ISSN 1398-599X MPS-RR 1999-40 www.maphysto.dk

Random Matrices and Non-Exact C^∗-algebras

U. Haagerup^{∗†} and S. Thorbjørnsen^{∗†}

1 Introduction

In the paper [HT2], we gave new proofs based on random matrix methods of the following two results:

(1) Any unital exact stably finite C^∗-algebra has a tracial state.

(2) If A is a unital exact C^∗-algebra, then any state on K_0(A) comes from a tracial state on A.

For each of the results (1) and (2), one may ask whether or not it holds without the assumption that the C^∗-algebra be exact. These two problems are still open, and both problems are equivalent to Kaplansky’s famous problem, whether all AW^∗-factors of type II_1 are von Neumann algebras (cf. [Ha] and [BR]).

In the present note, we provide examples which show that the method used in [HT2] cannot be employed to show that (1) and (2) hold for all C^∗-algebras.

As in [HT2], we let GRM(m, n, σ^2) denote the class of complex Gaussian m × n random matrices of the form

B = (b(i, j))1≤i≤m_{1≤j≤n}

for which the 2mn real random variables Re(b(i, j)), Im(b(i, j)) are independent and Gaussian distributed random variables with mean 0 and variance σ^2/2, defined on a probability space (Ω, F, P ). Moreover, for any bounded operator A on a Hilbert space, we denote by sp(A) the spectrum of A.

The proofs of (1) and (2) above given in [HT2] were both based on the following theorem:

∗Department of Mathematics and Computer Science, Odense University, Denmark. †MaPhySto - Centre for Mathematical Physics and Stochastics, funded by a grant from The Danish National Research Foundation.

1.1 Theorem. (cf. [HT2]) Let a_1, a_2, . . . , a_r be elements of a unital exact C^∗-algebra A. Let further (Ω, F, P ) be a fixed probability space, and let, for each n in N , Y^{(n)}_1 , . . . , Y^{(n)}r be independent Gaussian random matrices defined on Ω and lying in the class GRM(n, n,^1_n ) defined below. Put

S_n = r∑ i=1 a_i ⊗ Y^{(n)}_i , (n ∈ N ),

and let c be a positive real number. We then have

(i) If ‖

∑_r

i=1 a^∗_i a_i‖ ≤ c and ‖

∑_r

i=1 a_ia^∗_i ‖ ≤ 1, then for almost all ω in Ω,

lim sup n→∞ max { sp ( S_n(ω)^∗S_n(ω) )} ≤ (√ c + 1

)_2 . (ii) If

∑_r i=1 a^∗_i a_i = c1_{B(H)}, ‖

∑_r

i=1 a_ia^∗_i ‖ ≤ 1, and c ≥ 1, then for almost all ω in Ω,

lim inf n→∞ min { sp ( S_n(ω)^∗S_n(ω) )} ≥ (√ c − 1

)_2 . � The upper and lower bounds ( √ c + 1)^2 and ( √ c − 1)^2 in Theorem 1.1 are best possible.

This follows from

1.2 Theorem. (cf. [Th]) Let B be a unital exact C^∗-algebra and let b_1, b_2, . . . , b_s be elements of B satisfying that s∑ i=1 b^∗_i b_i = c1_B and s∑ i=1 b_ib^∗_i = 1_B,

for some real number c in [1, ∞[. Consider further, for each n in N , independent random matrices Y^{(n)}_1 , Y^{(n)}_2 , . . . , Y^{(n)}s in GRM(n, n,^1_n ), and put T_n =

∑_s

i=1 b_i ⊗ Y^{(n)}_i . Then for almost all ω in Ω, max { sp(T_n(ω)^∗T_n(ω)) } → ( √ c + 1)^2, as n → ∞, and min { sp(T_n(ω)^∗T_n(ω)) } → ( √ c − 1)^2, as n → ∞. �

Let C^∗(F_r ) denote the full C^∗-algebra associated with the free group F_r on r generators, and let u_1, . . . , u_r denote the unitary generators of C^∗(F_r ). In [HT2, Proposition 4.9] it was proved, that with a_i = r^{−1/2}u_i, i = 1, . . . , r, and S_n =

∑_r

i=1 a_i ⊗ Y^{(n)}_i as in Theorem 1.1, one has:

lim inf n→∞ max{sp(S_n(ω)^∗S_n(ω))} ≥

(_8 3π )_2 r. In particular, for c ≥ 1 and r ≥ 6c, the upper bound in Theorem 1.1 is violated because 6c > (^{3π}_8 )^24c > (^{3π}_8 )^2( √ c + 1)^2. The upper bound in Theorem 1.2 is also violated in the general non-exact case provided that c ≥ 1 and r ≥ 8c (see Remark 4.5 at the end of this paper). The main result in this note concerns the lower bound in Theorem 1.1 and Theorem 1.2:

1.3 Main Theorem. (cf. Theorem 3.5 and Theorem 4.4)

(a) Let A(r, c) denote the universal unital C^∗-algebra generated by r elements a_1, . . . , a_r, satisfying that: r∑ i=1 a^∗_i a_i = c1 and r∑ i=1 a_ia^∗_i ≤ 1,

where 1 ≤ c ≤ r. Put S_n =

∑_r

i=1 a_i ⊗ Y^{(n)}_i as in Theorem 1.1. If r ≥ 13c, then for almost all ω in Ω, 0 ∈ sp(S_n(ω)^∗S_n(ω)), eventually as n → ∞.

(b) Let B(s, c) denote the universal unital C^∗-algebra generated by s elements b_1, . . . , b_s, satisfying that: s∑ i=1 b^∗_i b_i = c1 and s∑ i=1 b_ib^∗_i = 1,

where 1 ≤ c ≤ s − 1. Put T_n =

∑_s i=1 b_i ⊗ Y^{(n)}_i as in Theorem 1.2. If s ≥ 14c, then for almost all ω in Ω, 0 ∈ sp(T_n(ω)^∗T_n(ω)), eventually as n → ∞.

The Main Theorem above clearly shows that the lower bounds in Theorem 1.1 and Theorem 1.2 are violated for general (non-exact) C^∗-algebras, when c > 1. The proofs in [HT2] of the statements (1) and (2) in the beginning of this introduction did not fully use the exact lower bound ( √ c − 1)^2 in Theorem 1.1, but just the fact that in the exact case, we have, for almost all ω, that 0 /∈ sp(S_n(ω)^∗S_n(ω)) eventually as n → ∞, when c > 1. The Main Theorem above shows that even this fails in the general non-exact case.

Finally, some conventions and notation that are used throughout the paper:

As we have already practiced, in most of this paper we omit mentioning the underlying probability space (Ω, F, P ), and it is understood that all random matrices/variables are defined on this one probability space. By tr_n we denote the normalized trace on M_n(C ), and we put Tr_n = n · tr_n. Furthermore, we denote by 1_n the unit matrix in M_n(C ).

2 Some technical Lemmas

The first lemma is elementary and well-known. For completeness we include a proof.

2.1 Lemma. Let A be a fixed matrix in M_n(C ) and consider the two linear mappings L_A, R_A : M_n(C ) → M_n(C ) given by:

L_A(B) = AB, and R_A(B) = BA, (B ∈ M_n(C )).

Then

det_R(L_A) = det_R(R_A) = |det(A)|^{2n},

where det_R(L_A) (resp. det_R(R_A)) denotes the determinant of the matrix of L_A (resp. R_A) w.r.t. an arbitrary basis for the 2n^2 dimensional real vector space M_n(C ).

Proof. The usual n × n matrix units e_{kl}, 1 ≤ k, l ≤ n, form a basis for the complex vector space M_n(C ). If we list them in reverse lexicographic order, i.e.,

e_{11}, e_{21}, . . . , e_{n1}, e_{12}, e_{22}, . . . , e_{n2}, . . . , e_{1n}, e_{2n}, . . . , e_{nn}, (2.1)

then the matrix for L_A w.r.t. this (ordered) basis is the n^2 × n^2 matrix:

S = A 0 A ... 0 A ,

where A is repeated n times along the diagonal. A basis for the real vector space M_n(C ) can be obtained by adding to the list in (2.1) the same elements multiplied by i = √ −1. The matrix for L_A w.r.t. this basis is the 2n^2 × 2n^2 matrix: ( Re(S) −Im(S) Im(S) Re(S) ) .

Note next that the matrix U =^{1√}_2 ( 1_n2 i1_n2 i1_n2 1_n2 ) is a unitary in M_{2n}2 (C ), and that

U ( Re(S) −Im(S) Im(S) Re(S) ) U^∗ = ( S 0 0 S ) , where S denotes the complex conjugate of S. Thus,

det_R(L_A) = det ( Re(S) −Im(S) Im(S) Re(S) ) = det ( S 0 0 S ) = |det(S)|^2 = |det(A)|^{2n},

as desired.

To calculate det_R(R_A), we list instead the matrix units in lexicographic order, i.e.,

e_{11}, e_{12}, . . . , e_{1n}, e_{21}, e_{22}, . . . , e_{2n}, . . . , e_{n1}, e_{n2}, . . . , e_{nn}.

With respect to this (ordered) basis, the matrix for R_A is the n^2 × n^2 matrix:

T = A^t 0 A^t ... 0 A^t .

By the same arguments as those given above, it follows thus that

det_R(R_A) = | det(A^t)|^{2n} = | det(A)|^{2n},

as desired. �

2.2 Lemma. Consider the following two diffeomorphisms of the open set M_n(C )×GL(n, C ) in M_n(C ) × M_n(C ):

γ(y_1, y_2) = ( y_1y^{−1}_2 , [ (y_1y^{−1}_2 )^∗(y_1y^{−1}_2 ) + 1_n

]_{1/2} y_2 ) , and ρ(y_1, y_2) = ( y^{−1}_2 y_1, y_2 [ (y^{−1}_2 y_1)(y^{−1}_2 y_1)^∗ + 1_n

]_{1/2}) . Then the composed map φ = ρ^{−1} ∘ γ has Jacobi-determinant:

J(φ) = det_R (φ^′) = 1.

Moreover, if (z_1, z_2) = φ(y_1, y_2), then

(i) y_1y^{−1}_2 = z^{−1}_2 z_1.

(ii) Tr_n(y^∗_1 y_1 + y^∗_2y_2) = Tr_n(z^∗_1 z_1 + z^∗_2 z_2).

Proof. We start by computing the Jacobi-determinant of the mappings γ^{−1} and ρ^{−1}. Note first that

γ^{−1}(x_1, x_2) = ( x_1(x^∗_1x_1 + 1_n)^{−1/2}x_2, (x^∗_1x_1 + 1_n)^{−1/2}x_2 ) , for (x_1, x_2) in M_n(C ) × GL(n, C ). Note also that γ^{−1} = σ_1 ∘ σ_2, where σ_1, σ_2 are the diffeomorphisms of M_n(C ) × GL(n, C ) given by:

σ_1(v_1, v_2) = (v_1v_2, v_2), σ_2(x_1, x_2) = ( x_1, (x^∗_1x_1 + 1_n)^{−1/2}x_2 ) . For fixed (u_1, u_2) in M_n(C ) × GL(n, C ), the derivatives σ^′_j (u_1, u_2), j ∈ {1, 2}, are (real) linear maps of M_n(C ) × M_n(C ) into itself. Hence, these maps can be written in the form:

σ^′_j (u_1, u_2): ( h_1 h_2 ) → ( A_j B_j C_j D_j ) ( h_1 h_2 ) , where A_j , B_j, C_j, D_j are (real) linear maps on M_n(C ). For each j in {1, 2}, we can easily compute the diagonal elements A_j, D_j , and some of the diagonal elements, namely

σ^′_1(v_1, v_2) = ( R_{v2} L_{v1} 0 1_n ) , and σ^′_2(x_1, x_2) = ( 1_n 0

∗ L_{(x}∗_{1x1+1n)}−1/2 ) , where “∗” means an undetermined entry. From the equations above, it follows that for each j, the Jacobi-determinant J(σ_j ) = det_R(σ^′_j ) is just the product of the determinants of the diagonal entries in the corresponding matrix above. Hence, by Lemma 2.1,

J(σ_1)(v_1, v_2) = | det(v_2)|^{2n},

J(σ_2)(x_1, x_2) = | | det((x^∗_1x_1 + 1_n)^{−1/2}) | |^{2n} = (det(x^∗_1x_1 + 1_n))^{−n}.

Thus, for (x_1, x_2) in M_n(C ) × GL(n, C ), we have

J(γ^{−1})(x_1, x_2) = J(σ_1)(σ_2(x_1, x_2)) · J(σ_2)(x_1, x_2) = | | det((x^∗_1x_1 + 1_n)^{−1/2}x_2) | |^{2n}(det(x^∗_1x_1 + 1_n))^{−n}

= | det(x_2)|^{2n}(det(x^∗_1x_1 + 1_n))^{−2n}.

(2.2)

Regarding the Jacobi-determinant J(ρ^{−1}), note first that

ρ^{−1}(x_1, x_2) = ( x_2(x_1x^∗_1 + 1_n)^{−1/2}x_1, x_2(x_1x^∗_1 + 1_n)^{−1/2} ) . As above, we may write ρ^{−1} in the form: ρ^{−1} = τ_1 ∘τ_2, where τ_1, τ_2 are the diffeomorphisms of M_n(C ) × GL(n, C ) given by:

τ_1(w_1, w_2) = (w_2w_1, w_2)

τ_2(x_1, x_2) = ( x_1, x_2(x_1x^∗_1 + 1_n)^{−1/2} ) . The derivatives of τ_1 and τ_2 have the form:

τ^′_1(w_1, w_2) = ( L_{w2} R_{w1} 0 1_n ) , and τ^′_2(x_1, x_2) = ( 1_n 0

∗ R_{(x1x}∗_{1+1n)}−1/2 ) . Arguing then as above, we get that

J(ρ^{−1})(x_1, x_2) = | det(x_2)|^{2n} ( det(x_1x^∗_1 + 1_n)

)_{−2n} . (2.3)

We are now ready to calculate the Jacobi-determinant J(φ): Let (y_1, y_2) be a pair of matrices in M_n(C ) × GL(n, C ) and put (x_1, x_2) = γ(y_1, y_2). Since φ = ρ^{−1} ∘ γ we have

J(φ)(y_1, y_2) = J(ρ^{−1})(x_1, x_2) · J(γ)(y_1, y_2) =

J(ρ^{−1})(x_1, x_2) J(γ^{−1})(x_1, x_2)

. (2.4)

Since x^∗_1x_1 and x_1x^∗_1 have the same eigenvalues (counted with multiplicity), we have det(x^∗_1x_1 + 1_n) = det(x_1x^∗_1 + 1_n), and combining this with (2.2)-(2.4), it follows, finally, that J(φ)(y_1, y_2) = 1, as desired.

Turning now to the equation (ii), consider, as above, (y_1, y_2) in M_n(C ) × GL(n, C ), and put (x_1, x_2) = γ(y_1, y_2). Furthermore, define (z_1, z_2) = φ(y_1, y_2) = ρ^{−1}(x_1, x_2). Then (x_1, x_2) = γ(y_1, y_2) = ρ(z_1, z_2), and in particular x_1 = y_1y^{−1}_2 = z^{−1}_2 z_1, which proves (i). Finally, regarding the equation (ii), let (x_1, x_2), (y_1, y_2) and (z_1, z_2) be as above, and note then that

(y_1, y_2) = γ^{−1}(x_1, x_2) = ( x_1(x^∗_1x_1 + 1_n)^{−1/2}x_2, (x^∗_1x_1 + 1_n)^{−1/2}x_2 ) , (z_1, z_2) = ρ^{−1}(x_1, x_2) = ( x_2(x_1x^∗_1 + 1_n)^{−1/2}x_1, x_2(x_1x^∗_1 + 1_n)^{−1/2} ) . Thus,

y^∗_1 y_1 + y^∗_2 y_2 = x^∗_2(x^∗_1x_1 + 1_n)^{−1/2}(x^∗_1x_1 + 1_n)(x^∗_1x_1 + 1_n)^{−1/2}x_2 = x^∗_2x_2, and z_1z^∗_1 + z_2z^∗_2 = x_2(x_1x^∗_1 + 1_n)^{−1/2}(x_1x^∗_1 + 1_n)(x_1x^∗_1 + 1_n)^{−1/2}x^∗_2 = x_2x^∗_2.

Therefore, Tr_n(y^∗_1y_1 + y^∗_2y_2) = Tr_n(z_1z^∗_1 + z_2z^∗_2 ) = Tr_n(z^∗_1 z_1 + z^∗_2 z_2), which proves (ii). � 2.3 Lemma. Let Y_1, Y_2 be independent random matrices in GRM(n, n, σ^2), and put N = {ω ∈ Ω | Y_2(ω) /∈ GL(n, C )}.

Define then the random matrices Z_1, Z_2 by:

(Z_1(ω), Z_2(ω)) = { φ(Y_1(ω), Y_2(ω)), if ω ∈ Ω \ N, (0, 0), if ω ∈ N,

where φ = ρ^{−1} ∘ γ as in Lemma 2.2. Then Z_1, Z_2 are independent random matrices in GRM(n, n, σ^2), and Z_2(ω)Y_1(ω) = Z_1(ω)Y_2(ω), for all ω in Ω.

Proof. We note first that N is a null-set in Ω. This follows from the facts that the set {A ∈ M_n(C ) | det(A) = 0} is a null-set w.r.t. Lebesgue measure on M_n(C ) (≃ R^{2n2} ), and that the distribution of (the entries of) Y_2 has density w.r.t. Lebesgue measure. Note next, that it follows from the definition of the class GRM(n, n, σ^2) given in the introduction, that the joint distribution of the pair (Y_1, Y_2) has the following density w.r.t. Lebesgue measure on M_n(C ) × M_n(C ):

f(y_1, y_2) = (πσ^2)^{−2n2} exp ( −^1_{σ2} Tr_n(y^∗_1 y_1 + y^∗_2y_2) ) , (y_1, y_2 ∈ M_n(C )).

Since φ is a bijection of M_n(C ) × GL(n, C ) onto itself with Jacobi-determinant equal to 1 (cf. Lemma 2.2), the joint density of (Z_1, Z_2) is (except for a Lebesgue null-set) given by: g(z_1, z_2) = f(φ^{−1}(z_1, z_2)), ((z_1, z_2) ∈ M_n(C ) × GL(n, C )).

If we put (y_1, y_2) = φ^{−1}(z_1, z_2), then by Lemma 2.2, Tr_n(y^∗_1 y_1 + y^∗_2y_2) = Tr_n(z^∗_1 z_1 + z^∗_2 z_2).

Thus, the joint density of (Z_1, Z_2) is given by:

g(z_1, z_2) = (πσ^2)^{−2n2} exp ( −^1_{σ2} Tr_n(z^∗_1 z_1 + z^∗_2 z_2) ) , (z_1, z_2 ∈ M_n(C )), and this implies that Z_1, Z_2 are independent random matrices in GRM(n, n, σ^2). For ω in Ω \ N, it follows from Lemma 2.2 that Y_1(ω)Y_2(ω)^{−1} = Z_2(ω)^{−1}Z_1(ω).

Hence we have that Z_2(ω)Y_1(ω) = Z_1(ω)Y_2(ω), (ω ∈ Ω \ N), and the same identity holds trivially for ω in N. � 2.4 Corollary. Let Y_1, Y_2 be independent random matrices in GRM(n, n, σ^2). Then there exist random matrices Z_1, Z_2 satisfying the following three conditions:

(i) Z_1, Z_2 are independent random matrices in GRM(n, n, σ^2).

(ii) The entries of Z_1 and Z_2 are Borel functions (in 2n^2 complex variables) of the entries of Y_1 and Y_2.

(iii) Z_1Y^t_1 + Z_2Y^t_2 = 0.

Proof. Note first that (Y^t_1 , Y^t_2 ) is also a pair of independent random matrices in the class GRM(n, n, σ^2). Let (Z^0_1 , Z^0_2 ) be the pair of random matrices obtained by application of Lemma 2.3 to (Y^t_1 , Y^t_2 ). Then Z^0_1 , Z^0_2 are independent random matrices in GRM(n, n, σ^2), whose entries are Borel functions of the entries of Y_1 and Y_2, and furthermore: Z^0_2 Y^t_1 − Z^0_1 Y^t_2 = 0.

Thus, the pair (Z_1, Z_2) = (Z^0_2 , −Z^0_1 ) satisfies all the requirements. �

3 Violation of Lower Bound in A(r, c)

Let n be a positive integer, and consider the standard basis {ξ^{(n)}_1 , . . . , ξ^{(n)}n } for C^n . In the following we shall denote by η_n the unit vector in C^n ⊗ C^n defined as follows:

η_n = n^{−1/2} n∑ j=1 ξ^{(n)}_j ⊗ ξ^{(n)}_j .

3.1 Lemma. Let q be a positive integer, and let a_1, . . . , a_q, b_1, . . . , b_q be matrices in M_n(C ) satisfying that

∑_q i=1 a_ib^t_i = 0 ∈ M_n(C ). Then

∑_q

i=1(a_i ⊗ b_i)η_n = 0.

Proof. For any k, l in {1, 2, . . . , n}, we have

⟨(^q∑ i=1 (a_i ⊗ b_i)η_n ) , ξ^{(n)}_k ⊗ ξ^{(n)}_l ⟩ = q∑ i=1 ⟨ (a_i ⊗ b_i)η_n, ξ^{(n)}_k ⊗ ξ^{(n)}_l ⟩

= n^{−1/2} q∑ i=1 n∑ j=1 ⟨a_iξ^{(n)}_j , ξ^{(n)}_k ⟩ · ⟨b_iξ^{(n)}_j , ξ^{(n)}_l ⟩

= n^{−1/2} q∑ i=1 n∑ j=1 (a_i)_{kj}(b_i)_{lj} = n^{−1/2} q∑ i=1 (a_ib^t_i)_{kl}

= n^{−1/2}

( q∑ i=1 a_ib^t_i ) kl = 0.

Since the set {ξ^{(n)}_k ⊗ ξ^{(n)}_l | k, l = 1, 2, . . . , n} is a basis for C^n ⊗ C^n , the calculation above shows that

∑_q i=1(a_i ⊗ b_i)η_n = 0. �

In the following we consider for q in N the Cuntz algebra O_q, i.e., the unital C^∗-algebra generated by elements s_1, . . . , s_q satisfying the conditions:

s^∗_i s_j = δ_{i,j}1 (i, j = 1, 2, . . . , q), and q∑ i=1 s_is^∗_i = 1.

We shall consider O_q as acting on a Hilbert space H_q.

3.2 Lemma. Let r be an even positive integer and put q =^p_2 . Consider further, for each n in N , independent random matrices Y^{(n)}_1 , . . . , Y^{(n)}r in GRM(n, n,^1_n ). Then, for each n, there exist random operators b^{(n)}_1 , . . . , b^{(n)}r : Ω → O_q ⊗ M_n(C ), such that the following conditions hold for almost all ω in Ω:

(i) For any vector ζ in H_q,

( ∑_r i=1 b^{(n)}_i (ω) ⊗ Y^{(n)}_i (ω) ) (ζ ⊗ η_n) = 0, for all n in N .

(ii) For any positive ϵ,

∑_r

i=1 b^{(n)}_i (ω)^∗b^{(n)}_i (ω) ≥ (( √ r −1)^2 −ϵ)1_{Oq ⊗Mn(C )} , for n sufficiently large.

(iii) For any positive ϵ,

∑_r

i=1 b^{(n)}_i (ω)b^{(n)}_i (ω)^∗ ≤ (( √ 2+1)^2 +ϵ)1_{Oq⊗Mn(C )} , for n sufficiently large.

Proof. For n in N and j in {1, 2, . . . , q}, let Z^{(n)}_{2j−1}, Z^{(n)}_{2j} be the independent random matrices obtained by application of Corollary 2.4 to the random matrices Y^{(n)}_{2j−1}, Y^{(2n)}_{2j} . Since the entries of Z^{(n)}_{2j−1}, Z^{(n)}_{2j} are Borel functions of the entries of Y^{(n)}_{2j−1}, Y^{(n)}_{2j} , it follows that Z^{(n)}_1 , Z^{(n)}_2 , . . . , Z^{(n)}r are r independent random matrices in GRM(n, n,^1_n ). Moreover, for each j,

Z^{(n)}_{2j−1} ( Y^{(n)}_{2j−1}

)_t

+ Z^{(n)}_{2j} ( Y^{(n)}_{2j}

)_t = 0. (3.1)

Consider next the Cuntz algebra O_q, and let s_1, s_2, . . . , s_q denote the canonical generators of O_q. Then consider the random operators b^{(n)}_1 , . . . , b^{(n)}r : Ω → O_q ⊗ M_n(C ) defined by:

b^{(n)}_{2j−1} = s_j ⊗ Z^{(n)}_{2j−1}, (j ∈ {1, 2, . . . , q}),

b^{(n)}_{2j} = s_j ⊗ Z^{(n)}_{2j} , (j ∈ {1, 2, . . . , q}),

or equivalently,

b^{(n)}_i = s_[ i+1_{2 ]} ⊗ Z^{(n)}_i , (i ∈ {1, 2, . . . , r}).

We show that these random operators satisfy the conditions (i)-(iii).

Regarding (i), note that for any n in N and any vector ζ in the Hilbert space H_q, we have

(^r∑ i=1 b^{(n)}_i ⊗ Y^{(n)}_i ) (ζ ⊗ η_n) =

(^q∑ j=1 s_j ⊗ ( Z^{(n)}_{2j−1} ⊗ Y^{(n)}_{2j−1} + Z^{(n)}_{2j} ⊗ Y^{(n)}_{2j} )) (ζ ⊗ η_n) = q∑ j=1 s_j ζ ⊗ ( Z^{(n)}_{2j−1} ⊗ Y^{(n)}_{2j−1} + Z^{(n)}_{2j} ⊗ Y^{(n)}_{2j} ) η_n.

Note here that by (3.1) and Lemma 3.1, (Z^{(n)}_{2j−1} ⊗ Y^{(n)}_{2j−1} + Z^{(n)}_{2j} ⊗ Y^{(n)}_{2j} ) η_n = 0, for each j, and hence by the above calculation it follows that (i) holds.

Regarding (ii), we have r∑ i=1 ( b^{(n)}_i

)_∗

b^{(n)}_i = r∑ i=1 s^∗_[ i+1_{2 ]}s_[ i+1_{2 ]} ⊗ ( Z^{(n)}_i

)_∗

Z^{(n)}_i = r∑ i=1 1_{Oq} ⊗ ( Z^{(n)}_i

)_∗

Z^{(n)}_i

= 1_{Oq} ⊗ r∑ i=1 ( Z^{(n)}_i

)_∗

Z^{(n)}_i = 1_{Oq} ⊗ T^∗_n T_n,

(3.2)

where T_n is the random rn × n matrix given by:

T_n =

Z^{(n)}_1 Z^{(n)}_2 . . Z^{(n)}r .

Note that actually T_n ∈ GRM(rn, n,^1_n ), and hence it follows from the complex version of Silverstein’s Theorem (cf. [Si] and [HT1, Theorem 7.1(ii)]) that

lim_{n→∞} λ_{min}(T^∗_n T_n) = ( √ r − 1)^2, almost surely,

where λ_{min}(T^∗_n T_n) denotes the smallest eigenvalue of T^∗_n T_n. Hence, for almost all ω in Ω and any ϵ in ]0, ∞[, there exists n_ω in N , such that T_n(ω)^∗T_n(ω) ≥ (( √ r − 1)^2 − ϵ)1_n, whenever n ≥ n_ω. Combining this with (3.2), it follows that (ii) holds.

Turning then to (iii), note that r∑ i=1 b^{(n)}_i ( b^{(n)}_i

)_∗ = q∑ j=1 s_js^∗_j ⊗ ( Z^{(n)}_{2j−1} ( Z^{(n)}_{2j−1}

)_∗

+ Z^{(n)}_{2j} ( Z^{(n)}_{2j}

)_∗)

= q∑ j=1 s_js^∗_j ⊗ ( R^{(n)}_j

)_∗ R^{(n)}_j ,

(3.3)

where, for each j,

R^{(n)}_j = (( Z^{(n)}_{2j−1}

)_∗ ( Z^{(n)}_{2j}

)_∗ ) ∈ GRM(2n, n,^1_n ).

By the complex version of Geman’s Theorem (cf. [Gem] and [HT1, Theorem 7.1(i)]), it follows that for each j,

lim_{n→∞} ‖( R^{(n)}_j

)_∗

R^{(n)}_j ‖ = ( √ 2 + 1)^2, almost surely.

Hence, for almost all ω in Ω and any ϵ in ]0, ∞[, there exists n_ω in N , such that

R^{(n)}_j (ω)^∗R^{(n)}_j (ω) ≤ (( √ 2 + 1)^2 + ϵ)1_n, whenever n ≥ n_ω.

Combining this with (3.3), it follows that for almost all ω, we have r∑ i=1 b^{(n)}_i (ω)b^{(n)}_i (ω)^∗ ≤ q∑ j=1 s_j s^∗_j ⊗ (( √ 2 + 1)^2 + ϵ)1_n = (( √ 2 + 1)^2 + ϵ) ·

(^q∑ j=1 s_js^∗_j ) ⊗ 1_n

= (( √ 2 + 1)^2 + ϵ) · 1_{Oq} ⊗ 1_n,

whenever n ≥ n_ω. This verifies (iii). �

3.3 Proposition. Let c be a number in [1, ∞[, let r be an even positive integer such that r ≥ 12c, and put q =^r_2 . Consider further, for each n in N , independent random matrices Y^{(n)}_1 , . . . , Y^{(n)}r in GRM(n, n,^1_n ). Then, for each n, there exist random operators a^{(n)}_1 , . . . , a^{(n)}r : Ω → O_q ⊗ M_n(C ), such that the following conditions hold for almost all ω: (i) ∑_r

i=1 a^{(n)}_i (ω)^∗a^{(n)}_i (ω) = c1_{Oq⊗Mn(C )} , for n sufficiently large.

(ii)

∑_r i=1 a^{(n)}_i (ω)a^{(n)}_i (ω)^∗ ≤ 1_{Oq⊗Mn(C )} , for n sufficiently large.

(iii) With V_n =

∑_r

i=1 a^{(n)}_i ⊗ Y^{(n)}_i , we have 0 ∈ sp(V_n(ω)^∗V_n(ω)), for n sufficiently large.

Proof. For each n, let b^{(n)}_1 , . . . , b^{(n)}r : Ω → O_q ⊗ M_n(C ) be the random operators described in Lemma 3.2, and let S denote the sure event in Ω, consisting of those ω for which all three conditions (i)-(iii) in Lemma 3.2 are satisfied. We note next that 0 < c(( √ 2 + 1)^2 + ϵ) ( √ r − 1)^2 − ϵ

< 1, (3.4)

for ϵ sufficiently small in ]0, ∞[. Indeed, since r ≥ 2 the first inequality is obviously fulfilled for sufficiently small ϵ. Moreover, ( √ r − 1)^2 − ϵ ≥ ( √ 12c − √ c)^2 − ϵ ≥ c ( ( √ 12 − 1)^2 − ϵ ) > 0,

for ϵ sufficiently small, so that c(( √ 2 + 1)^2 + ϵ) ( √ r − 1)^2 − ϵ ≤ ( √ 2 + 1)^2 + ϵ ( √ 12 − 1)^2 − ϵ . Since^( √ 2+1)^2 ( √ 12−1)^2 < 1, it follows that the second inequality in (3.4) holds for small enough ϵ.

Now, fix ϵ in ]0, ∞[ such that (3.4) holds. Then, for each ω in S, choose n_ω in N such that each of the conditions in (i)-(iii) of Lemma 3.2 is satisfied whenever n ≥ n_ω. It is not hard to see, that n_ω can be chosen in such a way that the mapping ω → n_ω is measurable on S. Then, for each n, we define a^{(n)}_1 , . . . , a^{(n)}r as follows:

a^{(n)}_i (ω) =

1_{Oq⊗Mn(C )} , if ω /∈ S, 1_{Oq⊗Mn(C )} , if ω ∈ S and n < n_ω, c^{1/2}b^{(n)}_i (ω)

( ∑_r k=1 b^{(n)}_k (ω)^∗b^{(n)}_k (ω)

)_{−1/2}

, if ω ∈ S and n ≥ n_ω.

Note that by Lemma 3.2(ii) and the choice of n_ω and ϵ, a^{(n)}_1 , . . . , a^{(n)}r are well-defined. Moreover, since the mapping ω → n_ω is measurable, a^{(n)}_1 , . . . , a^{(n)}r are random operators.

Consider now a fixed ω in S. Then, whenever n ≥ n_ω, we have: r∑ i=1 a^{(n)}_i (ω)^∗a^{(n)}_i (ω) = c1_{Oq ⊗Mn(C )} ,

and, by (ii) and (iii) in Lemma 3.2, r∑ i=1 a^{(n)}_i (ω)a^{(n)}_i (ω)^∗ = c r∑ i=1 b^{(n)}_i (ω)

(^r∑ k=1 b^{(n)}_k (ω)^∗b^{(n)}_k (ω)

)_{−1} b^{(n)}_i (ω)^∗ ≤ ( c ( √ r − 1)^2 − ϵ ) · r∑ i=1 b^{(n)}_i (ω)b^{(n)}_i (ω)^∗ ≤ (c((√2 + 1)2 + ϵ) ( √ r − 1)^2 − ϵ ) · 1_{Oq⊗Mn(C )}

≤ 1_{Oq ⊗Mn(C )} , where the last inequality follows from (3.4) and the choice of ϵ. Thus, the random operators a^{(n)}_1 , . . . , a^{(n)}r satisfy conditions (i) and (ii) in the proposition. Regarding condition (iii), let ζ be an arbitrary non-zero vector in H_q and consider the vector ζ ⊗ η_n in H_q ⊗ C^n ⊗ C^n . Then, whenever ω ∈ S and n ≥ n_ω, the vector ξ = [(^r∑ k=1 b^{(n)}_k (ω)^∗b^{(n)}_k (ω)

)_{1/2}

⊗ 1_n ] (ζ ⊗ η_n),

is non-zero too, and at the same time, ( V_n(ω) ) ξ = (^r∑ i=1 a^{(n)}_i (ω) ⊗ Y^{(n)}_i (ω) ) ξ = c^{1/2}

(^r∑ i=1 b^{(n)}_i (ω) ⊗ Y^{(n)}_i (ω) ) (ζ ⊗ η_n) = 0,

by Lemma 3.2(i). This implies that 0 ∈ sp(V_n(ω)^∗V_n(ω)), whenever ω ∈ S and n ≥ n_ω, and thus a^{(n)}_1 , . . . , a^{(n)}r satisfy (iii) too. �

3.4 Definition. Assume that r ∈ N and c ∈ [1, ∞[, such that r ≥ c. Then by A(r, c) we denote the universal unital C^∗-algebra generated by r elements a_1, a_2, . . . , a_r satisfying the relations: r∑ i=1 a^∗_i a_i = c1 and r∑ i=1 a_ia^∗_i ≤ 1. � (3.5)

Note that the condition r ≥ c is necessary and sufficient for the existence of A(r, c). Indeed, if a_1, . . . , a_r are bounded operators on a Hilbert space H, such that

∑_r i=1 a_ia^∗_i ≤ 1, then ‖a_i‖^2 = ‖a_ia^∗_i ‖ ≤ 1 for all i, and hence ‖

∑_r i=1 a^∗_i a_i‖ ≤

∑_r i=1 ‖a_i‖^2 ≤ r. Conversely, let s_1, . . . , s_r denote the generators of the Cuntz algebra O_r, and put a_i =

√_c r s_i, i = 1, 2, . . . , r. Then, if r ≥ c, the operators a_1, . . . , a_r satisfy condition (3.5).

3.5 Theorem. Let c be a positive number in [1, ∞[, and let r be positive integer such that r ≥ 13c. Consider the universal C^∗-algebra A(r, c), and let a_1, a_2, . . . , a_r be the canonical generators of A(r, c). Consider further, for each n in N , independent random matrices Y^{(n)}_1 , . . . , Y^{(n)}r in GRM(n, n,^1_n ), and put S_n =

∑_r i=1 a_i ⊗ Y^{(n)}_i . Then for almost all ω in Ω, we have

0 ∈ sp ( S_n(ω)^∗S_n(ω) ) , for n sufficiently large. (3.6)

Proof. The proof is divided into two cases:

(i) In this case we assume that r is even. Then, since r ≥ 12c, we may, for each n in N , consider the random operators a^{(n)}_1 , . . . , a^{(n)}r : Ω → O_q ⊗ M_n(C ) described in Proposition 3.3 (recall that q =^r_2 ). Let S be the sure event in Ω, consisting of those ω for which all three statements (i)-(iii) in Proposition 3.3 are satisfied. We show that (3.6) is satisfied for all ω in S: Consider a fixed ω in S, and then choose n_ω in Ω such that each of the conditions in (i)-(iii) of Proposition 3.3 is satisfied whenever n ≥ n_ω. Then, let n be a fixed positive integer, such that n ≥ n_ω, and consider the operators a^{(n)}_1 (ω), . . . , a^{(n)}r (ω) in O_q ⊗M_n(C ). Since these operators satisfy the conditions in (i) and (ii) of Proposition 3.3, it follows by the universal property of A(r, c), that there exists a ∗-homomorphism Φ^{(n)}ω : A(r, c) → O_q ⊗ M_n(C ), such that Φ^{(n)}ω (a_i) = a^{(n)}_i (ω), for each i in {1, 2, . . . , r}. Consider then the ∗-homomorphism

Φ^{(n)}_ω ⊗ id_n : A(r, c) ⊗ M_n(C ) → O_q ⊗ M_n(C ) ⊗ M_n(C ),

where id_n is the identity mapping on M_n(C ). Note that

Φ^{(n)}_ω ⊗ id_n(S_n(ω)^∗S_n(ω)) = V_n(ω)^∗V_n(ω),

where V_n =

∑_r

i=1 a^{(n)}_i ⊗ Y^{(n)}_i . This implies, in particular, that sp(S_n(ω)^∗S_n(ω)) ⊇ sp(V_n(ω)^∗V_n(ω)), and since 0 ∈ sp(V_n(ω)^∗V_n(ω)) (cf. Proposition 3.3(iii)), we have verified that 0 ∈ sp(S_n(ω)^∗S_n(ω)), whenever n ≥ n_ω. This concludes the proof of case (i).

(ii) In this case we assume that r is odd. Consider then, in addition, the C^∗-algebra A(r−1, c), and let, at this point, g_1, . . . , g_{r−1} denote the canonical generators of A(r−1, c). Then consider the operators f_1, . . . , f_r in A(r − 1, c) defined by

f_i = { g_i, if i ∈ {1, 2, . . . , r − 1}, 0, if i = r.

Note that

∑_r

i=1 f^∗_i f_i = c1_{A(r−1,c)} and

∑_r i=1 f_if^∗_i ≤ 1_{A(r−1,c)}, and hence, by the universal property of A(r, c), there exists a ∗-homomorphism Φ: A(r, c) → A(r − 1, c), such that Φ(a_i) = f_i for all i. Consider then, for each n, the ∗-homomorphism

Φ ⊗ id_n : A(r, c) ⊗ M_n(C ) → A(r − 1, c) ⊗ M_n(C ),

and note that for all ω in Ω,

Φ ⊗ id_n(S_n(ω)^∗S_n(ω)) = W_n(ω)^∗W_n(ω),

where W_n =

∑_r

i=1 f_i ⊗ Y^{(n)}_i . This implies, in particular, that

sp(S_n(ω)^∗S_n(ω)) ⊇ sp(W_n(ω)^∗W_n(ω)), for all ω in Ω and all n in N . (3.7)

Note here that

W_n = r∑ i=1 f_i ⊗ Y^{(n)}_i = r−1∑ i=1 g_i ⊗ Y^{(n)}_i .

Since g_1, . . . , g_{r−1} are the canonical generators of the C^∗-algebra A(r − 1, c), and since r − 1 ≥ 13c − 1 ≥ 12c, it follows thus from case (i) proved above, that for almost all ω in Ω, 0 ∈ sp(W_n(ω)^∗W_n(ω)) for n sufficiently large. Combining this with (3.7), we get the desired conclusion in case (ii) too. �

4 Violation of lower bound in B(r, c)

4.1 Definition. Assume that r ∈ N and c ∈ [1, ∞[, such that r ≥ c. Then by B(r, c) we denote the universal unital C^∗-algebra generated by r elements b_1, b_2, . . . , b_r satisfying the relations r∑ i=1 b^∗_i b_i = c1 and r∑ i=1 b_ib^∗_i = 1, (4.1)

provided that these relations can be fulfilled in a C^∗-algebra. �

Regarding the existence of B(r, c), the condition r ≥ c is necessary by the same argument we gave when considering the question of existence for A(r, c). However, this condition is not sufficient to ensure that B(r, c) exists. In fact, for given r, there are values of c in ]r − 1, r[ for which B(r, c) does not exist! We shall not prove that assertion here, but merely verify that B(r, c) is well-defined whenever c ∈ [1, r − 1] ∪ {r}.

If c = r, then the canonical generators s_1, . . . , s_r of the Cuntz algebra O_r satisfy (4.1). If c = r − 1 then the canonical generators of the Cuntz algebra O_{r−1} together with 0 form r operators satisfying (4.1). Finally, if c < r − 1, we have r ≥ [c] + 2. From [HT2, Lemma 8.3] it follows that there exist elements x_1, x_2, . . . , x_{[c]+2} of the Cuntz algebra O_2, satisfying that

[c]+2∑

i=1 x^∗_i x_i = c1_{O2} and

[c]+2∑

i=1 x_ix^∗_i = 1_{O2} .

Extending then the set {x_1, x_2, . . . , x_{[c]+2}} by r − [c] − 2 copies of 0, we obtain r operators satisfying (4.1).

We shall need the following lemma.

4.2 Lemma. Let H be a Hilbert space, and let a_1, . . . , a_r be elements of B(H), such that ∑_r

i=1 a^∗_i a_i = c1_{B(H)} and

∑_r i=1 a_ia^∗_i ≤ 1_{B(H)} for some constant c, such that 1 ≤ c ≤ r.

Then there exist a Hilbert space H̃, and elements ã_1, . . . , ã_{r+1} of B(H̃), such that the following conditions hold:

(i) H̃ ⊇ H.

(ii) ã_{i|H} = { a_i, if 1 ≤ i ≤ r, 0, if i = r + 1.

(iii)

∑_{r+1} i=1 ã^∗_i ã_i = c1_{B(}~_{H)} and

∑_{r+1} i=1 ã_iã^∗_i = 1_{B(}~_{H)}.

Proof. The lemma, as well as its proof, is a slight modification of [HT2, Lemma 8.4]. Let s_1, . . . , s_r be the canonical generators of the Cuntz algebra O_r, acting on the Hilbert space H_r. Put H̃ = H ⊗ H_r ⊗ l_2(N ) ≃ l_2(N , H ⊗ H_r). Then an operator a in B(H̃) can be realized as a an infinite matrix (a_{ij})_{i,j∈N} with entries a_{ij} from B(H ⊗ H_r). Next, we define a sequence of selfadjoint operators (h_n)_{n∈N} in B(H) by:

h_1 = r∑ i=1 a_ia^∗_i and h_{n+1} =^1_r ( (c − 1)1_{B(H)} + h_n ) , (n ∈ N ).

By the assumptions, 0 ≤ h_1 ≤ 1_{B(H)}. Moreover, since 1 ≤ c ≤ r, we have φ([0, 1]) ⊆ [0, 1], where φ is the map: φ(t) = r^{−1}((c − 1) + t), t ∈ R. Hence, by induction, 0 ≤ h_n ≤ 1_{B(H)} for all n in N . Define now operators ã_1, . . . , ã_r in B(H̃) by the diagonal matrices

ã_i = a_i ⊗ 1_{B(Hr )} O √ h_2 ⊗ s_i √ h_3 ⊗ s_i

O^{..}.

, i = 1, 2, . . . , r,

and put

ã_{r+1} = 0 √ 1_{B(H)} − h_1 ⊗ 1_{B(Hr )} O 0 √ 1_{B(H)} − h_2 ⊗ 1_{B(Hr)} 0 ...

O^{..}. ,

so that (ã_{r+1})_{ij} = 0 whenever j ≠ i + 1. Since rh_{n+1} + (1_{B(H)} − h_n) = c1_{B(H)} for all n, it follows by standard calculations that r∑ i=1 ã^∗_i ã_i = c1_{B(}~_{H)} and r∑ i=1 ã_iã_i^∗ = 1_{B(}~_{H)}.

Let η_1 be a unit vector in H_r and let (ε_1, ε_2, . . . ) be the standard basis for l_2(N ). Put

ι_H(ξ) = ξ ⊗ η_1 ⊗ ε_1, (ξ ∈ H).

Then ι_H : H → H̃ is an isometry, and

ã_iι_H = { ι_Ha_i, if i ∈ {1, 2, . . . , r}, 0, if i = r + 1.

Thus, if we identify H by ι_H(H) ⊆ H̃, via the isometry ι_H, the conditions (i), (ii) and (iii) are satisfied. �

4.3 Lemma. Let c be a real number in [1, ∞[ and let r be a positive integer such that r ≥ c. Consider the universal C^∗-algebra A(r, c), and assume that A(r, c) acts on the Hilbert space H.

Then, there exists a completely positive map Ψ: B(r + 1, c) → B(H), satisfying that

Ψ(b^∗_i b_j ) = { a^∗_i a_j, if max{i, j} ≤ r, 0, if max{i, j} = r + 1,

(4.2)

where b_1, . . . , b_{r+1} are the canonical generators of B(r + 1, c), and a_1, . . . , a_r are the canonical generators of A(r, c).

Note before the proof, that c ≤ (r + 1) − 1, and hence it follows from the discussion proceeding Definition 4.1 that B(r + 1, c) is well-defined.

Proof of Lemma 4.3. By application of Lemma 4.2 to the operators a_1, . . . , a_r ∈ A(r, c) ⊆ B(H), it follows that there exist a Hilbert space H̃ and operators ã_1, . . . , ã_{r+1} in B(H̃), such that the conditions (i)-(iii) in Lemma 4.2 are satisfied. In particular,

r+1∑ i=1 ã^∗_i ã_i = c1_{B(}~_{H)} and r+1∑ i=1 ã_iã^∗_i = 1_{B(}~_{H)},

and hence by the universal property of B(r + 1, c), there exists a ∗-homomorphism Φ: B(r + 1, c) → B(H̃), such that Φ(b_i) = ã_i for all i in {1, 2, . . . , r + 1}.

Next, let P_H : H̃ → H denote the orthogonal projection of H̃ onto H, and define the mapping Ψ: B(r + 1, c) → B(H) by:

Ψ(b) = P_HΦ(b)_{|H}, (b ∈ B(r + 1, c)).

Then Ψ is a unital completely positive mapping, and for any i, j in {1, 2, . . . , r + 1},

Ψ(b^∗_i b_j ) = P_HΦ(b_i)^∗Φ(b_j )_{|H} = P_Hã^∗_i ã_{j |H}.

Now, if i, j ∈ {1, 2, . . . , r}, then by (ii) in Lemma 4.2, Ψ(b^∗_i b_j ) = P_Hã^∗_i ã_{j |H} = a^∗_i a_j . If j = r + 1, we get similarly that Ψ(b^∗_i b_j ) = 0 by (ii) in Lemma 4.2. Finally, if i = r + 1 then P_Hã_i^∗ = 0 by (ii) in Lemma 4.2, and hence also Ψ(b^∗_i b_j ) = P_Hã^∗_i ã_{j |H} = 0.

Altogether, we have verified that Ψ has the desired properties. �

4.4 Theorem. Let c be a real number in [1, ∞[ and let s be a positive integer such that s ≥ 14c. Consider the universal C^∗-algebra B(s, c), and let b_1, b_2, . . . , b_s be the canonical generators. Consider further, for each n in N , independent random matrices Y^{(n)}_1 , . . . , Y^{(n)}s in GRM(n, n,^1_n ), and define: T_n =

∑_s i=1 b_i ⊗ Y^{(n)}_i . Then for almost all ω in Ω, we have

0 ∈ sp ( T_n(ω)^∗T_n(ω) ) , for n sufficiently large. (4.3)

Proof. Put r = s − 1, and note that r ≥ 14c − 1 ≥ 13c. Consider then the universal C^∗-algebra A(r, c), and assume that A(r, c) acts on the Hilbert space H. Let, as usual, a_1, a_2, . . . , a_r, denote the canonical generators of A(r, c), and define, for each n, S_n = ∑_r

i=1 a_i ⊗ Y^{(n)}_i , where Y^{(n)}_1 , . . . , Y^{(n)}r are the first r of the random matrices Y^{(n)}_1 , . . . , Y^{(n)}s set out in the theorem. It follows then from Theorem 3.5 that for almost all ω in Ω,

0 ∈ sp ( S_n(ω)^∗S_n(ω) ) , for n sufficiently large. (4.4)

By Lemma 4.3, there exists a unital completely positive mapping Ψ: B(s, c) → B(H), such that

Ψ(b^∗_i b_j ) = { a^∗_i a_j , if max{i, j} ≤ r, 0, if max{i, j} = r + 1.

Consider then, for each n in N , the unital positive linear mapping

Ψ ⊗ id_n : B(s, c) ⊗ M_n(C ) → B(H) ⊗ M_n(C ),

and note that

Ψ ⊗ id_n(T^∗_n T_n) = Ψ ⊗ id_n

(^s∑

i,j=1

b^∗_i b_j ⊗ (Y^{(n)}_i )^∗Y^{(n)}_j )

= r∑ i,j=1

a^∗_i a_j ⊗ (Y^{(n)}_i )^∗Y^{(n)}_j = S^∗_nS_n.

(4.5)

This implies, that for any n in N and any ω in Ω, we have:

0 ∈ sp ( S_n(ω)^∗S_n(ω) ) =⇒ 0 ∈ sp ( T_n(ω)^∗T_n(ω) ) . (4.6)

Indeed, if ω ∈ Ω and n ∈ N such that 0 /∈ sp(T_n(ω)^∗T_n(ω)), then T_n(ω)^∗T_n(ω) ≥ ϵ1_{B(s,c)⊗Mn(C )} for some strictly positive number ϵ. By (4.5), and since Ψ ⊗ id_n is unital and positive, this implies that S_n(ω)^∗S_n(ω) ≥ ϵ1_{B(H)⊗Mn(C )} , which, in turn, implies that 0 /∈ sp(S_n(ω)^∗S_n(ω)).

Combining then (4.6) with (4.4), it follows immediately that (4.3) holds for almost all ω in Ω. �

4.5 Remark. The method of proof used above can also be used to show, that the upper bound in Theorem 1.2 is violated for the generators b_1, . . . , b_s of B(s, c), when s ≥ 8c:

Assume that c ≥ 1 and s ≥ c + 1. Let q be the unique integer for which c ≤ q < c + 1, and put r = s − q ≥ 1. Consider then the full C^∗-algebra C^∗(F_r ) of the free group F_r on r generators, and assume that C^∗(F_r ) acts on the Hilbert space H. Put a_i = r^{−1/2}u_i, i = 1, . . . , r, where u_1, . . . , u_r are the unitary generators of C^∗(F_r ). Moreover, let s_1, . . . , s_q be the generators of the Cuntz algebra O_q acting on the Hilbert space H_q. Define then a sequence of real numbers (γ_i)_{i∈N} by the equations:

γ_1 = 1 and γ_{i+1} =^1_q (q − c + γ_i), (i ∈ N ).

Since 1 ≤ c ≤ q, we get by induction, that γ_i ∈ [0, 1] for all i in N . Put H̃ = H⊗H_q ⊗l_2(N ), and consider the operators ã_1, . . . , ã_s in B(H̃) defined by:

ã_i = a_i ⊗ 1_{B(Hq )} O √ γ_2a_i ⊗ 1_{B(Hq )} √ γ_3a_i ⊗ 1_{B(Hq )}

O^{..}. ,

for i = 1, 2, . . . , r and

ã_{r+j} = 0 O √ 1 − γ_21_{B(H)} ⊗ s_j 0 √ 1 − γ_31_{B(H)} ⊗ s_j 0 √ 1 − γ_41_{B(H)} ⊗ s_j ...

O^{..}. , for j = 1, 2, . . . , q. Then it is elementary to check that s∑ i=1 ã^∗_i ã_i = c1_{B(}~_{H)} and s∑ i=1 ã_iã^∗_i = 1_{B(}~_{H)}.

Moreover, with the embedding of H in H̃ = H ⊗ H_q ⊗ l_2(N ) defined in the proof of Lemma 4.2, one has

ã_i^∗_{|H} = { a^∗_i , if 1 ≤ i ≤ r, 0, if r + 1 ≤ i ≤ s.

Thus, as in the proof of Lemma 4.3, there exists a completely positive map Φ: B(s, c) → B(H), such that

Φ(b_ib^∗_j ) = { a_ia^∗_j , if max{i, j} ≤ r, 0, if max{i, j} > r.

This, together with the identity ‖tt^∗‖ = ‖t‖^2 for operators t on a Hilbert space, gives:

‖ ‖ s∑ i=1 b_i ⊗ Y^{(n)}_i ‖ ‖^2 ≥ ‖ ‖ r∑ i=1 a_i ⊗ Y^{(n)}_i ‖ ‖^2,

for all n in N . Hence, it follows from [HT2, Proposition 4.9] that

lim inf n→∞ ‖ ‖ s∑ i=1 b_i ⊗ Y^{(n)}_i ‖ ‖^2 ≥

(_8 3π )_2 r ≥ (_8 3π )_2 (s − c − 1),

almost surely. Thus, whenever s ≥ 8c, we have

lim inf n→∞ ‖ ‖^s∑ i=1 b_i ⊗ Y^{(n)}_i ‖ ‖^2 ≥ (_{83π} )26c > 4c ≥ (√c + 1)_2,

almost surely, which proves the assertion. �

References

[BR] B. Blackadar and M. Rørdam, Extending states on preordered semigroups and the existence of quasitraces on C^∗-algebras, J. Algebra 152 (1992), 240-247.

[Gem] S. Geman, A limit theorem for the norm of random matrices, Annals of Probability 8 (1980), 252-261.

[Ha] D. Handelman, Homomorphisms of C^∗-algebras to finite AW^∗-algebras, Michigan Math. J. 28 (1991), 229-240.

[HT1] U. Haagerup and S. Thorbjørnsen, Random Matrices with Complex Gaussian Entries, Preprint, SDU Odense University (1998).

[HT2] U. Haagerup and S. Thorbjørnsen, Random Matrices and K-theory for Exact C^∗-algebras, Documenta Math. 4 (1999), 341-450.

[Si] J.W. Silverstein, The smallest eigenvalue of a large dimensional Wishart matrix, Annals of Probability 13 (1985), 1364-1368.

[Th] S. Thorbjørnsen, Mixed Moments of Voiculescu’s Gaussian Random Matrices, Preprint, SDU Odense University (1999).

Department of Mathematics and Computer Science SDU, Odense University Campusvej 55, 5230 Odense M Denmark

haagerup@imada.sdu.dk
steenth@imada.sdu.dk