ISSN 1398-599X MPS-RR 2000-29 www.maphysto.dk

A discrete Clark-Ocone formula

Martin Leitz-Martini Mathematisches Institut der Universität Tübingen Auf der Morgenstelle 10, D-72076 Tübingen

martin.leitz@uni-tuebingen.de

July 28, 2000

Abstract

In this article the Malliavin calculus for a discrete finite time line is developed in the same way as it was done by Holden, Lindstrøm, Øksendal and Ubøe. A modification of the definition of the discrete Malliavin derivative allows us to formulate and to prove a discrete Clark-Ocone formula.

Mathematics Subject Classification: 60J15, 60H07, 60C05 Keywords: Clark-Ocone formula, Bernoulli random walk, Malliavin calculus, discrete time

1 Introduction

In this article I develop a version of the Malliavin calculus for a discrete finite timeline as it was done by Holden et al. in [9, 8]. A minor modification of some definitions and their interpretations gives me the possibility to formulate and to prove the Clark-Ocone formula in this discrete setting.

The notation is much inspired by Meyer’s toy Fock space as it is found in [15, 14, 16]. This finite calculus has its analogue in the Maassen kernel calculus of quantum stochastics [13, 10]. There the non-causal non-quantum stochastic calculus is contained as a special case [11]. This approach uses the space of square integrable functions 1

2 Martin Leitz-Martini

of the symmetric space over the Lebesgue space [7]. Fundamental to the discrete calculus is the Wick product of random variables [6]. This allows an easy definition of the Skorohod integral.

There is a discrete but not finite version of the Clark-Ocone formula in an article by Privault and Schoutens [17]. There the timeline is the set of natural numbers. In contrary to that article I have a measure on my discrete finite set.

Most of the basic material in this article can be found in [9] but for the reader’s convenience I have included some proofs that are left out in [9, 8].

2 Basic Definitions, Notations, Facts

Almost all in this section is also contained in [9] but there some of the proofs are omitted. So I repeat the material presented in [9] and include all the proofs.

Let be N ∈ N and set △t =^1_N . Then I take the set

Λ = {0, △t, . . . , (N − 1)Δt}

as a discrete version of the finite time line [0, 1]. As measure μ on Λ I take the uniform counting measure, i.e. for A ⊂ Λ one has μ(A) = |A| N . The measure algebra is the potential set of Λ. So the triple (Λ, P(Λ), μ) is my discrete version of the Lebesgue space ([0, 1], B, λ).

Next I introduce the set

Ω = {ω|ω : Λ → {−1, +1}}

and think of each ω as a Bernoulli random variable. On P(Ω) I take the uniform probability measure P , i.e. for S ⊂ Ω one has P (S) = |S| |Ω| =^{|S|}_{2N} . With respect to P I form L^2(Ω, P ) with the inner product

⟨X, Y ⟩_L2 = ∑ ω∈Ω X(ω)Y (ω)P (ω).

The space L^2(Ω, P ) is my discrete version of the Wiener space. It is of dim L^2(Ω, P ) = 2^N since one has a basis of characteristic functions to each atom ω ∈ Ω scaled with the factor √ 2^N .

Remark 2.1 In nonstandard analysis the introduced discrete Lebesgue space and Wiener space are hyperfinite models for their continuous time counterparts. This was shown by Anderson [5] for the Wiener space.

Definition 2.2 For A ∈ P(Λ) I define the functions χ_A : Ω → R by

χ_A(ω) = ∏ s∈A ω(s). � Lemma 2.3 ∑ ω∈Ω χ_C (ω)P (ω) = { 1 if C = ∅ 0 if C ≠ ∅

Proof: For C = ∅ one has χ_∅(ω) = 1 independent of ω. So I obtain ∑ ω∈Ω χ_∅(ω)P (ω) = ∑ ω∈Ω P (ω) = 1 .

For C ≠ ∅ the function χ_C takes only the values +1 or −1 depending on how often ω has value −1 on the set C. Summing over ω it is enough to show that the product χ_C (ω) = ∏ s∈C ω(s) is in the half of the cases -1. Suppose that |C| = n. Then the product is -1 if an odd number of -1’s occurs in ∏ s∈C ω(s) and +1 for an even number of -1’s. Thus I show that ∑ k (_n 2k ) = ∑ k (_n

2k+1 ) : 0 = (1 + (−1))^n = ∑ k ( n k ) (−1)^k1^{n−k} = ∑ k ( n 2k ) − ∑ k ( n 2k + 1 )

� The next proposition and its corollary are also in [9, 8] but there the obvious proofs are omitted.

Proposition 2.4 The set {χ_A}_{A∈P(Λ)} is an orthonormal system in L^2(Ω, P ).

4 Martin Leitz-Martini

Proof: First note that for A, B ∈ P(Λ) χ_A(ω)χ_B (ω) = ∏ s∈A ω(s) ∏ s∈B ω(s) = ∏ s∈A△B

ω(s) = χ_{A△B}(ω).

Thus one sees that ⟨χ_A, χ_B ⟩ = ∑ ω∈Ω χ_{A△B}(ω)P (ω).

For A = B one has ∑ ω∈Ω χ_∅(ω)P (ω) = 1 by the preceding lemma.

For A ≠ B one obtains ∑ ω∈Ω χ_C (ω)P (ω) = 0 with C = A △ B ≠ ∅ by the preceding lemma. So the proposition is proved. �

Corollary 2.5 {χ_A}_{A∈P(Λ)} is a basis for L^2(Ω, P ).

Proof:

♯{χ_A}_{A∈P(Λ)} = ♯P(Λ) = 2^N = dim L^2(Ω, P ). �

Notation 2.6 As shorthand notation I set

P_n = {A ∈ P(Λ) : |A| = n}, P = P(Λ) = ˙∪_nP_n. � Definition 2.7 For X ∈ L^2(Ω, P ) I call X = ∑ A∈P X(A)χ_A = ∑ n ∑ A∈P_n

X(A)χ_A

the Walsh decomposition of X. � Proposition 2.8 Let X = ∑ A∈P X(A)χ_A. Then E[X] = X(∅).

Proof:

E[X] = ∑ ω∈Ω ∑ A∈P X(A)χ_A(ω)P (ω) = ∑ A∈P X(A) ∑ ω∈Ω χ_A(ω)P (ω) = X(∅)

where in the last step I have used lemma 2.3. �

Definition 2.9 Let X = ∑ A∈P X(A)χ_A and Y = ∑ B∈P Y (B)χ_B be random variables. Then the Wick product X ⋄ Y is defined by

X ⋄ Y = ∑ C∈P ( ∑ A ˙∪B

X(A)Y (B))χ_C . � Remark 2.10 (1) χ_A ⋄ χ_B = { χ_{A∪B} , if A ∩ B = ∅ 0 , otherwise (2) If A ∩ B = ∅ then χ_A ⋄ χ_B = χ_A · χ_B.

Lemma 2.11 (L^2(Ω, P ), +, ⋄) is a commutative ring with unit χ_∅.

Proof: straightforward. �

Definition 2.12 (discrete analogue)

• A stochastic process is a family of random variables (X_s)_{s∈Λ}, i.e. a map X : Ω × Λ → R such that for each fixed s ∈ Λ the map X( · , s) is in L^2(Ω, P ).

• The Brownian motion B is the random walk

B : Ω × Λ → R, B(ω, t) = ∑ s<t ω(s) √ △t .

• The white noise W over (Λ, μ) is the map

W : Ω × P(Λ) → R, W (ω, A) = ∑ s∈A ω(s) √ △t . For t ∈ Λ I set W_t(ω) = W (ω, {t}) =^{ω(t)√}_{△t} and call this pointwise white noise.

• The forward increment of B is defined by

△B_t = △B(ω, t) = B(ω, t + △t) − B(ω, t) = ω(t) √ △t. Thus the derivative of the Brownian motion is the pointwise white noise: △B_t △t = ω(t) √ △t △t = ω(t) √ △t = W_t.

6 Martin Leitz-Martini

• Let be (X_s)_{s∈Λ} an adapted stochastic process. Then the Itô integral is defined by ∫ XdB = ∫ X_sdB_s = ∑ s X_s · △B_s = ∑ s X_s · W_s△t. � Remark 2.13 In [8] Holden et. al. define ^W (ω, A) = ∑ s∈A ω(s) √ △t as white noise. This seem to me the wrong way around because pointwise white noise then would not be the derivative of Brownian motion. Also the discrete Skorohod integral could not be expressed as a discrete Lebesgue integral where the integrand is Wick multiplied by pointwise white noise.

Now I will establish a discrete version of the Wiener-Itô decomposition for random variables X ∈ L^2(Ω, P ). This is done in the same way as in [9]. Actually the Walsh decomposition is nearly the Wiener- Itô decomposition just written in the notation of a discrete Guichardet space. One should compare with [13]. But since I am working in a discrete measure space, in that the diagonals do not have measure zero, I define the symmetric functions to be zero on diagonals. So the similarity to the continuous time theory is better achieved.

Let be X = ∑ A∈P X(A)χ_A the Walsh decomposition of X. Then I define for n > 0 the symmetric function X_n on Λ^n by

X_n(t_1, . . . , t_n) = { (△t^{n/2}n!)^{−1}X({t_1, . . . , t_n}), if t_i ≠ t_j for i ≠ j 0, otherwise

where X({t_1, . . . , t_n}) is the Walsh component to A = {t_1, . . . , t_n}. For n = 0 I set X_0 = X(∅) = E[X]. One obtains X = ∑ A∈P X(A)χ_A = ∑ n ∑ A∈P_n

X(A)χ_A = ∑ n ∑ {t_1 ,...,t_n}∈P_n

X({t_1, . . . , t_n})ω(t_1) · . . . · ω(t_n) = ∑ n ∑ (t1,...,tn)∈Λn t1<...<tn

n!X_n(t_1, . . . , t_n)△t^{n2} ω(t_1) · . . . · ω(t_n)

= ∑ n ∑ (t_1,...,t_n)∈Λ^n

X_n(t_1, . . . , t_n)△B(t_1) · · · △B(t_n) .

The last term is nothing else than the discrete Wiener-Itô decomposition.

3 Conditional expectations

The main proposition 3.2 in this section is from [9] where the proof is left out. I include the proof for pedagogical purpose to demonstrate in which way proofs reduce to some combinatorial arguments in this discrete finite setting.

Notation 3.1 For B ⊂ Λ I denote by F_B the σ-algebra on Ω generated by the random variables {ω(s) : s ∈ B}. �

For example for each s ∈ Λ one has

F_{{s}} = {∅, {ω : ω(s) = −1}, {ω : ω(s) = +1}, Ω}.

Since this are the atomic σ-algebras one can construct every F_B out of them:

F_B = σ − alg[{{ω : ω(s) = −1}, {ω : ω(s) = +1}|s ∈ B}].

Proposition 3.2 Let X = ∑ A⊂Λ X(A)χ_A and F_B be given.

Then the conditional expectation of X with respect to F_B is given by

E[X|F_B ] = ∑ A⊂B X(A)χ_A.

Proof: That ∑ A⊂B X(A)χ_A is F_B -measurable is evident. Further I have to prove that, for every H ∈ F_B , ∫ ω∈H E[X|F_B ]dP = ∫ ω∈H XdP .

The left hand side is ∫ ω∈H E[X|F_B ]dP = ∑ ω∈H ∑ A⊂B X(A)χ_A(ω)P (ω) = ∑ A⊂B X(A) ∑ ω∈H χ_A(ω)P (ω)

8 Martin Leitz-Martini

and the right hand side is ∫ ω∈H XdP = ∑ ω∈H ∑ A⊂Λ X(A)χ_A(ω)P (ω) = ∑ A⊂Λ X(A) ∑ ω∈H χ_A(ω)P (ω) .

So it is sufficient to show that for H ∈ F_B and for every A ⊄ B one has ∑ ω∈H χ_A(ω)P (ω) = 0 .

If A ⊄ B then there exists an s_0 ∈ A with s_0 ∉ B. But this shows that one can divide the set H into two parts

H^−_{s0} = {ω ∈ H : ω(s_0) = −1} and H^+_{s0} = {ω ∈ H : ω(s_0) = +1}

and H = H^−_{s0} ˙∪H^+_{s0} . Furthermore for each ω^− ∈ H^−_{s0} there exists exactly one ω^+ ∈ H^+_{s0} such that ω^−(s) = ω^+(s) for all s ∈ Λ \ {s_0}. This shows ♯H^−_{s0} = ♯H^+_{s0} and therefore ∑ ω∈H χ_A(ω)P (ω) = 0. Thus it is proved that ∫ ω∈H XdP = ∑ A⊂B X(A) ∑ ω∈H χ_A(ω)P (ω) = ∫ ω∈H E[X|F_B ]dP

for every H ∈ F_B . �

The formula shows that the conditional expectation of X with respect to F_B depends only on those Walsh components χ_A such that A ⊂ B.

The next observation is implicitly contained in the remark that χ_A ⋄ χ_B = χ_A · χ_B if A ∩ B = ∅, but the interpretation now has another flavour.

Proposition 3.3 Let be A, B ⊂ Λ and X, Y ∈ L^2(Ω, P ). Assume A ∩ B = ∅ and that X is F_A-measurable and Y is F_B -measurable. Then X ⋄ Y = X · Y .

Proof: The measurability assumption shows that the Walsh decompositions of X and Y are X = ∑ C⊂A X(C)χ_C and Y = ∑ D⊂B X(D)χ_D.

Thus

X ⋄ Y = ∑ C,D {X(C)Y (D) : C ⊂ A, D ⊂ B, C ∩ D = ∅}χ_{C∪D} = ∑ C,D {X(C)Y (D) : C ⊂ A, D ⊂ B}χ_{C△D} = X · Y

and the proposition is proved. �

If I would define a certain measure m on P(Λ) then it would be equivalent to assume m(A ∩ B) = 0 instead of A ∩ B = ∅.

In the next definition I introduce the σ-algebras that will constitute my discrete filtration. One should notice that the information of the present is not yet available by these algebras. This is also a speciality of the discrete setting where singleton sets do not have measure zero.

Definition 3.4 For t ∈ Λ I set

F_t = σ − alg[{ω(s)|s < t}] = σ − alg[{{ω : ω(s) = −1}, {ω : ω(s) = +1}|s < t}]

and call this the past algebra.

(Note that ω(t) is not contained in the generating set.) A random variable X is said to be F_t-adapted if

E[X|F_t] = X .

This means that the Walsh decomposition of X has the form X = ∑ A⊂[0,t[

X(A)χ_A with [0, t[= {s ∈ Λ : s < t} .

A stochastic process (X_t)_{t≥0} is adapted if the random variable X_t is F_t-adapted for each t ∈ Λ. �

Thus for a F_t-adapted random variable all Walsh coefficients X(A) with max A ≥ t are zero. Also the Itô integral of an adapted process makes sense since the products of the Walsh components X_t(A)χ_A of X_t and the forward increment △B_t = χ_{{t}} √ △t of the Brownian motion are well defined.

10 Martin Leitz-Martini

Corollary 3.5 For every process (X_t)_{t∈Λ} with Walsh decomposition X_t = ∑ A⊂Λ X(A; t)χ_A one has

E[X_t|F_t] = ∑ A⊂[0,t[

X(A; t)χ_A = ∑ A⊂Λ max A<t

X(A; t)χ_A .

Proof: Follows from proposition 3.2 and the definition. �

4 Discrete Skorohod integral

Definition 4.1 Let X : Ω × Λ → R be a stochastic process. The Skorohod integral of X with respect to the Brownian motion B is defined by ∫ XδB = ∫ X_sδB_s = ∑ s∈Λ X_s ⋄ △B_s. � As an easy consequence one has ∫ X_sδB_s = ∑ s∈Λ X_s ⋄ χ_{{s}} √ △t = ∑ s∈Λ X_s ⋄ W_s△t .

So the discrete Skorohod integral is the discrete Lebesgue integral of the transformed process by Wick multiplication with pointwise white noise.

The second assertion in the next proposition shows that taking the discrete Wiener-Itô decomposition of a process X_s for each s the Skorohod integral is roughly speaking integration with ∑ s · △B_s over the parameter s.

Proposition 4.2 Let X_s = ∑ n ∑ (t_1,...,t_n)∈Λ^n Xn(t1, . . . , tn; s)△B(t1) · · · △B(tn) be the

discrete Wiener-Itô decomposition of the Process X_s.

(1) If the stochastic process X_s is adapted then the Skorohod integral reduces to the Itô integral.

(2) ∫ X_sδB_s = ∑ n ∑ (t_1,...,t_{n+1})∈Λ^{n+1}

^X_{n+1}(t_1, . . . , t_{n+1})△B(t_1) · · · △B(t_{n+1})

whereby ^X_{n+1}(t_1, . . . , t_{n+1}) is the symmetrization of the coefficient function X_n(t_1, . . . , t_n; s) with respect to the process variable s.

Proof of 4.2 (1): Take A < s as notation for max A < s. Since X_s is adapted it has the Walsh decomposition X_s = ∑ A<s X(A; s)χ_A.

Hence A and {s} are disjoint and one obtains ∫ X_sδB_s = ∑ s ∑ A<s X(A; s)χ_A ⋄ χ_{{s}} √ △t = ∑ s ∑ A<s X(A; s)χ_A · χ_{{s}} √ △t = ∑ s X_s · △B_s = ∫ X_sdB_s. � Proof of 4.2 (2): ∫ XδB = ∑ s X_s ⋄ χ_{{s}} √ △t

= ∑ s ( ∑ n ∑ A∈P_n

X(A; s)χ_A ) ⋄ χ_{{s}} √ △t

= ∑ s ∑ n ∑ (t_1,...,t_n)∈λ^n

X_n(t_1, . . . , t_n; s)χ_{{t1,...,tn}}△t^{n2}

⋄ χ_{{s}} √ △t with X_n(·; s) the symmetric functions in the Wiener-Itô decomposition of X_s. Now I rename the parameter s = t_{n+1} and introduce the symmetric functions ^X_{n+1} of n + 1 arguments by

^X_{n+1}(t_1, . . . , t_{n+1}) = 0 if t_i = t_j for some i ≠ j and ^X_{n+1}(t_1, . . . , t_{n+1}) = 1 n + 1

(^{n+1}∑ k=1 X_n(t_1, . . . , t_{k−1}, t_{n+1}, t_{k+1}, . . . , t_n; t_k) ) otherwise.

12 Martin Leitz-Martini

Then one obtains, changing the sum over s inside, ∫ XδB = ∑ n ∑ (t_1,...,t_{n+1})∈Λ^{n+1}

^X_{n+1}(t_1, . . . , t_{n+1})χ_{{t1,...,tn+1}}△t^{n+1}_2

= ∑ n ∑ (t_1,...,t_{n+1})∈Λ^{n+1}

^X_{n+1}(t_1, . . . , t_{n+1})△B(t_1) · · · △B(t_{n+1}) . � So one sees that the discrete Skorohod integral recovers formally the properties of the continuous one.

5 Discrete Malliavin derivative

In this section I will develop a discrete version of the Malliavin derivative. My definition is different from that in [9] but has the right behaviour for the Wiener-Itô decomposition of a random variable.

For the definition of the Malliavin derivative I need the following notation:

Notation 5.1 For s ∈ Λ and ω ∈ Ω I define ω^+_s and ω^−_s by

ω^±_s (t) = { ω(t) for t ≠ s ±1 for t = s . � Definition 5.2 For every random variable X ∈ L^2(Ω, P ) I define the Malliavin derivative (D_tX)_{t≥0} by the family (D_t)_{t≥0} of operators on L^2(Ω, P ):

D_tX(ω) =

X(ω^+_t ) − X(ω^−_t ) 2 √ △t . � This family of operators can be seen as an operator

D : L^2(Ω, P ) → L^2(Ω × Λ, P × μ).

Remark 5.3 Holden et. al. introduce in [9] an integrated version

D_t = ∑ s<t D_s△t of my Malliavin derivative and call this the Malliavin derivative. I would name D_t the Malliavin process and thus one sees that the Malliavin derivative in my sense is the derivative of the Malliavin process: D_tX(ω) =^{△D t X(ω)}_{△t} . Furthermore Holden et. al. define a discrete Cameron-Martin space and a discrete Malliavin divergence and show that the Malliavin process and the Malliavin divergence are adjoint operators from discrete Wiener space onto discrete Cameron-Martin space.

Proposition 5.4 Let be X = ∑ n ∑ (t_1 ,...,t_n)∈Λ^n Xn(t1, . . . , tn)△B(t1) · · · △B(tn). Then

D_tX = ∑ n ∑ (t_1,...,t_{n−1})∈Λ^{n−1}

nX_n(t_1, . . . , t_{n−1}; t)△B(t_1) · · · △B(t_{n−1}) .

I.e. the Malliavin derivative acts on the discrete Wiener-Itô decomposition as multiplication by the level number n and then just leaving aside the integration over ΔB(t_n).

Proof:

D_tX(ω) = D_t ∑ n ∑ (t_1<...<t_n)∈Λ^n

n!X_n(t_1, . . . , t_n)△t^{n2} χ_{{t1,...,tn}}(ω)

= ∑ n ∑ (t_1<...<t_n)∈Λ^n

n!X_n(t_1, . . . , t_n)△t^{n2} ·

· χ_{{t1,...,tn}}(ω^+_t ) − χ_{{t1,...,tn}}(ω^−_t ) 2 √ △t = ∑ n ∑ (t_1<...<t_n)∈Λ^n

n!X_n(t_1, . . . , t_n)△t^{n−12} ·

· 1 2 ∏ s∈{t_1,...,t_n}

ω^+_t (s) − ∏ s∈{t_1,...,t_n}

ω^−_t (s)

= ∑ n ∑ (t1<...<tn)∈Λn t∈{t1,...,tn}

n!X_n(t_1, . . . , t_n)△t^{n−12} χ_{{t1,...,tn}\{t}}(ω)

14 Martin Leitz-Martini = ∑ n ∑ (t_1<...<t_{n−1})∈Λ^{n−1}

n!X_n(t_1, . . . , t_{n−1}, t)△t^{n−12} χ_{{t1,...,tn−1}}(ω)

= ∑ n ∑ (t_1,...,t_{n−1})∈Λ^{n−1}

nX_n(t_1, . . . , t_{n−1}; t)△B(t_1) · · · △B(t_{n−1}) . � So the discrete Malliavin derivative acts on the discrete Wiener-Itô decomposition of random variables as expected from the continuous case. One sees also that D_tχ_∅ = 0. In quantum mechanics χ_∅ would be the vacuum state and D_t the one particle annihilation operator at time t. Thus there is a deep interconnection between Malliavin calculus and quantum stochastic calculus in the discrete setting.

Proposition 5.5

D_tX = X · W_t − X ⋄ W_t .

Proof: If X = ∑ A∈P X(A)χ_A then

X(ω^+_s ) − X(ω^−_s ) 2 √ △t = ∑ A∈P t∈A X(A)χ_{A\{t}}(ω)(△t)^{− 12} .

But since χ_A · W_t = χ_A ⋄ W_t if A and {t} are disjoint one gets

X · W_t − X ⋄ W_t = ∑ A∈P X(A)χ_A · χ_{{t}}(△t)^{− 12} − ∑ A∈P X(A)χ_A ⋄ χ_{{t}}(△t)^{− 12} = ∑ A∈P X(A)χ_{A△{t}}(△t)^{− 12} − ∑ A∈P t /∈A

X(A)χ_{A∪{t}}(△t)^{− 12}

= ∑ A∈P t∈A X(A)χ_{A\{t}}(△t)^{− 12} .

Thus the proposition follows. �

6 Discrete Clark-Ocone formula

Now I am prepared to prove the discrete version of the Clark-Ocone formula. The continuous Clark-Ocone formula for random variables F looks like this:

F = E[F ] + ∫ E[D_tF |F_t]dB_t

and can be proved under certain conditions for F . The integral here is an Itô integral. In the discrete version I have not any condition since there are no convergence problems for sums or integrals. Furthermore every operator is a bounded operator whence defined everywhere. The discrete Clark-Ocone formula reads as follows.

Theorem 6.1 Let be X ∈ L^2(Ω, P ). Then there holds

X = E[X] + ∑ t∈Λ E[D_tX|F_t] · △B_t .

Proof: Let X = ∑ A∈P X(A)χ_A be the Walsh decomposition of X. First remember from proposition 2.8 that E[X] = X(∅). I show that ∑ t∈Λ E[D_tX|F_t] · △B_t = X − X(∅) .

I use the following expression for D_tX:

D_tX(ω) =

X(ω^+_t ) − X(ω^−_t ) 2 √ △t = ∑ A∈P X(A) 2 √ △t ( χ_A(ω^+_t ) − χ_A(ω^−_t ) )

= ∑ A∈P t∈A X(A) √ △t χ_{A\{t}}(ω)

= ∑ A∈P t /∈A

X(A ∪ {t}) √ △t χ_A(ω) .

Since the conditional expectation with respect to F_t cuts the Walsh components χ_A with A ⊄ [0, t[ that means, by applying corollary 3.5,

16 Martin Leitz-Martini

that one obtains

E[D_tX|F_t] = ∑ A∈P t /∈A∧max A<t

X(A ∪ {t}) √ △t χ_A

= ∑ A∈P max A<t

X(A ∪ {t}) √ △t χ_A .

Now I integrate this with ∑ t · △B_t and, since A and {t} are disjoint, using χ_A · χ_{{t}} = χ_{A∪{t}} there follows ∑ t∈Λ E[D_tX|F_t] · △B_t = ∑ t∈Λ ∑ A∈P max A<t

X(A ∪ {t}) √ △t χ_A · χ_{{t}} √ △t

= ∑ t∈Λ ∑ A∈P max A<t

X(A ∪ {t})χ_{A∪{t}}

= ∑ t∈Λ ∑ A∈P max A=t

X(A)χ_A

= ∑ A∈P\∅

X(A)χ_A

= X − X(∅) .

Thus the proof of the theorem is done. �

Acknowledgement: I thank B. Øksendal for the opportunity to present the discrete Clark-Ocone formula at the AMS Scand 2000 meeting in Odense and the participants of the financial mathematics section there for the stimulating discussion. Furthermore I have to thank Nicolas Privault with whom I tried to discover the differences between his and my discrete approach to the Clark-Ocone formula.

The comments of a referee are also acknowledged.

References

[1] L. Accardi and W.v. Waldenfels, editors. Quantum Probability and Applications II. Proceedings, Heidelberg 1984, LNM 1136, Berlin, 1985. Springer.

[2] L. Accardi and W.v. Waldenfels, editors. Quantum Probability and Applications III. Proceedings, Oberwolfach 1987, LNM 1303, Berlin, 1988. Springer.

[3] S. Albeverio, Ph. Blanchard, and L. Streit, editors. Stochastic Processes – Mathematics and Physics II. Proceedings, Bielefeld 1985, LNM 1250, Berlin, 1987. Springer.

[4] S. Albeverio, G. Casati, and D. Merlin, editors. Stochastic Processes in Classical and Quantum Systems, Proceedings Ascona (CH) 1985, LNP 262, Berlin, 1986. Springer.

[5] R.M. Anderson. A non-standard representation for Brownian motion and Itô integration. Israel J. Math., 25:15–46, 1976.

[6] H. Gjessing, H. Holden, T. Lindstrøm, B. Øksendal, J. Ubuø, and T.-S. Zhang. The Wick product. Frontiers in Pure and Applied Probab, 1:29–67, 1993.

[7] A. Guichardet. Symmetric Hilbert Spaces and Related Topics.

LNM 261. Springer, Berlin, 1972.

[8] H. Holden, T. Lindstrøm, B. Øksendal, and J. Ubøe. Discrete Wick calulus and stochastic functional equations. Potential Analysis, 1:291–306, 1992.

[9] H. Holden, T. Lindstrøm, B. Øksendal, and J. Ubøe. Discrete Wick products. In Lindstrøm et al. [12], pages 123–148.

[10] J.M. Lindsay and H. Maassen. An integral kernel approach to noise. In Accardi and Waldenfels [2], pages 192–208.

[11] M. Lindsay. Quantum and non-causal calculus. Prob. Rel. Fields, 97:65–80, 1993.

[12] T. Lindstrøm, B. Øksendal, and A.S. Üstünel, editors. Stochastic Analysis and Related Topics. Proceedings of the Fourth Oslo- Silivri Workshop on Stochastic Analysis, Oslo, July 1992, New York, 1993. Gordon & Breach Sci. Publ.

[13] H. Maassen. Quantum Markov processes on Fock space described by integral kernels. In Accardi and Waldenfels [1], pages 361–374.

18 Martin Leitz-Martini

[14] P.-A. Meyer. Quantum Probability for Probabilitists. LNM 1538.

Springer, Berlin, 1993.

[15] P.A. Meyer. A finite approximation to Boson Fock space. In Albeverio et al. [4], pages 405–410.

[16] P.A. Meyer. Fock space and probability theory. In Albeverio et al. [3], pages 160–170.

[17] N. Privault and W. Schoutens. Krawtchouk polynomials and iterated stochastic integration. Technical Report 006, Eurandom, march 2000.