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Abstract: Let Zy,Zs,... be a sequence of i.i.d. R¥-valued random vectors
distributed uniformly on a star-shaped set Ag belonging to a certain known class
A of star-shaped sets satisfying some reqularity assumptions. For Ay we con-
sider the mazimum likelihood estimator A, which minimizes the volume among
the sets from A covering the whole sample Zy,Zs,.... The purpose of the pa-
per is to investigate the asymptotic properties of A,. We prove a functional
limit theorem for the radius-vector functions of A,. In particular we show that
nA(A,AAg) converges in distribution and we find the limit.
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1 Introduction and main results

Let Z1,Zs,... be a sequence of i.i.d. RF-valued random vectors defined on a
probability space (2, S, P). Suppose that the distribution of Z; is uniform and
is supported by a compact set A9 C RF with a positive volume. The problem
of the estimation of Ay has been widely considered in the literature. For Ag
convex the estimator which was particularly popular since the pioneering works
of Rényi & Sulanke [16] and Efron [5] was the convex hull conv{Zi, ..., Z,} of
the sample Z, ..., Z,. A natural functional which characterises the quality of
this approximation is the defect of volume of the convex hull

D,, = AM(Ao) — M(conv{Zy, ..., Z,}) = MAoAconv{Zy, ..., Z,}),

where A denotes the Lebesgue measure. Rényi and Sulanke proved in their paper
that for Ay C R? with smooth boundary D,, satisfies the following asymptotic



relation
_2
ED, ~cn™3,

where ¢ is a constant depending on Agy. A survey of these and related results
can be found in Schneider [18].

Very strong results concerning the asymptotic behaviour of the convex hull
and its functionals have been obtained (in choronological order) by Groeneboom
[6], Khamdamov & Nagaev [10], Cabo & Groeneboom [2], Hsing [7] and Braeker
& Hsing [1].

For results in higher-dimensional case see e.g. Kuefer [14] and references
therein. It has been proven that for 49 C R*

__2
ED, ~ cpn™ 1

with some constants ci. This means that the convergence is extremely slow in
high dimensions.

In order to construct a better estimator of Ay we have to assume some
additional a priori knowledge about this set. We assume that Ay belongs to
a certain known class A of compact sets in RF. Leaving for a while existence
and measurability questions we can consider for Ay the maximum likelihood
estimator A,, which minimizes the Lebesgue measure among the sets belonging
to A and covering the whole sample. It is natural to expect that for A properly
chosen such an estimator is consistent and has a good asymptotic performance.
For example if we take A to be the class of convex polygons on the plane, A, is
once more the convex hull of the sample, but we get here for Ay with r vertices

which was originally proved by Rényi and Sulanke. There is however a trade-
off between the richness of the class A and the asymptotic performance of the
estimator, so the question arises how to find a reasonable compromise.

Mammen and Tsybakov [12] considered A satisfying certain smoothness con-
ditions (they did not assume convexity) and suggested a certain modification of
the maximum likelihood principle to construct the estimator of Ag. If we denote
by D, the volume of the symmetric difference of 4y and the estimator, they
prove in particular that under their assumptions

ED,, = O(n~7¥=1),

where v is the so called ”smoothness parameter” for A in the sense of Dudley
[4].

In this paper we propose another regularity assumptions to be imposed on
class A. Under these assumptions we prove that for the ML-estimator A,,, de-
fined as above, sequences

n(A(Ao) = A(An))



and A
nA(AgAA,)

converge in distribution and we find their limits. This means that the conver-
gence is extremely fast in this case. It is also worth observing that the rate of
the convergence does not depend on the dimension.

One of the assumptions that we make about the class A is that all the sets
belonging to this class are star-shaped with respect to 0, so that they can be
represented by the corresponding radius-vector functions.

The emphasis is on establishing the functional limit theorem for the radius-
vector function of the estimator A,,. The theorem allows us to prove the afore-
mentioned results as well as to find the limiting distributions for certain func-
tionals of fln.

It is worth noting that the ideas underlying the methods used to prove this
theorem turn out to have a lot in common with those presented in the paper of
Molchanov [13].

We assume that

(RO) Each set A € A is compact and star-shaped with respect to 0 (i.e.
aA C Afor 0 < a<1). Moreover, 0 € Int(A).

(R1) A is closed in Hausdorff metric,

(R2) A is invariant with respect to scalar multiplication, i.e. aA € A for
AeAand a> 1.

Let Si_1 be the unit sphere in R¥. For each compact set A C R¥ star-shaped
with respect to 0 by R4 : 81 — R we denote its radius-vector function, i.e.

Ra(z) =max{a | az € A}.
Define also Fi4 : Sg—1 — R by

_ Ra,(z) — Ra(z)
B RAO (CU) ’

It is not difficult to observe that the set A is uniquely determined by F4. Note
also that F4 is bounded because A is compact.

Having established the equivalence between A and F4 for each compact star-
shaped set A we can now represent the class A by the corresponding functional
class

FA(:L’)

Fi={Fa|Ac A}
We impose on class 4 one more regularity assumption expressed in terms of

Fi

(REG) There exists a positive constant Lo such that for any f € F; and
T,y € 8k71 we have |f(1‘) - f(y)| S Lod(l’,y) SuszSk_l |f(Z)|, where d
denotes the Euclidean distance.



It is easily seen that condition (REG) implies in particular that F4 is con-
tinuous for A € A.
To proceed, we put for n € N

Fn=nF1={nFa| A€ A}
It is natural to define the limiting class

foo:{ili}gofﬂfiEfm , 1 <mng <ng < ..},

where the limits are taken in the sense of the supremum-norm ||.|| on the space
C(Sk—1;R) of all the real-valued continuous functions defined on Si_1. Foo may
be regarded to some extent as a class tangent to F; at 0. Note also that by
condition (R1) the classes F,, are closed in ||.|| for n € NU {oco0}.

Condition (REG) can be now expressed in the following equivalent form

(REG’) There exists a positive constant Lo such that for any n € NU {400},
feF,and x,y € S_1 we have |f(z) — f(y)| < Lo||f|ld(x,y).

The conditions (REG) and (REG)’ turn out to be rather restrictive. In-
deed, combined with Arzela-Ascoli lemma they imply the relative compactness
of bounded subsets of Fo,. In particular, in many natural cases where F, is a
linear space (see Section 4) we conclude that dimF,, < oo which is not far from
the parametric setting.

Let B 4 denote the Borel o-field on A corresponding to the Hausdorff distance
pr. As an estimator of Ay we suggest the random element A, : (€, ) — (A, B4)
such that .

AMAy) =min{\(A4) | A€ A, {Z,...,Z,} C A},

i.e. A, minimizes the Lebesgue measure among the sets from A covering the
whole sample. From condition (REG) and the Arzeld-Ascoli lemma it follows
that bounded subsets of F; are relatively compact. Hence condition (R1) im-
plies that that the set argmin{A(A) | A € A, {Z1,...,Z,} C A} is nonempty
with probability 1. If this set contains more than one element, we choose A, in
an arbitrary way. In order to avoid technical measurability questions we simply
assume that o-field & is rich enough so that A, can be chosen to be measurable.

For any real-valued function f : S;_1; — R we consider its epigraph and
hypograph defined by

epi(f) = {(z,y) € Sk—1 xR |y > f(2)}
and
hypo(f) = {(z,y) € Sp—1 xR |y < f(x)}.

Put also
epi(0) = {(z,y) € Sk—1 xR |y >0}



and
hypo(0) = {(z,y) € Sk—1 x R |y < 0}.

On Si—1 we deﬁne the probability measure 7 to be the distribution of the

random vector Al Z - Note that

dr . _ R (@)
25 = (a0

where s denotes the surface measure on Sy_;. Further, let 7 be the measure
on Si_1; X R defined as the product

=kt x M ((.)NRy),

where \; is the one-dimensional Lebesgue measure. Note that 7+ concentrates
on epi(0). Let I+ be the Poisson point process on Sp—; X R with intensity
measure 7.

The main result of the paper is
Theorem 1 Let
T = sup{ : f(x)r(dx) | f € Feo, W+ (hypo(f)) = 0}.
k—1

Then T is a random variable, P(T < c0) =1 and the sequence

n(AM(Ao) = A(An))

converges in distribution to A\(Ao)kT . Moreover, there exists a probability space
(Q Ry P) carrying versions of Zi,Zs, ... and such that for P-almost all w € O
from any subsequence of (nF; (w))3y we may extract a further subsequence
converging in ||.|| to some f € Foo such that [s  f(x)7(dz) = T (w).

It is worthwile observing that the random variable 7 is the solution of the
extreme problem which may be regarded to some extent as an asymptotic equi-
valent of the original problem of minimizing the Lebesgue measure among the
sets from A covering the whole sample, whose solution is A,. If we assume in
addition that the solution of the limiting problem is unique, we obtain immedi-
ately

Corollary 1 Assume that the set
orgmay ([ f(@)r(de) | £ € Fo T (po( ) =0}
is a singleton with probability 1. Then

¥ = argmaz{ 8 f(@)r(dz) | f € Foo, Ty, (hypo(f)) =0}



is a C(Sk—1; R)-valued random element,

T = U (z)7(dzx)
Sk—1

and the sequence (nF'; ) converges in distribution to ¥ on C(Sk—1; R).

Using Lemma 2, which expresses the voulume of a star-shaped set A in terms
of Fa, we get also

Corollary 2 Under assumptions of Corollary 1 the sequence
nA(AgAA,)
converges in distribution to A(Ap)k fsk—l | (x)|7(dx).

The paper is organized as follows. In the following section we give the
proof of the main theorem. Further, we consider a special case where class A
consists of convex sets only. This allows us to obtain some results about the
asymptotic properties of the surface measure of A,. Finally in the last section,
as an example, we find an explicit representation of F., for certain classes of
ellipsoids.

2 Proof of Theorem 1

To proceed we need some notation. We denote by M (Six—1 x R) the space of all
the boundedly finite integer-valued Borel measures on Si—1 X R. In other words
a Borel measure p on Sk_1 % R belongs to M (Sg_1 x R) iff u(A4) € NU {400}
for each Borel set A and, in addition, u(A4) < oo for A bounded. The elements
of M(Sg—1 X R) will be referred to as counting measures on Si—; x R.

We endow M (S;—1 x R) with the o-field M(Sk—1 X R) defined to be the least
o-field with respect to which the functions ¢4 : M (Sg—1 x R) = NU {+o0},

are measurable. By a point process on Si_; X R we shall mean any random
element taking values in (M (Sg—1 X R), M(Sr—1 x R)).

We say that a sequence u, of counting measures converges vaguely to a
counting measure p iff

lim | f(x)pn(de) = / f(@)ulde)

n—o0

for each f continuous with compact support. It is worth noting that, the
bounded subsets of Sp—1 X R being relatively compact, the vague convergence



coincides in this case with the w-convergence (see e.g. Section A2.6 in Daley &
Vere-Jones [3]).

Consider a sequence ¥,, of point processes on Sp—; x R. We say that ¥,
converges weakly to a point process ¥ and we write ¥,, — ¥ iff

lim E(g(¥,)) = E(9())

for any g : M (Sg—1 X R) — R bounded and continuous with respect to the vague
topology on M (Si—1 x R) (see Section 1.3 in Karr [8], Chapter 4 in Kerstan,
Matthes & Mecke [9] or Section 9.1 in Daley & Vere-Jones [3]).

For any o-finite Borel measure v we denote by II, the Poisson point process
with intensity measure v. Further, let B,, for n € N be the binomial point process
corresponding to the sample {Z1, ..., Z,}, i.e.

Ba(A) = an 14(Z:).

It turns out that the Poisson point process II.+, where 71 is defined as
in the previous section, describes the local behaviour of the sample in the
neighbourhood of the boundary dAg. To make it more precise, we need first
to introduce some additional notations. For each a € R consider a function
Yo : R¥\ {0} = Sk—1 x R such that

Yal(2) = @mo (2)),

where B
(o) < ) 1

A =T . [z

° RAO(M)

It is worth noting that for @« = 1 the graph I'r, of function F4 coincides
with 1 (0A), since for z € A we have |z] = RA(ﬁ). More generally, I'(5,)
coincides with v,(0A). Observe also that 04y is mapped by v, onto the unit
sphere Si_1 x {0} for each «. In other words, the functions v, allow us to
represent the neighbourhoods of Ay by the neighbourhoods of Sy—1 x {0} on

the surface of the cylinder Sk_; x R. We are now ready to state our lemma,
which follows easily from classical results.

Lemma 1

’Yn(Bn) —noseo et

Proof According to proposition 3.21 in Resnick [17] the lemma will be proved
if we show that the sequence of measures

nP(ym(Z1) € (1))

converges weakly to 7F. In order to prove it we need a formula expressing A(A)
in terms of F4. It is easy to verify that



Lemma 2 For each set A star-shaped with respect to 0 we have

AA) = )\(AO)/ (1= Fa(2) r(dz).
Sk—1

Now let f be a bounded measurable function from Si—; to Ry and let A C Ay

be a star-shaped set such that F4 = n~'f. We get then

M) [ S

nP((70) € hypo(f) = n = L) kr (da)) =

—k / f(@)7(dz) + O(n~Y) = 7+ (hypo(f)) + O(n?).
Sk—l

The desired weak convergence now follows easily. Lemma 1 is proved. O

Since S—1 x R is separable and complete, the space M (Si—1 x R) endowed
with vague topology may be metrised in the way that makes it complete and
separable. Moreover, the Borel o-field generated on M (S;—1 x R) by the vague
topology coincides with M(Si—1 X R) (see e.g. Theorem 1.9.6 in Kerstan,
Matthes & Mecke [9] or Theorem A2.6.III in Daley & Vere-Jones [3]). Thus,
the Skorohod representation theorem holds and in Lemma 1 we can replace
the convergence in distribution by the pointwise one, eventually changing the
probability space.

Corollary 3 There exists a probability space (Q,F,P) carrying the versions of

N

By, and 1.+ such that for P-almost every w € ()
Yn(Bn) (W) =nsoo I+ (w)
with = denoting the vague convergence of counting measures.

For a continuous function f :Sr_1 — R set

To(f) = k / £ (@) (dz)

Sk-1

and

@)m(dl«).

T, =n[ @-0-

Sk—1

Note that, according to Lemma 2, for A € A
AAp)Tn(nFa) =n(A(Ag) — A(A)).

Moreover it is easily seen that

Lemma 3 The sequence T,, converges uniformly to To, as n — oo on bounded
subsets of C(Sg—1; R).



For a counting measure p on A 4, concentrated on epi(0) we define

Oco(p) = max{Too(f) | f € Foo, pulhypo(f)) =0}

and

On(p) = max{Tn(f) | f € Fn, p(hypo(f)) = 0}.
Note that O (1), ©, (1) > 0. Moreover, the separability of C'(Si_1; R) implies
that the mappings ©,, are measurable for n € NU {oo}. It is easily seen that

Lemma 4

and

ET = 0 (I1-+).
We introduce here one more technical definition.

Definition 1 We say that a counting measure 1 on Sk_1 X R concentrated on
epi(0) generates on Si—1 an (€, K)-net for some € > 0 and K > 0 if for any
open ball B C Sy,—1 with radius € we have u(B x [0, K)) > 0.

It is not difficult to observe that for almost every w € ) for every € > 0
we can find K := K, such that the counting measure Il +(w) generates
an (e, K)-net. Therefore, in view of Corollary 3 and Lemma 4 the proof of
Theorem 1 will be completed if we prove the following crucial lemma showing
that ©,, converges continuously to @, as n — oo under an additional regularity
condition.

Lemma 5 Let the sequence u, of counting measures on Sp_1 X R concentrated
on epi(0) converge vaguely to a counting measure Lo, and assume that for each
€ > 0 there exists K = K. such that |1 generates an (e,K)-net. Then

(A1) O (too) < 00
(A2) Ouc(ftoo) = limy 00 Op(pin).
(A3) For each n € NU{oo} there exists ¢, € F,, such that T,,(¢n) = O (tn).

(A4) if a sequence ¢,, € F,, is such that T,,(¢y,) = O, (un) then from any of
its subsequences we can extract a further subsequence converging in ||.|| to
S0mMe Yoo € Foo such that Teo(Woo) = Ooo(lieo)-



Proof At first we investigate some properties of classes F,, for n € N. Let
f € F,, be such that f = nFs for certain A € A4 and let € > 0. Then, according
to condition (R2), B = (1 + +)A also belongs to A and

nFp = (1+-)f -
is an element of F,,. Thus we have proven
Lemma 6 For f € F, and ¢ > 0 we have also (1 + £)f —€) € F.
As a corollary we get immediately
Corollary 4 For f € Fu also (f —€) € Foo for e > 0.

Further, as a simple consequence of condition (REG') and the Arzela-Ascoli
lemma, we obtain

Lemma 7 The subsets of |, FnUFoo bounded in ||.|| are relatively compact.

The next step will be to prove that ©. (i) < 00. Choose an arbitrary h €
Foo such that po(hypo(h)) = 0. Assume that T, (h) > 0, because otherwise,
since 0 € Fo, we may ignore h when determining O (ts0 ). Let AT = max(h,0)
and h~ = —min(h,0). Condition (REG’) and the assumptions of the lemma
imply that for any € > 0 there exists K such that measure u., generates an
(e, K)-net. Hence

W]} = sup h'(z) < K+ Loellhll.

zESK_1
Let g € Si—1 be such that h™(zg) = —||h~||- Then from condition (REG') it
follows that el
h(z) < ———
(0) < -1

for © € Sk—1, d(xo,z) < 2%ﬁl|z|u' Choose o > 0 such that for any closed ball
B C Sy
7(B) > o(diamB)*~!.

The existence of such o follows from 0 € Int(Ag). We get

1 1 |
Ong(h):k/ h(z)r(dx) < k||hT|| — ko= ( iy
Sis 2 Lol|h||
Thus - T
_ 2LE=R||IF||h 1

(2
< (2L§*1||h||’“‘1(K +L06||h||))%
— 0_ *

10



Now, since ||h|| = max(||h~[],||F]]),

||h]] < max(K + Loe||R|], ( )%).

2L~ |I|*~" (K + Loellh|)
g

Taking e sufficiently small we obtain a uniform bound for ||h||. Therefore
O (fto0) < 00, which proves assertion (A1).

In particular, according to Lemma 7 and taking into account the closedness
of Foo in ||.|| we can infer that there exists ¢oo € Foo such that

T (9o0) = Ooo (o)

and

1(hypo(¢os)) = 0.
Indeed, by definition of @, this follows easily from continuity of T, and closed-
ness of the set {f € Fwo | oo (hypo(f)) = 0}.

To proceed, note that since p, = poo the fact that us, generates an (e, K)-
net implies that the measure u, generates a (2¢, K)-net for n large enough.
Indeed, covering Si_1 with a finite number of open balls By, ..., By, with radius
¢, for sufficiently large n we have p,(B; x [0,K)) > 0 for ¢ = 1,...,m. This
proves our assertion.

When investigating ©,,(u,) we can, similarly as above, restrict our attention
to such functions h € F, such that T,,(h) > 0. It is however easy to check that
Too(h) > T, (h), so we can consider only such h € F,, for which T, (h) > 0.

Thus, we can repeat for p,, T, and 0, the arguments which we used above
for pieo, Too and O . In this way we show that for sufficiently large n

O (pn) < 00
and there exists ¢,, such that

T (Pn) = Onlpin).

This proves assertion (A3) of the lemma.
Now, choose a sequence v,, € F,, such that

T (n) = On(pin)
and
pn (hypo(h,)) = 0

for n large enough. Applying once more the arguments used to prove assertions
(A1) and (A3) we get
sup ||t || < oo.
n

Since, according to Lemma 7, the bounded subsets of UZO:1 F, are relatively
compact in ||.||, from any subsequence (n') we may choose a further subsequence

11



(n'") such that v, converges uniformly to some 1., € Foo. Obviously, by
Lemma 3

Too(hoo) = lim Oy (punrr).

n''—oo

It is not difficult to prove that pe (hypo(¥)ss)) = 0. Indeed, choose M >
sup,,» ||¥n]|| such that peo(Sp—1 x {M}) = 0 and let Z,» and E be the
sets of atoms respectively of p,» and pe on Sk—; % [0, M]. Obviously then
lim,, " o0 pr(En7, 200) = 0. Hence

pH(Eoo;epi(woo) N (Skfl X [0> M])) =
= lim pp(Snr,epi(Ynr) N (Sk-1 x [0, M])) = 0,

which proves our assertion. Therefore

O (fioo) > Too (Vo) = lim Oy (paper).

n''—oo

Since (n') was arbitrary,

O oo (foo) > lim sup Oy, (pay)-

n—o0

Thus, to establish assertions (A2) and (A4) of the lemma, it remains to
prove that
O (ltoo) < lim inf O, (uy).
n—o0

Let ¢, be such as in (A3), i.e.

Too(fpoo) = Ooo(eo)

and
Moo (hypo(des)) = 0.

From Lemma 4 we conclude that for arbitrary n > 0
foon = boo =1
belongs to Foo. Note that
Oco(too) = Too(foo,n) + K1

and
proo (cl(hypo(foo,y))) = 0.

This means that i, (hypo(feo,,)) = O for sufficiently large n. On the other hand,
for sufficiently large n we may choose f, , € F, such that

[fnn = fooumll <.

12



Lemma 6 implies that
2n
In,n = ((1 + Z)fn,n - 277) S .7‘—”

Obviously, ||gn,y — foo,nll < 30+ 22| funl| and gn,y < foo,n for n large enough.
Thus, taking into account that p,(hypo(fs,;)) = 0 we get p,(hypo(gn,,)) =0
for sufficiently large n. To sum up, for large n we have

GOO(NOO) < TOO(foom) +kn = TOO(gn,n) +5kn <

< O (ptn) + 5kn + (Tm(gn,n) - Tn(gn,n))-

Since n was arbitrary and the sequence ||gn ;|| is bounded by ||¢o|| + 57, in
view of Lemma 3 we obtain finally

0o (ltoo) < lim iEf O, (in).

The proof of the lemma, is complete. O
The proof of Theorem 1 is complete too. O

3 The convex case

In this section we assume that all the sets belonging to A are convex. It is
easily seen that under this assumption when constructing the ML-estimator A,
we can restrict our attention to the vertices of the convex hull of the sample,
ignoring the interior points. Considering an estimator based only on the vertices
of the convex hull we do not lose any information, since the convex hull possesses
the property of sufficiency in the sense that the conditional distribution of the
remaining points of the sample given the convex hull is uniform in the interior
of the hull.

The assumption of convexity of sets belonging to A allows us to investigate

the asymptotic behaviour of the surface measure s(A,) of the estimator A,,.

Theorem 2 Assume that the conditions of Theorem 1 are satisfied and that in
addition all the sets belonging to A are convex. Then

|5(40) = s(An)| = Op(n™").

Proof Let (Q,@,P) be as in Theorem 1, i.e. in particular for P-almost all
w € Q the sequence nFj; (w) is relatively compact and hence bounded. Let
€ = €(w) < oo be such that |[nF; (w)|| < € for all n € N. This means in
particular that for n > €

€ ~ €
1—-)A A, 1+ —)A,.
( n)OC C(+n)0

13



Since for compact convex sets C; C Cy implies s(C7) < s(C2), we get

< s((1+ )Ao) = (14 -)F"s(4o).

This completes the proof. O

4 The ellipsoids

In this section we require that A be a certain class of ellipsoids. Under this
assumption we obtain an explicit representation for the functional class Fo.
This is done in Theorem 3. In particular it turns out that the assumptions of
Corollary 1 are satisfied in this case, so our functional limit theorem also holds
here, which is stated in Corollary 5.

Throughout this section we assume Ay to be a unit ball in R¥ centered in
0. Consider a Lie group G C SL(k) where SL(k) denotes the group of all the
real k x k matrices with determinant 1. Group G acts in the natural way on the
space of all Borel subsets of R¥. Let &/ C G be an open bounded neighbourhood
of 1. Clearly, U can be chosen so that &/~ = {. It is natural to consider the
class A of ellipsoids generated by actions of the elements of ¢/ on Ag

A={BgAo | g € dU), f € Ry}

with cl denoting the topological closure. It is easily seen that A satisfies condi-
tions (RO), (R1) and (R2). The only regularity condition imposed on class A
in Section 1 which requires verification here is condition (REG). It turns out
that if U/ is taken sufficiently small, condition (REG) is also satisfied and the
class Foo corresponding to A can be described explicitly in terms of the Lie
algebra & of the group G. Recall that & is defined to be the space tangent to
the smooth manifold G at the identity 1.

Theorem 3 Let A be defined as above. If U is chosen sufficiently small then
assumptions of Theorem 1 (i.e. conditions (R0), (R1), (R2) and (REG)) for
class A are satisfied and

Foo ={faal * €R, g€ &},
where fg o : Sk—1 — R is defined by
faolz) = (z,07) +
with (.,.) denoting the scalar product.
It is easily seen that from this theorem it follows that class A satisfies also

the assumptions of Corollary 1. Thus, we obtain

14



Corollary 5 Let A be defined as above and assume that U is sufficiently small.
Then the sequence nF';  converges in distribution to a C(Sk—1; R)-valued random
element ¥ defined by

W = argmaz;,_{ /S Faa(@)U(dz) | a € R, g € &; Ty (hypo(f)) = 0},

where U is the uniform distribution on Sp_1, UT is defined as the product UT =
U x A(.) NRy) and I+ is the Poisson point process with intensity measure
Ut.

Proof of Theorem 3 First, we have to determine the class F; defined as in

previous section by
Fir={Fa| A€ A}.

We will use the following lemma

Lemma 8 Forge G and x € S_1 = Ao

—r(g 'z)
Floao @) = 77 =1y

where

r(z) =1—|z|
for x € R* \ {0}.
Proof Forany z € Sy

—1
g 'z 1 1
Floan(e) =1~ |g(lg‘lwl)| =1 lg~Ta] i T
gl
1—r(gtz)

O
As a conclusion we get

Corollary 6 The class F1 admits the following representation

—(1+e)r(g—tx)

=t r(g~'z)

—€e|lee(—1,00)}.

More generally

—(1+€)(nr(g~'z))
1—r(g~'z)

Fn=A{ —ne|le€e (—1,00)}.
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Proof Recall that for any A € A and € € (—1,00)
F(1+e)A = (1 + G)FA —€

and use Lemma 8. O
The next step of the proof of Theorem 3 is to show that JF; satisfies condition
(REG). We will obtain it as an immediate conclusion of the following lemma

Lemma 9 There exists a constant K such that for any f € F

1£11 < K1 £]]
In order to prove this lemma we need

Lemma 10 For each g € GL(k), where GL(k) is the k-dimensional linear

1

group, define g := (gg*)2. Then operator § is self-adjoint and there exists an
isometry ¢4 such that g = gog,. In particular, gAg = GAo. Further, if g € SL(k)
then also g € SL(k).

Proof Take ¢, = ((99*)"2g). Obviously by = g*(99%) "2, so ¢3¢y = 1, which
completes the proof. O

Proof of Lemma 9 Actually we are going to prove a slightly stronger thesis.
Namely we show that there exists a constant K such that

If'Il < K( sup f(z) = inf f(2))
2ESk_1 rESK_1
(note that sup,¢s, , f(x)—infes, | f(z) < 2||f|]). It is not difficult to observe
that whenever this inequality holds for some function f, it holds also for Sf 4+ «

for any a, 8 € R. Therefore in view of the Corollary 6 it suffices to prove our
thesis for f of the form

—r(g”')

f(z) = Fya,(z) = T=r(g o)

with g € U. According to Lemma 10 we may write

~1(5~'2)

f(@) = Fya,(z) = m,

where § is self-adjoint. Taking the derivative we get

(rog™))'(@)[h] r(g~ z)(rog=1) (x)[h]

F@h = -5 (=G 12))?
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Taking U/ small enough we may make r(§~'x) arbitrarily close to 0 uniformly on

x. Therefore the proof will be terminated if we prove the existence of a constant
K independent on g and such that for all x € Sg—1
[(rog™") (@) | < Ki( sup r(§~"@) — inf r(g7'2))
z€HA, TEDAp
for all h € T, such that |h| < 1, where T, is the space tangent to S_; in .
Observe that

(ro g™y @nl] = | - 20

= 1 e ) =

=g e, W) = (g %z — 2, )| = (972 = Dz, 1) < lg72 = 1| <
<9 =g+~ =l < g™ = allllg~ I+ llg™" - 1| =

=g I+ DI~ =1l =g~ 11+ Dllg™" = 1I.
Set

K, = sup||g*1|| + 1.
geu

Obviously K, < oo if U is sufficiently small. Since §~! — 1 is self-adjoint, there
exists 19 € Sk_1 such that [|g7—1|| = [(g71 = 1)(z0)| = {(g7L = 1)(w0), m0)| =
|7(§z0)|. Therefore we get

|(rog™")'(2)[h]] < K1 sup |r(5™ )],
z€EO A

To complete the proof it suffices to show that

sup |r(§*1)|§ sup r(gfl ) — inf r(gfl )-

zESk-1 TESk-1 ¢€Sk-1
This is however an immediate conclusion from the following lemma

Lemma 11 For each g € G there exists T such that

r(g~'%) = 0.

Proof of Lemma 11 Since G C SL(k), g preserves the Lebesgue measure. In
particular A(gAp) = A(Ap), so dgAp cannot lie neither totally inside nor totally
outside 04y = Sy_1. It suffices now to take T € 049 N 0gAp. This proves the
lemma. O

The proof of Lemma 9 is now also complete. O

To proceed, we expand r(z) = 1 — |z| in a Taylor series obtaining

Lemma 12 Let © € Sg—1. Then for any y € R* \ {0} there exists 6 € [0,1]
such that

1 y—zp 1{z+0(y —=),y —x)°

2z +0(y—=x) 2 |r+6(y-—2x)?

r(y) = —(,y — )
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Proof Note that

and
(h1,h2) N (hhﬂ?)(hz;ﬂ?)_

T"(x)[hl][hﬂ == |CU| |.’L'|3

To complete the proof it suffices to observe that r(z) =0 and |z| = 1. O
The above expansion together with Corollary 6 allows us to prove

Lemma 13 Let g€ &, a € R and let f, : 0Ag — R be defined by
f(z) =a+ (z,gr).

Then foo € Foo-

Proof Choose a sequence (g,)5; C U such that

lim |ln(g," — 1) +gll = 0.

n— 00
Take also €, = —+. According to the Corollary 6 for any n € N the function
—(1 4 €,)(nr(gyte
fn(m) — ( n)( _lgn )) — ney,
1—7r(gn x)

belongs to F,,. It suffices now to prove that

sup |nr(gglx) + (z,gx)| = 0.
€A

But from Lemma 12 it follows that

nr(g, 'z) = —(z,n(g," — 1)(2)) + O(nllg, " — 1I]%).

The lemma is proven. O

Now let us assume that n' is a strictly inreasing sequence of natural numbers
and that a sequence f,; € F, converges uniformly to some fo,. We will show
that there exists g € ® and a € R such that fo(z) = a + (z,gz). In view of

Lemmas 9 and 13 this will complete the proof of Theorem 3.

By the definition of A and F, there exist sequences g, € U and €, €

(—1,00) such that
fn’ = F(1+Enr)gn/A0'

From Lemma 10 it follows that there exists a sequence g, of self-adjoint oper-

ators belonging to SL(k) such that

gn’AO = gn’AO-
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Thus, according to Lemma 8 and Corollary 6 we obtain

_Oterge)
fn’ (ZU) - 1— r(@;,la:) n'-

According to Lemma 11 there exists a sequence z,,» € Ay such that r(g;}xn,) =
0. Since QA is compact we may assume without loss of generality that x,
converges to some x,, € 0Ag. Therefore there exists the limit

Qoo = — lim n'ey = foo(2oo).
n'—oo

It follows also that lim,, .o €,r = 0.
Henceforth we assume without loss of generality that €,, = 0 and

7§ 0)

fo(z) = Tw

We will prove that if ¢/ is sufficiently small
Lemma 14

lim ||n'ro g '+ fall = 0.

n'—oo
Proof If U is chosen small enough, there exists a constant 77 > 0 such that
Vn’VIGSk_l 0<1- T(grj’lx) < n.

Moreover there exists M > 0 such that

vnvaEeSk—l |fn’ (CE)| < M7

because f, converges uniformly. Hence we obtain

nM

,nl

Vo Vacon, Ir(g, )] <

In particular it means that |r(g,,' )| converges to 0 uniformly on z. This proves

’ A—1
our assertion because f,,; converges uniformly to fo, and fp = —%.
From Lemma 12 we conclude that for each 2 € Sp_1 ’

/ ~=1 2
o - n S —
n'r(g ) = —n(§, v — z,z) 19, | +

2 |z + 690(5};,13: — )|

1

L+ (g e — 2,0 +0,(3, 'z — 1))?

2 |z + 0. (3,'  — )P
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for some @ € [0, 1]. If ¢/ is taken small enough two last terms in this expansion can
be made arbitrarily small with respect to the first term, because the operators
g — 1 are self-adjoint and hence ||g;,' — 1|| = max,ecaa,(g,' © — «,z). Thus,
since by Lemma, 14 the sequence n/ r(g};,la:) converges uniformly on z, so does the
first term of the expansion equal to —n’(g;,la: —x,z). In particular we conclude
that

limsup||n' (g, — 1)|| < oc.

n’ =00
Hence, without loss of generality we can assume that the sequence n'(g,,' — 1)
converges to some k x k-matrix h for n’ — oc. Clearly, b is symmetric because so
are g;,l — 1. Now, applying once more Lemma 14 and the considered expansion
of n'r(g,'z) we obtain the uniform convergence

i || fo(a) — (b, )| =0,
S0
foo(z) = (bz,z).
The proof of Theorem 3 will be complete if we succeed to show that there

exists g € & such that b = (g)sym, where (g)sym denotes the symmetric part
of matrix g, i.e. (g)sym = 3(g + g*). Obviously then

foo(@) = (b, 7) = (g, ).
To proceed we need an auxiliary lemma

Lemma 15 Let ® be a mapping defined on the space of all k X k-matrices by
N w1
®(g9) =9=(99")>.

Then the rank of the derivative ®' is constant in the neighbourhood of 1.

Proof We have & = ¥ o X, where ¥(a) = a2 (for a symmetric and positive-
definite) and ¥(g) = gg*. Obviously, for g € GL(k) and for any k x k— matrix
h,

o' (g)[h] = ¥'(2(g))[X (9)[R]]-
Note however that for g sufficiently close to 1 the operator ¥'(X(g)) is a linear
automorphism of the space of symmetric matrices. Further,

S (g)[h] = hg™ + gh™ = 2(gh") sym,

o}
n(n+1)

2
and hence this dimension is constant for g close enough to 1. The proof is
complete. O

Applying Lemma 15 we prove that the space tangent to ®(G) in 1 coincides
with ®'(1)(®). In particular, there exists g € & such that h = ®'(1)[g]. But
®'(1)[g] = (8)sym, what completes the proof of Theorem 3. O

dim(ImX'(g)) =
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5 Concluding remarks

It is worth noting that the ML-principle which in classical statistics gives opti-
mal rates of convergence works also very well when applied to the problems of
support estimation and gives very fast convergence.

The important problem that arises here is the serious computational com-
plexity of ML-estimators. However within our setting the additional assumption
of the convexity of the sets belonging to A can facilitate the problem consider-
ably. It is easily seen that in this situation when constructing the ML-estimator
we can restrict our attention to the vertices of the convex hull of the sample,
ignoring the interior points. These observations together with appropriate for-
mulas for the expected number of vertices of the convex hull of a uniform sample
(see e.g. Rényi & Sulanke [16] and Efron [5]) prove that for example in case
where the class A is a certain class of ellipsoids (as considered in Section 4) the
expected complexity of the algorithm constructing the estimator is polynomial.
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