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1 Introduction

As pointed out in Richardson (2001) (for short, “SR”), point process models
provide a natural setting in epidemiological applications. The aims of this con-
tribution are to review the advantages and problems when using such models for
aggregated data, compare the properties of different model classes, clarify some of
the properties of these model classes in connection to epidemiological applications
(which sometimes seem to have been misunderstood), propose some alternative
models which are not covered in SR, and point out some open problems. The fo-
cus is on three particular model classes: the Heikkinen and Arjas (1998) models,
log Gaussian Cox (LGC) processes (Moller et al., 1998), and shot-noise G Cox
(SNGC) processes (Brix, 1999). Poisson/gamma models (Daley and Vere-Jones,
1988; Wolpert and Ickstadt, 1998) are special cases of SNGC processes.

2 Brief description of models

Let us start by recalling the notation and definitions used for these models. As
in SR, the point process Y of exact locations of cases observed in a bounded
planar region R, is assumed to be a Cox process driven by a random intensity
function A(s), s € R. That is Y'|A is a Poisson process with intensity function A:
conditionally on A, the number of cases Y (A) in a subregion A C R is Poisson
distributed with mean [, A(s)ds, and the number of cases Y (A4,),...,Y(4,) in
disjoint subregions Ay,..., A, are independent. When dealing with aggregated
data Y(4;),...,Y(A,), we assume Ay, ..., A, to be a subdivision of R.

In Heikkinen and Arjas (1998), A = Y, Ax1l4, where {A4;} is the Voronoi
tessellation generated by a point process of nuclei {gr} C R, i.e. Ay is the set of
points in R closer to g, than to any other nuclei. The nuclei follow a homoge-
neous Poisson process on R, and conditionally on {gx}, {log At} is modelled by
a conditional autoregression (Besag, 1974).

For a LGC model, A(s) = exp(Z(s)) where Z is a Gaussian process with
mean function p(s) = EZ(s) and covariance function c(s,t) = Cov(Z(s), Z(t)).
To obtain a well-defined Cox process, smoothness properties of ¢ are required (see



Mgller et al., 1998). Note that stationarity of Z is not required, but it may be
convenient to assume stationarity and isotropy of ¢ so that c¢(s,t) depends only
on the distance ||s — t||.

The construction of a SNGC process is more complicated, but simplifying the
setting a bit, it boils down to the following: A(s) = ¥, k(s,u;)vy; where k is a
kernel (for simplicity we assume that k(-, u) is a density function for a continuous
random variable), and {(u;, ;) }subset Ex [0, c0) where E is a given planar region.
Typically in applications, E = R, or in order to reduce edge effects, E is much
larger than R. Further, {(u;,7;)} is a Poisson point process with an intensity
measure of the product form,

V(A x B) = (a(A)/T(1 = k) x [ 77 exp(=r9)dy, ACE, BC[0,00),

where kK < 1 and 7 > 0 are parameters with 7 > 0 if k < 0, and « is a nonnegative
and nonzero Radon measure. If k < 0, we obtain a kind of modified Neyman-
Scott process as {u;} is a Poisson process with intensity measure (7/ — k)c, and
{u;} is independent of the “marks” {7;}, which in turn are mutually independent
and follow a common Gamma distribution I'(—x,7) (in a usual Neyman-Scott
process, all marks are equal and deterministic). The situation is less simple for
> 0 as there are infinite many points {u;}. For £ = 0, we have a Poisson/gamma
model. As noticed in Wolpert and Ickstadt (1998), we may extend the model by
replacing the parameter 7 with a positive function 7(u),u € F, and redefining

v(AxB) = (1/T(1—k) //7 Lexp(—7(u)y)a(du)dy, ACE, BC[0,).

Extensions to time-space models are studied in Brix and Mgller (1998) and
Brix and Diggle (2000) for LGC processes, and in Brix and Chadoeuf (1998) for
SNGC processes.

3 General properties of the models

The Heikkinen-Arjas and SNGC models can be used for nonparametric Bayesian
modelling. LGC processes provide easily interpretable Cox process models with
varied degrees of smoothing in the intensity surface exp(Z), as determined by
the smoothness properties of ;1 and ¢. Below we discuss the general properties
of the varied models, particularly how flexibility they are, and how they may be
checked.

Recall that two fundamental characteristics of the Cox process Y are the
intensity function p(s) = FA(s), s € R, and the pair correlation function g(s,t) =
E(A(s)A(2)/(p(s)p(t)), s,t € R (see e.g. Stoyan et al., 1994). Nonparametric
estimation of p is discussed in Diggle (1985). If g(s, t) depends only on s—t, there
is a simple relationship between the pair correlation function and the extension



to inhomogeneous point processes of Ripley’s K-function introduced in Baddeley
et al. (2000), who also describe nonparametric estimation of K and g.

To the best of my knowledge, the question of model assessment is little ex-
plored for the Heikkinen-Arjas model. Heikkinen and Arjas (1998) stress that
although A may be expected to be a smooth function but is modelled as a step
function, smoothness may be obtained in the posterior mean E(A(s)|Y). The
specification of hyperparameters in the Heikkinen-Arjas model such as the in-
tensity of nuclei and smoothness parameters in the conditional autoregession is
a delicate matter. This is similar to the sensitivity of the choice of band width
for nonparametric kernel estimation (Diggle, 1985). It is not clear to me to
what extent the much more involved Heikkinen-Arjas construction is beneficial
as compared to ordinary nonparametric kernel estimation. However the former
may better identify rapid or sharp changes in the intensity surface, and posterior
mean estimates, uncertainties and other things of interest may be determined
by MCMC methods. The method may become even more useful if the Voronoi
tessellation {Ay} is replaced by one of Nicholls (1998) triangulation models.

LGC processes provide some flexibility in modelling aggregated point patterns
when the aggregation is due to spatial heterogeneity. As discussed in Mgller et
al. (1998), certain Neyman-Scott processes have many properties in common
with LGC processes. Note that the distribution of a LGC process restricted to
a subregion is easily obtained, so problems with edge effects can be avoided,
in particular when Y and exp(Z)|Y are to be simulated. Another very useful
property is that the distribution of Z and hence Y is uniquely determined by the
intensity and pair correlation functions, since p(s) = exp(u(s) + ¢(s, s)/2) and
g(s,t) = exp(c(s,t)). Due to these simple relationships, nonparametric estimates
of p and g may suggest an appropriate choice of a parametric model class for  and
¢, and model validation may conveniently be based on these and other summary
statistics, cf. Moller et al. (1998) and Brix and Mgller (1998). Since likelihood
based methods are intractable for LGC processes, Moller et al. (1998) advocate
the use of minimum contrast methods for estimating the unknown parameters of
i and c. Fully Bayesian analysis of LGC models is an interesting issue of research
which is so far less explored.

Even more flexibility may be obtain by using SNGC processes. Closed form
expressions of summary statistics are rare; an expression for the pair correlation
function is known when the kernel k is Gaussian, see Brix (1999) and Wolpert and
Ickstadt (1998). The distribution of a SNGC process restricted to a subregion
is in general intractable, and some care may be needed when dealing with edge
effects. It remains to compare the applicability of Poisson/gamma and other
SNGC processes with LGC processes for Bayesian inference problems based on
MCMC methods (see below). Possibly, this is easist for modified Neyman-Scott
processes (i.e. when k < 0) because of their simple construction.



4 Aggregation coherence and natural scaling

In epidemiological applications, A(ds) = p(s)w(ds) where, as in SR, we assume w
to be a known intensity measure for the individuals at risk, while p is a random
risk function of primary interest. In general, when p is modelled in some way by
using any of the models considered above, the joint and marginal distributions of
aggregated data Y (A;),...,Y(A,) are intractable, there is no natural scaling at
different levels of aggregation, and care is needed when results at different levels
are to be compared, not at least when incorporating covariates. All we know is
that given p, the Y (A;) are conditionally independent and Poisson distributed
with means A(A;) = [,. p(s)w(ds), and the generation and evaluation of such in-
tegrals will normally both require simulation methods and numerical techniques.
On the other hand, aggregation coherence is not lost as long as we are treating
the unobserved (Y, p) as a missing data problem.

SR discusses cases of a LGC process, p(s) = exp(Z(s)), and a Poisson/gamma
model, p(s) = 32, v;k(s,u;), noticing that restrictions are needed to ensure that
the risk function takes values in [0, 1] (recall that p(s) is interpreted as a thinning
probability). However, numeric evaluation of the integral [, p(s)w(ds) appears
not to be more complicated for many other forms of p, including the possibly
more natural choice p(s) = exp(Z(s))/(1 + exp(Z(s))) where it is ensured that
0 < p < 1. Similarly, when models with covariates are constructed, from a
computational view point it would not make much difference which kind of model
is used.

Considering for instance the Poisson/gamma model p(s) = >;v;k(s, u;),
rather restrictive assumptions are needed to obtain a known distribution: as-
suming {B,;} is a countable subdivision of E so that 7(u) = 7, on each B, and
k(s,u) = ki on each A; x By, then {A(4;)} is a kind of moving average gamma
field as A(A;) = w(A;) >, kyly, where T') = e Vi ™~ ['(a(By), ) and the T
are independent.

5 Computational aspects

For all the abovementioned models we need to resort on simulations no matter
if the distribution of (A,Y’), or the conditional distribution of A (and possible
hyperparameters) given Y, or the conditional distribution of Y, A (and possi-
ble hyperparameters) given aggregated data Y (A;),...,Y(A,) are considered.
Since the MCMC algorithms for the different models are rather complicated, it
would not make much sense to give the details here. Briefly, Heikkinen and Ar-
jas (1998) use a reversible MCMC algorithm (Green, 1995); Mgller et al. (1998)
use two-dimensional fast Fourier transforms for circulant embeddings of covari-
ance matrices, and for conditional simulations, Langevin-Hastings type updates;
Wolpert and Ickstadt (1998) use an auxiliary variable method.



Notice that some kind of approximation is used in any of the papers: Heikki-
nen and Arjas (1998) “cheat” when they calculate Hastings ratios involving the
normalizing constants in the conditional autoregressions corresponding to two
models of different dimensions (the techniques in Rue (2001) may possibly over-
come this problem); Mgller et al. (1998) discretize the Gaussian field, using a fine
grid; Wolpert and Ickstadt (1998) consider only those (uj, ;) with v; > €, where
€ > 0 is a given threshold (e.g. the machine precision). Apart from the LGC case,
the theoretical properties of the algorithms have so far not been studied in detail.
In particular, Moller et al. (1998) establish geometric ergodicity for a truncated
Langevin-Hastings algorithm for simulating A]Y".

6 Concluding remarks

All the considered models have their advantages and disadvantages. None makes
life easy for spatial epidemiologists, and for that reason direct modelling of ag-
gregated data as described in SR may be hard to beat. Treating the analysis
of aggregated data as a missing data problem, MCMC methods may be feasible
so that “aggregation coherence” is ensured. Moreover, computational problems
with integrals and varied kinds of approximations/discretizations/truncations are
typical in the existing MCMC algorithms. Alternative models such as modified
Neyman-Scott processes seem yet not used in epidemiological applications, and
they leave the hope for developing simpler and yet flexible models.
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