) := inf
 2	

P �( (S) � s)

for all x 2 � and all s 2 R . If F 2 CP (X) is any given set, then we have

(2) �(s)P �(F \ fQ(S) > s + tg) � P �

2
((F � 
) \ fQ(Ss) > tg) 8s; t 2 R

(3) P �

2
(Q(Ss) > t + u) � P �(Q(�S) > t) + P �(Q(S) > u) 8 t; u 2 R
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(4) If t; u 2 R are given numbers satisfying�t+u 2 �P (X) , then we have

(a) P �

2
(Q(Ss) > t + u) � ~P �(Q(S�) > t) + ~P �(Q(S�) > u)

(b) P �

2
(Q(Ss) > t + u) � P �(Q(�S") > t) + P �(Q(S") > u)

(c) �(s)P �(Q(S) > s+ t+ u) � ~P �(Q(S�) > t) + ~P �(Q(S�) > u) 8 s 2 R

(d) �(s)P �(Q(S) > s+ t+ u) � P �(Q(�S") > t)+P �(Q(S") > u) 8 s 2 R

Remarks: (a): If " and X are totally independent, then by Lem.2.1.5 and Thm.2.9.1
we see that condition (1) holds. In particular, we see that" � � satisfies condition
(1) for all � 2 En . If Q(S�) and Q(�S�) areP -measurable and independent of"
for all � 2 En , then condition (1) holds trivially.

(b): Observe that the symmetrization inequalities (1), (2) and (3.a)–(3.d) hold far
beyond the standard hypotheses (4.A) or (4.B) and recall that Thm.3.4.4–7 provide
several criteria implying�t+u 2 �P (X) . In particular, we see that the symmetrization
the inequalities (4.a)–(3.d) hold for alls; t; u 2 R in each of the following three cases.
(i): Xs is totally symmetric; (ii):X1; . . . ; Xn are perfectly independent; (iii):(�;L)
is a measurable linear space such thatQ isL-measurable andX1; . . . ; Xn : 
! (�;L)
are independent random functions.

(c): Let X1; . . . ; Xn : 
 ! (RT ;BT ) be stochastic processes and letS :=
X1 + � � �+Xn denote the sum process. By Def.4.1.7 we have following expressions
for the function �(s) when Q is the sup-functional or the sup-norm

(5) Q(f) = supT f ) �(s) = inf
t2T

P (S(t) � s) 8 s 2 R

(6) Q(f) = kfkT ) �(s) = inf
t2T

fP (S(t) � s) ^ P (S(t) � �s)g 8 s 2 R

Proof: (2+3): Let s; t 2 R be given and let us defineYi(!1; !2) := X(!i) and
Si(!1; !2) := S(!i) for i = 1; 2 and (!1; !2) 2 
�
 . SinceY �1

1
(A) = X�1(A)�


for all A � �n , we see thatH �
 2 SP2(Y1) for all H 2 SP (X) and by Thm.A.8
we have (H �
)� = H��
 for all H � 
 where H� denotes theP -kernel of H
and (H�
)� denotes theP2-kernel of H�
 . Hence, we see thatH�
 2 CP2(Y1)
for all H 2 CP (X) and sinceF 2 CP (X) , we have thatF � 
 2 CP2(Y1) . Since
Y1 and Y2 are independently defined, then by Thm.2.10.4 and Thm.2.6.2 we have
that (1F�
; S1) and S2 are totally independent and by Thm.A.8 we have

�(s) = inf
 2	

P �( (S) � s) = inf
 2	

P �2 ( (S2) � s) 8 s 2 R

Since Ss = S1 � S2 , we see that (2) follows from Lem.3.5.3 and Thm.A.8. (3) is an
immediate consequence of Thm.A.8 and subadditivity ofQ .

(4): Suppose that�t+u 2 �P (X) and let us defineBu := fx 2 �n j Qn(�x) �
ug and Qn(x) := Q(x1+� � �+xn) for all x = (x1; . . . ; xn) 2 �n . Let x 2 �t+u+Bu
be given. Then the existsy 2 �s+t and z 2 Bu such that x = y + z and since
Qn is subadditive, we have

t+ u � Qn(y) = Qn(x� z) � Qn(x) _+Qn(�z) � Qn(x) + u
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Hence, we see that�t+u+Bu � �t . Since X� is totally symmetric (see Thm.3.4.3),
we see that (4.a) follows from Thm.3.4.1. Let� 2 En be given. Since a constant
function is totally independent of any function, then by Thm.3.4.2 we have

P �

2 (Q(S
s) > t + u) � P �(Q(�S�) > t) + P �(Q(S�) > u) 8 � 2 En

Hence, by we see that (4.b) follows from (1) and Thm.2.11.1. The inequalities (4.c+d)
are immediate consequences of (2), (4.a) and (4.b).

Theorem 4.5: (The convex symmetrization inequalities) Let � be a vector space,
let X = (X1; . . . ; Xn) be function from 
 into �n and let us defineS� :=
�1X1 + � � � + �nXn for all � = (�1; . . . ; �n) 2 En . Let � � �� be a non-empty
set of linear functional such thatX1; . . . ; Xn have zero�-means. LetQ : � ! �R
be an even�-convex function and let" = ("1; . . . ; "n) be a random function from

into (En; En) satisfying

(1) " and Q(S� + �)� are independent for all� 2 En and all � 2 �

Let us defineQ2(x; y) := Q(x + y) for all (x; y) 2 �2 and S :=
P

n

i=1
Xi and

S� :=
P

i2�
Xi for all � � f1; . . . ; ng with the conventionS; := 0 . Then we have

(2) If 2S� and 2 (S � S�) are upper Q2-independent for all� � f1; . . . ; ng ,
then we have

(a) E�Q
� nP
i=1

"iXi

�
� E�Q

�
2

nP
i=1

Xi

�

(3) If 2 (S���) and 2 (S�S�) are upperQ2-independent for all� � f1; . . . ; ng

and all � 2 � , then we have

(a) E�Q
� nP
i=1

Xi

�
� E�Q

�
2

nP
i=1

"i (Xi � �i)
�

8�1; . . . ; �n 2 �

(4) Let Xs = (Xs
1
; . . . ; Xs

n) denote the standard symmetrization ofX and let E�
2

denote the upper(P 
 P )-expectation. IfXs satisfies the following symmetry
condition

(a) E�
2
Q
� nP
i=1

Xs
i

�
= E�

2
Q
� nP
i=1

�iX
s
i

�
8 (�1; . . . ; �n) 2 En

then the inequalities (2.a) and (3.a) hold

Remarks: (a): If " and X are totally independent, then by Lem.2.1.5 and Thm.2.9.1
we see that condition (1) holds. In particular, we see that" � � satisfies condition
(1) for all � 2 En . If Q(S� � �) is P -measurable and independent of" for all
(�; �) 2 En � � , then condition (1) holds trivially.

(b): If X1; . . . ; Xn have zero�-means and " satisfies condition (1), then by
Thm.2.10.4 and Thm.3.4.5 we see that the inequalities (2.a) and (3.a) hold in each of
the following four cases. (i):X1; . . . ; Xn are totally independent; (ii):Xs is totally
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symmetric; (iii): X1; . . . ; Xn are strictly perfectly independent; (iv):(�;L) is a
measurable linear space such thatQ is L-measurable andX1; . . . ; Xn : 
 ! (�;L)
are independent random functions. In particular, we see that the inequalities (2.a) and
(3.a) far beyond the standard hypotheses (4.A) or (4.B).

(c): Let T be a non-empty set and let�t(f) := f(t) denote the projections on
R

T . Let � : [0;1]! R be an continuous function such that� is convex and finite on
[0;1) . Then Q(f) := �(jjf jjT ) is a�-convex function where� := f��t j t 2 Tg
and if X = (Xt) is a stochastic process, thenX : 
 ! (RT ;BT ) is a random
function and X has zero�-mean if and only if Xt 2 L1(P ) and EXt = 0 for
all t 2 T . Hence, we see that the inequalities (2.a) and (3.a) applies to stochastic
processes under the appropriate independence or symmetry hypotheses.

Proof: SinceQ is an even�-convex function, we have�1 < Q(0) = Q(1
2
(u�u)) �

1

2
Q(u) + 1

2
Q(�u) = Q(u) for all u 2 � . Hence, we see thatq := Q(0)� is a

finite, non-negative number such thatQ(u) + q � 0 for all u 2 � . Thus, without
loss of generality, we may assume thatQ � 0 .

(2): Let � = (�1; . . . ; �n) 2 En be a given vector and let us define� := fi j �i = 1g
and � := fi j �i = �1g . Then we haveS = S� + S� and S� = S� � S� . Since
Xi has zero�-mean for all i = 1; . . . ; n , we see that 2S� and 2S� have
zero �-means. Since 2S� = 2(S � S�) and 2S� = 2(S � S�) , then by the
assumption we see that2S� and 2S� are upperQ2-independent and that2S� and
2S� are upperQ2-independent. SinceQ is �-convex, then by Thm.4.3.2 we have
E�Q(2S�) � E�Q(2S) and E�Q(2S�) � E�Q(2S) and since 2S� = 2(S� � S�)
and Q is convex and even, then by Lem.A.5.1 we have

E�Q(S�) � E�
�
1

2
Q(2S�) + 1

2
Q(2S�)

	

� 1

2
E�Q(2S�) + 1

2
E�Q(2S�)

	
� E�Q(2S)

for all � 2 En . Since Q � 0 , we see that (2.a) follows from (1) and Thm.2.11.1.

(3): Let � = (�1; . . . ; �n) 2 En be given and let� and � be defined as in the
proof of (2). Let �1; . . . ; �n 2 � be given and let us define�� := �1 �1+ � � �+�n �n .
By convexity of Q , we have

E�Q(S) � 1

2
E�Q(2(S� � ��)) +

1

2
E�Q(2(S� + ��))

Since S� = S�S� , then by assumption we have that2(S�+��) and 2S� are upper
Q2-independent and since0 2 E�(�2S�) and 2(�� �S�) = 2(S� +��)� 2S� , then
by Thm.4.3.2 and�-convexity of Q we haveE�Q(2(S�+��)) � E�Q(2(���S�)) .
Since S� = S�S� , then by assumption we have that2(S����) and 2S� are upper
Q2-independent and since0 2 E�(�2S�) and 2(S� � ��) = 2(S�+ ��)� 2S� , then
by Thm.4.3.2 and�-convexity of Q we haveE�Q(2(S����)) � E�Q(2(S����)) .
Since Q is an even function, we have

E�Q(S) � 1

2
E�Q(2(S� � ��)) +

1

2
E�Q(2(S� + ��)) � E�Q(2(S� � ��))
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for all � 2 En . Since Q � 0 , we see that (3.a) follows from (1) andThm.2.11.1.

(4): Let � 2 En be given and let us defineSi(!1; !2) = S(!i) and
Si

�
(!1; !2) := S�(!i) for all (!1; !2) 2 
 � 
 and i = 1; 2 . Then S1

�
and

S2

�
are independently defined and by Thm.A.8, we have thatS1

�
and S2

�
have zero

�-means. Suppose that (4.a) holds. SinceQ is even and convex, then by Thm.A.8
and Thm.4.3.2 we have

E�Q(S�) = E�

2
Q(S0

�
) � E�

2
Q(S0

�
� S00

�
) = E�

2
Q(S0 � S00)

� 1

2
E�

2Q(2S
0) + 1

2
E�

2Q(2S
00
�
= E�Q(2S)

Hence, we see that (2.a) follows from (1) and Thm.2.11.1. So suppose that (4.b) holds
and let �1; . . . ; �n 2 � be given. Let � = (�1; . . . ; �n) 2 En be given and let us
define �� := �1�1+ � � �+ �n�n . Since Q is even and convex, then by (4.b), Thm.A.8
and Thm.4.3.2 we have

E�Q(S) = E�

2
Q(S0) � E�

2
Q(S0 � S00) = E�

2
Q
�
(S0

�
� ��)� (S00

�
� ��)

�

� 1

2
E�

2Q(2(S
0

� � ��)) +
1

2
E�

2Q(2(S
00

� � ��)) = E�Q(2(S� � ��))

Hence, we see that (3.a) follows from (1) and Thm.2.11.

Theorem 4.6: (Ottavani’s inequality) Let � be a vector space and letQ : �! �R
and X1; . . . ; Xn : 
 ! � be given functions wheren � 2 is a given integer. Let
Si := X1 + � � � +Xi denote the partial sums for1 � i � n and let Qi be a given
upperP envelope ofQ(Si) for all 1 � i � n. Let us define

�s(!) = minf 1 � i � n j Qi(!) > sg 8! 2 
 ( min ; :=1 )

Dt = f(x; y) 2 �2 j Q(x� y) > tg ; �(s; t) = min
1�i<n

P (Qn > t j �s+t = i)

for all s; t 2 R with the conventionP (F j G) := 1 if F;G 2 FP and P (G) = 0 . Let
s � 0 and t 2 R be given numbers. Then we have the following Ottaviani inequalities:

(1) �(s; t)P �
�
max
1�i�n

Q(Si) > s + t
�
� P �(Q(Sn) > t)

(2) If Q is subadditive andf�s+t = ig and fQ(Si�Sn)
� � sg are non-negatively

correlated for all 1 � i < n , then we have

(a) min
1�i<n

P�(Q(Si � Sn) � s) � �(s; t)

(3) If Q is subadditive andf�s+t = i ; Q(Si � Sn) � sg and fQ(Si � Sn) � sg
are non-negatively correlated for all1 � i < n , then we have

(a) min
1�i<n

P �(Q(Si � Sn) � s) � �(s; t)
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(4) If Q = sup 2	  for some non-empty set	 � �R� of subadditive function and
(1f�s+t=ig ; Si) and Si � Sn are upper1Dt

-independent for all 1 � i < n ,
then we have

(a) min
1�i<n

inf
 2	

P �( (Si � Sn) � s) � �(s; t)

Remark: (a): Note that f�u = ig = fQi > u ; Q� � u 8 1 � � < ig for all u 2 R
and all i = 1; . . . ; n and sinceQ� is an upperP -envelope of Q(X1 + � � �+X�) ,
then by Lem.2.1.5 we have

(5) f �u = ig 2 AP (X1; . . . ; Xi) \ LP (X1; . . . ; Xi) \ �(Q1; . . . ; Qi)

(6) f �u = i ; Q(Si) 2 Ag 2 AP (X1; . . . ; Xi) 8A � �R

(7) fQ(Si � Sn) 2 Ag 2 SP (Xi+1; . . . ; Xn) � AP (Xi+1; . . . ; Xn) 8A � �R

for all u 2 R and all i = 1; . . . ; n . Let 	 � �R� be a given family of subadditive
functions and let�� , �� and �	 denote the functions on the left hand sides of (2)–(4):

(8) ��(s) = min
1�i<n

P�(Q(Si � Sn) � s) ; ��(s) = min
1�i<n

P �(Q(Si � Sn) � s)

(9) �	(s) = min
1�i<n

inf
 2	

P �( (Si � Sn) � s)

for all s 2 R . Then we have��(s) � ��(s) for all s 2 R and if Q = sup 2	  ,
then we have ��(s) � �	(s) for all s 2 R . Moreover, under the appropriate
independence conditions we have that Ottaviani’s inequality (1) holds with�(s; t)
replaced by ��(s) or ��(s) or �	(s) . In the literature, Ottiviani’s inequality
(1) is proved under the standard hypotheses (4.A) or (4.B) with the constant�(s; t)
replaced by ��(s) .

(b): Suppose thatQ is subadditive. If (Q1; . . . ; Qi) and Q(Si � Sn)
� are

independent for all1 � i < n , then by (2) and (5) we see that Ottiviani’s inequality
(1) holds for all s � 0 and all t 2 R with the constant�(s; t) replaced by��(s) .
If X1; . . . ; Xn are totally independent, then by (3), (6), (7), Thm.2.9.4 and Thm.2.10.4
we see that Ottiviani’s inequality (1) holds for alls � 0 and all t 2 R with the
constant �(s; t) replaced by ��(s) .

(c): Suppose thatQ = sup 2	  for some family 	 � �R� of subadditive
functions. If X1; . . . ; Xn are perfectly independent, then by (4), (5), (7), Thm.2.10.4
and Thm.2.6.2 we see that Ottiviani’s inequality (1) holds for alls � 0 and all t 2 R
with the constant�(s; t) replaced by �	(s) . In particular, we see that Ottiviani’s
inequality holds far beyond the standard hypotheses (4.A) or (4.B) and with a larger
constant than the usual Ottaviani constant��(s) . If X1; . . . ; Xn are stochastic
processes with parameter setT and Q = jj � jjT is the sup-norm, then by Def.4.7.1
we see that the functions�� , �� and �	 take the following forms:

(10) ��(s) = min
1�i<n

P�( kSi � SnkT � s) ; ��(s) = min
1�i<n

P �( kSi � SnkT � s)
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(11) �	(s) = min
1�i<n

inf
t2T
fP (Si(t) � Sn(t) � s) ^ P (Sn(t) � Si(t) � s)g

In particular, we see that the usual Ottaviani constant��(s) is in general much smaller
than �	(s) .

Proof: (1): Let us defineMn := max1�i�n Qi . Since s � 0 , then by the definition
of �s+t , we have f�s+t � ng � fQn > s + tg � fQn > tg and since �(s; t) � 1 ,
then by the definition of�(s; t) we have �(s; t)P (�s+t = i) � P (�s+t = i ; Qn > t)

for all 1 � i � n . By the definition of �s+t , we have f�s+t � ng = fMn > s+ tg .
So we have

�(s; t)P (Mn > s+ t) = �(s; t)
nP

i=1

P (�s+t = i) �
nP

i=1

P (�s+t = i ; Qn > t)

� P (Qn > t)

and sinceQn is an upperP -envelope of Q(Sn) and Mn is an upperP -envelope
of max1�i�n Q(Si) (see Lem.A.4.3), we see that (1) holds.

(2)–(4): Let 1 � i < n be given. By the definition of �s+t , we have
f�s+t = ig � fQi > s+ tg and sinceSn = Si� (Si�Sn) , we see that (2)–(4) follow
from Lem.3.5 with (S1; S2; F ) := (Si; Si � Sn; f�s+t = ig .

Corollary 4.7: (L évy’s inequality) Let us consider the scenario of Thm.4.6 and let
us adopt the notation of Thm.4.6. Let us defineSni := 2Si � Sn and let Qni is an
upperP -envelope ofQ(Sni) for all 1 � i � n . Let t 2 R be a given number.
Then Lévy’s inequality:

(1) P �
�
max
1�i�n

Q(Si) > t
�
� 2P �(Sn > t)

holds in each of the following four cases

(A) Q is a quasiconvex function satisfying

(i) P �(Qn � t ; Q(Sni) > t ; �t = i) � P �(Qn > t ; �t = i) 8 1 � i < n

(B) Q is a subadditive function such thatf�t = ig and fQ(Si � Sn)
� � 0g are

non-negatively correlated andP�(Q(Si � Sn) � 0) � 1

2
for all 1 � i < n

(C) Q is a subadditive function such thatf�t = i ; Q(Si) > tg and fQ(Si�Sn)� � 0g
are non-negatively correlated andP �(Q(Si � Sn) � 0) � 1

2
for all 1 � i < n

(D) Q = sup 2	  for some non-empty set	 � �R� of subadditive functions and

(i) (1f�t=ig; Si) and Si � Sn are upper1Dt
-independent for all1 � i < n

(ii) P �( (Si � Sn) � 0) � 1

2
8 1 � i < n 8 2 	

37



Remarks: (a): Suppose thatQ is quasiconvex and let us defineX := (X1; . . . ; Xn)
and X i := (X1; . . . ; Xi;�Xi+1; . . . ;�Xn) for all 1 � i < n . By case (A), it
follows easily that Ĺevy’s inequality (1) holds for allt 2 R in each of the following
three cases. (i): The random vectors(Q1; . . . ; Qi; Qn) and (Q1; . . . ; Qi; Qni) have
the same distribution for all1 � i < n ; (ii): X and X i have the same outer
distribution for all 1 � i < n ; (iii): (�;L) is a measurable linear space such that
Q is L-measurable,X1; . . . ; Xn : 
 ! (�;L) are independent random functions
and X is L-symmetric.

(b): Suppose thatQ is subadditive. By the cases (B) and (C), it follows easily
that Lévy’s inequality (1) holds for allt 2 R in each of the following three cases. (i):
(Q1; . . . ; Qi) and Q(Si�Sn)

� are independent andP�(Q(Si�Sn) � 0) � 1

2
for all

1 � i < n ; (ii): X1; . . . ; Xn are totally independent andP �(Q(Si � Sn) � 0) � 1

2

for all 1 � i < n ; (iii) (�;L) is a measurable linear space such thatQ is
L-measurable, X1; . . . ; Xn : 
 ! (�;L) are independent random functions and
P (Q(Si � Sn) � 0) � 1

2
for all 1 � i < n .

(c): Suppose thatQ = sup 2	  for some non-empty family	 � �R� of
subadditive functions. By case (D), it follows easily that L´evy’s inequality (1) holds for
all t 2 R in each of the following two cases. (i):X1; . . . ; Xn are perfectly independent
and P �( (Si � Sn) � 0) � 1

2
for all 1 � i < n and all  2 	 ; (ii) (�;L) is

a measurable linear space such thatQ is L-measurable,X1; . . . ; Xn : 
 ! (�;L)
are independent random functions andP ( (Si � Sn) � 0) � 1

2
for all 1 � i < n

and all  2 	 .

(d): Let X1; . . . ; Xn be stochastic processes with parameter setT and let
Q = jj � jjT be the sup-norm. If0 is a median of the random variableSi(t)� Sn(t)
for all t 2 T and all 1 � i < n , then under the independence condition (D.i) (for
instance, if X1; . . . ; Xn are perfectly independent) we have

(2) P �
�
max
1�i�n

kSikT > t
�
� 2P �( kSnkT > t) 8 t 2 R

Similarly, if Q = supT is the sup-functional andP (Si(t)� Sn(t) � 0) � 1

2
for all

t 2 T and all 1 � i < n , then under the independence condition (D.i) (for instance,
if X1; . . . ; Xn) are perfectly independent) we have

(3) P �
�
max
1�i�n

supT Si > t
�
� 2P �( supT Sn > t) 8 t 2 R

(e): In the literature, Ĺevy’s inequality (1) is proved the standard hypotheses (4.A)
or (4,B) plus some strong symmetry assumptions onX1; . . . ; Xn , for instance total
symmetry or “symmetry” in the sense of [4; p.289]. In view of the remarks to Thm.4.6,
we see that L´evy’s inequality holds far beyond the standard hypotheses. Note that L´evy’s
inequality (1) is a consequence of Ottaviani’s inequality Thm.4.6.1 (with�(0; t) � 1

2
).

In the literature, two inequalities are proved separately under the standard hypotheses
(4.A) or (4.B) with Q being a seminorm – the reason being that ifQ is a seminorm,
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then the usual Ottavani constant��(0) := min1�i<n P�(Q(Si�Sn) = 0) is in general
too small to be of interest (see the remarks to Thm.4.6).

(f): In the literature, there some confusion about the precise conditions for the
validity of Lévy’s inequality. The proofs I have found, all relies on the (implicit or
explicit) assumption that (Q1; . . . ; Qi; Qn) and (Q1; . . . ; Qi; Qni) have the same
distribution for all 1 � i < n . Consider the example in Def.3.1. ThenX1 and
X2 are independently defined stochastic processes with the same outer distribution and
X1(t) and X2(t) are symmetric random variables for allt 2 T . Hence, we see that
(2) holds with n = 2 . However, the function� and f may be chosen such that
jjX1+X2jj� and jjX1�X2jj� are measurable but donot have the same distribution
which means the standard proof of L´evy’s maximal inequality breaks down. However,
Lévy’s inequality (2) do hold but for different reasons.

Proof: By Thm.4.6.1, it suffices to show that�(0; t) � 1

2
in of the four cases listed

in the corollary. Note that the cases (B)–(D) follow directly from Thm.4.6..2–4. So
suppose thatQ is a quasiconvex function satisfying (A.i) and let1 � i < n be given.
Since Si = 1

2
(Sn+Sni) and Qn � Q(Sn) a.s., then by quasiconvexity ofQ , we have

Q(Si) � Q(Sn) _Q(Sni) � Qn _Q(Sni) a.s. and sinceQn is an upperP -envelope
of Q(Sn) and f�t = ig � fQi > tg , then by (A.i) and Lem.A.5.5+10 we have

P (�t = i) = P �(�t = i ; Q(Si) > t)

� P (�t = i ; Qn > t) + P �(�t = i ; Qn � t ; Q(Sni) > t)

� 2P (�t = i ; Qn > t)

Hence, we see thatP (Qn > t j �t = i) � 1

2
for all 1 � i < n ; that is, �(0; t) � 1

2

and so we see that case (A) follows from Thm.4.6.1.

Theorem 4.8: (The exponential inequality) Let � be a vector given space, let
Q : � ! [0;1] be a non-negative subadditive function and letX1; . . . ; Xn : 
 ! �
be given functions wheren � 2 is a given integer. LetSi := X1+ � � �+Xi denote the
partial sums and letQi denote an upperP -envelope ofQ(Si) for all i = 1; . . . ; n .
If 1 � i < n is a given integer ands; t 2 R are given numbers, we define

�s(!) := minf1 � i � n j Qi(!) > sg 8! 2 
 8 s 2 R ( min ; :=1 )

Ln := max
1���n

Q(X�) ; Mn := max
1���n

Q(S�) ; Ri := max
i<��n

Q(S� � Si)


(s; t) = max
1�i<n

P (R�
i > s j �t = i) ; 
�(s) = max

1�i<n
P �(Ri > s)

�(s; t) = max
1�i<n

P (Q(Sn � Si)
� > s j �t = i) ; ��(s) = max

1�i<n
P �(Q(Sn � Si) > s)

with the conventionP (F j G) := 0 if F;G 2 FP and P (G) = 0 where Y � as
usual denote the (a.s. unique) upperP -envelope ofY 2 �R
 . Then we have

(1) P �(Mn > r + s + t) � P �(Ln > r) + 
(s; t)P �(Mn > t) 8 r; s; t � 0
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(2) P �(Q(Sn) > r + s + t) � P �(Ln > r) + �(s; t)P �(Mn > t) 8 r; s; t � 0

(3) ��(s) � 
�(s) � P �(Mn > s

2
) 8 s � 0

(4) If (Q1; . . . ; Qi) and R�
i

are independent for all1 � i < n , then we have

(a) P �(Mn > r + s+ t) � P �(Ln > r) + 
�(s)P
�(Mn > t) 8 r; s; t � 0

(b) P �(Mn > r + 3t) � P �(Ln > r) + P �(Mn > t)2 8 r; t � 0

(5) If (Q1; . . . ; Qi) and Q(Sn � Si)
� are independent for all1 � i < n , then for

all non-negative numbersr; s; t � 0 we have

(a) P �(Q(Sn) > r + s + t) � P �(Ln > r) + ��(s)P
�(Mn > t)

(b) P �(Q(Sn) > r + 3t) � P �(Ln > r) + P �(Q(Sn) > t)P �(Mn > t)

Remarks (a): If X1; . . . ; Xn are totally independent, then by Thm.2.10.3 and
Thm.2.9.1 we see that the exponential inequalities (4.a) and (5.a) hold. If(�;L) is a
measurable linear space such thatQ is L-measurable andX1; . . . ; Xn : 
 ! (�;L)
are independent random functions, we see that the exponential inequalities (4.a) and
(5.a) hold. In particular, we that the exponential inequalities (4.a) and (5.a) holds far
beyond the standard hypotheses (4.A) or (4,B).

(b): By (4.b), we see that under the independence hypotheses of (4) we have that
the tail distribution of Mn is dominated by the tail distribution ofLn plus a term
which decreases exponentially fast to zero. Let�(s; t) denote the Ottaviani constant
from Thm.4.6 and suppose thatX1; . . . ; Xn satisfies the independence hypothesis of
(5). If s � 0 be a given number such that� := inft�0 �(s; t) > 0 , then by (5.b)
and Thm.4.6.1 we have

(6) P �(Q(Sn) > r + s + 3t) � P �(Ln > r) + 1

�
P �(Q(Sn) > t)2 8 r; t � 0

which means that the tail distribution ofQ(Sn) is dominated by the tail distribution
of Ln plus a term which decreases exponentially fast to zero.

Proof: Let us defineQ0 = Rn = R�n := 0, M0 = �1 and M i := max1���i Q�

for all 1 � i � n . By Lem.A.4.3, we have thatMn is an upperP -envelope of
Mn := max1�i�n Q(Si) . Since S� = X1 + (S� � S1) and Q is non-negative and
subadditive, we haveQ(S�) � Ln + R1 for all 1 � � � n and since Q0 = 0 ,
we have Q� � Q0 + L�n + R�

1
a.s. for all 1 � � � n . Let 1 < i � n be given.

Since Rn = 0 , S� = Si�1 + Xi + (S� � Si) and Q is non-negative subadditive,
we have Q(S�) � Q(Si�1) + Ln + Ri for all 1 � i � � � n . Hence, we have
Q� � Qi�1 + L�n +R�

i
a.s. for all 1 � i � � � n and sinceM0 := 0 , we have

(i) Mn � M i�1 _ (Qi�1 + L�n + R�
i
) a.s. 8 i = 1; . . . ; n
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Let us defineU0 := 0 and Ui := Q(Sn�Si)
� for all 1 � i < n . Since Q0 = 0 and

Q is non-negative and subadditive, then as above we obtain the following inequality:

(ii) Qn � Qi�1 + L�n + Ui a.s. 8 i = 1; . . . ; n

(1): Let r; s; t � 0 be given numbers and let1 � i � n be a given integer. Since
Qi�1(!) � M i�1(!) � t for all ! 2 f�t = ig and r+ s+ t � t , then by (i) we have

f�t = i ; Mn > r + s+ tg � f�t = i ; L�n > rg [ f�t = i ; R�i > sg

Hence, we have

P (�t = i ; Mn > r + s+ t) � P (�t = i ; L�n > r) + P (�t = i ; R�i > s)

and since Rn = 0 , then by Lem.A.5+10 we have

P (�t = i ; R�i > s) = P �(�t = i ; Ri > s) � 
(s; t)P (�t = i)

Since r + s + t � t , we have f�t � ng = fMn > tg � fMn > r + s + tg and
since L�n and Mn are upperP -envelopes ofLn and Mn = max1���n Q(S�) ,
then by Lem.A.4.5 we have

P �(Mn > r + s+ t) = P (Mn > r + s + t) = P (�t � n ; Mn > r + s+ t)

=
nP

i=1

P (�t = i ; Mn > r + s+ t) �
nP

i=1

P (�t = i ; L�n > r) + 
(s; t)
nP

i=1

P (�t = i)

� P (L�n > r) + 
(s; t)P (Mn > t) = P �(Ln > r) + 
(s; t)P �(Mn > t)

which proves (1).

(2): Let r; s; t � 0 be given numbers and let1 � i � n be a given integer. Since
R0 = 0 , then applying (ii) in the same manner as in the proof of (1), we have

P (�t = i ; Qn > r + s+ t) � P (�t = i ; L�n > r) + P (�t = i ; Ui > s)

� P (�t = i ; L�n > r) + �(s; t)P (�t = i)

and since f�t � ng = fMn > tg � fQn > r + s + tg , we see that (2) follows in
the same manner as in the proof of (1).

(3): Since Ri � Q(Sn � Si) for all 1 � i < n , we see that the first inequality
in (3) holds. By subadditivity ofQ , we have Ri � 2Mn for all 1 � i < n and
so we see that the second inequality in (3) holds.

(4): Let r; s; t � 0 and 1 � i < n be given. By the definition of�t , we see
that f�t = ig 2 �(Q1; . . . ; Qi) and since (Q1; . . . ; Qi) and R�

i
are independent,

then Lem.A.5.5+10 and Lem.A.4.5 we have

P �(�t = i ; Ri > s) = P (�t = i ; R�i > s) = P (�t = i) � P (R�i > s)

= P (�t = i) � P �(Ri > s) � 
�(s)P (�t = i)

Hence, we have
�(s) � 
(s; t) and so we see that (4.a) follows from (1), and by (3)
we see that (4.b) follows from (4.a) withs := 2t .

(5): Follows from (2) and (3) in the same manner as in the proof of (4).
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Definition 4.9: (Covering and packing numbers) It is well-known that subgaussian
inequalities are closely related to covering and packing numbers on semi-metric space.
Recall that asemi-metricon the set S is a function d : S � S ! [0;1] satisfying
d(s; s) = 0 and d(s; t) = d(t; s) � d(s; u) + d(u; t) for all s; t; u 2 S .

Let (S; d) be a semi-metric space, letA � S be given subset ofS and let r � 0
be given non-negative number. Then we definethed-covering numberNd(r; A) to the
smallest number of closed balls of radiir and centers inA needed to coverA with
the convention thatNd(r; ;) := 0 and Nd(r; A) :=1 if A cannot be covered by a
finite number of closed balls of radiir with centers in A . A set F � S is called
r-separatedif d(s; t) > r for all s; t 2 F with s 6= t . We definethe d-packing
numberto be the supremum ofjF j where F runs through allr-separated subsets
of A and jF j denotes the number of elements inF . The covering and packing
numbers are related by the following well-known (and easy) inequalities:

(1) Dd(2r; A) � Nd(r; A) � Dd(r; A) 8A � S 8 r � 0

Let diamA := sups;t2A d(s; t) denotesthe diameterof A (with the convention
diam ; := 0 ). If A 6= ; , then we haveDd(r; A) = Nd(r; A) = 1 for all r � diamA

and Dd(r; A) � 2 for all 0 � r < diamA . We shall in particular consider covering
and packing numbers onRn with respect to thè q-norms:

(2) kxk1 := max
1�i�n

jxij ; kxkq :=
n nP

i=1

jxij
q
o 1

q

if 1 � q < 1

If �(A) := supx;y2A jjx� yjj1 denote thejj � jj1-diameter of A and hyi denotes
the smallest integer� y for all y 2 R , then we have

(3) kxkq � kxkp � n
1

p
�

1

q kxkq 8 x 2 Rn 8 1 � p � q � 1

(4) Nk � kq(r; A) � Nk � kp(r; A) � Nk � kq

�
n

1

p
�

1

q r; A
�
8 r � 0 8 1 � p � q � 1

(5) Dk � kq(r; A) � Dk � kp(r; A) � Dk � kq

�
n

1

p
�

1

q r; A
�
8 r � 0 8 1 � p � q � 1

(6) Nk � kq(r; A) �
D
n

1

p
�(A)
r

En
8 r > 0 8 1 � p � 1

Definition 4.10: (The subvariance) Let X : 
 ! R be a random variable and let
LX(s) := EesX denotethe Laplace transformof X . Recall thatthe subvarianceof
X is defined to be the smallest number�2 � 0 for which the Laplace transformLX
is dominated by the Laplace transform of the normal distributionN(�; �2) for some
� 2 R ; that is (see [pvs.1; (4.29) p.303–304]):

(1) 
(X) := inff � � 0 j 9� 2 R so that LX(s) � e�s+
1

2
�2 s2 8 s 2 Rg
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If 
(X) < 1 , we say that X is subgaussian. If X is subgaussian, we see
that the Laplace transform ofX is finite on R and thatX has finite moments of
all orders. The subvariance is always greater than or equal to the ordinary variance
and the subvariance shares many properties with the ordinary variance (see [7; (4.30)
p.304–305] and [6; p.123–129]). LetjjXjjex denote the Orlicz’ norm ofX with
respect to the Orlicz’ functionex(s) := es

2 � 1 . Then we have

(2) 
(X) < 1 is and only if jjXjjex < 1 and if so, then we have

(a) P (X �EX > s) � e
�

1
2
(X)

s2
; P (X �EX < �s) � e

�

1
2
(X)

s2 8 s � 0

(b) P (jX � EXj > s) � 2 e�
1

2
(X)
s2 8 s � 0

(c) P (jXj � s) � 2 exp
�
� s2

�2

�
8 s � 0 8� � kXkex

(d)
p

(X)
2 � kX � EXkex �

p
6 
(X)

(3) If " = ("1; . . . ; "n) is a Bernoulli vector, then we have

(a) 

� nP
i=1

"i xi

�
= var

� nP
i=1

"i xi

�
=

nP
i=1

x2i 8 (x1; . . . ; xn) 2 R

Theorem 4.11: (The Bernoulli process) Let " = ("1; . . . ; "n) be a Bernoulli vector
and let us consider the Bernoulli processB(x) :=

Pn
i=1 "i xi for x = (x1; . . . ; xn) 2

R
n . Let A � Rn be a given non-empty set, letN1(r) denote thejj � jj1-covering

number of A , let D�

2
(r) denote thejj � jj2-packing number ofA� := A [ f0g and

let us define �1(r) := 1 _ log N1(r) and

BA := sup
x2A

jB(x)j ; � := sup
x;y2A�

kx� yk2 ; w := sup
x2A

kxk2 ; u(r) := �1(r)w
2

for all r � 0 . Then BA is P -measurable and we have

(1) P ( BA > r + t) � 2 exp
n
logN1(r) � t

2

2w

o
8 r; t � 0

(2) P ( BA > r + t) � 2e exp
n
� t

2

2u(r)

o
8 r; t � 0

(3) kBAkex � 16
p
6

Z �

0

p
log D�

2
(t) dt

(4) P (BA > t) � 2 exp
�
� t2

2 J2

�
8 t � 0 where J := 8

p
6

Z �

0

p
log D�

2
(t) dt

Remarks: (a): Note that B(x) = " � x where (x � y) denotes the inner product
on Rn . Hence, if MA(y) := supx2A jx � yj denotethe Minkowski functionalof A ,
we have BA = MA(") . Since MA is a lower semicontinuous seminorm onRn ,
we see thatBA is P -measurable and ifC denotes the smallest closed, symmetric,
convex set containingA , then we haveMA(y) = MC(y) for all y 2 Rn and
BA = BC = MC(") = supx2C j" � xj .
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(b): Suppose thatA is bounded, letK denote the closed convex hull ofA and
let Ae denote the set of extreme point ofK . Then Ae is contained in the closure
of A and K is the closed convex hull ofAe . Hence, we haveBA = BAe and
the inequalities (1)–(4) hold if we replaceA by Ae . Since Ae is contained in the
closure of A , we have that the covering and packing number ofAe is smaller than
the covering and packing number ofA and since Ae is contained in the relative
boundary of K , we see that the covering and packing number ofAe is at least one
order less that than the covering and packing number ofK .

(c): The inequality (1) implies the inequality (2). The inequalities (2) and (4) are
not really comparable but in some sense (4) is stronger than (2). In the literature, there
exists a variety of Gaussian estimates of the tail distribution ofBA including various
variants of the inequalities (1)–(4).

Proof: (1): As remarked above, we have thatBA is P -measurable. Letr; t � 0 be
given and letH(r; t) denote the expression on the right hand side of (1). Ifw =1 ,
then A is unbounded and we haveN1(r) = 1 ; that is, H(s; t) = 1 and so
we see that (1) holds. Ifw = 0 , then A = f0g and BA = 0 and so we see
that (1) holds. If w > 0 and N1(r) = 1 , then H(r; t) = 1 and (1) holds.
So suppose that0 < w < 1 and k := N1(r; A) < 1 . Then there exists closed
jj � jj1-balls B1; . . . ; Bk of radii r and centersa1; . . . ; ak belonging toA such that
A � B1 [ � � � [ Bk . Let x 2 A be given. Then there exists an integer1 � � � k

such that jjx� a�jj1 � r . Since B(x) is linear in x and jB(x)j � jjxjj1 , we have

jB(x)j � jB(x� a�)j+ jB(a�)j � kx� a�k1 + jB(a�)j � r + jB(a�)j

Hence, we see thatBA � s + max1���k jB(a�)j and since a� 2 A, we have
jja�jj2 � w and so by Def.4.10.2+3 we have

P (BA � r + t) � P
�
max
1���k

jB(a�)j � t
�
�

kP
�=1

P ( jB(a�)j � x)

� 2
kP

�=1

exp
�
� t

2

2w2

�
= H(r; t)

which proves (1).

(2): Let r; t � 0 be given. If t
2

2u(r) � 1 , then the right hand side of (2) is� 2

and so we see that (2) holds. So suppose thatt
2

2u(r) > 1 . Since �1(r) � 1 , we have

log N1(s)� t
2

2w2 � �1(r)� t
2

2w2 = �1(r)
�
1� t

2

2 r(r)

�
� 1� t

2

2 u(r)

and so we see that (2) follows from (1).

(3): By Def.4.10.2+3, we havejjB(x)�B(y)jjex �
p
6 jjx�yjj2 for all x; y 2 Rn .

Since 0 2 A� and B(0) = 0 , we see that (3) follows from [15; Cor.2.2.5 p.98] (the
constant 16

p
6 is not explicitly stated in [15] but an inspection of the proof gives

the constant 16
p
6 ).

(4): Immediate consequence of (3) and Def.4.10.2.
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Theorem 4.12: (Subgaussian inequalities) Let T be a non-empty set and let
X1; . . . ; Xn : 
 ! (RT ;BT ) be stochastic processes. LetX� = (X�

1
; . . . ; X�

n) denote
the Bernoulli symmetrization ofX = (X1; . . . ; Xn) and let S := X1 + � � �+Xn and
S� := X�

1
+ � � � + X�

n denote the sum process and the symmetrized sum process. Let
�1; . . . ; �n 2 RT be given functions and let us define

RX(y; !) := Bn(� 2 En j kX�(�; !)kT > s) 8 y � 0 8! 2 


S�(t) :=
nP

i=1

(Xi(t)� �i(t)) ; ��(s) := inf
t2T

fP (S�(t) � s) ^ P (S�(t) � �s)g

for all t 2 T and all s � 0 . Suppose that the following two conditions hold:

(1) jj�1X1 + � � �+ �nXnjjT is P -measurable for all (�1; . . . ; �n) 2 En

(2) f (u1; . . . ; un) 2 (RT )n j ku1 + � � �+ unkT > sg 2 �P (X) 8 s � 0

Then RX(y; � ) is P -measurable for all y � 0 and we have

(3) ��(s)P
�( kS�kT > s + 2y) � 2E RX(y) 8 s; y � 0

Let C; r � 0 be a given non-negative numbers and letV : 
 ! [0;1] be a given
function satisfying

(4) RX(r + y; !) � C exp
�
� y2

2 V (!)

�
8 y > 0 8! 2 


If V� is a lowerP -envelope ofV and Q� is an upperP -envelope ofjjS�jjT , then
for all non-negative numberss; y � 0 we have

(5) ��(s)P (Q� � s + 2r + 2y) � 2C E� exp
�
� y2

2 V

�
= 2C E exp

�
� y2

2V�

�

(6) ��(s)P
�(Q� � s + 2r + 2y) � 2C P (V� > x) + 2C exp

�
� y2

2x

�
8 x > 0

Let f : [0;1)! [0;1) be a increasing right continuous function such thatf(0) = 0
and let f�(x) denote the following Gaussian transform off :

(7) f�(x) :=

Z
1

0

e�
t
2

2x f(dy) 8 0 � x � 1

If we define f(1) := limx!1 f(x) , then we have

(8) ��(s)Ef
�
1

2
(Q� � s � 2r)+

�
� 2C Ef�(V�) 8 s > 0
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Remarks: (a): The measurability condition (1) in Thm.4.11 goes under several names
in the literature; for instance,permissible, admissibleor measurable. If B is a
Blackwell �-algebra on T such that Xi(t; !) is (B 
 FP )-measurable for all
1 � i � n , then the projection theorem for Blackwell spaces (see Appendix B) shows
that condition (1) holds. IfX1; . . . ; Xn satisfies the following separability condition:

(9) There exists a countable non-empty setD � T satisfying

(a)







nP

i=1

�iXi







T
=







nP

i=1

�iXi







D

a.s. 8 (�1; . . . ; �n) 2 En

then condition (1) trivially. Note that condition (9) holds ifT is countable or more
generally if T is a separable topological space such thatX1; . . . ; Xn have a.s.
continuous sample paths. In [9; Appendix F p.262–276], you will a series of criteria
implying condition (1).

(b): Recall that Thm.3.4.5–7 gives several criteria implying condition (2). Note
that P �(jjS�jjT > s) = P (Q� > s) � P (Q� � s) . Hence, we see that (5) gives
an upper estimate of the tail probabilityP �(jjS�jjT > s + 2r + 2y) in terms of the

lower expectation ofexp (� y2

2V
) . It is remarkable and unusual that we may estimate

an upper probability in terms of a lower expectation and it means that measurability
of V is not an issue here.

(c): Note that jjX�( � ; !)jjT = BA! where BA is defined as in Thm.4.11 and
A! := fX(t; !) j t 2 Tg � Rn for all ! 2 
 . Hence, by (3) we see that any estimate
of the upper tail distribution of the absolute maximum of the Bernoulli process gives
an associated estimate of the upper tail distribution ofjjS�jjT . Let ! 2 
 be given
and let d!

1
and d!

2
denote the following (random) semi-metric onT :

d!1 (u; v) :=
nP

i=1

jXi(u; !)�Xi(v; !)j = kX(u; !)�X(v; !)k1 8 u; v 2 T

d!2 (u; v) :=

s
nP
i=1

jXi(u; !)�Xi(v; !)j2 = kX(u; !)�X(v; !)k1 8 u; v 2 T

Let N1(r; !) denote thed!
1
-covering number of T and let D2(r; !) denote the

d!
2
-packing number of T . If we define

�1(r; !) = 1 _ log N1(r; !) ; W (!) = sup
t2T

s
nP

i=1
Xi(t; !)

2
; V (r; !) = �1(r; !)W (!)2

�(!) = W (!) _ sup
u;v2T

d!2 (u; v) ; J(!) = 8
p
6

Z �(!)

0

p
log (1 +D2(s; !)) ds

for all r � 0 and all ! 2 
 , then by Thm.4.11 we see that condition (4) holds with
and (C; r; V ) := (2e; r; V (r)) for all r � 0 and with (C; r; V ) := (2; 0; J) . In
particular, we see that the inequalities (5), (6) and (8) holds for every fixedr � 0 with
V := V (r) and C := 2e and that inequalities (5), (6) and (8) holds withr := 0 with
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V := J and C := 2 . In [13; p.35–42], [15] and [4]. the inequalities (5) an (6) for
these two cases has be proved more or less explicitly under the hypotheses (1), (4.A)
and under some measurability assumptions onV (r) or J . However, as remarked
above measurability ofV (r) or J is not an issue here.

(c): Let f : [0;1) ! [0;1) be a increasing right continuous function such that
f(0) = 0 and let f�(x) denotethe Gaussian transformof f given by (7). Since
f(0) = 0 and exp(�y2

0 ) = 0 for all y > 0 , we see that f�(0) = 0 and since

exp(�y2

1
) = 1 for all y � 0 , we see thatf�(1) = f(1) . Note that we have the

following Gaussian transforms:

f(x) = 1(�;1)(x) ) f�(x) = exp
�
��2

2x

�

f(x) = x� ) f�(x) = (2x)�=2 �
��
2 + 1)

f(x) = e�x ) f�(x) = �
p
2�x e

1

2
�2x

�
1
2 + erf(�

p
x )
�

f(x) = e�x
2 ) f�(x) =

8<
:

2�x
1�2�x if 0 � x < 1

2�

1 if x � 1
2�

where �(x) is the gamma function anderf(x) := (2�)�1=2
R x
0 e�y

2=2 dy is error
function. Hence, we see that (8) delivers various moment and exponential moment
estimations of the upperP -envelope of jjS�jjT .

Proof: (3): Let us define (~
; ~F ; ~P ) := (En � 
; En 
 F ;Bn 
 P ) . Let s; y � 0
be given and let ! 2 
 be fixed for a moment. By (1), we see thatjjS�(�; !)jjT
is (En 
 FP )-measurable. So by Fubini’s theorem, we have thatRX(y; � ) is P -
measurable and we have

~P ( kS�kT > s) =

Z



Bn( kS�( � ; !)k > y)P (d!) = ERX(y)

Let Xs denote the standard symmetrization ofX and let Ss := Xs
1
+ � � � + Xs

n

denote the symmetrized sum. Note thatXs is the standard symmetrization of
Y = (X1 � �1; . . . ; Xn � �n) and by the definition of �P (X) , it follows easily
that �P (X) = �P (Y ) . So by (2) and Thm.4.4.4c, we have

��(s)P
�(kS�kT > s+ 2y) � 2 ~P �(kS�kT > y) � 2ERX(y)

which proves (3).

(5): Let s � 0 be given. Since v exp(� y2

2v
) is increasing and continuous

on [0;1] , we see that the last equality in (5) follows from Lem.A.4.4 and Lem.A.5.1.
By (3), (4) and Lem.A.5.5 we have

��(s)P (Q� > s+ 2r + 2y) = ��(s)P
�(kS�kT > s+ 2r + 2y) � 2C E exp

�
� y2

2V�

�
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for all y � 0 and since y exp(� y2

2v
) is decreasing, bounded and continuous on

[0;1) , we see that the last expression is continuous iny . Hence, we see that (5) holds.

(6): Sincex exp(� y2

2x
) is increasing on[0;1] , we see that (6) follows from (5).

(8): Let s � 0 be given and let us defineW := 1

2
(Q� � s� 2r)+ . By (5). (7),

Thm.A.3.5 and Fubini’s theorem, we have

2C Ef�(V�) = 2C

Z
1

0

E
n
exp

�
�

y2

2 V�

�o
f(dy)

� ��(s)

Z
1

0

P �(Q � s+ 2r + 2y) f(dy) = ��(s)E
�f
�
1

2
(Q� s� 2r)+)

which proves (8).

A. Appendix: Upper and lower expectations This appendix contains a
brief summary of the fundamental rules of calculus for upper and lower expectations
and envelopes. Let(
;F ; P ) be a given probability space, fixed throughout this
appendix. We let(
;FP ; �P ) the completionof (
;F ; P ) and we let �M(P ) denote
the set of allFP -measurable functions from
 into the extended real line�R . We let
L(P ) denote the set of all random variablesX 2 �M(P ) for which the expectation
EX exists but possibly equal to�1 and we letL1(P ) denote the set of all random
variables X 2 L(P ) with finite expectation.

We extend the multiplication onR to the extended real line�R as follows

a � 1 :=

(1 if 0 < a � 1
0 if a = 0
�1 if �1 � a < 0

; a � (�1) :=

(�1 if 0 < a � 1
0 if a = 0
1 if �1 � a < 0

and we define 1

�1
:= 0 , 1

0
:=1 and a

b
:= a � 1

b
. We extend the addition as follows

a +1 := 1 if �1 < a � 1 and a + (�1) := �1 if �1 � a < 1 . This
defines a+ b whenever a+ b is not on the form1+ (�1) or (�1) +1 . We
shall consider the following three conventions for the remaining case:

1 _+ (�1) := 1 ; 1+: (�1) := �1 ; 1+ (�1) := 0

and we definea _+ b and a+: b and a+ b according to these conventions. Moreover,
we define a _� b := a _+ (�b) and a �: b := a+: (�b) and a� b := a+(�b) . Observe
that _+ and +: are commutative and associative butnot distributive and that+ is
commutative and distributive butnot associative.

Recall that the outer and inner probabilitiesP � and P� are given by

(A.1) P �(A) := inffP (F ) j F 2 F ; F � Ag 8A � 


(A.2) P�(A) := supfP (F ) j F 2 F ; F � Ag 8A � 
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If � is an arbitrary measure on(
;F) , we define outer and inner measures��(A)
and ��(A) similarly, and we define

(A.3) ��(A) := supf�(F ) j F 2 F ; �(F ) < 1 ; F � Ag 8A � 


Note that �� � � with equality if and only if � is finitely founded(i.e. if � has no
infinite atoms; see [7; (3.15+16) p.171–172]). Recall thatE� and E� are given by

(A.4)
Z

�

X dP = E�X := inffEY j Y 2 L1(P ) ; Y � X a.s.g

(A.5)
Z
�

X dP = E�X := supfEY j Y 2 L1(P ) ; Y � X a.s.g

with the usual conventionsinf ; := 1 and sup ; := �1 . If � is an arbitrary
measure on(
;F) , we define

R
�

X d� and
R
�
X d� similarly.

If X 2 �R
 , we let X� and X� denotethe upperand lower P -envelopesof
X ; that is, the a.s. unique functionsX� and X� satisfying

(A.6) X� 2 �M(P ) , X� � X a.s. and if U 2 �M(P ) is any given random variable
satisfying U � X a.s., then we haveU � X� a.s.

(A.7) X� 2 �M(P ) , X� � X a.s. and if U 2 �M(P ) is any given random variable
satisfying U � X a.s., then we haveU � X� a.s.

If A � 
 , we let A� and A� denotetheP -hull andP -kernel of A; that is, the
a.s. unique setsA� and A� satisfying

(A.8) A� 2 FP ; A� � A a.s. and �P (A�) = P �(A)

(A.9) A� 2 FP ; A� � A a.s. and �P (A�) = P�(A)

Lemma A.1: (The calculus of outer and inner probabilities) We have the follow-
ing rules of calculus for outer and inner probabilities:

(1) P � is �-subadditive on2
 and P� is �-superaddtive on2
 and we have

(a) P�(A
c) = 1 � P �(A) ; P �(Ac) = 1 � P�(A) 8A � 


(2) P�(A) � P�(A \ B) + P �(A nB) � P �(A) 8A;B � 


(3) �P (F ) = P�(F \ A) + P �(F n A) 8F 2 FP 8A � 


(4) P�(A) + P�(B) � P�(A \ B) + P�(A [ B) 8A;B � 


(5) P �(A \ B) + P �(A [ B) � P �(A) + P �(B) 8A;B � 


(6) If An " A , then P �(An) " P �(A)
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(7) If An # A , then P�(An) # P�(A)

(8) If A � 
 is any given set, then the set functions:

(a) PA(F ) := P�(F \ A) and PA(F ) := P �(F \ A) for F 2 FP

are finite measures on(
;FP ) such thatPA(
) = P�(A) and PA(
) = P �(A)

Remark: The lemma is well-known and the proof is straight forward.

Lemma A.2: (The calculus of upper and lower expectations) We have the follow-
ing rules of calculus for upper and lower expectations:

(1) E�X = E�X+ _�E�X
� ; E�X = E�X

+ �: E
�X�

(2)
E�X +: E�Y � E�(X +: Y ) � E�(X _+Y ) � E�X _+E�Y

� E�(X _+Y ) � E�X _+E�Y

(3) E�X = lim
n!1

E�(X _ (�n)) ; E�X = lim
n!1

E�(X ^ n)

(4) E�(�X) = �E�X ; E�(�X) = �E�X

(5) E�(aX) = aE�X ; E�(aX) = aE�X 8 a 2 R+

(6) E�(a 1A) = aP�(A) ; E�(a 1A) = aP �(A) 8A � 
 8 0 � a � 1

(7) If Xn " X a.s. and E�X1 > �1 , then E�Xn " E
�X

(8) If Xn # X a.s. and E�X1 < 1 , then E�Xn # E�X

(9) If X � 0 a.s. and Xn � 0 a.s. for all n � 1 , then we have

(a) E�(1 � X) = 1 � E�X ; E�(1 � X) � 1 � E�X

(b) E�
�
1P
n=1

Xn

�
�

1P
n=1

E�Xn ; E�

�
1P
n=1

Xn

�
�

1P
n=1

E�Xn

(10) X 2 L1(P ) if and only if E�X = E�X 6= �1 and if X 2 L1(P ) , then we have

(a) E�(aX + bY ) = aEX + b E�Y 8 a 2 R 8 b 2 R+

(b) E�(aX + bY ) = aEX + b E�Y 8 a 2 R 8 b 2 R+

(11) If X is P -measurable, then we have

(a) E�X = EX+ _�EX� ; E�X = EX+ �: EX�

(b) X 2 L(P ) , E�X = E�X
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Remark: The lemma is well-known and the proof is straight forward. Let� be
an arbitrary measure on(
;F) . Then (1)–(12) hold with (E�; E

�) replaced by
(
R
�
d�;

R
�

d�) except for the first equality in (6) which takes the following form (see
(5.3))

(6* )
Z
�

a 1A d� = a ��(A) 8A � 
 8 0 � a � 1

Recall that �� � �� with equality if and only if � is finitely founded.

Theorem A.3: Let � be a measure on(
;F) , let (fi j i 2 I) be a rectilinear set
of non-negative functionsfi : 
 ! [0;1] (see Remark (a) below) and let us define
f(!) :=

P
i2I

fi(!) for all ! 2 
 . Then we have

(1) If either I is countable or if f < 1 �-a.s., then we have

(a)
Z
�

f d� =
P
i2I

Z
�

fi d�

(2) If either I is finite or if f < 1 �-a.s., then we have

(a)
Z
�

f d� =
P
i2I

Z
�

fi d�

Let X : 
 ! [0;1] be a non-negative function and let� : [0;1) ! [0;1) be an
increasing right continuous function with�(0) = 0 . Then we have

(3)
Z
�

X d� =

Z
1

0

��(X > x) dx =

Z
1

0

��(X � x) dx

(4)
Z
�

X d� =

Z
1

0

��(X > x) dx =

Z
1

0

��(X � x) dx

(5)
Z
�

�(X) d� =

Z
1

0

��(X � x)�(dx) ;

Z
�

f(X) d� =

Z
1

0

��(X � x)�(dx)

Remark: (a): Recall that a family (fi j i 2 I) of extended real-valued functions
fi : 
 ! �R is calledrectilinear if the preordering! � � , fi(!) � fi(�) 8 i 2 I

is linear (i.e. for all !; � 2 
 we have either! � � or � � ! ) or equivalently if

(6) If i 2 I and !; � 2 
 are given points satisfyingfi(!) < fi(�) , then we
have fj(!) � fj(�) for all j 2 I

Note that (fi j i 2 I) is rectilinear if and only if ffi; fjg is rectilinear for all
i; j 2 I and if and only if the there exists a linear preordering� on 
 such that
fi is increasing on (
;�) for all i 2 I . If (Ai j i 2 I) is a family of subsets
of 
 , then it follows easily that the set of indicator functions(1Ai

j i 2 I) is
rectilinear if and only if (Ai j i 2 I) is linearly ordered by inclusion and if so, then
(a 1Ai

j i 2 I ; 0 � a � 1) is rectilinear.
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(b): If (fi j i 2 I) is a rectilinear family of non-negative functionsfi : 
 ! [0;1]
and f(!) :=

P
i2I

fi(!) for all ! 2 
 , then it can be shown (see [5; Thm.5.18
p.234]) that there exists a family(�i j i 2 I) of increasing functions�i : R ! R

satisfying

(7) �i(0) = 0 8 i 2 I ;
P

i2I

j�i(x)j < 1 and
P

i2I

�i(x) = x 8 x 2 R

(8) fi(!) = �i(f(!)) 8 i 2 I 8! 2 f f < 1g

(9) 9 a countable setJ � I so that �i(x) = 0 8 x 2 R 8 i 2 I n J

A family (�i j i 2 I) of increasing functions�i : R ! R satisfying the last two
conditions in (7) is called anincreasing partition of unity. If (�i) is an increasing
partition of unity, we have

P
i2I

j�i(x) � �i(y)j = jx � yj for all x; y 2 R . In
particular, we see that�i is increasing and Lipshitz’ with Lipshitz’ constant� 1
for all i 2 I .

Proof: (1): Let (�i) be an increasing partition of unity satisfying (7)–(9). By
(8+9), there exists a countable setJ � I such that fi(!) = 0 for all i 2 I n J
and all ! 2 ff < 1g . Hence, if f < 1 �-a.s., then fi = 0 �-a.s. for all
i 2 I n J and f =

P
i2J

fi �-a.s. Thus it suffices to prove (1) under the assumption
that I is constable. SinceI is at most countable, then by Lem.A.2.9 we haveR
�
f d� �

P
i2I

R
�
fi d� . Hence, if

R
�
f d� = 1 , we see that (1.a) holds. So

suppose that
R
�
f d� <1 and let h 2 L1(�) be a given function satisfyingh � f

�-a.s. Let us define�i(1) := 1 and hi(!) := �i(h(!)) for all i 2 I and all
! 2 
 . By (7+8) we haveh � hi � fi � 0 �-a.s. for all i 2 I . In particular, we
see that hi 2 L1(�) and since h < 1 �-a.s., then by (7) we have

P
i2I

hi = h

�-a.s. Hence, we have
Z



h d� =
X
i2I

Z



hi d� �
X
i2I

Z
�

fi d� �

Z
�

f d�

Taking infimum over h , we obtain (1.a).

(2): If f < 1 a.s., then (2.a) follows in exactly the same manner as in the
proof of (1). So suppose thatI is finite and let n � 1 be a given integer. Then
(fi ^ n j i 2 I) is a rectilinear set such that

P
i2I

(fi(!) ^ n) < 1 for all ! 2 

and since x ^ n is subadditive on [0;1] , we have f(!) ^ n �

P
i2I

(fi(!) ^ n)
for all ! 2 
 . Hence, we haveZ

�

(f ^ n) d� �

Z
�

nP
i2I

(fi ^ n)
o
d� =

P
i2I

Z
�

(fi ^ n) d� �
P
i2I

Z
�

fi d�

Hence, we see that (2.a) follows from Lem.A.2.3+9.

(3): Let us defineR(x) := ��(X > x) and R0(x) := ��(X � x) for all x � 0 .
Since R0(x) � R(x) � R0(y) for all 0 � x < y , we see thatR0(x) = R(x) for
every continuity point ofR0 and sinceR0 is decreasing, we conclude thatR0 = R
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Lebesgue a.s. Hence, we see that the last equality in (3) holds. Let� > 1 be a given
number and let us defineX� :=

P
n2Z

(�n+1��n) 1F�
n

where F�
n := fX > �ng for

all n 2 Z := f0;�1;�2; . . .g . Then it follows easily thatX � X� � �X and since
(F�

n j n 2 Z) is linearly ordered by inclusion, we have that((�n+1��n) 1F�
n

j n 2 Z)
is rectilinear. Since��(F�

n ) = R(�n) , then by (1) and Lem.A.2.6 we have
Z

�

X d� �

Z
�

X� d� =
X
n2Z

(�n+1 � �n)R(�n) � �

Z
�

X d�

and since R is decreasing, we have

X
n2Z

(�n+1 � �n)R(�n) =
X
n2Z

Z
�
n+1

�
n

R(�n) dx �

Z
1

0

R(x) dx

X
n2Z

(�n+1 � �n)R(�n) = �
X
n2Z

Z
�
n

�
n�1

R(�n) dx � �

Z
1

0

R(x) dx

Hence, we have

��1
Z
1

0

R(x) dx �

Z
�

X d� � �2
Z
1

0

R(x) dx 8� > 1

Letting � # 1 , we obtain the first inequality in (3).

(4): The last equality in (4) follows in the same manner as in the proof of (3).
Let us define R(x) := ��(X � x) for all x � 0 and let the truncation operator
Tn : [0;1]
 ! [0;1]
 be defined as followsTnh := (h � 1

n
)+ ^ (n � 1

n
) for all

h 2 [0;1]
 . Then it follows easily that we haveTnh " h and Tnh � Tng if h � g .
Let h 2 L1(�) be a given function such that0 � h � X . Since 0 � Tnh � TnX � X

and Tnh " h , then by the monotone convergence theorem, we haveZ
�

X d� � lim
n!1

Z
�

TnX d� � lim
n!1

Z



Tnh d� =

Z



h d�

Taking supremum overh , we see that
R
�
TnX d�!

R
�
X d� . Let n � 1 be given

and let us defineFin := fX � i

n
g and hn := 1

n

P
n
2

i=1 1Fin
) . Then it follows easily

that we have0 � TnX � hn � X . Since R is decreasing withR( i
n
) = ��(Fin) ,

then by (2.a) and Lem.A.2.6* we have

Z
�

TnX d� �

Z
�

hn d� = 1

n

n
2P

i=1

��(Fin) = 1

n

n
2P

i=1

R
�

i

n

�
�

Z 1

0

R(x) dx

Z
�

X d� �

Z
�

hn d� = 1

n

n
2P

i=1

��(Fin) =
1

n

n
2P

i=1

R
�
i

n

�
�

Z
n

1

n

R(x) dx

and since
R
�
TnX d� !

R
�
X d� , we obtain (4) by lettingn ! 1 .

(5): Let us define b = �(1) := limx"1 �(x) . If b = 0 , then � � 0 and
(5) holds trivially. So suppose thatb > 0 and let ��(x) := inf ft � 0 j �(t) � xg
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denote the lower fractile function of� for all 0 � x < b . Then �� is an increasing
function from [0; b) into [0;1) and since �(0) = 0 , we have ��(0) = 0 . Let
�b denote the Lebesgue measure on[0; b) and let � denote the image measure on
[0;1) of �b under the function�� . Since � is right continuous and increasing,
we have f0 � x < b j ��(x) � tg = [0; �(t)] for all t � 0 . Hence, we see that� is
the Lebesgue-Stieltjes measure induced by� . Since f�(X) � xg = ; for all x > b

and f�(X) � xg = fX � ��(x)g for all 0 � x < b , then by (3) we have

Z
�

�(X) d� =

Z
1

0

��(�(X) � x) dx =

Z b

0

��(�(X) � x) dx

=

Z b

0

��(X � ��(x)) dx =

Z
1

0

��(X � y) �(dy) =

Z
1

0

��(X � y)�(dy)

which proves the first equality in (5) and the second equality follows in the same manner
from (4).

Lemma A.4: (The calculus of upper and lower envelopes I) Let I be a non-empty
finite or countable set and letX : 
 ! �R and Xi : 
 ! �R be given functions for all
i 2 I . Then we have the following rules of calculus of upper and lower envelopes:

(1) X� = �(�X)� a.s. andX� = �(�X)� a.s.

(2) If  : �Rk ! �R is increasing in each variable separately, then we have

(a)  (X1; . . . ; Xk)
� �  (X�

1
; . . . ; X�

k
) a.s.

(b)  (X1; . . . ; Xk)� �  (X1�; . . . ; Xk�) a.s.

(3)
�
sup
i2I

Xi

�
�

= sup
i2I

X�

i
a.s. and

�
inf
i2I

Xi

�
�

= sup
i2I

Xi� a.s.

(4) If � : �R ! �R is increasing and left continuous, then we have�(X)� = �(X�)
a.s. and if  : �R ! �R is increasing and right continuous, then we have
 (X)� =  (X�) a.s.

(5) P �(X > s) = P (X� > s) and P�(X � s) = P (X� � s) 8 s 2 �R

(6) P�(X � s) = P (X� � s) and P �(X < s) = P (X� < s) 8 s 2 �R

(7) If U 2 �M(P ) , then we haveP�(X � U < X�) = 0

(8) If X � 0 a.s. andX� <1 a.s. then we haveP �(X� � � X) = 1 for all � > 1

(9) If U 2 �M(P ) is a random variable satisfyingU � X a.s. and P (U > t) �
P �(X > t) for all t 2 R , then U = X� a.s.

(10) If U : 
 ! [0;1] is P -measurable, then we have

(a) U X� � (UX)� � (UX)� � U X� a.s.
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(b) P�(U = 1 ; X� = 0 ; X < 0) = 0 ) U X� = (UX)� a.s.

(c) P�(U = 1 ; X� = 0 ; X > 0) = 0 ) U X� = (UX)� a.s.

Remark: The lemma is well-known and the proof is straight forward.

Lemma A.5: (The calculus of upper and lower envelopes II) Let U : 
 ! [0;1]
be a non-negative random variable and letX : 
 ! �R be an arbitrary function.
Then we have

(1) E�X = E�X� and E�X = E�X�

(2) E�(U X�) � E�(UX) � E�(UX) � E�(U X�)

(3) P�(U = 1 ; X� = 0 ; X < 0) = 0 ) E�(UX) = E�(U X�)

(4) P�(U = 1 ; X� = 0 ; X > 0) = 0 ) E�(UX) = E�(U X�)

(5) fX > tg� = fX� > tg a.s. and fX � tg� = fX� � tg 8 t 2 R

Let I be a non-empty, finite or countable set and letA and (Ai j i 2 I) be given
subsets of
 . Then we have

(6) A� = 
 n (
 n A)� a.s. and A� = 
 n (
 n A)� a.s.

(7) 1A� = (1A)
� a.s. and 1A�

= (1A)� a.s.

(8)
S
i2I

A�

i
=

�S
i2I

Ai

��
a.s. and

S
i2I

Ai� �

�S
i2I

Ai

�
�

a.s.

(9)
T
i2I

A�

i
�

�T
i2I

Ai

��
a.s. and

T
i2I

Ai� =

�T
i2I

Ai

�
�

a.s.

(10) (F \ A)� = F \ A� a.s and (F [ A)� = F [ A� a.s. 8F 2 FP

Remark: The lemma is well-known and the proof is straight forward.

Theorem A.6: (The Fubini theorem I) Let (M1;B1; �1) and (M2;B2; �2) be �-
finite measure spaces and let� := �1 
 �2 denote the product measure on the product
space (M1 �M2;B1 
 B2) . Let h : M1 �M2 ! �R and h0 : M1 ! �R be given
function. Then we have

(1)
Z

�
�Z

�

h(x; y)�1(dx)

�
�2(dy) �

Z
�

h(x; y)�(dx; dy)

(2)
Z
�

h(x; y)�(dx; dy) �

Z
�

�Z
�

h(x; y)�1(dx)

�
�2(dy)
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(3) If h(x; y) = h0(x) for �-a.a. (x; y) 2 M1 �M2 , then we have

(a)
Z
�

h d� =

Z
�

h0 d�1 �

Z
�

h0 d�1 =

Z
�

h d�

Let f1 : M1 ! [0;1] and f2 : M2 ! [0;1] be non-negative functions and let us
define f(x; y) := f1(x) f2(y) for all (x; y) 2 M1 �M2 and

ai :=

Z
�

fi d� ; pi := (�i)�(fi > 0) and qi := (�i)�(fi =1) for i = 1; 2

Then we have

(4)
Z

�

f d� =

�Z
�

f1 d�1

�
�

�Z
�

f2 d�2

�

(5)
Z
�

f d� �

�Z
�

f1 d�1

�
�

�Z
�

f2 d�2

�
with equality if

0 < a1 < 1 or 0 < a2 < 1 or a1 a2 > 0 or a1 + a2 < 1

or p1 = 0 or p2 = 0 or a1 <1 and q2 = 0 or a2 <1 and q1 = 0

Remark: The Theorem is well-known and the proof is straight forward. We may have
strict inequality in (5) this is a rare exception which only occurs if all the eight cases
listed in (5) fails.

Theorem A.7: (The Fubini theorem II) Let (M;B; �) be a�-finite measure space
and let � denote the Lebesgue measure on the non-negative line(R+;B(R+) . Let
�
� denote the product measure onM1�R+ . Let � : M�R+ ! [0;1] be a given
function such that�(x; � ) is decreasing on[0;1) for all x 2 M1 . Then we have

(1)
Z

�

�d(�
 �) =

Z
1

0

�Z
�

�(x; t)�(dx)

�
dt �

Z
�
�Z

1

0

�(x; t) dt

�
�(dx)

Let (L;A; �) be a probability measure space and let : L �M ! [0;1] be given
function satisfying

(2) For every " > 0 there exist�-measurable setsL1; L2; . . . 2 A� and functions
h1; h2; . . . : M ! [0;1] satisfying

(a) j (u; x) �  (v; x)j � hi(x) 8 u; v 2 Li 8 x 2 M 8 i � 1

(b) L =
1S
i=1

Li and
Z

�

hi d� � " 8 i � 1

If � := � 
 � denotes the product measure on(L�M;A
 B) then we have

(3)
Z

�

 d� =

Z
�
�Z

�

 (u; x)�(dx)

�
�(du) �

Z
�
�Z

�

 (u; x) �(du)

�
�(dx)
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Proof: (1): Let us define� := �
 � and ��(t) :=
R
�
�(x; t)�(dx) for all t � 0 .

Since �(x; � ) is non-negative and decreasing, we see that�� is non-negative and
decreasing. Let� > 1 be given and let us define��(x; t) :=

P
n2Z

1I�
n

(t)�(x; �n)
where I�n := (�n; �n+1] for all n 2 Z . Since �(x; � ) is decreasing, we have
� � �� and since �� is decreasing, then by Thm.A.6.4 and Lem.A.2.9 we have

�

Z
1

0

��(t) dt � �
X
n2Z

(�n � �n�1)��(�n) =
X
n2Z

(�n+1 � �n)��(�n)

=
X
n2Z

Z �

1I�n (t)�(x; �
n) �(dx; dt) �

Z �

�� d� �

Z �

� d�

for all � > 1 . Letting � # 1 , we see that
R1
0

��(t) dt �
R �

� d� . Thus, we see
that (1) follows from Thm.A.6.1.

(3): Let " > 0 be given and let (Li; hi) be chosen according to condition (2).
By a standard disjungation, we may assume thatL1; L2 . . . are disjoint non-empty sets
and we let ai 2 Li denote an arbitrary but fixed point ofLi . Let  i(x) be an upper
�-envelope of (ai; � ) for all i � 1 . Let us defineh(u; x) :=

P1

i=1
1Li(u) (ai; x)

for all i � 1 and let h� be an upper�-envelope of h . By Thm.A.8 below, we
have that 1Li(u) i(x) is an upper�-envelope of 1Li(u) (ai; x) and since  � 0
and (Li) is partition of L , we have h = supi�1 1L1

 (ai; � ) and since Li is �-
measurable, then By Thm.A.8 below we have that1Li

(u) i(x) is an upper�-envelope
of 1Li

(u) (ai; x) . So by Lem.A.4.10 we have

h�(u; x) = sup
i�1

�
1Li

(u) i(x)g =
1P
i=1

1Li
(u) i(x) �-a.s.

Hence, by Lem.A.5.1 we haveZ �

h d� =

Z
L�M

h� d� =
1P
i=1

�(Li)

Z
M

 i d� =
1P
i=1

�(Li)

Z �

 (ai; x)�(dx)

=

Z �

�(du)

Z �

h(u; x)�(dx)

and by (2), we havej (u; x)�h(u; x)j �
P1

i=1
1Li

(u) hi(x) for all (u; x) 2 L�M .
Since � is a probability measure and(Li) is a �-measurable partition ofL , then
by Thm.A.6.1 and Lem.A.2.9 we haveZ �

d�

Z �

j � hj d� �

Z �

j � hj d� �
1P
i=1

�(Li)

Z �

hi d� � "

Thus, we haveZ �

 d� � "+

Z �

h d� = "+

Z �

d�

Z �

h d� � 2"+

Z �

d�

Z �

 d�

Letting " # 0 , we see that
R �

 d� �
R �

d�
R �

 d� and so we see that (3) follows
from Thm.A.6.1.
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Theorem A.8: (Inner and outer product measures) Let I be a non-empty count-
able set and let(Mi;Bi; �i) be probability spaces for alli 2 I . Let � := 
i2I �i
denote the product measure on the product spaceMI :=

Q
i2I

Mi equipped with its
product�-algebra BI := 
i2I Bi . If Ai � Mi are given sets for alli 2 I , then
we have

(1) ��

�Q
i2I

Ai

�
=
Q
i2I

(�i)�(Ai) and ��
�Q
i2I

Ai

�
=
Q
i2I

��
i
(Ai)

Remark: The theorem is well-known, and the proofs of the first equality for a general
countable sets and the second equality for finite setsI are straight forward. The proof
of the second equality for an infinite countable setI is more tricky (see [1; Prop.3.6
p.I.27]; the proof is due to M. Talagrand but to the best of my knowledge, he never
published it).

Definition A.9: (Iterated upper and lower expectations) Let (M;B) be a measur-
able space and letX : 
 ! (M;B) be a given random function. ThenPX is a
probability measure on(M;B) and if BX denotes the�-algebra of allPX -measurable
subsets of M , then it follows easily that we have

(1) X : (
;FP )! (M;BX) is measurable with �PX(B) = �P (X 2 B) 8B 2 BX

and if X is discrete with discrete rangeQ , then we haveBX = 2M and
if � : M ! �R is any given function satisfying�(q) � 0 for all q 2 Q ,
then � 2 L(PX) and we have

(a) E�(X) =

Z
M

�dPX =
P

q2Q

P (X = q)�(q)

(b) �PX(A) = �P (X 2 A) =
P

q2Q\A

�P (X = q) 8A � M

We let EX and EX denote the upper and lower expectations with respect to the
probability measurePX ; that is:

(2) EX� :=

Z
�

�(u)PX(du) ; EX� :=

Z
�

�(u)PX(du) 8� 2 �RM

Let (M1;B1) and (M2;B2) be a measurable spaces and letX : 
 ! (M1;B1)
and Y : 
 ! (M2;B2) be random functions. Then we definethe upperand lower
iterated expectationsas follows:

(3) EXEY  :=

Z
�

PX(du)

Z
�

 (u; v)PY (dv) 8 2 �RM1�M2

(4) EXEY  :=

Z
�

PX(du)

Z
�

 (u; v)PY (dv) 8 2 �RM1�M2
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and we defineEX EY  and EX EY  similarly.

Lemma A.10: Let (M1;B1) and (M2;B2) be given measurable spaces and let
X : 
 ! M1 and Y : 
 ! M2 be random functions. Let� : M1 ! �R and
 : M1 � M2 ! �R be given functions. If�� and �� are upper and lowerPX -
envelopes of� and �(X)� and �(X)� are upper and lowerP -envelopes of�(X) ,
then we have

(1) ��(X) � �(X)
�
� �(X)� � ��(X) P -a.s.

(2) EX� = EX�� = E���(X) � E��(X) = E��(X)
�

(3) EX� = EX�� = E���(X) � E��(X) = E��(X)�

(4) (PX)�(A) � P�(X 2 A) � P �(X 2 A) � P �

X(A) 8A � M

(5) If  (u; v) = �(u) for PX;Y -a.a. (u; v) 2 M1 �M2 , then we have

(a) EX� � EX;Y  � EX;Y  � EX�

Proof: The lemma is and easy consequence of Lem.A.2 and Lem.A.5.

Lemma A.11: Let (M1;B1) and (M2;B2) be two given measurable spaces and let
X : 
 ! (M1;B1) and Y : 
 ! (M2;B2) be independent random functions. Let
� : M1 ! �R  : M1�M2 ! �R , f1 : M1 ! [0;1] and f2 : M2 ! [0;1] be given
functions. If we definef(u; v) := f1(u) f2(v) for all (u; v) 2M1�M2 , then we have

(1) EX;Y  � EXEY  � EXEY  � EX;Y  

(2) EX;Y f = EXEY f = (EXf1) � (E
Y f2)

(3) (EXf1)�(EY f2) � EX;Y f with equality in each the eight cases listed in Thm.A.6.5

(4) If  (u; v) = �(u) for PX;Y -a.a. (u; v) 2 M1 �M2 , then we have

(a) EX� = EX;Y  � EX;Y  = EX�

(5) If X is discrete with discrete rangeQ �M1 ,  (q; v) � 0 for all q 2 Q and
all v 2 M2 , then we have

(a) EXE
Y  = EXEY  = EX;Y  =

P

q2Q

P (X = q) � EY  (q; � )

Proof: Since PX;Y = PX 
 PY , we see that (1)–(4) follows from Thm.A.6 and
Lem.A.2.1.

(5): Let us define u(v) :=  (u; v) for all (u; v) 2 M1 �M2 and

�(u) := EY  u ;  0(u; v) :=
P

q2Q

 q(v) � 1fqg(u) 8 u 2M1 8 v 2 M2
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Then we have 0(u; v) =  (u; v) for all (u; v) 2 Q �M2 and  0(u; v) = 0 for
all (u; v) =2 Q �M2 . Since PX(M1 n Q) = P (X =2 Q) = 0 , we see that =  0
PX;Y -a.s. and since q(v) � 0 for all q 2 Q and all v � 0 , then by (2) and
Lem.A.2.9 we have

EX;Y  = EX;Y  0 =

Z
� X
q2Q

1fqg(u) q(v)PX;Y (du; dv)

�
X
q2Q

Z �

1fqg(u) q(v)PX;Y (du; dv) =
X
q2Q

(EX1fqg) (E
Y  q))

=
X
q2Q

P (X = q) � �(q) = EX� = EXE
Y  � EXEY  

Hence, we see that (5.a) follows from (1).

B. Appendix: Perfect maps Let (M;B) be a measurable space and let
X : 
 ! (M;B) be a random function with distributionPX . By Lem.A.10.4,
we have (PX)�(A) � P�(X 2 A) and P �(X 2 A) � P �

X(A) for all A � M .
We say that X is (P;B)-perfect if P �(X 2 A) = P �

X(A) for all A � M or
equivalently if P�(X 2 A) = (PX)�(A) for all A � M . In our discussion
of “symmetric” random elements we need to exclude a certain possible pathological
behavior of perfect functions. LetX : 
 ! (M;B) be random function. Then
Y (!1; !2) := (X(!1); X(!2)) is a (P 
 P ) measurable function from
 � 
 into
(M �M;B
B) and we say thatX is strictly (P;B)-perfectif Y is (P 
P;B
B)-
perfect. Since (P 
 P )Y = PX 
 PX and Y �1(A � M) = X�1(A) � 
 , then
by Thm.A.8 we have

(B.1) If X : 
 ! (M;B) is strictly (P;B)-perfect, thenX is (P;B)-perfect

I don’t know if the converse implication hold but I suspect that this isnot so. Observe
that we have

(B.2) If X : 
 ! (M;B) is (strictly) (P;B)-perfect and Z : 
 ! M is a
given function such thatZ = X P -a.s., then Z : 
 ! (M;B) is (strictly)
(P;B)-perfect

Let NN denote countable product of positive integersN and let N(N) :=
[1
k=1N

k denote the set of allmultiindices. Recall that aSouslin schemeon the set
M is a multiindexed family (A(�) j � 2 N(N)) of subsets ofM . If A(�) is a
Souslin scheme, we definethe Souslin operationS(A) andthe Souslin kernelker (A)
as usual (see for instance [14] or [7; Exc.1.91–1.101 p.93–99]):

S(A) :=
[

�2NN

1\

k=1

A(�1; . . . ; �k) ; ker(A) :=

�
� 2 NN

����
1\
k=1

A(�1; . . . ; �k) 6= ;

�
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If A is a paving on M and A(�) is a Souslin scheme such thatA(�) 2 A for
all � 2 N(N) , we say thatA(�) is anA-Souslin schemeand we let S(A) denote
the paving of all setsB � M of the form B = S(A) for someA-Souslin scheme
A(�) . Recall that S(A) is stable under countable unions and intersections and that
A � S(A) = S(S(A)) . A paving with the property thatA = S(A) is calledSouslin
stable. If (M;B; �) is a measure space andB� denote the paving of all�-measurable
sets (in the sense of Caracthéodory), then it is well-known thatB� is a Souslin stable
�-algebra containingB . If we let Bu denote the paving ofuniversally measurable
subsets ofM ; that is, Bu := \� B� where � ranges over all measures on(M;B) ,
then Bu is a Souslin stable�-algebra containingB .

Let T be a Hausdorff space. Then we say thatT is Polish if T is separable and
the topology is generated by a complete metric, we say thatT is analytic if T is a
continuous image of some Polish space, and we say thatT is K-analytic if T is usco
image of a Polish (i.e. there exists a Polish spaceS and a map� : S ! 2T such that
T� = [s2S �(s) , the set �(s) is compact for all s 2 S and fs 2 S j �(s)\ F 6= ;g
is closed for every closed setF � T ; see [14]). Let (M;B) be a given measurable
space. Recall that(M;B) is called

• Blackwell if f(M) is an analytic subset ofR for everyB-measurable function
f : M ! R or equivalently if ker (A) is an analytic subset ofNN for every
B-Souslin schemeA(�)

• discreteif there exists a family(Di j i 2 I) of mutually disjoint subsets ofM
such that B = �(Di j i 2 I)

• �-discreteif there exists a finite or countable family(Di j i 2 I) of mutually
disjoint subsets ofM such that B = �(Di j i 2 I)

• countably separatedif there exists an injective, real-valued,B-measurable func-
tion f : M ! R

• countably generatedif the �-algebra B is generated by a countable paving

If (S;A) and (M;B) are measurable spaces andf : (M:B) ! (S;A) is a measurable
function, then we have the following stability properties for Blackwell spaces:

• The measurable image theorem: Let (M;B) be a Blackwell space and let
L 2 S(B) be a givenB-Souslin set. If BL := fL \ B j B 2 Bg and
Af(L) := ff(L) \ A j A 2 Ag denote the trace�-algebras onL and f(L) ,
respectively, then we have

(a) (L;BL) and (f(L);Af(L)) are Blackwell spaces

(b) If (S;A) is countably separated, thenf(L) 2 S(A) � Au and f is
strictly (�;A)-perfect for every probability measure� on (M;M)
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• The inverse measurable image theorem:If (S;A) is a Blackwell space and
B = f�1(A) , then (M;B) is a Blackwell space.

• The product theorem: If (Mi;Bi j i 2 I) is a an arbitrary family of Blackwell
spaces, then the product space(

Q
i2I

Mi;
i2I Bi) is a Blackwell space.

• Analytic spaces: If M is an analytic space andB is the Borel�-algebra
on M (i.e., the smallest�-algebra containing all open sets), then(M;B) is
a Blackwell space.

• K-Analytic spaces: If M is a K-analytic space andB is the Baire�-algebra
on M (i.e., the smallest�-algebra making all continuous real-valued functions
measurable), then(M;B) is a Blackwell space.

• Discrete spaces: If (M;B) is a discrete measurable space, then(M;B) is
a is Blackwell space.

• The projection theorem: Let �(s; x) := s denotes the projection ofS �M

onto S . If (M;B) is a Blackwell space andC 2 S(A 
 B) , then
�(C) 2 S(A) � Au .

• The measurable selection theorem:Let �(s; x) := s denotes the projection
of S �M onto S . If (M;B) is a countably generated Blackwell space and
C 2 S(A 
 B) , then there exists a measurable functionh : (S;Au) ! (M;B)
such that (s; h(s)) 2 C for all s 2 �(C) .
Remark: The measurable selection theorem, fails in general for arbitrary Black-
well spaces but it do hold for a much larger class than the countably generated
Blackwell space; for instance, ifM is a K-analytic space andB is the Baire
�-algebra onB , of if (M;B) = (RT ;BT ) for some non-empty setT .

Lemma B.1: Let (M;B) be a measurable space and letX; Y : 
 ! (M;B) be
two (P;B)-perfect functions. Let� : M ! �R be a given function. If�� and �� are
any given upper and lowerPX -envelopes of� and �(X)� and �(X)� are any given
upper and lowerP -envelopes of�(X) , then we have

(1) X(
) 2 BX and we haveB 2 BX if and only if X�1(B) 2 FP

(2) If X and Y have the same distribution on(M;B) , then X and Y have
the same outer distribution

(3) ��(X) = �(X)� P -a.s. and ��(X) = �(X)
�
P -a.s.

(4) EX� = E��(X) and EX� = E��(X)

Proof: (1) and (2) follows easily from the definition of perfectness. SinceX is
perfect, we haveP �(�(X) > t) = P �

X
(� > t) and since ��(X) is a P -measurable

function such that��(X) � �(X) P -a.s., then by Lem.A.4.9 we have��(X) = �(X)�
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P -a.s. and in the same manner, we see that��(X) = �(X)� P -a.s. Hence, we see
that (3) holds and (4) follows from (3) and Lem.A.5.1.

Lemma B.2: Let (M;B) be a measurable space and letX : 
!M be measurable
function. Let x P (F j X = x) denote a given and fixed version of the conditional
probability for any given setF 2 F . Then the following eight statements are equivalent:

(1) X is (P;B)-perfect

(2) X is ( �P ;BX)-perfect

(3) P�(X
�1(A)) = 0 8A � M satisfying (PX)�(A) = 0

(4) 8A � M 9B 2 B so that B � A and P�(X
�1(B n A)) = 0

(5) 8A � M 9B 2 BX so that B � A and P�(X
�1(B n A)) = 0

(6) 8F 2 FP 9K 2 FP so that K � F ; �P (F nK) = 0 and X(K) 2 B

(7) 8F 2 F with P (F ) > 0 9K � F so that P �(K) > 0 and X(K) 2 BX

(8) P (F j X = x) = 0 for PX -a.a. x 2 M n X(F ) 8F 2 F

Proof: (1) , (2): Since �P � = P � , we see that the equivalence of (1) and (2)
follows from Def.A.9.1.

(1) ) (3): Evident!

(3)) (4): Suppose that (3) holds and letA �M be given. LetB 2 B be chosen
such that such thatB � A and P �

X
(A) = PX(B) . Since B is aPX -hull of A , we

have (PX)�(B nA) = 0 and so by (3), we haveP�(X�1(B nA)) = (PX)�(B nA) = 0
which proves (4).

(4) ) (5): Evident!

(5) ) (6): Suppose that (5) holds and letF 2 FP be given. Let us define
A := X(F ) and A0 := M n A . By (5), there existsB0 2 BX such that B0 � A0

and P�(X
�1(B0 n A0)) = 0 and since B0 2 BX , there existsB1 2 B such that

B1 � B0 and �PX(B1 n B0) = 0 . Hence, we see thatX�1(B1 n B0) is a P -null
set and consequently, we haveP�(X�1(B1 n A)) = 0 . Let us defineB := M n B1

and K := F \ X�1(B) . Then we have B 2 B , K 2 FP , K � F and
P�(X

�1(A n B)) = 0 . Since F � X�1(A) , we have F n K � X�1(A n B)
and since F nK 2 FP , we see that �P (F nK) = 0 . Since B � X(F ) , we have
X(K) = X(F \X�1(B)) = B 2 B and so we see thatK have properties listed in (6).

(6) ) (7): Evident!

(7) ) (1): Suppose that (7) holds and letA � M be given. Let B 2 B be
chosen such thatB � A and PX(B) = P �

X
(A) . Suppose thatP�(X�1(B nA)) > 0 .

Then there existsF 2 F such that P (F ) > 0 and F � X�1(B n A) . So by
(6) there exists a setK � F such that P �(K) > 0 and X(K) 2 BX . Since
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X(K) 2 BX and X(K) � X(F ) � B n A , we have X�1(X(K)) 2 FP and
�P (X�1(X(K))) = �PX(X(K)) = 0 and since K � X�1(X(K)) 2 F , we have
P �(K) = 0 < P �(K) which is impossible. Thus, we haveP�(X�1(B nA)) = 0 and
since A � B and X�1(B) 2 FP , then by Lem.A.1.3 we have

P �X(A) = PX(B) = �P (X�1(B)) = P �(X�1(A)) + P�(X
�1(B n A)) = P �(X�1(A))

Thus, we see thatX is (P;B)-perfect.

(1)) (8): Suppose thatX is (P;B)-perfect and letF 2 F be given. LetB 2 B
be a lowerPX -envelope ofA := X(F ) such thatB � A . SinceX is (P;B)-perfect,
then by Lem.B.1.3 we haveX�1(B) is a lowerP -envelope of X�1(X(F )) and
since F � X�1(A) , we have F � X�1(B) a.s. Hence, we have

P (F j X = x) � P (X�1(B) j X = x) = 1B(x) PX -a.s.

and since B � A = X(F ) , we see that (8) holds.

(8) ) (1): Suppose that (8) holds and letA � M be a given set. Let
F 2 F be a lowerP -envelope of X�1(A) such that F � X�1(A) . Then the
set C := fx 2 M j P (F j X = x) > 0g belongs to B and we have

P�(X
�1(A)) = P (F ) =

Z
C

P (F j X = x)PX(dx)

By (8), we haveC � X(F ) PX -a.s. and sinceP (F j X = x) � 1 PX -a.s., we have
P�(X

�1(A) � (PX)�(X(F )) . SinceF � X�1(A) , we haveX(F ) = X(
)\A � A ,
and so by Lem.A.10.4 we conclude thatP�(X�1(A) = (PX)�(A) for all A � M ;
that is, X is (P;B)-perfect.

Definition B.3: (The useful rule) Let X : 
! (M;B) be a random function and let
F 2 FP be a given set. Recall thatthe useful rulestates, loosely speaking, that we may
use what we know in the computation of the conditional probabilityP (F j X = u) ;
that is, P (F \ fX = ug j X = u) = P (F j X = u) . Since the conditional probability
P (F j X = u) only is definedPX -a.s. (and sincefX = ug need not beP -measurable)
this formulation of the useful rule is meaningless. SinceF \X�1(u) = ; if and only
if u =2 X(F ) , we see that the property (8) in Lem.B.2 offers a possible (rigorous)
definition of the useful rule. There are several other formulations of the useful rule –
the following is the most common:

Let X : 
 ! (M;B) be a random function. Recall that aregular conditional
probability of P given X is map Q(F j x) from F �M into [0; 1] satisfying

(1) Q( � j x) is a probability measure on(
;F) for all x 2 M and Q(F j � )
is P -measurable for allF 2 F

(2)
Z
B

Q(F j x)PX(dx) = �P (F \ X�1(B)) 8B 2 B 8F 2 F
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Note that (2) just states thatQ(F j x) is a version of the conditional probability
P (F j X = x) . If Q is a regular conditional probability ofP given X , we say
that Q is a useful regular conditional probability ofP given X if the following
form of the useful ruleholds:

(3) Q�(X�1(x) j x) = 1 for PX -a.a. x 2 M

where Q�(A j x) denotes the upperQ( � j x)-probability of A � 
 . If Q is a useful
regular conditional probability ofP given X and N 2 B is the exceptional null
set from (3), then we have the following strong form of the useful rule:

(4) Q�(F \ fX = xg j x) = 1 8 x 2 M n N 8F 2 F

A slight modification of the proof of [pvs.2; (10.29) p.155] gives the following existence
theorem for regular conditional probabilities:

Theorem B.4: Let (M;B) be a measurable space and letX : 
 ! (M;B) be a
random function. If there exists a semicompact pavingK � F such that K is stable
under finite unions and countable intersections and

(1) P (F ) = supfP (K) j K 2 K ; K � Fg 8F 2 F

(2) ; 2 K � B � S where S denotes the smallest Souslin closed�-algebra on M
containing the paving bK given by

(a) bK := fC � M j C \ K 2 K 8K 2 Kg

Then there exists a regular conditional probabilityQ of P given X satisfying

(3) Q(F j x) = supfQ(K j x) j K 2 K ; K � Fg 8F 2 F 8 x 2 M

Remark: Recall that a pavingK is semicompactif for every sequenceK1; K2; . . . 2
K with \1

i=1
Ki = ; , there exists an integern � 1 such that\n

i=1
Ki = ; . Let T

be a non-empty set and let�� : RT ! R
� denote the projection whenever� � T is

a non-empty set. LetK denote the paving of all subsets ofRT of the form ��1� (C)
where � � T is a non-empty countable set andC � R� is a compact set in the
product topology onR� . Then we have

(4) K is a semicompact paving such thatK is stable under finite unions and
countable intersections and; 2 K � BT = �(K)

(5) If � is any given probability measure on(RT ;BT ) , then we have

(a) �(B) = supf�(K) j K 2 K ; K � Bg 8B 2 BT
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Hence, if the underlying probability space(
;F ; P ) is of the form (
;F) =
(RT ;BT :P ) for some non-empty setT and some probability measureP on (RT ;BT )
(which by Kolmogorov’s consistency theorem may be assumed in most cases), then any
random function admits a regular conditional probability.

Theorem B.5: Let (M;B) be a measurable space and letX : 
 ! (M;B) be a
random function. LetQ(F j x) be regular conditional probability ofP given X and
let us defineY (!) := (!;X(!)) for all ! 2 
 . Then Y : 
 ! (
 �M;F 
 B)
is a random function and we have

(1) FP 
 BX � (F 
 B)Y

Let H � 
�M be a givenPY -measurable set and letHx := f! 2 
 j (!; x) 2 Hg
denote thex-section of H for all x 2 M . Then we have

(2) The functionsx Q�(Hx j x) and x Q�(Hx j x) are PX -measurable and
we haveQ�(Hx j x) = Q�(Hx j x) for PX -a.a. x 2 M

(3) �PY (H) =

Z
M

Q�(Hx j x)PX(dx) =

Z
M

Q�(Hx j x)PX(dx)

(4) If Q is a useful regular conditional probability ofP given X , then X is
strictly (P;B)-perfect

(5) If Y (
) is PY -measurable, thenQ is useful

(6) If Y is (P;F 
 B)-perfect, thenY (
) is PY -measurable andQ is useful

(7) If (M;B) is countably separated, thenY (
) 2 FP 
 B and Q is useful

Proof: (1): Since P and PX are the marginal distributions ofY (!) = (!;X(!)) ,
it follows easily that (1) holds.

(2+3): Let H denote the paving of all setsH 2 HY satisfying (2+3). Then a
standard argument shows thatH is stable under complementation, countable increasing
unions and countable decreasing intersections and thatF � B 2 H for all F 2 F
and all B 2 B . So by Sierpínsky’s lemma (see [7. (1.6.3) p.9]) we conclude that
F 
B � H . Let H 2 (F 
B)Y be given. Then there exist setsF;G 2 F 
B such
that F � H � G and PY (G n F ) = 0 . Since G n F 2 F 
 B � H , we have

0 = PY (G n F ) =

Z
M

Q(Gx n Fx j x)PX(dx)

Hence, there exists aPX -null set N such that Q(Gx n Fx j x) = 0 for all
x 2M nN and sinceFx � Hx � Gx , we see thatHx is Q( � j x)-measurable with
Q�(Hx j x) = Q�(Hx j x) = Q(Gx j x) for all x 2 M n N . Since G 2 H and
PY (G) = �PY (H) , we see thatH 2 H for all H 2 (F
B)Y which proves (2) and (3).
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(4): Suppose thatQ(F j x) is a useful regular conditional probability ofP given
X . Let us defineZ(!1; !2) := (X(!1); X(!2)) for all (!1; !2) 2 
 � 
 . Then it
follows easily thatR( � j x; y) := Q( � j x)
Q( � j y) defines a regular distribution of
P
P given Z and sinceQ is useful andPZ = PX
PX , then by Thm.A.8 we have

R�(Z�1(x; y) j x; y) = R�(X�1
�
x)�X�1(y

�
j x; y)

= Q�(X�1(x) j x) �Q�(X�1(y) j y) = 1 PZ-a.s.

Hence, we see thatR is a useful regular probability ofP given Z . So by Def.B.3.4
and Lem.B.2.1+8 we conclude thatZ is (P 
P;B
B)-perfect; that is,X is strictly
(P;B)-perfect.

(5): Suppose thatY (
) 2 (F 
 B)y . Since P (Y 2 H) = 1 for all sets
H 2 F 
 B satisfying H � Y (
) , we have �PY (Y (
)) = P �Y (Y (
)) = 1 and
since X�1(x) = f! j (!; x) 2 Y (
)g for all x 2 M , then by (3) we have
Q�(X�1(x) j x) = 1 for PX -a.a. x 2M ; that is, Q is a useful regular probability.

(6) follows from (5) and Lem.B.1.1, and sinceY (
) is the graph ofX , we see
that (7) follows from (5) and [7; Exc.1.89 p.93].

Lemma B.6: Let (M1;B1) and (M2;B2) be given measurable spaces and let
X1 : 
 ! M1 and X2 : 
 ! M2 be random functions. Let� : M1 ! (M2;B2) be
a PX -measurable function. Then the composite functionY = � � X : 
 ! (M2;B2)
is a random function and we have

(1) If X is (P;B1)-perfect and � is (PX ;B2)-perfect, thenY is (P;B2)-perfect

(2) If X is strictly (P;B1)-perfect and � is strictly (PX ;B2)-perfect, then Y is
(P;B2)-perfect

(3) If Y is (P;B2)-perfect, then � is (PX ;B2)-perfect

(4) If Y is strictly (P;B2)-perfect, then� is strictly (PX ;B2)-perfect

(5) If Y is (P;B2)-perfect and there exists aPX -null set N � M1 such that the
restriction of � to the setM1 nN is injective, thenX is (P;B1)-perfect

(6) If Y is strictly (P;B2)-perfect and there exists aPX -null set N � M1 such
that the restriction of � to the set M1 n N is injective, then X is strictly
(P;B1)-perfect

(7) If � :M1 ! (
;F) is aPX -measurable function such that�(X(!)) = ! P -a.s.
and there exists aPX -null set N �M1 such that the restriction of� to M1 nN
is injective, thenX is strictly (P;B1)-perfect

(8) If X is a bijection of 
 onto L and its inverse X�1 : L ! (
;F) is
PX -measurable, thenX is strictly (P;B1)-perfect
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Proof: Let us defineQ = PX . By Def.A.9.1, we see thatY : 
 ! (M2;B2) is a
random function and observe that we havePY = Q� .

(1): Since PY = Q� , we see that (1) holds.

(2): Since X is strictly (P;B1)-perfect, then the function �(!1; !2) =
(X(!1); X(!2)) is (P 
 P;B1
B1)-perfect with distributionQ
Q and since � is
strictly (Q;B2)-perfect, then the function�(x; y) = (�(x); �(y)) is (Q
Q;B2 
B2)-
perfect. So by (1), we have that�(�(!1; !2)) is (P 
 P;B2 
 B2)-perfect and since
�(�(!1; !2)) = (Y (!1); Y (!2)) , we conclude thatY is strictly (P;B2)-perfect,

(3): Since PY = Q� and Y is (P;B2)-perfect, then by Lem.A.10.4 we have

Q�

�(D) = P �

Y (D) = P �(Y �1(D)) = P �(X�1(��1(D))) � Q�(��1(D)) � Q�

�(D)

for all D � M2 . Thus, we see that� is (Q;B2)-perfect.

(4): Let us define� : 
�
!M1�M1 and � : M1�M1 !M2�M2 as in the
proof of (2). Since(Y (!1); Y (!2)) = �(�(!1; !2)) and Y is strictly (P;B2)-perfect,
then by (3) we have that�(x; y) = (�(x); �(y)) is (Q
Q;B2 
 B2)-perfect. Hence,
we see that � is strictly (Q;B2)-perfect.

(5): Let C � M1 be given. Since the restriction of� to the M1 nN is injective,
we have C n N = ��1(�(C n N)) n N and since Y is perfect andX�1(N) is a
P -null set, then by Lem.A.10.4 we have

Q�(C) = Q�(C nN) = Q�(��1(�(C nN))) � Q�

�(�(C nN))

= P �

Y (�(C nN)) = P �(Y �1(�(C nN)) = P �(X�1(��1(�(C nN))))

� P �(X�1(C [N)) = P �(X�1(C) [X�1(N)) = P �(X 2 C)

Hence, by Lem.A.10.4 we see thatX is (P;B1)-perfect.

(6): Let � : 
 � 
 ! M1 �M1 and � : M1 �M1 ! M2 �M2 be defined as
in the proof of (2). Since(Y (!1); Y (!2)) = �(�(!1; !2)) and �(x; y) = (�(x); �(y))
is injective on the setM1 � (M1 n N) , we see that (6) follows from (5).

(7): Let us define J(!) := �(X(!)) for all ! 2 
 . Since J(!) = ! P -a.s.,
then by (B.2) we have thatJ : 
 ! (
;F) is strictly (P;F)-perfect. So by (6) we
conclude that X is strictly (P;B1)-perfect.

(8): Immediate consequence of (7).

Lemma B.7: Let (Mi;Bi; Qi) be a probability space for alli in the non-empty setI .
Let � � I be a given non-empty set, let(M�;B�; Q�) := (

Q
i2� Mi;
i2� Bi;
i2�Qi)

denote the product space and let��(x) := (xi)i2� for x = (xi)i2I 2 MI denote the
projection of MI onto M� . Then the projection�� : (MI ;BI) ! (M�;B�) is
measurable withQI -distribution Q� and we have.

(1) �� : MI ! (M�;B�) is strictly (QI ;B�)-perfect and there exists a useful regular
probability of QI given ��
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Let (M;B) be a measurable space and letX : 
 ! M be random function. Then
we have

(2) If X is discrete, thenX is strictly (P;B)-perfect

(3) If B is a �-discrete�-algebra, thenX is (P;B)-perfect if and only if for every
non-emptyB-atom D � M we haveP �(X = u) = PX(D) for all u 2 D and
if so, then we have thatX is strictly (P;B)-perfect

Proof: By the definitions of the product�-algebra and the product measure, we have
that �� is (BI ;B�)-measurable withQI -distribution Q� .

(1): By Thm.B.5.4, it suffices to show that there exists a useful regular conditional
distribution of QI given �� . If � = I , then �� = �I is the identity map
on MI and Q(B j x) := 1B(x) is a useful regular conditional probability ofQI

given �I . So suppose that� 6= I and let us define� = I n � . Then we have
MI = M� �M� and QI = Q� 
 Q� . Let Fx := fy 2 M� j (x; y) 2 Fg denote
the x-section of F whenever F � MI = M� �M� and x 2 M� . By Fubini’s
theorem we have thatQ(F j x) := Q�(Fx) is a regular conditional distribution ofQI

given �� . Let x 2 M� and F 2 BI be given such that��1
� (x) � F . Since

��1
� (x) = fxg �M� , we have Fx =M� and so we see thatQ(F j x) = 1 . Hence,

we have Q�(��1
� (x) j x) = 1 for all x 2M� ; that is, Q(F j x) is a useful regular

conditional probability of QI given �� which completes the proof of (1).

(2): SinceX is discrete, there exists a countable setD � M such thatPX(D) = 1
and fqg 2 B and P (X = q) > 0 for all q 2 D . If we define Q(F j u) := P (F )
for all (F; u) 2 F � (M n D) and

Q(F j u) :=
X

q2D

P (F j X = q) 1fqg(u) 8 (F; u) 2 F �D

then the reader easily verifies thatQ is a useful, regular conditional probability ofP
given X . So by Thm.B.5.4 we conclude thatX is strictly (P;B)-perfect.

(3): Let (Di j i 2 I) be a disjoint, countable, partition ofM such that
B = �(Di j i 2 I) and Di 6= ; for all i 2 I . Then the sets(Di) are the non-empty
atoms of B . Suppose thatX is (P;B)-perfect. Let i 2 I and u � Di be given.
Since Di is aB-atom, we haveP �

X
(fug) = PX(Di) and sinceX is perfect, we have

P �(X = u) = P �

X
(fug) = PX(Di) . Conversely, suppose thatP �(X = u) = PX(Di)

for all i 2 I and all u 2 Di and let us define

Q(F j u) :=
X

i2I

P (F j X 2 Di) 1Di
(u) 8F 2 F 8 u 2M

where P (F j X 2 Di) is the ordinary conditional probability ifP (X 2 Di) > 0
and P (F j X 2 Di) := P (F ) if P (X 2 Di) = 0 . Then the reader easily
verifies that Q is a regular probability of P given X . Let J denote the set
of all i 2 I satisfying P (X 2 Di) > 0 and let us defineM0 := [i2J Di .
Then we have PX(M0) = 1 . Let u 2 M0 and F 2 F be given such that
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fX = ug � F . Then there exists a uniquei 2 J such that u 2 Di and since
P �(X = u) = PX(Di) and F \fX 2 Dig is aP -measurable set containingfX = ug ,
we have P (F \ fX 2 Dig) = PX(Di) = P (X 2 Di) . So by the definition ofQ ,
we have Q(F j u) = 1 for all u 2 M0 and all F 2 F satisfying F � fX = ug .
Hence, we haveQ�(X�1(u) j u) = 1 for all u 2 M0 and since PX(M0) = 1 , we
conclude thatQ is a useful, regular conditional probability ofP given X . So by
Thm.B.5.4 we conclude thatX is strictly (P;B)-perfect.
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p.77–367, Springer Verlag, Berlin, New York and London

[6] Hoffmann-Jørgensen, J. (1993):Maximal inequalities for random elements, in
Functional Analysis IV(edited by S. Kurepa, H. Kraljevi´c & D. Butković), Var.
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