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Abstract

We develop the general quantum stochastic approach to the description of quantum
measurements continuous in time.
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In recent years, the problem of how to describe the behaviour of a quantum system con-
tinuously observed in time has been the subject of intensive investigations in the physical
and the mathematical literature. This type of behaviour is generally not reversible in time
and, hence, in particular, can not be described by the Schrodinger equation whose solutions
are reversible. The present strong interest in this fundamental problem is to a large extent
caused by the rapid development of experimental techniques, where experiments involving
continuous-time (i.e. continuous in time) ‘monitoring’ of a quantum system have become
possible [19-21,31,41].
The present paper develops, in the context of continuous-time monitoring, the general
approach to the description of quantum measurements, formulated in [36]. The framework,



we introduce, encompasses the various particular models for continuous-time measurements,
considered previously in the physical and the mathematical literature.
This concerns:

e The Markovian models in the mathematical physics literature [1-10, 27,30], formulated
either in terms of stochastic differential equations or in terms of semigroups of probabil-
ity operators or in terms of the instrumental processes with independent increments. In
fact, the stochastic equations used in all these models generalize the quantum filtering
equation which was derived in the quantum stochastic calculus modelling framework.
This modelling framework satisfies the principles of nondemolition observation ([7-10]
and references there). It was, however, shown in [35] that the case of continuous-time
indirect nondemolition measurement can be considered in the more general quantum
theory setting, which is not based on the use of the essentially Markovian measurement
model of quantum stochastic calculus.

e The models of continuous-time observation in the physical literature [11,13,14,17,22-
25,34,38,39,44,47-51], including those in quantum optics. The derivation of stochastic
equations in all these models is based mostly on unraveling of the Master equation of
Lindblad type [33] (cf., for example, [39, 50,51]) or on the phenomenological introduction
of non-Markovian quantum trajectories [47-49].

As a prerequisite for our results in the main part of the paper, we review in Section 2 the
main concepts of the operational approach (subsection 2.1) and the main ideas of the quantum
stochastic approach (QSA) (subsection 2.2) to the description of quantum measurements.

Sections 3-8 then develop the formalism for the description of continuous-time measure-
ments from the general viewpoint of the QSA [36,37]. The general scene is set in Section 3.
Section 4 introduces, in general, the notion of a posterior pure state trajectory. The special
case of Markov evolution is treated in Section 5. Section 6 introduces the notion of a mea-
suring model of continuous-time direct quantum measurement. Sections 7 and 8 address the
questions of indirect nondemolition measurement.

2. Basic representations of quantum measurements

This Section reviews both the operational approach and the quantum stochastic approach to
the description of quantum measurements.

By a quantum measurement we mean a physical experiment upon a quantum system
which, resulting in the observation in the classical world of an outcome that to some degree
characterizes the quantum system, may cause a change in the state of the quantum system,
but not the quantum system’s destruction.

We distinguish between direct and indirect quantum measurements.

A direct quantum measurement corresponds to a measurement situation where we have
to describe the direct interaction between the measuring device and the observed quantum
system, while in case of an indirect measurement, a direct measurement is made of some other
quantum system, entangled with the one considered.

The term ‘generalized measurement’, as usual, corresponds to the measurement situation
with outcomes of the most general nature possible under a quantum measurement.

Let a quantum system S, described in terms of a complex separable Hilbert space H,
interact with another system (quantum or classical). The interaction, changing the initial



state pp of § into a certain new state, leaves some imprint in the classical world, the imprint
being described as a point w in some standard Borel measure space !(Q, F). Denote by B(H)
the Banach space of all bounded linear operators on H.

Consider first the most general scheme of the complete statistical description of any gen-
eralized quantum measurement. This kind of description implies the knowledge of the proba-
bility distribution of different outcomes of a measurement and a statistical description of the
state change of the quantum system under this measurement.

We introduce the following notation.

Let 7(B;py) = Prob{w € B;pg} be the probability that the imprint w in the classical
world belongs to a subset B € F.

Let Ex{Z|B} be the conditional expectation of any von Neumann observable Z = Z*, Z €
B(H), at the instant immediately after the measurement and conditioned on the outcome
w € B.

The posterior state (or posterior density operator) pou:(B;po), of the quantum system
conditioned by the imprint B in the classical world, is defined indirectly as the solution to

Ex{Z|B} = tr{pout(B; po)Z}, (2.1)

(for arbitrary Z and B) and constitutes the statistical description of the state change of the
quantum system under a measurement when only the event that w belongs to B has been
recorded (cf.[42,43,2,36,37]).

The unconditional posterior state pout(€2; po) of the quantum system corresponds to the
situation where the imprint w in the classical world is ignored completely.

Any posterior state poy:(B; po) can be described in terms of a family of statistical operators
{pout(w; po),w € Q}, defined m-almost everywhere (a.e.) on €2, and usually referred to as the
family of posterior states. Specifically, for all B € F with 7(B;pg) # 0,

o pout(w; po)m(dw; po)
poutlBipn) = 7(B; po) (2.2)

For the unconditional posterior state poy:(€2; po) the relation (2.2) can be considered as the
usual statistical average over the posterior states pou¢(w;po) with respect to the probability
distribution 7 (dw; po).

For any type (direct or indirect) of a generalized quantum measurement the operational
approach [15,16,26,32,42,43] can be used for the most general mathematical specification of
all of the above-mentioned elements of the statistical description of a measurement.

2.1. The operational description of a generalized quantum measurement

In the frame of the operational approach the mathematical notion of a quantum instrument
plays a central role.

Specifically, a mapping N (-)[-]: F x B(H) — B(H) is called a quantum instrument if /()
is a o-additive measure on (2, F) with values N'(B), B € F, that are normal completely
positive? bounded linear maps B(#H) — B(#) such that the following normalisation relation
is valid: N(Q)[I] = 1.

' A standard Borel space is a measurable space that is isomorphic to the real unit interval. In particular,

any Polish space is standard Borel.
?For the definitions of normality and complete positivity see, for instance, Holevo [29]




In the frame of the operational approach it is assumed that

tr{poN (B)[Z]}
m(B;po)

In case Z = I, from (2.3) it follows that the probability distribution 7(B;pg) of outcomes
under a measurement is given by

Ex{Z|B} = VB € F. (2.3)

#(Bspo) = tr{poN (B)T]}, VB € F. (2.4)

The positive o-additive operator-valued measure M(B) = N (B)[I], satisfying the con-

dition M(Q) = 1, is called a probability operator-valued measure or a POV measure, for
short.

Due to (2.3), in the frame of the operational approach the posterior state poui(B;po),
conditioned by the outcome w € B and defined by the relation (2.1), is representable as
M(B)[po]
m(B; po) ’

where M(B)]-] denotes the map dual to N (B)[-], which acts on the Banach space T(H) of
trace-class operators on H and is defined by

pout(B;p(]) = (25)

tr{kN'(B)[Z]} = tr{M(B)[x]Z}, (2.6)

for arbitrary Z € B(H), x € T(H). Since N'(Q)[I] = I, it follows from (2.6) that tr{ M (Q)[p]} =
1 for any density operator p € T(H). We follow the terminology of [29] and refer to M(:)[]
as a quantum instrument associated with the quantum instrument A (-)[-]. Due to (2.5) we
also have

m(B;po) = tr{M(B)[po]}, VBeTF. (2.7)

For any initial state py of a quantum system the family of posterior states {pout(w, po),w €
1} always exists [42,43,2] and is defined uniquely, m-almost everywhere, by the relation:

/B Lot (w3 po) Z} (o, po) = tr{poN (B)(Z]}, (2.8)

for all Z € B(H),VB € F. From (2.2) and (2.5) we have, in particular,

dM(-)[po]
dre(-;po)
that is, the posterior state pou¢(w;pp) is a density of the measure M(-)[pg] with respect to

the probability scalar measure 7(-; pg). Further, from (2.5) it follows that the unconditional
posterior state is given by:

pout(w;pﬂ) = (2.9)

Pout (€2; po) = M(Q)[po]- (2.10)

It was proved in [36] that for any quantum instrument there exist:

e a positive finite scalar measure v(-) on (€2, F);

e positive integer Ny < 00;



e a dimension function N (-), defined v-almost everywhere on 2, with values being positive
integers N (w) < oo;

e positive numbers «;, summing up to unity vazol a; = 1;

e a family {Wy, : i« = 1,..., No;n = 1,....,1} (with [ being equal to v-sup{N(w),w €
}) of bounded linear operators Wy, : H — Lo(Q,v;H), satisfying for Vf,g € H the
orthonormality relation

N(w)
/Q S ((Win ) (@), (Wing) (@))0(dw) = (f, )55, (2.11)
n=1

such that for VB € F, VZ € B(H) the following integral representation for a quantum
instrument is valid:

No N(w)
S NB)Zg) =Y o /B S {Winf) (@), ZWing) @) (dw),  (212)
=1 n=1

The integral representation (2.12) is, in general, different and more detailed than the
representations available in the mathematical and physical literature [28,45,51]. The
latter are similar to the Stinespring-Kraus representation for a completely positive map
on B(H) (cf., for example, [29]) The most essential difference is due to the orthonormal-
ity relation (2.11), which is not present in the Stinespring-Kraus like representations
of a quantum instrument [5,28,29,45,51]. Moreover, since the two different types of in-
dexes 7, n enter the orthonormality relation (2.11) in quite different manner, the double
indexing in (2.12) can not, in general, be presented as a single one without loss of the
natural structure of an orthonormality relation (see [36] for further discussion).

We would like to underline here that having the elements of one integral representation of
an instrument one can construct, due to the definite transformation rule (see [36]), a plenitude
of other integral representations of the same instrument with different families of operators
{W/ } and different scalar measures v/, the latter being, however, of the same type: [V/] = [v].

The operational approach, while essential for the formalization of the statistical descrip-
tion of any generalized quantum measurement, does not, in general, specify a possible random
behaviour of the quantum system under a single measurement. In other words, the opera-
tional approach, in general, does not give the possibility to include into consideration the
description of the stochastic, irreversible in time behaviour of a quantum system under a sin-
gle measurement, depending on an outcome w in the classical world. The description of such
stochastic behaviour of a quantum system means the specification of a probabilistic transition
law governing the change from the initial state of the quantum system to a final one under a
single quantum measurement. We refer to this kind of description of a quantum measurement
as a complete stochastic description.

The operational approach also does not distinguish between direct and indirect measure-
ments.

In this connection we would like to underline that in quantum theory any physically based
problem must be formulated in unitarily equivalent terms and the results of its consideration
must not be dependent either on the choice of a special representation picture (Schrédinger,
Heisenberg or interaction) or on the choice of basis in the Hilbert space. Moreover, in general,



the description of any direct quantum measurement can not be simply reduced to the quantum
theory description of a measuring process, as it is now usually considered in the mathematical
and physical literature. For this kind of measurement situation we can not specify definitely
either the interaction, or the quantum state of a measuring device environment, or describe
a measuring device in quantum theory terms alone. In fact, under such a scheme the de-
scription of a direct quantum measurement is simply transferred to the description of a direct
measurement of some observable of an environment of a measuring device.

We recall that for the case of discrete outcomes the original von Neumann approach [40]
describes specifically o direct quantum measurement and gives both a complete statistical
description and a complete stochastic description of this measurement. Specifically, if the
initial state pg of a quantum system is pure, that is, pg = |¢9){(¢o|, and if under a single
measurement the outcome JA; is observed, then in the frame of the von Neumann approach
the quantum system ‘jumps’ with certainty to the posterior pure state

Bjlo) (ol P
1Pl

where P; is the projection, corresponding to the observed eigenvalue A; of the observable
Z = Zj A;jPj. The probability p; of the outcome A; is given by

(2.13)

ni = |1Pjol*. (2.14)

An approach, giving both - a complete statistical and a complete stochastic description
of a direct quantum measurement with outcomes of the most general possible nature was
introduced in [36,37]. We call this approach quantum stochastic and refer to it as QSA.

2.2. Quantum stochastic approach

It was shown in [36] that any generalized direct quantum measurement (cf. Subsection 2.1
above) can be described in terms of certain scalar measures on a standard Borel space (€2, F)
and associated stochastic evolution operators, describing the stochastic evolution of the quan-
tum system in the Hilbert space H conditioned by the observed outcome w. We refer to the
collection of these quantities as a quantum stochastic representation, or QSR, of a generalized
direct quantum measurement. For simplicity, we consider below only quantum stochastic
representations for which the quantum stochastic evolution operators are bounded.

jFrom the point of view of the operational approach, the QSA specifies, in particular,
the type of a quantum instrument, corresponding to the description of a generalized direct
quantum measurement.

In particular, it was shown in [36] that any generalized direct quantum measurement can
be interpreted to correspond to an invariant class of unitarily equivalent measuring processes
(statistical realizations). For an invariant class of measuring processes the elements of the
integral representation (?7) of the corresponding instrument are the same for all measuring
processes from this class and are given only through the unitary invariants of the measuring
process. The special form of this integral representation of an instrument, corresponding to
the invariant class, is called quantum stochastic.

According to the QSA, to every generalized direct quantum measurement there exists a
unique quantum stochastic representation of a measurement, giving a complete statistical and
stochastic description of this measurement, in a precisely specified sense.



Specifically, by a quantum stochastic representation (QSR), we mean a collection

Q = Hgji(wv(dw)}, {Vi(w)}, {ait}, (2.15)
consisting of three families of elements where:

e gji(w)v(dw),i,j = 1,..., No; Ng < 0o are complex scalar measures on a standard Borel
space (€2, F) , absolutely continuous with respect to a finite positive scalar measure v/(-),
with ¢;;(w) > 0 and satisfying the orthonormality relation

/ gji(w)p(dw) = 35 (2.16)
Q

e the oy, i = 1,..., Ny constitute a finite or countable sequence of positive numbers that
sum to 1.

e ecach Vj(w),i = 1,..., Ny is a v-measurable operator-valued function, defined v-almost
everywhere on (2, with values being linear bounded operators on H, satisfying the
orthonormality relation

/QVJ'*(“))Vi(w)QJi(w)V(dw) = 051 (2.17)
and such that, for any B € F and any index 1,

/ Vi(w)gii (w)v(dw) € B(H). (2.18)
weB

We let
vi(dw) = gii(w)v(dw), (2.19)

vy (dw) = Zaiui(dw) (2.20)

and refer to these as the input probability scalar measures.

In case the index set for ¢ consists of one element only we drop the index and assume that
the probability density ¢1; is identically 1, implying that v(-) is a probability measure, and
we then say that the QSR is simple.

The v-measurable operator-valued functions V;(w), having the properties (2.17) and (2.18)
are called quantum stochastic evolution operators.

Consider in general the statistical and stochastic description of a quantum measurement,
represented by a QSR.

The quantum instrument, corresponding to a direct quantum measurement, which is de-
termined by the quantum stochastic representation @, is given by

N(B)[Z] = Z aiNi(B)[Z] (2.21)

with
Ni(B)[Z] = /B Vit () ZVi(w)vi(dw). (2.22)



The probability scalar measure 7(dw; pg) on €2, defined by (2.4), and the family of unnor-
malised posterior states 7y, (w; pp) on H are presented by the following specifications

m(dw; po) Z a;tr{Vi(w)po V;" (w) }vi(dw), (2.23)

nout w;j ,00 Zaz POV )q”(w) (2'24)
Introducing for every index 7 = 1,..., Ny the unnormalized posterior state

(w3 po) = Vi(w)po Vi (), (2.25)

we present the unnormalized posterior states (2.24) and the probability scalar measure (2.23)
as

Nout (5 Po) Zazqu W) (w5 po) (2.26)
and
m(dw; po) Zaﬂrz (dw; po) (2.27)
with .
mi(dws po) = tr{n), (w; po) hris(dw). (2.28)

The probability scalar measures m;(-; po) and 7(+; pg) are called output probability measures.
Due to (2.8), (2.26) and (2.28), for the associated instrument M(-)[-] we have the following
representation

B)[po] = Zaz B)[po], (2.29)

where

M(B)lpo) = [ 1w poyato) (2.30)
and, consequently, for any index ¢ the unnormalized posterior state 77((;u)t (w; po) can be consid-
ered as the Radon-Nikodym derlvatlve Mi of the i-th associated instrument M; with respect
to the input probability measure v;.

If the recorded result in the classical world is (only) that the outcome w belongs to a
certain set B € F then the corresponding probability of this and the ensuing knowledge of
the (normalised) posterior state of the quantum system are represented, respectively, as

(Bim) = [ (s ) (2:31)

and
2% [ nout w; po)vi(dw)
(B ) pO) .
Due to the decompositions (2.22), (2.26) and (2.27), in the frame of the QSA N;(-)[],
M) n(()iu)t(w; p0), vi(dw) and 7;(-; po) are interpreted to present the instrument, the associ-
ated instrument, the unnormalized posterior state, the input and the output probability dis-
tributions of outcomes in the i-th random transition channel of a measurement, respectively.

Pout(B; po) = (2.32)



The statistical weights of the different channels ¢ are given by «;, which are interpretable as
probabilities.

Let the initial state of a quantum system be pure: py = |1g)(1)o|. Due to the orthonor-
mality relation (2.17) every pure state V;(w)to, @ = 1,..., No, is interpreted in the frame of
the QSA as a posterior pure state outcome in the Hilbert space H conditioned by the ob-
served outcome w and corresponding to the i-th random transition channel of the quantum
measurement.

For the observed outcome w the probability of the posterior pure state outcome V;(w)iy
in H is given by
i qii (w)|[Vi(w) ol |

0;(w) = . (2.33)
> @i (w)]|Vj(w)tol|?
The representation of the unconditional posterior state as
pont(5% 0) = 3 [ Vi) o) Vi ()i (2:34)

is considered in the QSA as the usual statistical average over the posterior pure state outcomes
with respect to the input probability distributions of outcomes v;(-) in channel i, given with
the statistical weight «;.

Physically, the concept of different random channels correponds , under the same outcome
w, to different underlying random quantum transitions of the environment of a measuring
device, which we can not, however, specify with certainty.

Direct measurements, on a given quantum system, described by different QSR are called
stochastic representation equivalent provided the QSR give the same statistical and stochastic
description,. For example, in the frame of the QSA, the notion of a von Neumann (projective)
measurement of a discrete observable Z = > j AjPj corresponds to the stochastic representa-
tion equivalence class of direct measurements on (R, B(R)), for which the complete statistical
and stochastic description is determined by the von Neumann measurement postulates [40],
presented by the formulae (2.13), (2.14).

3. Continuous-time direct measurements in the frame of QSA

We would like now to introduce the general QSR describing a continuous, over a time period
(0,T], direct quantum measurement. In this case the outcome w, characterizing continuous-
time observation up to the moment 0 < ¢ < T, is given by a record {z;},¢(o,, presenting
a trajectory {Z;},c(o, in a filtered standard Borel space (2, {F;},F), and without essential
loss of generality we think of x; as real-valued and, for simplicity, we consider the case where
the measure space € is represented by D(0, 7], the space of right continuous functions with
left limits, defined on (0,7]. In this case, for any time ¢ € (0,77 the trajectory {z:} ¢, is
cadlag (continue a droite, limite a gauche). Further, F! denotes the o-algebra generated by
2t = {2} se(ry and we use the notation QL for the restriction of D(0,T] to the interval (,].

As discussed in Section 2, under the QSA for any generalized direct quantum measurement
there exists a unique QSR. Then, in particular, under a continuous-time direct quantum
measurement there must exist a unique QSR, describing this special kind of a generalized
direct measurement. The elements of this QSR must have the time-wise properties that we
now go on to describe.

For simplicity, we consider only the case of simple QSRs.



Thus, in the frame of the QSA, for any continuous-time direct quantum measurement,
whose QSR is simple, at any moment of time ¢ € (0, 7] there exist:

e A unique input probability scalar measure /() on Qf;

e A unique family of measurable (with respect to JF;) operator-valued functions {V{(z}) :
zh € Qb}, defined vf- almost everywhere on Qf, with values being bounded linear

operators on H such that for any Bf € F;

/B Vi) (dah) € B(H), (3.1)

t
0

and the following normalisation relation is valid

/Q (V) V(b (dat) = T. (3.2)

t
0

;From (2.22) it follows that for any continuous-time direct quantum measurement with a
simple QSR at any moment of time ¢ the instrument N{(-)[-] must be represented as:

NBOIZ) = [ (V3(ah)) 2V v, (33

for VB, € F,VZ € B(H), with similar time-wise notation for the associated instrument
M4 ()], the POV measure M{(-), the output laws 7§(-; pp) and the family of unnormalized
posterior states {nl,,(z4; po) : & € Q4}, defined v§-a.e. on Q.

Furthermore, we must include into the specification of the QSR, describing the continuous-
time direct measurement, the conditions that:

e At all moments of time until 7" the input probability scalar measures (describing physi-
cally the measurement situation under which the quantum system is not entangled with
a measuring device) must be compatible in time;

e The output laws 7} (+; po) should be also compatible in time, corresponding to the com-
patibility in time of the POV measures M{(-);

e We assume that under the continuous-time observation the posterior pure state outcome,
being a trajectory in the Hilbert space H, presented at any moment ¢ by the quantum
stochastic evolution operator as Vi (z} )1y, is continuous in ¢ from the right in the norm
on H, vf-a.e. on Qf, with the limit of V{{(z})1y as t | 0 being equal to 1. Moreover,
we also assume that the posterior pure state trajectory in #H is continuous in ¢ from
both sides on average with respect to the input probability scalar measure v/, in the
sense that for any 0 < ¢ < T the bounded linear operator f% Vi (zb)vh(dzh) is strongly
continuous in ¢. Under this specification, the situations where the quantum system is
isolated, are included into our representation as a special case. In this case, for any ¢ the
quantum stochastic operator V¢ does not depend on the event z} in the classical world
and is given by a unitary operator U(t,0), strongly continuous in ¢ for any 0 < ¢t < T
both from the left and from the right.
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Summing up all the above-mentioned points, we introduce the following time-wise spec-
ification for the elements of the simple QSR, describing a continuous-time direct quantum
measurement:

e A unique collection {vL(-) : 0 < 7 < t < T} of input probability scalar measures such
that every v on QL is the restriction of the input probability scalar measure v on Q3

VE(BY) = (9 x BL x 9F); (3.4)
e A unique family {V{(z}) : 2z} € Q},0 < t < T} of measurable (with respect to F)

operator-valued functions V{(-) : Q4 — B(H), defined v{-almost everywhere on Qf, such
that for any 0 < ¢t < T and any B € F;

| Vitahiwiast) € B30, (3.5)
B
These operator-valued functions satisfy the normalisation relation
| ) i abitash) = 1, (3.6)
Q5
the initial condition
13{3 VG (z6)t — plle =0, Vo € H, (3.7)

vb-a.e.on Qf and, furthermore, the bounded linear operator f% Vi (zh) v (dzh) is strongly
continuous in ¢ for any 0 < ¢ < T

e A unique family {V!(z}) : 2t € Q,0 < 7 <t < T} of measurable (with respect to F;)
operator-valued functions V!(zb) : Qf — B(H), defined v§-almost everywhere on Qf,
and such that for any 0 < 7 <t < T and any B! € FL, 2] € Q]

/B V(b (dat |25)) € B(H), (3.8)

t
and the following normalisation relation is valid
[ (VHah) VA datla) = 1 (3.9)
o
These operator-valued functions are associated with the family of operators {V{(z})}

via the cocycle condition
Vi (zg) = Vi (20) V7 («5), (3.10)

valid for any t € (0,T],7 € [0,T],s € (0,T],7 < s < t, vf-a.e. on Qf. Furthermore,
im [V (20) — $ll = 0, V9 € K, (3.11)
VTt(‘{L‘B)h:T = Ia

and the bounded linear operator [, V/'(z})vt(dzt|z])) is strongly continuous in ¢ and

T.3

3In (3.8), (3.9) vi(dzt|z]) denotes the conditional probability measure on (Qf, FL).
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We shall show later that the cocycle relation (3.10), together with the normalisation
relation (3.9), ensures the compatibility of the time dependent POV measures.

For the introduced time-dependent QSR we have the following collections of time depen-
dent quantum instruments

(NGO 0 <t <T} (3.12)
with
NL(BY)(Z) = / (Vi (ah) ZVi(ab)wi(dal), VBL € FLVZ € B(H)  (3.13)
B;
and
(ML) 0 <t< T} (3.14)
ME(BY)[K] = /B V(G () vy(dah), VB € R VR ET(H).  (3.15)

The corresponding collection of time-dependent POV measures and the family of time-
dependent unnormalized posterior states are presented as

{M{():0<t<T} (3.16)
MYED = | (Rh) Viabh(ash), VB e 7 (3.17)
B
and
{nbue(500) 1 0 <t < T} (3.18)
nzt)ut(]:(t);po) = %t(xg)po%*t(x(t))avaj(t) € ®67 (319)
respectively.

The collection of time-dependent output laws has the form
{m5(5p0) : 0 <t < T} (3.20)

with
mh(B) = [ (Vi ah)oV @b v(dat), VB € (3.21)
0

At any moment of time ¢ and for any B} € F; the normalized posterior states are given
by
S Mot (w63 )5 (dzh)  AE(BE) o]

bt
o (BY; po) = — . (3.22)
‘ 76(Bg; po) 76(Bg; po)
In the sequel we shall also use the following notation for the unconditional posterior state:
"(p0) = p'(Q; po) = M5 () [po] (3.23)
P \po) = p 3p; Po 0\%40)1P0]s

satisfying the initial condition p'(pg) — po as t | 0 in the trace norm of T (H).

12



Due to the relations (3.4), (3.9) and (3.10) the collection (3.16) of time-dependent POV’s
is compatible, that is, for any 0 < 7 <t and any Bj € F, we have:

MY(B) = / (Ve (b)) Vi (b ()

Va ()" (VA ) Vi) Ve (o)}
V) V) | F VG (5))

— M (B)), (3.24)

where E{-} denotes the mean value with respect to the probability measure v(-).
For any 0 < 7 < t and any Z € B(#), for the instruments from the collections (3.12) and
(3.14) we have the following properties:

N (dah)[Z) = N7 (daf)[N (dat |oF) (2], (3.25)
M (dab)[x] = M (dat[ad) (MG (da) K], (3.26)
where we have introduced the notation
N (et |ef)[2] = (V}(2h))* 2VEab)l(dat]ag),  VZ € BOH), (3.27)
M (datfeb) k] = VE(ah)r(V (2h) vh(dat ag), Vi € T(H), (3.28)

for instruments N!(-|z])[-] and ML(:|2])[-] which we call conditional.
Due to the properties (3.4)-(3.11) the collection {ME(Q§)[] : 0 < t < T} with

Mo (2)[s] = /Qt Vo (z0)s(Vs (20)) " vp(dzg), Ve € T(H), (3.29)

and the collection of {ML(QL|z)[]:0 <7 <t < T} with

MU = [ VbRV (ab) vhdatlaf), Ve € TO0) (3.30)

s

constitute families of time-dependent dynamical maps [29]. We shall call the dynamical map,
which we introduce by (3.31), conditional.

It follows also from (3.4)-(3.11) that for any 0 < 7 < ¢t < T the time-dependent dynamical
maps ME(Q4)[], ML(QL|z])[] are strongly continuous in ¢ from the right with the following
limits:

%lllMB(QE)[ﬁ] — &l =0 (3.31)

and

L M5 (2 7)) 0 (3.32)

= bl =

Vk € T(H)Va] € Q.
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4. Posterior pure state trajectories in Hilbert space

Together with an arbitrary pure initial state 1y, any given collection of quantum stochastic
evolution operators {V{(-) : 0 < ¢t < T'}, with the properties specified in Section 3, determines
by
(tlz) = Vi (20)o (4.1)

a posterior pure state trajectory {¢(7|zf)},co,r) in the Hilbert space ®,¢(o mH conditioned
by the continuously observed trajectory z} in the classical world.

Due to the specification of the time-dependent QSR, presented in (3.4) - (3.11) this tra-
jectory is continuous in ¢ from the right and continuous in ¢ on average with respect to the
scalar measure v in the sense that

$(tlzo)v(dzg) — / ¢(7|zg)v(dzp) (4.2)
Qb -7 Jaog

in the norm of #.
Furthermore, ¢(t|z}) satisfies the limit condition

lim g(¢]25) = o (4.3)

and, for any 0 < ¢t < T, the following normalisation relation holds
| oteiaby|viast) = 1. (1.4)
0

According the QSA, {¢(7|z§)}-c(0,) Presents a posterior pure state outcome under the
continuous-time measurement, which depends on the observed trajectory zf in the classical
world.

Thus, for the case of measurement continuous in time until the moment ¢ both the observed
outcome xf in the classical world and the posterior pure state outcome {¢(7|x§)}-c(0,q in the
Hilbert space ®,¢ (o qH are represented as trajectories.

Introduce also for any ¥ € H and any s < t the notation

O(t, 5320, 9) = Vy (w0)9 (4.5)
Then, for any ¢ € H, due to the property (3.10) we have the following relations
B(t; 5;.20, (s, 7325, %)) = B(t, 7320, 9), (4.6)
valid v-a.e. on  for any t € (0,T],7 € [0,T],s € (0,T],7 < s < t.
In particular, since ¢(s|z§) = D (s, 0; ], 10) we can also write
©(t; 5520, P(s]2)) = ¢(t]zp). (4.7)

If the initial state py of a quantum system is pure, that is, pg = |1o) (10|, then under the
continuous-time direct measurement, described by the simple QSR specified in Section 3, at
any moment ¢ the unconditional posterior state (3.23) is represented as

p'(po) = /Qt | (t120)) (b (tl20) v (dp) (4.8)

0

and, thus, corresponds to the statistical average over the posterior pure state outcomes
|p(t|z5))(p(¢|zh)| with respect to the input probability distribution v/(-).
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5. The case of Markov evolution

Consider now the special case of continuous-time measurement under which the quantum
stochastic evolution operators V!(z)) satisfy the following restriction

Viah) = Vi(zh), forall 0 <71 <t, (5.1)

T T

and under the law v(-) the stochastic process z; has independent increments, that is:
v(dz? x dxif) = V(d:ﬂﬁ)u(dmif), (5.2)

forany 0 <7 <7 <t <ty <T.
In this special case the conditional instruments (3.28), (3.29) become unconditional in the
sense that they do not depend on outcomes of measurements in the past:

N (dailzg)[] = Ni(dz)[] (5.3)
M (dz|af)[] = Mi(da)[] (5.4)
and for any 0 < s <t <T we have
N (B x By) = N§ (Bj) o N(BY). (5.5)
MG(BG x Bg) = M(B;) o Mj(B5). (5.6)

Thus, under the restrictions (5.1), (5.2) the time-dependent collections of quantum instru-
ments (3.12) and (3.14) with the properties (3.26) and (3.27), constitute the so called instru-
mental processes with independent increments [4-6,29,30]. Notice that in the general QSA
framework, considered in Sections 3 and 4, the families of instruments do not generally satisfy
the relations (5.5), (5.6), which are, however, usually assumed to be valid for the description
of continuous-time measurements in the frame of the operational approach (cf.[30]).

The collection {ML(QL)[]:0 <7 <t < T} where

M@ = / VA (V) v (dat), (5.7)
Q

t
r

constitutes a family of time-dependent dynamical maps which, in contrast to (3.30), does not
depend on outcomes in the past.

Under the restrictions (5.1), (5.2) the unconditional posterior state p(pg), given by (3.23),
has the following Markov property

p'(po) = ML(Q)[P* (po)], VO < s <t (5-8)

However, in contrast to the usual presentation of Markovian evolution of an open system
(cf. [29] and references cited there) under the restrictions (5.1), (5.2), the family of dynamical
maps (5.7) does not, in general, represent a quantum dynamical semigroup.

Example. In recent years the different stochastic calculus models of continuous-time
quantum measurement, based on the introduction of linear (as well as non-linear) stochastic
differential equations for a process {1, t € [0,00)} with values in a complex separable Hilbert
space H , were intensively discussed in the mathematical and physical literature
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As we have already mentioned in the Introduction the type of stochastic equation, used in
all these presentations, corresponds to the quantum filtering equation, derived in [7-10], for the
quantum stochastic calculus model of continuous-time indirect nondemolition measurements.

In the physical literature, in fact, only particular cases of such equations were considered.

In the most general settings, the mathematical properties of this kind of stochastic model
on a filtered probability space (2, {F;}, F, P) were analysed in [4-6,27,29,30].

For the type of stochastic model in question it is postulated [6] that:

e the (unnormalised) posterior state vector ¢, € H of the quantum system under continuous-
time observation satisfies a stochastic differential equation of Ito’s type

dypy = —~Kp—dt + Y Ligtpr—d Wi+ (5.9)

+ /y (Jutpr) () TL(dy, )

with a non-random initial condition ¥y = u € H;

e the R%valued observed output process is defined to be

t 00 ‘
X;(t) ::/0 cz-(s)ds+kZ:1/0 ik (8)dWs+ (5.10)
T /Yx(o ) e(g(y; 5))gi (y; $)TT(dy, ds)+

gi(y;s) =~
+ —I0D7)T(dy, dt),
/Y><(0,t]1+|gi(y§3)|2 (dy, di)

with the functions

c:(0,00) = RY, (5.11)
air : (0,00) = R,
g:Y x(0,00) = R%,

llg]I?
0(g) == —3
1+ J|g]l?

i=1,..,dk=12,...

The following assumptions are supposed to hold [6] for the stochastic model, defined by
(5.9)-(5.11):

e Forany t € (0,00) and any k = 1,2, ... the operators K; € B(H), Ly, € B(H), J; € B(H),
L*(Y,v(); H);

o Ky+ K/ =372 L, Lyt + J; (I ®7)Jy with 7, being a bounded multiplication operator
on the space L(Y,v(-); C);

e The Wy, are independent Brownian motions;

e [I(dy,dt) is an adapted Poisson point process on Y x [0,00) of intensity y;(y)v(dy)dt
and increments independent of the past;
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. ﬁ(dy, dt) = I(dy, dt) — v¢(y)v(dy)dt is the compensated Poisson process;
o W = {Wy,} and II(dy, dt) are independent;

Due to these assumptions under the law P the output process (5.10) is a process with
independent increments. Let £!, 0< s < t denote the o-algebra generated by X (r) — X(s),
r € [s,t]. Under a number of regularity conditions, it was proved in [6] that:

e The Cauchy problem for the equation (5.9), with a nonrandom initial condition 1y = u
at time ¢ = 0 has a unique (up to P-equivalence) solution 1y = W;(s;w;u) and for any
t > 0 the process ||| is a positive martingale with

Ep{llyel[*} = [ul*. (5.12)

e For any ¢t > s the solution V;(s;w;&(w)) of the equation (5.9) on the interval (s,1]
with the initial (at time s) random condition ¢(w), where Ep{||£]|?} < oo, satisfies the
relation

Ep{l[W(s; 5|1} = Bp{lIlI*} (5.13)

and P-almost surely

Ui(miw; Ur(s,wyu)) = Yy(s;wiu), VE>T2>s (5.14)

e For any u € H, A € B(H) and any B! € £ the equation
(u, N3 (Bg)[Alu) := Ep{1p; (Ty(s; 5 u), ATy (55 )} (5.15)
defines a family of instruments {N!(-)[-] : 0 < s < ¢} with the property (5.5).

Recalling the results of Section 4, we see that the stochastic model of continuous-time
quantum measurement, based on the introduction of the stochastic differential equation of
the type (5.9), corresponds to a special case of our presentation, where for any w € Q! the
quantum stochastic evolution operator is defined by the equation:

Uy (s;wih) = VHw)h, Vi € . (5.16)

The unconditional posterior state of a quantum system in this stochastic model has the
Markov property (5.8).

6. Measuring model of continuous-time direct quantum measurement

For any moment of time ¢t € (0,7] let us construct, up to unitary and phase equivalence,
a statistical realization, corresponding to the time-dependent QSR, specified in Section 3.
We shall refer to the resulting realization as the measuring model of continuous-time direct
quantum measurement, corresponding to the (simple) QSR.

Let H(v) = H(v, N; QF) be the direct integral [12], induced by a probability scalar measure
v(-) and dimension function N(zl) equal to identity v-a.e. on QF. For such a dimension
function the direct integral #(v) is identical to Lo (QF,v;C).

The relation

(Xg (Bg)er) (@) = xpr (5)er(a(), (6.1)
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VBl € F, VYor € H(v), holding v-a.e. on Q, defines a simple projection-valued measure
XI'() : F = B(H(v)) of the type [XI'(-)] = [v(")] (cf. [12,36]). Here Xpy denotes the
indicator function of a subset B].
Due to
XL(BY) = XG5 (@ x B x ), (6.2

the projection-valued measure X{ (-) defines by
(X7 (BDer)(wg) = xpe (24 )pr(25), ¥By € F, Yor € H(v), (6.3)

a collection {XL(-) : 0 < 7 < t < T} of time-dependent, mutually commuting and compatible,
projection-valued measures X.(-) on the standard filtered Borel space (QF,{F;},F) with
values in B(H(v)), satisfying for any 0 < 7 < s < t < T the relation:

X!(B x Bl) = X'(B)X?(B}), (6.4)

VB! € FL,VB: € F5. In (6.3) zL is the restriction of z} to the space QL. For any ¢ > 7 > 0
the type [X! ()] equals [v1()].

In the case considered, where N (zl) = 1, v-a.e. on Q¥ a base of measurability (cf.[12,36])
consists of only one element ez, defined, up to unitary equivalence, by the relation |er(zl)| =
1, v-a.e. on QF. Since the measure v/(-) is finite, e € H(v) is an element of maximum type
for every projection-valued measure X! (-):

(er, XL()er)uw) = VE(:), (6.5)

Now, introduce the complex separable Hilbert spaces IC(v) = H @ H(v).

Let U, (t,0) be a unitary operator on [C(v) strongly continuous in ¢ for ¢ € (0, T, satisfying
the initial condition s-limyjo U, (¢,0) = I (strong limit) and such that for any vector ¢ € H
the relation

(U (1,00 ® ex)) () = Vi () @ ex(ad), (6.6)

is valid v{-a.e. on Q. The unitary operator U,(,0) is defined by the relation (6.6) up to
unitary equivalence. The continuity conditions are required for the compatibility of the prop-
erties of U,(t,0) with the properties of the quantum stochastic evolution operators V{(z}),
specified by (3.5)-(3.11).

The statistical realization

{H(v), ler)(er], X3(-), Uy (t,0)} (6.7)

at any moment of time ¢ € (0, T, presents on H(v) the invariant class G(t) (cf.[36]) of unitarily
and phase equivalent separable statistical realizations, corresponding to the time-dependent
QSR, specified in Section 2.2.

For any ¢ € (0,7 the representation of the instrument (3.13) through the elements of the
statistical realization (6.7) is given by

N3 (Bo)[Z] = Ejepyer {Uy (£, 0)(Z @ X((Bp)) U (,0)}, (6.8)

where for any statistical operator o on #H(v) the notation E,[-] denotes the normal completely
positive bounded linear map E,[-] : B(K(r)) — B(#), such that for VQ € B(KC(v)) the relation

tr{oE,[Q]} = tr{(p ® 0)Q} (6.9)
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is valid for any statistical operator p on H [42].
The family (3.16) of POV measures is represented by

Mi(BG) = ey (e {U5 (¢, 0)(T ® X((Bg))Us (¢, 0)}- (6.10)

Similar to (6.6) introduce also for any ¢ > 7 > 0 the unitary operator U, (¢, 7), strongly
continuous in ¢, 7, satisfying the relation U, (7,7) = I and such that for V¢ € H

(Un(t,7) (4 ® er)) () = V7 (a0)% ® er () (6.11)

v-a.e. on ). Then we have the following relation for the conditional instrument (3.28):
/Bt N(da?|ed)[Z]v5 (df) = Biepyer (U (¢, 7)(Z @ XG(Bg))Us (t,7)} (6.12)
0

and, consequently, N!(dzl|z])[-] is the Radon-Nikodym derivative with respect to vJ(-) of
the instrument standing on the right hand side of (6.12).
Due to (3.9) and (6.11) for any ¢ > 7 > s > 0 we have

15 () = Blery (e { U (8, 7) (T @ X5 () U, (8, 7)} (6.13)
= Bjepyep {1 @ X5()}

and, consequently,
E\eT>(eT|{U: (t7 T)[I ® XS()? Uy (ta T)]} =0, (614)

where T'> ¢t > 7 > s > 0. From (6.14) it follows then that the family

{U,(t,7):t€ (0, T);7 €[0,T);t > ;U (7,7)| 750 = I; s- lgf(r)lUy(t,O) =1} (6.15)

of strongly continuous in ¢, 7 unitary operators, satisfying (6.6) and (6.12), has the property:
[ ® X5(-), Un(t, 7)](4 ® er) = 0, (6.16)

Ype H;VtE>712> 8> 0.
Let H g be a complex separable Hilbert space isometrically isomorphic to #(v) by a unitary
transform RH(v) = Hp. The relation Pg’t] () = RXL(-)R™! defines the family

(PUIC) T >t>7>0) (6.17)

of mutually commuting, compatible projection-valued measures Pg’ﬂ (*) : FL — B(Hp) of the
type [VL(-)], satisfying

P(B! x BY) = PYY(BY) PR (BY), (6.18)
VBL € FLVBS € F5Vt > s > 1 > 0.
Let
{Ugr(t,7) : t € (0, T];7 €[0,T);t > 7;Ur(7,7)|r>0 = I; s~ lgf(f)lUR(ta 0)=1I} (6.19)

be the family of unitary operators on Kr = (I ® R)K(v) = H ® Hr, corresponding to U, (t,T)
on K(v). Then
Ur(t,7) = (I ®R)U,(t,7)(I® R™Y). (6.20)
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Denote Rer = fr. From (6.17) and (6.20) it follows that for any ¢ € H
[Ur(t,7),] @ PO ® fr) =0, VE>7>5>0. (6.21)

Furthermore, for any Vi > 7 > 0 and any ¢ € H :

(I ® PR (dah))Ur(t, 7) (% ® fr) = (Vi(ah) ® PN (deh)) (4 © fr), (6.22)
Un(t. )b fr) = [ (o PRI @ e . (629
(Fro PSUC) Fr)an = VA, (6.24)

where the relation (6.22) should be understood in the infinitesimal sense. For the description
of the most general case of continuous-time indirect nondemolition measurement the relations
(6.22)-(6.24) were first introduced in [35].

Due to (6.22)-(6.24), we have

Ea)(1rl {UR (5, 0)} = /Q Vo (p)vp(dzp), (6.25)
B\ (7 (L ® P (deh))Ur(t, 7)) = Vi (ah) i (dah). (6.26)

;From (3.10), (6.21) and (6.22) it follows that for any ¢ > s > 7 > 0 and V¢p € H
the unitary operators Ug(¢,7) (and, hence, also the unitary operators U, (t,7)) satisfy the
following relation

Ur(t,7)(¢ ® fr) = Ur(t, s)Ur(s,7)(¢ ® fR), (6.27)

which we call a cocycle property with respect to the vector fr € Hpg.
The statistical realization

(He, | fr)(frl, Py (), Ur(t,0)} (6.28)

is unitarily equivalent to the statistical realizations (6.6) and at any moment ¢ € (0,7
presents, in general, the invariant class G(t) of unitarily and phase equivalent statistical
realizations, corresponding to the time-dependent QSR, specified in Section 3.

We shall call the 4-tuple

{(Hr lor)(orl, P (), (Urlt,m),: 0 <7 < t <T}}, (6.29)

represented by a simple projection-valued measure PI(%O’T](-) : Qf — B(Hg) and a family of
unitary operators (6.19), with properties (6.21) and (6.22)-(6.27) respectively, the measuring
model of continuous-time direct quantum measurement, corresponding to a simple QSR.

7. Scheme of continuous-time indirect nondemolition measurement

Building on [35], we now consider the scheme of continuous-time indirect measurement pre-
sented in [7-10]. This type of measurement implies that indirect imformation about the quan-
tum system S is obtained via a direct measurement upon another quantum system, say R
(with a Hilbert space Hp), entangled with S. The unitary evolution of the compound sys-
tem (S plus R) on the complex separable Hilbert space Kr = H ® Hp is described in the
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frame of the Hamiltonian approach, while the description of a direct measurement upon the
quantum system R from the point of view of QSA should be based on the introduction of a
corresponding QSR.

However, up to the present moment, the consideration in the physical and the mathe-
matical literature of continuous-time indirect observation on the system S has been given, in
fact, only for a special case, where the POV measure of the continuous-time direct measure-
ment upon the quantum system R is presented by the joint spectral measure of the family of
self-adjoint, time-dependent operators {Qg(t) : t € (0,7]} on Kg, mutually commuting

[QH(t)v QH(T)] =0, Vi, T € (07 T] (71)

and corresponding in the Heisenberg picture to some observable of the quantum system R.

A von Neumann observable Qg (t), t € (0,7T], satisfying the condition (7.1) is usually
termed nondemolition [29,44,35] or self-nondemolition (cf. [7-10] and references there).

However, as was pointed out in [7-10], the condition (7.1) alone does not ensure the exis-
tence, at any moment of time ¢ € (0, 7], of an instrument (with respect to the quantum system
S) which describes, via (2.3), conditional expectations of any von Neumann S-system observ-
able Z under continuous-time indirect measurement and, consequently, allows to introduce
the family of posterior states (cf.(2.8)).

That is why, in [7-10], along with the condition (7.1) there was also introduced an ad-
ditional condition, specified below by (7.2). These two conditions are required to represent
continuous-time indirect nondemolition measurement and are announced in [7-10] as “prin-
ciples of continuous in time indirect nondemolition observation”.

Let {U(t,7) : t,7 € [0,T]} be the cocycle of unitary operators, describing the evolution of
the compound system (S plus R) in the interaction picture, induced by the free dynamics of
the system R (cf., for example, [35]). Then, according to the definition given in [7-10], under
continuous-time indirect nondemolition measurement:

e there must exist the nondemolition observable Qp (t) = U*(¢,0)(I ® Qr(t))U(t,0), cor-
responding to some free dynamical observable Qg(t) of the system R;

e at any moment of time ¢ € [0,7] any von Neumann S-system observable Zp(t) =
U*(t,0)(Z @ I)U(t,0), Z € B(H), where Z = Z*, must commute with the observables
Qr(s) at all previous moments of time:

(Zu(t),Qu(s)] =0, Vt>s>0. (7.2)

Suppose, for simplicity, that for the family of self-adjoint, mutually commuting operators
{Qm(t), t € (0,T]} its joint spectrum [12] coincides with QI = D(0, T).

We are now in position to prove that in the most general case, that is without specifying
a concrete nondemolition measurement model, the simultaneous fulfilment of conditions (7.1)
and (7.2) is equivalent to the condition that the family of self-adjoint operators {Qr(t) : t €
(0,71} is a family of mutually commuting operators with the joint spectral projection-valued

measure PI(zO’T}(-) :QF — B(Hpy), satisfying the commutativity relation
[U(tr), T P ()] =0 (7.3)

for any T >t > 7> 0. Here POI(BY) = POTV(BY x QF) for V BL € F.
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The equation
[U(t.7),I ® Qr(s)] =0, (7.4)

Vt> 7> s >0, presents an equivalent formulation of the relation (7.3).

;From the condition (7.1) it follows (cf.[12]) that there exists a joint projection-valued
measure P}(IO’T](-) : QF — B(H ® Hp) such that for any ¢ € (0,7]

Qult) = | aP" o) = [ ale) P ast), (75)

t
0

where the projection-valued measure Péo’ﬂ(-) :QF — B(Hp).
For any Zy(t) € B(H), Zg = Z};, the commutativity relation (7.2) is then equivalent to

Z (1), P ()] =0 (7.6)
and, hence, to
[Z ® I,U(t,0) P () U (t,0)] = 0. (7.7)

Since (7.7) is valid for any von Neumann S-system observable Z € B(H), by the commuta-
tion theorem of von Neumann algebras the projection-valued measure U (t, O)PI({0 ’t](-)U* (¢,0)

must have the form:
U(t,0)P()U*(£,0) = T @ PY(). (7.8)

;From (7.8) it follows that the relations

PY7() = U*(r,0)(I ® Y7 ())U(7,0) (7.9)
= U*(,0)(I ® P ()U(L.0)

are valid for any ¢ > 7 > 0. The relation (7.3) follows from (7.9) trivially.
Furthermore, due to Qg (t) = U*(t,0)( ® Qr(t))U(t,0) and the relations (7.8) and (7.9),
for any ¢t > 0 we have the following representation:

nv) = [ s asf) = [ a)P{ dah. (7.10)
a5 Q5
Consequently, the von Neumann observable Qg(t), ¢t € (0,T] is also nondemolition.

We would like also to emphasize here that although (7.1) and (7.2) do not imply any
concrete measurement model, the consideration of continuous-time indirect nondemolition
measurement in [7-10] and references there, leading to the derivation of the quantum filtering
equation, was presented in the frame of quantum stochastic calculus. The measurement
model of quantum stochastic calculus is essentially Markovian. That is why, as already
pointed out in the Introduction and Section 5, even under the scheme of continuous-time
indirect nondemolition measurement, the quantum filtering equation [7-10], as well as its
further analogues [4-6, 27,29,30], correspond to quite special stochastic models, which are
Markovian.
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8. Indirect nondemolition measurement as a special measuring model of
continuous-time direct measurement

In this Section we show that :

e For the general measuring model (6.29) of continuous-time direct quantum measurement
there exists a uniquely determined family {Qr(t),t € (0,7]} of mutually commuting
(and hence nondemolition) self-adjoint operators on H, defined on a common domain D.
Fot any 0 < 7 <t < T the joint projection-valued measure of these operators satisfies
the relation

[U(t,7),I P @ fr) =0. (8.1)

Since the condition (7.3) is only sufficient for the relation (8.1) to be valid, the model
of continuous-time ‘indirect nondemolition measurement’ represents only a special case
of a measuring model of continuous-time direct observation of a quantum system.

e For the most general (that is, not only in the frame of quantum stochastic calculus)
model of continuous-time indirect nondemolition measurement with initial state of the
system R being pure, under some further technical restrictions, specified below, there
exists the uniquely defined simple QSR, satisfying properties (3.4)-(3.11).

Consider the first point.
Let PéO’T} be the projection-valued measure of a measuring model (6.29). Introduce the

system of self-adjoint operators {Qg(t) : t € (0,7} given by

Qn(t) = /Q ()PP ) = /Q #(t) PO (da). (8.2)

t
0

These operators are mutually commuting (cf.[12]) with a common domain

D={f€eHr: /QT |z (t) vy (dzd) < 00, Vt € (0,T]}, (8.3)

0

with the probability scalar measure v¢(dzl) = (f, P;EO’T} (dzl)f) on QL. The relation (8.1)
corresponds to (6.21).

Let us now prove that for the most general model of continuous-time indirect nondemoli-
tion measurement with the initial state of the quantum system R being pure and under some
further technical (for simplicity) restrictions, there exists the unique simple QSR, introduced
in Section 2.

Come back to the notation of Section 7. Let the conditions (7.1) and (7.2) be satisfied.
Suppose also, for simplicity, that the joint spectrum of the family of nondemolition observables
{Qp(t) : t € (0,T]} coincides with Q" = D(0, T).

Then, according to the consideration in Section 7, {Qr(¢) : ¢t € (0,7]} must be a fam-
ily of self-adjoint mutually commuting observables with the joint projection-valued measure
PI({O’T](-) : QF — B(Hp), satisfying the relation (7.3).

The relation

Py ) fr) = v () (8.4)
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determines the probability scalar measure v{ (-) on the filtered space (2}, {F;},F). For sim-

plicity, suppose that PI({O’T} (+) is simple. The family of quantum stochastic evolution operators
Vi) : Q= B(H), t,7 € (0,T]}, is then introduced similarly to (6.20) (cf.[36]) and has the
properties (3.5)-(3.11).
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