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1. Introduction In the 19-seventies, the classical inequalities for absolute
sums of independent random variablese\i's inequality, Ottaviani's inequality,
Jensen’s inequality, the symmetrization inequalities, the exponential inequality, the
subgaussian inequalities etc.) was extended to norms of sums of independent ran-
dom vectors taking values in a separable Banach space. In the theory of empirical
processes and uniform convergence of stochastic processes, non-measurable norms and
non-measurable “random elements” occurs naturally and a crucial part of the theory con-
sists in extending the classical inequalities to vector valued non-measurable functions
under various independence and regularity conditions. Note that the usual definition of
independence do not apply to non-measurable functions. In the literature, this prob-
lem has been bypassed by introducing be the concept “independently defined” (see [3],
[15] and Def.2.2 below). The notion of “independently defined” imposes an unpleasant
restriction on the underlying probability space and — as we shall see below — is unnec-
essarily restrictive for the validity of the inequalities. In this paper | shall introduce
a series of concepts of independence which applies to arbitrary probability spaces and
the objective of this paper is to study the exact form of “independence” under which
the classical inequalities hold.

Section 2 is devoted to the study of various concepts of independence of non-
measurable functions defined on a probability spate 7, P) . It is well-known that
symmetrization is an important tool for proving the inequalities and Section 3 is devoted
to a careful study of “symmetric random elements”. In Section 4, we shall study of the
validity of the classical inequalities for non-measurable functions under various concepts
of independence (actually, it turns that some of the inequalities holds far beyond the
realm of “independent random elements”). Working with non-measurable functions,
requires that we replace probabilities by outer or inner probabilities and expectations
with upper or lower expectations. In Appendix A, you will find a brief summary of
the calculus of upper and lower expectations and of upper and lower envelopes. It
is well-known that the concept of a perfect map is a major tool to handle upper and
lower expectations and upper and lower envelopes. In Appendix B, you will find a
brief summary of the fundamental rules of calculus of perfect maps.

We let R denotethe real line we let N := {1,2,...} denote the set gbositive
integersand we let R = [—o0, 0] := R U {—00,00} denotethe extended real line
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In Appendix A, you will the conventional extensions of the arithmetic on the real line
to the extended real line. Lef” be given set. Then2” will denote the set of all
subsets of T and apavingon 7T is subset of2” . If A is a paving onT , we let
o(A) denote the smallest-algebra on7" containing .4 and we let «(.A) denote

the smallest algebra off’ containing A . We let R” and R” denote the sets of all
functions from T into the real line R and the extended real lin® , respectively.
We let B" := @,;e1r B(R) denote the product-algebra onR” . If f e R, we let

|| fll7 := supser |f(t)| denote thesup-normof f and we letsupy f := sup;er f(¢)

and infy f:=inf;cp f(t) denotethe supandinf-functionals Note that the sup-norm

| - || is B -measurable onR” if and only if 7' is countable.

Throughout this paper we let(2, 7, P) denote a fixed probability space and we
let (2, Fp, P) denote the completion of2, F, P) ; that is, Fp is theo-algebra of
all P-measurable subsets ¢ and P is the probability measure o2, 7p) given
by P(F):= P*(F)= P.(F) forall F e Fp where P,(A) and P*(A) denote
the inner and outer probabilities of C Q2 . If X is a function from Q into the
extended real lineR , we let £*X and E.X denote the upper and lower expectation
of X and we let X* and X, denote the (a.s. unique) upper and lodenvelopes
of X. If ACQ,welet A, and A* denote the (a.s. unique&)-kernel and
P-hull of A (see Appendix A).

Let (M,B) be a measurable space. Then a measurable functionQ2, Fp) —
(M, B) will be called arandom function If X : Q — (M, B) is a random function,
we let Py denote itsdistribution that is, the probability measure’y on (M, B)
given by Px(B):= P(X € B) forall B € B, and we let Bx denote ther-algebra
of all Pxy-measurable subsets of/ . Recall that a random functionY : Q — (M, B)
is discrete with discrete range? if and only if @ € B is countable set such that
P(XeQ)=1 and {¢} € B forall ¢ € Q.

Let (M,B) be a measurable space and I&f,Y : Q@ — (M,B) be random
functions with distributionsPy and Py . If Px(B)= Py(B) forall Be€ B, we
say that X and Y have the same distribution oM, B) . Let X,Y : Q — M be
arbitrary functions, then we say thak’ and Y have the same outer distributiah
P*(X € A)=P (Y € A) forall AC M .

2. Independence notions Let (M;,B;) be a measurable space for allin
the non-empty set/ . Then we say that the functiongX; : Q@ — (M;,B;) | i € I) are
independentif X;: Q — (M;,B;) is a random function for alli € I and (X;) are
independent in the usual sense; that is, for every finite non-emptyrset/ we have

(2.1) p(XZ €B; Viea)=1]] ]5()(Z € B;) Y(B;) satisfying B; € B; Vi€ a

1€

Note that independence depends heavily on dhalgebras B; ; for instance, if
7; := {0, M;} denotes the triviab-algebra for all i € I , then every family of
functions (X; : Q — (M;,7;) | i € I) are independent. IfX; : Q — M; is an
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arbitrary function for : € I , then the usual definition of independence do not apply.
However, observe that any functiok : Q@ — M is P-measurable with respect to
someoc-algebra on M , more precisely:

Let M be a given set and letX : QO — M be a given function without any
specified measurability properties. Then we & p(X) denote the largest-algebra
on M making X P-measurable, and we leSp(X) denote thes-algebra of all
P-a.s. X-saturated subsets of? ; that is,

(22) Mp(X):={BC M| X HB)c Fp}
(23) Sp(X):={FCQ|3JACM sothat F = X~!(A) as}

Note that X : Q@ — (M, Mp(X)) is a random function and thak : (2, Sp(X)) —
(M, 2M) is measurable. We lePx(B) := P(X € B) denote the so-callethaximal
distribution of X for all B € Mp(X) . In our discussion of “independence” of
arbitrary functions on{2 , we shall need the following-algebras and algebra of? :

(24) Lp(X):=0(K) , Cp(X):=0(Sp(X)UK) , Ap(X):=a(Sp(X)UK)

where K denote the set of alP-kernels of all setsH € Sp(X)

Below you find a series of possible definitions of “independence” of an arbitrary
family of functions (X; : Q@ — M; | i € I) . Suppose that we have defined a notion
of “independence” for families functiongX; : Q@ — M; |€ I) . Then we say that the
notion of “independence” is weakly consistent notion of independeiice satisfying
the following two consistency conditions:

(2.A) If the functions (X; : Q@ — M; | i € I) are “independent” andJ C [ is a
non-empty set, then the functionsXi : Q@ — M; | i € J) are “independent”

(2.B) If the functions (X; : Q@ — M; | i € I) are “independent” andf; : M; — L;
are given functions for ali € I , then the functions(f;(X;): Q — L; | i € J)
are “independent”

and we say that “independence” isstrongly consistent notion of independente
“independence” is a weakly consistent notion of independence satisfying the following
additional consistency condition:

(2.C) If the functions (X; : Q@ — M, | i € I) are “independent” and(ly | § € O)
is a non-empty family of non-empty, mutually disjoint subsets lof then the
functions (X?: Q — M? | 6 € ©) are “independent” where/? := [[,c,. M;
and X%w) := (X;(w))icr, forall weQ andall §c©

If G,H CQ are given sets, we say that and H are “independent” if the indicator
functions 1 : Q — {0,1} and 15 :Q — {0,1} are “independent” and ifG and
‘H are pavings on{) , we say G and ‘H are “independent” if G and H are
“independent” for all G € G and all H € 'H .
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Lemma 2.1: Let L and M beagivensetsandleX : 2 — M and Y : Q) — L
be a given functions such that” = 4(X) a.s. for some functiom : M — L. If K
denotes the paving of alP-kernels of all setsH € Sp(X) , then we have

(1) Sp(Y)CSp(X) , X' (Mp(X)) CKCLp(X)CFp, X(Q) € Mp(X)
(2) Lp(Y)C Lp(X), Lp(Y) C Lp(X), Cp(Y) CCp(X), Ap(Y) C Ap(X)
B) Ae MpY) & L YHA) € Mp(X)

(4) K is stable under countable intersections and we havg N Sp(X) C K

(5) If f: M — R is a given function andf(X)* and f(X). are any given
upper and lowerP-envelopes off(X) , then f(X)* and f(X). are Lp(X)-
measurable and we have

@ {fX)"<s}ek and {f(X),>s} €K VseR

(6) (M, Mp(X),Py) is a complete probability space and i is a o-algebra on
M such that X : Q@ — (M, B) is a random function with distributionPx ,
then we have

(a) By C ./\/lp(X) and p)((B) = Px(B) VB e Bx

(7) If B isaoc-algebra on M suchthat X : Q — (M,B) is a (P, B)-perfect
function, then we have

@) LP(X):fpﬁSP(X) , SP(X):CP(X) and MP(X):BX

Proof: By Lem.A.5.9, we see thak is stable under countable intersections and since
V=1 A) = X"Yh71(A)) as. foral AC L and F = F, forall F € Fp, we see that
(1)—(4) hold. By Lem.A.5.5+6, we see that (5.a) holds and sidgg X) = ¢(K) , we

see that f(X)* and f(X). areLp(X)-measurable. (6) is an immediate consequence
of the definition of the maximal distribution, and (7) follows easily from Lem.B1.

Definition 2.2: (Complete independence) Let (M; |i € I) be a non-empty family

of sets and let (X; : Q — M; | i € I) be a given family of functions. Then

X; : Q@ — (M;; Mp(X;)) is a random function for alli € I and we say that

the functions (X; : Q@ — M; | i € I) arecompletely independerit the random
functions (X; : Q — (M;, Mp(X;)) | i € I) are (ordinary) independent. Since

B; € Mp(X;) for everyo-algebra on M; making X; P-measurable, we see that
complete independence implies ordinary independence (but the converse implication
fails in general). By Lem.2.1.3, we see that the notion “completely independent” is
weakly consistent but the following example shows that “completely independent” is
not strongly consistent.

Example: )\ denote the Lebesgue measure on the Beralgebra B of unit
interval I =[0,1] . Let A C I be a given set satisfying*(4) =1 and \.(A) =0.
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If A°:=1\ A denotes the complement oft , we have \*(A°) =1 and \.(A°) .
Let « € A and b € A° be given points and let us define

Xi(w)=wlgw)+alge(w) , Xo(w)=wlge(w)+bly(w) , Xsw)=w

forall w € I . Then X1, Xo, X3 are functions from/ into /. Let B C I be given.
Since X;'(B)=ANB if a¢ B and X{'(B)=(ANB)UA® if a€ B, we see
that either X;1(B) C A or X;'(B) D A° and since \.(4) =0 and \*(A°) =1,
we see that\(F) =0 or 1 forall F € X;'(M,(X;) . Inthe same manner we see
that \(F)=0or1 forall F e X;'(M,(X3) . Hence, we see thak';, Xo, X3 are
completely independent. Let us defin€ := (X1, X2) . Then Since U is injective
on I\ {a,b},we have U~} (M, (U)) = By and since X;'(M,(X3)) = B, , we
see that (X, X2) and X3 arenot completely independent.

Definition 2.3: (Independently defined functions) Let M; be a given of set for all
i in the non-empty set/ . Then we say that the function$X; : Q@ — M; | i € I)

are independently defineil and only if the exists probability space$2, F, P) and
(Q;, Fi, P;) and functions X;:Q — M; for iel satisfying

QD) Q=ax[[% , F=FoQF , P=PaoQ P;
el el el

() Xiw) = Xi(w)) Yw = (@, (w)er) € QViel

Observe that the concept “independently defined” imposes an unpleasant restriction on
the form of the underlying probability spacg?, 7, P) and the in next two definitions

we shall we shall remove this restriction. By the definition of “independently defined”

it is obvious that “independently defined” is strongly consistent.

Definition 2.4: (Perfect independence) Let M; be a given set for alli in the
non-empty set / . Then we say that the functiongX; : Q@ — M; | i € I) are
perfectly independerit and only if the exist measurable spac€Q;, ;) and functions
&:Q—Q and X;:Q; — M; satisfying (see Appendix B):

(1) The functions (& : @ — (9, %) | @ € I) are independent and we have
Xi(w) = Xi(&(w)) forall weQ andall i € I

(2) The function £(w) := (&(w));er from Q into the product spaceQ’, ') is
(P, F1)-perfect where Q! := [[,.; % and F' = @1 F;

If (1) holds and the functioné(w) in (2) is strictly (P, F')-perfect, we say that the
functions (X;) arestrictly perfectly independenBelow, we shall see that “perfectly
independent” and “strictly perfectly independent” are strongly consistent.



Definition 2.5: (Total independence) Let L and M be two given sets and let
X:Q—L and Y :Q — M be given functions. Ify: L x M — R is a given
function and F' C Q is a given set, we say thak and Y areuppery-independenif

(1) E*(Xa, Xo)} > E*¢°(Xy) where ¢°(x) := E*Y(z, Xo) Vo € M

If X and Y are upperlp-independent for allD C L x M , we say that X and
Y aretotally independent If (L, A) and (M,B) are measurable spaces, then it
follows easily that we have

2 If X:Q—(L,A) and Y : Q — (M,B) are independent random functions,
then X and Y are upper/-independent for every’x y-measurable function
v LxM — R

Note that the notion “totally independent” is non-symmetric (X, Y) and | do
not know if the implication X and Y are totally independent= “Y and X are
totally independent” holds in general. However,if and L are countable sets, then
Thm.2.8 shows that this indeed so. K and Y are totally independent and” and
X are totally independent, we say that,Y are totally independent.

Let M; be a given set and letX; : Q — M; be a given function for all: in
the non-empty set/ . If o C I is non-empty subset of , we let M :=[[,., M;
denote the product space and we I8t (w) := (X;(w))ica denotethe a-marginal of
X . Then X* is a function from 2 into the product spaceV/® and we say that the
functions (X; : Q — M; | i € I) aretotally independenif X< and X” are totally
independent wheneverr and [ are disjoint non-empty subsets aof . Below, we
shall see that “totally independent” is strongly consistent.

Theorem 2.6: Let L;, My, Ly and M, be givensetsand leX; : 2 — M;, Xy :
Q—= My, V1:Q— L and Y5 : Q — Ly be given functions such that; = f;(X;)
a.s. wheref; : M; — L; are given functions fori = 1,2 . Let (S, .A4;) and (S3,.A3)
be countably separated measurable spaces and4et (2,Cp(X;)) — (S;,A;) be
measurable functions for = 1,2 . Then we have

(1) If X; and X, are totally independent, the; and Y3 are totally independent
and upperg-independent for every functios : L; x Ly — R

(2) If X; and X, are perfectly independent, thez;,Y;) and (Z,,Y,) are
totally independent

(38) If (1p,X;) and X, are totally independent and : M; x M> — R is a given
function, then we have

@ E{lro(Xy,X2)} > EX{1p¢°(Xy)} where ¢°(x) := E*¢(x, X2)



Let I be a non-empty set, lefi/; be a given set for alli € I and let the functions
(X;:Q — M; |ieI) be perfectly independent. Ifi C I is a non-empty countable
set and A; C M; are any given sets for all € « , then we have

(4) P(X;€ A Yiea)=]] PI(X; € A)
1EQ
(5) PuXi€ A Viea)=]] PX; € A)

1€

Proof: (1): Let ¢ : Ly x Ly — [0,00] be a non-negative given function and let us
define (z.y) == ¢(f1(2), foly)) , ¢°(u) := E*(u,Y2) and ¢°(x) := E*¥(z, Xy)

for all (z,y) € My x My and all v € Ly . Since Y; = f;(X;) as., we
have ¢(Y1,Y2) = (X1, Xy) as. and ¢°(Y1) = ¥°(X;) a.s. and if we define
Dy = {(z,y) € My x My | ¥(x,y) >t} and f(x,t) = P*((x,Y) € Dy) for all

xr € M; and all ¢t > 0, then by Thm.A.3.3 we have

E*6(Y1,Ya) = E*(X1, Xo) :/O PH((X1, Xs) € Dy) dt

Vo (x) = E*Y(x, Xq) = /Ooof(x,t) dt Yz e M

Since X; and X, are totally independent, we havig*(( X, Xo2) € D) > E*f(X},1)
and since f(X (w), -) is decreasing and non-negative for alle 2 , then by Thm.A.7
we have

EWMsz/mPW@M&MJhﬁ>/ @/fxl>>mm>

z/ dw/ F(Xi (w >m=/¢%&wﬂww

= EF*°(X E*¢°(Y1)

Hence, we see that; and Y, are upper-independent for every non-negative function
¢: L1 x Ly — [0,00] . Adding a real constant ta) do not affect the equation derived
above (see Lem.A.2.10). Hence, if : L; x Ly — R is an arbitrary function, we see
that Y7 and Y, are upperp,-independent for everya € R where ¢, := ¢V a .
Let us define¢®(u) := E*¢(u,Y2) and ¢9(u) := E*¢q(u,Ys) forall w € Ly . Then
we have ¢° < ¢ and sinceY; and Y, are upperp,-independent, we have

E*(o(Y1,Y2) Va) =2 E"¢o (Y1) = E*¢°(Y1) VaeR

Letting a« | —oo , then by Lem.A.2.3 we see that; and Y> are upper-independent
forall ¢: Lix Ly — R . In particular, we see that; and Y are totally independent.
(2): Suppose thatX; and X, are perfectly independent and @i,fi,gi,fg) be
chosen according to Def.2.4.1+2 fér= 1,2 . By Def.2.4.2, we have thaf := (1, &2)
is (P, F1 ©® F3)-perfect and by Def.2.4.1 we have thab; = P, ® P;, . So by
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Lem.B.6.1 and Lem.B.7.1 we see that is (P, F;)-perfect for i = 1,2 and since
X1(w) = X1(&1(w)) , then by Lem.2.1.2+7 we havép(X;) C Sp(&;) . Since (S, A;)
is countable separated, there exist sdts A,,%, ... € A; separating points inZ; (i.e.
if u#wvelL;,then there exists an integer > 1 such thatu € AL, and v ¢ A% ).
Since Z; : (Q,Cp(X;)) — (Si,A;) is measurable andCp(X;) C Sp(&;) , there
exist aP-null set N and sets F. C Q; such that Z; 1(AL) \ N = & 1(Fi)\ N
forall n>1. Let w,o' € Q\ N be given points such thatZ;(w) # Z;(W') .
Since Ai,Ag,... separates points inL; , then exists an integern > 1 such
that w € Z71(A)) = &HF) and o ¢ Z7Y(AY) = &H(F)) . Hence, we
see that &(w) # &(w') for all w,0’ € Q\ N satisfying Z;(w) # Z;(w') and
consequently, there exists a function : ©; — L; such that Z;(w) = h;(&(w)) for
all weQ\ N . Soby Def.2.4.1 we have Z;(w),Yi(w)) = (hi(&(w), fi( Xi(&(w))))
as. for ¢+ = 1,2 . Hence, by (1) it suffices to show that; : Q@ — ¢; and
& Q — Q9 are totally independent. So let’ C 2 x €25 be a given set and let us
define ¢ (wy) := P*((w1,&) € C) forall w; € Qp . Since ¢ and & are perfect
and Py = P, @ P, , then by Thm.A.6.1 and Lem.B.1.4 we have

P((€6.6) € C) = FEO) 2 [ o) Pe(dr) = Bo(&)

that is, £, and & are totally independent which completes the proof of (2).

(3): Let us define ¢((6,2),y) := 6 (x,y) forall (6,2) € {0,1} x M; and all
y € M, . By (1), we have that(1y, X;) and X, are upper-independent and since
E*p(6,x), X2) = 6¢°(x) , we see that (3.a) holds.

(4+5): Let o« C I be a given countable set. Since the function&; | i € I)
are perfectly independent, then by Lem.B.6.1 and Lem.B.7.1 we see that the functions
(X; | i € «) are perfectly independent. Hence, it suffices to prove (4+5) when [
and [ is countable. So suppose that is countable and letA; C M; be given
sets for all i € I . Let (Qi,fi,gi,f(,-) be chosen according to Def.2.4.1+2 and let
us define (Qf, 1) := ([Lic; U, @iesr Fi) and &(w) = (&(w))ier - Let us define
B; = X;l(Ai) forall i € I and let P; denote the distribution of . By Def.2.4.1, we
have Pg = Qjer P&. and by Def.2.4.1 we have[Xi € A; Vi e ]} = §_1(Hi€] BZ')
and {X; € A;} = &1(B;) forall i € T. Since ¢ is (P, F')-perfect, then by
Lem.B.6.1 and Lem.B.7.1 we see that is (P, F;)-perfect for all i € I and so by
Thm.A.8 we have

PYX; € A Viel) = Pg<n Bi> = [1 P:(B) =[] P*(Xi € A))
el el el

P*(Xl cA; Vie I) = (P§>*<l;[[Bz> = I;II(P&)*(B,> = I;IIP*(Xl € Al)

which proves (4) and (5). I



Lemma 2.7: Let G C Q and H C Q be totally independent sets and let us define
Go:=Q\G, G1:=A, Hy:=Q\H and H, := H. Thenforalle, 6 € {0,1} we have

(1)  P(G?) P(HJ) = P*(Ge) P*(Hs) = P*(Ge N H) = P(GE N HY)
(2) P(Ge*> P(Hé*) = P*(Ge> P*(H6> = P*(Ge N H(S) = P(Ge* N H(S*)
@) (GenHg)*=G:NH; as. and (Ge U Hg)x = Gex U Hg, @S,

where A, and A* denote the (a.s. uniqud)-kernel andP-hull of A C Q.

Proof: (1): By Thm.2.6.1, we have that;, and 1y, are totally independent for all
e,6 € {0,1} . Hence, it suffices to prove (1) when= 6 = 1. The first equality in (1) is
evident. Let us defineD := {(1,1)} . Then we haveP*(GNH) = P*((1¢,1g) € D)
and P*((6,1y) € D) = 6 P*(H) for ¢ =0,1 and since G and H are totally
independent, we have

(*) PYGNH)=P((lg.1x) € D) =2 E*(1q P"(H)) = P"(G) P*(H)

Let us define D := {(1,0),(1,1),(0,1)} and ¢(6) := P*((6,15) € D) for all
6=0,1. Then we haveGU H = {(1¢,1y) € D}, ¢(0)=P*(H) and ¢(1)=1.
Hence, we have

¢(1g) = P*(H)1ge + 1 = P*(H) + (1 - P*(H)) 1
and so and Lem.A.2.5+10 and total independence we have
PY(GUH)=P"((lg,1n) € D) > E"¢(1g) = P*(H) + (1 — P*(H)) P*(G)
= P*(H)+ P*(G) — P*(G) P*(H)
Hence, by (*) and Lem.A.1.5 we have
P*(GUH)+ P*(GNnH)>P(GUH)+ P*(G)P*(H)
> P*(G) + P*(H) > P*(GUH)+ P*(GN H)

Hence, we see thaP*(GUH )+ P*(GNH) = P*(G)+P*(H) andthat P*(GNH) =
P*(G) P*(H) . In particular, we see that the second inequality in (2) holds and by
Lem.A.5.8 we have(G U H)* = G* U H* a.s. Hence, we have

P*(G) + P*(H) = P*(GUH)+ P*(GN H) = P(G*) + P(H")
=P(G"UH")+P(G"NH")=P(GUH)+ P(G"NnH")

Thus, we see thatP*(G N H) = P(G* N H*) which completes the proof of (1).

(2): As in the proof of (1), we see that it suffices to prove (2) when- 6 =1 .
The first equality in (2) is evident and the last equality follows from Lem.A.5.9. In the

9



proof of (1) we found that P*(G, U Hy) + P*(Gy N Hy) = P*(G1) + P*(H;) . So
by (1) and Lem.A.1.1 we have

P.(GNH)=1-PGUH)=1-{P"(Gy)+P"(Hy) — P"(G1n Hy)}
=1+ P*(Gy) P*(H;) — P*(G1) — P*(H;)
= Py(G) — P*(H1) P(G) = P«(G) P.(H)

which completes the proof of (2).

(3): Since G. N Hs C GY N Hf a.s., we see that the first equality in (3) follows
from the last equality in (1). The last equality in (3) follows from the first equality and
Lem.A.5.6. U

Theroem 2.8: Let M; and M, be non-empty sets and leX; :  — M; and
Xo : Q — My be given function. LetC* denote a fixedP-hull of C' whenever
CCQ.If My and M, are finite, then the following five statements are equivalent:

(1) X; and X, are totally independent
(2) {X; € A} and {X, € B} are totally independenty A C M; VB C M,

(3) {X; € A} and {X, € B}* are independentvA C M; VB C M; and
{X1 = u}* N {XQ = 7}}* = {X1 =u, Xo= 7}}* a.s. V(u,v) € My x Mo

(4) X; and X, are strictly perfectly independent

(5) X, X, are totally independent

and if M; and M, are countable, then the four statements (1), (2), (3) and (5) are
equivalent. Moreover, ifM; and M» are arbitrary sets, then we have

(6) X, and X, aretotally independent, theX'; and X, are completely independent

(7 fX{:Q— (M1,2M1) and Xy : Q — (Mo, 2M2) are independenP-measurable
functions and one of the set&/; or A5 is not real measurable, thedk; and
X, are perfectly independent

Remark: Recall that a set M is real measurableif and only if there exists a
probability measurey on (M, 2") such that u({z}) =0 forall v € M . If M

is real measurable, then it follows easily that every getwith card L > card M is

real measurable. Hence iRM denote the smallest cardinality of a real measurable
set, then M is real measurable if and only itard M > RM . It is well-known that

RM is a very large cardinal — actually so large that it need not exists in the sense that
it is consistent with the usual axioms of set theory (including the axiom of choice) to
assume that there exists no real measurable sets at all.
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Proof: Suppose thatd; and M, are finite and let me prove the equivalence of
(1))

(1) = (2): Follows from Thm.2.6.1.

(2) = (3): Follows from Lem.2.7.2+4.

(3) = (4): Suppose that (3) holds and let € {1,2} be given and fixed for a
moment. Letu € M, be given and letD, be a givenP-hull of X !(u) satisfying
D¢ € F and DS O X7 Yu). Let F. denote ther-algebra generated by the sets
(D, | w e M) and let (Ff |i € L.) denote the non-empty atoms of thealgebra
F. . Since M, is finite, then F, is finite and so we see thal. is a non-empty
finite set and thatF € 7. C F forall ¢ € L. . Let v € M, be given and let us
define 7§, := {i € L. | Ff N D;, # 0} . Since D € F., we have D = Ujcqxe Ff
with the usual convention that an empty union is empty. Let us define

Fe:={(u) € LexMc|ieny}t , Ge:={Ten(mx M) |mC L}
Xe(Gu):=u , AS:=Ff X (u) , AS=Tcn({j}x M)

forall v= (i,u) e and all j € L. . Then (I'.,G.) is ao-discrete measurable
space and sinceD¢, O X 1(u) for all u € M., we have Q = U,en. DS, . Let

i € L. be given. SinceFf # 0 , there existsu € M, such that Ff N D, # ( or
equivalently i € 7, . Hence, we see thati, u) € AS ; thatis, AS# 0 forall i € L. .
So by the definition of the-algebra G, , we see that(AS | i € L) is the set of all
non-emptyg.-atoms. SinceD;, = Ujer, FF D X Yu) forall e M, ,we have

U= UEnxTw=J {X;1<u>m U F}

~vel'. u€EM, i1€my u€EM. €T,
= J XM wnp; = |J X7 (w) =2
ueM, ue M.

and since the set$F* | i € L.) are mutually disjoint and the setsX ! (u) | u € M,)
are mutually disjoint, we see thatd’, | v € T') is a disjoint partition ofQ2 . Hence, we
may defineé. : Q — T’ as follows & (w) :=~ if ~ isthe uniquey € I'. satisfying
w e A . Since X (w) =u forall we Ay, wesee thatX.(w) = Xc(&(w))
forall we Q.

By the definition of & , we have £71(y) = AS forall yeTl.. Let i€ L. be
given and let us defineC§ := {u € M, |i € 7} . Let uw € X (Ff) be given. Then
we have Ff N X 1(u) # 0 and since X_}(u) C D¢ , we see thatFf N DS, # 0 ; that
is, i € m;, or equivalently v € C¢Y . So we see thatX.(F7) C C¢ and consequently,
we have Ff C X7 1(X (Ff)) C X71(C;) . Hence, by the definition ofAS , we have

&A= FrnXTMu)=FfnXNCf)=Ff € F. Vi€ L
ueCs

Since (A¢ | i € L.) are the atoms ofG. , we have

(i) & (,F) — (I'e,Ge) is a measurable function
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(i) &' =A5=FnX"(u) YVy=(i,u) €T and {1(AS) = Ff Vi€ L
(i) X (w) = X (&(w) VYw e Q

Let v = (i,u) € I'. be given. Sincei € «, , we have F* N Dg = Ff and since
Ffe F and Df is aP-kermel of X !(u), then by (ii) and Lem.A.5.10 we have

(v) &'(y)" =FfnDS =Ff =&Y\ as. Vie L

where ¢71(v)* is any upperP-envelope of £71(7) .

Let us defineD$; := U,ea Dy, forall A C M, with the usual conventiorDj, := 0.
Since D¢, is an upperP-envelope of X '(u) and X '(A) = Uuea X7 ' (u) , then
by Lem.A.5.8 we see thatD¢, is an upperP-envelope of X '(A4) . Hence, if
we define D, := {D9 | A C M.} , then by (3) we have that the paving®; and
D, are independent. Then the complementary paviigs:= {F° | F € D;} and
D? .= {F°| F € Dy} are independent and since the pavinBs and D, are stable
under finite unions, then the paving®' and D? are stable under finite intersections.
So by [7; (2.5) p.106-107], we have that thealgebras ¢(D!) and o(D?) are
independent and since), € o(D.) = o(D) , we see that the-algebras 7, and
F, are independent. So by (i) we see that and & are independent measurable
functions from (2, F) into (I'1,G;) and (I'z,G2) , respectively.

Let (T',G) := (I'1 x I'2,G; @ G2) denote the product space and let us define
Ajj = Al x A? forall (i,j) € L1 x Ly . Then (I',G) is a discrete measurable space
with atoms (A;; | (i,j) € L1 x Ly) and {(w) = (§1(w),&2(w)) is a measurable
function from (Q, ) into (I',G) . Let (i,j) € L1 x Ly and vy = (y1,72) € Ay; be
given. Then there exist: € M; and v € My such thatvy; = (i,u) and v = (j,v)
and so by (ii)) we have

) =7 6Gu) N &G ) = FEa X (w) n 20 X5 u)

By (3), we have that (X, (u) N X5 (v))* = X7 Huw)* n X; Y (v)* as. and since
F!'nF} e F, then by (iv) and Lem.A.4.10 we have

') =F nFn(XTHw)n X7 ) = F n F2n X Hw) 0 X5 (v)*

=& ) NG () =) NG =€ (Ay) as.

In particular, we haveP™({ = ) = P¢(A;;) forall v € A;; andall (i,j) € Ly x Ly .
Since (A4 | (4,7) € L1 x Lo} are the atoms of the discretealgebra G , then by
Lem.B.7.3 we conclude thaf is strictly (P, G)-perfect and sinceX;(w) = X;(&(w))
and & and & are independent, then by (iii) we see that; and X, are strictly
perfectly independent.

(4) = (5): Follows from Thm.2.6.2.

(5) = (1): Evident!

Thus, the equivalence of (1)—(5) is proved under the assumptionithatand M-
are finite. So suppose thal/; and M, are countable. Without loss of generality,
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we may assume thatV/; = My = N . By Thm.2.6.1 and Lem.2.7.2+4, we see that
the implications “(1)=- (2) = (3)” hold and the implication “(5)= (1)” is evident.
Hence, it suffices to show that (3) implies (5) wherl; = My = N .

(3) = (5): Suppose that (3) holds and that/y = M, =N . Let n > 1 be a
given integer and let us defin&" := X; A (n+1) for i =1,2. Let A,BCN
be given sets. By (3) and Lem.A.5.8, we have

X @nX ' By = Ua=i X2 =51

i€A jEB

=J U= n{x=j=Ux=nJ{X=}

€A jEB €A JEB
= XN A" nX;1(B)" as.

In particular, we see thatX{", X7') satisfies condition (3) and sinc¥]* and X takes
values in the finite se{1,...,n+1} , then by the first part of the theorem proved above,
we have thatX}, X7 are totally independent for alh > 1. Let D C N? be a given
and let us defineD,, := {(i,j) € D |i<n, j<n}, Df:={yeN|(z,y) € D,}
and ¢, (z) := P*(X2 € D,) forall x € N. Then we havey(x) = P*(X3 € D,)
forall x € N and sincey,(z) =0 forall = > n, we have ¢, (X;) = ¥, (X7]) .

By the definition of (D,, X{", X7') , we have {(X;,X») € D,,} = {(X{, X}) € D}
and since X' and XJ are totally independent, we have

P*((X1,X9) € D) > P*((X1,X32) € D,) = P ((X{", X3) € D)

forall » > 1. Since D, T D, then by Lem.A.1.6 we havey,(z) T ¥(z) =
P*(Xy € D) forall 2 € N where D* :={y € N | (x,y) € D} . So by Lem.A.2.7

we have P*((X,X3) € D) > E*(X;) . Hence, we see that\; and X, are
totally independent and since&’;; and X{' are totally independent, then in the same
manner we see thaf{, and X; are totally independent; that isX{, X» are totally
independent which completes the proof of the equivalence of (1), (2), (3) and (5) when
M, and M, are countable.

(6): Let A € Mp(X;) and B € Mp(Xs) be given. By Thm.2.6.1, we have
that X;'(A) and X, !(B) are totally independent and sinc&; '(A) € Fp and
X5 Y(B) € Fp, then by Lem.2.7.1 we see thaf; '(A) and X, '(B) are independent;
that is, X; and X, are completely independent.

(7): Suppose that)M; is not real measurable (the case whefé¢; is not real
measurable follows in the same manner). Siné&, is a probability measure on
(My,2M1) | there exists a countable sef) C M; such that Py, (Q) = 1 . Let
D C M; x My be an arbitrary set and let us defin€' := (Q x Mz)n D and
D, :={y € My | (z,y) € D} forall =z € M; . Since @ is countable and
C = Ugeq {q} x Dy , we see thatC € 2" @ 2 and since Py, (M; \ Q) =0 and
D\ C C (M \Q) x M, we see thatD \ C is a Py, x,)-null set. Hence, we see
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that all subsets of My x M, are P x, x,)-measurable. So by Lem.B.2 we have that
(X1, X2) : Q — My x My is (P,2M @ 2M2)-perfect and sinceX; : Q — (M, 2M1)
and Xy : Q — (M2,2M2) are independent random functions, we see that and
X, are perfectly independent. O

Theorem 2.9: Let M; and M, be non-empty sets and letX; : Q — M,
and X, : Q@ — M, be totally independent functions. Let; : M; — [0,00] and
¢2 = My :— [0,00] be non-negative functions. Then we have

(1) Theo-algebrasCp(X;) and Lp(X2) are independent and the algebragp(X)
and Ap(X») are totally independent

(2)  (E"¢1(X1)) - (E"¢2(X2)) = E{o1(X1)" ¢1(X2)"} = E*{1(X1) ¢2(X2)}

Let L; and Lo be finitesetsandlet; : Q@ — Ly, fi: My — Ly, Yo:Q — Lo
and f, : My — Ly be given functions such thaYi_l(u) € Ap(X;) for i =1,2
and all « € L;. Then we have

(3) fi(Xy1) and f2(X;,) are strictly perfectly independent and; and Y, are
totally independent

(4) The algebras Ap(X;) and Ap(X,) are totally independent

Proof: (1): Let K; denote the paving of alP-kernels of all setsF' € Sp(X;) for
i=1,2. Let G; € K1 and G2 € K2 be given. Then there exist setd; C M;
such thatG; = X‘l( i)« for i=1,2. Since X; and X, are totally independent,
then by Thm.2.6.1 we have thatty -, , and 1y-1,,, are totally independent. So
by Lem.2.7.2 we see tha€/; and GQ are mdependent that is, the pavings, and
Ko are independent and by Lem.2.1.4 we have tiiat and K, are stable under
countable intersections. Hence, by [7; (2.5) p.106-107] we conclude thatalyebras
(K1) and o(Ky) are independent and sincép(X;) = o(K;) , we have proved (1).

(2): By (1) and Lem.2.1.5, we have that; (X;)* and ¢,(X32)* are independent
random variables. Hence, the first equality in (2) follows from Lem.A.5.1. Let us define
d(x,y) == ¢1(x) pa(y) and @(x) := E*¢(x, Xy) forall x € M; and all y € M, .
Since ¢; > 0, then by Lem.A.2.5+9 we haveb(z) = ¢1(z) E*¢2(X2) and since
P1,02 > 0, we have ¢1(X1)" ¢1(X2)* > ¢1(X1) p2(X2) . Since E*¢a(X2) > 0,
then by Thm.2.6.1 and Lem.A.2.5+9 we have

E{61(X1) p1(X2)} = E*9(X1, X2) > E*O(X1) = (E"¢1(X1)) - (B $2(X2))
= E{o1(X1)" ¢2(X2)"} > E*{¢1(X1) ¢2(X2)}

which completes the proof of (2).

(3+4): By Thm.2.6.1, we have thaf;(X;) and f;(X3) are totally independent
and since L; and L, are finite, then by Thm.2.8 we see thdt(X;) and fo(X>3)
are strictly perfectly independent. Sinég(X;) is an algebra anin_l(u) € Ap(X;)
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for all w in the finite set L; , we have Y, '(A) € Ap(X;) forall AC L, . Let K;
denote the paving of alP-kernels of all setsF' € Sp(X;) . Since L; is finite and
Ap(X;) isthe algebra generated biy; USp(X;) there existsetd, ... Fi € K; and
Fif.....Fi ., €8p(X;) suchthatY, "(A) € a(F},....,Fi ) foral ACL;.
By the definitions of C; and Sp(X;) , there exist setsd}, ..., A’ ., € M; such that

. ‘ ‘ . P Sindtm
Fi=X7"(Al). forall 1 <j<n and F! = X; '(4}) as. foralln <j<n+m.
Let us defineh;(z) := (1 4i(z), ..., i, (x)) forall € M; . Then h; is a function

from M; into the finite set {0,1}"™™ such that F},..., F' . € Cp(hi(X;) for
i = 1,2 . Hence, by the argument above, we have that{ X;) and hy(X3) are
strictly perfectly independent and sindg€ ' (A) € a(F},...,Fi ) foral ACL;,
then by Thm.2.6.2 we see that; and Y, are totally independent. In particular, we
see that the algebrasip(X;) and Ap(X3) are totally independent. O

Theorem 2.10: Let M; be a given setand leX; : 2 — M, be a given function for all
i in the non-empty sef . Let (Q, F, P) be a probability space and let : Q — (Q, F)
be a P-measurable function satisfying’, = P . If we define Y;(&) := X;(n(@)) for
all i eI andall @ € Q, then we have

(1) If 5 is (P, F)-perfect and the functiongX; : Q — M; | i € I) are perfectly
independent or totally independent or completely independent, then the functions
(Y; : Q@ — M; | i € I) are perfectly independent or totally independent or
completely independent

(2) If 7 is strictly (P, F)-perfect and the functiong X; :Q — M; [iel) are
strictly perfectly independent then the function®; : @ — M; | i € I) are
strictly perfectly independent

(3) The notion “completely independent” is weakly consistent and the notions “inde-
pendently defined”, “perfectly independent”, “strictly perfectly independent” and
“totally independent” are strongly consistent

(4) “independently defined” = ’strictly perfectly independent” = “perfectly
independent” = "totally independent” = "completely independent”

Let B, be ac-algebraon M; forall i€ I,let (M, B! = ([l;c; Mi, @ic1 Bi)
denote the product space and let us defing (w) = (X;(w))ier forall w € Q.
If (X;:Q— (M;,B;)|i¢e1) are independent random functions, theN’(w) :=
(Y;(w))ies is a P-measurable function fronf2 into (M7, B’) and we have

(5) If X! is (P, BY)-perfect, then the functiongX; : Q — M; | i € I) are perfectly
independent

(6) If X! is strictly (P, B!)-perfect, then the function$X; : Q — M; |i € I) are
strictly perfectly independent
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Remark: Recall that the example in Def.2.2 shows that the notion “completely
independent” isnot strongly consistent.

Proof: (1+2): Suppose that the function$X;) are perfectly or strictly perfectly
independent and IetQQi,fi,@,f(i) be chosen according to Def.2.4.1+2. Then we
have Y;(&) = X;(&()) where &(@) = &(7(@)) forall iel andall @ € Q.
Since the functions(&; : Q — (Q;, F;) | i € I) are independent and) : Q — (Q, F)

is P-measurable with distribution? , we see that(¢; : Q — (Q;, F;) | i € I) are
independent. Ifp and ¢ := (§;) are perfect or strictly perfect, then by Lem.B.6.1=2
we have thaté on = (f,-) is perfect or strictly perfect which proves (2) and the first
claim in (1). Suppose thatX : Q@ — M and Y : Q — L are totally independent.
Since 1 is (P, F)-perfect with P, = P, we have

PY(Y(n) € 4) = Pj(Y € A) = P*(Y € 4)
P*((X(n).Y (1) € D) = P}((X,Y) € D) = P*((X.Y) € D)

foral AC M andall DC L x M . Hence, we see thatX(n),Y(n)) are totally
independent but then we see that total independen¢&f implies total independence
of (Y;) . Suppose that the function$X;) are completely independent. Let C I
be a finite non-empty set and lel; € M3(Y;) be given sets for alli € I . By
Lem.2.1.3, we haveX; '(A;) € Mz(n) and sincen is (P, F)-perfect with P, = P,
then by Def.2.1.9 we see thak; ' (A;) € Fp or equivalently 4; € Mp(X;) . In
particular, we haveP(X;'(4;)) = P,(X; ' (4;)) = P(Y;1(4;)) forall i € a and

since the functions(X;) are completely independent, we have

[T PO (41) = [T P(X7H(A)) = P( n X;l(A»)

1€EQ i€a 1€EQ

_ B, < N X,-”(Ai)) = P( N Y,-‘1<Az->>

1Eq 1EQ

Hence, we see that the functiond;) are completely independent.

(3): By Lem.2.1.3, we see that “complete independence” is weakly consistent and
by the very definition of “independently defined”, we see that “independently defined”
is strongly consistent. By Lem.B.7.1+2 and Lem.B.9, it follows easily that “perfectly
independent” and “strictly perfectly independent” are strongly consistent.

Let consider the notion “total independence”. The property (2.A) is evident and
the property (2.B) follows from Thm.2.6.1. So létX; : Q@ — M; | i € I) be totally
independent functions, let7? | § € ©) be a family of disjoint non-empty subsets of
I and let us defineM? .= [Licr, Mi and Yy(w) := (Xi(w))es, forall 6 € © and
all we Q. Let o, C © be given disjoint sets and let us define® := (Yy)geq
and Y7 := (Yp)pep . If we define A := Upeo Iy and B := Upeslp , then A
and B are disjoint non-empty subsets of such thatY* = X* and Y” = XB .
Since the functions (X;) are totally independent, we have thdt® = X* and
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Y? = XB are totally independent. Hence, we see that the functio¥is | § € ©)
are totally independent and so we see that “total independence” satisfies (2.C); that is,
“total independence” is strongly consistent.

(4): The first implication in (4) is an easy consequence of Lem.B.9 and the second
implication is evident.

Let (X;:Q — M;|ie€I) be a given family of perfectly independent functions
and let (Qi,fi,@,fﬁ) be chosen according to Def.2.4.1+2. df C I is a non-empty
set, we let M“ := [[,c, M; and (Q% F%) = ([[;cq % Xica Fi) the product
spaces and we defin€, = (&)ica » X* = (Xi)ica and X := (Xj)ica . By
Def.2.4.1+2, we have that; is (P, F')-perfect with distribution x;c. P, . So by
Lem.B.6.1 and Lem.B.7.1 we see thgt is (P, 7<) perfect. Let«, 5 C I be disjoint
non-empty sets and letD C M< x M? be given. Let us definey :== a U and
f(x):= P*(XP € D,) forall + € M“ where D, :={y € MP| (z,y) € D} . Then
we have D C M® x MP? = M7 and X7 = (X, X#) = X7o¢&, . Hence, if we
define ¢ := (X?)~(D) and C, :={# € Q| (v,0) € C} forall ve Q*,then we
have {(X*,X”) € D} =¢;1(C) and &5'(C,) = {X” € Dg ()} forall ve Q.
Since &; is (P, F”)-perfect, we havef(¢.(v)) = P*(X” € D¢ () = P£(C,) and
since &, and &, are perfect andP; = Py, x P, , then by Thm.A.6.1 we have

P*((X* XPYe D)=P*(X" e D)= Pg;((}) > /* Pgﬁ(CU)Pga(dU)

-/ " Flalw)) Pe(do) = B (X

Hence, we see thaty® and X7 are totally independent; that is the functions’;)
are totally independent which proves the third implication in (4).

Suppose that(X; : Q@ — M; | i € I) are totally independent functions and let us
define M* :=[],c, M; and B* := @;c, Mp(X;) for all non-empty setsa C I .
Since X; : Q — (M;, Mp(X;) is P-measurable, we see thaX® : Q — (M<%, B%)
is P-measurable and so we havB® C Mp(X%) for all non-empty setsa C I .
Let «,3 C I be disjoint non-empty sets. By (3), we have that® : Q@ — M*®
and X” : Q — MP are totally independent. So by Lem.2.1.1 and Thm.2.9.1 we
see that X% : Q — (M%, Mp(X®)) and X" :— (MP Mp(XP)) are independent
random function and since3” C Mp(X7) , we conclude thatX< : Q — (M, B%)
and X% :Q — (MP B%) are independent random functions whenever and /
are non-empty disjoint subsets of . But then a standard argument shows that the
functions (X; : Q@ — (M;, Mp(X;)) |7 € I) are independent; that is, the functions
(X;) are completely independent which proves the last implication in (4).

(5) and (6) are immediate consequences of the definitions. O

Theorem 2.11: Let (L,.A) be a measurable space and let 2 — (L,.A) be discrete
random function with discrete rangé) . Let M be a given set and letX : Q@ — M
and ¢ : Lx M — R be given functions such that(q,z) > 0 forall (¢,2) € Qx M .
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Let C* denote a fixedP-hull of C' wheneverC' C Q and let ¢(¢, X)* denote an
upper P-envelope ofy(q, X) forall ¢ € @ and let us definey°(u) := E*¢(u, X)
forall v € L . Then ¢° € L(P;) and we have

(1) If {¢=¢q} and (¢, X)* are independent for ally € @ , then ¢ and X are
upper y-independent and we have
(@ E(EX) = Ey°(§) = % P(§ = q) E*¥(q,X)
ge
(2) ¢ and X are totally independent if and only if¢ = ¢} and {X € A}* are
independent for allg € @ and all A C M and if so, then (1.a) holds for every
function v : L x M — R satisfying ¢(¢,z) > 0 forall (¢,z) € Q@ x M

Proof: (1): Since P((¢ € Q) =1 and ¢(q,z) >0 forall (¢,z) € Q@ x M , we
have ¢° > 0 Fg-a.s. and

VEX) =Y ey (0, X —SUP{l{g 0@ X)} as.
qeQ

So by Def.A.9.1, we see thaty® € L(Px,) and since @ is countable and
{£=¢q} € Fp forall ¢ € @, then by Lem.A.4.3+10 we have

HEX)" = 5p (e V0. X)) = 3 1oy W0, X" as
qeqQ

Since {¢ =¢} and ¥(¢,X)* are ordinary independent and(¢, X)* > 0 a.s. then
by Lem.A.5.1 and Beppo-Levi’s theorem we have

EY(E,X) = (&, X) =Y {1{5 2 0(e X } S P = q) Bd(g, X)*
qeQ qeqQ

=Y PE=q) E*(¢, X) =Y P(=0q)0°(q) = BY°()
qeQ qeq)

which proves (1.a).

(2): Suppose thatt and X are totally independent and let€ Q@ and A C M
be given. Since{{ = ¢} € Fp , then by Lem.2.1.4 we havd¢ = ¢} € Lp(§) and
by Lem.2.1.5, we have{X € A}* € Lp(X) . So by Thm.2.9.1 we conclude that
{£ =¢} and {X € A}* are independent. Suppose th& = ¢} and {X € A}*
are independent for aly € Q@ and all A C M and let £ denote the paving of all
P-kernels of all sets inSp(X) . By Lem.A.5.6, we see that every set i’ € K is
of the form K = Q\ {X € A}* a.s. Hence, we see tha{{ = ¢} and K are
independent for allk’ € £ and by Lem.2.1.4 we have th&t is stable under countable
intersections. SinceLp(X) = o(K) , then by [7; (2.5) p.106-107] we conclude that
{¢ =¢} and Lp(X) are independent for aly € Q . So by Lem.2.1.5 we see that
{¢ =¢} and f(X)* are independent for every functiofi : M — R.. Thus, by (1)
we see that (1.a) holds for every functioh: L x M — R satisfying (¢, ) > 0 for
all (¢,x) € Q@ x M . In particular, we see that and X are totally independentl]
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3. Symmetrization It is well-known that symmetrization is a useful tool for
establishing stochastic inequalities and in this section we shall study various ways of
symmetrizing functions taking values in a vector space.

Let A is a vector space over the reals. Then weAét denote the (algebraidual
space that is, the set of all linear functionals from into R . If £ is ac-algebra on
A, we say that(A, £) is ameasurable linear spadé the addition (u,v) ~ u+v is
measurable from A x A, L& L) into (A, £) and the scalar multiplicatiofia, u) ~ au
is measurable from(R x A, B(R) @ £) into (A, £) . Recall that we have

(3.1) |If = C A" is a set of linear functionals, therfA,o(Z)) is a measurable
linear space wheres(=) denotes the smallest-algebra on A making all
functions in = measurable

(3.2) If (A4, L;) is a measurable linear space for all in the non-empty set/ ,
then the product spacé][,.; Ai, @icr £;) is a measurable linear space with
respect to the usual (coordinatewise) addition and scalar multiplication

(3.3) If A is a topological linear space such that is hereditarily Lindebf,
then (A,B(A)) is a measurable linear space wheB¢A) denotes the Borel
c-algebra on A

In particular, we see that(R”, B”) is a measurable linear space and recall that a
stochastic process with parameter sEtis a random function fronf2 into (R”, BT) .

Recall that a functiong : A — R is subadditiveif ¢(z +y) < ¢(x) + ¢(y) for all

x,y € A where we use the upper convention for addition on the extended real line
(see Appendix A) and recall thatseminormis a subadditive functionp : A — [0, x|
satisfying ¢(ax) = |a| ¢(x) forall z € A and all « € R . Observe that an arbitrary
supremum of subadditive functions is subadditive and that an arbitrary supremum of
seminorms is a seminorm.

Defnition 3.1: (Symmetric functions) Let n > 1 be a given integer. Then we let
E" := {-1,1}" denote the set ofi-vectors of £1’s. Note that E” is a group
under the multiplicationné := (91 - 61,...,1mn - 6,) for n = (n1,...,n,) € E* and
6= 1(61,...,0,) € E". We let £ denote the set of all subsets &* and we let B"
denote the uniform probability measure qit”, £™) ; that is, the probability measure
given by B"({6}) :=27" for all 6 € E" . Recall that éBernoulli vectoris a random
function ¢ : Q — (E", &™) such that P. = B™ or equivalently a random function
:Q — (E" ") such that the coordinate functions, ...,s, are independent and
takes the values+1 and —1 with probability % .

Let A be a vector space and let us defirg(z) := (61 z1,...,0,2,) for all
x=(r1,...,2,) € A" and all 6 = (61,...,6,) € E*. Then Ts: A" — A™ is a
bijection satisfying (see Lem.B.6.8)

(1) T;'=1Ts; and T50T, =T,0Ts =T,

né Vo,n e E"

19



(2) If (A, L) is ameasurable linear space and”, £) denotes the:-fold product
space, thenT; : (A", L") — (A", L") is a measurable bijection and’s is
strictly (i, £™)-perfect for every probability measurg on (A", L")

Let (A,£) be a measurable linear space and 1&},..., X, : Q — (A, L) be

random functions. Recall, that the random vectdr= (X1,..., X,,) is £-symmetric
if and only if X and Ts(X) have the same distribution on A", £") for all
o1,...,0p € E* . If Xy,.... X, : Q — A are arbitrary functions, we say that the

random vector X = (Xy,...,X,,) is totally symmetriaf X and T;(X) have the
same outer distribution for allé € E™ .
In [4; p.289], R.M. Dudley defines a “symmetric vector function” to be a function
X =(Xy1,...,Xp) : Q — A" such that X,..., X,, are independently defined func-
tions and the probability spaceq?;, F;, P;) and the functionsX; from Def.2.3.1+2
are of the form
QU Fi, P)= QU x Q. Flo FL,Pl@P) Vi=1,...,n

Xi(wi,wz) = Yi(w1) — Yi(wa) Y(wi,wn) e UxQVi=1,...,n
that is, if X is the standard symmetrization of some independently defined func-
tions Yi,...,Y, (see Def.3.2.2). In Thm.3.4.5 below, we shall that the standard
symmetrization of strictly perfectly independent functions;,..., X,, : @ — A is
totally symmetric. So by Thm.2.10.4, we see that Dudley’s concept of “symmetry”
implies “total symmetry”.

It is tempting to believe that if X;, X5 : Q@ — (A, £) independently defined-
symmetric random functions with the same outer distribution, th&n, X») is totally
symmetric. The following example shows that thisnist the case and the example
shows that “total symmetry” is a rather restrictive assumption.

Example: Let (T,G,Q) be a non-atomic probability space such that} € G
forall v € T andlet (2, F.P):= (Y xY,6®G,Q ® Q) denote the product
space. Let{ : T — R be a symmetrigj-measurable random variable ofi(, G, Q)
and let f : T — R be an arbitrary function, Let us define the stochastic processes
X1, Xs : Q — RYT as follows

[ lw) ifteX, (wi,w2) €Q and t # w;
Xi(t’wl’w2> T {f(w,) if teY, (Wl,WQ) e and t = w;

for i =1,2. Let || - ||x denote the sup-norm oY . Then | claim that we have

() Xi,X5:Q—RT areindependently defind8i’ -measurable functions such that
(X1, X3) is BY-symmetric and X; and X, have the same outer distribution

(4) If f is @-measurable, then the sup-normpXi||y , || Xaolly , [|X1 + Xollw
and ||X; — Xa||y are P-measurable.

(5) If f=1 and ¢ only takes the valuestl with P(é=1)=P({=-1)= % :
then (X3, X3) is nottotally symmetric and we have

@ [ Xi(w) + Xo@)jr =2 YweQ
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0 PXi—Xalxy =0)=7 . P(IX1-X2fy =2) =3

Proof of (3): Since G contains all singletons, we see that(t, - ) is G-measurable
forall t € Y ;thatis, X; and X, areBT-measurable functions fron into RY .
Since Q is non-atomic and¢ is symmetric, we see thatX;, X») is BT-symmetric
and by Thm.A.8 and the definition ofX; and X, , we see thatX; and X, are
independently defined functions with the same outer distribution.

Proof of (4+5): Let w = (wj,wy) € Q be given. By the definition ofX; and
X2 , we have

[X1(@)llr = SV [fw)] 5 [Xa(w)llr = [€(wa)] V[ f(w2)]
[X1(w) + Xa(w)ll = [§(w1) + E(w2)[ V [€(wi) + f(w2)| V [ f(wr) + E(wa)]
[X1(w) = Xo(w)ll7 = [§(w1) = E(wa) V [E(w1) = Flw) V[ (w1) = §(wa)]

In particular, we see that (4) holds. Suppose thfat= 1 and that ¢ only takes the
values £1 with P({ = 1) = P(¢ = —1) = . By the second equality derived
above, we see that|X;(w) + Xa(w)||[y =2 for all w € Q. By the last equality
derived above, we see thagtX;(w) — Xa(w)||y =0 if ({(w1),&(w2) = (1,1) and
that || Xi(w) — Xa(w)||y =2 if (&(w1),&(w2) # (1,1) which proves (5.b). Since

|| X1 + Xo||y and || X1 — Xa||y do not have the same distribution, we see that
(X1,X2) is not totally symmetric.

Definition 3.2: (Symmetrizations) Let A be a vector space and leX,..., X, :

2 — A be given functions. Then there are two methods of symmetrizing the vector
function X = (Xy,...,X,,) . Let ¢(6) :=¢; for 6 = (61,...,6,) € E" denote

the projection maps fori = 1,...,n . Then (e,...,¢,) is a Bernoulli vector

on the probability space(E™, £™, B") and we definethe Bernoulli symmetrization
X¢=(Xj,..., X)) to be the function X : E" x Q@ — A™ given by

(1) X{(bw) =¢€(0)Xi(w) YV(bw)eE"xQVi=1,...,n

Similarly, we definethe standard symmetrizationX® := (X7,...,X;) to be the
function X* : Q x Q — A™ given by

(2) Xf(wl,WQ) = Xi(wl) — Xi(WQ) V(wl,WQ) eEQxQVi=1,...,n

Below we shall see thatX¢ is totally symmetric on the product probability space
(E" x Q,&" @ F,B" @ P) . Since I(wi,wsz) := (w2,w1) IS a measurable bijection of
(QxQ, FoF) ontoitself with =1 = T, then by Lem.B.6.8 we have thaf® and —X*
have the same outer distribution on the probability spgee Q, F @ F, P2 P) . Below
we shall see thafX® is totally symmetric on the probability spa¢@ xQ, FoF, PoP)
provided that Xy,..., X, are strictly perfectly independent but | don’t know iX*

is totally symmetric if Xy,...,X,, are perfectly independent.
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Let Xi,...,X,:Q — A be given function and letX* = (X7,..., X)) denote
the standard symmetrization ok’ = (X1,...,X,) . Let A, B C A" be given sets
and let us defineA+ B :={x+y |2 € A, y € B} . Since

{T5(X%) € A} € (@ x{T5(X) ¢ B}) U ({Ts(X) € A+ B} x Q)
forall 6 € E” , then by Thm.A.8 we have
() (PoP)(T5(X%) € A) < PH(T5(X) ¢ B) + P*(T5(X) € A+ B)

forall 6 € E* and all A,B C A" . Note that the example given in Def.3.1
shows that total symmetry is an unpleasant assumption. Below we shall that we may
bypass total symmetry by introducing the following pavingofsymmetricsets. Let
Xi,...,Xn : Q@ — A be given functions and letX® = (X7,...,X?) denote the
standard symmetrization ofX := (Xy,...,X,,) . Then we let ¥p(X) denote the
paving of all sets A C A™ satisfying

4) (PoP)*(X® € A) < PX(Ts(X) ¢ B)+P*(Ts(X) € A+B) YB C A" V6 € E"

Lemma 3.3: Let (A,£) be a measurable linear space and IéA”, £") denote the
n-fold product space. LetXy,..., X, : © — A be given functions and letXc =
(X{,...,X;) and X° = (X7,...,X;) denote the Bernoulli and standard symmetriza-
tions of X := (Xy,...,X,,) . If we define (Qy, 2, P) := (AxQFQF,P®P)
and (Q,F,P) := (E" x Q," ® F,B" @ P) , then we have

Q) If Xy,...,X,, are independently defined or perfectly independent or strictly
independent or totally independent, then so akg, ..., X on the probability
space (2, F,P)

(2) If Xy,...,X, areindependently defined or perfectly independent or strictly per-
fectly independent, then so atg;, ..., X7 on the probability space;, 7>, P)

(3) If Xi,...,X,,:Q— (A, L) are random functions such thak is £-symmetric
and (P, L™)-perfect, then X is totally symmetric

4) If Xq,...,X,:Q — (A, £) are independent random functions such tha
and —X; have the same distribution of\, £) , then X is £-symmetric

B) If Xy,...,X, : Q — (A/L) are independent random functions, then
X700 X2 0 Qx Q — (A L) are independent random functions and®
is L-symmetric

Proof: (1+2): The “independently defined” case is evident. The “perfectly inde-
pendent” and “strictly independent” cases are easy consequences of Lem.B.6.1+2 and
Lem.B.7.1. The “totally independent” case for the Bernoulli symmetrization follows
easily from Thm.2.11.
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(3): Let 6 € E™ be given. Since X is (P, L")-perfect, then by Def.3.3.2 and
Lem.B.6.1 we have thatls(X) is (P, £")-perfect and sinceX is £-symmetric, we
have that Px = Pr,(x) . Hence, by Lem.B.1.2 we see thaf and T;(X) have the
same outer distribution for alb € E™ ; that is, X is totally symmetric.

(4): Evident!

(5): Let us define Y;(wy,w2) = X;(w1) and Z;(wy,we) := X;(wg) for all
(wi,wy) € QxQ andalli=1,...,n. ThenYi,..., Vs, Z1, ..., Z, : QxQ — (A, L)
are independent random function on the probability spdge F», P») such thatY;—Z;
and Z; —Y; have the same distribution oA, £) forall i =1,...,n and since

X} =Y, - Z; , we see that (5) follows from (4). U
Theorem 3.4: Let A be a vector space, leX,..., X, : Q2 — A be given functions
and let ¢ = (¢1,...,2,) be arandom function fromQ into (E",E") such that

e and X = (Xy,...,X,,) are totally independent. LetX‘ = (Xj,...,X;) and
X*® = (Xj{,...,X;) denote the Bernoulli and standard symmetrizations{ofand let us
define X := (1 X1,...,e, X;,) . If we defing(2y, 7o, ) := (A x Q, F @ F,P© P)

and (Q,F,P):= (E"&" @ F,B"® P) , then we have

(1) Py(X*cA)<P(X¢B)+P(X€CA+B) VAcEp(X)VBCA"

(2) Py(X*e€A)<PX.¢B)+P(X.cA+B) YAe Sp(X)VB C A"

(3) X°¢ is totally symmetric on the probability spac&?, 7, P) and if = is £"-
symmetric, thenX. is totally symmetric

(4) If X is totally symmetric, thend € ¥p(X) forall A C A"

B) If Xy,...,X, are strictly perfectly independent, theX® is totally symmetric
on the probability space(Qs, F, P»)

(6) If Xy,...,X, are perfectly independent, theA € ¥p(X) forall A C A"
Let £ be a giverv-algebra on A such that (A, £) is a measurable linear space and
Xi,..., Xy Q — (A, £) are random functions. I{A", £") denote thex-fold product
space, thenX : Q — (A", L") and X* : Qy — (A", L") are random functions
and we have
(7) If X° is £L-symmetric, thenl™ C ¥p(X) and we have

@ P(X°€A)<P(X:¢B)+P(X€ A+B) YAe L"BCA"

(b) P(X*€A)<P(X¢B)+P(X€A+B) VA€ L'VBCA"

Proof: (1): Let us define ¢;(6,w) := 6; and Y;(6,w) := X;(w) for all 6 =
(61,...,0np) € E” and all w € Q. Then e = (¢,...,¢,) and Y = (Y1,...,Y,,) are
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independently defined function. So by Thm.2.10.4, Thm.2.11 and Thm.A.8, we have

PY(X“eD)y=2" Y PT3(Y)eD)=2"" Y P*T3(X)€ D)
6ekn o€k

forall D C A™ . Hence, we see that (1) follows from the definition &fp(X) .

(2): Let A € ¥p(X) and B C A" be given. Sincec and X are totally
independent andX, = 7.(X) , then by Def.3.3.4 and Thm.2.11 we have

Py (X° e A) < Z P(e =0){P*(Ts(X) & B) + P*(Ts(X) € A+ B)}
b€En

=P*(X. ¢ B)+ P*(X. € A+ B)

which proves (2).

(3): Suppose that= is £"-symmetric and letB C A™ and 6 € E" be given.
Since = and X are totally independent, then by Thm.2.6.1 we have thand T5(X)
are totally independent and sinee is symmetric, we have thaP(c = ¢) = P(s = 1)
forall » € E* . Since n ~ n6 is a bijection of E* onto E" , then by Def.3.3.1
and Thm.2.11 we have

“(X.eB)= Y Pl T,(X)€B)= Y _ P(z =) P*(T,s(X) € B)
neknr neknr
= Y P(e =) P (T5(T,(X)) € B) = P*(T5(X.) € B)
neknr

Hence, we see thak. and T5(X.) have the same outer distribution for alle E™ ;
that is, X. is totally symmetric. If we definece = (¢q,...,¢,) and Y = (Y7,...,Y},)
as in the proof of (1), we haveX¢ = (¢ Y7,...,€6,Y,) and since ¢ and Y
are independently defined, then by Thm.2.10.4 we have thaand Y are totally
independent. Sincee is totally symmetric, then by the argument above we see that
X¢ is totally symmetric on the probability spacg?, F, P) .

(4): Immediate consequence of Def.3.3.3.

(5+6): Suppose thatXy, ..., X, are perfectly independent and 1¢®;, 7, &, X;)
be chosen according Def.2.4.1+2. Léf", F") := ([, Q,@",F;) denote the
product space. Therf(w) := ({1 (w),..., & (w)) is a (P, F")-perfect function with
P: = Py, @---@ P, and n(wy,wz) := ({(w1),{(w2)) is arandom function front2 x
into Q" x Q" with distribution P, = Pc @ P . Let 6 = (61,...,0,) € E" be given.
If w=(up,...,uy,) €Q" and v = (vy,...,v,) € Q" are given “vectors”, we define
Js(u, v) = (u*,v*) where (ul,vf) = (u;,v;) if 6; =1 and (ul,v)) = (vi,u;) if
o; = that is, Js : Q" x Q" — Q" x Q" is the function which interchanges the
coordlnateSuZ and v; if 6; = —1 and leaves the coordinates at their original positions
if 6 = 1. Hence, we see thatls : (Q" x Q" F" @ F") — (Q" x Q" F* @ F")
is a measurable bijection such thak = J(;1 . So by Lem.B.6.8 we see thafs is
(P, F" @ Fm)-perfect function and sinceP, = Py, ® --- @ P;, @ P, @ --- @ Py, ,
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then by the definition of J; we have (Py)j, =P, . Let ACA™ be given and let
us define X (u) := (Xi(u1),..., Xn(uy,)) forall u= (uy,...,u,) € Q" and

D :={(u,v) € Q" x Q" | X(u) — X(v) € A}

Since X;(w) = Xi(&(w)) , we have {X* € A} = »~1(D) and since Js is
(P, F" @ F™)-perfect with (P,);, = P, , then by Lem.A.10.4 we have

P3(X* € A) < Pj(D) = ((P)s)"(D) = P;(J; (D))

with equality if » is perfect; that is, if X;,..., X,, are strictly perfectly independent.
Since Js interchanges the coordinates; and v; if ¢6; = —1 and leaves the
coordinates at their original positions if; = 1 , we have

Tt (D) = { (u,v) € Q" x Q" | T5(X (u) — X(v)) € A}

and since Ts(X*(wi,w2)) = Ts(X (E(w1)) — X (E(wa))) for all (wy,w2) € Qx Q,
then by Lem.A.10.4 we have

P;(X* € A) < Py(J51(B)) = Py((u,v) | Ts(X (u) = X(v)) € A)
P3(T5(X%) € A) < Py((u,v) | Ts(X(u) — X(v)) € A)

with equality if » is perfect; that is, if X;,..., X,, are strictly perfectly independent.
Hence, if X;,..., X, are strictly perfectly independent, we have th&® and
Ts(X?®) have the same outer distribution for ak € E* which proves (5). Let
A,B C A" be given sets and let us defindy := {u € Q" | Ts(X(u)) ¢ B}
and Fy == {u € Q" | T5(X(u)) € A+ B} . Let (u,v) € J;'(D) be given . If
X(v) € B, then we have

T5(X (u)) = T5(X (u) = X(v)) + Ts(X(v) € A+ B

Hence, we see that/; ' (D) C (Fy x Q) U (2" x Fy) and since P, = P; @ Pr and
¢ is (P, Fm)-perfect, then by Thm.A.8 we have

Pf(X* € A) < P;(ng(D)) < PY(Fy x Q") + P (Q" x Fp)
= P{(F\) + P (FRy) = P*(¢7Y(F)) + P*(¢ 1 (F))
= P*(Ts(X) ¢ B)+ P*(Ts(X) € A+ B)

for all 6 € E™ which proves (6).

(7): Evidently, we have thatX : Q@ — (A™ L") is P-measurable and since
(A™, L™) is a measurable linear space and’ (w;,wy) = X (w1) — X (w2) , we see that
X?®: Qo — (A", L") is P,-measurable. LetA € L7, B C A" and 6 € E* be
given. Since (A, £) is a measurable linear space, we haWig'(4) € £* and since
X* is L-symmetric, we have thatP»(X*® € A) = P»(T5(X?) € A) . Since (A", L")
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is a measurable linear space, we have thhat .= {(z,y) € A" x A" |z —y € A}
belongs to £* ® L™ . Since

{ (wi,w1) | Ts(XP (w1, w2)) € A} = { (v,w) | Ts(X(w1) € A+ X(w2)}

then by Fubini’'s theorem
Py(X® e A)=Py(Ts(X?) € A) = /QP(TCS(X) €A+ Ts(X(w))) Pldw)

Let us define fs(w) := P(Ts(X) € A+Ts(X(w))) forall we Q. If T5(X(w)) € B,
we have A + T5(X(w)) € A+ B and so we havefs(w) < P.(T5(X) € A+ B) .
Hence, we have

fs(W) < Lnoogny (W) + Lizyxgny (W) Po(Ts(X) € A+ B) VweQ

and so by Lem.A.2.2+6 we have

PQ(XS S A> < /I{Tg(X)QB} dP+/ 1{X€B} P*(T(s(X) S A+B) P(dw)

Thus, we see thatd € ©p(X) forall A€ £™ and by Thm.A.8 and Lem.A.1.1 we
see that (7.a) holds. Sinc®.(T5(X) € D) =1— P*(Ts(X) ¢ D) and = and X
are totally independent functions witlX. = 7.(X) , we see that (7.b) follows from
Thm.2.11. O

Lemma 3.5: Let A be avector spaces; : 2 — A and Sy :— A be given functions
and let ¥ C R* be a non-empty family of subadditive function. Lset € R be given
numbers and let us defin@(x) := sup,cy ¥ (x) forall » € A and

Dii={(wy) €AxA[Qz—y)>1}, fls):= inf P(Y(%) <)

If F € Fp be a given set satisfying” C {Q(S1)* > s+ t} a.s., then we have (see
the remark below)

(1) If F and {Q(S2)* < s} are non-negatively correlated, then we have
@) PuQ(S2) < 5) PY(G) < P(GNA{Q(S1 — S2) > t})

(2) If Fn{Q(S1) > s+t} and {Q < s} are non-negatively correlated, then we have
@ P(Q(S2) <s) P(F) < PHFN{Q(S1) >s+1, Q(S1 — 52) > 1)

(3) If (1p,S1) and Sy are upperl p,-independent, then we have
(@ pB(s)P(F) < PHFN{Q(S1) >s+t, Q(S1— S2) > 1)
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Remark: If G,H C Q are given subsets ofQ2 , we say that G and H are
non-negatively correlated P*(G)P*(H) < P*(GNH) .

Proof: (1+2): Since@ is subadditive, we hav&)(S;) < Q(Ss) + Q(S1—S3) and so
we have Q(S1)* < Q(S2)*+Q(S1—S2)* . Since F € Fp and F C {Q(S1)* > s+t}
a.s., then by Lem.A.5.5+10 we have

FN{Q(S2)" <s} CFnN{Q(S; —S)* >t} as.

Fn{Q(S2) <s,Q(S1)>s+1t} CFN{Q(S1 — S52) >t}
P(F)=P(Fn{Q(S1)*>s+t}) =P (Fn{Q(S1) > s+t})
P(FN{Q(S1 — S2)" > t}) = PY(F N{Q(51 — 52) > t})

Hence, if I and {Q(S2)* < s} are non-negatively correlated, then we have
Po(Q(S2) < s) P(F) = P(Q(S2)" < 5) P(F) < P(F N {Q(S2)" < s})
< P(FN{Q(S1 — 52)" > t}) = PH(F N{Q(51 — 52) > t})

and if FNn{Q(S1)>s+t} and {Q(S2) < s} are non-negatively correlated

PY(Q(S2) < 5) P(F) = P*(Q(S2) < 5) PY(F N {Q(S1) > s +t})
< PHEN{Q(S2) < s, Q(S1) > s +1})
< PHEN{Q(S1 — 52) > t})
which proves (1) and (2).
(3): Letus defined :={zx € A | Q(z) >s+t} and f(x) := P*(Sy € D) for
all x € A where Df :=={y € A|(x,y) € D;} isthez-section of D, . Let x € A
be given. SinceQ(r) = supyey ¥(z) > s +1, there exists a function), € ¥ such

that ¢,(z) > s+t . Let y € A be a given vector satisfying/,(y) < s . Since
1, 1S subadditive, we have

s+t <1he(r) = Valy) (e —y) <5+ Qx —y)
So we have{y € A | ¥.(y) < s} € Df and since (s) < P*(¢,(S2) < s), we have
f(z) > PB(s)14(x) forall x € A. Since (1p,S;) and Sy are uppet p,-independent
and F C {Q(S1)" > s+t} a.s., then by Thm.2.6.3 and Lem.A.5.5+10 we have

PHFN{Q(S1 — S2) > t}) > E*{1r f(S1)} > E™{B(s) 1r 14(S1)}
= B(s) P*(FN{S1 € A}) = B(s) P*(F N{Q(S1) > s +t}) = B(s) P*(F)

which proves (3.a). I
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4. Stochastic inequalities Recall that the classical symmetrization, Otta-
viani, Lévy, exponential and subgaussian inequalities gives various upper estimates
of the tail probabilities P(|S,| > s) or P(M, > s) where S, is the sum of the
independent random variables(y, ..., X, and M, = maxi<;j<,|X1 + -+ Xj
is the maximal absolute partial sum. In this section we shall study extensions of the
classical inequalities to “norms” of sums arbitrary vector-valued functions. More pre-
cisely, let A be a vector space and leX,...,X,,: Q — A and Q: A — R be
given functions. LetS; := X; +---+ X; denote the partial sums fof =1,...,n
and let M, := maxi<i<n, Q(S;) denote the maximal “norm” of the partial sums.
Then we shall search for upper estimates of the tail probabilifi&$Q(S,) > s) or
P*(M,, > s) . In the current literature (see e.g. [3], [4], [12], [13], [11] and [15]), the
extensions of the classical inequalities are proved under one of the following (implicitly
or explicitly stated) assumptions

(4.A) @ is a seminorm (or a convex increasing function of a seminorm) and the
functions Xi,...,X,, are independently defined

(4.B) (A,L£) is a measurable linear space such th@t is an £-measurable semi-
norm (or a convex increasing function of airmeasurable seminorm) and
Xi,..., X, : Q — (A, L) are independent random functions

and in some cases with additional measurability assumptions (e.g. the subgaussian
inequality) or additional symmetry assumptions (e.gevy's inequality) or under the
assumption thatXy,...,X,, are stochastic processes.

Let T be a non-empty set. Observe that the sup-norm||; is B -measurable if
and only if 7' is countable, which means that for an uncountable inde¥'setve are led
to the study of non-measurable functions. A standard method in the current literature is
to replace the sup-norm with an appropriate upper envelope (which will be measurable).
However, if T is uncountable and: is any given probability measure ofR”, B7)

and || - || is any upper:-envelope of the sup-norm, then the reader easily verifies
that ||f||7 = oo p-a.s. In the literature, this problem has been bypassed by assuming
that Xq,...,X, are independently defined and choosing a more appropriate (and

non-trivial) envelope of the sup-norm (using perfectness of projections, see Lem.B.7).
The observation shows that perfectness of a stochastic process with an uncountable
parameter set is very restrictive assumption; for instance?'if is uncountable and

X : Q — (RT,B") is a stochastic process with a.s. bounded sample paths or more
generally with P*(||X||7 < oo) > 0, then X is not (P, B")-perfect — so assuming
perfectness of the stochastic processés. .., X,, (which makes the inequalities easy
consequences of the measurable case) is far too restrictive.

In this section, we shall see that most of the classical inequalities do hold for a large
class of seminorm-like functiong) : A — R and under much weaker independence
properties of the functionsXy, ..., X,, than (4.A) or (4.B). The following definition
clarifies the term “seminorm-like function”:
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Definition 4.1: (Convexity) Let A be a vector space and I€E C A* be a given
set of linear functionals. Then we letpan(=) denotethe linear spanof = in the
dual space A* and we let aff(=) denotethe affine sparof = ; that is, the set of
all functions of the formz ~ &(x) + ¢ for some ¢ € span(Z) and somec € R .
We let =+ := {x € A | £{(2) =0 V¢ € 2} denotethe orthogonal complemeratf

=.If v : A— R is a given function and= C A* is a non-empty set of linear
functions, we say thaty is

o convexif Y(ar+(1—a)y) <av(@)+(1-a)v(y) Yo,y e AVO<a<1
«  quasiconvexf Y(3z+iy) <v(x)Vvyy) Ya,y e A

. =-convexif 3¢ C aff (2) sothat® # () and (v) = supyeq d(x) Vo € A
. evenif ¢(z) = ¢Y(—x) Vo € A

Let [o, 5] C R be a closed (possibly unbounded) interval and fet[a, 5] — R be
an increasing continuous function such thftis finite and convex on the open interval
(a, 3) . Then we have the following well-known (and simple) facts:

(1) If $: A— R is=-convex andC C A is a non-empty set such that(x) € [a, b]
for all = € C , then there exists &-convex function v» : A — R such that

P(x) = f(p(x)) forall =z e C

(2) The sets of all subadditive, all convex, allconvex, all quasiconvex and all even
functions on A are stable under arbitrary suprema

(3) The sets of all convex and all-convex functions on A are convex cones
containing all constant functions

(4) If ¢: A — R isZ-convex, then¢ is convex and we have
@ -0 <ox) <o Vel
(b) oé(z) = ¢(y) Va,y e A with o —y e Z+

(5) If A is a locally convex linear topological space and: A — (—o0, 0] is a
lower semicontinuous, convex function, then is A’-convex whereA’ denotes
the topological dual spacethat is, the set of all continuous, real-valued, linear
functionals on A

Let @ : A — [0,00] be given seminorm onA . Then @ is a non-negative, convex,
subadditive and even function ol and if B := {z € A | Q(xz) < 1} denoteshe
Q-unit balland B° :={{ € A" | |£(z)] <1 V2 € B} denoteghe polarof B, then
by Hahn-Banach’s theorem we have

(6) Qx) = sup {(x) = sup [{(x)] V€A
Lepe EenBe

29



In particular, we see that) is B°-convex.

Let T be a non-empty set and let us consider the measurable linear §Racs”)
equipped with its product topology. TheR” is a locally convex K-analytic space (see
[14]) and BT is the Baires-algebra onR” (the Bockstein—Kellerer theorersee [2]
and [10]). We letr,(f) := f(t) for f € RT andt € T denote theprojections maps
Note that 7, is a continuous3”-measurable, linear function oR” forall ¢t € T
and if we definell := {m, |t € T} and II* :=TTU{—m, | t € T} , then we have

(7)) supr (f) =sup 7(f) , |[fllr = sup|a(f)| = sup =(f) VfeR'

well well well*
In particular, we see that the sup-functiomnalp; is lower semicontinuoud]J-convex
and subadditive and that the sup-nor-: ||r is a lower semicontinuoug]*-convex
seminorm.

Definition 4.2: (The mean of random vector) Let A be a vector space and let
= C A* be a given set of linear functions. IfX : Q@ — A is a given function, we
say that X is =-integrable if and only if

(1) &X)eLY(P) V¢e€Z and Ja e A sothaté(a) = BE(X) VEEE

The set of all « € A satisfying {(a) = F{(X) V¢ € = will be denoted E=(X)
and any vectora € £=(X) will be called an=-meanof X . If X is =Z-integrable
and 0 € &=(X) , we say that X haszero=-mean Note that X has=-mean zero
if and only if &(X) e LY(P) and E((X) =0 forall ¢€=Z.1f X:Q — A isa
=-integrable function, then the reader easily verifies the following simple facts:

2) (X) e IXP) and ¢(a) = Eb(X) Vi € afi(Z) Ya € Ex(X)
B) =t ={a—-0b]abec (X))
(4) EE(X):gspan(E)(X):{a+x |$‘EEJ‘} VQEEE(X)

Hence, if =+ = {0} , then by (3+4) we see that tfiemean of X is unique but if
=+ £ {0}, then the set oE-means of X is a non-trivial affine subspace of .

Let 7 be a non-empty set and let us consider the vector sp&e . If
IT .= {m | t € T} denotes the set of all projections, then a stochastic process
X = (X;) is Il-integrable if and only if X; € L'(P) for all + € T and if so,
then we haveér(X) = {u} where u(t) :== EX; is the mean value function

Theorem 4.3: (Jensen’s inequality) Let A be a vector space and IeE C A* be
a non-empty set of linear functions. Let: A — R be aZ=-convex function and let
X : Q — A be aZz-integrable function. Then we have

(1) ¢la) = ¢(b) < Exd(X) Va,b € Ex(X)
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Let Y : Q@ — A be a given function and let us defing(x,y) := ¢(xz + y) for all
(x,y) e Ax A.If Y and X are uppery-independent, then we have

(2) Eo(Y+a)} <E¢(X+Y) Vae &(X)

Remarks: (a): Suppose thaty” and X are totally independent. By Thm.2.6.1 we
have that Y and X are upperi-independent for allh € R* . Hence, we see
that (2) holds.

(b): Let (A,£) be a measurable linear space such th&tY : Q — (A, L)
are independent random functions andz,y) := ¢(z + y) is Py x-measurable. By
Def.2.5.2 we have thatY’ and X are uppery-independent. Hence, we see that
(2) holds.

Proof: (1): Since ¢ is =Z-convex, there exists a non-empty sétC aff = such that
¢ =supyecy ¥ and sincea,b € E=(X) , then by Def.4.2.2+4 we have(a) = ¢(b) .

Let ¢y € U be given. Since(u) < ¢(u) and (X) € L(P) , then by Def.4.2.2
we have ¢(a) = Ey(X) < E¢(X) . Taking supremum over) € ¥ , we obtain (1).

(2): Let z € A be given. Sincez +a € E=(x + X) , then by (1) we have
d(r+a) < Exo(z+X) < E*¢(x+X) and sinceY and X are upper/-independent,
we see that (2) holds. O

Theorem 4.4: (The symmetrization inequalities) Let A be a vector space, lek =
(X1,...,X,) beafunction fromQ into A™ and let us defineSs := 6; X1 +-- -+ 6, X,
forall 6 = (61,...,6,) € E*. Let ¥ C R* Dbe a non-empty family subadditive
functions and let us defin@ () := sup g ¥(v) forall v € A. Let e = (g1,...,25)
be a random function fron2 into (E™, ™) such that

(1) = and Q(Ss)* are independent and and Q(—Ss)* are independent’ § € E™

Let X° = (X{,...,X}) and X = (X{,...,X?) denote the standard and Bernoulli
symmetrizations ofX and let us define

S=>X;, S =5 X7, S=> X7, S.:=> X, , Q(x):=sup ¢(x)
=1 i=1 =1 =1 Pew

(Q, Fo, Py) = (Ux QF@F,PaP), (0FP)=E"xQE ®FB" @ P)
A= (@) €A QLo+ b aa) > sh L Bls) = inf PY(0(S) < 5)
forall x €A andall se R.If FFeCp(X) isany given set, then we have
(2) B(s)P(FN{Q(S)>s+t}) < PF((FxQ)n{Q(S®) >t}) Vs,t e R

3) Py (Q(S*) > t+u) < PHQ(=S) > t)+ P(Q(S) >u) VtueR

31



(4) If t,u € R are given numbers satisfying\;,,, € X p(X) , then we have
@ Pr(Q(S) > t+u) < PHQS) > t) + P*(Q(S) > u)
() P(Q(S*) > t +u) < PHQ(=S:) > 1) + P*(Q(S:) > u)
() B(s)P(Q(S)>s+t+u) < P(Q(S) >t)+ P*(Q(S) >u) Vs€R
(d) B(s)P(Q(S) > s+t+u) < P(Q(—S:) > 1)+ P*(Q(S:) >u) Vs e R

Remarks: (a): If ¢ and X are totally independent, then by Lem.2.1.5 and Thm.2.9.1
we see that condition (1) holds. In particular, we see that 6 satisfies condition
(1) forall 6 € E™. If Q(Ss) and Q(—Ss) are P-measurable and independent of

for all 6 € E" , then condition (1) holds trivially.

(b): Observe that the symmetrization inequalities (1), (2) and (3.a)—(3.d) hold far
beyond the standard hypotheses (4.A) or (4.B) and recall that Thm.3.4.4—7 provide
several criteria implyingA,+,, € ¥p(X) . In particular, we see that the symmetrization
the inequalities (4.a)—(3.d) hold for all, t, » € R in each of the following three cases.

(i): X* is totally symmetric; (ii): X1,..., X, are perfectly independent; (iii){A, £)
is a measurable linear space such t@ais £-measurable and(;, ..., X,, : @ — (A, £)
are independent random functions.

(c): Let Xi,....X, : Q@ — (RT,B") be stochastic processes and lét :=
X1+ ---+ X,, denote the sum process. By Def.4.1.7 we have following expressions
for the function (s) when @ is the sup-functional or the sup-norm

B) Q(f)=supr f = f(s) = tléljf; P(S(t) <s) VseR
® QUI=Iflr = A(s)=int (P(S() < ) AP(S() > —)} Ys€R

Proof: (2+3): Let s,t € R be given and let us definédj(w;,ws) :== X(w;) and
Si(wy,ws) == S(w;) for i =1,2 and (w1, wsz) € Qx Q. SinceY; H(4) = X~ 1(A)xQ
forall A C A", we see thatH x Q2 € Sp,(Y1) forall H € Sp(X) and by Thm.A.8

we have (H x Q), = H, xQ forall H C Q where H. denotes the’-kernel of H

and (H x Q). denotes thé>-kernel of H x ) . Hence, we see thall x Q2 € Cp,(Y7)

forall H € Cp(X) and since F € Cp(X) , we have thatF x Q € Cp,(Y71) . Since

Y, and Y, are independently defined, then by Thm.2.10.4 and Thm.2.6.2 we have
that (1pxq,S1) and Sy are totally independent and by Thm.A.8 we have

pls) = Jnf, Pr(y(S) < 5) = nf, Py(4(Sy) <s) VseR

Since S* = S; — Sy , we see that (2) follows from Lem.3.5.3 and Thm.A.8. (3) is an
immediate consequence of Thm.A.8 and subadditivity (@f.

(4): Suppose thatA;;, € ¥p(X) and let us defineB,, := {z € A" | Q,(—x) <
u} and Q,(z) := Q(x1+- - +xy,) forall x = (z1,...,2,) € A". Let x € Ayyy+ By
be given. Then the existy) € A,4; and z € B, such thatx =y + 2z and since
Q. is subadditive, we have

t+u< Qn(y) = Qn(x - Z) < Qn(x) +Qn(_z) < Qn(x) tu
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Hence, we see that\;,,, + B, C A; . Since X¢ is totally symmetric (see Thm.3.4.3),
we see that (4.a) follows from Thm.3.4.1. Let € E* be given. Since a constant
function is totally independent of any function, then by Thm.3.4.2 we have

Py(Q(S®) > t+u) < P*(Q(—Ss) > t) + P*(Q(Ss) >u) VoeE"

Hence, by we see that (4.b) follows from (1) and Thm.2.11.1. The inequalities (4.c+d)
are immediate consequences of (2), (4.a) and (4.b). O

Theorem 4.5: (The convex symmetrization inequalities) Let A be a vector space,
let X = (Xy,...,X,) be function from Q into A™ and let us defineS; :=
0HXi+ -+ 6,X, foral 6 = (61,...,6,) € E* . Let = C A" be a non-empty
set of linear functional such thatXy, ..., X,, have zerc=-means. LetQ : A — R
be an everkE-convex function and let = (¢1,...,2,) be a random function from2
into (E™, &™) satisfying

(1) = and Q(Ss+ pn)* are independent for allé € E* and all € A

Let us defineQs(z,y) := Q(z +y) forall (z,y) € A*> and S :=> ", X; and
S =3 o Xi forall o C {1,...,n} withthe conventions? := 0 . Then we have

(2) If 25* and 2(S — S*) are upper @Qz-independent for allaw C {1,...,n},
then we have

(a) E*Q<Z g Xi) < E*Q<2 > Xi)
i=1 i=1
(3) If 2(S,—pu) and 2(S—S%) are upper Qz-independent for alla C {1,...,n}
and all © € A, then we have

(@) E*Q<i§1Xi)SE*Q<221€¢(X¢—M)) Vg, .oy €A

(4) Let X*=(X{,...,X;) denote the standard symmetrization &f and let E;
denote the upper(P @ P)-expectation. If X* satisfies the following symmetry
condition

@) E;Q(E X) — E;Q(z 6in) Y (61,...,6,) € E
i=1 i=1
then the inequalities (2.a) and (3.a) hold

Remarks: (a): If ¢ and X are totally independent, then by Lem.2.1.5 and Thm.2.9.1
we see that condition (1) holds. In particular, we see that 6 satisfies condition
(1) for all 6 € E* . If Q(Ss — ) is P-measurable and independent of for all
(6,u) € E® x A, then condition (1) holds trivially.

(b): If Xy,...,X,, have zero=-means and: satisfies condition (1), then by
Thm.2.10.4 and Thm.3.4.5 we see that the inequalities (2.a) and (3.a) hold in each of
the following four cases. (i):X1,...,X,, are totally independent; (ii)):X* is totally
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symmetric; (iii): Xi,...,X,, are strictly perfectly independent; (iv){A,£) is a
measurable linear space such that is £-measurable andXy,..., X, : Q — (A, £)
are independent random functions. In particular, we see that the inequalities (2.a) and
(3.a) far beyond the standard hypotheses (4.A) or (4.B).

(c): Let T be a non-empty set and let;(f) := f(t) denote the projections on
R . Let ¢: [0,00] — R be an continuous function such thatis convex and finite on
[0,00) . Then Q(f) := ¢(||f||r) is a=-convex function where= := {+m; | t € T}
and if X = (X;) is a stochastic process, thex : @ — (R” B”) is a random
function and X has zero=-mean if and only if X, € L'(P) and EX, = 0 for
all t € T . Hence, we see that the inequalities (2.a) and (3.a) applies to stochastic
processes under the appropriate independence or symmetry hypotheses.

Proof: Since @ is an everE-convex function, we have-co < Q(0) = Q(3(u—u)) <
1Q(u) + 1Q(—u) = Q(u) forall u € A. Hence, we see thay := Q(0)~ is a
finite, non-negative number such th&(u) +¢ > 0 for all »w € A . Thus, without
loss of generality, we may assume that > 0 .

(2): Let 6 = (61,...,6,) € E" be agiven vector and let us define:= {i | 6; = 1}
and ¢ :={i| 6 = —1} . Then we haveS = S® + S” and Ss = S* — 57 . Since
X; has zero=-mean for all i = 1,...,n , we see that 2S¢ and 25° have
zero =-means. Since 25% = 2(S — $%) and 2S® = 2(S — S7) , then by the
assumption we see thatS® and 25”° are upperQ.-independent and tha2s” and
25% are upperQ;-independent. Since? is =-convex, then by Thm.4.3.2 we have
E*Q(258%) < E*Q(2S) and E*Q(25%) < E*Q(2S) and since 2S5 = 2(S« — S¥)
and @ is convex and even, then by Lem.A.5.1 we have

E*Q(Ss) < E*{$Q(25%) + $ Q(25”)}
< E*Q(25%) + 3 E*Q(25%)} < E*Q(25)

forall 6 € E* . Since Q > 0, we see that (2.a) follows from (1) and Thm.2.11.1.

(3): Let 6 = (61,...,0,) € E" be given and leta and § be defined as in the
proof of (2). Let u1,...,u, € A be given and let us defin@s := 61 1+ -+ 06n i -
By convexity of @ , we have

E*Q(S) < LE*Q(2(S™ — 11s)) + L E*Q(2(S” + p5))

Since S® = S—S” , then by assumption we have thats” +5) and 25 are upper
Qs-independent and since € £=(—25%) and 2(us — Ss) = 2(S” + us) — 25, then
by Thm.4.3.2 and-convexity of Q we have E*Q(2(S” 4 us)) < E*Q(2(us — Ss)) .

Since S” = S —S<, then by assumption we have thatS® — ;) and 2S° are upper
Qq-independent and sincé € £=(—25°) and 2(Ss — ps) = 2(S™ + us) — 257 , then
by Thm.4.3.2 an&-convexity of Q@ we have E*Q(2(S% — us)) < E*Q(2(Ss — us)) -

Since @ is an even function, we have

E*Q(S) < 5 E*Q(2(S” — ps)) + 3 E*Q(2(S” + ps)) < E*Q(2(S5 — ps))
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forall 6 € E* . Since Q > 0, we see that (3.a) follows from (1) andThm.2.11.1.

(4): Let 6 € E™ be given and let us defineSi(wy,ws) = S(w;) and
Si(wi,wa) == Ss(w;) for all (wi,w2) € 2 xQ and ¢ = 1,2 . Then S} and
S2 are independently defined and by Thm.A.8, we have that and S? have zero
=-means. Suppose that (4.a) holds. SinQe is even and convex, then by Thm.A.8
and Thm.4.3.2 we have

E"Q(Ss) = B5Q(S5) < E3Q(S5 — S§) = E3Q(S" — 5")
< 3 E5Q(25") + 5 B5Q(25") = E*Q(25)
Hence, we see that (2.a) follows from (1) and Thm.2.11.1. So suppose that (4.b) holds
and let yuy,...,u, € A be given. Let 6 = (61,...,6,) € E™ be given and let us

define ps := 611+ - -+ dn 1t - Since @ is even and convex, then by (4.b), Thm.A.8
and Thm.4.3.2 we have

EQ(S) = E3Q(S') < E5Q(S' — 8) = E5Q((S4 — s) — (S) — s))
< L E5Q(2(S) - 1s)) + L E3Q2(S] — 5)) = E"Q(2(S5 — ps)

Hence, we see that (3.a) follows from (1) and Thm.2.11. O

Theorem 4.6: (Ottavani's inequality) Let A be a vector space and lef) : A — R
and Xi,...,X, : Q — A be given functions where: > 2 is a given integer. Let
S; == X1+ ---+ X; denote the partial sums foil < i < n and let ); be a given
upper P envelope ofQ(S;) forall 1 <i < n. Let us define

To(w)=min{1 <i<n|Qi(w)>s} YweQ (min:=0c0)

Dy={(z,y) e A* | Qz —y) >t} , B(s,t) = 1<ii2nP(Qn >t Topr = 1)

forall s,t € R with the conventionP(F |G):=1 if F,G € Fp and P(G) =0. Let
s >0 and t € R be given numbers. Then we have the following Ottaviani inequalities:

@) Bl b) P*(llg%xn Q(S;) > s+ t) < P (Q(Sy) > 1)
(2) If @ issubadditive and{rs+; =i} and {Q(S;—S,)" < s} are non-negatively
correlated for all 1 < ¢ < n, then we have

(@ min P(Q(S; — Sn) < s) < f[(s,t)

1<i<n

(3) If @ is subadditive and{7,4; =i, Q(S; — S,) < s} and {Q(S; — S,) < s}
are non-negatively correlated for all < i < n , then we have

(@ min P*(Q(S; — Sn) < s) < f(s,t)

1<i<n
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(4) If Q=supyey ¢ for some non-empty set C RA of subadditive function and
(147, .=y » Si) and S; — S, are upperlp,-independent for alll < i < n,
then we have

in inf P*(¢(S; —S,) < s) < Jt
(@)  min inf (2( ) <s) < B(s,)

Remark: (a): Note that{r, =i} ={Q:>u, Q, <uV1<v<i} forall veR

and all i =1,...,n and since @, is an upperP-envelope of Q(X; +---+ X,) ,

then by Lem.2.1.5 we have

6) {ru=1} € Ap(Xy,.... Xi) N Lp(X1,..., X;) No(Q1,-... Qi)
6) {r.=1,Q(S;) € A} € Ap(Xy,..., X)) VACR
(7) {Q(Si = Sn) € A} € Sp(Xiy1,..., Xp) € Ap(Xip1,..., X)) VACR

forall ueR andall i=1,...,n. Let ¥ CR" be a given family of subadditive
functions and let3, , 5* and g denote the functions on the left hand sides of (2)—(4):

(8) [Fi(s) = min Pu(Q(S; — Sn) <s) , [%(s) = min P*(Q(S; — Sp) < s)

1<i<n 1<i<n

(9)  Fuls) = min Jnf P (¥(Si = Sn) < 5)

forall s € R. Then we havej.(s) < 3*(s) forall s€ R andif Q = sup ey ¢,
then we have §*(s) < fy(s) for all s € R . Moreover, under the appropriate
independence conditions we have that Ottaviani's inequality (1) holds with, ¢)
replaced by f.(s) or [*(s) or pPg(s) . In the literature, Ottiviani's inequality
(1) is proved under the standard hypotheses (4.A) or (4.B) with the constantt)
replaced by f.(s) .

(b): Suppose that@ is subadditive. If (Q1,...,Q;) and Q(S; — S,)* are
independent for alll < i < n , then by (2) and (5) we see that Ottiviani’s inequality
(1) holds for all s >0 and all t € R with the constantj(s,t) replaced by 5.(s) .

If Xi,...,X, are totally independent, then by (3), (6), (7), Thm.2.9.4 and Thm.2.10.4
we see that Ottiviani’s inequality (1) holds for alf > 0 and all ¢ € R with the
constant f(s,t) replaced by f.(s) .

(c): Suppose thatQ = supg ¢ for some family ¥ C R* of subadditive
functions. If Xy,..., X, are perfectly independent, then by (4), (5), (7), Thm.2.10.4
and Thm.2.6.2 we see that Ottiviani’s inequality (1) holds foralb 0 and all t € R
with the constant 5(s,¢) replaced by Sy (s) . In particular, we see that Ottiviani's
inequality holds far beyond the standard hypotheses (4.A) or (4.B) and with a larger
constant than the usual Ottaviani constant(s) . If Xj,..., X, are stochastic
processes with parameter sét and @ = || - ||z is the sup-norm, then by Def.4.7.1
we see that the functiong’, , * and (g take the following forms:

* = i * i On < 5 * = ] - i Pn <
(10) Bi(s) @lgnp(ﬂs Sallr <s) . B*(s) in P ([1Si = Sallr <'s)
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(11) Pu(s) = @ign gg{ P(Si(t) = Su(t) < s) A P(Sn(t) — Si(t) < s)}

In particular, we see that the usual Ottaviani constants) is in general much smaller
than fy(s) .

Proof: (1): Let us defineM™ := maxi<;<, Q; . Since s > 0, then by the definition
of 754, we have {7,y < n} C{Q, >s+t} C{Q, >t} andsincef(s,t) <1,
then by the definition of3(s,t) we have 3(s,t) P(154¢ =) < P(T544 =1, Qpn > t)
forall 1 <i <n . By the definition of 754, , we have {754, < n} ={M" > s+1t} .
So we have

Ps,t) P(IM™ > s+ 1) = [(s,t) 32 P(rsws =1) < 30 P(Ters =i, Qu > 1)
i=1 i=1
< P(Qn > 1)
and since @,, is an upperP-envelope of Q(S,) and M" is an upperP-envelope
of maxj<i<, Q(S;) (see Lem.A.4.3), we see that (1) holds.

(2)—(4): Let 1 < i < n be given. By the definition of 754+; , we have
{re4t+ =i} C{Q; > s+t} andsinceS,, = S;—(S; —S,) , we see that (2)—(4) follow
from Lem.3.5 with (S1, S, F) := (S;,S; — Sp, {7541 = i} . O

Corollary 4.7: (L évy’s inequality) Let us consider the scenario of Thm.4.6 and let
us adopt the notation of Thm.4.6. Let us defifig, := 2S5; — S,, and let @,; is an
upper P-envelope of Q(S,;) forall 1 <i<n. Let t € R be a given number.
Then LEvy’s inequality:

L) P*( max Q(S;) > t) < 2P*(S, > 1)

1<i<n

holds in each of the following four cases

(A) @ is a quasiconvex function satisfying
(i) PYQn<t,Q(Sn)>t, nm=10)<P(Q,>t, n=1) ¥YV1<i<n

(B) @ is a subadditive function such thafr = i} and {Q(S; — S,)* < 0} are
non-negatively correlated and.(Q(S; — S,,) < 0) > % forall 1<i<n

(C) @ isasubadditive function such that; =i, Q(S;) > t} and {Q(S;—S,)* < 0}
are non-negatively correlated an®*(Q(S; — S,) < 0) > % forall 1<i<n

(D) @ =supyey ¥ for some non-empty set C R” of subadditive functions and
() (L4,=3,5) and S; — S, are upperl p,-independent for alll <i <n
(i) P*W(Si—S,)<0) >3 VI<i<nVyeWU
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Remarks: (a): Suppose that) is quasiconvex and let us defin& := (Xy,..., X,)
and X' := (X1,...,X;,—Xit1,...,—X,) forall 1 <i< n. Bycase (A), it
follows easily that Evy’s inequality (1) holds for allt € R in each of the following
three cases. (i): The random vecto(®1,...,Q;, Q) and (Q1,...,Q:, Q) have
the same distribution for alll < i < n ; (i): X and X! have the same outer
distribution for all 1 < i < n; (iii): (A,£) is a measurable linear space such that
Q@ is L-measurable, Xq,..., X, : @ — (A,£) are independent random functions
and X is £-symmetric.

(b): Suppose that) is subadditive. By the cases (B) and (C), it follows easily
that Lévy’s inequality (1) holds for allt € R in each of the following three cases. (i):
(Q1,...,Qi) and Q(S; —S,)* are independent and,(Q(S; — S,,) <0) > 1 for all
1<i<mn; (i) Xi,...,X, are totally independent and®*(Q(S; — S,) < 0) > %
forall 1 <i < n; (i) (A, L) is a measurable linear space such that is
L-measurable, Xy,..., X,, : Q@ — (A,£) are independent random functions and
P(Q(S; —S,) <0) >4 forall 1<i<n.

(c): Suppose that@ = supycy ¢ for some non-empty family ¥ C R of
subadditive functions. By case (D), it follows easily thavl’s inequality (1) holds for
all t € R in each of the following two cases. (i)Xy, ..., X, are perfectly independent
and P*(¢(S; —S,) <0)> 1 forall 1<i<n andall v € ¥ ; (i) (A L) is
a measurable linear space such th@t is £-measurable, X,..., X,, : Q@ — (A, £)
are independent random functions aé((S; — S,,) < 0) > L forall 1<i<n

2
and all ¢ € ¥ .

(d): Let Xy,...,X, be stochastic processes with parameter gét and let
Q=] - ||z be the sup-norm. If0 is a median of the random variabl§;(t) — S,,(¢)
forall teT andall 1 <i < n, then under the independence condition (D.i) (for
instance, if Xy,...,X,, are perfectly independent) we have

) P*( max || S| > t) < 2P*(||Syllr > t) VteR

1<i<n

Similarly, if @ = supy is the sup-functional andP(S;(t) — S,(t) < 0) > 1 for all
teT andall 1 <i<n, then under the independence condition (D.i) (for instance,
if Xip,...,X,) are perfectly independent) we have

(3) P*<112a<x supp S; > t) < 2P*(supp S, >t) VteR

(e): In the literature, Bvy’s inequality (1) is proved the standard hypotheses (4.A)
or (4,B) plus some strong symmetry assumptions &n, ..., X,, , for instance total
symmetry or “symmetry” in the sense of [4; p.289]. In view of the remarks to Thm.4.6,
we see that eVy’s inequality holds far beyond the standard hypotheses. Note e¢lgitd.”
inequality (1) is a consequence of Ottaviani’s inequality Thm.4.6.1 (with, ) > % ).
In the literature, two inequalities are proved separately under the standard hypotheses
(4.A) or (4.B) with @ being a seminorm — the reason being thatjf is a seminorm,
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then the usual Ottavani constan.(0) := min;<i<, P«(Q(S; —Sy,) =0) is in general
too small to be of interest (see the remarks to Thm.4.6).

(M: In the literature, there some confusion about the precise conditions for the
validity of Lévy’s inequality. The proofs | have found, all relies on the (implicit or
explicit) assumption that(Q1,...,Q;,®@,) and (Qi,...,Q;, Qi) have the same
distribution for all 1 < i < n . Consider the example in Def.3.1. TheX; and
X, are independently defined stochastic processes with the same outer distribution and
Xi(t) and X(t) are symmetric random variables for alle 7' . Hence, we see that
(2) holds with » = 2 . However, the function{( and f may be chosen such that
|| X1+ Xo||y and ||X; — Xa||y are measurable but dwt have the same distribution
which means the standard proof oé\y’s maximal inequality breaks down. However,
Lévy’s inequality (2) do hold but for different reasons.

Proof: By Thm.4.6.1, it suffices to show that(0,¢) > % in of the four cases listed

in the corollary. Note that the cases (B)—(D) follow directly from Thm.4.6..2—-4. So
suppose that) is a quasiconvex function satisfying (A.i) and lét< i < n be given.
Since S; = % (Sn+Sni) and @, > Q(S,) a.s., then by quasiconvexity @ , we have
Q(S;) <Q(Sn) VQ(Shi) < QnVQ(Sy) a.s. and since®),, is an upperP-envelope

of Q(S,) and {r =i} C {Q; >t} , then by (A.i) and Lem.A.5.5+10 we have

Plr=i)= P (r =i, Q(S) > 1)
SP(Tt:iaQn>t)+P*(Tt:iaQngtaQ(Sm’)>t)
< QJD(H ::i,(Qn >’w

Hence, we see tha’(Q, >t | n =i) > 1 forall 1 <i<n;thatis, 5(0,t) > 3
and so we see that case (A) follows from Thm.4.6.1. O

Theorem 4.8: (The exponential inequality) Let A be a vector given space, let
Q@ : A — [0,00] be a non-negative subadditive function and I&,..., X,, : Q — A
be given functions where > 2 is a given integer. LetS; := X, +---+ X, denote the
partial sums and let; denote an uppeP-envelope ofQ(S;) forall i =1,...,n.

If 1 <i<n isagiven integer ands,t € R are given numbers, we define

Ts(w):=min{l <i<n|Qi(w)>s} YweQVseR (min 0 :=0c0)

Ly = max Q(X,) , M,:= max Q(S,) , Ri:= max Q(S, —5;)

1<v<n 1<v<n i<v<n
(s, t) = joax PR} >s |17 =1), 7(s) = nax P*(R; > s)
w(s,t) = lIélia<XnP(Q(Sn =S >s|m=1), p(s)= nax. P*(Q(Sn — Si) > s)

with the conventionP(F | G) := 0 if F,G € Fp and P(G) =0 where Y* as
usual denote the (a.s. unique) upp@renvelope ofY € R . Then we have

(1) P (Mn>7r+s+1t) <P (Lyp>7)+9(s,t) P(My > 1) Vr,5,6>0
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(2) P*(Q(Sn) >r+s+t) < P*(Ly,>r)+ u(s, t) P(M, >t) Vr,s,t >0

(3 ho(s) < vl(s) < P(M, > 3) VYs>0

(4) If (Qi1,...,Q;) and R; are independent for alll < i < n, then we have
@ P*(Mp>r+s+t) < P(Ly>71)+7(s) P (M, >t) Vr,s,t >0
(b) P*(M, >r+3t) < P*(L, >7)+ P*(M, >t)? Vr,t >0

(5) If (Q1,...,Q;) and Q(S, — S;)* are independent for alll <i < n , then for
all non-negative numbers-, s,t > 0 we have

@ P*Q(Sn) >r+s+t) < P(L,>r)+ po(s) P*(M, > t)
(b)  P*Q(S,) > r+3t) < P*(L, > 1)+ P*(Q(S,) > t) P*(M, > 1)

Remarks (a): If Xy,...,X, are totally independent, then by Thm.2.10.3 and
Thm.2.9.1 we see that the exponential inequalities (4.a) and (5.a) hold\,If) is a
measurable linear space such that is £-measurable andX;,..., X, : Q — (A, £)

are independent random functions, we see that the exponential inequalities (4.a) and
(5.a) hold. In particular, we that the exponential inequalities (4.a) and (5.a) holds far
beyond the standard hypotheses (4.A) or (4,B).

(b): By (4.b), we see that under the independence hypotheses of (4) we have that
the tail distribution of M,, is dominated by the tail distribution of_,, plus a term
which decreases exponentially fast to zero. L#ts,¢) denote the Ottaviani constant
from Thm.4.6 and suppose thaX,..., X, satisfies the independence hypothesis of
(5). If s >0 be a given number such that := inf;>¢ 5(s,t) > 0, then by (5.b)
and Thm.4.6.1 we have

(6) P(Q(Sn) >r+s+3t) < P*(L, >7)+ 2P*Q(Sy) > 1) Vr,t>0

which means that the tail distribution of)(S,) is dominated by the tail distribution
of L, plus a term which decreases exponentially fast to zero.

Proof: Letus defineQy = R, = R} :=0, M’ = —co and M’ := maxj<,<; Q,
forall 1 <i<n. ByLem.A.4.3, we have thatM™ is an upperP-envelope of
M, := maxj<i<, Q(S;) . Since S, = X; + (S, — S1) and @ is non-negative and
subadditive, we haveQ(S,) < L, + R; forall 1 <v <n and since Qy =0,
we have Q, < Qo+ L, + R} as. forall 1 <v <n. Let 1 <i<n be given.
Since R, =0, S, =S;i-1+X;+(S,—S;) and @ is non-negative subadditive,
we have Q(S,) < Q(Si—1) + L, + R; forall 1 <i < v <n. Hence, we have
Q, < Qi1+ L5+ R as. forall 1 <i<wv<mn andsince M :=0, we have

() M"<M7'v(Q-1+Li+R) as. Vi=1,...,n
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Let us definelU, := 0 and U; := Q(S,,—S;)* forall 1 <i<n. Since @y =0 and
@ is non-negative and subadditive, then as above we obtain the following inequality:

(i) Q.<Q1+L;+U; as. Vi=1,...,n

(1): Let r,s,t > 0 be given numbers and let < < n be a given integer. Since
Qi—1(w) < Mi—Y(w) <t forall we {r, =i} and r+s+t>t, then by (i) we have

{nm=i, M">r+s+t}C{n=1i, L, >r}U{n =1, R} > s}
Hence, we have
Pn=i,M">r+s+t)<P(n=i,L,>r)+P(rn=1i, R >5s)
and since R,, = 0 , then by Lem.A.5+10 we have
P(rn=1, R, >s)=P*(ry =1, Ry >s) <7(s,t) P(ry =1)

Since r+s+t>t,we have {r <n} ={M" >t} DO {M"”>r+s+t} and
since L7 and M"™ are upperP-envelopes of L,, and M, = maxj<,<n, Q(S)) ,
then by Lem.A.4.5 we have

P (M, >r+s+t)=PM">r+s+t)=P(n<n, M">r+s+t)

=Y Pln=i,M">r+s+t)< > Pln=1, L, >r)+ (s, t) > P(ry =)
i=1 i=1 i=1
< P(Ly, > 1) +7(s,t) P(M™ > t) = P*(Ly, > 1) 4+ 7(s,t) P*(My, > 1)
which proves (1).
(2): Let r,s,t > 0 be given numbers and let < < n be a given integer. Since
RY =0, then applying (i) in the same manner as in the proof of (1), we have

P(Tt:i, Qn>r+s+t)§P(Tt:i, LZ>7’)+P(7}:Z., Ui>8>
< P(r=1i, L >r)+u(s,t) P(r = i)
and since {r; < n} = {M" >t} D {Q, > r+ s+t} , we see that (2) follows in
the same manner as in the proof of (1).

(3): Since R; > Q(S, — S;) forall 1 <i<n,we see that the first inequality
in (3) holds. By subadditivity of @ , we have R; < 2 M, forall 1 <i<n and
so we see that the second inequality in (3) holds.

(4): Let r,s,t >0 and 1 <i < n be given. By the definition ofr; , we see

that {r, =i} € 0(Q1,...,Q;) and since (Q1,...,Q;) and R’ are independent,
then Lem.A.5.5+10 and Lem.A.4.5 we have

P(rn=i,R;>s)=P(nn=1i, R’ >s)=P(r,=1) - P(R} > s)
=P(rp=1)- P"(R; > s) < v(s) P(ry = 1)

Hence, we havey,(s) > 7(s,t) and so we see that (4.a) follows from (1), and by (3)
we see that (4.b) follows from (4.a) withs := 2¢ .

(5): Follows from (2) and (3) in the same manner as in the proof of (4). O
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Definition 4.9: (Covering and packing numbers) It is well-known that subgaussian
inequalities are closely related to covering and packing numbers on semi-metric space.
Recall that asemi-metricon the set S is a function d : S x S — [0, 00] satisfying
d(s,s) =0 and d(s,t) =d(t,s) < d(s,u) + d(u,t) forall s,t,uecS.

Let (S,d) be a semi-metric space, let C S be given subset ofS and letr > 0
be given non-negative number. Then we deflmi-covering numberN,(r, A) to the
smallest number of closed balls of radii and centers inA needed to coverA with
the convention thatV,(r,0)) := 0 and Ny(r, A) := oo if A cannot be covered by a
finite number of closed balls of radir with centersin A . Aset FFC S is called
r-separatedf d(s,t) > r forall s,t € F with s # ¢ . We definethe d-packing
numberto be the supremum oflF'| where F runs through all-separated subsets
of A and |F| denotes the number of elements iR . The covering and packing
numbers are related by the following well-known (and easy) inequalities:

(1) Dd(2T> A) < Nd(T, A) < Dd(T, A) VA C SVr >0

Let diam A := sup,,c4 d(s,t) denotesthe diameterof A (with the convention
diam@ :=0). If A#0,then we haveDy(r, A) = Ny(r,A) =1 forall r > diam A
and Dy(r,A) > 2 forall 0 <r < diam A . We shall in particular consider covering
and packing numbers oR"™ with respect to thg?-norms:

n 1
@) Nl = max foil  llellg = { X laal?} i 1< <00

If p(A) :=sup, yea ||z —yllo denote the]| - |[-diameter of A and (y) denotes
the smallest integer> y for all y € R, then we have

3 ezl < flzfly < ne7aflafly Vo e R"VI<p<g< oo
(4) Ny, (r,A) <Ny (rA) < N”_Hq(nz%_ér, A) Vr>0V1<p<qg<oo

5) Dy, (rA) <Dy (r,A) <Dy, (n%_%r,A) Vr>0V1<p<g<oo

(6) Nl\.|\q(T,A)§<nzl7p(A)>n Vr >0V1 <p<oo

r

Definition 4.10: (The subvariance) Let X : 2 — R be a random variable and let
Lx(s) := Fe*X denotethe Laplace transfornof X . Recall thatthe subvariancef
X is defined to be the smallest numbef > 0 for which the Laplace transfornt. x

is dominated by the Laplace transform of the normal distributidity, %) for some
1w € R ; that is (see [pvs.1; (4.29) p.303-304)):

(1) ¥(X):=inf{oc>0]3uecR sothat Ly(s) <e+:7 % vse R}
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If ~(X) < oo, we say that X is subgaussian If X is subgaussian, we see
that the Laplace transform ofX is finite on R and thatX has finite moments of

all orders. The subvariance is always greater than or equal to the ordinary variance
and the subvariance shares many properties with the ordinary variance (see [7; (4.30)
p.304-305] and [6; p.123-129]). Lef/X||x denote the Orlicz’ norm of X' with
respect to the Orlicz’ functionex(s) := e — 1. Then we have

(2) ~(X) < oo isandonlyif || X|lex < co and if so, then we have
@ PX-EX>s)<em0% | P(X—EX < —s)<e 0% Vs> 0
(b) P(X - EX|>s)<2e70° Vs>0
(© P(X|>s) < 2exp(—57) Vs> 0VA> | Xl

(d) YO <X - BX e < v/67(X)

(3) If e =(ey,...,e,) Iis a Bernoulli vector, then we have

n n

(@) 7(2 6¢xi) = V&r(Z 6¢xi) = zz; 2 V(x1,...,7,) €R

Theorem 4.11: (The Bernoulli process) Let ¢ = (¢4,...,2,) be a Bernoulli vector
and let us consider the Bernoulli proceds(x) := > | ¢;a; for = (21,...,2,) €

R" . Let A C R" be a given non-empty set, leV;(r) denote thg| - ||;-covering
number of A, let DS(r) denote thd| - ||2-packing number ofA° := AU {0} and

let us defined,(r) := 1V log Ni(r) and

Ba :=sup |B(z)|, p:= sup ||z —ylle, w:=sup||z|z , u(r):=0i(r) w?
z€A x,y€A° z€A

forall » > 0. Then B, is P-measurable and we have

(1) P(BA>T+t)§2exp{logN1(r)—%} Vrt>0

t2
(2) P(Bg>r+t)<2e exp{—m} Vot >0
P
(3)  |IBallex < 16 Jé/ Vlog D3(t) dt
0
9 P
4) P(By>t) <2 exp(—#) Vt>0 where J := 8\/6/ log D3(t) dt
0

Remarks: (a): Note that B(x) = = e x where (z ey) denotes the inner product
on R" . Hence, if M4(y) := sup,c4 |z ®y| denotethe Minkowski functionabf A ,

we have B4 = M4(¢) . Since M, is a lower semicontinuous seminorm cR” ,

we see thatB 4 is P-measurable and ifC' denotes the smallest closed, symmetric,
convex set containingA , then we have M ,4(y) = Mqc(y) for all y € R* and
By = Be = Mc(e) = supyecle o 2] .
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(b): Suppose thatd is bounded, let/’ denote the closed convex hull ol and
let A¢ denote the set of extreme point df . Then A¢ is contained in the closure
of A and K is the closed convex hull ofA¢ . Hence, we haveB, = B4 and
the inequalities (1)—(4) hold if we replacel by A°¢ . Since A° is contained in the
closure of A , we have that the covering and packing numberA4f is smaller than
the covering and packing number afi and since A¢ is contained in the relative
boundary of K , we see that the covering and packing numberAsf is at least one
order less that than the covering and packing number/of.

(c): The inequality (1) implies the inequality (2). The inequalities (2) and (4) are
not really comparable but in some sense (4) is stronger than (2). In the literature, there
exists a variety of Gaussian estimates of the tail distributiorBof including various
variants of the inequalities (1)—(4).

Proof: (1): As remarked above, we have thBty is P-measurable. Let,t > 0 be
given and let H(r,t) denote the expression on the right hand side of (L)wlf oo ,
then A is unbounded and we haveVi(r) = oo ; that is, H(s,t) = co and so
we see that (1) holds. Ifw = 0, then A = {0} and B4 = 0 and so we see
that (1) holds. If w > 0 and Ni(r) = oo , then H(r,t) = co and (1) holds.
So suppose that) < w < oo and k := Ni(r,A) < oo . Then there exists closed
|| - ||1-balls By, ..., B, ofradii r and centersay,...,a; belonging to A such that
ACByU---UBy, . Let x € A be given. Then there exists an integér< v < k
such that ||z — a,|]1 < r . Since B(x) islinearin = and |B(z)| < ||z||1 , we have

|B(2)| < |B(x — ay)| + |B(av)| < [l = aylly + [Blay)| < 7+ [Blay)]

Hence, we see thatB, < s 4 max;<,<;|B(a,)| and since a, € A, we have
llav|]2 < w and so by Def.4.10.2+3 we have

k

PBsy>r+1) < P(lréllii%(k Bla,) > 1) < > P(1B(a)| > o)

k
<23 exp(—5he) = HO)

v=1
which proves (1).

(2): Let r,t > 0 be given. If #?T) < 1, then the right hand side of (2) i& 2

and so we see that (2) holds. So suppose % > 1. Since 6;(r) > 1, we have

log Ni(s) = 5z < 01(r) = 5z = 01(r) (1= 345 ) <1— 755

and so we see that (2) follows from (1).

(3): By Def.4.10.2+3, we havél B(2)—B(y)||ex < V6 ||z—y||2 forall z,y € R™ .
Since 0 € A° and B(0) =0, we see that (3) follows from [15; Cor.2.2.5 p.98] (the
constant 16 v/6 is not explicitly stated in [15] but an inspection of the proof gives
the constant 16 /6 ).

(4): Immediate consequence of (3) and Def.4.10.2. I
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Theorem 4.12: (Subgaussian inequalities) Let 7' be a non-empty set and let
X1,..., X, : Q— (RT,B”) be stochastic processes. L&f¢ = (X¥,..., X¢) denote
the Bernoulli symmetrization ok = (Xy,...,X,,) andlet S:= X; +---+ X,, and
5S¢ := X| +---+ X, denote the sum process and the symmetrized sum process. Let
1, .., e € RT be given functions and let us define

Rx(y,w):=B"(6 € E" | || X(b,w)|l7 >s) YVy>0VweQ

n

Sult) = 3 (6(8) = i)+ Buls) = inf {P(Su(D) < ) A P(Su(1) 2 ~9))

forall t €T andall s > 0. Suppose that the following two conditions hold:

(1) ||t Xy + -+ 6, Xy ||7 is P-measurable for all (6y,...,6,) € E”

) { (w1, un) € RO Jur + -+ +upllr > s} € Ep(X) Vs >0
Then Rx(y, -) is P-measurable for ally > 0 and we have
(@)  Buls) P*(||Sull7 > s +2y) <2FERx(y) Vs,y>0

Let C,r > 0 be a given non-negative numbers and [Et: Q — [0,cc] be a given
function satisfying

@) Rx(r+y,w)<C exp(—%) Vy>0VweQ

If V. is alowerP-envelope ofV and @, is an upperP-envelope of||S,||r , then
for all non-negative numberss,y > 0 we have

(5) Buls)P(Q, > s+2r+2y) <20FE, exp(—%) = 2CEexp<—%)
6)  Buls) P*(Qu > s+2r+2y) <20 P(Vy > 2) + 2C exp(—%) V>0

Let f:[0,00) — [0,00) be a increasing right continuous function such that0) = 0
and let f°(x) denote the following Gaussian transform ¢f:

M) P = [ e i) Vo< <o
If we define f(oc0) := lim,—~ f(x) , then we have

) Gu(s) Ef( 3@ —s—21)F) <20 Bf(V.) Vs >0
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Remarks: (a): The measurability condition (1) in Thm.4.11 goes under several names
in the literature; for instancepermissible admissibleor measurable If B is a
Blackwell o-algebra on 7' such that X;(t,w) is (B @ Fp)-measurable for all

1 <i < n, then the projection theorem for Blackwell spaces (see Appendix B) shows
that condition (1) holds. IfX,..., X,, satisfies the following separability condition:

(9) There exists a countable non-empty sbtC T satisfying

=1 =1

a.s. V(61,...,6,) € E"
T

D

then condition (1) trivially. Note that condition (9) holds if" is countable or more
generally if 7" is a separable topological space such th&t,..., X,, have a.s.
continuous sample paths. In [9; Appendix F p.262-276], you will a series of criteria
implying condition (1).

(b): Recall that Thm.3.4.5-7 gives several criteria implying condition (2). Note
that P*(||S,llr > s) = P(Q, > s) < P(Q, > s) . Hence, we see that (5) gives
an upper estimate of the tail probability’*(||S,||7 > s + 2r 4+ 2y) in terms of the
lower expectation ofexp (—%) . It is remarkable and unusual that we may estimate
an upper probability in terms of a lower expectation and it means that measurability
of V is not an issue here.

(c): Note that || X¢(-,w)||r = B4, where B, is defined as in Thm.4.11 and
Ay, ={X(t,w) |t e T} CR" forall we Q. Hence, by (3) we see that any estimate
of the upper tail distribution of the absolute maximum of the Bernoulli process gives
an associated estimate of the upper tail distribution||sf,||r . Let w € Q be given
and let ¢ and d5 denote the following (random) semi-metric ofi :

0 (u, v) = §:|X¢(u,w) — Xi(,0)] = [ X(0,w) = X(0,0)|1 Yu,0€T

=1
ds(u,v) = \/Z|X¢(u,w) — Xi(v,w)]? = | X(v,w) — X(v,w)|ly Yu,veT
=1

Let Ni(r,w) denote thed{-covering number of 7' and let D;(r,w) denote the
ds-packing number of T . If we define

01(r,w) =1Vlog Ni(r,w), W(w) = ?1611131 / éXi(t,w)Q , Vi w) =601 (r,w) W(w)?

p(w)
pw)=W(w)V sup d¥(u,v) , J(w)=38 \/8/0 Vlog (1 + Da(s,w)) ds

u,vEeT

forall » >0 andall we 2, then by Thm.4.11 we see that condition (4) holds with
and (C,r,V) := (2¢,r,V(r)) forall r >0 and with (C,r,V):=(2,0,J) . In
particular, we see that the inequalities (5), (6) and (8) holds for every fixed) with
V:=V(r) and C :=2¢ and that inequalities (5), (6) and (8) holds with:= 0 with
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V:=J and C :=2. In[13; p.35-42], [15] and [4]. the inequalities (5) an (6) for
these two cases has be proved more or less explicitly under the hypotheses (1), (4.A)
and under some measurability assumptions 6(r) or .J . However, as remarked
above measurability ofV’(r) or .J is notan issue here.

(c): Let f:[0,00) — [0,00) be a increasing right continuous function such that
f(0) =0 and let f°(xz) denotethe Gaussian transforrof f given by (7). Since
f(0) =0 and exp(—%) =0 forall y> 0, we see thatf°(0) = 0 and since
exp(—g.—i) =1 forall y >0, we see thatf°(cc) = f(co) . Note that we have the
following Gaussian transforms:

fx)=e = foz)=

where T'(x) is the gamma function ancbrf(z) := (2r)~1/2 [ e=v"/2dy is error
function. Hence, we see that (8) delivers various moment and exponential moment
estimations of the uppeP-envelope of ||S,||r .

Proof: (3): Let us define (Q, F,P) := (E" x Q,"® F,B" @ P) . Let s,y > 0
be given and letw € © be fixed for a moment. By (1), we see thatSc (6, w)||r
is (€™ @ Fp)-measurable. So by Fubini’s theorem, we have that (y, -) is P-
measurable and we have

P(||5|l7 > ) = /QB”( 15C- )l > y) Pdw) = ERx(y)

Let X° denote the standard symmetrization &f and let S° := X{ +---+ X,
denote the symmetrized sum. Note thak® is the standard symmetrization of
Y = (X1 — p1,..., X — ) and by the definition of ¥p(X) , it follows easily
that ¥p(X) = Xp(Y) . So by (2) and Thm.4.4.4c, we have

Bu() P*(|[Sullr > 5 +2y) < 2 P*(|S||7 > y) < 2 ERx(y)

which proves (3).

(5): Let s > 0 be given. Sincev ~ exp(—%) is increasing and continuous
on [0, 0] , we see that the last equality in (5) follows from Lem.A.4.4 and Lem.A.5.1.
By (3), (4) and Lem.A.5.5 we have

Bu() P(Qu > 5+ 21 +29) = Bu(s) P*(ISullr > s+ 2r + 29) < 2C Eexp(— ;)
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2
forall y > 0 and since y ~ exp(—3-) is decreasing, bounded and continuous on
[0,00) , we see that the last expression is continuoug inHence, we see that (5) holds.

(6): Sincex ~ exp(—%) is increasing on0, o] , we see that (6) follows from (5).
(8): Let s >0 be given and let us defindV := 3 (Q, — s — 2r)" . By (5). (7),
Thm.A.3.5 and Fubini’'s theorem, we have

20 Ef*(V,) = 2C /OOO E{exp(—%)} F(dy)

> 0,0s) [ PQ 2 sk 204 20) fldy) = () B (5 (Q - 5 200

which proves (8). U

A. Appendix: Upper and lower expectations This appendix contains a
brief summary of the fundamental rules of calculus for upper and lower expectations
and envelopes. Let(Q2, 7, P) be a given probability space, fixed throughout this
appendix. We let(Q2, Fp, P) the completiorof (Q,F, P) and we let M(P) denote
the set of allFp-measurable functions fronf) into the extended real lindR . We let
L(P) denote the set of all random variable§ € M (P) for which the expectation
EX exists but possibly equal taccc and we let L1 (P) denote the set of all random

variables X € L(P) with finite expectation.
We extend the multiplication orR. to the extended real lindR as follows

00 if 0<a<o -0 fo0<a<o
a-oo::{O if a=0 : a-(—oo)::{o if a=0
—o00 If —c0o<a<0 00 if —0o<a<0

and we define-:=0, 1 :=cc and ¢ :=a-1 . We extend the addition as follows
a+oo:=o00 if —oo<a<oo and a+ (—):=—o0 if —oo <a < oo. This
defines a« + b whenevera + b is not on the formoo + (—o0) or (—oc) 4+ 0o . We
shall consider the following three conventions for the remaining case:

00+ (—00) := 00 , 00+ (—00):=—00 , 00+ (—00):=0

and we definea+b and a+ b and a+b according to these conventions. Moreover,
we definea —b:=a+(-b) and a —b:=a+ (=b) and a—b:=a+(—b) . Observe
that + and + are commutative and associative Imat distributive and that+ is
commutative and distributive butot associative.

Recall that the outer and inner probabilitied®* and P, are given by
(Al) P*A)=if{P(F)|FeF,  FD>A} YACQ
(A2) P(A):=sup{P(F)|FeF, FCA} VACQ
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If u is an arbitrary measure o2, F) , we define outer and inner measurgs(A)
and 1.(A) similarly, and we define

(A3) o(A) =sup{(F) | FeF, WF)<oo, FCA} VACQ

Note that 11, < p with equality if and only if i is finitely foundedi.e. if x has no
infinite atoms; see [7; (3.15+16) p.171-172]). Recall thgt and E, are given by
(A.4) / XdP =FE*X :=inf{EY |Y € L'(P), Y > X a.s}

(A.5) /XdP = EX :=sup{EY |Y € L'(P), Y < X as}

with the usual conventionsnf () := co and sup # := —co . If p is an arbitrary
measure on (2, F) , we define [* X du and [, X du similarly.

If X ¢ R%,welet X* and X, denotethe upperandlower P-envelopesf
X ; that is, the a.s. unique function¥X™* and X, satisfying

(A6) X*e M(P), X*>X as. andifU € M(P) is any given random variable
satisfying U > X a.s., then we havell > X* a.s.

(A7) X.eM(P), X, <X as. andifU € M(P) is any given random variable
satisfying U < X a.s., then we havell < X, a.s.

If ACQ,welet A* and A, denotethe P-hull and P-kernel of A; that is, the
a.s. unique setsA* and A, satisfying

(A.8) A*e€ Fp , A* D A as. and P(4*) = P*(A)
(A9) A. e Fp , A.C A as. and P(A,) = P.(A)

Lemma A.1: (The calculus of outer and inner probabilities) We have the follow-
ing rules of calculus for outer and inner probabilities:

(1) P* is o-subadditive on2® and P, is o-superaddtive on2® and we have
(@ Pu(A)=1—P*(A) , P*(A°)=1—-P.(A) VACQ

(2) P.(A) < P.(ANB)+ P*(A\ B) < P*(A) YA BCQ

(3) P(F)=P,(FNnA) +PF\A) VYFeFpVACQ

(4) P.(A)+ P(B) < P(ANB)+P(AUB) VA BCQ

(5) P*(ANB)+ P*(AUB) < P*(A)+ P*(B) YA,BCQ

(6) If A, T A,then P*(A,) T P*(A)
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(7) If A, | A, then P,(A,) | P.(A)
(8) If A C Q isany given set, then the set functions:
(@) Pu(F):=PJ(FnA) and PA(F):= P*(FnA) for F € Fp
are finite measures o2, Fp) such that P4(Q) = P.(A) and P4(Q) = P*(A)

Remark: The lemma is well-known and the proof is straight forward. U

Lemma A.2: (The calculus of upper and lower expectations) We have the follow-
ing rules of calculus for upper and lower expectations:

(1) E*X =FE*XtT-E.X" |, B, X =E.XT —E* X~
2) : :
<EY(X+4Y)<E'X+EY

() E*X = lim E*(XV(-n) , EX = lim E(XAn)
4) E. -X)=-E'X , E(-X)=-EX

(5) EieX)=aEX , E*(aX)=aE*X Vae Ry

(6) Ei(aly)=aPy(A) , E*(aly)=aP*(A) VACQV0<a<o
(7 If X, 17X as. and E*X|; > —x , then E*X,, T E*X

8) If X, | X as. and F,X| < ©, then E. X, | E.X

9 If X>0 as.and X, >0 as. forall »n > 1, then we have

@ Ef(o-X)=o00-FE*X , EJfo0-X)>o-EX

(b) E{f Xn} <3 E'X, . E{§ Xn} >3 EX,
n=1 n=1

(10) X € LY(P) ifandonly if E.X = E*X # 400 andif X € L'(P), then we have
(@ E(aX+bY)=aEX+bEY YVae RVbe Ry
(b) E.(aX+0b0Y)=aEX +bEY YaecRVbe R,
(11) If X is P-measurable, then we have
(@ E*X =EXt* EX~ | EX =EXt - EX~
(by X e L(P) & E*X =E.X
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Remark: The lemma is well-known and the proof is straight forward. Let be

an arbitrary measure onQ2, 7) . Then (1)—(12) hold with (E,, E*) replaced by
([, du, f* du) except for the first equality in (6) which takes the following form (see
(5.3))

(6) /alAd/L =ap(A) VACQV0<a<

Recall that 11, < p. with equality if and only if x is finitely founded. O

Theorem A.3: Let i be a measure on$2, F) , let (f; | i € I) be a rectilinear set
of non-negative functionsf; : @ — [0,00] (see Remark (a) below) and let us define
fw) :=> s filw) forall w e Q. Then we have

(1) If either I is countable orif f < oo p-a.s., then we have
@ [ ran=3 [ fidn
iel

(2) If either I is finite orif f < oo p-a.s., then we have

(a) fdu = | fidu

Let X : Q — [0,00] be a non-negative function and let : [0,00) — [0,00) be an
increasing right continuous function witkp(0) = 0 . Then we have

3) /*Xdu = /OOOM*(X > x)de = /OOOM*(X > z) da

4) /Xd,u:/ooo,uo(X>:c)dx:/OOO/LO(XZ:L‘)d:C

©® [ ottran= [ wxz o) [ 1= [ alx 20
Remark: (a): Recall that a family (f; | @ € I) of extended real-valued functions

fi : Q — R is calledrectilinear if the preorderingw < v < f;(w) < fi(v) Viel
is linear (i.e. for all w,v € Q2 we have eitherw < v or v <w ) or equivalently if

6) If iel and w,v € Q are given points satisfyingf;(w) < fi(v) , then we
have f;(w) < fi(v) forall j eI

Note that (f; | ¢ € I) is rectilinear if and only if {f;, f;} is rectilinear for all
i,j € I and if and only if the there exists a linear preorderirg on €2 such that
fi is increasing on (2,<) forall i e I. If (A;|i€I) isa family of subsets
of Q , then it follows easily that the set of indicator functiond 4, | i € I) is
rectilinear if and only if (A; | i € I) is linearly ordered by inclusion and if so, then
(aly, | i€l ,0<a<o0) isrectilinear.
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(b): If (f;|i€ I) isarectilinear family of non-negative functiong : Q — [0, 0]
and f(w) := > ;7 filw) forall we Q, then it can be shown (see [5; Thm.5.18
p.234]) that there exists a family(¢; | ¢ € I) of increasing functionsé; : R — R
satisfying

(7) &O0)=0Viel , Y |G(x)] <oo and > &(z) =2 Ve eR
el el

@) filw) =&(f(w) VielVwe{f < oo}
(9) Jacountable set/ C I sothaté(z) =0 Ve e RViel\J

A family (& | i € I) of increasing functionsg; : R — R satisfying the last two
conditions in (7) is called amcreasing partition of unity If (&) is an increasing
partition of unity, we have ) . ;|§(x) — &(y)| = |+ —y| forall 2,y € R . In
particular, we see that{; is increasing and Lipshitz’ with Lipshitz’ constanK 1
forall i € I.

Proof: (1): Let (&) be an increasing partition of unity satisfying (7)-(9). By
(8+9), there exists a countable set C I such that fi(w) =0 forall i€ I\ J
and all w € {f < o} . Hence, if f < oo p-a.s., then f; = 0 p-a.s. for all
ieI\J and f=3..; f; p-a.s. Thus it suffices to prove (1) under the assumption
that [ is constable. Sincel is at most countable, then by Lem.A.2.9 we have
[“fdu <X [* fidu . Hence, if [* fdu = oo, we see that (1.a) holds. So
suppose thatf* fdn< oo andlet h € L(n) be a given function satisfying: > f
p-a.s. Let us defineé;(oo) := oo and h;(w) := &(h(w)) forall i € I and all
weQ. By (7+8) we haveh > h; > f; > 0 p-a.s. for all « € I . In particular, we
see that ; € L'(p) and since h < oo p-a.s., then by (7) we havey_,.; hi = h
u-a.s. Hence, we have

[han=3 [ =Y [ sidu> [ ga
& ier 79 i€l
Taking infimum over ~ , we obtain (1.a).

(2): If f < oo as., then (2.a) follows in exactly the same manner as in the
proof of (1). So suppose thaf is finite and let » > 1 be a given integer. Then
(finn | i€ ) is arectilinear set such thap .., (fi(w) An) < oo forall weQ
and since x A n is subadditive on[0, o0 , we have f(w) An < 3 .o/ (fi(w) An)
for all w € Q. Hence, we have

[urmans [{Srmban=5 [Ginman< T [ fan

el Jx el J*
Hence, we see that (2.a) follows from Lem.A.2.3+9.
(3): Let us defineR(z) := p*(X > 2) and Ry(z) := p*(X >x) forall x>0.
Since Ry(x) > R(x) > Ro(y) forall 0 <z <y, we see thatRy(z) = R(x) for
every continuity point of Ry and since Ry is decreasing, we conclude thd, = R
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Lebesgue a.s. Hence, we see that the last equality in (3) holdsaletl be a given
number and let us defin&, := Y, .5 (a" ™! —a™) 1g= where F¢ := {X > a"} for
all neZ:={0,4£1,+2,...} . Then it follows easily thatX < X, < a X and since
(F | n € Z) is linearly ordered by inclusion, we have thén" " —a”) 1pe | n € Z)
is rectilinear. Sinceu*(F) = R(a™) , then by (1) and Lem.A.2.6 we have

/Xd,ug/ Xad,u:Z(a”H—a”)R(a”)ga/ Xdu

ne

and since R is decreasing, we have

Z(Ozn_'_l—an)R(Oén) _ Z /

nez ne
S -aRa) =0 Y [ Rei<a [ R
ne neZ ot 0

Hence, we have
04_1/ R(x)da:ﬁ/ Xd,uﬁo?/ R(z)dz Ya>1
0 0

Letting « | 1, we obtain the first inequality in (3).

(4): The last equality in (4) follows in the same manner as in the proof of (3).
Let us define R(z) := uo(X > ) forall = > 0 and let the truncation operator
T, : [0, 0] — [0,00]® be defined as followsT,h := (h — £)* A (n — L) for all
h € [0, oo]Q . Then it follows easily that we hav&,h T h and T,h < T,g if h<g.

Let h € L'(x) be agiven function suchthat < < X . Since0 < T,,h < T, X < X
and T,,h T h , then by the monotone convergence theorem, we have

/Xd,uz lim T, X dy > lim Tnhdu:/hdu
* Q Q

n—o * n—oo

Taking supremum over: , we see that| 7, Xdu — [ Xdp . Let n>1 be given
and let us defineF;, := {X > £} and h,:=+ >.;_; 1p,) . Then it follows easily
that we have0 < T, X < h, < X . Since R is decreasing WithR(X) = jio(Fip) ,

then by (2.a) and Lem.A.2.6we have

2 2

[rxans [hodn=1 5 ulb) = £ 5 R(E) < /OOOR@:)dx

* * i=1 i=1

2

n? n . n
/Xdu > /hndu LS pa(F) = 2 SR > / R(x)dx
* * =1 ; 1

=1 o

and since [, 7,,X du — [, X dp , we obtain (4) by lettingn — oo .
(5): Let us define b = ¢(00) := lim,joe ¢(x) . If b =10, then ¢ =0 and
(5) holds trivially. So suppose that > 0 and let ¢~(z) := inf {t > 0| ¢(t) > x}
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denote the lower fractile function ofp forall 0 <z < b. Then ¢~ is an increasing
function from [0,b) into [0,00) and since ¢(0) = 0 , we have ¢~(0) = 0 . Let

A, denote the Lebesgue measure @nb) and let v denote the image measure on
[0,00) of ), under the function¢™ . Since ¢ is right continuous and increasing,
we have {0 <z <b| ¢~ (x) <t} =10,¢(t)] forall ¢t>0. Hence, we see that is
the Lebesgue-Stieltjes measure induceddy Since {¢(X) >z} =0 forall = > b
and {¢p(X) > a} ={X >¢~(x)} forall 0 <z < b, then by (3) we have

* o0 b
/ H(X) dp = /0 W(H(X) > o) do = /0 W(H(X) > x) da

b 0o o0
:/ (X > ¢~ (@) de :/ 1 (X > y)v(dy) :/ 1H(X > y) o(dy)
0 0 0

which proves the first equality in (5) and the second equality follows in the same manner
from (4). O

Lemma A.4: (The calculus of upper and lower envelopes I) Let / be a non-empty
finite or countable setand leK : 2 — R and X; : Q — R be given functions for all
i € I . Then we have the following rules of calculus of upper and lower envelopes:
1) X.=-(-X)* as.andX* = —(—X), as.
(2) If ¢ :R* = R isincreasing in each variable separately, then we have

(@ U(Xq,..., Xp)" <U(XY,...,X]) as.

(b) w(le---an* > w(Xl*a---ka*) a.s.

(3) (sup Xi) =sup X/ a.s. and (inf Xi) = sup X;« a.s.
i€l iel el * el

(4) If ¢: R — R isincreasing and left continuous, then we hayeX)* = ¢(X*)
a.s. and if v : R — R is increasing and right continuous, then we have
(X))« = P(Xi) as.

(5) P(X>s)=PX*>s) and P(X <s5)=P(X*<s) VseR

(6) P(X>s)=PX.>s) and P*(X <s)=P(X, <s) VseR

(7) If U € M(P),then we haveP,(X <U < X*) =0

(8) If X >0 as.andX” < o a.s.thenwehavé*(X* < fX)=1 forall g >1

(9) If U e M(P) is arandom variable satisfying/ > X a.s. and P(U > t) <
P*(X >t) forall te R,then U = X* as.

(10) If U :Q — [0,00] is P-measurable, then we have
@ UX.<(UX),<UX)<UX* as.
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b) PU=00,X*=0,X<0)=0 = UX*"=UX)* as.
) P(U=00,X,=0,X>0=0 = UX.=(UX), as.

Remark: The lemma is well-known and the proof is straight forward. U

Lemma A.5: (The calculus of upper and lower envelopes 1) Let U : Q2 — [0, 0]
be a non-negative random variable and lef : Q@ — R be an arbitrary function.
Then we have

(1) F.X = E,X, and E*X = E*X*

(2) EJ(UX.) < EJ(UX) < EX(UX) < E*(UX*)

B) PAU=x,X"=0,X<0)=0 = E*(UX)=FEUX"
4) PU=0,X.=0,X>0=0 = EJ(UX)=EFE(ULX,)
B) {X>t}r={X*>t} as.and{X >t}, ={ X, >t} VteR

Let I be a non-empty, finite or countable set and lét and (A; | i € I) be given
subsets of2 . Then we have

6) A" =Q\(Q2\A), as.and A, =Q\ (2\ A" as.

(7) lA*: 1A* a.s. and lA —(IA)* a.s.

B) UAr= < ) a.s.and |J A C <U Ai> a.s.
i€l *

i€l i€l i€l
9 NAr>2 < ) a.s.and () Au = <ﬂ Ai> a.s.
icl icl icl iel /=«

(10) (FNA)*=FnA® asand (FUA),=FUA, as. YF e Fp

Remark: The lemma is well-known and the proof is straight forward. U

Theorem A.6: (The Fubini theorem 1) Let (M, By, 1) and (Ms, B, us) beo-
finite measure spaces and lgt:= iy @ p2 denote the product measure on the product
space (My x My, By @ By) . Let h: My x My — R and hg : M; — R be given
function. Then we have

W [ { / *h(x,y)m(dw)}uz(dy) < [ bt utar. )
) h

@ [n { [t mtan) st

55

p(dr, dy) <



() If h(x,y) = ho(x) for p-a.a. (z,y) € My x M , then we have

@ /hd/LZ/hode/ hodm:/ hdy

Let f; : My — [0,00] and f» : My — [0,00] be non-negative functions and let us
define f(x,y) := fi(z) fa(y) forall (z,y) € My x My and

aj = /fi div -, pi= (pi)«(fi >0) and ¢; := (ps)«(f; = 00) for i =1,2

Then we have

/*fdlﬁ:{/*ﬁdﬂl}'{/*ﬁdﬁ@}
/*fdu > {/*fl dm} . {/*fgdug} with equality if

0<ap <oo or 0<az <oo OF ajaz >0 or a; +as < oo
or py=0 or po=0 or a; <oo and ¢ =0 or as < oo and ¢ =0
Remark: The Theorem is well-known and the proof is straight forward. We may have

strict inequality in (5) this is a rare exception which only occurs if all the eight cases
listed in (5) fails. O

Theorem A.7: (The Fubini theorem Il) Let (M, B, ) be ac-finite measure space
and let A\ denote the Lebesgue measure on the non-negative(lRe, 5(Ry) . Let
p@ A\ denote the product measure avf; x Ry . Let ¢ : M xRy — [0, 00] be a given
function such thato(z, - ) is decreasing on[0,c0) for all = € M; . Then we have

/gbdu@/\ / {/¢xt dx}dt>/{/ gbxtdt} u(dx)

Let (L, .A,¢) be a probability measure space and lét: L x M — [0,00] be given
function satisfying

(2) Forevery ¢ > 0 there existt-measurable setslq, Ls,... € A and functions
hi,ha, ... : M — [0,00] satisfying

@ |Y(u,z) —Y(v,x)|] < hi(r) Yu,o e LiVe e MVi>1

(b) L:ULi and hidpy < e Vi>1

=1

If n:=¢®p denotes the product measure @i x M, A @ B) then we have
/wdn:/{/wux d:c} /{/wux du}u(d:c)
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Proof: (1): Let us definev := p@ X and ¢°(t) := [~ ¢(x,t) u(dx) forall t>0.
Since ¢(z, -) is non-negative and decreasing, we see that is non-negative and
decreasing. Leta > 1 be given and let us define.(z,t) :== >, oy 17=(t) ¢(x, ")
where 2 := (a", o] foral n € Z . Since ¢(x, ) is decreasing, we have
¢ < ¢, and since ¢° is decreasing, then by Thm.A.6.4 and Lem.A.2.9 we have

o F0drza X @ - e = 3 @ - 0 e

neZ n€eZ
=3 [stotwan v 2 [oearz [Coa
neZ

forall a>1. Letting o | 1, we see that ;" ¢°(t)dt > [~ ¢dv . Thus, we see
that (1) follows from Thm.A.6.1.

(3): Let = > 0 be given and let(L;, h;) be chosen according to condition (2).
By a standard disjungation, we may assume thatL» ... are disjoint non-empty sets
and we leta; € L; denote an arbitrary but fixed point of; . Let ¢;(x) be an upper
p-envelope of (a;, -) forall i > 1. Letus defineh(u,z):=> 2 11,(u) ¥ (a;, x)
forall « > 1 and let h* be an uppem-envelope of ~ . By Thm.A.8 below, we
have that 17, (u) ¢;(z) is an uppem-envelope of 17,(u) ¢(a;,x) and since > 0
and (L;) is partition of L , we have h = sup;~; 11, ¥(a;, -) and since L; is ¢-
measurable, then By Thm.A.8 below we have that(u) v;(z) is an uppen-envelope
of 1r,(u)v(a;,x) . So by Lem.A.4.10 we have

() = sup {17, (1) (@)} = £ 17,(0) vile) -2

i>1

Hence, by Lem.A.5.1 we have

[rin= [ win=$ e [ vidn=5 el [ vt uan

_ / " ¢(du) / ", 2) p(da)

and by (2), we havey(u, z) — h(u, z)] < 32, 11, (u) hi(x) forall (u,z) € Lx M .
Since ¢ is a probability measure andZ;) is a¢-measurable partition ofL , then
by Thm.A.6.1 and Lem.A.2.9 we have

/ dg/ [ —hldp< [ [0 —hldy < Z&(L»/ hdy < -
=1
Thus, we have

/*wdn§€+/*hdn:8+/*d§/*hdu§28+/*d§/*¢d,u

Letting = | 0, we see that[" ¢ dn < [7 d¢ [T ¢ dp and so we see that (3) follows
from Thm.A.6.1. ]
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Theorem A.8: (Inner and outer product measures) Let I be a non-empty count-
able set and let(M;, B;, ;) be probability spaces for alli € I . Let u := @;er i
denote the product measure on the product spadé := [Lic; M; equipped with its
producto-algebra B! := @,crB; . If A; C M; are given sets for alli € I, then
we have

@ (T 4) = TG40 and e (TT 4 ) =TT i)

1€l el el el

Remark: The theorem is well-known, and the proofs of the first equality for a general
countable sets and the second equality for finite detare straight forward. The proof

of the second equality for an infinite countable setis more tricky (see [1; Prop.3.6
p.1.27]; the proof is due to M. Talagrand but to the best of my knowledge, he never
published it). O

Definition A.9: (Iterated upper and lower expectations) Let (M, B) be a measur-
able space and letX : Q2 — (M, B) be a given random function. ThePx is a

probability measure oriM, B) and if Bx denotes the-algebra of all Px-measurable
subsets of M , then it follows easily that we have

(1) X:(Q,Fp)— (M,Bx) is measurable withPy(B) = P(X € B) VB € By
and if X is discrete with discrete rangé) , then we have By = 2M  and
if ¢: M — R is any given function satisfying¢(¢) > 0 forall ¢ € Q
then ¢ € L(Px) and we have

(8) E(X) = / pdPy = ¥ P(X = q)(q)
M qEQ
(b) Px(A)=P(Xe€eA)= Y PX=q VYACM
qEQNA

We let Ex and EX denote the upper and lower expectations with respect to the
probability measure Px ; that is:

@ Exoi= [o@Pxn) . B = [ o) Px(dn) Yo RY
Let (M;,B;) and (Mj,B3) be a measurable spaces and I& : Q — (M, By)

and Y : Q — (M;,B3) be random functions. Then we defitiee upperand lower
iterated expectationsis follows:

3) EbﬂEYw5::j/fk%du%/HXUJO}%%dv) VQ)E:RWQXNB

*

(4) EXEYy = /*PX(du)/*w(u,v)Py(dv) Vi € RMixM:
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and we define Ex EY¢ and EX Eyt similarly.

Lemma A.10: Let (M;,B;) and (M2, Bs) be given measurable spaces and let
X:Q—= M and Y : Q — M, be random functions. Letp : M; — R and

Y : My x My — R be given functions. If¢* and ¢, are upper and lowerPx-
envelopes ofp and ¢(X)* and ¢(X). are upper and lowelP-envelopes ofp(X) ,
then we have

1) (X)) < ¢(X), < ¢(X)" < ¢*(X) P-as.

(2) Ex¢ = Ex¢s = Eipu(X) < Eup(X) = Exd(X),

3) EY¢=EY¢" = B*¢*(X) > E*¢(X) = E*¢(X)"

(4)  (Px)o(A) < PX € A) < P(X € A) < P{(A) YACM

5) If ¥(u,v) = ¢(u) for Pxy-a.a. (u,v) € My x M, , then we have
@ Exo < BExyv < BV < BV

Proof: The lemma is and easy consequence of Lem.A.2 and Lem.A.5. O

Lemma A.11: Let (My,B;) and (M2, B2) be two given measurable spaces and let
X :Q — (M,By) and Y : Q — (My,B2) be independent random functions. Let
¢: My — R : M xMy—R, fi: My — [0,00] and fo : My — [0, 0] be given
functions. If we definef (u, v) := f1(u) f2(v) forall (u,v) € My x M, , then we have
(1) Exyv < ExByy < EYEYY) < BNy
2 EYYf=EXEYf=(EYf) (B f2)
B) (Exfi)(Eyf2) < Exyf with equality in each the eight cases listed in Thm.A.6.5
(4) If ¥(u,v) = ¢(u) for Pxy-a.a. (u,v) € My x M, , then we have

(@) Ex¢ = Exyv < EMYy = EX¢
(5) If X is discrete with discrete rang€) C M; , ¥(q,v) >0 forall ¢ € @ and

all v € M, , then we have

(@ ExEYy =FEYEYy=FE%Yy = % P(X =q)-E (g, -)
ge

Proof: Since Pxy = Px @ Py , we see that (1)—(4) follows from Thm.A.6 and
Lem.A.2.1.

(5): Let us define ¢, (v) := ¥ (u,v) for all (u,v) € My x My and

E(u) = EY, , volu,v) := %M](v) Ay (u) Yue My Voe M
qge
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Then we have ¢g(u,v) = ¢ (u,v) forall (u,v) € Q@ x My and y(u,v) =0 for
all (u,v) ¢ Q x My . Since Px(M;\ Q)= P(X ¢ Q) =0, we see thaty = 1y
Pxy-a.s. and sinceyy(v) > 0 forall ¢ € @ and all v > 0, then by (2) and
Lem.A.2.9 we have

EXY o = BX Yy = / 3" 1y () t(v) Py y (du, dv)
qeqQ

<3 [ 140 a(0) Py ) = (B 143) (B4,

qeqQ qEQ

=3 P(X =q)-€lg) = Exé = ExEY ¢ < EXE"y
qeQ
Hence, we see that (5.a) follows from (1). O

B. Appendix: Perfect maps Let (M,B) be a measurable space and let
X : Q — (M,B) be arandom function with distributionPy . By Lem.A.10.4,
we have (Px).(A) < Pi(X € A) and P*(X € A) < P}(A) forall A C M.
We say that X is (P, B)-perfectif P*(X € A) = P3(A) forall A C M or
equivalently if P.(X € A) = (Px)«(A) forall A C M . In our discussion
of “symmetric” random elements we need to exclude a certain possible pathological
behavior of perfect functions. LetX : Q@ — (M,B) be random function. Then
Y(wi,w2) == (X(w1), X (w2)) is a(P @ P) measurable function from2 x Q into
(M x M,B®B) and we say thatX is strictly (P, B)-perfectif Y is (P& P,B® B)-
perfect. Since (P @ P)y = Py @ Px and Y~ YA x M) = X71(A4) x Q, then
by Thm.A.8 we have

(B.1) If X:Q — (M,B) is strictly (P, B)-perfect, then X is (P, B)-perfect

| don’t know if the converse implication hold but | suspect that thisasso. Observe
that we have

(B2) If X :Q — (M,B) is (strictly) (P,B)-perfect and Z : Q@ — M is a
given function such thatZ = X P-a.s.,thenZ : Q — (M, B) is (strictly)
(P, B)-perfect

Let NN denote countable product of positive intege’§ and let NN .=
U, N* denote the set of alnultiindices Recall that aSouslin schemen the set
M is a multindexed family (A(5) | 3 € NN of subsets of M . If A(§) is a
Souslin scheme, we definlke Souslin operationS(A4) andthe Souslin kerneker (A)
as usual (see for instance [14] or [7; Exc.1.91-1.101 p.93-99)):

SA) = J ) Alor,....06) . ker(4):= {0 eNN | () Aloy,....0%) 7&@}
k=1

ceNN k=1
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If A is apavingonM and A(f) is a Souslin scheme such that(5) € A for

all 5 N™N  we say that A(3) is an.A-Souslin schemeand we let S(A) denote

the paving of all setsB C M of the form B = S(A) for some.4-Souslin scheme
A(B) . Recall that S(A) is stable under countable unions and intersections and that
ACS(A)=S8(S(A)) . A paving with the property thatd = S(.A) is calledSouslin
stable If (M, B, ;) is a measure space ang}, denote the paving of ajt-measurable
sets (in the sense of Caraétiory), then it is well-known that3,, is a Souslin stable
c-algebra containing3 . If we let 5, denote the paving afiniversally measurable
subsets of M ; that is, B, := N, B, where i ranges over all measures di\/, B) ,

then B, is a Souslin stable-algebra containing’5 .

Let 7" be a Hausdorff space. Then we say thatis Polishif 1" is separable and
the topology is generated by a complete metric, we say thats analyticif 7 is a
continuous image of some Polish space, and we sayhas K-analyticif 7 is usco
image of a Polish (i.e. there exists a Polish spateand a mapé : S — 27 such that
T— = Uses 0(s) , the setd(s) is compact foralls € S and {s € S| 0(s)NF # 0}
is closed for every closed sef' C T ; see [14]). Let (M, B) be a given measurable
space. Recall that(M,B) is called

. Blackwellif f(M) is an analytic subset oR for every B-measurable function
f: M — R or equivalently if ker (4) is an analytic subset ofNN for every
B-Souslin scheme A(/3)

. discreteif there exists a family (D; | i € I) of mutually disjoint subsets of\/
such that B = o(D; | i € I)

. o-discreteif there exists a finite or countable familyD; | i € I) of mutually
disjoint subsets of M/ such that B = o(D; | i € I)

. countably separated there exists an injective, real-valuei;measurable func-
ton f: M — R

. countably generated the o-algebra B is generated by a countable paving

If (S,.A) and (M, B) are measurable spaces afid (M.B) — (S,.4) is a measurable
function, then we have the following stability properties for Blackwell spaces:

. The measurable image theorem: Let (M, B) be a Blackwell space and let
L € S(B) be a givenB-Souslin set. If B; := {LNnB | B € B} and
Agry ={f(L)N A| A€ A} denote the trace-algebras onZ and f(L),
respectively, then we have

(@ (L,Br) and (f(L),Asr,) are Blackwell spaces

(b) If (S, A) is countably separated, theri(L) € S(A) C A, and f is
strictly (i, A)-perfect for every probability measurg on (M, M)

61



The inverse measurable image theorem:If (S,.A) is a Blackwell space and
B = f"1(A), then (M,B) is a Blackwell space.

The product theorem: If (M;,B; |i € I) is a an arbitrary family of Blackwell
spaces, then the product spacg[,.; M;, @;cr B;) is a Blackwell space.

Analytic spaces: If M is an analytic space and3 is the Borels-algebra
on M (i.e., the smallest-algebra containing all open sets), thei/, B) is
a Blackwell space.

K-Analytic spaces: If M is a K-analytic space and3 is the Baires-algebra
on M (i.e., the smallest-algebra making all continuous real-valued functions
measurable), then()M, B) is a Blackwell space.

Discrete spaces: If (M, B) is a discrete measurable space, thel, B) is
a is Blackwell space.

The projection theorem: Let 7(s,z) := s denotes the projection ofS x M
onto S . If (M,B) is a Blackwell space andC € S(A @ B) , then
n(C) € S(A) C A, .

The measurable selection theorem:Let #(s,z) := s denotes the projection

of Sx M onto S. If (M,B) is a countably generated Blackwell space and
C € S(A ® B) , then there exists a measurable functién (S, .4,) — (M, B)

such that (s, h(s)) € C for all s € #(C) .

Remark: The measurable selection theorem, fails in general for arbitrary Black-
well spaces but it do hold for a much larger class than the countably generated
Blackwell space; for instance, if\/ is a K-analytic space and3 is the Baire
o-algebra on B, of if (M,B) = (R",B”) for some non-empty sefl" .

Lemma B.1: Let (M,B) be a measurable space and let,Y : Q — (M,B) be
two (P, B)-perfect functions. Lets : M — R be a given function. If¢* and ¢. are
any given upper and lowePy-envelopes ofp and ¢(X)* and ¢(X). are any given
upper and lowerP-envelopes of¢(X) , then we have

(1)
(2)

(3)
(4)

X(Q) € By and we haveB € Bx if and only if X~Y(B) € Fp

If X and Y have the same distribution o)/, B) , then X and Y have
the same outer distribution

?*(X) = ¢(X)" P-as. and ¢.(X) = ¢(X), P-as.
Ex¢ = E.¢(X) and EX¢ = E*¢(X)

Proof: (1) and (2) follows easily from the definition of perfectness. Sinde is
perfect, we haveP*(¢(X) > t) = Px(¢ > t) and since ¢*(X) is a P-measurable
function such thatp*(X') > ¢(X) P-a.s., then by Lem.A.4.9 we hawg" (X ) = ¢(X)*
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P-a.s. and in the same manner, we see thatX) = ¢(X). P-a.s. Hence, we see
that (3) holds and (4) follows from (3) and Lem.A.5.1. O

Lemma B.2: Let (M, B) be a measurable space and l&t : 2 — M be measurable
function. Letx ~ P(F | X = x) denote a given and fixed version of the conditional
probability for any given sef” € F . Then the following eight statements are equivalent:

(1) X is (P, B)-perfect

(2) X is (P,By)-perfect

() PJ(X7YHA) =0 VAC M satisfying (Px)«(A) =0

(4) YVACM3IBeB sothat BD A and P.(X1(B\ A)) =0

(5) YVAC M3IBec By sothat BD A and P.(X1(B\ A)) =0

6) VFeFpidKeFp sothat KCF , P(F\K)=0 and X(K)e B
(7) VF e Fwith P(F)>03K CF sothat P*(K)>0 and X(K) € By
B8) PF|X=x) =0 forPy-aa. rt€ M\ X(F) VFeF

Proof: (1) & (2): Since P* = P* , we see that the equivalence of (1) and (2)
follows from Def.A.9.1.

(1) = (3): Evident!

(3) = (4): Suppose that (3) holds and let C M be given. Let B € B be chosen
such that such tha3 2 A and P%(A) = Px(B) . Since B is aPx-hull of A, we
have (Px)«(B\A) =0 and so by (3), we haveP.(X ~1(B\ A)) = (Px)«(B\ A) =0
which proves (4).

(4) = (5): Evident!

(5) = (6): Suppose that (5) holds and let’ € Fp be given. Let us define
A:=X(F) and Ay := M \ A . By (5), there existsBy € By such that By O Ay
and P.(X~1(By\ 4g)) = 0 and since By € By , there exists By € B such that
B1 D By and Px(B;\ Bg) = 0. Hence, we see thatY (B, \ By) is a P-null
set and consequently, we have.(X~!(B; \ A)) = 0. Let us define B :== M \ By
and K .= FNX"Y(B). Thenwe have B € B, K € ¥p, K C F and
P, (X Y(A\B)) =0. Since F C X~1(A4), we have F\ K C X Y4\ B)
and since F\ K € Fp , we see thatP(F \ K) = 0. Since B C X(F) , we have
X(K)=X(FNnX~!(B)) = B € B and so we see thak’ have properties listed in (6).

(6) = (7): Evident!

(7) = (1): Suppose that (7) holds and let C M be given. Let B € B be
chosen such tha3 C A and Px(B) = P%(A) . Suppose that?,(X 1B\ 4)) > 0.
Then there existsF € F such that P(F) >0 and F € X B\ A) . So by
(6) there exists a setk’ C F such that P*(K) > 0 and X(K) € By . Since
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X(K) € BX and X(K) C X(F) C B\ A, we have X—l(X(K)) € Fp and

- = Px(X(K)) = 0 and since K C X~YX(K)) € F, we have
*(K) which is impossible. Thus, we hav®,(X~1(B\ A4)) =0 and
d X~YB) € Fp, then by Lem.A.1.3 we have

Px(A) = Px(B) = P(X7/(B)) = P*(X~'(A)) + P.(X 1B\ 4)) = P*(X~}(4))

Thus, we see thatX is (P, B)-perfect.

(1) = (8): Suppose thatX is (P, B)-perfect and letF' € F be given. LetB € B
be a lowerPx-envelope of A := X (F') suchthatB C A . Since X is (P, B)-perfect,
then by Lem.B.1.3 we haveX~!(B) is a lower P-envelope of X~}(X(F)) and
since FF C X~!(A4), we have FF C X~!(B) a.s. Hence, we have

P(F| X =2)<P(XYB)| X =2)=1p(z) Px-as.

and since B C A = X(F) , we see that (8) holds.

(8) = (1): Suppose that (8) holds and letd C M be a given set. Let
F € F be a lowerP-envelope of X~1(4) such that F C X~1(A) . Then the
set C:={x e M|P(F|X=uz)>0} belongs to B and we have

P.(X"L(4)) = P(F) = /C P(F| X = 2) Py (dz)

By (8), we haveC' C X (F) Px-a.s. and sinceP(F | X =x) <1 Px-a.s., we have
P(X7HA) < (Px)«(X(F)). Since F C X7 }(A),wehaveX(F) = X(Q)NAC A,
and so by Lem.A.10.4 we conclude that.(X—1(A) = (Px)«(A) forall A C M ;
that is, X is (P, B)-perfect. O

Definition B.3: (The useful rule) Let X : Q — (M, B) be arandom function and let
F € Fp be agiven set. Recall thte useful rulestates, loosely speaking, that we may
use what we know in the computation of the conditional probabilRyF' | X = u) ;
thatis, P(FN{X =u} | X =u) = P(F | X = u) . Since the conditional probability
P(F | X = u) onlyis definedPx-a.s. (and sincd X = u} need not bé’>-measurable)
this formulation of the useful rule is meaningless. SinEen X ~!(u) = if and only
if u¢ X(F), we see that the property (8) in Lem.B.2 offers a possible (rigorous)
definition of the useful rule. There are several other formulations of the useful rule —
the following is the most common:

Let X : Q — (M,B) be a random function. Recall thatragular conditional
probability of P given X is map Q(F | x) from F x M into [0,1] satisfying

(1) Q(- | z) is a probability measure on(2, ) forall z € M and Q(F | -)
is P-measurable for all i € F

/ Q(F | 2) Px(dz) = P(FNX~YB)) YVBeBYFeF
B
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Note that (2) just states thatQ(F | =) is a version of the conditional probability
P(F| X =x) . If @ isaregular conditional probability of? given X , we say
that @ is auseful regular conditional probability ofP given X if the following
form of the useful ruleholds:

B) QX la)|x)=1 for Pxy-aa. x € M

where Q*(A | z) denotes the uppep( - | z)-probability of A C Q. If @ is a useful
regular conditional probability ofP given X and N € B is the exceptional null
set from (3), then we have the following strong form of the useful rule:

4 QFn{X=zx}|a)=1Vee M\NVFeF

A slight modification of the proof of [pvs.2; (10.29) p.155] gives the following existence
theorem for regular conditional probabilities:

Theorem B.4: Let (M,B) be a measurable space and let : @ — (M,B) be a
random function. If there exists a semicompact paviigC F such that K is stable
under finite unions and countable intersections and

1) P(F)=sup{P(K)|KeK,KCF} VYFeF

2) beKCBCS where S denotes the smallest Souslin closedlgebra on M/
containing the paving/kC given by

@ K={CCM|CnKek VK €K}
Then there exists a regular conditional probability of P given X satisfying

B) QF |z)=sup{QK |2)| Ke K, KCF} VFeFVYreM

Remark: Recall that a pavingC is semicompadf for every sequencei’|, K, ... €
K with N2, I; = 0, there exists an integer > 1 such thatn? | K; =0 . Let T
be a non-empty set and let, : R — R denote the projection whenever C T is
a non-empty set. LetC denote the paving of all subsets &’ of the form =1 (C)
where o C T is a non-empty countable set and C R® is a compact set in the
product topology on R® . Then we have

(4) K is a semicompact paving such that is stable under finite unions and
countable intersections an@ € K C BT = ¢(K)

(5) If p is any given probability measure ofR”, B7) , then we have

(@ u(B)=sup{u(K)|KeK, KCB} VBeB
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Hence, if the underlying probability spaced(2, 7, P) is of the form (Q,F) =

(R”, BT.P) for some non-empty sef’ and some probability measu@ on (R”, BT)

(which by Kolmogorov’s consistency theorem may be assumed in most cases), then any
random function admits a regular conditional probability.

Theorem B.5: Let (M, B) be a measurable space and let : @ — (M,B) be a
random function. LetQ(F | =) be regular conditional probability ofP given X and
let us defineY (w) = (w, X(w)) forall we Q. ThenY : Q — (2 x M,F @ B)
is a random function and we have

1) FpwBx C (.7'-® B)y

Let H C Q x M be a givenPy-measurable set and leff, := {w € Q | (w,z) € H}
denote ther-section of H for all =z € M . Then we have

(2) The functionsz ~ Q*(H, | ) and = ~ Q.(H, | ) are Px-measurable and
we have Q*(H, | ©) = Q.(H, | =) for Px-a.a. v € M

@) Py(H) = /MQ*% | 2) Py (de) = /M Q.(H, | 1) Px(dx)

(4) If @ is a useful regular conditional probability of? given X , then X s
strictly (P, B)-perfect

(5) If Y(Q) is Py-measurable, then® is useful
(6) If Y is(P,F @ B)-perfect, thenY (Q2) is Py-measurable and® is useful

(7) If (M,B) is countably separated, thei (Q2) € Fp @ B and @ is useful

Proof: (1): Since P and Py are the marginal distributions of (w) = (w, X (w)) ,
it follows easily that (1) holds.

(2+3): Let 'H denote the paving of all setd] € Hy satisfying (2+3). Then a
standard argument shows that is stable under complementation, countable increasing
unions and countable decreasing intersections and fhat B € 'H for all F € F
and all B € B . So by Sierpasky’s lemma (see [7. (1.6.3) p.9]) we conclude that
FoBCH. Let He (F®B)y be given. Then there exist sefs, G € F @ B such
that F C HCG and Py(G\ F)=0. Since G\ Fe F®BCH, we have

0=P(G\F) = [ QG\F | ) Px(da)
Hence, there exists &x-null set N such that Q(G, \ F, | ) = 0 for all
x€ M\ N andsinceF, C H, C G, , we see thatH, is Q(- | x)-measurable with
Q" (H; | x) = Qu(H, | ) = Q(G, | ) forall x € M\ N . Since G € H and
Py(G) = Py(H) ,we see thatd € H forall H € (F@B)y which proves (2) and (3).
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(4): Suppose that)(F' | z) is a useful regular conditional probability aP given
X . Let us define Z(wi,w2) := (X(w1), X(w2)) forall (wi,w2) € Qx Q. Then it
follows easily that R(- | z,y) :=Q(- | ) ®Q(- | y) defines a regular distribution of
P®P given Z and since(@ is useful andP; = Px ® Px , then by Thm.A.8 we have

RYNZ N a,y) | wy) = RN(X N a) x X H(y) | 2.y)
QX)) Q (X Uy) [9) =1 Pras,

Hence, we see thaf? is a useful regular probability of? given Z . So by Def.B.3.4
and Lem.B.2.1+8 we conclude thef is (P @ P, B® B)-perfect; that is, X is strictly
(P, B)-perfect.

(5): Suppose thatY(Q) € (F @ B), . Since P(Y € H) =1 for all sets
H € F© B satisfying H 2O Y(2) , we have Py (Y (Q)) = P5(Y(Q)) =1 and
since X '(z) = {w | (w,2) € Y(Q)} forall = € M, then by (3) we have
Q*(X~Yx)|2) =1 for Py-a.a. z € M ; thatis, Q is a useful regular probability.

(6) follows from (5) and Lem.B.1.1, and sincE(f2) is the graph of X , we see
that (7) follows from (5) and [7; Exc.1.89 p.93]. O

Lemma B.6: Let (M;,B;) and (M., B2) be given measurable spaces and let
X1:Q— M and X2 : Q — M> be random functions. Let : M; — (Ma, B2) be

a Pxy-measurable function. Then the composite function= £ o X : Q — (M3, B3)

is a random function and we have

(1) If X is(P,By)-perfectand¢ is (Px, By)-perfect, thenY is (P, Bs)-perfect

(2) If X s strictly (P, By)-perfect and ¢ is strictly (Py, B2)-perfect, thenY is
(P, By)-perfect

(3) If Y is (P, By)-perfect, then¢ is (Px, By)-perfect
(4) If Y is strictly (P, By)-perfect, then¢ is strictly (Px, By)-perfect

(5) If Y is (P, By)-perfect and there exists Bx-null set N C M; such that the
restriction of £ to the setM; \ N is injective, then X is (P, B;)-perfect

(6) If Y s strictly (P, B2)-perfect and there exists By-null set N C M; such
that the restriction of ¢ to the set M; \ N is injective, then X is strictly
(P, By)-perfect

(7) If n:M; — (Q,F) is aPx-measurable function such that X (w)) = w P-a.s.
and there existsBy-null set N C M; such that the restriction of) to M;\ N
is injective, then X is strictly (P, B;)-perfect

(8) If X is a bijection of @ onto L and its inverse X~! : L — (Q,F) is
Px-measurable, thenX is strictly (P, B;)-perfect
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Proof: Let us define@ = Px . By Def.A.9.1, we see thatt” : Q — (M, B,) is a
random function and observe that we havg- = Q) .

(1): Since Py = Q¢ , we see that (1) holds.

(2): Since X s strictly (P, B;)-perfect, then the function a(w;,ws) =
(X (w1), X(w2)) is (P ® P, By @ By)-perfect with distribution@ @ ¢ and since¢ is
strictly (@, B2)-perfect, then the functiond(x,y) = ({(x),&(y)) is (Q @ Q, B2 @ Ba)-
perfect. So by (1), we have that(a(w,w2)) is (P ® P, By @ By)-perfect and since
Bla(wr,w2)) = (Y(wr),Y(w2)) , we conclude thatYy is strictly (P, By)-perfect,

(3): Since Py = Q¢ and Y is (P, By)-perfect, then by Lem.A.10.4 we have

Qi (D) = Py(D) =P (Y~ (D)) = P{(X™H(7H(D)) £ Q"(¢71(D)) < Q¢(D)

for all D C M, . Thus, we see that is (Q, By)-perfect.

(4): Letus definea : QxQ — M; x My and §: My x My — M x My as in the
proof of (2). Since (Y (w1),Y (w2)) = f(a(wi,wz)) and Y is strictly (P, Bs)-perfect,
then by (3) we have that?(z,y) = (£(2),&(y)) is (Q @ Q, By @ Ba)-perfect. Hence,
we see that¢ s strictly (Q, B2)-perfect.

(5): Let C' C M; be given. Since the restriction af to the M;\ N is injective,
we have C'\ N = ¢71(¢(C\ N))\ N and sinceY is perfect and X~1(N) is a
P-null set, then by Lem.A.10.4 we have

Q*(C) = Q" (C\N) = Q" ((7HE(C\ N))) < QE(E(C\ N))
= PA(E(C\N)) = P*(YTHE(C\ N)) = PH(XTHETHE(C\ N)))
< PY(XHCuN) =P X HCO)uUXTYN)) = P*(X €C)

Hence, by Lem.A.10.4 we see thaX is (P, B;)-perfect.

(6): Let a: QxQ — M; x My and [ : M; x My — My x My be defined as
in the proof of (2). Since(Y (wy),Y (w2)) = fa(wy,ws)) and f(x,y) = (£(x),&(y))
is injective on the setM; x (M; \ N) , we see that (6) follows from (5).

(7): Let us define J(w) := n(X(w)) forall we Q. Since J(w)=w P-a.s.,
then by (B.2) we have that/ : Q — (Q,F) is strictly (P, F)-perfect. So by (6) we
conclude that X is strictly (P, B;)-perfect.

(8): Immediate consequence of (7). O

Lemma B.7: Let (M;, B;,Q;) be a probability space for ali in the non-empty sef .
Let o C I be agiven non-empty set, Iet/, BY, Q%) := ([[ica Mi:» @ica Bi, Dica Qi)
denote the product space and let,(z) := (z;)ica for = = (2;);ic; € M’ denote the
projection of M’ onto M . Then the projectionr, : (M!,B!) — (M%, B%) is
measurable withQ)!-distribution Q“ and we have.

(1) 7o M — (M, B*) is strictly (Q, BY)-perfect and there exists a useful regular
probability of Q! given 7,
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Let (M,B) be a measurable space and let : 2 — M be random function. Then
we have

(2) If X is discrete, thenX is strictly (P, B)-perfect

(3) If B is ao-discretes-algebra, then X is (P, B)-perfect if and only if for every
non-emptyB-atom D C M we have P*(X =u) = Px(D) forall v € D and
if so, then we have thatX is strictly (P, B)-perfect

Proof: By the definitions of the produet-algebra and the product measure, we have
that 7, is (B!, B%)-measurable withQ’-distribution Q .

(1): By Thm.B.5.4, it suffices to show that there exists a useful regular conditional
distribution of Q' given 7, . If a =1, then m, = 7; is the identity map
on M and Q(B | z) := 1p(x) is a useful regular conditional probability of)’
given 7; . So suppose thatv # I and let us define = I \ @« . Then we have
M = M*x MP and QT =Q“ @ Q° . Let F, :={y e MP | (x,y) € F} denote
the z-section of F whenever F C M! = M® x M? and =z € M® . By Fubini’s
theorem we have tha@(F | z) := Q°(F,) is a regular conditional distribution o)’
given 7, . Let 2 € M® and F € B! be given such thatr;(z) C F . Since
7o) = {z} x MP , we have I, = M? and so we see tha@(F | z) = 1 . Hence,
we have Q*(r;(x) | #) =1 forall x € M“ ;thatis, Q(F | z) is a useful regular
conditional probability of @’ given 7, which completes the proof of (1).

(2): Since X is discrete, there exists a countable g8tC M such thatPx (D) =1
and {¢} € B and P(X =¢) >0 forall ¢ € D . If we define Q(F | u) :== P(F)
for all (F,u) € F x (M \ D) and

QF |u):=> P(F| X =q)ly(u) V(Fu)eFxD
qeD

then the reader easily verifies th&l is a useful, regular conditional probability aP
given X . So by Thm.B.5.4 we conclude thak™ is strictly (P, B)-perfect.

(3): Let (D; | i € I) be a disjoint, countable, partition ofA/ such that
B=o(D;|ieI) and D; # 0 forall i € I. Then the setsD;) are the non-empty
atoms of B . Suppose thatX is (P, B)-perfect. Leti € I and u C D; be given.
Since D; is aB-atom, we havePs ({u}) = Px(D;) and sinceX is perfect, we have
P*(X =u) = PY({u}) = Px(D;) . Conversely, suppose that*(X = u) = Px(D;)
forall : € I and all v« € D; and let us define

Q(F |u):=)_ P(F| X €D;)lp,(u) YFEFVueM
iel
where P(F | X € D;) is the ordinary conditional probability ifP(X € D;) > 0
and P(F | X € D;) := P(F) if P(X € D;) = 0. Then the reader easily
verifies that Q is a regular probability of P given X . Let J denote the set
of all ¢ € I satisfying P(X € D;) > 0 and let us define My := Ujes D; .
Then we have Px(My) = 1. Let w € My and F € F be given such that
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{X =u} C F . Then there exists a uniqueé € J such that v € D; and since
P*(X =u) = Px(D;) and Fn{X € D;} is aP-measurable set containip§y = u} ,
we have P(FN{X € D;}) = Px(D;) = P(X € D;) . So by the definition of @ ,
we have Q(F |u) =1 forall we My and all F € F satisfying FF O {X = u} .
Hence, we haveQ*(X~'(u) | u) =1 forall v € My and since Px(My) =1, we
conclude that(@ is a useful, regular conditional probability o given X . So by
Thm.B.5.4 we conclude thatX' is strictly (P, B)-perfect. O
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