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1 Introduction

Distributions that have tails heavier than the normal distribution are ubiquitous in �nance.
For purposes such as risk management and derivative pricing it is important to use relatively
simple models that can capture the heavy tails and other relevant features of �nancial data. A
class of distributions that is very often able to �t the distributions of �nancial data is the class
of generalized hyperbolic distributions. This has been established in numerous investigations,
see e.g. Eberlein & Keller (1995), Bibby & S�rensen (1997), Hurst (1997), Eberlein, Keller &
Prause (1998), Rydberg (1999), K�uchler et al. (1999), Jiang (2000), and Barndor�-Nielsen
& Shephard (2001d). The class of generalized hyperbolic distributions includes the standard
hyperbolic distributions, the normal inverse Gaussian distributions, the scaled t-distributions
and the variance-gamma distributions. The use of scaled t-distributions in �nance was studied
by Praetz (1972) and Blattberg & Gonedes (1974), while Madan & Seneta (1990) introduced the
variance-gamma distributions in the �nancial literature. The normal distribution appears as a
limit of generalized hyperbolic distributions. The tail behaviour of the generalized hyperbolic
distributions thus span a range from Gaussian tails via exponential tails to the power tails of
the t-distributions.

In the Section 2 we present the generalized hyperbolic distributions and their most important
properties. We also discuss the generalized inverse Gaussian distributions which play an im-
portant role in the theory of generalized hyperbolic distributions and processes. This class of
distributions is also of interest in its own right as a model of positive quantities in �nance.
Its right hand tail behaviour spans a range from exponential decrease to a Pareto tail. In the
following sections we present a number of stochastic process models for which marginal distri-
butions or distributions of increments (or both) are generalized hyperbolic. The models are
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increasingly complex. They are thus able to �t an increasing number of the stylized features of
�nancial data. The well established features of �nancial data are for instance reviewed in Hurst
(1997), Barndor�-Nielsen (1998), and Rydberg (2000). In Section 3 we discuss L�evy process
models, while in Section 4 we discuss models de�ned by stochastic di�erential equations. These
include classical di�usion models and Ornstein-Uhlenbeck models driven by L�evy processes as
well as superpositions of such models. In the �nal Section 5 we present generalized hyperbolic
stochastic volatility models.

2 Hyperbolic and related distributions

In this section we present the generalized hyperbolic distributions and describe their most im-
portant properties. We will also discuss the generalized inverse Gaussian distributions which
play an important role in the theory of generalized hyperbolic distributions and processes. As
mentioned earlier, this class of distributions is also of independent interest as a model of pos-
itive quantities in �nance. We will present a few examples of how well these distributions �t
�nancial data.

2.1 The generalized hyperbolic distribution

The generalized hyperbolic distributions were introduced by Barndor�-Nielsen (1977) and in-
clude, among others, the hyperbolic distribution, the normal-inverse Gaussian (NIG) distribu-
tion, the scaled t-distributions and the variance-gamma distributions. We shall discuss these
sub-classes in more detail later. First we present the generalized hyperbolic distributions and
their properties.

The generalized hyperbolic distribution has �ve parameters. If X follows a generalized hyper-
bolic distribution we write

X � H(�; �; �; Æ; �):

The probability density function of the generalized hyperbolic distribution is given by

(
=Æ)�p
2�K�(Æ
)

�
K

��1
2

�
�
q
Æ2 + (x� �)2

�
�q

Æ2 + (x� �)2=�
�1
2��

� e�(x��); x 2 IR; (2.1)

where 
2 = �2 � �2, and K� is the modi�ed Bessel function of the third kind with index �.
De�nitions and results concerning Bessel functions are collected in an Appendix.

The parameter domain for the generalized hyperbolic distribution is given by

Æ � 0; � > 0; �2 > �2; if � > 0;

Æ > 0; � > 0; �2 > �2; if � = 0;

Æ > 0; � � 0; �2 � �2; if � < 0;

In all cases � 2 IR. If Æ = 0 or �2 = �2 the generalized hyperbolic density in (2.1) is de�ned as
the limit expression obtained by using (A.5). Note that if � is equal to zero, the distribution
is symmetric.

2



The class of generalized hyperbolic distributions is closed under aÆne transformation. That is,
if X � H(�; �; �; Æ; �) and Y is de�ned as Y = aX + b, for some positive a, then we have that

Y � H(�; �=a; �=a; aÆ; a�+ b): (2.2)

From (2.2) we also see that the parameter � is invariant under aÆne transformation of the
generalized hyperbolic random variable.

From (A.3) it follows that the mode points for the generalized hyperbolic distribution are
solutions to the equation

x� �q
Æ2 + (x� �)2

�
K

��3
2

�
�
q
Æ2 + (x� �)2

�
K

��1
2

�
�
q
Æ2 + (x� �)2

� =
�

�
: (2.3)

If � = 0, it follows immediately that the distribution is unimodal with mode point �. If � � 3
2

then the ratio of the modi�ed Bessel functions in (2.3) increases monotonically from 0 to 1, and
therefore the distribution is unimodal. See Bl�sild (1978) for further discussion of features of
the generalized hyperbolic density function.

The Laplace transform for the generalized hyperbolic distribution is given by

L(z) = e�z � 

� �K�(Æ
z)


�z �K�(Æ
)
; j� + zj < �; (2.4)

where 
2z = �2 � (� + z)2. From (A.3) we get that

EX = �+
Æ�K�+1(Æ
)


K�(Æ
)
; (2.5)

and

VarX =
ÆK�+1(Æ
)


K�(Æ
)
+
�2Æ2
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!
: (2.6)

Expressions for the skewness and kurtosis involve modi�ed Bessel functions in a rather compli-
cated way and can be found in Barndor�-Nielsen & Bl�sild (1980).

Sometimes it is useful to reparametrize the generalized hyperbolic density in terms of the
parameters �, � , �, Æ, and �, where � = �=
 and � = Æ
. Using this parametrization, the
generalized hyperbolic density has the form,

p
�p

2�ÆK�(�)
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2
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1 +
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Æ

�2!
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1 +

�
x��
Æ

�2
=
p
1 + � 2

!1
2��

� e�� x��Æ ; x 2 IR: (2.7)

The parameters � , �, and � are invariant under aÆne transformations of a random variable
following the generalized hyperbolic distribution. More precisely, we have that the result equiv-
alent to (2.2) is that Y � H(�; �; �; aÆ; a� + b). From this result we see that Æ is a scaling
parameter and � is a location parameter. In Figure 2.1 generalized hyperbolic densities are
drawn for di�erent values of �, � , and �. In all cases the mean value is 0 and the variance is 1.
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The tail behaviour of the distributions is more easily seen in Figure 2.2, where the logarithm
of the same densities are plotted.
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Figure 2.1: Generalized hyperbolic densities with mean 0 and variance 1 for di�erent values of
the parameters �, � , and �.

We shall now consider the important special cases of the generalized hyperbolic distribution
mentioned earlier. The hyperbolic distributions is the subclass obtained when � is equal to 1.
With � equal to 1 in (2.1), we get the following expression for the density of the hyperbolic
distribution,




2�ÆK1(Æ
)
exp

�
��

q
Æ2 + (x� �)2 + �(x� �)

�
; x 2 IR: (2.8)

From (2.8) we see that the log-density of the hyperbolic distribution is a hyperbola, which
should be compared to the parabolic log-density of the normal distribution. The name of the
hyperbolic distribution stems from this observation. In fact, the de�nition of the hyperbolic
distributions was inspired by the empirical �nding of the founding father of the physics of wind
blown sand, Brigadier R. A. Bagnold, that the log-density of the distribution of the logarithm
of the grain size of natural sand deposits looks more like a hyperbola than like a parabola, as
had previously been assumed by geomorphologists, see Bagnold (1941).

For the hyperbolic distributions the equation (2.3), which determines the mode points of the
generalized hyperbolic distribution, simpli�es to

x� �q
Æ2 + (x� �)2

=
�

�
;

4



G
e
n
e
ra
li
z
e
d
h
y
p
e
rb
o
li
c
lo
g
-d
e
n
si
ty

G
e
n
e
ra
li
z
e
d
h
y
p
e
rb
o
li
c
lo
g
-d
e
n
si
ty

G
e
n
e
ra
li
z
e
d
h
y
p
e
rb
o
li
c
lo
g
-d
e
n
si
ty

G
e
n
e
ra
li
z
e
d
h
y
p
e
rb
o
li
c
lo
g
-d
e
n
si
ty

G
e
n
e
ra
li
z
e
d
h
y
p
e
rb
o
li
c
lo
g
-d
e
n
si
ty

G
e
n
e
ra
li
z
e
d
h
y
p
e
rb
o
li
c
lo
g
-d
e
n
si
ty

� = �1, � = �1
2 � = �1, � = 1

2 � = �1, � = 1

� = 1
2 , � = �1

2 � = 1
2 , � = 1

2 � = 1
2 , � = 1

� = 0:1� = 0:1� = 0:1

� = 0:1� = 0:1� = 0:1

� = 1� = 1� = 1

� = 1� = 1� = 1

� = 10� = 10� = 10

� = 10� = 10� = 10

-4

-4

-4

-4

-4

-4

-4

-4

-4

-4

-4

-4

-2

-2

-2

-2

-2

-2

-2

-2

-2

-2

-2

-2

0

0

0

0

0

0

0

0

0

0

0

0

222

222

444

444

-6-6-6

-6-6-6

-8-8-8

-8-8-8

-1
0

-1
0

-1
0

-1
0

-1
0

-1
0

Figure 2.2: The logarithm of generalized hyperbolic densities with mean 0 and variance 1 for
di�erent values of the parameters �, � , and �.

giving that the distribution is unimodal with mode point

x = �+
Æ�



:

Letting Æ tend to zero and using (A.5), we get the asymmetric Laplace distribution as a special
case of the hyperbolic distribution, that is,

�2 � �2

2�
e�(x��)��jx��j; x 2 IR:

The normal distribution can also be obtained as a limit case of the hyperbolic distribution.
Letting �; Æ !1 in such a way that Æ=�! �2, we get, using (A.6), the normal density:

1p
2��2

e�
1

2�2
(x��)2 ; x 2 IR:

According to Barndor�-Nielsen et al. (1985) we have that the skewness (
1) and kurtosis (
2)
for large values of � and small values of �=� satisfy

(
1; 
2) � (3�; 3�2);

where

� =
�=�p
1 + �

and

� =
1p
1 + �

:
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Figure 2.3: Hyperbolic log densities with mean 0 and variance 1 for di�erent values of the
parameters � and � (�0:8;�0:6; : : : ; 0:8 for � and 0:0; 0:25; : : : ; 1:0 for �). The log densities are
placed at the corresponding values of � and �.

Based on this observation Barndor�-Nielsen et al. (1985) suggested that the parameters � and
� are natural measures of asymmetry and \kurtosis" for the hyperbolic distribution. Note that
they are invariant under location-scale transformations. The parameters � and � vary in the
so-called shape triangle de�ned by

f(�; �) 2 IR2 j 0 � j�j < � < 1g: (2.9)

Note that the normal and the (possibly skew) Laplace distributions are obtained as limit dis-
tributions when � ! 1 and � ! 0, respectively. In Figure 2.3 hyperbolic log density functions
are drawn for di�erent values of � and � in the shape triangle.

In Figure 2.4 a histogram based on 2666 observations of the daily returns of IBM-stocks (in-
crements on a logarithmic scale of the stock prices) in the period from the 1st of January 1990
to the 20th of March 2000 is given. Each point indicates the mid-point of the top of a column
in the histogram. The best generalized hyperbolic, hyperbolic, and normal densities are super-
imposed on the histogram. The parameter values corresponding to the generalized hyperbolic
density are � = 5:174, � = 0:0048, Æ = 0:0262, � = 0:0002, and � = �1:933. For the hyperbolic
density the parameter values are � = 82:26, � = 3:725, Æ = 0:0060, and � = �0:0007. In Figure
2.5 the logarithms of the same histogram points and the same densities are plotted.
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Log-histograms and log-densities are very useful when the interest is focussed on tail behaviour.
From Figures 2.4 and 2.5 it is evident that a heavy-tailed distributions such as the generalized
hyperbolic or hyperbolic distribution provides a good �t to the data, and certainly a much
better �t than the normal distribution, in particular in the tails. A plot like Figure 2.5, which
emphasizes di�erences in tail behaviour, reveals that the extreme tails of the histogram are a
bit heavier than those of the �tted generalized hyperbolic distribution. There is no reason to be
overly concerned about this minor discrepancy, because, �rst, it should be remembered that it
is measured on a logarithmic scale, and secondly, the two log-histogram points in the extreme
left tail are based on only 1 and 2 observations, respectively, while each of the two points in
the extreme right tail corresponds to 2 observations.

The normal-inverse Gaussian (NIG) distributions is the subclass obtained for � equal to �1
2 .

The density of the normal-inverse Gaussian distribution is given by

�Æ

�
eÆ
 �

K1

�
�
p
Æ2 + (x� �)2

�
p
Æ2 + (x� �)2

� e�(x��); x 2 IR: (2.10)

If X follows the normal-inverse Gaussian distribution we write

X � NIG(�; �; Æ; �):

If we let � tend to zero, it follows from (A.5) that the NIG-distribution converges to the Cauchy
distribution with location parameter � and scale parameter Æ.

The Laplace transform of a NIG-distribution is especially simple:

L(z) = e�z+Æ(
�
z); j� + zj < �; (2.11)

where 
2z = �2 � (� + z)2. Expressions for the mean and variance are also simple in the case of the
NIG-distribution:

EX = �+
Æ�



;

VarX =
Æ�2


3
:

The skewness is 3Æ�2�
�5 and the kurtosis is 3Æ�2(�2 + 4�2)
�7, but also for the NIG-distributions
it is informative to use the shape triangle, which can be de�ned in complete analogy with that for the
hyperbolic distributions, see e.g. Rydberg (1997). In Figure 2.6 NIG log-density functions are drawn
for di�erent values of � and � in the shape triangle de�ned in the same way as for the hyperbolic
distribution.

Finally, but not least, the class of normal-inverse Gaussian distributions is closed under convolution,
that is if X1 and X2 are independent so that Xi � NIG(�; �; Æi; �i), i = 1; 2, then we have that

X1 +X2 � NIG(�; �; Æ1 + Æ2; �1 + �2): (2.12)

Only two subclasses of the generalized hyperbolic distributions are closed under convolution. The
other class with this important property is the class of variance-gamma (VG) distributions, which is
obtained when Æ is equal to 0. This is only possible when � > 0 and � > j�j. The variance-gamma
distributions (with � = 0) were introduced in the �nancial literature by Madan & Seneta (1990).
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Figure 2.6: Normal-inverse Gaussian log densities with mean 0 and variance 1 for di�erent
values of the parameters � and � (�0:8;�0:6; : : : ; 0:8 for � and 0:0; 0:25; : : : ; 1:0 for �). The
log-densities are placed at the corresponding values of � and �.

Another and perhaps more natural name for the full class is the normal-gamma (NG) distributions.
The density function is given by


2�
p
��(�)(2�)��

1
2

jx� �j�� 1
2K�� 1

2
(�jx� �j) e�(x��); x 2 IR; (2.13)

where � denotes the gamma-function. If X follows a variance-gamma distribution we write

X � VG(�; �; �; �):

The reader is reminded that the parameter domain is � > 0, � > j�j � 0 and � 2 IR. The Laplace
transform of a VG-distribution is simple:

L(z) = e�z
�




z

�2�
; j� + zj < �; (2.14)

where again 
2z = �2 � (� + z)2. From (2.14) (or from (2.5) and (2.6)) it easily follows that

EX = �+
2��


2
;

VarX =
2�


2

 
1 + 2

�
�




�2!
:

As mentioned above, the class of variance-gamma distributions is closed under convolution. If X1 and
X2 are independent random variables such that Xi � VG(�i; �; �; �i), i = 1; 2, then we have that

X1 +X2 � VG(�1 + �2; �; �; �1 + �2): (2.15)
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This convolution property follows from (2.14).

By (A.6), the tails of a VG-distribution decrease as jxj��1e��jxj+�x when x ! �1. The logarithm
of the densities of variance-gamma distributions are plotted for di�erent values of � in Figure 2.7. In
all cases � = 0, the mean is zero, and the variance is one. From this �gure appears a disadvantage of
the class of VG-distributions. The probability density is very peaked at the centre for � < 1, while
for � � 1 the tail-behaviour does not �t the tails found in typical �nancial data like those in Figure
2.5 as well as other generalized hyperbolic distributions like for instance the NIG-distribution.
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Figure 2.7: The logarithm of the densities of variance-gamma distributions with � = 0, mean
0, and variance 1 for di�erent values of the parameter �.

We will �nally consider the subclass of the generalized hyperbolic distributions that is obtained when
� = j�j, or equivalently 
 = 0. This is only possible when � < 0 and Æ > 0. It is convenient to
introduce the reparametrization � = �2�. For 
 = 0 we obtain the density function

Æ�p
�2(��1)=2�(�=2)

�
K(�+1)=2

�
j�jpÆ2 + (x� �)2

�
�p

Æ2 + (x� �)2=j�j
�(�+1)=2 � e�(x��); x 2 IR; (2.16)

where � > 0, Æ > 0, � 2 IR and � 2 IR. A natural name for this distribution is the asymmetric scaled
t-distribution, as will soon be clear. From (A.6) it follows that when � is positive, the left hand tail
decreases as jxj�(�=2+1)e2�x, while the right hand tail decreases as x�(�=2+1). When � is negative, the
behaviour of the two tails is interchanged. The expectation exists provided � > 2, and the variance
exists when � > 4. More generally, the nth moment exists when � > 2n. The Laplace transform of
the distribution given by (2.16) is

e�z
(�Æz(z + 2�))�=2K�=2(�Æz(z + 2�))

�(�=2)2�=2�1
(2.17)

with domain �2� < z � 0 when � > 0 and 0 � z < �2� when � < 0. When � = 0, the domain is the
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set f0g, and we obtain the density function

�((� + 1)=2)

Æ
p
��(�=2)

�
1 +

�
x��
Æ

�2�(�+1)=2 ; x 2 IR;

which is the well-known density of the scaled t-distribution with � degrees of freedom.

2.2 The generalized inverse Gaussian distribution

The second class of distributions, that we consider in this section, is the class of generalized inverse

Gaussian (GIG) distributions. The GIG-distributions are described by three parameters and de�ned
on the positive half axis. The generalized inverse Gaussian density is of the form

(
=Æ)�

2K�(Æ
)
� x��1 � exp f�1

2 (Æ
2x�1 + 
2x)g; x > 0: (2.18)

The parameter domain is given by

Æ > 0; 
 � 0; if � < 0;

Æ > 0; 
 > 0; if � = 0;

Æ � 0; 
 > 0; if � > 0:

The class of generalized inverse Gaussian distributions was �rst proposed in 1946 by �Etienne Halphen,
who used it to model the distribution of the monthly 
ow of water in hydroelectric stations, see
Seshadri (1997). The class was rediscovered by Sichel (1973) who used it to construct mixtures of
Poisson distributions and by Barndor�-Nielsen (1977) who used it to construct the class of generalized
hyperbolic distributions, but also realized its broad usefulness and initiated an in depth study of
the class. We shall return to the relation to the generalized hyperbolic distributions later. The
generalized inverse Gaussian distributions were brie
y mentioned by Good (1953) as an intermediate
between Pearson's curves of Type III and V. The class of generalized inverse Gaussian distributions
was investigated extensively in J�rgensen (1982).

Using (A.5) we see that for � > 0 and 
 > 0 the gamma distribution emerges as limit distribution
when Æ tends to zero, that is we get the following density for positive � and 
,

(12

2)�

�(�)
� x��1 � e�1

2

2x; x > 0:

Similarly, the inverse gamma distribution with density given by

(2=Æ2)�

�(��) � x
��1 � e�1

2 Æ
2=x; x > 0:

is obtained when 
 tends to zero for � < 0 and Æ > 0. This distribution has a tail of the Pareto type.
Finally, for � = �1

2 we get the inverse Gaussian distribution with density function given by

Æp
2�x3

� e� 
(x�Æ=
)2

2x ; x > 0:

The generalized inverse Gaussian distributions are unimodal with mode point given by8>><
>>:

��1+
p

(��1)2+Æ2
2

2

if 
 > 0;

Æ2

2(1��) if 
 = 0:
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If X has a generalized inverse Gaussian distribution, we write X � GIG(�; Æ; 
). In Figure 2.8 gen-
eralized inverse Gaussian densities are plotted for di�erent values of � and ! = Æ
. In all cases the
variance is 1.
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Figure 2.8: Generalized inverse Gaussian densities with variance 1 for di�erent values of the
parameters � and ! = Æ
.

The Laplace transform of the GIG(�; Æ; 
)-distribution is

L(z) =
K�

�
!
q
1� 2z


2

�
K�(!)

�
1� 2z


2

��=2 (2.19)

for Æ > 0 and 
 > 0. The domain of L is z < 
2=2 when � � 0 and z � 
2=2 when � < 0. In the cases
Æ = 0 or 
 = 0, the Laplace transform is obtained from (2.19) by (A.5). For Æ = 0,

L(z) =

�
1� 2z


2

���
; z < 
2=2;

which is the well-known Laplace transform of the gamma-distribution. For 
 = 0 we obtain

L(z) =
2K�

�p�2Æ2z�
�(��)(�1

2Æ
2z)�=2

; z � 0:

For positive values of Æ and 
 the moments of X are given by

EXj = (Æ=
)j
K�+j(!)

K�(!)
; j = 1; 2; : : : ; (2.20)
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When either Æ or 
 is zero, the moments of X are also known and are obtained as limits of (2.20).
The variance of X is given by

VarX = (Æ=
)2
 
K�+2(!)

K�(!)
� K2

�+1(!)

K2
�(!)

!
: (2.21)

In Figure 2.9 a histogram of 307 monthly observations of interest rates in the period from June 1964
to December 1989 is given along with a �tted generalized inverse Gaussian density corresponding to
the parameter values Æ = 0:2693, 
 = 11:23, and � = �7:0707. More precisely, the data are annualized
monthly yields of U.S. one-month Treasury bills. The same data set was studied in Chan et al. (1992).
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Figure 2.9: A histogram of 307 monthly interest rates. The generalized inverse Gaussian density
with parameters Æ = 0:2693, 
 = 11:23, and � = �7:0707 is superimposed.

There is the following important relationship between the generalized hyperbolic distribution and
the generalized inverse Gaussian distribution, which was, in fact, how the generalized hyperbolic
distributionwas originally derived in Barndor�-Nielsen (1977). The generalized hyperbolic distribution
is a normal variance-mean mixture where the mixing distribution is generalized inverse Gaussian.
What is meant by this is that if

XjW = w � N(�+ �w;w);

and W � GIG(�; Æ; 
), then the marginal distribution of X will be generalized hyperbolic, X �
H(�; �; �; Æ; �), where �2 = �2+
2. This property provides a possible interpretation of non-Gaussian
stochastic variation described by a generalized hyperbolic distribution.

As special cases we have that the normal-inverse Gaussian distribution appears when the mixing
distribution is an inverse Gaussian distribution, and the variance-gamma distribution emerges as a
normal variance-mean mixture where the mixing distribution is a gamma distribution. This explains
the names of the distributions. The asymmetric scaled t-distribution is a normal variance-mean

13



mixture with an inverse gamma mixing distribution. As a special case we get the well-known result
that the t-distribution is a normal variance mixture (� = 0) with an inverse gamma mixing distribution.

The mixing result implies that there is the following simple relationship between the Laplace trans-
form, LX , of the generalized hyperbolic distribution and that of the generalized inverse Gaussian
distributions, LW ,

LX(z) = e�z � LW (�z + 1
2z

2):

Barndor�-Nielsen & Halgreen (1977) showed that generalized inverse Gaussian distributions are in-
�nitely divisible. Using that the generalized hyperbolic distributions are normal variance-mean mix-
tures with generalized inverse Gaussian mixing distributions, they also proved that generalized hy-
perbolic distributions are in�nitely divisible. Halgreen (1979) showed that generalized hyperbolic
distributions and generalized inverse Gaussian distribution are even self-decomposable. In the follow-
ing section, the properties of in�nite divisibility and self-decomposability will turn out to be important
because they allow the construction of certain hyperbolic stochastic process models.

2.3 Statistical inference

Inference for the parameters when dealing with independent and identically generalized hyperbolic
or generalized inverse Gaussian distributed observations should be based on the likelihood function.
The C-program HYP described in Bl�sild & S�rensen (1992) can be used for maximum likelihood
estimation in the situation where independent and identically (possibly multi-dimensional) hyperbolic
distributed observations are considered. The program HYP also has the facility of basing the inference
on the multinomial likelihood function obtained by only observing the number of observations in given
intervals. More precisely, if I1; : : : ; Ik are disjoint intervals with union the entire real line and yj denotes
the number of observations in Ij, j = 1; : : : ; k, then the multinomial log-likelihood function is given
by

`(�; �; Æ; �) =
kX

j=1

yj log pj; (2.22)

where pj is the probability that a hyperbolic distributed random variable takes a value in Ij , that is,

pj =

Z
Ij




2�ÆK1(Æ
)
exp f��

q
Æ2 + (x� �)2 + �(x� �)gdx; j = 1; : : : ; k: (2.23)

Inference based on grouped observations from other distributions can of course be carried out in
a similar way using (2.22) and the equivalent of (2.23). K�uchler et al. (1999) note that if the
observations are not independent then inference based on the multinomial likelihood function for
grouped observations will be more robust to e�ects of the dependence than inference based on the
original likelihood function for independent observations.

3 L�evy Processes

A homogeneous L�evy process X is a stochastic process with X0 = 0 and with the property that its
increments over non-overlapping time intervals are independent. Moreover, increments over any time
interval of length t have the same distributions as Xt. The homogeneous L�evy processes are also called
processes with independent, stationary increments or additive processes. The mathematical theory of
L�evy processes can be found in Bertoin (1996) or Sato (1999). An example of a L�evy process that is
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well-known from, for instance, the Black-Scholes-Merton option pricing theory is the Brownian motion
(or Wiener process), where the increments are normally distributed.

For every generalized hyperbolic distribution there exists a homogeneous L�evy process X such that
the probability distribution of the value of the process at a �xed time point t, Xt, is that particular
generalized hyperbolic distribution. A thorough review of the theory of these generalized hyperbolic
L�evy processes and their application in �nance can be found in Eberlein (2001), see also Prause (1999)
and Eberlein & Raible (2000). The distributions that can appear as the distribution of the instanta-
neous value of a homogeneous L�evy process are exactly those that have the property called in�nite
divisibility. As mentioned in Section 2 the generalized hyperbolic distributions are in�nitely divisible.
Usually, the distribution of the value Xs at a time point s di�erent from t will not be generalized hy-
perbolic. However, in the case of the NIG and VG distributions, the convolution properties (2.12) and
(2.15) imply that the value of the L�evy process will be NIG-distributed, respectively VG-distributed,
at all time points. This makes the NIG and VG L�evy processes more natural generalized hyperbolic
L�evy processes than the other generalized hyperbolic L�evy processes. Simulation of the NIG L�evy
process was studied in Rydberg (1997).

A generalized hyperbolic L�evy processes can be written in the form

Xt = �t+ Zt;

where Zt is a pure jump martingale with in�nitely many small jumps in every �nite time interval,
however small. The behaviour of Zt is re
ected in the so-called L�evy measure, see (3.4) and the
discussion following this formula. The L�evy measure of the generalized hyperbolic distribution is

q(x) =

8>>>>>>><
>>>>>>>:

e�x

jxj

0
@Z 1

0

exp

�
�jxj

p
2y+�2

�
�2y(J2�(Æ

p
2y)+Y 2

�
(Æ
p
2y))

dy + �e��jxj
1
A if � � 0

e�x

jxj

Z 1

0

exp

�
�jxj

p
2y+�2

�
�2y(J2

��
(Æ
p
2y)+Y 2

��
(Æ
p
2y))

dy if � < 0:

(3.1)

Here J� and Y� denote Bessel functions of the �rst and second kind, respectively, see the Appendix.
The L�evy measure was essentially found by Halgreen (1979), see also Prause (1999). For the NIG-
distribution this expression simpli�es to

q(x) = ��1Æ�jxj�1K1(�jxj)e�x; (3.2)

where K1 is a modi�ed Bessel function of the third kind. The behaviour near zero is particularly
important, so the following expansion for generalized hyperbolic distributions (Raible (2000)) is useful:

x2q(x) =
Æ

�
+
�+ 1

2

2
jxj+ Æ�

�
x+ o(jxj) (3.3)

as x ! 0. We see that for every generalized hyperbolic distribution the L�evy measure has in�nite
mass in every neighbourhood of the origin. The process Zt is given by

Zt =

Z t

0

Z
IRnf0g

x
�
�X(du; dx) � q(x)dudx

�
; (3.4)

where the integer-valued random measure �X is de�ned by

�X(dt; dx) =
X
s>0

1f�Xs 6=0g"(s;�Xs)(dt; dx):
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Here "a denotes the Dirac measure at a, and �Xs = Xs �Xs� is the jump of the process X at time
s (for most time points �Xs = 0). Integrals of the type (3.4) are treated in e.g. Jacod & Shiryaev
(1987) or Protter (1990). The random measure �X is Poissonian with intensity measure q(x)dxdt.
This implies that for any closed interval A that does not contain the origin, the number of jumps in
the time interval [0; t] with a size that belongs to A, i.e.

NA
t = �X([0; t]; A);

is a Poisson process with intensity
R
A q(x)dx, which is a �nite number. In particular, NA

t is Poisson
distributed with mean value t

R
A q(x)dx. As the boundary of the interval A tends to zero, the mean

value goes to in�nity, cf. (3.3). It is interesting to note that a generalized hyperbolic L�evy process has
no continuous Brownian motion component and has in�nitely many jumps on every time interval.

The generalized hyperbolic L�evy processes do, however, have a nice relation to the Brownian motion.
Let B be a standard Brownian motion, and let �(t) be a L�evy process for which the distribution of
�(1) is a generalized inverse Gaussian distribution. Then the process

Xt = �t+ ��(t) +B�(t) (3.5)

is a generalized hyperbolic L�evy process. Because the increments of � are generalized inverse Gaussian
distributed and hence can only be positive, the process � is increasing and can thus be interpreted
as a time that increases with a randomly varying speed. A process � with this property is called
a subordinator, and the construction (3.5) is called subordination. The randomly increasing time �
has been interpreted as an operational time or a business time re
ecting, for instance, the volume of
trade at an exchange. Some times a lot is happening at the exchange and the business time increases
rapidly. At other times the exchange is tranquil and the business time goes only slowly. That the
distribution ofX1 is generalized hyperbolic follows because this distribution is a variance-mean mixture
of normal distributions where the mixing distribution is the generalized inverse Gaussian distribution,
see Subsection 2.2. The fact that a L�evy process � exists such that �(1) is generalized inverse Gaussian
distributed follows because these distributions are in�nitely divisible, as mentioned in Section 2. In the
case of the NIG-distribution, the construction by subordination can be done in the following simple
way (Barndor�-Nielsen (1998)). Let (Ut; Vt) be a two-dimensional standard Brownian motion starting
at (0; 0) and with drift vector (�; 
); where 
 > 0. Let �(t) denote the �rst time the second component
V attains the value Æt > 0 with Æ > 0. Then f�(t) : t > 0g is an inverse Gaussian L�evy process, and

Xt = �t+ U�(t)

is a NIG-L�evy process. Speci�cally, Xt is NIG(�; �; Æt; �t) distributed, where � =
p
�2 + 
2.

Construction of �nancial models by subordination was �rst proposed by Praetz (1972) who used a
scaled t-distribution to model stock returns and obtained a good �t to weekly returns from the Sydney
Stock Exchange. This is a particular example of a generalized hyperbolic distribution where the mixing
distribution is an inverse gamma distribution, see Subsection 2.1. Praetz attributed the mixing of
normals to the change in activity at the exchange. Clark (1973) and Epps & Epps (1976) found
that there is a dependency between trading volume and the variance of returns, but did not suggest
generalized hyperbolic models. These �nding have been con�rmed by An�e & Geman (2000). In Madan
& Seneta (1990), Madan & Milne (1991) and Madan & Chang (1996) the so-called variance gamma
model is introduced and studied as a model for share markets returns. This model is the generalized
hyperbolic L�evy process with a gamma mixing distribution. For a discussion of the subordination
approach in �nance, see e.g. Hurst, Platen & Rachev (1997).

The use of generalized hyperbolic L�evy processes to model the prices of stocks and other assets and the
corresponding theory of option pricing has been thoroughly investigated by Eberlein & Keller (1995),
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Keller (1997), Eberlein, Keller & Prause (1998) and Eberlein & Prause (1998). Eberlein & Jacod
(1997) proved that the set of equivalent martingale measures is large and that the corresponding price
range is the entire non-arbitrage interval. A theory of the term structure of interest rates based on
the hyperbolic L�evy process was developed in Eberlein & Raible (1999). A useful review can be found
in Eberlein (2001).

For the processes discussed in this section, estimation based on observations at equidistant discrete
time points is as easy as estimation for independent generalized hyperbolic distributions, because the
increments of the process between the observation times are independent. Usually one would use a
L�evy process for which the increments are generalized hyperbolic and then estimate the parameters,
for instance by means of the computer program mentioned in Subsection 2.3. A simple check of the �t
of the model to the data can be made as follows. If, for instance, the data are daily observations, then
it should be checked that the distributions calculated from the estimated model of the increments over
a number of suitably chosen longer time spans �t the corresponding increments calculated from the
data. For the NIG and VG L�evy processes these distributions are simply given by the formulae (2.12)
and (2.15). For an example of this procedure, see Eberlein (2001).

4 Stochastic di�erential equations

In this section we present various methods for constructing di�usion processes with generalized hy-
perbolic and generalized inverse Gaussian marginal distributions. A di�usion process is the solution
of a stochastic di�erential equation driven by a Wiener process. Estimation of parameters based on
discrete-time observations of a di�usion process is considered too. Furthermore, we consider Ornstein-
Uhlenbeck type processes driven by L�evy processes and models given as sums of processes de�ned by
stochastic di�erential equations.

4.1 Di�usion models

We consider a one-dimensional di�usion process fXtg and suppose that it is the unique weak solution
to the stochastic di�erential equation

dXt = b(Xt; �)dt+ �(Xt; �)dWt; (4.1)

where �(x; �) is positive for all x in the state space (l; r) (�1 � l < r � 1) and all � in some
p-dimensional parameter space �. We will focus on ergodic di�usions and denote the density of the
corresponding invariant probability measure by ��.

Di�usion processes with a speci�c marginal distribution are typically constructed by determining drift
b and di�usion coeÆcient � so that the invariant distribution is of the required type. This method
will result in the appropriate marginal distribution for large values of t or for all t provided that the
initial distribution is equal to the invariant distribution (i.e. X0 � ��). Under mild conditions we
have the following relationship between the drift, di�usion coeÆcient and the density of the invariant
distribution,

2b(x; �)� v0(x; �) = v(x; �)
�0�(x)
��(x)

; l < x < r; � 2 �; (4.2)

where v denotes the squared di�usion coeÆcient, v(x; �) = �2(x; �).

Using (4.2), Bibby & S�rensen (2001b) discussed a method for constructing di�usion processes with
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a prescribed marginal (invariant) distribution. Letting the drift be given by

b(x; �) =
1

2
v(x; �)

d

dx
log [v(x; �)f(x)];

where f is a function that is integrable on the interval (l; r), it was shown under some regularity con-
ditions that the di�usion process given by (4.1) has invariant density �� proportional to f , irrespective
of the choice of the function v. Bibby & S�rensen (2001b) also considered the special case where

v(x; �) = �2f(x)��; �2 > 0; � 2 [0; 1];

in particular the situation where the invariant density was hyperbolic. This led to the following
stochastic di�erential equation,

dXt =
1
2�

2(1� �)f(Xt)
��
"
� � �(Xt � �)p

Æ2 + (Xt � �)2

#
dt+ �f(Xt)

� 1
2
�dWt; (4.3)

where f is proportional to the hyperbolic density function given by (2.8), that is

f(x) = exp

�
��
q
Æ2 + (x� �)2 + �(x� �)

�
:

Note that the drift is towards the mode point of the hyperbolic distribution, �+ �Æ=
. The di�usion
process given by (4.3) was successfully used to describe the logarithm of the price of VW-stocks after
a linear trend had been subtracted.

In Bibby & S�rensen (1997) the special case where � = 1 was considered in the situation of a hyperbolic
invariant density. Note that this results in a di�usion process with no drift, that is the solution to the
stochastic di�erential equation given by

dXt = � exp

�
1
2�
q
Æ2 + (Xt � �)2 � 1

2�(Xt � �)

�
dWt: (4.4)

It turns out that this is an example of a local martingale which is not a martingale. Also the hyperbolic
di�usion process given as the solution of (4.4) was �tted successfully to the logarithm of stock-prices
(minus a linear trend) in Bibby & S�rensen (1997). The construction leading to the hyperbolic di�usion
(4.3) can obviously be made similarly for any generalized hyperbolic distribution. In the special case
� = 1, this was done in Rydberg (1999), where the corresponding NIG-di�usion was �tted successfully
to stock prices (minus a linear trend).

In K�uchler et al. (1999) a hyperbolic di�usion process with constant di�usion coeÆcient was discussed.
This corresponds to letting the function v be equal to a constant �2, or to � = 0 in (4.3), and gives
the following stochastic di�erential equation,

dXt =
1
2�

2

"
� � �

Xt � �p
Æ2 + (Xt � �)2

#
dt+ �dWt: (4.5)

The hyperbolic di�usion process given by (4.5) was �rst proposed in Barndor�-Nielsen (1978).

For values of � between the two extremes 0, corresponding to stationarity being obtained by pure
reversion, and 1, where stationarity is obtained by pure di�usion, both these e�ects are present to
varying degrees.

S�rensen (1997b) considers the construction of di�usion processes with generalized inverse Gaussian
invariant distribution. If v is a positive function then the solution to the following stochastic di�erential
equation,

dXt =
�
v(Xt)v

0(Xt) +
1
2v(Xt)

2
h
(�� 1)X�1

t � 1
2


2 + 1
2Æ

2X�2
t

i�
dt+ v(Xt)dWt: (4.6)
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will have a generalized inverse Gaussian invariant density given by (2.18) under suitable regularity
conditions on v. The focus in S�rensen (1997b) is on the special case where v(x) = �x� for constants
� � 0 and � > 0. With this choice of di�usion coeÆcient, the di�usion process is given by the solution
to the stochastic di�erential equation given by

dXt =
�
�1X

2��1
t � �2X

2�
t + �3X

2(��1)
t

�
dt+ �X�

t dWt; (4.7)

where
�1 =

1
2�

2(�� 1) + �2�; �2 =
1
4(�
)

2; �3 =
1
4(�Æ)

2:

Note that if � = 1
2 and �3 = 0, then the di�usion process is the solution to

dXt = (�1 � �2Xt) dt+ �
p
XtdWt; (4.8)

that is the Cox-Ingersoll-Ross process (CIR-process) used in �nance to describe short term interest
rates, see Cox, Ingersoll, Jr. & Ross (1985).

A completely di�erent way of constructing hyperbolic di�usion models was proposed in Jensen &
Pedersen (1999). These authors consider processes given by Xt = h(Yt), where Y is a stationary
Ornstein-Uhlenbeck process:

dYt = ��Ytdt+ �dWt

with � > 0 and � > 0. Suppose F is a cumulative distribution function of a given probability
distribution, and let � denote the distribution function of the standard normal distribution. If �2 =
2� and h(y) = F�1(�(y)), then the distribution of Xt will have the distribution function F . If,
in particular, F is the distribution function of a generalized hyperbolic distribution, we obtain a
hyperbolic di�usion process. Unfortunately, there is no explicit expression for the distribution function
of a generalized hyperbolic distribution. An advantage of this approach is that there is an expression
for the transition density involving the function h. Since the distribution function of a generalized
hyperbolic distribution, and hence h, can be calculated numerically, it is relatively easy to calculate
the likelihood function, which is usually not the case for di�usion models. A disadvantage is that the
drift and di�usion coeÆcients of the di�usion process X are not explicit functions.

4.2 Statistical inference for di�usion processes

Inference for discretely observed di�usion processes is made diÆcult by the fact that the likelihood
function is generally not tractable. In recent years many di�erent methods have been proposed to
overcome this obstacle. We will here brie
y discuss the methods most commonly used in connection
with �nancial data. For an excellent overview of a wide variety of procedures for estimating parameters
based on discretely observed di�usions, see H. S�rensen (2000).

Approximate likelihood methods are considered by Pedersen (1995), A��t-Sahalia (1998), and Poulsen
(1999). In Pedersen (1995) it is shown that the likelihood function can be calculated to any given
precision using simulations and the Euler approximation in a clever way. Unfortunately, the method
is very computer intensive. Honor�e (1997) successfully applied the Pedersen method to the model for
interest rates proposed by Chan et al. (1992). In A��t-Sahalia (1998) an analytical approximation to
the likelihood function based on a truncated Hermite expansion is developed. Poulsen (1999) obtained
an approximation to the likelihood function by numerically solving the Chapman-Kolmogorov forward
equations. He used his method to �t the CKLS-model to interest rate data. Asymptotic results for the
maximum likelihood estimator based on discrete time observations of a di�usion model were derived
in Dacunha-Castelle & Florens-Zmirou (1986).
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Inference for di�usion processes based on martingale estimating functions is considered in Bibby
& S�rensen (1995), Bibby & S�rensen (1996), and Bibby & S�rensen (1997). For observations
Xt1 ; Xt2 ; : : : ;Xtn the martingale estimating functions introduced in Bibby & S�rensen (1995) and
Bibby & S�rensen (1996) are of the form

Gn(�) =
nX
i=1

gi(Xti�1 ; �)
�
Xti � E�(Xti jXti�1)

�
(4.9)

+
nX
i=1

hi(Xti�1 ; �)
h�
Xti � E�(Xti jXti�1)

�2 �Var�(Xti jXti�1)
i
:

Note that in analogy with the unknown score function, the observations enter Gn in pairs, and Gn is
a martingale with respect to the natural �ltration. The conditional expectations in (4.9) can easily
be calculated using simulations, and an estimator for the parameter � is then obtained by solving the
equation Gn(�) = 0. In Bibby & S�rensen (1995) the resulting estimator is shown to be consistent
and asymptotically normal as the number of observations tends to in�nity. An optimal choice of the
functions gi and hi as well as simpler approximately optimal functions that are useful in practice are
given in Bibby & S�rensen (1995) and Bibby & S�rensen (1996). As mentioned earlier the hyperbolic
di�usion process given by (4.4) was �tted to the log-prices of stocks after a linear trend had been
subtracted in Bibby & S�rensen (1997). The parameters in this hyperbolic di�usion model were
estimated using the martingale estimating function

Kn(�) =
nX
i=1

_v(Xti�1 ; �)

(ti � ti�1)v(Xti�1 ; �)
3

h
(Xti �Xti�1)

2 � E�((Xti �Xti�1)
2jXti�1)

i
;

where v is the squared di�usion coeÆcient and a dot denotes di�erentiation with respect to the
parameter �. This is an approximately optimal modi�cation of (4.9) taking into account that the
di�usion has no drift.

Kessler & S�rensen (1999) considered martingale estimating functions based on eigenfunctions of the
in�netisimal generator of the di�usion process. The advantage of such martingale estimating functions
is that they are adapted to concrete models and are easy to calculate in cases where the eigenfunctions
are explicitly known. Unfortunately this is not often the case.

It is usually easy to obtain an estimator from a simple estimating function of the form

Fn(�) =
nX
i=1

f(Xti ; �);

where the function f satis�es that
R r
l f(x; �)��(x)dx = 0 with �� denoting the density of the invariant

probability measure. Such simple estimating functions were studied by Hansen & Scheinkman (1995),
Kessler (2000), and Jacobsen (2001). The advantage of these estimating functions is that they are
indeed simple and fast to work with because it is straightforward to explicitly �nd functions f with
the property needed. The main disadvantages are that only parameters appearing in the invariant
density can be estimated using simple estimating functions and that the estimators may be far from
eÆcient because the dependence structure in the data is ignored. An improved version of the simple
estimating function where each term in the sum depends on a pair of consecutive observations was
considered by Hansen & Scheinkman (1995) and Jacobsen (2001). Optimality questions were treated
in Kessler (2000) and Jacobsen (2001). For the improved version it is also not possible to estimate
all parameters, see the discussion in Hansen & Scheinkman (1995). A review of estimating function
inference for di�usion models was given in S�rensen (1997a).

Indirect inference procedures based on auxiliary models and extensive simulations were proposed by
Gourieroux, Monfort & Renault (1993) and Gallant & Tauchen (1996). They have gained some
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popularity in the �nance literature under the name of the eÆcient method of moments. However, the
quality of the estimators depend on the choice of the auxiliary model, which is not a straightforward
matter.

Finally, Bayesian MCMC-methods have been applied to di�usion models by Eraker (1998) and Elerian,
Chib & Shepard (2001). In these methods, the likelihood function is calculated in a way similar to
that in Pedersen (1995).

4.3 Ornstein-Uhlenbeck processes

A stochastic process X is called a process of the Ornstein-Uhlenbeck type, if it satis�es a stochastic
di�erential equation of the form

dXt = ��Xtdt+ dZt; (4.10)

where � > 0 and where the driving process Z is a homogeneous L�evy process. It is not diÆcult to see
that

Xt = e��tX0 +

Z t

0
e��(t�s)dZs: (4.11)

If X is stationary and square integrable, the autocorrelation function of X is

�(u) = exp(��u): (4.12)

When the process Z is the standard Wiener process, the solution X is the usual Ornstein-Uhlenbeck
process. Ornstein-Uhlenbeck type processes have been studied by Wolfe (1982), Sato & Yamazato
(1982), Sato & Yamazato (1984) and Sato, Watanabe & Yamazato (1994); see also Jurek & Vervaat
(1983), Jurek & Mason (1993), and Barndor�-Nielsen, Jensen & S�rensen (1998). A necessary and
suÆcient condition for (4.10) to have a stationary solution is that E(log(1 + jZ(1)j)) <1:

For every generalized hyperbolic distribution there exists a stationary Ornstein-Uhlenbeck type process
such that for all t � 0 the distribution of Xt is the given generalized hyperbolic distribution. The
same is true for all generalized inverse Gaussian distributions. This is because these distributions
have the property called self-decomposability, as discussed in Section 2. The L�evy process driving
the NIG Ornstein-Uhlenbeck type process was studied by Barndor�-Nielsen (1998), while the process
driving the symmetric variance-gamma Ornstein-Uhlenbeck type process, was found by Jiang (2000).
For symmetric distributions, the driving L�evy process is, in the case of the NIG Ornstein-Uhlenbeck
process, the sum of aNIG L�evy process and a compound Poisson process, while for the variance-gamma
Ornstein-Uhlenbeck process, it is simply a compound Poisson process.

As for most ordinary di�usion processes, the likelihood function is usually not explicitly available for
processes of the Ornstein-Uhlenbeck type. Since these processes are Markov processes, a simple and
natural approach to statistical inference goes via estimating functions based on conditional moments
de�ned in analogy with those discussed in Subsection 4.2.

4.4 Compound processes

Quite often, the exponentially decreasing autocorrelation function (4.12) is too simple to �t �nancial
data. However, models with a much more 
exible covariance structure are easily obtained by summing
independent Ornstein-Uhlenbeck type processes, as was proposed by Barndor�-Nielsen, Jensen &
S�rensen (1998). The process

Xt = X
(1)
t + � � � +X

(m)
t ; (4.13)

21



where the processes X
(i)
t , i = 1; : : : ;m are independent Ornstein-Uhlenbeck type processes given by

dX
(i)
t = ��iX(i)

t dt+ dZ
(i)
t (4.14)

for independent L�evy processes Z
(i)
t , i = 1; : : : ;m, has an autocorrelation function of the form

�(u) = �1 exp(��1u) + � � �+�m exp(��mu); (4.15)

where �i is proportional to the variance of X
(i)
t , and �1 + � � � + �m = 1. Even for m = 2 a much

better �t is often obtained. Examples can be found in Barndor�-Nielsen, Jensen & S�rensen (1998)
and Barndor�-Nielsen & Shephard (2001d).

For every generalized hyperbolic distribution and for every generalized inverse Gaussian distribution
there exists a stationary process X of the form (4.13) { (4.14) such that for all t � 0 the distribution
of Xt is that particular distribution. Again this is because these distributions are self-decomposable,
see Barndor�-Nielsen, Jensen & S�rensen (1998). More complex types of superpositions of Ornstein-
Uhlenbeck type processes were investigated in Barndor�-Nielsen (2000).

The construction (4.13) can be made for di�usion models with linear drift and non-linear di�usion
coeÆcient too, see Bibby & S�rensen (2001a). As an example, suppose we want a stationary stochastic
process with autocorrelation function (4.15) for given values of �1; : : : ; �m and �1; : : : ;�m, and such
that the marginal distribution of Xt is a gamma distribution with shape parameter � and scale
parameter �. This can be obtained by de�ning m independent processes as the stationary solutions
to

dX
(i)
t = ��i(X(i)

t � �i��)dt+

q
2��iX

(i)
t dW

(i)
t ; (4.16)

i = 1; : : : ;m. Each of the processes, X
(i)
t , is a CIR-process, (4.8), which is a particular example of the

generalized inverse Gaussian di�usions given by (4.7). Since X
(i)
t is gamma distributed with shape

parameter ��i and scale parameter �, it follows that Xt de�ned by (4.13) has the required gamma

distribution, and since the autocorrelation function of X
(i)
t is exp(��iu), the autocorrelation function

of the sum Xt is given by (4.15). This construction will come in handy in Section 5, where processes
of the type (4.13) will be used as models for stochastic volatility.

Empirical autocorrelations that might be interpreted as an indication of long range dependence, may
often alternatively be approximated very well by autocorrelation functions of the type (4.15). How-
ever, if a model with genuine long range dependence is desirable, a NIG-process of this type can be
constructed as follows.

Let X(i), i = 1; 2; : : : be a sequence of independent NIG Ornstein-Uhlenbeck processes with NIG-
parameters (�; �; 0; Æi), where

Æi � i�1�2(1�H);

for some H 2 (0; 1), and with the same value of the drift parameter �. Then Barndor�-Nielsen (1998)
showed that the process

X(t) =
1X
i=1

X(i)(t=i); (4.17)

which is stationary and well-de�ned as a mean-square limit, has as its marginal distribution the NIG
distribution with parameters (�; �; 0; Æ), where Æ =

P1
i=1 Æi. Moreover, the autocorrelation function

r(u) satis�es
r(u) � L(u)u�2(1�H);

for some slowly varying function L. Thus if 1
2 < H < 1, the process exhibits long range dependence

with exponent H. The construction of long range dependent processes by a sum of the type (4.17) is
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similar to a construction proposed by Cox (1984). Almost the same construction was used in Barndor�-
Nielsen, Jensen & S�rensen (1990). The construction (4.17) can also be applied to a sequence of
independent stationary NIG-di�usions given as solutions of stochastic di�erential equations de�ned in
analogy to (4.3).

Likelihood inference for the various compound processes considered here is complicated by the fact that
the likelihood function is not explicitly available. A feasible alternative is provided by prediction-based
estimating functions, see S�rensen (2000).

5 Stochastic volatility models

A generalization of the Black-Scholes model for the logarithm of an asset price

dXt = (�+ ��2)dt+ �dWt; (5.1)

that takes into account the empirical �nding that the volatility �2 varies randomly over time is a
stochastic volatility process:

dXt = (�+ �vt)dt+
p
vtdWt: (5.2)

Here the volatility vt is a stochastic process that cannot be observed directly. If the data are observa-
tions at the time points �i, i = 0; 1; 2; : : : ; n, then the returns Yi = Xi� �X(i�1)� can be written in
the form

Yi = ��+ �Si +
p
SiAi; (5.3)

where

Si =

Z i�

(i�1)�
vtdt; (5.4)

and where the Ais are independent, standard normal distributed random variables. If the integrated
volatility Si is independent of Ai, and if it is generalized inverse Gaussian distributed, then the
distribution of the return Yi is generalized hyperbolic. This follows from the representation of the
generalized hyperbolic distributions as variance-mean mixtures of normal distributions mentioned in
Subsection 2.2. Unfortunately, no continuous time process v with the property that the integrated
volatility (5.4) is exactly generalized inverse Gaussian distributed is presently known. Therefore we
will instead consider models where the volatility process v is stationary with vt generalized inverse
Gaussian distributed. For small values of �, the distribution of Si will then be close to a generalized
inverse Gaussian distribution, and hence the distribution of Yi will be close to a generalized hyper-
bolic distribution. Thus we obtain models that are not exactly hyperbolic, but which have marginal
distribution with much the same tail properties when � is not too large. When � tends to in�nity,
the distribution of �� 1

2 (Yi � ��� �Si) =
p
Si=�Ai tends to a normal distribution with mean zero

and variance equal to the mean volatility, E(vt), provided that the process v is ergodic. This is in
accordance with the empirical �nding that the distribution of returns over short periods have heavy
tails and are well approximated by generalized hyperbolic distributions, whereas the distribution of
returns over long periods is close to a normal distribution. Limit theorems relating, for small �, the
distribution of Yi to the generalized hyperbolic distribution obtained by assuming that Si is exactly
generalized inverse Gaussian distributed are given in Genon-Catalot, Jeantheau & Lar�edo (1998). A
rather di�erent type of discrete time stochastic volatility models with exactly generalized hyperbolic
distributed returns was proposed in Barndor�-Nielsen (1997). It should be noted that stochastic
volatility models can be interpreted as being obtained by subordination. Here the operational time
or business time is the integral of the volatility process �(t) =

R t
0 vsds, which can be interpreted as

discussed in Section 3.
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A simple speci�cation of the volatility process v is to assume that it is one of the stationary and ergodic
generalized inverse Gaussian di�usions de�ned in Section 4 as the solution of (4.7). A particularly
simple choice is to assume that v is the stationary CIR-model given by (4.8), for which vt is gamma-
distributed so that a variance-gamma stochastic volatility model is obtained. This model was proposed
by Hull &White (1988) and was considered further by Heston (1993). Its advantage is that analytically
it is relatively tractable. For instance, all moments and mixed moments can be found explicitly, see
e.g. S�rensen (2000). A problem is that because of the linear drift, the autocorrelation function is an
exponential function, whereas it is a well-established empirical fact that the autocorrelation function
of the volatility process decreases more slowly than a single exponential function. Under relatively
weak regularity conditions a di�usion model has an exponentially decreasing autocorrelation function.
A suÆcient condition is that it is �-mixing, for which simple conditions are given in Genon-Catalot,
Jeantheau & Lar�edo (2000). For this reason, stochastic volatility models with a di�usion volatility
process can usually not �t the autocorrelation of the volatility process well.

In applications where the autocorrelation of the volatility process is important, a solution is to use
the construction in subsection 4.4, i.e. to de�ne the volatility process as the sum

vt = v
(1)
t + � � �+ v

(m)
t ; (5.5)

where v
(1)
t ; : : : ; v

(m)
t are independent CIR-processes, with v

(i)
t de�ned like the process X(i) given by

(4.16). Also in this case a variance-gamma model is obtained, which is exactly as analytically tractable
as the variance-gamma model just discussed, but the autocorrelation structure of the volatility process
(5.5) is given by (4.15) and is thus very 
exible. This approach is studied for more general di�usion
models in Bibby & S�rensen (2001a).

It has been found empirically that for equities a fall in the price is associated with an increase in
the future volatility. This phenomenon is referred to as leverage, Black (1976) and Nelson (1991).
Stochastic volatility models of the form (5.2), where the Wiener process driving the price process is
independent of the volatility process, as we have so far assumed, cannot deal with leverage, because
for such a model the future 
uctuations of the volatility are independent of the present price. We can,
however, easily generalize the model to allow for the leverage phenomenon. Again we let the volatility

process v be given by (5.5), and denote the Wiener process driving the kth CIR-process v
(k)
t by B(k).

Then we de�ne the log-price process by

dXt = (�+ �vt)dt+
p
vtd ~Wt; (5.6)

where ~W is the standard Wiener process

~Wt =
Wt + � �Btp

1 + �2

with � 2 IR and
�Bt = (B

(1)
t + � � �+B

(m)
t )=

p
m: (5.7)

A lengthy calculation shows that for � = 0 the covariance between Yi and Y 2
i+j (j � 1) is

�p
1 + �2

1p
m

mX
k=1

bke
��k�j:

Here

bk =
p
2� e�k�

�
1� e��k�

�2
�
�3=2
k E

�q
v
(k)
1 v1

�
> 0;

where � is the shape parameter of the gamma distribution of the volatility, and �k is the speed of
reversion of the kth volatility component. We see that the correlation between Yi and Y 2

i+j is negative
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if � < 0, which is exactly what we wanted. For � = 0 there is no leverage e�ect as expected. Note that
the e�ect decreases as j tends to in�nity. The decrease is of the same type as that of the autocorrelation
function (4.15), but with di�erent weights. It is thus very 
exible and can in particular be slow.

Barndor�-Nielsen & Shephard (2001c) and Barndor�-Nielsen & Shephard (2001d) proposed to model
the volatility process v as an Ornstein-Uhlenbeck type process, i.e. a solution to the stochastic di�er-
ential equation (4.10). Such a process can be chosen stationary with a generalized inverse Gaussian
marginal distribution, as discussed in Subsection 4.3. Processes of this type have the advantage that
the drift is linear and the coeÆcient in front of the driving L�evy process is constant, which, analo-
gous to the situation for the classical Wiener-driven Ornstein-Uhlenbeck process, implies an unusual
analytic tractability. For instance the integrated volatility, which is a key quantity in �nance, has the
simple structure Z t

s
vsds = ��1 ((Zt � Zs)� (vt � vs)) ;

where s < t, and where Z is the driving L�evy process. This relation implies, for instance, that
stochastic volatility processes of this type can be simulated as accurately as the volatility process can
be simulated. This is because the random variables Si, given by (5.4), are simple functions of the
processes Z and v. An eÆcient method of simulating Ornstein-Uhlenbeck type processes is based on
results by Rosinski (1991) and Rosinski (2001), see the exposition in Barndor�-Nielsen & Shephard
(2001c).

Barndor�-Nielsen & Shephard (2001b) have studied the distributional properties of integrated Ornstein-
Uhlenbeck type processes in detail. For the Ornstein-Uhlenbeck type volatility process with inverse
Gaussian marginal distributions they found that while the integrated volatility process is not dis-
tributed exactly as the inverse Gaussian distribution, its tails have the same behaviour as this distri-
bution. This implies that the returns will have the expected NIG tail behaviour.

For an Ornstein-Uhlenbeck type volatility process v, the autocorrelations of the discrete time processes
Si, given by (5.4), and Y 2

i , with Yi being the returns given by (5.3), are

cor(Si; Si+j) = d exp(���(j � 1)); (5.8)

and
cor(Y 2

i ; Y
2
i+j) = c exp(���(j � 1)); (5.9)

where

1 � d =
[1� exp(���)]2

2[exp(���)� 1 + ��]

� c =
[1� exp(���)]2

6[exp(���)� 1 + ��] + 2(��)2(�=!)2
� 0;

with � and ! denoting the mean and variance of the volatility vt. Therefore, as discussed in Barndor�-
Nielsen & Shephard (2001d), S and Y 2 are constrained ARMA(1,1) processes with common autore-
gressive parameter, and with the moving average root being stronger for S than for Y 2. The ARMA
structure implies that the return process Y is weak GARCH(1,1) in the sense of Drost & Nijman
(1993). Note that the formulae (5.8) and (5.9) also hold for the stochastic volatility model discussed
above, where the volatility process is a CIR-di�usion. Hence for this model, the processes S and Y 2

have the same ARMA structure.

Barndor�-Nielsen & Shephard (2001d) also proposed a model with a L�evy-driven Ornstein-Uhlenbeck
volatility process that allows for the leverage phenomenon. The log-price is modelled by

dXt = (�+ �vt)dt+
p
vtdWt + �d �Zt; (5.10)
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where �Zt = Zt�E(Zt) is the centered version of the L�evy process Z that drives the volatility process.
This model has properties similar to those of the model with leverage discussed above (when m = 1).
It is not a generalized hyperbolic model in the sense of the other stochastic volatility models in this
section because of the term �d �Zt. It is not clear to what extend the model is approximately hyperbolic.
A complication is that the log-price process is a di�usion with jumps rather than a classical di�usion
process driven by a Wiener process.

As already mentioned in Subsection 4.3, the autocorrelation function of an Ornstein-Uhlenbeck type
process decreases exponentially, which, as also mentioned earlier, is faster than what is typically found

in �nancial data. Volatility processes of the form (5.5), where v
(1)
t ; : : : ; v

(m)
t are independent, stationary

Ornstein-Uhlenbeck processes such that the marginal distribution of v is a generalized inverse Gaussian
distribution, has a much more 
exible autocorrelation structure. That such a volatility process exists
was discussed in Subsection 4.4. Stochastic volatility models of this type often provide a much better �t
to �nancial data. An example of this is given in Barndor�-Nielsen & Shephard (2001d). Also models
where the volatility process is a sum of independent Ornstein-Uhlenbeck processes are analytically
tractable.

Statistical inference for stochastic volatility models cannot easily be based on the likelihood function
as it is not explicitly available and quite hard to simulate. Harvey, Ruiz & Shephard (1994) proposed a
pseudo-likelihood method based on a Gaussian approximation that allowed them to apply the Kalman
�lter. More recently, likelihood based methods for stochastic volatility models have been proposed by
Kim, Shephard & Chib (1998), and simulation based Bayesian methods using Markov chain Monte
Carlo have been developed by Elerian, Chib & Shepard (2001) and Eraker (1998). A new and quite
simple way of obtaining an approximate likelihood function for stochastic volatility models, which
seems very promising, has been proposed by H. S�rensen (2001). The method takes advantage of the
fact that lag-k conditional densities are relatively easy to obtain by simulation for stochastic volatility
models. Other methods are the indirect inference methods of Gourieroux, Monfort & Renault (1993),
Gallant & Tauchen (1996), and Gallant & Long (1997). The prediction-based estimating functions of
S�rensen (2000) can be applied to all models discussed in this section, while the estimators proposed
by Genon-Catalot, Jeantheau & Lar�edo (1999) based on limit results (where the time between observa-
tions goes to zero) in Genon-Catalot, Jeantheau & Lar�edo (1998) are developed for volatility processes
of the di�usion type. Recently methods based on realized volatility have been proposed, see Gloter
(1999) and Barndor�-Nielsen & Shephard (2001a). Surveys that discuss the literature on stochastic
volatility models up to 1995 can be found in Ghysels, Harvey & Renault (1996) and Shephard (1996).
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Appendix

In this appendix a few relevant de�nitions and results concerning Bessel functions are collected.

The modi�ed Bessel function of the third kind with index � 2 IR can be de�ned by the following
integral representation,

K�(x) =
1

2

Z 1

0
u��1e�1

2x(u+u
�1)du; x > 0:
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The modi�ed Bessel function has the following properties:

K��(x) = K�(x); (A.1)

K�+1(x) =
2�

x
K�(x) +K��1(x); (A.2)

K 0
�(x) = ��

x
K�(x)�K��1(x): (A.3)

For � = n+ 1
2 , n = 0; 1; 2; : : :, we have that

K
n+

1
2
(x) =

r
�

2x
e�x

(
1 +

nX
i=1

(n+ i)!

(n� i)! i!
(2x)�i

)
: (A.4)

For small values of the argument it holds that

K�(x) � �(�)2��1x��; x # 0; if � > 0: (A.5)

Similarly, we have for large values of the argument that

K�(x) = (A.6)

r
�

2x
� e�x �

(
1 +

4�2 � 1

8x
+

(4�2 � 1)(4�2 � 9)

2!(8x)2
+
(4�2 � 1)(4�2 � 9)(4�2 � 25)

3!(8x)3
+ � � �

)
:

The Bessel function of the �rst kind with index � 2 IR can be de�ned for x > 0 by

J�(x) =
1

�

Z �

0
cos(x sin(u)� �u)du� sin(��)

�

Z 1

0
e�x sinh(u)��udu:

For � > �1
2 we have

J�(x) =
2(12x)

�

p
��(�+ 1

2)

Z 1

0
(1� u2)��

1
2 cos(xu)du; x 2 IR;

where � denotes the gamma function.

The Bessel function of the second kind with index � 2 IR can be de�ned for x > 0 by

Y�(x) =
1

�

Z �

0
sin(x sin(u)� �u)du� 1

�

Z 1

0
[e�u + e��u cos(��)]e�x sinh(u)du:

The function Y�(x) is often denoted N�(x) and is some times called Weber's function. The relationship
between J�(x) and Y�(x) is

Y�(x) =
J�(x) cos(��)� J��(x)

sin(��)
:

In connection with the NIG-distribution, it is useful to know that

J 1
2
(x) =

r
2

�x
sin(x) and Y 1

2
(x) = �

r
2

�x
cos(x):
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