Selfdecomposability and Lévy Processes in Free Probability

O.E. Barndorff-Nielsen^{∗†}and S. Thorbjørnsen^{†‡}

Abstract

In this paper we study the bijection, introduced by Bercovici and Pata in [BP2], between the classes of infinitely divisible probability measures in classical and in free probability. We prove certain algebraic and topological properties of that bijection (in the present paper denoted Λ), and those properties are then used to show, in particular, that Λ maps the class of classically selfdecomposable probability measures onto the natural free counterpart, that we define here. Further, we study Lévy processes in free probability and use the properties of Λ to construct stochastic integrals w.r.t. such processes. In particular, we derive the free analogue of the integral representation of selfdecomposable random variables.

Keywords: Free additive convolution, free and classical infinite divisibility, free selfdecomposability, free Lévy processes, free stochastic integrals, free OU processes.

Contents

1 Introduction 2

2 Preliminaries 4 2.1 Selfdecomposability in classical probability . . . . . . . . . . . . . . . . . . 4 2.2 Free Independence . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7 2.3 Free additive convolution and the Voiculescu transform . . . . . . . . . . . 7 2.4 Infinite Divisibility w.r.t. Free Additive Convolution . . . . . . . . . . . . . 10 2.5 Unbounded operators affiliated with a W^∗-probability space . . . . . . . . 12

MSC2000: Primary 46L54; Secondary 60G51, 60G52. ∗Department of Mathematical Sciences, Århus University, Denmark.

†MaPhySto - Centre for Mathematical Physics and Stochastics, funded by The Danish National Research Foundation.

‡Department of Mathematics and Computer Science, SDU Odense University, Denmark.

3 The Bercovici-Pata Bijection 16

4 Selfdecomposability in Free Probability 25

5 Free Lévy Processes 30

6 Free Stochastic Integrals and �-selfdecomposable Variates 34

1 Introduction

The concept of selfdecomposability of probability measures is due to Paul Lévy. In the present paper we study a free analogue of selfdecomposability, i.e. a selfdecomposability concept formulated in the theory of non-commutative probability and free independence. In that theory, free independence, which was introduced by Voiculescu in 1982 (see [Vo1]), plays a role somewhat similar to that of independence in classical probability.

Voiculescu’s pioneering papers has led to an extensive body of work, cf. the papers cited below and references given in those. For survey material, see [VDN], [Vo4], [Bi2] and [HP1]. In particular, close analogies as well as intriguing differences between infinite divisibility in the classical and in the non-commutative sense have been uncovered, as we shall indicate.

The origin of the idea of free independence came from Voiculescu’s study of the free group von Neumann factors, in which free independence may be naturally encountered. Voiculescu later discovered that free independence also appears in the study of the asymptotic behaviour of independent large (Gaussian) random matrices. The starting point of the latter approach to free independence is Wigner’s semi-circle law, which occurs as a limiting distribution of eigenvalue distributions of large selfadjoint random matrices with complex entries. This law plays in the theory of free probability the same role as the normal or Gaussian law in classical probability. Wigner’s approach was through the study of the asymptotic behaviour of the mean values E {tr_n[(X^{(n)})^p]}, where (X^{(n)})^p is the p-th power of the n × n random matrix X^{(n)}, and tr_n is the normalized trace on the set M_n(C ) of complex n × n matrices. Voiculescu took the broader view of looking at mean values of the form E { tr_n(X^{(n)}_{i1} X^{(n)}_{i2} · · · X^{(n)}_{ip} ) } , where the X^{(n)}_i are independent n × n random matrices, with i ranging over a finite set {1, 2, ..., r}. Under suitable conditions these moments will, as in the case r = 1, converge and determine a limit object, and free independence expresses how the independence of X^{(n)}_1 , X^{(n)}_2 , ..., X^{(n)}r is reflected in properties of that object (see Voiculescu’s original paper [Vo3] for the precise formulation). Since in general the matrices do not commute, free independence constitutes a truly ’non-commutative’ probabilistic concept. However, the most general and concise way to define free independence is through operator algebra theory, and this links the theory of free independence more closely to quantum mechanics.

We refer, in passing, to recent related work on random matrices: See [HP2], [Th], [Ge], [Si], [HT1], [HT2] and references given there.

Of key importance to the theory of classical infinite divisibility is the Lévy-Khintchine formula for the logarithm of the characteristic function of an element of the class ID(∗) of infinitely divisible laws. There is a similar formula for free infinite divisibility, and the two Lévy-Khintchine formulae are linked, in a natural way, by a bijection Λ - that we shall refer to as the Bercovici - Pata bijection - between the elements of ID(∗) and the elements of the free counterpart ID(�) of ID(∗). In particular, under this bijection the Gaussian law corresponds to the Wigner (or semi-circle) law, and, as was shown by Bercovici and Pata in [BP2], the class S(∗) of stable laws corresponds to the class S(�) of free stable laws.

In this paper we establish some basic properties of Λ. Further, we introduce a concept of free selfdecomposability, defined in operator algebraic terms, and show, using those properties, that - with L(∗) denoting the class of selfdecomposable laws in the classical sense - the subclass Λ(L(∗)) of ID(�) corresponds exactly to free selfdecomposability.

Infinite divisibility is intimately connected to the concept of Lévy processes, i.e. stochastic processes with independent and identically distributed increments. A recent account of the theory of infinite divisibility and Lévy processes is given by Sato in [Sa1]; see also [Be1],[Be2],[Be3],[LeG] and [BMR] for more specialised aspects. The properties of Λ, that we derive, also provide the possibility to translate from classical Lévy processes to free counterparts of those processes. We begin an investigation of this. In particular we establish the existence of stochastic integrals (of functions) w.r.t. free Lévy processes, and we use this to prove the free analogue of the integral representation of selfdecomposable random variables (cf. [Wo] and [JV]). We mention, in that connection, the paper [BiS] by Biane and Speicher, in which they establish stochastic integration (of processes) w.r.t. the free Brownian motion.

The paper is organized as follows: In section 2 we provide background material from classical probability, free probability and from operator theory. Subsection 2.1 is a short summary of the basic theory of selfdecomposability in classical probability. In Subsection 2.2 we introduce the notion of free independence, and in Subsection 2.3 we summarize the basic results on free additive convolution and the main tool thereof: the Voiculescu transform. In Subsection 2.4 we introduce the concept of free infinite divisibility and the free version of the Lévy-Khintchine formula. In the first part of the main body of the paper (Sections 3-4), the exposition is based on the analytical function tools described in Subsections 2.3-2.4. In particular, this avoids stating the results in terms of unbounded operators. However, the last two sections of the paper (Sections 5-6) deal with free Lévy processes, which are, by definition, processes of, in general, unbounded operators. Consequently, we give, in Subsection 2.5, a short account of the theory of unbounded operators affiliated with a finite von Neumann algebra.

In Section 3 we introduce the Bercovici-Pata bijection Λ, and study its basic properties. We prove that Λ is a homomorphism, in the sense that it preserves the affine structure on the set ID(∗). We prove also that Λ is a homeomorphism w.r.t. weak convergence of probability measures. These properties of Λ form the key tools for the results derived in the following sections. In Section 4 we define selfdecomposability in free probability, and prove that this notion implies free infinite divisibility. Subsequently then, we prove that free selfdecomposability corresponds exactly to classical selfdecomposability via the mapping Λ. In Section 5, we introduce the notion of Lévy processes in free probability, and we show how the mapping Λ gives rise, in a natural way, to a one to one (in law) correspondence between classical and free Lévy processes. Finally, in Section 6, we use the properties of Λ to carry over the construction of stochastic integrals of continuous functions w.r.t. classical Lévy processes to a corresponding integral w.r.t. free Lévy processes. We then prove that the integral representation of a classically selfdecomposable random variable also holds, verbatim, in the free case. We end by mentioning the connection to Ornstein-Uhlenbeck type processes.

Acknowledgement. It is a pleasure to express our gratitude to Uffe Haagerup for many enlightening discussions.

2 Preliminaries

The present section briefly reviews relevant background material on classical selfdecomposability, free independence and operator theory.

2.1 Selfdecomposability in classical probability

Denoting, for the classical case, the classes of Gaussian, stable, selfdecomposable and infinitely divisible laws by G(∗), S(∗), L(∗) and ID(∗) we have the hierarchy

G(∗) ⊂ S(∗) ⊂ L(∗) ⊂ ID(∗). (2.1)

Briefly, the stable laws are those that occur as limiting distributions for n → ∞ of affine transformations of sums X_1 + · · · + X_n of independent identically distributed random variables (subject to the assumption of uniform asymptotic neglibility). Dropping the assumption of identical distribution one arrives at the class L(∗). Finally, the class ID(∗) of all infinitely divisible distributions consists of the limiting laws for sums of independent random variables of the form X_{n1} +···+X_{nkn} (again subject to the assumption of uniform asymptotic neglibility). An alternative characterisation of selfdecomposability says that (the distribution of) a random variable Y is selfdecomposable if and only if for all c in ]0, 1[ the characteristic function f of Y (i.e. the Fourier transform of the distribution of Y ) can be factorised as

f(ζ) = f(cζ)f_c(ζ), (2.2)

for some characteristic function f_c (which then, as can be proved, necessarily corresponds to an infinitely divisible random variable Y_c). In other words, considering Y_c as independent of Y we have a representation in law

Y^d= cY + Y_c.

This latter formulation makes the idea of selfdecomposability of immediate appeal from the viewpoint of mathematical modeling. Yet another key characterisation is given by the following result which was first proved by Wolfe in [Wo] and later generalized and strengthened by Jurek and Verwaat ([JV], cf. also Jurek and Mason, [JM, Theorem 3.6.6]): A random variable Y has law in L(∗) if and only if Y has a representation of the form

Y^d= ∫_∞ 0 e^{−t} dX_t, (2.3)

where X_t is a Lévy process satisfying E {log(1 + |X_1|)} < ∞. The process X = (X_t)_{t≥0} is termed the background driving Lévy process or the BDLP corresponding to Y . We mention next how the selfdecomposable measures on R are characterized in terms of their Lévy-Khintchine representation. Recall that a probability measure μ on R (with the Borel σ-algebra) is infinitely divisible if and only if its characteristic function f_μ has a representation (the Lévy-Khintchine representation) of the form:

log f_μ(u) = iγu + ∫ R ( e^{iut} − 1 − iut 1 + t^2

)1 + t2 t^2 σ(dt), (u ∈ R), (2.4) where γ is a real constant and σ is a finite measure on R. In that case, the pair (γ, σ) is uniquely determined.

2.1 Definition. Let μ be an infinitely divisible probability measure on R, and let γ and σ be, respectively, the (uniquely determined) real constant and finite measure on R appearing in (2.4). We say then that the pair (γ, σ) is the generating pair for μ.

In the literature, there are several alternative ways of writing the above representation. In recent literature, the following version seems to be preferred (see e.g. [Sa1]):

log f_μ(u) = iγ^′u −^1_2 au^2 + ∫ R ( e^{iut} − 1 − iut1_{[−1,1]}(t) ) ρ(dt), (u ∈ R), (2.5) where γ^′ is a real constant, a is a non-negative constant and ρ is a measure on R satisfying the conditions:

ρ({0}) = 0 and ∫ R min{1, t^2} ρ(dt) < ∞, i.e. ρ is a Lévy measure. The relationship between the two representations (2.4) and (2.5) is the following: a = σ({0}), ρ(dt) = 1 + t^2 t^2 · 1R_{\{0}}(t) σ(dt), γ^′ = γ + ∫ R t ( 1_{[−1,1]}(t) − 1 1 + t^2 ) ρ(dt).

Now, it follows from [Sa1, Corollary 15.11] that a probability measure μ on R is ∗- selfdecomposable if and only if its Lévy measure is of the form: ρ(dt) = k(t) |t| dt, where k : R → R is a non-negative function which is increasing on ]−∞, 0[ and decreasing on ]0, ∞[.

In this paper we shall use mostly the representation (2.4). We have included the representation (2.5) too, since some of the results we refer to in Section 6 are formulated in terms of that representation.

The class of classically selfdecomposable distributions is wide and includes many special cases of theoretical and applied interest. Among the probability laws on the positive half-line, all those which are convolutions of gamma distributions and limit laws of such convolutions are selfdecomposable. This group of distributions is referred to as generalised gamma convolutions and have been extensively studied by Bondesson in [Bo]. (It is noteworthy, in the present context, that Bondesson uses Pick functions, which are essentially Cauchy transforms, as a main tool in his investigations). An important class of generalized Gamma convolutions are the generalized inverse Gaussian distributions: Assume that λ in R and γ, δ in [0, ∞[ satisfy the conditions: λ < 0 ⇒ δ > 0, λ = 0 ⇒ γ, δ > 0 and λ > 0 ⇒ γ > 0. Then the generalized inverse Gaussian distribution GIG(λ, δ, γ) is the distribution on R_+ with density (w.r.t. Lebesgue measure) given by g(t; λ, δ, γ) = (γ/δ)^λ 2K_λ(δγ) t^{λ−1} exp { −^1_2 (δ^2t^{−1} + γ^2t) } , t ≥ 0, where K_λ is the modified Bessel function of the third kind and with index λ. For all λ, δ, γ (subject to the above restrictions) GIG(λ, δ, γ) is selfdecomposable, and it is not stable unless λ = −^1_2 and γ = 0. For special choices of the parameters, one obtains the gamma distributions (and hence the exponential and χ^2 distributions), the inverse Gaussian distributions, the reciprocal inverse Gaussian distributions^1 and the reciprocal gamma distributions. As concerns distributions on the whole real line, a particularly important group of examples are the marginal laws of subordinated Brownian motion with drift, when the subordinator process is generated by one of the generalised gamma convolutions. The induced selfdecomposability of the marginals follows from a recent result due to Sato (cf. [Sa2]).

There is a very extensive literature on the theory and applications of stable laws. A standard reference for the theoretical properties is [ST], but see also [Fe] and [BMR]. In comparison, work on selfdecomposability has up till recently been somewhat limited. However, a comprehensive account of the theoretical aspects of selfdecomposability, and indeed of infinite divisibility in general, is now available in [Sa1]. Applications of selfdecomposability are discussed, inter alia, in [BRT], [Ba], [BS1] and [BS2].

1the inverse Gaussian distributions and the reciprocal inverse Gaussian distributions are, respectively, the first and the last passage time distributions to a constant level by Brownian motion with drift.

2.2 Free Independence

Free probability is the term given to the combination of the concept of free independence with non-commutative probability (see [Vo4]). Non-commutative probability is a field of study of probabilistic structures arising out of quantum mechanics. It is not necessary for present purposes to delineate the field further. However, we do need the precise definition of free independence.

Let H be a (complex) Hilbert space and let B(H) denote the vector space of continuous

linear mappings (or operators) a: H → H. Consider further a state on B(H), i.e. a positive linear functional τ : B(H) → C such that τ(1) = 1, where 1 is the identity mapping on H^2. Given any selfadjoint operator a in B(H), the spectrum sp(a) is contained

in R, and there exists a unique probability measure μ_a on R, concentrated on sp(a),

satisfying that τ(f(a)) = ∫ R^{f(t)μa(dt), (2.6)} for all bounded Borel functions f on R. The measure μ_a is called the (spectral) distribution of a w.r.t. τ, and we shall also use the notation L{a} (the law of a) for μ_a.

We say that operators a_1, ..., a_r in B(H) are freely independent with respect to τ if they satisfy the following condition: For any p in N and i_1, ..., i_p in {1, ..., r} with i_1 ≠ i_2, ..., i_{p−1} ≠ i_p, we have that

τ(Q_1(a_{i1} ) · · · Q_p(a_{ip} )) = 0,

for all polynomials Q_1, ..., Q_p in one variable such that

τ(Q_1(a_{i1} )) = · · · = τ(Q_p(a_{ip} )) = 0.

The relevance of this definition should be evident from the connection to the study of random matrices mentioned in the Introduction. In several respects, free independence is conceptually similar to classical independence. For example, if a_1, a_2, . . . , a_r are freely independent operators and k ∈ {1, 2, . . . , r − 1}, then any polynomial in a_1, . . . , a_k is freely independent of any polynomial in a_{k+1}, . . . , a_r.

2.3 Free additive convolution and the Voiculescu transform

From a probabilistic point of view, free additive convolution may be considered merely as a new type of convolution on the set of probability measures on R. Let a and b be selfadjoint operators in B(H) and note that a + b is selfadjoint too. Denote then the (spectral) distributions of a, b and a + b by μ_a, μ_b and μ_{a+b}. If a and b are freely independent, it is not hard to see that the moments of μ_{a+b} (and hence μ_{a+b} itself) is

2In quantum physics, τ is of the form τ(a) = tr(ρa), where ρ is a trace class selfadjoint operator

on H with trace 1, that expresses the state of a quantum system, and a would be an observable, i.e. a

selfadjoint operator on H, the mean value of the outcome of observing a being τ(a) = tr{ρa}.

uniquely determined by μ_a and μ_b. Hence we may write μ_a � μ_b instead of μ_{a+b}, and we say that μ_a � μ_b is the free additive^3 convolution of μ_a and μ_b.

Since the distribution μ_a of a selfadjoint operator a in B(H) is a compactly supported probability measure on R, the definition of free additive convolution, stated above, works at most for all compactly supported probability measures on R. On the other hand, given any two compactly supported probability measures μ_1 and μ_2 on R, it follows from a free product construction (see [VDN]), that it is always possible to find a Hilbert space H, a state τ on B(H) and free operators a, b in B(H), such that a and b have distributions μ_1 and μ_2 respectively. Thus, the operation � introduced above is, in fact, defined on all compactly supported probability measures on R. To extend this operation to all probability measures on R, one needs to consider unbounded selfadjoint operators in a Hilbert space, and then to proceed with a construction similar to that described above. We postpone a detailed discussion of this matter to Subsection 2.5 (see Remark 2.13), since, for our present purposes, it is possible to study free additive convolution by virtue of the Voiculescu transform, which we introduce next (in fact, one may even define free additive convolution in terms of the Voiculescu transform; see [Vo4]).

By C^+ (respectively C^− ) we denote the set of complex numbers with strictly positive

(respectively strictly negative) imaginary part.

Let μ be a probability measure on R, and consider its Cauchy (or Stieltjes) transform G_μ : C^+ → C^− given by:

G_μ(z) = ∫ R 1 z − t μ(dt), (z ∈ C^+ ).

Then define the mapping F_μ : C^+ → C^+ by:

F_μ(z) = 1 G_μ(z) , (z ∈ C^+ ),

and note that F_μ is analytic on C^+ . It was proved by Bercovici and Voiculescu in [BV, Proposition 5.4 and Corollary 5.5] that there exist positive numbers η and M, such that F_μ has an (analytic) right inverse F^{−1}_μ defined on the region Γ_{η,M} := {z ∈ C | |Re(z)| ≤ ηIm(z), Im(z) > M}. In other words, there exists an open subset G_{η,M} of C^+ such that F_μ is injective on G_{η,M} and such that F_μ(G_{η,M} ) = Γ_{η,M} .

Now the Voiculescu transform ϕ_μ of μ is defined by

ϕ_μ(z) = F^{−1}_μ (z) − z,

on any region of the form Γ_{η,M} , where F^{−1}_μ is defined. It follows from [BV, Corollary 5.3] that Im(F^{−1}_μ (z)) ≤ Im(z) and hence Im(ϕ_μ(z)) ≤ 0 for all z in Γ_{η,M} .

3The reason for the term additive is that there exists another convolution operation called free multiplicative convolution, which arises naturally out of the non-commutative setting (i.e. the non-commutative multiplication of operators). In the present paper we do not consider free multiplicative convolution.

The Voiculescu transform ϕ_μ should be viewed as a modification of Voiculescu’s Rtransform (see e.g. [VDN]), since we have the correspondence:

ϕ_μ(z) = R_μ(^1_z ).

The key property of the Voiculescu transform is the following important result, which shows that the Voiculescu transform can be viewed as the free analogue of the classical cumulant function (the logarithm of the characteristic function)^4. The result was first proved by Voiculescu for probability measures μ with compact support, and then by Maassen in the case where μ has variance. Finally Bercovici and Voiculescu proved the general case.

2.2 Theorem. ([Vo2],[Ma],[BV]) Let μ_1 and μ_2 be probability measures on R, and consider their free additive convolution μ_1 � μ_2. Then

ϕ_{μ1}�_{μ2} (z) = ϕ_{μ1} (z) + ϕ_{μ2} (z),

for all z in any region Γ_{η,M} , where all three functions are defined.

2.3 Remark. We shall need the fact that a probability measure on R is uniquely determined by its Voiculescu transform. To see this, suppose μ and μ^′ are probability measure

on R, such that ϕ_μ = ϕ_μ′ , on a region Γ_{η,M} . It follows then that also F_μ = F_μ′ on some

open subset of C^+ , and hence (by analytic continuation), F_μ = F_μ′ on all of C^+ . Consequently μ and μ^′ have the same Cauchy (or Stieltjes) transform, and by the Stieltjes Inversion Formula (cf. e.g. [Ch, page 90]), this means that μ = μ^′.

In [BV, Proposition 5.6], Bercovici and Voiculescu proved the following characterization of Voiculescu transforms:

2.4 Theorem. ([BV]) Let ϕ be an analytic function defined on a region Γ_{η,M} , for some positive numbers η and M. Then the following assertions are equivalent:

(i) There exists a probability measure μ on R, such that ϕ(z) = ϕ_μ(z) for all z in a domain Γ_{η,M} ′ , where M^′ ≥ M.

(ii) There exists a number M^′ greater than or equal to M, such that

(a) Im(ϕ(z)) ≤ 0 for all z in Γ_{η,M} ′ . (b) ϕ(z)/z → 0, as |z| → ∞, z ∈ Γ_{η,M} ′ . (c) For any positive integer n and any points z_1, . . . , z_n in Γ_{η,M} ′ , the n × n matrix [ z_j − z_k z_j + ϕ(z_j) − z_k − ϕ(z_k) ] 1≤j,k≤n , is positive definite.

4see also Remark 4.3 below.

Recall that a sequence (σ_n) of finite measures on R is said to converge weakly to a finite measure σ on R, if ∫ R f(t) σ_n(dt) → ∫ R f(t) σ(dt), as n → ∞, (2.7) for any bounded continuous function f : R → C . In that case, we write σ_n^w→ σ, as n → ∞. 2.5 Remark. For later use we note, that since the convergence in (2.7) is w.r.t. a metric, it follows immediately from the above definition, that σ_n^w→ σ if and only if any subsequence (σ_n′ ) has a subsequence (σ_n′′ ) which converges weakly to σ. This follows also from the fact, that weak convergence can be viewed as convergence w.r.t. a certain metric on the set of bounded measures on R (the Lévy metric).

The relationship between weak convergence of probability measures and the Voiculescu transform was settled in [BV, Proposition 5.7] and [BP1, Proposition 1]:

2.6 Proposition. ([BV],[BP1]) Let (μ_n) be a sequence of probability measures on R. Then the following assertions are equivalent:

(a) The sequence (μ_n) converges weakly to a probability measure μ on R.

(b) There exist positive numbers η and M, and a function ϕ, such that all the functions ϕ, ϕ_{μn} are defined on Γ_{η,M} , and such that

(b1) ϕ_{μn} (z) → ϕ(z), as n → ∞, uniformly on compact subsets of Γ_{η,M} ,

(b2) sup_{n∈} N | | ϕ_{μn} (z) z | | → 0, as |z| → ∞, z ∈ Γη,M . (c) There exist positive numbers η and M, such that all the functions ϕ_{μn} are defined on Γ_{η,M} , and such that

(c1) lim_{n→∞} ϕ_{μn} (iy) exists for all y in [M, ∞[.

(c2) sup_{n∈} N | |ϕμn (iy) y | | → 0, as y → ∞.

If the conditions (a),(b) and (c) are satisfied, then ϕ = ϕ_μ on Γ_{η,M} .

2.4 Infinite Divisibility w.r.t. Free Additive Convolution

In this subsection we recall the definition and some basic facts about infinite divisibility w.r.t. free additive convolution. In complete analogy with the classical case, a probability measure μ on R is �-infinitely divisible, if for any n in N there exists a probability measure μ_n on R, such that

μ = μ_n � μ_n � · · · � μ_n

n terms .

It was proved in [Pa] that the class ID(�) of �-infinitely divisible probability measures

on R is closed w.r.t. weak convergence. For the corresponding classical result, see [GK, §17, Theorem 3]. As in classical probability, �-infinitely divisible probability measures are characterized as those probability measures that have a (free) Lévy-Khintchine representation:

2.7 Theorem. ([Vo2],[Ma],[BV]) Let μ be a probability measure on R. Then μ is �- infinitely, if and only if there exist a finite measure σ on R and a real constant γ, such that

ϕ_μ(z) = γ + ∫ R 1 + tz z − t σ(dt) (2.8)

= γ + ∫ R ( 1 z − t + t 1 + t^2 ) ν(dt), (z ∈ C^+ ), (2.9)

where ν(dt) = (1 + t^2)σ(dt).

Moreover, for a �-infinitely divisible probability measure μ on R, the real constant γ and the finite measure σ, described above, are uniquely determined.

Proof. Note first that (2.9) follows from (2.8) and the elementary formula: 1 + tz (z − t)(1 + t^2) = 1 z − t + t 1 + t^2 . The equivalence between �-infinite divisibility and the existence of a representation in the form (2.8) was proved (in the general case) by Voiculescu and Bercovici in [BV, Theorem 5.10]. They proved first that μ is �-infinitely divisible, if and only if ϕ_μ has an extension to a function of the form: ϕ: C^+ → C^− ∪R, i.e. a Pick function multiplied by −1. Equation (2.8) (and its uniqueness) then follows from the existence (and uniqueness) of the integral representation of Pick functions (cf. [Do, Chapter 2, Theorem I]). Compared to the general integral representation for Pick functions, just referred to, there is a linear term missing on the right hand side of (2.8), but this corresponds to the fact that^{ϕ(iy)}_y → 0 as y → ∞, if ϕ is a Voiculescu transform (cf. Theorem 2.4 above). �

2.8 Definition. Let μ be a �-infinitely divisible probability measure on R, and let γ and σ be, respectively, the (uniquely determined) real constant and finite measure on R appearing in (2.8). We say then that the pair (γ, σ) is the free generating pair for μ.

The next result, due to Bercovici and Pata, is the free analogue of Khintchine’s characterization of classically infinitely divisible probability measures. It plays an important role in Section 4.

2.9 Definition. Let (k_n)_{n∈}N be a sequence of positive integers, and let A = {μ_{nj} | n ∈ N, j ∈ {1, 2, . . . , k_n}}, be an array of probability measures on R. We say then that A is a null array, if the following condition is fulfilled: ∀ϵ > 0: lim_{n→∞} max_{1≤j≤kn} μ_{nj}(R \ [−ϵ, ϵ]) = 0. 2.10 Theorem. ([BP3]) Let {μ_{nj} | n ∈ N, j ∈ {1, 2, . . . , k_n}} be a null-array of probability measures on R, and let (c_n)_{n∈}N be a sequence of real numbers. If the probability measures μ_n = δ_{cn} � μ_{n1} � μ_{n2} � · · · � μ_{nkn} converge weakly, as n → ∞, to a probability measure μ on R, then μ has to be �-infinitely divisible.

We recall, finally, the definition of �-stable probability measures: For a probability measure μ on R, we denote by T (μ) the type of μ, i.e. the class of probability measures on R given by:

T (μ) = {ψ(μ) | ψ : R → R is an increasing affine transformation}.

Exactly as in classical probability theory, a probability measure μ on R is called �-stable, if the class T (μ) is closed under �. We denote by S(�) the class of �-stable probability measures on R.

As was noted in [BV, Section 7], �-stability implies �-infinite divisibility, i.e. we have the inclusion: S(�) ⊆ ID(�), just as in the classical case.

2.5 Unbounded operators affiliated with a W^∗-probability space

In this subsection, we give, for the readers convenience, a brief account of the theory of closed, densely defined operators affiliated with a finite von Neumann algebra. We start by introducing von Neumann algebras. For a detailed introduction to von Neumann algebras, we refer to [KR], but also the paper [Ne], referred to below, has a nice short introduction to that subject. For background material on unbounded operators, see [Ru].

Let H be a Hilbert space, and consider, as in Subsection 2.3, the vector space B(H) of

bounded (or continuous) operators a: H → H. Recall that composition of operators constitutes a multiplication on B(H), and that the adjoint operation a → a^∗ is an involution

on B(H) (i.e. (a^∗)^∗ = a). Altogether B(H) is a ∗-algebra^5. For any subset S of B(H), we

denote by S^′ the commutant of S, i.e.

S^′ = {b ∈ B(H) | by = yb for all y in S}.

A von Neumann algebra acting on H is a subalgebra of B(H), which contains the multiplicative unit 1 of B(H), and which is closed under the adjoint operation and closed in

5Throughout this subsection, the ∗ refers to the adjoint operation and not to classical convolution.

the weak operator topology (see [KR, Definition 5.1.1]). By von Neumann’s fundamental double commutant theorem, a von Neumann algebra may also be characterized as a sub-

set A of B(H), which is closed under the adjoint operation and equals the commutant of

its commutant: A^{′′} = A.

A trace (or tracial state) on a von Neumann algebra A is a positive linear functional

τ : A → C , satisfying that τ(1) = 1 and that τ(ab) = τ(ba) for all a, b in A. We say that τ

is a normal trace on A, if, in addition, τ is continuous w.r.t. the weak operator topology. We say that τ is faithful, if τ(a^∗a) > 0 for any non-zero operator a in A.

Throughout this paper, we shall use the terminology W^∗-probability space for a pair (A, τ), where A is a von Neumann algebra acting on a Hilbert space H, and τ : A → C is a faithful normal tracial state on A. In the remaining part of this subsection, (A, τ) denotes a W^∗- probability space acting on the Hilbert space H.

By a linear operator in H, we shall mean a (not necessarily bounded) linear operator

a: D(a) → H, defined on a subspace D(a) of H. For an operator a in H, we say that

• a is densely defined, if D(a) is dense in H,

• a is closed, if the graph G(a) = {(h, ah) | h ∈ D(a)} of a is a closed subspace of

H ⊕ H,

• a is preclosed, if the norm closure G(a) is the graph of a (uniquely determined) operator, denoted [a], in H,

• a is affiliated with A, if au = ua for any unitary operator u in the commutant A^′.

If a is bounded, a is affiliated with A if and only if a ∈ A. In general, a selfadjoint operator a in H is affiliated with A if and only if f(a) ∈ A for any bounded Borel function

f : R → C (here f(a) is defined in terms of spectral theory). As in the bounded case, if

a is a selfadjoint operator affiliated with A, there exists a unique probability measure μ_a

on R, concentrated on the spectrum sp(a), and satisfying that ∫ R f(t) μ_a(dt) = τ(f(a)), for any bounded Borel function f : R → C . We call μ_a the (spectral) distribution of a, and we shall denote it also by L{a}. Unless a is bounded, sp(a) is an unbounded subset

of R and, in general, μ_a is not compactly supported.

By A we denote the set of closed, densely defined operators in H, which are affiliated with A. In general, dealing with unbounded operators is somewhat unpleasant, compared to

the bounded case, since one needs constantly to take the domains into account. However, the following two important propositions allow us to deal with operators in A in a quite relaxed manner.

2.11 Proposition. (cf. [Ne]) Let (A, τ) be a W^∗-probability space. If a, b ∈ A, then a + b and ab are densely defined, preclosed operators affiliated with A, and their closures [a + b] and [ab] belong to A. Furthermore, a^∗ ∈ A.

By virtue of the proposition above, the adjoint operation may be restricted to an involution

on A, and we may define operations, the strong sum and the strong product, on A, as

follows: (a, b) → [a + b], and (a, b) → [ab], (a, b ∈ A). 2.12 Proposition. (cf. [Ne]) Let (A, τ) be a W^∗-probability space. Equipped with the adjoint operation and the strong sum and product, A is a ∗-algebra.

The effect of the above proposition is, that w.r.t. the adjoint operation and the strong sum and product, we can manipulate with operators in A, without worrying about domains etc. So, for example, we have rules like

[[a + b]c] = [[ac] + [bc]], [a + b]^∗ = [a^∗ + b^∗], [ab]^∗ = [b^∗a^∗],

for operators a, b, c in A. Note, in particular, that the strong sum of two selfadjoint operators in A is again a selfadjoint operator. In the following, we shall omit the brackets in the notation for the strong sum and product, and it will be understood that all sums and products are formed in the strong sense.

2.13 Remark. If a_1, a_2 . . . , a_r are selfadjoint operators in A, we say that a_1, a_2, . . . , a_r are freely independent if, for any bounded Borel functions f_1, f_2, . . . , f_r : R → R, the bounded operators f_1(a_1), f_2(a_2), . . . , f_r(a_r) in A are freely independent in the sense defined in Subsection 2.2. Given any two probability measures μ_1 and μ_2 on R, it follows from a free product construction (see [VDN]), that one can always find a W^∗-probability space (A, τ) and selfadjoint operators a and b affiliated with A, such that μ_1 = L{a} and μ_2 = L{b}. As noted above, for such operators a + b is again a selfadjoint operator in A, and, as was proved in [BV, Theorem 4.6], the (spectral) distribution L{a + b} depends only on μ_1 and μ_2. We may thus define the free additive convolution μ_1 � μ_2 of μ_1 and μ_2 to be L{a + b}.

Next, we shall equip A with a topology; the so called measure topology, which was introduced by Nelson in [Ne]. For any positive numbers ϵ, δ, we denote by N(ϵ, δ) the set of operators a in A, for which there exists an orthogonal projection p in A, satisfying that p(H) ⊆ D(a), ‖ap‖ ≤ ϵ and τ(p) ≥ 1 − δ. (2.10) 2.14 Definition. Let (A, τ) be a W^∗-probability space. The measure topology on A, is the topology on A for which the sets N(ϵ, δ), ϵ, δ > 0, form a neighbourhood basis for 0.

It is clear from the definition of the sets N(ϵ, δ) that the measure topology satisfies the first axiom of countability. In particular, all convergence statements can be expressed in terms of sequences rather than nets.

2.15 Proposition. (cf. [Ne]) Let (A, τ) be a W^∗-probability space and consider the ∗-algebra A. We then have

(i) Scalar-multiplication, the adjoint operation and strong sum and product are all continuous operations w.r.t. the measure topology. Thus, A is a topological ∗- algebra w.r.t. the measure topology.

(ii) The measure topology on A is a complete Hausdorff topology.

We shall note, next, that the measure topology on A is, in fact, the topology for convergence in probability. Recall first, that for a closed, densely defined operator a in H, we put |a| = (a^∗a)^{1/2}. In particular, if a ∈ A, then |a| is a selfadjoint operator in A (see [KR, Theorem 6.1.11]), and we may consider the probability measure L{|a|} on R.

2.16 Definition. Let (A, τ) be a W^∗-probability space and let a and a_n, n ∈ N, be operators in A. We say then that a_n → a in probability, as n → ∞, if |a_n − a| → 0 in distribution, i.e. if L{|a_n − a|} → δ_0 weakly.

If a and a_n, n ∈ N, are selfadjoint operators in A, then, as noted above, a_n −a is selfadjoint for each n, and L{|a_n − a|} is the transformation of L{a_n − a} by the mapping t → |t|,

t ∈ R. In this case, it follows thus that a_n → a in probability, if and only if a_n − a → 0

in distribution, i.e. if and only if L{a_n − a} → δ_0 weakly.

From the definition of L{|a_n − a|}, it follows immediately that we have the following characterization of convergence in probability:

2.17 Lemma. Let (A, τ) be a W^∗-probability space and let a and a_n, n ∈ N, be operators

in A. Then an → a in probability, if and only if ∀ϵ > 0: τ [ 1_{]ϵ,∞[}(|a_n − a|) ] → 0, as n → ∞. 2.18 Proposition. (cf. [Te]) Let (A, τ) be a W^∗-probability space. Then for any positive numbers ϵ, δ, we have N(ϵ, δ) = { a ∈ A^| τ^[1]ϵ,∞[(|a|)^] ≤ δ^}, (2.11) where N(ϵ, δ) is defined via (2.10). In particular, a sequence a_n in A converges, in the measure topology, to an operator a in A, if and only if a_n → a in probability.

Proof. The last statement of the proposition follows immediately from formula (2.11) and Lemma 2.17. To prove (2.11), note first that by considering the polar decomposition of an operator a in A (cf. [KR, Theorem 6.1.11]), it follows that N(ϵ, δ) = {a ∈ A | |a| ∈ N(ϵ, δ)}. From this, the inclusion ⊇ in (2.11) follows easily. Regarding the reverse inclusion, suppose a ∈ N(ϵ, δ), and let p be a projection in A, such that (2.10) is satisfied with a replaced by |a|. Then, using spectral theory, it can be shown that the ranges of the projections p and 1_{]ϵ,∞[}(|a|) only have 0 in common. This implies that τ[1_{]ϵ,∞[}(|a|)] ≤ τ(1 − p) ≤ δ. We refer to [Te] for further details. �

Finally, we shall need the fact that convergence in probability implies convergence in distribution, also in the non-commutative setting. The key point in the proof given below is that weak convergence can be expressed in terms of the Cauchy transform (cf. [Ma, Theorem 2.5]).

2.19 Proposition. Let (a_n) be a sequence of selfadjoint operators affiliated with a W^∗- probability space (A, τ), and assume that a_n converges in probability, as n → ∞, to a selfadjoint operator a affiliated with (A, τ). Then a_n → a in distribution too, i.e. L{an}^w→ L{a}, as n → ∞. Proof. Let x, y be real numbers such that y > 0, and put z = x + iy. Then define the function f_z : R → C by

f_z(t) = 1 t − z = 1 (t − x) − iy , (t ∈ R), and note that f_z is continuous and bounded with sup_{t∈}R |f_z(t)| = y^{−1}. Thus, we may consider the bounded operators f_z(a_n), f_z(a) ∈ A. Note then that (using strong products and sums),

f_z(a_n) − f_z(a) = (a_n − z1)^{−1} − (a − z1)^{−1} = (a_n − z1)^{−1} ( (a − z1) − (a_n − z1) ) (a − z1)^{−1} = (a_n − z1)^{−1}(a − a_n)(a − z1)^{−1}.

(2.12)

Now, given any positive numbers ϵ, δ, we may choose N in N, such that a_n − a ∈ N(ϵ, δ), whenever n ≥ N. Moreover, since ‖f_z(a_n)‖, ‖f_z(a)‖ ≤ y^{−1}, we have that f_z(a_n), f_z(a) ∈ N(y^{−1}, 0). Using then the rule: N(ϵ_1, δ_1)N(ϵ_2, δ_2) ⊆ N(ϵ_1ϵ_2, δ_1 + δ_2), which holds for all ϵ_1, ϵ_2 in ]0, ∞[ and δ_1, δ_2 in [0, ∞[ (see [Ne, Formula 17’]), it follows from (2.12) that f_z(a_n) − f_z(a) ∈ N(ϵy^{−2}, δ), whenever n ≥ N. We may thus conclude that f_z(a_n) → f_z(a) in the measure topology, i.e. that L{|f_z(a_n) − f_z(a)|}^w→ δ_0, as n → ∞. Using now the Cauchy-Schwarz inequality for τ, it follows that | |τ(f_z(a_n) − f_z(a)) | |^2 ≤ τ(|f_z(a_n) − f_z(a)|^2) · τ(1) = ∫_∞ 0 t^2 L{|f_z(a_n) − f_z(a)|}(dt) → 0, as n → ∞, since supp(L{|f_z(a_n) − f_z(a)|}) ⊆ [0, 2y^{−1}] for all n, and since t → t^2 is a continuous bounded function on [0, 2y^{−1}].

Finally, let G_n and G denote the Cauchy transforms for L{a_n} and L{a} respectively. From what we have established above, it follows then that G_n(z) = −τ(f_z(a_n)) −→ −τ(f_z(a)) = G(z), as n → ∞, for any complex number z = x + iy for which y > 0. By [Ma, Theorem 2.5], this means that L{a_n}^w→ L{a}, as desired. �

3 The Bercovici-Pata Bijection

The bijection to be defined next was introduced by Bercovici and Pata in [BP2].

3.1 Definition. By the Bercovici-Pata bijection Λ: ID(∗) → ID(�) we denote the mapping defined as follows: Let μ be a measure in ID(∗), and consider its generating pair (γ, σ) (see Definition 2.1). Then Λ(μ) is the measure in ID(�) that has (γ, σ) as free generating pair (see Definition 2.8).

Since the ∗-infinitely divisible (respectively �-infinitely divisible) probability measures

on R are exactly those measures that have a (unique) Lévy-Khintchine representation

(respectively free Lévy-Khintchine representation), it follows immediately that Λ is a (well-defined) bijection between ID(∗) and ID(�). In this section we shall study some algebraic and topological properties of Λ.

Let ν be a measure on R. Then for any constant c in R \ {0}, we denote by D_cν the measure on R given by: D_cν(B) = ν(c^{−1}B), for any Borel set B. Moreover, we put D_0ν = δ_0; the Dirac measure at 0. Thus, using integration terminology, we have D_cν(dt) = ν(c^{−1}dt), whenever c ≠ 0. The following lemma is contained (implicitly) in [Fe, Section XVII.8]. Since the lemma plays an important role in the proof of Theorem 3.5 below, and for the sake of completeness, we include a proof.

3.2 Lemma. Let μ be a ∗-infinitely divisible probability measure on R with Lévy- Khintchine representation given by:

log f_μ(u) = iγu + ∫ R ( e^{iut} − 1 − iut 1 + t^2

)1 + t2

t^2 σ(dt) = iγu + ∫ R ( e^{iut} − 1 − iut 1 + t^2 ) 1 t^2 ν(dt), (u ∈ R), where γ is a real constant, σ is a finite measure on R and (1 + t^2)σ(dt) = ν(dt). Then for any c in R the Lévy-Khintchine representation for D_cμ is given by:

log f_{Dcμ}(u) = iρ_cu + c^2 ∫ R ( e^{iut} − 1 − iut 1 + t^2 ) 1 t^2 D_cν(dt)

= iρ_cu + ∫ R ( e^{iut} − 1 − iut 1 + t^2 )c2 + t2 t^2 D_cσ(dt), (u ∈ R), (3.1)

where ρ_c = γc + c(1 − c^2) ∫ R t 1 + (ct)^2 σ(dt). Proof. We note first that the second equality in (3.1) follows from the first by a standard calculation. To prove the first equality in (3.1), note that for any u in R, log f_{Dcμ}(u) = log (∫ R e^{iut} D^cμ(dt) ) = log ( ∫ R e^{icut} μ(dt) ) = log f_μ(cu) = iγ(cu) + ∫ R ( e^{i(cu)t} − 1 − i(cu)t 1 + t^2 ) 1 t^2 ν(dt), and that

c^2 ∫ R ( e^{iut} − 1 − iut 1 + t^2 ) 1 t^2 D_cν(dt) = c^2 ∫ R ( e^{iu(ct)} − 1 − iu(ct) 1 + (ct)^2 ) 1 (ct)^2 ν(dt) = ∫ R ( e^{icut} − 1 − icut 1 + (ct)^2 ) 1 t^2 ν(dt).

Therefore,

log f_{Dcμ}(u) − c^2 ∫ R ( e^{iut} − 1 − iut 1 + t^2 ) 1 t^2 D_cν(dt) = iγcu + ∫ R [( e^{icut} − 1 − icut 1 + t^2 ) − ( e^{icut} − 1 − icut 1 + (ct)^2 )] 1 t^2 ν(dt) = iu ( γc + c ∫ R ( t 1 + (ct)^2 − t 1 + t^2 ) 1 t^2 ν(dt) )

= iρ_cu, where ρ_c is a constant (not depending on u). Since t 1 + (ct)^2 − t 1 + t^2 = (1 − c^2)t^3 (1 + (ct)^2)(1 + t^2) , we find that ρ_c = γc + c ∫ R ( (1 − c2)t3 (1 + (ct)^2)(1 + t^2) ) 1 t^2 ν(dt) = γc + c(1 − c^2) ∫ R t 1 + (ct)^2 σ(dt), and this completes the proof. � Our next objective is to prove the free analogue of Lemma 3.2. We start with the following 3.3 Lemma. Let μ be a probability measure on R, and let η and M be positive numbers such that the Voiculescu transform ϕ_μ is defined on Γ_{η,M} (see Subsection 2.3). Then for any constant c in R \ {0}, ϕ_{Dcμ} is defined on |c|Γ_{η,M} = Γ_{η,|c|M} , and

(i) if c > 0, then ϕ_{Dcμ}(z) = cϕ_μ(c^{−1}z) for all z in cΓ_{η,M} , (ii) if c < 0, then ϕ_{Dcμ}(z) = cϕ_μ(c^{−1}z) for all z in |c|Γ_{η,M} .

In particular, for a constant c in [−1, 1], the domain of ϕ_{Dcμ} contains the domain of ϕ_μ. Proof. (i) This is a special case of [BV, Lemma 7.1].

(ii) Note first that by virtue of (i), it suffices to prove (ii) in the case c = −1. We start by noting that the Cauchy transform G_μ (see Subsection 2.3) is actually welldefined for all z in C \ R (even for all z outside supp(μ)), and that G_μ(z) = G_μ(z), for all such z. Similarly, F_μ is defined for all z in C \ R, and F_μ(z) = F_μ(z), for such z. Note next that for any z in C \ R, G_{D−1μ}(z) = −G_μ(−z), and consequently F_{D−1μ}(z) = −F_μ(−z) = −F_μ(−z). Now, since −Γ_{η,M} = Γ_{η,M} , it follows from the equation above, that F_{D−1μ} has a right inverse on Γ_{η,M} , given by F^{−1}_{D−1μ}(z) = −F^{−1}_μ (−z), for all z in Γ_{η,M} . Consequently, for z in Γ_{η,M} , we have ϕ_{D−1μ}(z) = F^{−1}_{D−1μ}(z) − z = −F^{−1}_μ (−z) − z = −(F^{−1}_μ (−z) − (−z)) = −ϕ_μ(−z), as desired. �

3.4 Lemma. Let μ be a �-infinitely divisible probability measure on R with free Levy- Khintchine representation given by:

ϕ_μ(z) = γ + ∫ R 1 + tz z − t σ(dt) = γ + ∫ R ( 1 z − t + t 1 + t^2 ) ν(dt), (z ∈ C^+ ),

where γ is a real constant, σ is a finite measure on R and ν(dt) = (1 + t^2)σ(dt). Then for any c in R, the free Lévy-Khintchine representation for D_cμ is given by:

ϕ_{Dcμ}(z) = ρ_c + c^2 ∫ R ( 1 z − t + t 1 + t^2 ) D_cν(dt)

= ρ_c + ∫ R (1 + tz z − t )(c2 + t2 1 + t^2 ) D_cσ(dt), (3.2)

where ρ_c = γc + c(1 − c^2) ∫ R t 1 + (ct)^2 σ(dt). Proof. Note first that the second equality in (3.2) follows easily from the first one by a standard calculation.

We start by proving the first equality in (3.2) in the case where c > 0. Note for this, that by Lemma 3.3, ϕ_{Dcμ}(z) = cϕ_μ(c^{−1}z) = cγ + c ∫ R ( 1 c^{−1}z − t + t 1 + t^2 ) ν(dt) = cγ + ∫ R ( c2 z − ct + ct 1 + t^2 ) ν(dt). Note next that

c^2 ∫ R ( 1 z − t + t 1 + t^2 ) D_cν(dt) = c^2 ∫ R ( 1 z − ct + ct 1 + (ct)^2 ) ν(dt) = ∫ R ( c2 z − ct + c^3t 1 + (ct)^2 ) ν(dt). From the two calculations above, it follows that ϕ_{Dcμ}(z) − c^2 ∫ R ( 1 z − t + t 1 + t^2 ) D_cν(dt) = cγ + ∫ R ( ct 1 + t^2 − c^3t 1 + (ct)^2 ) ν(dt) = ρ_c, where ρ_c is a constant (not depending on z). Using then the equality: ct 1 + t^2 − c^3t 1 + (ct)^2 = c(1 − c^2)t (1 + t^2)(1 + (ct)^2) , it follows that

ρ_c = γc + ∫ R c(1 − c^2)t (1 + t^2)(1 + (ct)^2) ν(dt) = γc + c(1 − c^2) ∫ R t 1 + (ct)^2 σ(dt). (3.3)

This completes the proof in the case c > 0.

It remains to consider the case where c ∈ ] − ∞, 0]. Note here that the case c = 0 follows trivially. We proceed to the case c = −1. By Lemma 3.3, we get that ϕ_{D−1μ}(z) = −ϕ_μ(−z) = −γ − ∫ R ( 1 −z − t + t 1 + t^2 ) ν(dt) = −γ − ∫ R ( 1 −z − t + t 1 + t^2 ) ν(dt) = −γ + ∫ R ( 1 z − (−t) + −t 1 + (−t)^2 ) ν(dt) = −γ + ∫ R ( 1 z − t + t 1 + t^2 ) D_{−1}ν(dt), where we have used that γ is real. The above calculation shows that the lemma holds for c = −1. Finally, for general c in ] − ∞, 0[, note that D_cμ = D_{|c|}D_{−1}μ, and therefore, by virtue of the cases c = −1 and c > 0, it follows that ϕ_{Dcμ}(z) = ρ_c + |c|^2 ∫ R ( 1 z − t + t 1 + t^2 ) D_{|c|}D_{−1}ν(dt) = ρ_c + c^2 ∫ R ( 1 z − t + t 1 + t^2 ) D_cν(t), where (cf. (3.3)), ρ_c = (−γ)|c| + ∫ R |c|(1 − |c|^2)t (1 + t^2)(1 + (|c|t)^2) D_{−1}ν(dt) = γc + ∫ R c(1 − c^2)t (1 + t^2)(1 + (ct)^2) ν(dt) = γc + c(1 − c^2) ∫ R t 1 + (ct)^2 σ(dt). This concludes the proof. � 3.5 Theorem. The Bercovici-Pata bijection Λ: ID(∗) → ID(�), has the following (algebraic) properties:

(i) If μ_1, μ_2 ∈ ID(∗), then Λ(μ_1 ∗ μ_2) = Λ(μ_1) � Λ(μ_2). (ii) If μ ∈ ID(∗) and c ∈ R, then Λ(D_cμ) = D_cΛ(μ). (iii) For any constant c in R, we have Λ(δ_c) = δ_c.

Proof. (i) For j in {1, 2}, let (γ_j, σ_j) be the generating pair for μ_j (so that γ_j is a real constant and σ_j is a finite measure on R). Then since log f_{μ1∗μ2} (u) = log f_{μ1} (u) + log f_{μ2} (u), it follows readily that the generating pair for μ_1 ∗ μ_2 is (γ_1 + γ_2, σ_1 + σ_2). Similarly, since the free generating pair for Λ(μ_j) is (γ_j, σ_j), and since ϕ_{Λ(μ1)}�_{Λ(μ2)}(z) = ϕ_{Λ(μ1)}(z) + ϕ_{Λ(μ2)}(z), it follows that the free generating pair for Λ(μ_1) � Λ(μ_2) is (γ_1 + γ_2, σ_1 + σ_2). By definition of Λ, it follows thus that Λ(μ_1 ∗ μ_2) = Λ(μ_1) � Λ(μ_2), as desired.

(ii) Suppose μ has generating pair (γ, σ). Then (γ, σ) is the free generating pair for Λ(μ). Now, by Lemma 3.2, the generating pair for D_cμ is (ρ_c,^{c2+t2}_{1+t2} · D_cσ(dt)), where

ρ_c = γc + c(1 − c^2) ∫ R t 1 + (ct)^2 σ(dt). According to Lemma 3.4, that same pair is also the free generating pair for D_c(Λ(μ)). Hence, by definition of Λ, Λ(D_cμ) = D_c(Λ(μ)), as desired.

(iii) This follows from the fact that both the generating pair and the free generating pair for δ_c is (c, 0). � 3.6 Corollary. The bijection Λ: ID(∗) → ID(�) is invariant under affine transformations, i.e. if μ ∈ ID(∗) and ψ : R → R is an affine transformation, then Λ(ψ(μ)) = ψ(Λ(μ)).

Proof. Let ψ : R → R be an affine transformation, i.e. ψ(t) = ct + d, (t ∈ R), for some constants c, d in R. Then for a probability measure μ on R, ψ(μ) = D_cμ ∗ δ_d, and also ψ(μ) = D_cμ � δ_d. Assume now that μ ∈ ID(∗). Then by Theorem 3.5,

Λ(ψ(μ)) = Λ(D_cμ ∗ δ_d) = D_cΛ(μ) � Λ(δ_d) = D_cΛ(μ) � δ_d = ψ(Λ(μ)), as desired. � As a consequence of the corollary above, we get a short proof of the following result, which was proved by Bercovici and Pata in [BP2].

3.7 Corollary. ([BP2]) The bijection Λ: ID(∗) → ID(�) maps the ∗-stable probability measures on R onto the �-stable probability measures on R.

Proof. Assume that μ is a ∗-stable probability measure on R, and let ψ_1, ψ_2 : R → R be increasing affine transformations on R. Then ψ_1(μ) ∗ ψ_2(μ) = ψ_3(μ), for yet another increasing affine transformation ψ_3 : R → R. Now by Corollary 3.6 and Theorem 3.5(i), ψ_1(Λ(μ)) � ψ_2(Λ(μ)) = Λ(ψ_1(μ)) � Λ(ψ_2(μ)) = Λ(ψ_1(μ) ∗ ψ_2(μ)) = Λ(ψ_3(μ)) = ψ_3(Λ(μ)), which shows that Λ(μ) is �-stable.

The same line of argument shows that μ is ∗-stable, if Λ(μ) is �-stable. � We end this section by studying some topological properties of Λ. The key result is the following theorem, which is the free analogue of a result due to B.V. Gnedenko (cf. [GK, §19, Theorem 1]).

3.8 Theorem. Let μ be a measure in ID(�), and let (μ_n) be a sequence of measures in

ID(�). For each n, let (γn, σn) be the free generating pair for μn, and let (γ, σ) be the

free generating pair for μ. Then the following two conditions are equivalent:

(i) μ_n^w→ μ, as n → ∞.

(ii) γ_n → γ and σ_n^w→ σ, as n → ∞.

Proof. (ii) ⇒ (i): Assume that (ii) holds. By Theorem 2.6 it is sufficient to show that

(a) ϕ_{μn} (iy) → ϕ(iy), as n → ∞, for all y in ]0, ∞[.

(b) sup_{n∈} N | | ϕ_{μn} (iy) y | | → 0, as y → ∞.

Regarding (a), note that for any y in ]0, ∞[, the function t →^{1+tiy}_{iy−t} , t ∈ R, is continuous and bounded. Therefore, by the assumptions in (ii),

ϕ_{μn} (iy) = γ_n + ∫ R 1 + tiy iy − t σ_n(dt) −→_{n→∞} γ + ∫ R 1 + tiy iy − t σ(dt) = ϕ_μ(iy). Turning then to (b), note that for n in N and y in ]0, ∞[, ϕ_{μn} (iy) y = γ_n y + ∫ R 1 + tiy y(iy − t) σ_n(dt). Since the sequence (γ_n) is, in particular, bounded, it suffices thus to show that

sup_{n∈} N | | | ∫ R 1 + tiy y(iy − t) σ_n(dt) | | | → 0, as y → ∞. (3.4)

For this, note first that since σ_n^w→ σ, as n → ∞, and since σ(R) < ∞, it follows by standard techniques that the family {σ_n | n ∈ N} is tight (cf. [Br, Corollary 8.11]). Note next, that for any t in R and any y in ]0, ∞[, | | 1 + tiy y(iy − t) | | ≤ 1 y(y^2 + t^2)^{1/2} + |t| (y^2 + t^2)^{1/2} . From this estimate it follows that sup y∈[1,∞[,t∈R | | | 1 + tiy y(iy − t) | | | ≤ 2, and that for any N in N and y in [1, ∞[, sup t∈[−N,N] | | | 1 + tiy y(iy − t) | | | ≤ N + 1 y .

From the two estimates above, it follows that for any N in N, and any y in [1, ∞[, we have

sup_{n∈} N | | | ∫ R 1 + tiy y(iy − t) σ_n(dt) | | | ≤ N + 1 y sup_{n∈} N σ_n([−N, N]) + 2 · sup_{n∈} N σ_n([−N, N]^c) ≤ N + 1 y sup_{n∈} N σ_n(R) + 2 · sup_{n∈} N σ_n([−N, N]^c). (3.5)

Now, given ϵ in ]0, ∞[ we may, since {σ_n | n ∈ N} is tight, choose N in N, such that sup_{n∈}N σ_n([−N, N]^c) ≤^ϵ_4 . Moreover, since σ_n^w→ σ and σ(R) < ∞, the sequence {σ_n(R) |

n ∈ N} is, in particular, bounded, and hence, for the chosen N, we may subsequently

choose y_0 in [1, ∞[, such that^{N+1}_{y0} sup_{n∈}N σ_n(R) ≤^ϵ_2 . Using then the estimate in (3.5), it follows that

sup_{n∈} N | | ∫ R 1 + tiy y(iy − t) σ_n(dt) | | ≤ ϵ,

whenever y ≥ y_0. This verifies (3.4).

(i) ⇒ (ii): Suppose that μ_n^w→ μ, as n → ∞. Then by Theorem 2.6, there exists a number M in ]0, ∞[, such that (c) ∀y ∈ [M, ∞[: ϕ_{μn} (iy) → ϕ_μ(iy), as n → ∞. (d) sup_{n∈} N | | | ϕ_{μn} (iy) y | | | → 0, as y → ∞.

We show first that the family {σ_n | n ∈ N} is conditionally compact w.r.t. weak convergence, i.e. that any subsequence (σ_n′ ) has a subsequence (σ_n′′ ), which converges weakly to some finite measure σ^∗ on R. By [GK, §9, Theorem 3 bis], it suffices, for this, to show that {σ_n | n ∈ N} is tight, and that {σ_n(R) | n ∈ N} is bounded. The key step in the argument is the following observation: For any n in N and any y in ]0, ∞[, we have, −Imϕ_{μn} (iy) = −Im ( γ_n + ∫ R 1 + tiy iy − t σ_n(dt) )

= −Im ( ∫ R 1 + tiy iy − t σ_n(dt) ) = y ∫ R 1 + t^2 y^2 + t^2 σ_n(dt). (3.6)

We show now that {σ_n | n ∈ N} is tight. For fixed y in ]0, ∞[, note that {t ∈ R | |t| ≥ y} ⊆ { t ∈ R |^{1+t2}_{y2+t2} ≥^1_2 } , so that, for any n in N, σ_n({t ∈ R | |t| ≥ y}) ≤ 2 ∫ R 1 + t^2 y^2 + t^2 σ_n(dt) = −2Im (ϕ_{μn} (iy) y ) ≤ 2 | | | ϕ_{μn} (iy) y | | |. Combining this estimate with (d), it follows immediately that {σ_n | n ∈ N} is tight.

We show next that the sequence {σ_n(R) | n ∈ N} is bounded. For this, note first that with M as in (c), there exists a constant c in ]0, ∞[, such that c ≤ M(1 + t^2) M^2 + t^2

, for all t in R.

It follows then, by (3.6), that for any n in N, cσ_n(R) ≤ ∫ R M(1 + t^2) M^2 + t^2 σ_n(dt) = −Imϕ_{μn} (iM), and therefore by (c),

lim sup n→∞ σ_n(R) ≤ lim sup_{n→∞} { − c^{−1} · Imϕ_{μn} (iM) } = −c^{−1} · Imϕ_μ(iM) < ∞, which shows that {σ_n(R) | n ∈ N} is bounded.

Having established that the family {σ_n | n ∈ N} is conditionally compact, recall next from Remark 2.5, that in order to show that σ_n^w→ σ, it suffices to show that any subsequence (σ_n′ ) has a subsequence, which converges weakly to σ. A similar argument works, of course, to show that γ_n → γ. So consider any subsequence (γ_n′ , σ_n′ ) of the sequence of generating pairs. Since {σ_n | n ∈ N} is conditionally compact, there is a subsequence (n^{′′}) of (n^′), such that the sequence (σ_n′′ ) is weakly convergent to some finite measure σ^∗ on

R. Since the function t →^{1+tiy}_{iy−t} is continuous and bounded for any y in ]0, ∞[, we know

then that ∫ R 1 + tiy iy − t σ_n′′ (dt) −→_{n→∞} ∫ R 1 + tiy iy − t σ^∗(dt), for any y in ]0, ∞[. At the same time, we know from (c) that γ_n′′ + ∫ R 1 + tiy iy − t σ_n′′ (dt) = ϕ_{μn′′} (iy) −→_{n→∞} ϕ_μ(iy) = γ + ∫ R 1 + tiy iy − t σ(dt), for any y in [M, ∞[. From these observations, it follows that the sequence (γ_n′′ ) must converge to some real number γ^∗, which then has to satisfy the identity:

γ^∗ + ∫ R 1 + tiy iy − t σ^∗(dt) = ϕ_μ(iy) = γ + ∫ R 1 + tiy iy − t σ(dt), for all y in [M, ∞[. By uniqueness of the free Lévy-Khintchine representation (cf. Theorem 2.7) and uniqueness of analytic continuation, it follows that we must have σ^∗ = σ and γ^∗ = γ. We have thus verified the existence of a subsequence (γ_n′′ , σ_n′′ ) which converges (coordinate-wise) to (γ, σ), and that was our objective. � As an immediate consequence of Theorem 3.8 and the corresponding result in classical probability, we get the following

3.9 Corollary. The Bercovici-Pata bijection Λ: ID(∗) → ID(�) is a homeomorphism w.r.t. weak convergence. In other words, if μ is a measure in ID(∗) and (μ_n) is a sequence of measures in ID(∗), then μ_n^w→ μ, as n → ∞, if and only if Λ(μ_n)^w→ Λ(μ), as n → ∞.

Proof. Let (γ, σ) be the generating pair for μ and, for each n, let (γ_n, σ_n) be the generating pair for μ_n.

Assume first that μ_n^w→ μ. Then by [GK, §19, Theorem 1], γ_n → γ and σ_n^w→ σ. Since (γ_n, σ_n) (respectively (γ, σ)) is the free generating pair for Λ(μ_n) (respectively Λ(μ)), it follows then from Theorem 3.8 that Λ(μ_n)^w→ Λ(μ).

The same argument applies to the converse implication. �

4 Selfdecomposability in Free Probability

Recall from Subsection 2.1 that a probability measure μ on R is ∗-selfdecomposable if and only if any (classical) random variable Y with distribution μ has, for any c in ]0, 1[, a decomposition in law of the form: Y^d= cY + Y_c, where Y_c is a random variable, which is independent of Y . In view of this definition of ∗-selfdecomposability, the natural definition of the free counterpart must be as follows: μ is �-selfdecomposable if any selfadjoint operator y with (spectral) distribution μ admits, for any c in ]0, 1[, a decomposition in law of the form: y^d= cy + y_c, where y_c is a selfadjoint operator, which is freely independent of y. If μ has unbounded support, the selfadjoint operator y would have to be unbounded. We prefer, at this point, to avoid dealing with unbounded operators, and instead to define �-selfdecomposability in terms of the measures themselves, rather than in terms of corresponding operators. However, our definition of �-selfdecomposability, to be given next, is equivalent to the algebraic formulation stated above. Note that with the notation used in Section 3, a probability measure μ on R is ∗-selfdecomposable if and only if it has, for any c in ]0, 1[, a decomposition of the form: μ = D_cμ ∗ μ_c, for some probability measure μ_c on R.

4.1 Definition. Let μ be a probability measure on R. We say then that μ is selfdecomposable w.r.t. free additive convolution (or just �-selfdecomposable), if for any c in ]0, 1[ there exists a probability measure μ_c on R, such that

μ = D_cμ � μ_c. (4.1)

By L(�) we denote the class of �-selfdecomposable probability measures on R.

Note that for a probability measure μ on R and a constant c in ]0, 1[, there can be only one probability measure μ_c, such that μ = D_cμ � μ_c. Indeed, choose positive numbers η and M, such that all three Voiculescu transforms ϕ_μ, ϕ_{Dcμ} and ϕ_{μc} are defined on the region Γ_{η,M} . Then by Theorem 2.2, ϕ_{μc} is uniquely determined on Γ_{η,M} , and hence, by Remark 2.3, μ_c is uniquely determined too.

4.2 Remark. Let μ be a probability measure on R. It follows then from Theorem 2.2, Lemma 3.3 and Remark 2.3, that μ is �-selfdecomposable if and only if there exists, for each c in ]0, 1[, a probability measure μ_c on R, such that

ϕ_μ(z) = cϕ_μ(c^{−1}z) + ϕ_{μc} (z), for all z in a region Γ_{η,M} .

4.3 Remark. (Free cumulant transform) Besides the Voiculescu transform and the

R-transform, a third variant, which we denote here by Cμ, has been studied by, in partic-

ular, Nica and Speicher (cf. e.g. [Ni]). For a probability measure μ on R, C_μ is given by the equation:

Cμ(z) = zR(z) = zϕμ(^1_z ),

and is thus defined on a region of the form Γ^{−1}_{η,M} , for suitable positive numbers η and M. Of course the transformation μ → C_μ has a property similar to that of the Voiculescu transform stated in Theorem 2.2. In fact, C_μ resembles more closely the classical cumulant function than the Voiculescu transform and the R-transform do. In particular, w.r.t. dilation it behaves exactly as the classical cumulant function, i.e.

CD_cμ(z) = Cμ(cz), (4.2)

for any probability measure μ on R, and any positive constant c. This follows easily from Lemma 3.3. As a consequence of (4.2), it follows, as in Remark 4.2, that a probability measure μ on R is �-selfdecomposable, if and only if there exists, for any c in ]0, 1[, a probability measure μ_c on R, such that

Cμ(z) = Cμ(cz) + Cμ_c (z).

In terms of the function C_μ, the condition for �-selfdecomposability is, thus, exactly the same as the condition for ∗-selfdecomposability expressed in terms of the (classical) cumulant function (cf. (2.2)). We note finally that the free Lévy-Khintchine representation

of Cμ takes the form: Cμ(z) = γz + ∫ R z^2 + tz 1 − tz σ(dt) = γz + ∫ R ( tz 1 + t^2 + z^2 1 − tz ) ν(dt), where γ, σ and ν are the same as in Theorem 2.7. Thus, in analogy with the classical case, the free Lévy-Khintchine representation of C_μ includes a linear term, rather than a constant one.

4.4 Lemma. Let μ be a �-selfdecomposable probability measure on R, let c be a number in ]0, 1[, and let μ_c be the probability measure on R determined by the equation: μ = D_cμ � μ_c. Let η and M be positive numbers, such that ϕ_μ is defined on Γ_{η,M} . Then ϕ_{μc} is defined on Γ_{η,M} as well.

Proof. Choose positive numbers η^′ and M^′ such that Γ_η′_{,M} ′ ⊆ Γ_{η,M} and such that ϕ_μ and ϕ_{μc} are both defined on Γ_η′_{,M} ′ . For z in Γ_η′_{,M} ′ , we then have (cf. Lemma 3.3):

ϕ_μ(z) = cϕ_μ(c^{−1}z) + ϕ_{μc} (z).

Recalling the definition of the Voiculescu transform, the above equation means that

F^{−1}_μ (z) − z = cϕ_μ(c^{−1}z) + F^{−1}_{μc} (z) − z, (z ∈ Γ_η′_{,M} ′ ),

so that

F^{−1}_{μc} (z) = F^{−1}_μ (z) − cϕ_μ(c^{−1}z), (z ∈ Γ_η′_{,M} ′ ).

Now put ψ(z) = F^{−1}_μ (z) − cϕ_μ(c^{−1}z) and note that ψ is defined and holomorphic on all of Γ_{η,M} (cf. Lemma 3.3), and that

F_{μc} (ψ(z)) = z, (z ∈ Γ_η′_{,M} ′ ). (4.3)

We note next that ψ takes values in C^+ . Indeed, since F_μ is defined on C^+ , we have that Im(F^{−1}_μ (z)) > 0, for any z in Γ_{η,M} and furthermore, for all such z, Im(ϕ_μ(c^{−1}z)) ≤ 0, as noted in Subsection 2.3.

Now, since F_{μc} is defined and holomorphic on all of C^+ , both sides of (4.3) are holomorphic on Γ_{η,M} . Since Γ_η′_{,M} ′ has an accumulation point in Γ_{η,M} , it follows, by uniqueness of analytic continuation, that the equality in (4.3) actually holds for all z in Γ_{η,M} . Thus, F_{μc} has a right inverse on Γ_{η,M} , which means that ϕ_{μc} is defined on Γ_{η,M} , as desired. �

4.5 Lemma. Let μ be a �-selfdecomposable probability measure on R, and let (c_n) be a sequence of numbers in ]0, 1[. For each n, let μ_{cn} be the probability measure on R satisfying μ = D_{cn} μ � μ_{cn} . Then, if c_n → 1 as n → ∞, we have μ_{cn}^w→ δ_0, as n → ∞.

Proof. Choose positive numbers η and M, such that ϕ_μ is defined on Γ_{η,M} . Note then that, by Lemma 4.4, ϕ_{μcn} is also defined on Γ_{η,M} for each n in N and, moreover,

ϕ_{μcn} (z) = ϕ_μ(z) − c_nϕ_μ(c^{−1}_n z), (z ∈ Γ_{η,M} , n ∈ N). (4.4)

Assume now that c_n → 1 as n → ∞. From (4.4) and continuity of ϕ_μ it is then straightforward that ϕ_{μcn} (z) → 0 = ϕ_{δ0} (z), as n → ∞, uniformly on compact subsets of Γ_{η,M} . Note furthermore that

sup_{n∈} N | | | ϕ_{μcn} (z) z | | | = sup_{n∈} N | | | ϕ_μ(z) z − ϕ_μ(c^{−1}_n z) c^{−1}_n z | | | → 0, as |z| → ∞, z ∈ Γη,M , since^{ϕμ(z)}_z → 0 as |z| → ∞, z ∈ Γ_{η,M} , and since c^{−1}_n ≥ 1 for all n. It follows thus from Proposition 2.6 that μ_c^w→ δ_0, for n → ∞, as desired. �

4.6 Theorem. Let μ be a probability measure on R. If μ is �-selfdecomposable, then μ

is �-infinitely divisible.

Proof. Assume that μ is �-selfdecomposable. Then by successive applications of (4.1), we get for any c in ]0, 1[ and any n in N that μ = D_cn μ � D_cn−1 μ_c � D_cn−2 μ_c � · · · � D_cμ_c � μ_c. (4.5) The idea now is to show that for a suitable choice of c = c_n, the probability measures: D_cn μ, D_cn−1_n μ_{cn} , D_cn−2_n μ_{cn} , . . . , D_{cn} μ_{cn} , μ_{cn} , (n ∈ N), (4.6) form a null-array (cf. Theorem 2.10). Note for this, that for any choice of c_n in ]0, 1[, we have that D_cj_n μ_{cn} (R \ [−ϵ, ϵ]) ≤ μ_{cn} (R \ [−ϵ, ϵ]), for any j in N and any ϵ in ]0, ∞[. Therefore, in order that the probability measures in (4.6) form a null-array, it suffices to choose c_n in such a way that D_cn μ^w→ δ_0 and μ_{cn}^w→ δ_0, as n → ∞.

We claim that this will be the case if we put (for example) c_n = e^{− 1√n} , (n ∈ N). (4.7) To see this, note that with the above choice of c_n, we have: c_n → 1 and c^n → 0, as n → ∞.

Thus, it follows immediately from Lemma 4.5, that μ_{cn}^w→ δ_0, as n → ∞. Moreover, if we choose a (classical) real valued random variable X with distribution μ, then, for each n, D_cn μ is the distribution of c^nX. Now, c^nX → 0, almost surely, as n → ∞, and this implies that c^nX → 0, in distribution, as n → ∞.

We have verified, that if we choose c_n according to (4.7), then the probability measures in (4.6) form a null-array. Hence by (4.5) (with c = c_n) and Theorem 2.10, μ is �-infinitely divisible. � 4.7 Proposition. Let μ be a �-selfdecomposable probability measure on R, let c be a number in ]0, 1[ and let μ_c be the probability measure on R satisfying the condition: μ = D_cμ � μ_c. Then μ_c is �-infinitely divisible.

Proof. As noted in the proof of Theorem 4.6, for any d in ]0, 1[ and any n in N we have μ = D_dn μ � D_dn−1 μ_d � D_dn−2 μ_d � · · · � D_dμ_d � μ_d, where μ_d is defined by the case n = 1. Using now the above equation with d = c^{1/n}, we get for each n in N that D_cμ � μ_c = μ = D_cμ � D_c(n−1)/n μ_c1/n � D_c(n−2)/n μ_c1/n � · · · � D_c1/n μ_c1/n � μ_c1/n . (4.8)

From this it follows that μ_c = D_c(n−1)/n μ_c1/n � D_c(n−2)/n μ_c1/n � · · · � D_c1/n μ_c1/n � μ_c1/n , (n ∈ N). (4.9) Indeed, by taking Voiculescu transforms in (4.8) and using Theorem 2.2, it follows that the Voiculescu transforms of the right and left hand sides of (4.9) coincide on some region Γ_{η,M} . By Remark 2.3, this implies the validity of (4.9).

By (4.9) and Theorem 2.10, it remains now to show that the probability measures: D_c(n−1)/n μ_c1/n , D_c(n−2)/n μ_c1/n , . . . , D_c1/n μ_c1/n , μ_c1/n , form a null-array. Since c^{j/n} ∈ ]0, 1[ for any j in {1, 2, . . . , n − 1}, this is the case if and only if μ_c1/n^w→ δ_0, as n → ∞. But since c^{1/n} → 1, as n → ∞, Lemma 4.5 guarantees the validity of the latter assertion. � 4.8 Theorem. Let μ be a ∗-selfdecomposable probability measure on R and let (μ_c)_{c∈]0,1[} be the family of probability measures on R defined by the equation: μ = D_cμ ∗ μ_c. Then, for any c in ]0, 1[, we have the decomposition: Λ(μ) = D_cΛ(μ) � Λ(μ_c). (4.10) Consequently, a probability measure μ on R is ∗-selfdecomposable, if and only if Λ(μ)

is �-selfdecomposable, and thus the bijection Λ: ID(∗) → ID(�) maps the class L(∗)

of ∗-selfdecomposable probability measures onto the class L(�) of �-selfdecomposable probability measures.

Proof. For any c in ]0, 1[, the measures D_cμ and μ_c are both ∗-infinitely divisible (see Subsection 2.1), and hence, by (i) and (ii) of Theorem 3.5, Λ(μ) = Λ(D_cμ ∗ μ_c) = D_cΛ(μ) � Λ(μ_c).

Since this holds for all c in ]0, 1[, it follows that Λ(μ) is �-selfdecomposable. Assume conversely that μ^′ is a �-selfdecomposable probability measure on R, and let (μ^′_c)_{c∈]0,1[} be the family of probability measures on R defined by: μ^′ = D_cμ^′ � μ^′_c.

By Theorem 4.6 and Proposition 4.7, μ^′, μ^′_c ∈ ID(�), so we may consider the ∗-infinitely divisible probability measures μ := Λ^{−1}(μ^′) and μ_c := Λ^{−1}(μ^′_c). Then by (i) and (ii) of Theorem 3.5, μ = Λ^{−1}(μ^′) = Λ^{−1}(D_c(μ^′) � μ^′_c) = Λ^{−1}(D_cΛ(μ) � Λ(μ_c)) = Λ^{−1}(Λ(D_cμ ∗ μ_c)) = D_cμ ∗ μ_c.

Since this holds for any c in ]0, 1[, μ is ∗-selfdecomposable. � The corollary below can be proved directly, by using, for example, [BV, Corollary 7.2]. However, by using the corresponding classical result as well as Theorem 4.8 and Corollary 3.7, we can argue without doing any computations.

4.9 Corollary. Let μ be a �-stable probability measure on R. Then μ is necessarily

�-selfdecomposable.

Proof. Since μ is �-stable, μ is also �-infinitely divisible, so we may consider the ∗- infinitely divisible probability measure μ^′ = Λ^{−1}(μ). By Corollary 3.7, μ^′ is ∗-stable, and since ∗-stability implies ∗-selfdecomposability (cf. [Sa1, Example 15.2]), μ^′ is also ∗-selfdecomposable. Hence, by Theorem 4.8, μ = Λ(μ^′) is �-selfdecomposable. �

To summarize, we note that it follows from Theorem 4.6 and Corollary 4.9 that we have the following free counterpart to the hierarchy (2.1):

G(�) ⊂ S(�) ⊂ L(�) ⊂ ID(�), (4.11)

where G(�) denotes the class of semi-circle distributions. Furthermore, the Bercovici-Pata bijection Λ maps each of the classes of probability measures in (2.1) onto the corresponding free class in (4.11).

5 Free Lévy Processes

In this section we introduce and study some basic properties of Lévy processes in Free Probability. We start by recalling the definition of classical Lévy processes.

5.1 Definition. A real valued stochastic process (X_t)_{t≥0}, defined on a probability space

(Ω, F, P ), is called a Lévy process, if it satisfies the following conditions:

(i) whenever n ∈ N and 0 ≤ t_0 < t_1 < · · · < t_n, the increments X_{t0} , X_{t1} − X_{t0} , X_{t2} − X_{t1} , . . . , X_{tn} − X_{tn−1} , are independent random variables.

(ii) X_0 = 0, almost surely.

(iii) for any s, t in [0, ∞[, the distribution of X_{s+t} − X_s does not depend on s.

(iv) (X_t) is stochastically continuous, i.e. for any s in [0, ∞[ and any positive ϵ, we have:

lim_{t→0} P (|X_{s+t} − X_s| > ϵ) = 0.

(v) for almost all ω in Ω, the sample path t → X_t(ω) is right continuous (in t ≥ 0) and has left limits (in t > 0).

If a stochastic process (X_t)_{t≥0} satisfies conditions (i)-(iv) in the definition above, we say that (X_t) is a Lévy process in law. If (X_t) satisfies conditions (i), (ii), (iv) and (v) (respectively (i), (ii) and (iv)) it is called an additive process (respectively an additive process in law). Any Lévy process in law (X_t) has a modification which is a Lévy process, i.e. there exists a Lévy process (Y_t), defined on the same probability space as (X_t), and such that X_t = Y_t with probability one, for all t. Similarly any additive process in law has a modification which is a genuine additive process. These assertions can be found in [Sa1, Theorem 11.5].

Note that condition (iv) is equivalent to the condition that X_{s+t} −X_s → 0 in distribution, as t → 0. Note also that under the assumption of (ii) and (iii), this condition is equivalent to saying that X_t → 0 in distribution, as t ↘ 0.

We turn now to the non-commutative setting. Let (A, τ) be a W^∗-probability space acting on a Hilbert space H (cf. Subsection 2.5). By a (stochastic) process affiliated with A, we shall simply mean a family (Z_t)_{t∈[0,∞[} of selfadjoint operators in A, which is indexed by the non-negative reals. For such a process (Z_t), we let μ_t denote the (spectral) distribution of Z_t, i.e. μ_t = L{Z_t}. We refer to the family (μ_t) of probability measures on R as the family of marginal distributions of (Z_t). Moreover, if s, t ∈ [0, ∞[, such that s < t, then, as was noted in Subsection 2.5, Z_t − Z_s is, again, a selfadjoint operator in A, and we may consider its distribution μ_{s,t} = L{Z_t − Z_s}. We refer to the family (μ_{s,t})_{0≤s<t} as the family of increment distributions of (Z_t).

5.2 Definition. A free Lévy process (in law), affiliated with a W^∗-probability space

(A, τ), is a process (Zt)t≥0 of selfadjoint operators in A, which satisfies the following

conditions:

(i) whenever n ∈ N and 0 ≤ t_0 < t_1 < · · · < t_n, the increments Z_{t0} , Z_{t1} − Z_{t0} , Z_{t2} − Z_{t1} , . . . , Z_{tn} − Z_{tn−1} , are freely independent random variables.

(ii) Z_0 = 0.

(iii) for any s, t in [0, ∞[, the (spectral) distribution of Z_{s+t} − Z_s does not depend on s.

(iv) for any s in [0, ∞[, Z_{s+t} − Z_s → 0 in distribution, as t → 0, i.e. the spectral distributions L{Z_{s+t} − Z_s} converge weakly to δ_0, as t → 0.

Note that under the assumption of (ii) and (iii) in the definition above, condition (iv) is equivalent to saying that Z_t → 0 in distribution, as t ↘ 0.

5.3 Remark. (Free additive processes I) A process (Z_t) of selfadjoint operators in A, which satisfies conditions (i), (ii) and (iv) of Definition 5.2, is called a free additive process (in law). Given such a process (Z_t), let, as above, μ_s = L{Z_s} and μ_{s,t} = L{Z_t − Z_s}, whenever 0 ≤ s < t. It follows then that whenever 0 ≤ r < s < t, we have

μ_s = μ_r � μ_{r,s} and μ_{r,t} = μ_{r,s} � μ_{s,t}, (5.1)

and furthermore

μ_{s+t,s}^w−→ δ_0, as t → 0, (5.2) for any s in [0, ∞[.

Conversely, given any family {μ_t | t ≥ 0} ∪ {μ_{s,t} | 0 ≤ s < t} of probability measures on

R, such that (5.1) and (5.2) are satisfied, there exists a free additive process (in law) (Z_t)

affiliated with a W^∗-probability space (A, τ), such that μ_s = L{Z_s} and μ_{s,t} = L{Z_t −Z_s}, whenever 0 ≤ s < t. In fact, for any families (μ_t) and (μ_{s,t}) satisfying condition (5.1), there exists a process (Z_t) affiliated with some W^∗-probability space (A, τ), such that conditions (i) and (ii) in Definition 5.2 are satisfied, and such that μ_s = L{Z_s} and μ_{s,t} = L{Z_t −Z_s}. This was noted in [Bi1] and [Vo4]. Note that with the notation introduced above, the free Lévy processes (in law) are exactly those free additive processes (in law), for which μ_{s,t} = μ_{t−s} for all s, t such that 0 ≤ s < t. In this case the condition (5.1) simplifies to

μ_t = μ_s � μ_{t−s}, (0 ≤ s < t). (5.3)

In particular, for any family (μ_t) of probability measures on R, such that (5.3) is satisfied, and such that μ_t^w→ δ_0 as t ↘ 0, there exists a free Lévy process (in law) (Z_t), such that μ_t = L{Z_t} for all t.

Consider now a free Lévy process (Z_t)_{t≥0}, with marginal distributions (μ_t). As for (classical) Lévy processes, it follows then, that each μ_t is necessarily �-infinitely divisible. Indeed, for any n in N we have: Z_t = ∑_n j=1(Z_{jt/n} − Z_{(j−1)t/n}), and thus, in view of conditions (i) and (iii) in Definition 5.2, μ_t = μ_{t/n} � · · · � μ_{t/n} (n terms). From the observation just made, it follows that the Bercovici-Pata bijection Λ: ID(∗) → ID(�) gives rise to a correspondence between classical and free Lévy processes:

5.4 Proposition. Let (Z_t)_{t≥0} be a free Lévy process (in law) affiliated with a W^∗- probability space (A, τ), and with marginal distributions (μ_t). Then there exists a (classical) Lévy process (X_t)_{t≥0}, with marginal distributions (Λ^{−1}(μ_t)).

Conversely, for any (classical) Lévy process (X_t) with marginal distributions (μ_t), there exists a free Lévy process (in law) (Z_t) with marginal distributions (Λ(μ_t)).

Proof. Consider a free Lévy process (in law) (Z_t) with marginal distributions (μ_t). Then, as noted above, μ_t ∈ ID(�) for all t, and hence we may define μ^′_t = Λ^{−1}(μ_t), t ≥ 0. Then, whenever 0 ≤ s < t,

μ^′_t = Λ^{−1}(μ_s � μ_{t−s}) = Λ^{−1}(μ_s) ∗ Λ^{−1}(μ_{t−s}) = μ^′_s ∗ μ^′_{t−s}.

Hence, by the Kolmogorov Extension Theorem, there exists a (classical) stochastic process (X_t) (defined on some probability space (Ω, F, P )), with marginal distributions (μ^′_t), and which satisfies conditions (i)-(iii) of Definition 5.1. Regarding condition (iv), note that since (Z_t) is a free Lévy process, μ_t^w→ δ_0 as t ↘ 0, and hence, by continuity of Λ^{−1} (cf. Corollary 3.9),

μ^′_t = Λ^{−1}(μ_t)^w→ Λ^{−1}(δ_0) = δ_0, as t ↘ 0.

Thus, (X_t) is a (classical) Lévy process in law, and hence we can find a modification of (X_t) which is a genuine Lévy process.

The second statement of the proposition follows by a similar argument, using Λ rather than Λ^{−1}, and that the marginal distributions of a classical Lévy process are necessarily ∗-infinitely divisible. Furthermore, we have to call upon the existence statement for free Lévy processes (in law) in Remark 5.3. �

5.5 Remark. (Free additive processes II) Though our main objective in this section are free Lévy processes, we mention, for completeness, that the Bercovici-Pata bijection Λ also gives rise to a correspondence between classical and free additive processes (in law). Thus, to any classical additive process (in law), with corresponding marginal distributions (μ_t) and increment distributions (μ_{s,t})_{0≤s<t}, there corresponds a free additive process (in law), with marginal distributions (Λ(μ_t)) and increment distributions (Λ(μ_{s,t}))_{0≤s<t}. And vice versa.

This follows by the same method as used in the proof of Proposition 5.4 above, once it has been established that for a free additive process (in law) (Z_t), the distributions μ_t = L{Z_t} and μ_{s,t} = L{Z_t − Z_s}, 0 ≤ s < t, are necessarily �-infinitely divisible (for the corresponding classical result, see [Sa1, Theorem 9.1]). The key to this result is Theorem 2.10, together with the fact that (Z_t) is actually uniformly stochastically continuous on compact intervals, in the following sense: For any compact interval [0, b] in [0, ∞[, and for any positive numbers ϵ, ρ, there exists a positive number δ such that μ_{s,t}(R \ [−ϵ, ϵ]) < ρ, for any s, t in [0, b], for which s < t < s + δ. As in the classical case, this follows from condition (iv) in Definition 5.2, by a standard compactness argument (see [Sa1, Lemma 9.6]). Now for any t in [0, ∞[ and any n in N, we have (cf. (5.1)), μ_t = μ_{0,t/n} � μ_{t/n,2t/n} � μ_{2t/n,3t/n} � · · · � μ_{(n−1)t/n,t}. (5.4) Since (Z_t) is uniformly stochastically continuous on [0, t], it follows that the family {μ_{(j−1)t/n,jt/n} | n ∈ N, 1 ≤ j ≤ n} is a null-array, and hence, by Theorem 2.10, (5.4) implies that μ_t is �-infinitely divisible. Applying then this fact to the free additive process (in law) (Z_t − Z_s)_{t≥s}, it follows that also μ_{s,t} is �-infinitely divisible whenever 0 ≤ s < t. 5.6 Remark. (An alternative concept of free Lévy processes) For a classical Lévy process (X_t), condition (iii) in Definition 5.1 is equivalent to the condition that whenever 0 ≤ s < t, the conditional distribution Prob(X_t | X_s) depends only on t − s. Conditional probabilities in free probability were studied by Biane in [Bi1], and he noted, in particular, that in the free case, the condition just stated is not equivalent to condition (iii) in Definition 5.2. Consequently, in free probability there are two classes of stochastic processes, that may naturally be called Lévy processes: The ones we defined in Definition 5.2 and the ones for which condition (iii) in Definition 5.2 is replaced by the condition on the conditional distributions, mentioned above. In [Bi1] these two types of processes were denoted FAL1 respectively FAL2. We should mention, here, that in [Bi1], the assumption of stochastic continuity (condition (iv) in Definition 5.2) was not included in the definitions of neither FAL1 nor FAL2. We have included that condition, primarily because it is crucial for the definition of the stochastic integral to be constructed in the next section.

6 Free Stochastic Integrals and �-selfdecomposable Variates

As mentioned in Subsection 2.1, a (classical) random variable Y has distribution in L(∗) if and only if it has a representation in law of the form

Y^d= ∫_∞ 0 e^{−t} dX_t, (6.1)

where (X_t)_{t≥0} is a (classical) Lévy process, satisfying the condition E [log(1 + |X_1|)] < ∞. The main aim of this section is to establish a similar correspondence between selfadjoint operators with (spectral) distribution in L(�) and free Lévy processes (in law). The stochastic integral appearing in (6.1) is the limit, in probability, as R → ∞, of the stochastic integrals ∫_R 0 f(t) dX_t, i.e. we have ∫_R 0 e^{−t} dX_t^p→ ∫_∞ 0 e^{−t} dX_t, as R → ∞, (the convergence actually holds almost surely; see Proposition 6.3 below). The stochastic integral ∫_R 0 e^{−t} dX_t is, in turn, defined as the limit of approximating Riemann sums.

More precisely, consider a compact interval [A, B] in [0, ∞[, and for each n in N, let Dn = {tn,0, tn,1, . . . , tn,n} be a subdivision of [A, B], i.e. A = t_{n,0} < t_{n,1} < · · · < t_{n,n} = B. Assume that

lim_{n→∞} max j=1,2,... ,n (t_{n,j} − t_{n,j−1}) = 0. (6.2)

Moreover, for each n, choose intermediate points: t^#_{n,j} ∈ [t_{n,j−1}, t_{n,j}], j = 1, 2, . . . , n. (6.3) Then, for any continuous function f : [A, B] → R, the Riemann sums

S_n = n∑ j=1 f(t^#_{n,j}) · (X_{tn,j} − X_{tn,j−1} ), converge in probability, as n → ∞, to a random variable S. Moreover, this random variable S does not depend on the choice of subdivisions D_n (satisfying (6.2)), nor on the choice of intermediate points t^#_{n,j}. Hence, it makes sense to call S the stochastic integral of f over [A, B] w.r.t. (X_t), and we denote S by ∫_B A f(t) dX_t. The construction just sketched depends, of course, heavily on the stochastic continuity of the Lévy process in law (X_t) (condition (iv) in Definition 5.1). A proof of the assertions made above can be found in [Lu, Theorem 6.2.3]. We show next how the above construction carries over, via the Bercovici-Pata bijection, to a corresponding stochastic integral w.r.t. free Lévy processes (in law).

6.1 Theorem. Let (Z_t) be a free Lévy process (in law), affiliated with a W^∗-probability space (A, τ). Then for any compact interval [A, B] in [0, ∞[ and any continuous function f : [A, B] → R, the stochastic integral ∫_B A f(t) dZ_t exists as the limit in probability (see Definition 2.16) of approximating Riemann sums. More precisely, there exists a (unique) selfadjoint operator T affiliated with (A, τ), such that for any sequence (D_n)_{n∈}N of subdivisions of [A, B], satisfying (6.2), and for any choice of intermediate points t^#_{n,j}, as in (6.3), the corresponding Riemann sums

T_n = n∑ j=1 f(t^#_{n,j}) · (Z_{tn,j} − Z_{tn,j−1} ),

converge in probability to T as n → ∞. We call T the stochastic integral of f over [A, B] w.r.t. (Z_t), and denote it by ∫_B A f(t) dZ_t. In the proof below, we shall use the notation: r ∗_{j=1} μ_j := μ_1 ∗ · · · ∗ μ_r and^r�_{j=1} μ_j := μ_1 � · · · � μ_r,

for probability measures μ_1, . . . , μ_r on R.

Proof of Theorem 6.1. Let (D_n)_{n∈}N be a sequence of subdivisions of [A, B] satisfying (6.2), let t^#_{n,j} be a family of intermediate points as in (6.3), and consider, for each n, the corresponding Riemann sum:

T_n = n∑ j=1 f(t^#_{n,j}) · (Z_{tn,j} − Z_{tn,j−1} ) ∈ A.

We show that (T_n) is a Cauchy sequence w.r.t. convergence in probability or, equivalently, w.r.t. the measure topology (see Subsection 2.5). Given any n, m in N, we form the subdivision A = s_0 < s_1 < · · · < s_{p(n,m)} = B, which consists of the points in D_n ∪ D_m (so that p(n, m) ≤ n + m). Then, for each j in {1, 2, . . . , p(n, m)}, we choose (in the obvious way) s^#_{n,j} in {t^#_{n,k} | k = 1, 2, . . . , n} and s^#_{m,j} in {t^#_{m,k} | k = 1, 2, . . . , m} such that

T_n = p(n,m)∑

j=1 f(s^#_{n,j}) · (Z_{sj} − Z_{sj−1} ) and T_m = p(n,m)∑

j=1 f(s^#_{m,j}) · (Z_{sj} − Z_{sj−1} ).

It follows then that

T_n − T_m = p(n,m)∑

j=1 ( f(s^#_{n,j}) − f(s^#_{m,j}) ) · (Z_{sj} − Z_{sj−1} ).

Let (μ_t) denote the family of marginal distributions of (Z_t), and then consider a classical Lévy process (X_t) with marginal distributions (Λ^{−1}(μ_t)) (cf. Proposition 5.4). For each n, form the Riemann sum

S_n = n∑ j=1 f(t^#_{n,j}) · (X_{tn,j} − X_{tn,j−1} ),

corresponding to the same D_n and t^#_{n,j} as above. Then for any n, m in N, we have also that

S_n − S_m = p(n,m)∑

j=1 ( f(s^#_{n,j}) − f(s^#_{m,j}) ) · (X_{sj} − X_{sj−1} ). From this expression, it follows that L{Sn − Sm} =^{p(n,m)}∗_{j=1} D_{f(s}#_{n,j )−f(s}#_{m,j )}L{Xs_j − Xs_{j−1} } =^{p(n,m)}∗_{j=1} D_{f(s}#_{n,j )−f(s}#_{m,j )}Λ^{−1}(μ_{sj −sj−1} ), so that (by Theorem 3.5), Λ(L{Sn − Sm}) =^{p(n,m)}�_{j=1} D_{f(s}#_{n,j )−f(s}#_{m,j )}μs_j −s_{j−1} = L^{{ p(n,m)∑}_{j=1}^(f(s^#_{n,j}) − f(s^#_{m,j})^) · (Zs_j − Zs_{j−1} )^} = L{Tn − Tm}. We know from the classical theory (cf. [Lu, Theorem 6.2.3]), that (S_n) is a Cauchy sequence w.r.t. convergence in probability, i.e. that L{S_n − S_m}^w→ δ_0, as n, m → ∞. By continuity of Λ, it follows thus that also L{Tn − Tm} = Λ(L{Sn − Sm})^w→ Λ(δ0) = δ0, as n, m → ∞. By Proposition 2.18, this means that (T_n) is a Cauchy sequence w.r.t. the measure topology, and since A is complete in the measure topology (Proposition 2.15), there exists an operator T in A, such that T_n → T in the measure topology, i.e. in probability. Since T_n is selfadjoint for each n (see Subsection 2.5) and since the adjoint operation is continuous w.r.t. the measure topology (Proposition 2.15), T is necessarily a selfadjoint operator.

It remains to show that the operator T , found above, does not depend on the choice of subdivisions (D_n) or intermediate points t^#_{n,j}. Suppose thus that (T_n) and (T^′_n) are two sequences of Riemann sums of the kind considered above. Then by the argument given above, there exist operators T and T^′ in A, such that T_n → T and T^′_n → T^′ in probability. Furthermore, if we consider the “mixed sequence” T_1, T^′_2, T_3, T^′_4, . . . , then the corresponding sequence of subdivisions also satisfies (6.2), and hence this mixed sequence also converges in probability to an operator T^{′′} in A. Since the mixed sequence has subsequences converging, in probability, to T and T^′ respectively, and since the measure topology is a Hausdorff topology (cf. Proposition 2.15), we may thus conclude that T = T^{′′} = T^′, as desired. �

The stochastic integral ∫_B A f(t) dZ_t, introduced above, extends to continuous functions f : [A, B] → C in the usual way (the result being non-selfadjoint in general). From the construction of ∫_B A f(t) dZ_t as the limit of approximating Riemann sums, it follows immediately that whenever 0 ≤ A < B < C, we have ∫_C A f(t) dZ_t = ∫_B A f(t) dZ_t + ∫_C B f(t) dZ_t, for any continuous function f : [A, C] → C . Another consequence of the construction, given in the proof above, is the following correspondence between stochastic integrals w.r.t. classical and free Lévy processes (in law).

6.2 Corollary. Let (X_t) be a classical Lévy process with marginal distributions (μ_t), and let (Z_t) be a corresponding free Lévy process (in law) with marginal distributions (Λ(μ_t)) (cf. Proposition 5.4). Then for any compact interval [A, B] in [0, ∞[ and any continuous function f : [A, B] → R, the distributions L{ ∫_B A f(t) dX_t} and L{ ∫_B A f(t) dZ_t} are ∗- infinitely divisible respectively �-infinitely divisible and, moreover L^{{∫ B}_A f(t) dZt^} = Λ^[L^{{ ∫ B}_A f(t) dXt^{}]}. Proof. Let (D_n)_{n∈}N be a sequence of subdivisions of [A, B] satisfying (6.2), let t^#_{n,j} be a family of intermediate points as in (6.3), and consider, for each n, the corresponding Riemann sums:

S_n = n∑ j=1 f(t^#_{n,j}) · (X_{tn,j} − X_{tn,j−1} ) and T_n = n∑ j=1 f(t^#_{n,j}) · (Z_{tn,j} − Z_{tn,j−1} ). Since convergence in probability implies convergence in distribution (Proposition 2.19), it follows from [Lu, Theorem 6.2.3] and Theorem 6.1 above, that L{S_n}^w→ L{ ∫_B A f(t) dX_t} and L{Tn}^w→ L{^{∫ B}_A f(t) dZt}. Since ID(∗) and ID(�) are closed w.r.t. weak conver-

gence (as noted in Subsection 2.4), it follows thus that L{ ∫_B A f(t) dX_t} ∈ ID(∗) and L{^{∫ B}_A f(t) dZt} ∈ ID(�). Moreover, by Theorem 3.5, L{Tn} = Λ(L{Sn}), for each n in

N, and hence the last assertion follows by continuity of Λ. �

We determine next under which conditions the stochastic integral ∫_∞ 0 e^{−t} dZ_t makes sense as the limit of ∫_R 0 e^{−t} dZ_t, for R → ∞. Again, the result we obtain is derived by virtue of the mapping Λ and the following corresponding classical result:

6.3 Proposition. ([JV]) Let (X_t) be a classical Lévy process defined on some probability space (Ω, F, P ), and let (γ, σ) be the generating pair for the ∗-infinitely divisible probability measure L{X_1}. Then the following conditions are equivalent: (i) ∫ R\]−1,1[ log(1 + |t|) σ(dt) < ∞.

(ii) ∫_R 0 e^{−t} dX_t converges almost surely, as R → ∞.

(iii) ∫_R 0 e^{−t} dX_t converges in distribution, as R → ∞.

(iv) E [log(1 + |X_1|)] < ∞.

Proof. This was proved in [JV, Theorem 3.6.6]. We note, though, that in [JV], the measure σ in condition (i) is replaced by the Lévy measure ρ appearing in the alternative Lévy- Khintchine representation (2.5) for L{X_1}. However, since ρ(dt) =^{1+t2}_{t2} · 1R_{\{0}}(t) σ(dt), it is clear that the integrals ∫ R\]−1,1[ log(1 + |t|) ρ(dt) and ∫ R\]−1,1[ log(1 + |t|) σ(dt) are finite simultaneously. �

6.4 Proposition. Let (Z_t) be a free Lévy process (in law) affiliated with a W^∗-probability space (A, τ), and let (γ, σ) be the free generating pair for the �-infinitely divisible probability measure L{Z_1}. Then the following statements are equivalent: (i) ∫ R\]−1,1[ log(1 + |t|) σ(dt) < ∞. (ii) ∫_R 0 e^{−t} dZ_t converges in probability, as R → ∞.

(iii) ∫_R 0 e^{−t} dZ_t converges in distribution, as R → ∞.

Proof. Let (μ_t) be the family of marginal distributions of (Z_t) and consider then a classical Lévy process (X_t) with marginal distributions (Λ^{−1}(μ_t)) (cf. Proposition 5.4). By the definition of Λ, it follows then that (γ, σ) is the generating pair for the ∗-infinitely divisible probability measure L{X_1}.

(i) ⇒ (ii): Assume that (i) holds. Then condition (i) in Proposition 6.3 is satisfied for the classical Lévy process (X_t). Hence by (ii) of that proposition, ∫_R 0 e^{−t} dX_t converges almost surely, and hence in probability, as R → ∞. Consider now any increasing sequence (R_n) of positive numbers, such that R_n ↗ ∞, as n → ∞. Then for any m, n in N such that m > n, we have by Corollary 6.2 L^{{ ∫ Rm}_0 e^{−t} dZt −^{∫ Rn}_0 e^{−t} dZt^} = L^{{ ∫ Rm}_{Rn} e^{−t} dZt^} = Λ^[L^{{ ∫ Rm}_{Rn} e^{−t} dXt^{}]} = Λ [L^{{ ∫ Rm}_0 e^{−t} dXt −^{∫ Rn}_0 e^{−t} dXt^{}]}.^{(6.4)} Since the sequence ( ∫_{Rn} 0 e^{−t} dX_t)_{n∈}N is a Cauchy sequence with respect to convergence in probability, it follows thus, by continuity of Λ, that so is the sequence ( ∫_{Rn} 0 e^{−t} dZ_t)_{n∈}N.

Hence, by Proposition 2.15, there exists a selfadjoint operator W affiliated with (A, τ), such that ∫_{Rn} 0 e^{−t} dZ_t → W in probability. It remains to argue that W does not depend on the sequence (R_n). This follows, for example, as in the proof of Theorem 6.1, by considering, for two given sequences (R_n) and (R^′_n), a third increasing sequence (R^{′′}_n), containing infinitely many elements from both of the original sequences.

(ii) ⇒ (i): Assume that (ii) holds. It follows then by (6.4) and continuity of Λ^{−1} that for any increasing sequence (R_n), as above, ( ∫_{Rn} 0 e^{−t} dX_t) is a Cauchy sequence w.r.t.

convergence in probability. We deduce that (iii) of Proposition 6.3 is satisfied for (X_t), and hence so is (i) of that proposition. By definition of (X_t), this means exactly that (i) of Proposition 6.4 is satisfied for (Z_t).

(ii) ⇒ (iii): This follows from Proposition 2.19.

(iii)⇒(i): Suppose (iii) holds, and note that the limit distribution is necessarily �- infinitely divisible. Now by Corollary 6.2 and continuity of Λ^{−1}, condition (iii) of Proposition 6.3 is satisfied for (X_t), and hence so is (i) of that proposition. This means, again, that (i) in Proposition 6.4 is satisfied for (Z_t). �

If (Z_t) is a free Lévy process (in law) affiliated with (A, τ), such that (i) of Proposition 6.4 is satisfied, then we denote by ∫_∞ 0 e^{−t} dZ_t the selfadjoint operator affiliated with (A, τ), to which ∫_R 0 e^{−t} dZ_t converges, in probability, as R → ∞. We note that L{ ∫_∞ 0 e^{−t} dZ_t} is �-infinitely divisible, and that Corollary 6.2 and Proposition 2.19 yield the following

relation:

L^{{ ∫ ∞}_0 e^{−t} dZt^} = Λ^[L^{{ ∫ ∞}_0 e^{−t} dXt^{}]}, (6.5)

where (X_t) is a classical Lévy process corresponding to (Z_t) as in Proposition 5.4.

6.5 Theorem. Let y be a selfadjoint operator affiliated with a W^∗-probability space

(A, τ). Then the distribution of y is �-selfdecomposable if and only if y has a represen-

tation in law in the form:

y^d= ∫_∞ 0 e^{−t} dZ_t, (6.6)

for some free Lévy process (in law) (Z_t) affiliated with some W^∗-probability space (B, ψ), and satisfying condition (i) of Proposition 6.4.

Proof. Put μ = L{y}. Suppose first that μ is �-selfdecomposable and put μ^′ = Λ^{−1}(μ). Then, by Theorem 4.8, μ^′ is ∗-selfdecomposable, and hence by the classical version of this theorem (cf. [JV, Theorem 3.2]), there exists a classical Lévy process (X_t) defined on some probability space (Ω, F, P ), such that condition (i) in Proposition 6.3 is satisfied, and such that Λ^{−1}(μ) = L{ ∫_∞ 0 e^{−t} dX_t}. Let (Z_t) be a free Lévy process (in law) affiliated with some W^∗-probability space (B, ψ), and corresponding to (X_t) as in Proposition 5.4. Then, by definition of Λ, condition (i) in Proposition 6.4 is satisfied for (Z_t) and, by formula (6.5), L{ ∫_∞ 0 e^{−t} dZ_t} = μ. Assume, conversely, that there exists a free Lévy process (in law) (Z_t) affiliated with some W^∗-probability space (B, ψ), such that condition (i) of Proposition 6.4 is satisfied, and such that μ = L{ ∫_∞ 0 e^{−t} dZ_t}. Then consider a classical Lévy process (X_t) defined on some probability space (Ω, F, P ), and corresponding to (Z_t) as in Proposition 5.4. Condition (i) in Proposition 6.3 is then satisfied for (X_t) and, by (6.5), Λ^{−1}(μ) = L{ ∫_∞ 0 e^{−t} dX_t}. Thus, by the classical version of this theorem, Λ^{−1}(μ) is ∗-selfdecomposable, and hence μ

is �-selfdecomposable. �

6.6 Remark. (Free OU processes.) Let y be a selfadjoint operator affiliated with some W^∗-probability space (A, τ), and assume that there exists a free Lévy process (in law) (Z_t) affiliated with some W^∗-probability space (B, ψ), such that condition (i) of Proposition 6.4 is satisfied, and such that y^d= ∫_∞ 0 e^{−t} dZ_t. Note then, that for any positive numbers s, λ, we have ∫_∞ 0 e^{−t} dZ_t = ∫_∞ 0 e^{−λt} dZ_{λt} = ∫_∞ s e^{−λt} dZ_{λt} + ∫_s 0 e^{−λt} dZ_{λt} = e^{−λs} ∫_∞ 0 e^{−λt} dZ_{λ(s+t)} + ∫_{λs} 0 e^{−t} dZ_t, (6.7)

where we have introduced integration w.r.t. the processes V_t = Z_{λt} and W_t = Z_{λ(s+t)}, t ≥ 0. The rules of transformation for stochastic integrals, used above, are easily verified by considering the integrals as limits of Riemann sums. That same point of view, together with the fact that (Z_t) has freely independent stationary increments (conditions (i) and (iii) in Definition 5.2), implies, furthermore, that ∫_∞ 0 e^{−λt} dZ_{λ(s+t)}^d= ∫_∞ 0 e^{−λt} dZ_{λt}^d= y. Note also that the two terms in the last expression of (6.7) are freely independent. Thus, (6.7) shows, that for any positive numbers s, λ, we have a decomposition in the form: y^d= e^{−λs}y(λ, s) + u(λ, s), where y(λ, s) and u(λ, s) are freely independent, and where y(λ, s)^d= y. In particular, we have verified, directly, that L{y} is �-selfdecomposable. Moreover, if we choose a selfadjoint operator Y_0 affiliated with (B, ψ), which is freely independent of (Z_t), and such that L{Y_0} = L{y} (extend (B, ψ) if necessary), then the expression:

Y_s = e^{−λs}Y_0 + ∫_{λs} 0 e^{−t} dZ_t, (s ≥ 0), defines an operator valued stochastic process (Y_s) affiliated with (B, ψ), satisfying that Y_s^d= y for all s. If we replace (Z_t) above by a classical Lévy process (X_t), satisfying condition (i) in Proposition 6.3, and let Y_0 be a (classical) random variable, which is independent of (X_t), then the corresponding process (Y_s) is a solution to the stochastic differential equation: dY_s = −λY_s ds + dX_{λs}, and (Y_s) is said to be a process of Ornstein-Uhlenbeck type or an OU process, for short (cf. [BS1],[BS2] and references given there).

References

[Ba] O.E. Barndorff-Nielsen, Processes of normal inverse Gaussian type, Finance and Stochastics 2 (1998), 41-68.

[Be1] J. Bertoin, Lévy Processes, Cambridge University Press (1996).

[Be2] J. Bertoin, Subordinators: Examples and Applications, in P. Bernard (Ed.): Lectures on Probability Theory and Statistics, Ecole d’Éte de St-Flour XXVII, Berlin: Springer- Verlag (1997), 4-91.

[Be3] J. Bertoin, Subordinators, Lévy processes with no negative jumps and branching processes, MaPhySto Lecture Notes Series (2000-8), (Århus University).

[Bi1] P. Biane, Processes with free increments, Math. Zeitschrift 227 (1998), 143-174.

[Bi2] P. Biane, Free probability for probabilists, Quantum Probability Communications (To appear).

[BiS] P. Biane and R. Speicher, Stochastic calculus with respect to free Brownian motion and analysis on Wigner space, Probab. Theory Related Fields 112 (1998), 373-409.

[BMR] O.E. Barndorff-Nielsen, T. Mikosch and S. Resnick (Eds.), Lévy Processes - Theory and Applications, Boston: Birkhäuser. (To appear.)

[Bo] L. Bondesson, Generalized Gamma Convolutions and Related Classes of Distributions and Densities, Lecture Notes in Statistics 76, Berlin: Springer-Verlag (1992).

[BP1] H. Bercovici and V. Pata, The Law of Large Numbers for Free Identically Distributed Random Variables, Ann. Probability 24 (1996), 453-465.

[BP2] H. Bercovici and V. Pata, Stable Laws and Domains of Attraction in Free Probability Theory, Ann. Math. 149 (1999), 1023-1060.

[BP3] H. Bercovici and V. Pata, A Free Analogue of Hincin’s Characterization of Infinite Divisibility, Proc. AMS. 128 (2000), 1011-1015.

[Br] L. Breiman, Probability, Classics In Applied Mathematics 7, SIAM (1992).

[BRT] P.J. Brockwell, S.I. Resnick and R.L. Tweedie Storage processes with general release rule and additive inputs., Adv. Appl. Prob. 14 (1982), 392-433.

[BS1] O.E. Barndorff-Nielsen and N. Shephard, Non-Gaussian OU based models and some of their uses in financial economics (with Discussion), J. R. Statist. Soc. B. (To appear.)

[BS2] O.E. Barndorff-Nielsen and N. Shephard, Modelling by Lévy processes for financial econometrics, in O.E. Barndorff-Nielsen, T. Mikosch and S. Resnick (Eds.): Lévy Processes - Theory and Applications, Boston: Birkhäuser. (To appear.)

[BV] H. Bercovici and D.V. Voiculescu, Free Convolution of Measures with Unbounded Support, Indiana Univ. Math. J. 42 (1993), 733-773.

[Ch] T.S. Chihara, An Introduction to Orthogonal Polynomials, Gordon and Breach, Science Publishers (1978).

[Do] W.F. Donoghue, Jr., Monotone Matrix Functions and Analytic Continuation, Grundlehren der mathematichen Wissenschaften 207, Springer-Verlag (1974).

[Fe] W. Feller, An Introduction to Probability Theory and its Applications, volume II, Wiley (1971).

[Ge] S. Geman, A limit theorem for the norm of random matrices, Annals of Probability 8 (1980), 252-261.

[GK] B.V. Gnedenko and A.N. Kolmogorov, Limit Distributions for Sums of Independent Random Variables, Addison-Wesley Publishing Company, Inc., (1968).

[HP1] F. Hiai and D. Petz, The Semicircle Law, Free Random Variables and Entropy, Mathematical Surveys and Monographs, Vol. 77. Providence: American Mathematical Society (2000).

[HP2] F. Hiai and D. Petz, Asymptotic Freeness Almost Everywhere for Random Matrices, MaPhySto Research Report (1999-39), (Århus University).

[HT1] U. Haagerup and S. Thorbjørnsen, Random Matrices with Complex Gaussian Entries, Preprint, SDU Odense University (1998).

[HT2] U. Haagerup and S. Thorbjørnsen, Random Matrices and K-theory for Exact C^∗-algebras, Documenta Math. 4 (1999), 341-450.

[JM] Z.J. Jurek and J.D. Mason, Operator-Limit Distributions in Probability Theory, New York: Wiley (1993).

[JV] Z.J. Jurek and W. Verwaat, An integral representation for selfdecomposable Banach space valued random variables, Z. Wahrscheinlichkeitstheorie verw. Geb. 62 (1983), 247-262.

[KR] R.V. Kadison and J.R. Ringrose, Fundamentals of the theory of operator algebras, vol. I-II, Academic Press (1983, 1986).

[LeG] J.-F. Le Gall, Spatial Branching Processes, Random Snakes and Partial Differential Equations, Basel: Birkhäuser (1999).

[Lu] E. Lukacs, Stochastic Convergence (second edition), Academic Press (1975).

[Ma] H. Maassen, Addition of freely independent random variables, J. Funct. Anal. 106, (1992), 409-438.

[Ne] E. Nelson, Notes on Non-commutative Integration, J. Funct. Anal. 15 (1974), 103- 116.

[Ni] A. Nica, R-transforms of Free Joint Distributions and Non-crossing Partitions, J. Funct. Anal. 135 (1996), 271-296.

[Pa] V. Pata, Domains of partial attraction in non-commutative probability, Pacific J. Math. 176 (1996), 235-248.

[Ru] W. Rudin, Functional Analysis (second edition), McGraw-Hill Inc. (1991).

[ST] G. Samorodnitsky and M.S. Taqqu, Stable Non-Gaussian Random Processes, New York: Chapman and Hall (1994).

[Sa1] K. Sato, Lévy Processes and Infinitely Divisible Distributions, Cambridge studies in advanced math. 68 (1999).

[Sa2] K. Sato, Subordination and selfdecomposability, MaPhySto Research Report (2000- 40), (Århus University).

[Si] J.W. Silverstein, The smallest eigenvalue of a large dimensional Wishart matrix, Annals of Probability 13 (1985), 1364-1368.

[Te] M. Terp, L^p Spaces associated with von Neumann Algebras, Lecture notes, University of Copenhagen (1981).

[Th] S. Thorbjørnsen, Mixed Moments of Voiculescu’s Gaussian Random Matrices, J. Funct. Anal. 176 (2000), 213-246.

[VDN] D.V. Voiculescu, K.J. Dykema and A. Nica, Free Random Variables, CRM Monographs Series, vol. 1, A.M.S. (1992).

[Vo1] D.V. Voiculescu, Symmetries of some reduced free product C^∗-algebras, Operator Algebras and their Connections with Topology and Ergodic Theory, Lecture Notes in Math. 1132 (1985), Springer Verlag, 556-588.

[Vo2] D.V. Voiculescu, Addition of certain non-commuting random variables, J. Funct.

Anal. 66, (1986), 323-346.

[Vo3] D.V. Voiculescu, Limit laws for random matrices and free products, Invent. Math.

104 (1991), 201-220.

[Vo4] D.V. Voiculescu, Lectures on Free Probability, Lecture notes from the 1998 Saint- Fluor Summer School on Probability Theory.

[Wo] S.J. Wolfe, On a Continuous Analogue of the Stochastic Difference Equation X_n = ρX_{n−1} + B_n, Stochastic Process. Appl. 12 (1982), 301-312.

Department of Mathematical Sciences University of Århus Ny Munkegade DK-8000 Århus C Denmark

oebn@imf.au.dk

Department of Mathematics and Computer Science SDU Odense University Campusvej 55, 5230 Odense M Denmark

steenth@imada.sdu.dk