ISSN 1398-599X MPS-RR 2000-6 www.maphysto.dk

Perturbation of eigenvalues embedded at a threshold

Arne Jensen^{∗†} Michael Melgaard^‡

21st February 2000

Abstract

Results are obtained on perturbation of eigenvalues and half-bound states (zero-resonances) embedded at a threshold. The results are obtained in a two-channel framework for small off-diagonal perturbations. The results are based on given asymptotic expansions of the component Hamiltonians.

1 Introduction

We consider Hamiltonians which can be represented in a two channel framework. Assume that the diagonal part has an eigenvalue embedded at a threshold. Then it is shown that under small off-diagonal perturbations this eigenvalue never moves into the continuous spectrum. The results require a kind of effective interaction assumption on the off-diagonal part.

We first give the results in an abstract form, and then we show how to apply them to Schrödinger operators.

Let us now describe some of the results in detail. We consider Hamiltonians which are decomposed as H(g) = ( H_a 0 0 H_b ) + g ( 0 V_{ab} V_{ba} 0 ) (1.1)

∗Department of Mathematical Sciences, Aalborg University, Fredrik Bajers Vej 7E, DK-9220 Aalborg Ø, Denmark. E-mail: matarne@math.auc.dk

†MaPhySto – Centre for Mathematical Physics and Stochastics, funded by a grant from the Danish National Research Foundation.

‡School of Mathematics, Cardiff University, Mathematics Institute, 23 Senghennydd Road, Cardiff CF24 4AG, Wales, UK. E-mail: melgaardm@cardiff.ac.uk

on a Hilbert space H = H_a ⊕ H_b. Here H_a and H_b are self-adjoint operators on H_a and H_b, respectively. For the sake of simplicity we assume V_{ab} ∈ B(H_b, H_a), the bounded operators, and require V_{ba} = V^∗_{ab}.

Due to the diagonal structure of H(0) its spectral nature can be an arbitrary combination of those of H_a and H_b. There are many possible cases, and we have only treated some of them in detail. A particular case of interest is the following. We assume σ(H_a) = σ_{ac}(H_a) = [λ, ∞) and σ_{ac}(H_b) = [λ_1, ∞) for some λ_1 > λ. Furthermore, we assume that λ is an isolated eigenvalue of H_b with eigenprojection P_b. Thus H(0) has an eigenvalue embedded at the threshold λ. We would like to know what happens when the interaction is turned on. To obtain results we require some information on the threshold of H_a. We assume some type of asymptotic expansion of the resolvent R_a(ζ) near λ. More precisely, let K_a be a Hilbert (or Banach) space, which is densely and continuously embedded in H_a. We assume the existence of an expansion, valid in the norm topology of B(K_a, K^∗_a),

R_a(ζ) = G_0 + i(ζ − λ)^{1/2}G_1 − (ζ − λ)G_2 + o(|ζ − λ|) (1.2)

as ζ → λ, ζ ∈ C \ [λ, ∞). Thus in particular the resolvent has a well-defined limit G_0 at the threshold point in the norm topology of B(K_a, K^∗_a). This type of asymptotic expansion is know to hold generically for a Schrödinger operator −Δ + V (x) on L^2(R^d) for d odd, provided V (x) decays sufficiently rapidly.

Some assumptions on the interaction are needed. Assume that V_{ab} ∈ B(H_b, K_a) and that the operator P_bV_{ba}G_0V_{ab}P_b is strictly positive and invertible in B(P_bH_b).

Under these assumptions the following result holds, see Theorem 3.9. There exist η_0 > 0, δ_0 > 0, and a function δ_l(g), which satisfies cg^2 ≤ δ_l(g) ≤ Cg^2, such that

(λ − δ_l(g), λ + δ_0) ∩ σ_{pp}(H(g)) = ∅ (1.3)

for all g with 0 < |g| < η_0.

Thus this result shows that the eigenvalues at λ may move left and become isolated eigenvalues of H(g). But the eigenvalues cannot move into the continuous spectrum. If one assumes that the limiting absorption principle holds for H_a on (λ, λ_1), and that this interval is in the resolvent set of H_b, then the result (1.3) holds for any δ_0 < λ_1 − λ, see Remark 3.3. In this case we may need to have a smaller η_0. See Section 5.2 for the case of a Schrödinger operator with confined channels, where all the above conditions are verified explicitly. The power g^2 behavior of δ_l(g) is optimal as a general result, as shown by an example in Section 5.1. This particular behavior is a consequence of the form of the asymptotic expansion in (1.2).

In some cases one would expect that embedded eigenvalues become resonances under perturbation. In this paper we are not imposing assumptions on the Hamiltonians, which make is possible to give a reasonable definition of a resonance, hence we have no results in this direction here.

The result (1.3) is obtained by using the asymptotic expansion (1.2) in combination with the Feshbach formula and a technique based on factoring out the identity plus a finite rank operator.

We give a number of other results of the same type in Section 3, and in Section 5 we give a few applications. Further applications will be given elsewhere.

Concerning the literature, then there seems to be few results on this problem. A general result on absorption of eigenvalues in the continuum is given in [17]. In the paper [2] a result is obtained, concerning the survival of the ground state of a Pauli-Fierz Hamiltonian. In the paper [3] the possibility of having a modified Fermi Golden Rule at a threshold is considered. In a time-dependent framework the perturbation of threshold eigenvalues has been discussed in the paper [18].

The paper [6] contains a number of related results, obtained using the Feshbach formula, for eigenvalues embedded in the continuum.

Our results rely on having asymptotic expansions of resolvents around thresholds. Such results have been obtained for Schrödinger type operators by a number of authors. We mention the papers [10, 8, 14, 19, 9, 13], the survey paper [4], and the references therein.

2 Preliminaries

Let T be a self-adjoint operator on a Hilbert space H with domain D(T ). The spectrum and resolvent set are denoted by σ(T ) and ρ(T ), respectively. We use standard terminology for the various parts of the spectrum, see for example [16]. The resolvent is R(ζ) = (T − ζ)^{−1}.

If λ is an isolated eigenvalue of T with associated eigenprojection P , then the reduced resolvent is given as

C = lim_{ζ→λ}(I − P )R(ζ), (2.1)

and we have the norm convergent expansion R(ζ) = − P ζ − λ + ∞∑ n=0 (ζ − λ)^nC^{n+1}. (2.2)

The expansion is valid for 0 < |ζ − λ| < δ for some small δ > 0. See for example [12, 15].

The Feshbach formula gives a convenient explicit representation of the resolvent R(g; ζ) of H(g). There are two variants. We give only one of them. The other version is just an interchange of indices. Define

R_a(ζ) = (H_a − ζ)^{−1}, (2.3) T_b(ζ) = H_b − ζ − g^2V_{ba}R_a(ζ)V_{ab}. (2.4)

Then for Im ζ ≠ 0 we have R(g;ζ) = ( R_a(ζ) + g^2R_a(ζ)V_{ab}T_b(ζ)^{−1}V_{ba}R_a(ζ) −gR_a(ζ)V_{ab}T_b(ζ)^{−1} −gT_b(ζ)^{−1}V_{ba}R_a(ζ) T_b(ζ)^{−1} ) (2.5)

To state the abstract results we will need an abstract formulation of the limiting absorption principle. We have settled on the following simplified version.

Definition 2.1. Let T be a self-adjoint operator on H and I ⊂ σ(T ) an open interval. The limiting absorption principle is said to hold on I, if there exists a Hilbert (or Banach) space K, densely and continuously embedded in H, such that ζ → R(ζ) has a norm-continuous extension from the upper half plane C_+ to I ∪ C_+, with values in B(K, K^∗).

Thus our definition introduces the triple of spaces K → H → K^∗, as is common in abstract formulations of the limiting absorption principle. The boundary values are denoted by R(λ + i0) ∈ B(K, K^∗) for λ ∈ I.

The notation J ⋐ I means that the open interval J is relatively compact in the open interval I.

We sometimes use the following remark to avoid repetition of proofs. Remark 2.2. Note that the extension property in Definition 2.1 holds trivially in the case I ⊂ ρ(T ), with K = H.

Let δ(g) and f(g) be two positive functions, defined for g ∈ F , a parameter set. We write δ(g) ≍ f(g), if there exist constants c > 0, C > 0, such that cf(g) ≤ δ(g) ≤ Cf(g) for all g ∈ F .

For a complex number z ∈ C \ [0, ∞) we denote by z^{1/2} the branch of the square root with positive imaginary part.

Finally we recall some elementary results from operator theory. Let X, Y ∈ B(H), and assume that X is invertible. If ‖Y ‖ < ‖X^{−1}‖^{−1}, then X + Y is invertible, and we have the estimate ‖(X + Y )^{−1}‖ ≤ ‖X^{−1}‖ 1 − ‖Y ‖ · ‖X^{−1}‖ .

Let P be a projection in B(H) and let X ∈ B(H). Assume that the operator P + P XP is invertible in B(P H). Then the operators I + XP and I + P X are invertible, and we have, with an obvious notation,

(I + XP )^{−1} = I − XP (P + P XP )^{−1}P, (2.6) and (I + P X)^{−1} = I − P (P + P XP )^{−1}P X. (2.7)

These results are verified by straightforward computations. We also note that (2.6) implies

P (I + XP )^{−1} = P (P + P XP )^{−1}P. (2.8)

3 Absence of embedded eigenvalues

In several different settings it is shown that embedded eigenvalues for H(0) leave the continuous spectrum of H(g) for 0 < |g| < η_0 for some positive η_0. These eigenvalues may show up as resonances or discrete eigenvalues. We do not discuss resonances in this paper, since we are not making assumptions that enable us to give a meaningful definition of a resonance.

We start with an easy auxiliary result. It will be combined with other results later.

Assumption 3.1. Let I ⊂ σ_{ac}(H_a) ∩ σ_{ac}(H_b). Assume that the limiting absorption principle holds on I for H_a and H_b in spaces K_a and K_b, respectively. Assume that V_{ab} extends to K^∗_b , such that V_{ab} ∈ B(K^∗_b , K_a).

Proposition 3.2. Let Assumption 3.1 hold on I. Let J ⋐ I. Then there exists an η_0 > 0 such that for |g| < η_0 we have J ⊂ σ_{ac}(H(g)) and σ_{pp}(H(g))∩ J = ∅. Proof. We use (2.5). Write

T_b(ζ) = (H_b − ζ) ( I_b − g^2R_b(ζ)V_{ba}R_a(ζ)V_{ab} ) . Let μ = sup_{λ∈J} ‖R_b(λ + i0)V_{ba}R_a(λ + i0)V_{ab}‖_{B(K}∗_{b )}. Then the claims in the proposition are true for η_0 < 1/ √ μ. We omit the details.

Remark 3.3. Using Remark 2.2 we get that this result also holds in the two cases I ⊂ σ_{ac}(H_a) ∩ ρ(H_b) and I ⊂ ρ(H_a) ∩ σ_{ac}(H_b). In the case I ⊂ ρ(H_a) ∩ ρ(H_b) we get J ⊂ ρ(H(g)) and σ_{pp}(H(g)) ∩ J = ∅.

Assumption 3.4. Let λ ∈ σ(H_a).

(i) Assume that there exists a Hilbert space K_a, densely and continuously embedded in H_a, such that for some δ > 0 we have an asymptotic expansion in the norm of B(K_a, K^∗_a), viz.

R_a(ζ) = G_0 + i(ζ − λ)^{1/2}G_1 − (ζ − λ)G_2 + o(|ζ − λ|) (3.1)

for |ζ − λ| < δ, Im ζ > 0. Assume furthermore that G_j = G^∗_j , j = 0, 1, 2, as operators in B(K_a, K^∗_a).

(ii) Assume that V_{ab} ∈ B(H_b, K_a).

(iii) Assume that λ is a simple isolated eigenvalue of H_b, with normalized eigenfunction ψ. Its reduced resolvent is denoted by C_b.

We use the notation P_b = ⟨·, ψ⟩ψ for the eigenprojection. The following real numbers are needed to state the results. α_0 = ⟨V_{ba}G_0V_{ab}ψ, ψ⟩, (3.2) β_0 = ⟨V_{ba}G_1V_{ab}ψ, ψ⟩, (3.3) γ_0 = ⟨V_{ba}G_0V_{ab}C_bV_{ba}G_0V_{ab}ψ, ψ⟩. (3.4) Before treating the case where λ is an eigenvalue of H_b we briefly consider two other cases. We collect the results in the following proposition.

Proposition 3.5. Let Assumption 3.4(i) hold for H_a at λ ∈ R. (i) Assume that λ ∈ σ(H_b) and that the limiting absorption principle holds for H_b on I ∋ λ in K_b. Assume that V_{ab} ∈ B(K^∗_b , K_a). Then there exist an η_0 > 0 and an interval J ⋐ I, λ ∈ J, such that for |g| < η_0 we have J ⊂ σ_{ac}(H(g)) and J ∩ σ_{pp}(H(g)) = ∅.

(ii) Assume that λ ∈ ρ(H_b) and that V_{ab} ∈ B(H_b, K_a). Then there exist η_0 > 0 and δ_0 > 0 such that for |g| < η_0 we have (λ, λ + δ_0) ⊂ σ_{ac}(H(g)) and (λ − δ_0, λ + δ_0) ∩ σ_{pp}(H(g)) = ∅.

The proof is similar to the proof of Proposition 3.2 and is omitted. We now consider the case where λ is an eigenvalue of H_b. Let us first consider the case α_0 ≠ 0.

Theorem 3.6. Let Assumption 3.4 hold at λ ∈ R.

(i) Assume that α_0 > 0. Then there exist η_0 > 0, δ_0 > 0 and δ_l(g) ≍ g^2 such that for all g with 0 < |g| < η_0 we have (λ − δ_l(g), λ + δ_0) ∩ σ_{pp}(H(g)) = ∅.

(ii) Assume that α_0 < 0 and β_0 ≠ 0. Then there exist η_0 > 0 and δ_0 > 0 such that for all g with 0 < |g| < η_0 we have (λ − δ_0, λ + δ_0) ∩ σ_{pp}(H(g)) = ∅. (iii) Assume that α_0 < 0 and β_0 = 0. Then there exist η_0 > 0, δ_0 > 0, and δ_r(g) ≍ g^2 such that for all g with 0 < |g| < η_0 we have (λ − δ_0, λ + δ_r(g)) ∩ σ_{pp}(H(g)) = ∅.

Proof. The strategy of the proof is to factor the operator T_b(ζ) in order to show that the resolvent of H(g) remains bounded in the norm topology of B(K_a ⊕ H_b, K^∗_a ⊕ H_b) near a certain interval around λ. In some cases this interval depends on g.

In the sequel we always assume at least |ζ − λ| < δ (with the δ from Assumption 3.4) and Im ζ > 0. We use the factorization

T_b(ζ) = ( I_b − g^2V_{ba}R_a(ζ)V_{ab}R_b(ζ) ) (H_b − ζ). (3.5)

The assumption gives the following asymptotic expansion in B(H_b). I_b−g^2V_{ba}R_a(ζ)V_{ab}R_b(ζ) = I_b + 1 ζ − λ g^2V_{ba}G_0V_{ab}P_b + i (ζ − λ)^{1/2} g^2V_{ba}G_1V_{ab}P_b − g^2 (V_{ba}G_0V_{ab}C_b + V_{ba}G_2V_{ab}P_b + o(1)) .

(3.6)

We first consider the identity plus the terms containing singularities. Let

S(ζ) = I_b + 1 ζ − λ g^2V_{ba}G_0V_{ab}P_b + i (ζ − λ)^{1/2} g^2V_{ba}G_1V_{ab}P_b, (3.7)

and define κ(g; ζ) = g^2 g^2α_0 + i(ζ − λ)^{1/2}g^2β_0 + ζ − λ

. (3.8)

For all ζ, g such that κ(g; ζ) ≠ 0 the operator S(ζ) is invertible in B(H_b). The inverse is given by (see (2.6)) S(ζ)^{−1} = I_b − κ(g; ζ)⟨·, ψ⟩ ( V_{ba}G_0V_{ab}ψ + i(ζ − λ)^{1/2}V_{ba}G_1V_{ab}ψ ) . (3.9)

Since we are assuming α_0 ≠ 0, the inverse S(ζ)^{−1} is regular at ζ = λ. We factor as follows

I_b − g^2V_{ba}R_a(ζ)V_{ab}R_b(ζ) = [ I_b − g^2 (V_{ba}G_0V_{ab}C_b + V_{ba}G_2V_{ab}P_b + o(1)) S(ζ)^{−1} ] S(ζ). (3.10)

The terms in [· · · ] are denoted by U(ζ). We compute the leading terms U(ζ) = I_b − g^2V_{ba}G_2V_{ab}P_b − g^2V_{ba}G_0V_{ab}C_b + α^{−1}_0 ⟨·, ψ⟩g^2 (V_{ba}G_2V_{ab}P_bV_{ba}G_0V_{ab}ψ + V_{ba}G_0V_{ab}P_bV_{ba}G_0V_{ab}ψ) + g^2o(1).

From the definition of α_0 follows α^{−1}_0 ⟨·, ψ⟩V_{ba}G_2V_{ab}P_bV_{ba}G_0V_{ab}ψ = V_{ba}G_2V_{ab}P_b. Thus we get U(ζ) = I_b − g^2V_{ba}G_0V_{ab}C_b

+ α^{−1}_0 ⟨·, ψ⟩g^2V_{ba}G_0V_{ab}P_bV_{ba}G_0V_{ab}ψ + g^2o(1).

(3.11)

We see that for small |g| and small |ζ − λ| this operator is invertible. Putting the terms together we have T_b(ζ)^{−1} = R_b(ζ)S(ζ)^{−1}U(ζ)^{−1}.

Since R_b(ζ) has a pole at λ, we need to compute the products to check whether the singular terms cancel. We have

R_b(ζ)S(ζ)^{−1} = ( − P_b ζ − λ + C_b + O(|ζ − λ|) ) · · ( I_b − κ(g; ζ) ( V_{ba}G_0V_{ab}P_b + i(ζ − λ)^{1/2}V_{ba}G_1V_{ab}P_b )) = − P_b ζ − λ + κ(g; ζ) ζ − λ ( P_bV_{ba}G_0V_{ab}P_b + i(ζ − λ)^{1/2}P_bV_{ba}G_1V_{ab}P_b ) + C_b − κ(g; ζ)C_b ( V_{ba}G_0V_{ab}P_b + i(ζ − λ)^{1/2}V_{ba}G_1V_{ab}P_b ) + g^2O(|ζ − λ|) = −κ(g; ζ)P_b + C_b − κ(g; ζ) ( C_bV_{ba}G_0V_{ab}P_b + i(ζ − λ)^{1/2}C_bV_{ba}G_1V_{ab}P_b ) + g^2O(|ζ − λ|). Here we have used α_0P_b = P_bV_{ba}G_0V_{ab}P_b, β_0P_b = P_bV_{ba}G_1V_{ab}P_b, and the definition of κ(g; ζ) to simplify the expressions. Thus under the condition α_0 ≠ 0 there is no singularity in the above expression at ζ = λ.

The singularities in κ(g; ζ) occur at the zeroes of the polynomial g^{−2}z^2 + iβ_0z + α_0. Thus they occur at

ζ − λ = z^2 = −α_0g^2 −^1_2 β^2_0 g^4 ±^1_2 β_0g^2 √ β^2_0 g^4 + 4α_0g^2.

The results in cases (i), (ii), and (iii) follow from a straightforward analysis of this expression.

We now consider the case α_0 = 0.

Theorem 3.7. Let Assumption 3.4 hold at λ ∈ R. Assume α_0 = 0 and γ_0 ≠ 0.

(i) Assume β_0 ≠ 0. Then there exist η_0 > 0, δ_0 > 0 and δ_l(g) ≍ g^4 such that for all g with 0 < |g| < η_0 we have (λ − δ_l(g), λ + δ_0) ∩ σ_{pp}(H(g)) = ∅. (ii) Assume β_0 = 0 and γ_0 > 0. Then there exist η_0 > 0, δ_0 > 0 and δ_l(g) ≍ g^4 such that for all g with 0 < |g| < η_0 we have (λ−δ_l(g), λ+δ_0)∩σ_{pp}(H(g)) = ∅. (iii) Assume β_0 = 0 and γ_0 < 0. Then there exist η_0 > 0, δ_0 > 0 and δ_r(g) ≍ g^4 such that for all g with 0 < |g| < η_0 we have (λ − δ_0, λ + δ_r(g)) ∩ σ_{pp}(H(g)) = ∅.

Proof. The proof is similar to the proof of Theorem 3.6. We use κ(g; ζ) defined in (3.8). Under the assumption that α_0 = 0 this expression has a singularity at ζ = λ. Thus this time S(ζ)^{−1} given in (3.9) has a singularity here. This means that we have to look carefully at the term U(ζ). The computation in (3.11) is not valid in the present case.

We introduce the shorthand notation ϕ = V_{ba}G_0V_{ab}C_bV_{ba}G_0V_{ab}ψ. Then a computation shows that the singularities in U(ζ) are contained in the term

S_1(ζ) = I_b + κ(g; ζ)g^2⟨·, ψ⟩ϕ. (3.12)

We then introduce μ(g; ζ) = g^4 g^4γ_0 + i(ζ − λ)^{1/2}g^2β_0 + ζ − λ

. (3.13)

For all g, ζ such that μ(g, ζ) ≠ 0 we have that S_1(ζ) is invertible, and the inverse is given by

S_1(ζ)^{−1} = I_b − μ(g; ζ)⟨·, ψ⟩ϕ. (3.14)

Since we are assuming that γ_0 ≠ 0, we find that this inverse has no singularity at ζ = λ. We then compute as follows. U(ζ) = ( I_b + g^2 (K + o(1)) S_1(ζ)^{−1} ) S_1(ζ) = W (ζ)S_1(ζ).

We have collected the constant terms in the term K in W (ζ). It follows that W (ζ) is invertible for g and |ζ − λ| sufficiently small. This means that we have a factorization

T_b(ζ) = W (ζ)S_1(ζ)S(ζ)(H_b − ζ), and therefore T_b(ζ)^{−1} = R_b(ζ)S(ζ)^{−1}S_1(ζ)^{−1}W (ζ)^{−1}.

The first two terms contain singularities. We therefore have to multiply out to check for cancellations. The computation of R_b(ζ)S(ζ)^{−1} from the proof of Theorem 3.6 is valid under the current assumptions. Thus we have R_b(ζ)S(ζ)^{−1} = −κ(g; ζ)P_b + C_b − κ(g; ζ) ( C_bV_{ba}G_0V_{ab}P_b + i(ζ − λ)^{1/2}C_bV_{ba}G_1V_{ab}P_b ) + g^2O(|ζ − λ|). However, under the current assumptions this expression is not regular at ζ = λ. We continue the computation, using P_b⟨·, ψ⟩ϕ = γ_0P_b. R_b(ζ)S(ζ)^{−1}S_1(ζ)^{−1} = C_b − μ(g; ζ)⟨·, ψ⟩C_bϕ + (γ_0κ(g; ζ)μ(g; ζ) − κ(g; ζ)) P_b + (γ_0κ(g; ζ)μ(g; ζ) − κ(g; ζ)) · · ( C_bV_{ba}G_0V_{ab}P_b + i(ζ − λ)^{1/2}C_bV_{ba}G_1V_{ab}P_b ) + g^2O(|ζ − λ|^{1/2}). Now we use that γ_0κ(g; ζ)μ(g; ζ) − κ(g; ζ) = −g^{−2}μ(g, ζ) to conclude that the singularities have cancelled out. It remains to analyze the zeroes of the polynomial z^2 + ig^2β_0z + g^4γ_0. This analysis is similar to the one given in the proof of Theorem 3.6, and leads to the three cases stated in the theorem.

We now consider the case when λ is an isolated eigenvalue of H_b of arbitrary multiplicity. We limit ourselves to discussing the simplest case. Assumption 3.8. Let parts (i) and (ii) of Assumption 3.4 hold at λ ∈ R. Assume that λ is an isolated eigenvalue of H_b with eigenprojection P_b such that the operator P_bV_{ba}G_0V_{ab}P_b is strictly positive and invertible in B(P_bH_b). Theorem 3.9. Let Assumption 3.8 hold at λ ∈ R. Then there exist η_0 > 0, δ_0 > 0, and δ_l(g) ≍ g^2 such that for g with 0 < |g| < η_0 we have (λ−δ_l(g), λ+ δ_0) ∩ σ_{pp}(H(g)) = ∅.

Proof. We follow the strategy of the proof of Theorem 3.6. To facilitate comparison with this proof we use analogous notation for various operators. The expansion in (3.6) is still valid. We define Y (g; ζ) = g^2V_{ba}G_0V_{ab} + i(ζ − λ)^{1/2}g^2V_{ba}G_1V_{ab}. (3.15)

Then we consider S(ζ) = I_b + 1 ζ − λ Y (g; ζ)P_b. (3.16) Suppose that for some g, ζ the operator Z(g; ζ) = (ζ − λ)P_b + P_bY (g; ζ)P_b (3.17) is invertible in B(P_bH_b). Then S(ζ) is invertible, and the inverse is given by S(ζ)^{−1} = I_b − Y (g; ζ)P_bZ(g; ζ)^{−1}P_b, (3.18) see (2.6). It is clear from (3.10) that if we can control singularities in this inverse, then we can obtain invertibility of U(ζ) for suitably restricted values of g and ζ.

Let us analyze in detail the restrictions on ζ and the dependence on g in order for Z(g; ζ) to be invertible. Let c_0 = ‖(P_bV_{ba}G_0V_{ab}P_b)^{−1}‖_{B(PbHb)}. Due to the positivity assumption the operator g^2P_bV_{ba}G_0V_{ab}P_b + Re(ζ − λ)P_b is invertible for ζ satisfying Re(ζ −λ) > −g^2/2c_0, and the norm of the inverse is bounded by 2c_0/g^2. Let c_1 = ‖P_bV_{ba}G_1V_{ab}P_b‖_{B(PbHb)}, and let δ = (4c_0c_1)^{−2}. Then for |ζ − λ| < δ and Re(ζ − λ) > −g^2/2c_0 we have existence of the inverse and the estimate

‖(g^2P_bV_{ba}G_0V_{ab}P_b + i(ζ − λ)^{1/2}g^2P_bV_{ba}G_1V_{ab}P_b + Re(ζ − λ)P_b)^{−1}‖_{B(PbHb)} ≤ 4c_0 g^2 . Now finally we assume 0 ≤ Im(ζ − λ) < g^2/8c_0. Then Z(g; ζ) is invertible, and we have ‖Z(g; ζ)^{−1}‖_{B(PbHb)} ≤ 8c_0 g^2 for all ζ satisfying the three conditions. For these values of ζ we then have ‖S(ζ)^{−1}‖_{B(Hb)} ≤ 1 + 8c_0(‖V_{ba}G_0V_{ab}‖ + √ δ‖V_{ba}G_1V_{ab}‖).

We note that this estimate is independent of g. It follows that we can determine an η_0 > 0 such that for 0 < |g| < η_0 and ζ satisfying the above restrictions the operator U(ζ) is invertible with a uniformly bounded inverse.

An important point in the proof of Theorem 3.6 is the cancellation of singularities in R_b(ζ)S(ζ)^{−1}. We now verify that also in the present case the singularities cancel (see also (2.8)).

R_b(ζ)S(ζ)^{−1} = ( − P_b ζ − λ + C_b + O(|ζ − λ|) ) · · ( I_b − Y (g; ζ)P_bZ(g; ζ)^{−1}P_b ) = − 1 ζ − λ ( P_b − P_bY (g; ζ)P_bZ(g; ζ)^{−1}P_b ) + C_b − C_bY (g; ζ)P_bZ(g; ζ)^{−1}P_b + O(|ζ − λ|) = −P_bZ(g; ζ)^{−1}P_b + C_b − C_bY (g; ζ)P_bZ(g; ζ)^{−1}P_b + O(|ζ − λ|). Let us now put all the estimates together. Fix g, 0 < |g| < η_0. Then for a suitable δ_0 ≤ δ (determined above) we have for all ζ satisfying |ζ − λ| < δ_0, Re(ζ −λ) < −g^2/2c_0, and 0 ≤ Im(ζ −λ) < g^2/8c_0 that ‖T_b(ζ)^{−1}‖ is uniformly bounded. This estimate proves the theorem.

We now turn to the case where λ ∈ ρ(H_b) and λ is a threshold eigenvalue of H_a. We assume that the asymptotic expansion of R_a(ζ) around λ has a particular structure which we know occurs for Schrödinger-type operators, see [10, 8, 14].

Assumption 3.10. Let λ be an eigenvalue of H_a with associated eigenprojection P_a.

(i) Assume that there exists a Hilbert space K_a, densely and continuously embedded in H_a, such that for some δ > 0 we have an asymptotic expansion

R_a(ζ) = − 1 ζ − λ P_a − i (ζ − λ)^{1/2} G_{−1} + G_0 + o(1) (3.19)

for |ζ − λ| < δ, Im ζ > 0, in norm in B(K_a, K^∗_a). Assume that G_j = G^∗_j for j = −1, 0, in B(K_a, K^∗_a). Assume P_a ∈ B(K_a) and furthermore G_{−1}P_a = G_{−1}. (ii) Assume that V_{ab} ∈ B(H_b, K_a). (iii) Assume that λ ∈ ρ(H_b).

We recall that for λ ∈ ρ(H_b) we have

R_b(ζ) = ∞∑ n=0 (ζ − λ)^nC_n (3.20) for |ζ − λ| sufficiently small. The series converges in B(H_b), and we have C_n = R_b(λ)^{n+1}.

Assumption 3.11. Let Assumption 3.10 hold. Assume that the operator P_aV_{ab}C_0V_{ba}P_a is strictly positive and invertible in B(K_a).

Theorem 3.12. Let Assumption 3.11 hold at λ ∈ R. Then there exist η_0 > 0, δ_0 > 0, and δ_l(g) ≍ g^2 such that for all g with 0 < |g| < η_0 we have (λ − δ_l(g), λ + δ_0) ∩ σ_{pp}(H(g)) = ∅.

Proof. We proceed as in the proofs of the other results. However, this time we interchange the roles of a and b in the Feshbach formula, since now R_b(ζ) is regular at ζ = λ.

The first step is again to factor T_a(ζ). T_a(ζ) = ( I_a − g^2V_{ab}R_b(ζ)V_{ba}R_a(ζ) ) (H_a − ζ). Inserting the two expansions we find the following asymptotic expansion in B(K_a). I_a−g^2V_{ab}R_b(ζ)V_{ba}R_a(ζ) = I_a + 1 ζ − λ g^2V_{ab}C_0V_{ba}P_a + i (ζ − λ)^{1/2} g^2V_{ab}C_0V_{ba}G_{−1} − g^2 (V_{ab}C_0V_{ba}G_0 + V_{ab}C_1V_{ba}P_a + o(1))

(3.21)

We see that the singular part is contained in S(ζ) = I_a + 1 ζ − λ Y (g; ζ)P_a, where we have introduced Y (g; ζ) = g^2V_{ab}C_0V_{ba} + i(ζ − λ)^{1/2}g^2V_{ab}C_0V_{ba}G_{−1}.

The operator S(ζ) is invertible, if

Z(g; ζ) = (ζ − λ)P_a + i(ζ − λ)^{1/2}g^2P_aV_{ab}C_0V_{ba}G_{−1}P_a + g^2P_aV_{ab}C_0V_{ba}P_a is invertible in the space B(K_a), and we have again S(ζ)^{−1} = I_a − Y (g; ζ)P_aZ(g; ζ)^{−1}P_a, see (2.6). Thus the remainder of the proof is analogous to the proof of Theorem 3.9, and is omitted.

The case where λ is an eigenvalue of H_a and λ ∈ σ_{ac}(H_b) can be treated with essentially the same arguments. We state the result and outline the proof.

Assumption 3.13. Let λ be an eigenvalue of H_a of finite multiplicity. (i) Let Assumption 3.10(i) hold.

(ii) Assume that λ ∈ σ_{ac}(H_b) and that there exist an open interval J ∋ λ and a Hilbert space K_b, densely and continuously embedded in H_b, such that we have

R_b(ζ) = C_0 + (ζ − λ)C_1 + o(|ζ − λ|) (3.22)

for ζ → 0 with Re ζ ∈ J, Im ζ ≥ 0, in the norm topology of B(K_b, K^∗_b ). In particular, the limiting absorption principle holds on J. Here C_0, C_1 ∈ B(K_b, K^∗_b ), and furthermore C_0 = R_b(λ + i0). (iii) Assume V_{ab} ∈ B(K^∗_b , K_a).

(iv) Assume that Im P_aV_{ab}C_0V_{ba}P_a is a strictly positive operator in B(P_aK_a).

Remark 3.14. Let us note that a result of the type (3.22) can be obtained from the extended Mourre theory, see [11], and for more recent results [1].

Theorem 3.15. Let Assumption 3.13 hold at λ ∈ R. Then there exist η_0 > 0 and δ_0 > 0 such that for all g with 0 < |g| < η_0 we have (λ − δ_0, λ + δ_0) ∩ σ_{pp}(H(g)) = ∅, and (λ − δ_0, λ + δ_0) ⊆ σ_{ac}(H(g)).

Proof. The computations in the proof of Theorem 3.12 hold with minor modifications under the present assumptions. The problem is to show that the operator

Z(g; ζ) = (ζ − λ)P_a + i(ζ − λ)^{1/2}g^2P_aV_{ab}C_0V_{ba}G_{−1}P_a + g^2P_aV_{ab}C_0V_{ba}P_a

is invertible in the space B(K_a). Since rank P_a is finite and Im P_aV_{ab}C_0V_{ba}P_a is assumed strictly positive in B(P_aK_a), it follows that there exists c < 0 such that the numerical range of (ζ − λ)P_a + g^2P_aV_{ab}C_0V_{ba}P_a is contained in the set {z ∈ C | Im z ≤ g^2c}. Hence we have invertibility of this operator and a norm estimate for the inverse of the form cg^{−2}, such that the middle term in Z(g; ζ) can be treated as a perturbation (see also [6] for related arguments). It now follows from the Feshbach formula and the assumptions that the limiting absorption principle holds on a small g-independent neighborhood of λ. This proves the result.

Finally we consider the case when H_a has a so-called half-bound state (or zero-resonance) at λ. Motivated by the known results for Schrödinger operators in dimensions one and three, see e. g. [4, 10, 13], we assume a particular form of the singularity of the resolvent.

Assumption 3.16. Let λ be a resonance of H_a.

(i) Assume that there exists a Hilbert space K_a, densely and continuously embedded in H_a, such that for some δ > 0 we have an asymptotic expansion

R_a(ζ) = i (ζ − λ)^{1/2} Q_a + G_0 + o(1) (3.23)

for |ζ − λ| < δ, Im ζ > 0, in norm in B(K_a, K^∗_a). Assume that G_0 = G^∗_0 for in B(K_a, K^∗_a). Assume Q_a = ⟨·, φ⟩φ for some φ ∈ K^∗_a. (ii) Assume that V_{ab} ∈ B(H_b, K_a). (iii) Assume that λ ∈ ρ(H_b).

Under this assumption (3.20) holds. We introduce the real constant θ_0 = ⟨V_{ab}C_0V_{ba}φ, φ⟩. Theorem 3.17. Let Assumption 3.16 hold at λ ∈ R. Assume that θ_0 ≠ 0. Then there exist η_0 > 0, δ_0 > 0, and δ_l(g) ≍ g^4 such that for all g with 0 < |g| < η_0 we have (λ − δ_l(g), λ + δ_0) ∩ σ_{pp}(H(g)) = ∅. Proof. Under the present assumptions the expansion in (3.21) becomes

I_a − g^2V_{ab}R_b(ζ)V_{ba}R_a(ζ) = I_a − ig^2 (ζ − λ)^{1/2} ⟨·, φ⟩V_{ab}C_0V_{ba}φ − g^2 (V_{ab}C_0V_{ba}G_0 + O(|ζ − λ|)) .

(3.24)

Thus this time the singular part is S(ζ) = I_a − ig^2 (ζ − λ)^{1/2} ⟨·, φ⟩V_{ab}C_0V_{ba}φ. We introduce κ(g; ζ) = g^2 i(ζ − λ)^{1/2} + g^2θ_0 . Then the inverse of S(ζ) is given by S(ζ) = I_a − κ(g; ζ)⟨·, φ⟩V_{ab}C_0V_{ba}φ, provided ζ − λ ≠ −g^4θ^2_0.

The remainder of the proof is similar to the proof of Theorem 3.12 and is omitted.

4 Further results

There are several other cases which could be considered. It is possible to have both an eigenvalue and a resonance at a threshold for H_a, and furthermore, an eigenvalue of H_b could also occur at λ. It seems that the present technique is difficult to adapt to these problems. One will have to go through several stages of decomposition.

We should also mention that the results obtained here, except Theorem 3.15, depend crucially on the self-adjointness of the coefficients (as we have defined them, see for example (3.1)) in the asymptotic expansions around a threshold, which means that the threshold is at the bottom of the essential spectrum. Theorem 3.15 is an example showing how to adapt the arguments to a case where the threshold is not at the bottom of the essential spectrum of H(0).

We have modelled our assumptions concerning asymptotic expansion on a Schrödinger operator −Δ + V (x) on L^2(R^d) for d odd. It is easy to extend the results cover to the even-dimensional case. One has for such Schrödinger operators in dimensions d ≥ 6 an expansion of the form R(ζ) = − 1 ζ P_0 − ln ζB^0_{−1} + B^0 + ζ(ln ζ)^2B^2_1 + ζ ln ζB^1 + ζB^0_1 + o(ζ)

as ζ → 0. We always have B^0_{−1}P_0 = B^0_{−1}, and generically P_0 = 0, i. e. zero is not an eigenvalue, see [8]. In dimension d ≥ 5 there is no zero resonance (half-bound state). Similar expansions hold in dimensions d = 2, 4, but here additionally the zero resonance may occur. The above abstract arguments can clearly be adapted to cover this type of expansion.

We note that the method of proof used above can be extended to give asymptotic expansions of the resolvent of a two-channel Hamiltonian around a threshold. Some results in this direction have been obtained in [13] in the case when both H_a and H_b are one-dimensional Schrödinger operators.

5 Applications

We now give some applications of the results in Section 3.

5.1 The Friedrichs model

We start by an application to the Friedrichs model [7]. Let H_a = L^2([0, 1]) and H_a multiplication by x, which is self-adjoint on its maximal domain. Fix s > 1/2 and let

K_a = {f ∈ C^1([0, 1]) | f(0) = f^′(0) = 0, and f^′ is Hölder continuous of order s} with the norm

‖f‖_{Ka} = sup_x (|f(x)| + |f^′(x)|) + sup_{x≠y} |f^′(x) − f^′(y)| |x − y|^s . We have in B(K_a, K^∗_a) the expansion R_a(ζ) = G_0 − ζG_2 + o(ζ), where G_0 denotes multiplication by x^{−1}, and G_2 multiplication by x^{−2}. Let H_b = C and H_b = 0. Then 0 is a simple eigenvalue of H_b. Furthermore, let v ∈ K_a, v ≠ 0, be a real-valued function. We define V_{ab}z = v(x)z for z ∈ H_b and V_{ba}f =

∫_1 0 v(x)f(x)dx for f ∈ H_a. Then it is easy to verify that all conditions in Assumption 3.4 are satisfied. Since

α_0 =

∫_1 0 1 x |v(x)|^2dx > 0, and since the limiting absorption principle holds for H_a in K_a, we can combine Theorem 3.6 with Remark 3.3 and a covering argument to conclude that for a given ε > 0 there exist an η_0 > 0 and a function δ_l(g) ≍ g^2 such that (−δ_l(g), 1 − ε) ∩ σ_{pp}(H(g)) = ∅ for all g, 0 < |g| < η_0.

In this model we can show directly that there is a simple negative eigenvalue for small g. Thus the embedded eigenvalue becomes a discrete eigenvalue in this case. We are looking for solutions to H(g) ( f 1 ) = μ ( f 1 ) . Analyzing the conditions we get f(x) = g v(x) x − μ and μ = −g^2 ∫_1 0 |v(x)|^2 x − μ dx. (5.1) A contraction argument shows that (5.1) has a unique solution μ(g) < 0 for g sufficiently small. Furthermore, this solution satisfies μ(g) = −g^2 ∫_1 0 |v(x)|^2 x dx + O(g^4). Thus this example also shows that the result in Theorem 3.6(i) is optimal.

5.2 Schrödinger operators

As an example we take the problem of confined channels discussed in [5]. The model considered in that paper is of the form (1.1). We introduce the following set-up, which agrees with the one considered in [5], up to minor changes in constants and notation.

H_a = H_b = L^2(R^3), H_a = −Δ, H_b = −Δ + U(x), V_{ab}(x) = V_{ba}(x) ≡ V (x) ∈ L^∞(R^3), real-valued.

We further assume that V (x) = O(|x|^{−β}) as |x| → ∞ for some β > 0. Here U(x) is a confining potential, meaning that H_b has a purely discrete spectrum, bounded below. As an example one can take U(x) = x^2 + ω_0. By a suitable choice of ω_0 one of the eigenvalues of H_b coincides with zero.

The resolvent R_a(ζ) has the integral kernel e^{iζ1/2|x−y|} 4π|x − y| . Let L^{2,s}(R^3) = L^2(R^3; (1 + |x|)^{2s}dx) denote the weighted space. We assume that the decay rate satisfies β > 5/2 and fix 5/2 < s < β. Then we choose K_a = L^{2,s}(R^3) and use the identification K^∗_a = L^{2,−s}(R^3).

It follows from Taylor’s formula (see [10]) that we have the asymptotic expansion

R_a(ζ) = G_0 + iζ^{1/2}G_1 − ζG_2 + o(|ζ|)

as ζ → 0, Im ζ > 0, in the norm topology of B(K_a, K^∗_a). The operators G_j are given by their integral kernels as follows.

G_0 : 1 4π|x − y| , G_1 : 1 4π , G_2 : |x − y| 8π . We have now verified the conditions in parts (i) and (ii) of Assumption 3.4.

In order to verify the last part of this assumption, or Assumption 3.8, let P_b denote the projection onto the eigenspace of eigenvalue zero for H_b. We are assuming 0 < rank P_b < ∞. Given our decay assumption on the potential, the operator V_{ba}G_0V_{ab} is bounded and strictly positive on H_b, as can be seen using the explicit integral representation and the Fourier transform. It follows that the operator P_bV_{ba}G_0V_{ab}P_b is strictly positive and invertible in B(P_bH_b).

In the case of a simple eigenvalue we have α_0 > 0 (see (3.2)), and in the general case all conditions in Assumption 3.8 are satisfied. Thus the results in Theorem 3.6(i) or Theorem 3.9 hold for the example under consideration. Combining these results with the assumed discreteness of the spectrum of H_b and Remark 3.3, we find that if λ_1 denotes the smallest eigenvalue of H_b larger than zero, then given ε > 0 we can find η_0 > 0 such that for 0 < |g| < η_0 we have (−δ_l(g), λ_1 − ε) ∩ σ_{pp}(H(g)) = ∅. As above δ_l(g) ≍ g^2.

The above results can be extended to cover the case H_a = −Δ + W (x), using the results on asymptotic expansions in [10], provided W has sufficient decay, and we are in the generic case. Since the results are fairly obvious, we omit further details.

5.3 Magnetic Schrödinger operators

The results obtained in Section 3 can be applied to a Schrödinger operator in L^2(R^3) with a constant magnetic field and an axisymmetrical electric potential. Under these assumptions the operator can be represented in a multi-channel framework. For the lowest Landau level we can fit the problem into the two-channel framework considered here. It requires considerable preparation to apply our results. Preliminary results on this case are contained in [13]. Complete results will be published elsewhere.

References

[1] W. Amrein, A. Boutet de Monvel, and V. Georgescu, C_0-groups, commutator methods, and spectral theory of N-body Hamiltonians, Progress in Mathematics Series, vol. 135, Birkhäuser Verlag, Basel, 1996.

[2] V. Bach, J. Fröhlich, and I. M. Sigal, Quantum electrodynamics of confined nonrelativistic particles, Adv. Math. 137 (1998), 299–395.

[3] B. Baumgartner, Interchannel resonances at a threshold, J. Math. Phys.

37 (1996), 5928–5938.

[4] D. Bollé, Schrödinger operators at threshold, Ideas and Methods in Quantum and Statistical Physics (S. Albeverio, J. E. Fenstad, H. Holden, and T. Lindstrøm, eds.), Cambridge University Press, 1992, pp. 173–196.

[5] R. F. Dashen, J. B. Healy, and I. J. Muzinich, Potential scattering with confined channels, Ann. Physics 102 (1976), 1–70.

[6] J. Dereziński and V. Jakšić, Spectral theory of Pauli-Fierz Hamiltonians I, Research Report 3, Centre for Mathematical Physics and Stochastics, University of Aarhus, Aarhus, Denmark, 1999.

[7] K. O. Friedrichs, On the perturbation of continuous spectra, Comm. Pure Appl. Math. 1 (1948), 361–406.

[8] A. Jensen, Spectral properties of Schrödinger operators and time-decay of the wave functions. Results in L^2(R^m), m ≥ 5, Duke Math. J. 47 (1980), 57–80.

[9] , Spectral properties of Schrödinger operators and time-decay of the wave functions. Results in L^2(R^4), J. Math. Anal. Appl. 101 (1984), 491–513.

[10] A. Jensen and T. Kato, Spectral properties of Schrödinger operators and time-decay of the wave functions, Duke Math. J. 46 (1979), 583–611.

[11] A. Jensen, E. Mourre, and P. Perry, Commutator estimates and resolvent smoothness in quantum scattering theory, Ann. Inst. H. Poincaré, Sect. A (N.S.) 41 (1984), 207–225.

[12] T. Kato, Perturbation theory for linear operators, second ed., Die Grundlehren der Mathematischen Wissenschaften, vol. 132, Springer Verlag, Berlin, Heidelberg, New York, 1976.

[13] M. Melgaard, Quantum scattering near thresholds, Ph.D. thesis, Aalborg University, 1999.

[14] M. Murata, Asymptotic expansions in time for solutions of Schrödingertype equations, J. Funct. Anal. 49 (1982), 10–56.

[15] M. Reed and B. Simon, Methods of modern mathematical physics. IV:

Analysis of operators, Academic Press, New York, 1978.

[16] , Methods of modern mathematical physics. I: Functional analysis, revised and enlarged ed., Academic Press, New York, 1980.

[17] B. Simon, On the absorption of eigenvalues by continuous spectrum in regular perturbation theory, J. Funct. Anal. 25 (1977), 338–344.

[18] A. Soffer and M. Weinstein, Time dependent resonance theory, Geom.

Funct. Anal. 8 (1998), 1086–1128.

[19] D. R. Yafaev, The low energy scattering for slowly decreasing potentials, Commun. Math. Phys. 85 (1982), 177–196.