Random Matrices and
Non-Exact (*-algebras

U. HAAGERUP*T AND S. THORBJ@RNSEN*T

1 Introduction

In the paper [HT2], we gave new proofs based on random matrix methods of the following
two results:

(1) Any unital exact stably finite C*-algebra has a tracial state.

(2) If A is a unital exact C*-algebra, then any state on Ky(.A) comes from a tracial
state on A.

For each of the results (1) and (2), one may ask whether or not it holds without the
assumption that the C*-algebra be exact. These two problems are still open, and both
problems are equivalent to Kaplansky’s famous problem, whether all AW*-factors of type
IT; are von Neumann algebras (cf. [Ha] and [BR]).

In the present note, we provide examples which show that the method used in [HT?2]
cannot be employed to show that (1) and (2) hold for all C*-algebras.

As in [HT2], we let GRM(m, n,?) denote the class of complex Gaussian m x n random
matrices of the form

B = (b(i, j))1<i<m
1<j<n
for which the 2mn real random variables Re(b(i, 7)), Im(b(i,7)) are independent and
Gaussian distributed random variables with mean 0 and variance ¢?/2, defined on a
probability space (2, F, P). Moreover, for any bounded operator A on a Hilbert space,
we denote by sp(A) the spectrum of A.

The proofs of (1) and (2) above given in [HT2] were both based on the following theorem:
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1.1 Theorem. (cf. [HT2]) Letay,as,... ,a, be elements of a unital exact C*-algebra A.

Let further (Q, F, P) be a fixed probability space, and let, for each n in N, Yl(”), R AL
be independent Gaussian random matrices defined on ) and lying in the class GRM(n, n, %)
defined below. Put

r

Sp=> aaY" = (neN),
i=1
and let ¢ be a positive real number. We then have

1) If|| > afail| < cand || >],_, a;al|| <1, then for almost all w in €,

lim sup max {sp (S, (w)*Sa(w)) } < (Ve+ 1) .

n—oo

(i) If >0, afa; = clpmy, || Y oiq aial|| <1, and ¢ > 1, then for almost all w in 2,

lim inf min {sp (S, (w)*Sp(w)) } > (Ve — 1) . O

n—oo

The upper and lower bounds (/¢ + 1)? and (y/c — 1)? in Theorem 1.1 are best possible.
This follows from

1.2 Theorem. (cf. [Th]) Let B be a unital exact C*-algebra and let by, b, ... ,bs be
elements of B satisfying that

ibfbi:clg and ibibleg,
=1 =1

for some real number c in [1,00[. Consider further, for each n in N, independent random
matrices Y™, Y™ Y™ in GRM(n, n, 1), and put T,, = 330 b; ® Y™, Then for

almost all w in (),

g ey

max{sp }—> (Ve+1)?, asn — oo,
and

mln{sp }—> —1 as n — o0. O

Let C*(F,.) denote the full C*-algebra associated with the free group F, on r generators,
and let uy,...,u, denote the unitary generators of C*(F,.). In [HT2, Proposition 4.9]
it was proved, that with a; = r™Y%u;, i = 1,...,r, and S, = >|_,a; ® Y;(”) as in
Theorem 1.1, one has:

lim inf max{sp(S, ()" Sa(w))} > (£)*r

n—oo

In particular, for ¢ > 1 and r > 6¢, the upper bound in Theorem 1.1 is violated because
6c > (32)%4c > (3)2(y/c + 1)%. The upper bound in Theorem 1.2 is also violated in the
general non- exact case provided that ¢ > 1 and r > 8¢ (see Remark 4.5 at the end of
this paper). The main result in this note concerns the lower bound in Theorem 1.1 and
Theorem 1.2:



1.3 Main Theorem. (cf. Theorem 3.5 and Theorem 4.4)

(a) Let A(r, c) denote the universal unital C*-algebra generated by r elements ay, . .. , a,,
satisfying that:

T

s
Zafai:cl and Zaiafgl,

i=1 =1

where 1 <e¢<r. Put S, = Z:Zl a; ® Y;(") as in Theorem 1.1. If » > 13¢, then for
almost all w in Q, 0 € sp(S,(w)*Sy(w)), eventually as n — oo.

(b) Let B(s, c) denote the universal unital C*-algebra generated by s elements by, . .. , bs,
satisfying that:

ib;‘bi =cl and ibibj =1,
i=1 i=1

where 1 <c¢<s—1. PutT,=5%7 ,b® Yi(”) as in Theorem 1.2. If s > 14¢, then
for almost all w in Q, 0 € sp(T,(w)*T,,(w)), eventually as n — oco.

The Main Theorem above clearly shows that the lower bounds in Theorem 1.1 and Theo-
rem 1.2 are violated for general (non-exact) C*-algebras, when ¢ > 1. The proofs in [HT2]
of the statements (1) and (2) in the beginning of this introduction did not fully use the
exact lower bound (y/c — 1)? in Theorem 1.1, but just the fact that in the exact case, we
have, for almost all w, that 0 ¢ sp(S,(w)*S,(w)) eventually as n — oo, when ¢ > 1. The
Main Theorem above shows that even this fails in the general non-exact case.

Finally, some conventions and notation that are used throughout the paper:

As we have already practiced, in most of this paper we omit mentioning the underlying
probability space (2, F, P), and it is understood that all random matrices/variables are
defined on this one probability space. By tr, we denote the normalized trace on M, (C),
and we put Tr,, = n - tr,,. Furthermore, we denote by 1,, the unit matrix in M,,(C).

2 Some technical Lemmas

The first lemma is elementary and well-known. For completeness we include a proof.

2.1 Lemma. Let A be a fixed matrix in M, (C) and consider the two linear mappings
La,Ry: M,(C) — M, (C) given by:

La(B)=AB, and Ra(B)= BA, (Be€ M,(C)).
Then
detr(L4) = detg(R4) = |det(A)|*",
where detg (L) (resp. detg(R4)) denotes the determinant of the matrix of Ly (resp. Ra)

w.r.t. an arbitrary basis for the 2n? dimensional real vector space M, (C).

3



Proof. The usual n x n matrix units ey, 1 < k,I < n, form a basis for the complex vector
space M, (C). If we list them in reverse lexicographic order, i.e.,

€11,€21,-.- y€n1, €12,€29,... ,€p2, ... ,€1n,€2ny... ,Enn, (21)

then the matrix for L4 w.r.t. this (ordered) basis is the n? x n* matrix:

where A is repeated n times along the diagonal. A basis for the real vector space M, (C)
can be obtained by adding to the list in (2.1) the same elements multiplied by i = /—1.
The matrix for L, w.r.t. this basis is the 2n? x 2n? matrix:

(Refs) ),

L2 il
il 1,

. (Re(S) —Im(S)) — (s 0) |

Note next that the matrix U = % ( ) is a unitary in Ms,2(C), and that
Im(S) Re(S) 0 S

where S denotes the complex conjugate of S. Thus,

detr(L4) = det <E§E§; _RIZE(SS)Y)) — det (g %) — |det(S)[2 = |det(A)[2",

as desired.

To calculate detg(R4), we list instead the matrix units in lexicographic order, i.e.,
€11, €12, - -+ »Cln, €21,€92, -+ €20y +v s Enly Endy e v s Cnpe

With respect to this (ordered) basis, the matrix for Ry is the n? x n? matrix:

At 0

At

0 | Al

By the same arguments as those given above, it follows thus that
detr(R4) = | det(AY)|*" = | det(A4)*",

as desired. n



2.2 Lemma. Consider the following two diffeomorphisms of the open set M,,(C)x GL(n, C)
in M,(C) x M,(C):

_ Clvs _ 1/2
YY1, y2) = (ylyz g [(ylyQ Dy ') + 1n} / y2)>
and
-1 1 1 s 1/2
p(Y1,y2) = (yz Y1, Y2 [(yz y1)(yg Y1)+ ln} )
Then the composed map ¢ = p~* o~ has Jacobi-determinant:
J(p) = detr(y') = L.

Moreover, if (z1, z2) = ¢©(y1,y2), then

(i) ylygl = z;lzl.

(ii) Trn(yiys +yay2) = Trn(2 21 + 2522).

Proof. We start by computing the Jacobi-determinant of the mappings v~* and p~!. Note
first that

Y a1, @2) = (w1 (x4 1,) 7 20y, (vi21 +1,) 7 2,),

for (xq,23) in M,(C) x GL(n,C). Note also that y~! = o1 o g9, where 01,09 are the
diffeomorphisms of M,,(C) x GL(n,C) given by:

01(01702) = (0102,02),
0'2(.’13'1, .Z'Q) = (.’L'l, (.Z'T.Z'l -+ 1n)71/21’2).

For fixed (u1,uy) in M,(C) x GL(n,C), the derivatives o’(u1,uz), j € {1,2}, are (real)
linear maps of M, (C) x M, (C) into itself. Hence, these maps can be written in the form:

) (M) (A B (I
i\t U2) A C; D;) \hy)

where A;, B;, C;, D; are (real) linear maps on M, (C). For each j in {1,2}, we can easily
compute the diagonal elements A;, D;, and some of the diagonal elements, namely

R,, L,
0'1(1)1,7}2) - < 0 1 )7

and

/ (L, 0
0-2(1:1’ IQ) N * L(:r’l‘:rlJrln)*l/? ’



Wy”

where “x” means an undetermined entry. From the equations above, it follows that for

each j, the Jacobi-determinant J(o;) = detr(c”) is just the product of the determinants

J
of the diagonal entries in the corresponding matrix above. Hence, by Lemma 2.1,

J(01)(v1,09) = | det(vy)[*",
J(o9) (1, 22) = ‘ det((zjz1 + ln)_l/Q)‘Qn = (det(xjzy +1,))".

Thus, for (z1,x9) in M,(C) x GL(n,C), we have

J(7 (@1, 22) = J(01)(02(21,22)) - I (02) (21, 72)
= | det((z}z1 + 1,)"Y222)| " (det(z7z, +1,)) " (2.2)
= | det(xo)]*"(det(zizy + 1,,)) 2"
Regarding the Jacobi-determinant J(p~'), note first that

p (21, m0) = (%(Ilff + ln)_1/2$17 To(xr12] + ln)_l/Q)'
As above, we may write p~! in the form: p~! = 707y, where 71, 7 are the diffeomorphisms
of M, (C) x GL(n,C) given by:
T1(wy, wp) = (Wowy, wy)

’7'2(.’13'1, .’L'Q) = (.’L'l, .Z’Q(.Tll')f + 1n)_1/2)-

The derivatives of 71 and 7 have the form:
L,, R,
T{(wlan): < 02 1 1)7

and

7_2 xl) xQ - * R(xll_,{+1n)71/2 .

Arguing then as above, we get that

2n

J(p~") (21, 22) = | det(zo) " (det(z12] +1,)) (2.3)

We are now ready to calculate the Jacobi-determinant J(y): Let (y1,y2) be a pair of
matrices in M, (C) x GL(n,C) and put (xy,z3) = v(y1,¥2). Since p = p~! oy we have

J(p~ ") (21, 22)
J(v71) (21, 72)
Since xjr; and x;x} have the same eigenvalues (counted with multiplicity), we have

det(z3zy + 1,,) = det(xi27 + 1,,), and combining this with (2.2)-(2.4), it follows, finally,
that J()(y1,y2) = 1, as desired.

J(@) (1. 2) = J(p™ ) (w1, 22) - J(9) (01, 92) = (2.4)



Turning now to the equation (ii), consider, as above, (y1,y2) in M,(C) x GL(n,C), and
put (z1,72) = Y(y1,¥2). Furthermore, define (z1,22) = ¢(y1,52) = p~'(z1,22). Then
(z1,22) = Y(y1,2) = p(21, 22), and in particular z; = y1y, ' = 2, ' 21, which proves (i).

Finally, regarding the equation (ii), let (21, %2), (y1,y2) and (21, 22) be as above, and note
then that

"Ny, m) = (vi(afar + 1,) 2w, (2521 + ln)_l/Qacg),

~—~
<
<
<
N
~—
I
= =2

Ny, 20) = (1’2(3:11’; + 1n)’1/2x1,x2(3:1x>{ + 1n)’1/2).
Thus,

Yl + ysye = ah(atey + 1) V2 (@t + 1) (e + 1,) Y20, = aba,,
and

2024 22y = (it 4+ 1,) TV (@ + 1) (2t + 1,) 722 = 2o
Therefore,

Tr, (Yl + ysy2) = Trp (2127 + 2225) = Tr, (2721 + 2522),

which proves (ii). ]
2.3 Lemma. Let Y}, Y; be independent random matrices in GRM(n, n, 0?), and put
N ={w € Q| Ys(w) ¢ GL(n,C)}.

Define then the random matrices Zy, Zy by:

p(Vi(w), Yaw)), ifwe Q\N,

(Z1(w), Zo(w)) = {(070)’ ifw e N,

where ¢ = p~! o~ as in Lemma 2.2. Then Z, Z, are independent random matrices in
GRM(n,n, 0?), and

Zy(w)Y1(w) = Z1(w)Ya(w), for all w in ).

Proof. We note first that N is a null-set in 2. This follows from the facts that the set
{A € M,(C) | det(A) = 0} is a null-set w.r.t. Lebesgue measure on M, (C) (~ R?""), and
that the distribution of (the entries of) Y5 has density w.r.t. Lebesgue measure.

Note next, that it follows from the definition of the class GRM(n,n,o?) given in the
introduction, that the joint distribution of the pair (Y7,Y3) has the following density
w.r.t. Lebesgue measure on M, (C) x M, (C):

fy,y2) = (7“72)72"2 exp ( - U%Trn(yikyl + 9392)), (y1,y2 € M, (C)).



Since ¢ is a bijection of M, (C) x GL(n,C) onto itself with Jacobi-determinant equal to 1
(cf. Lemma 2.2), the joint density of (Z;, Z3) is (except for a Lebesgue null-set) given by:

9(z1,22) = fl¢7 (21, 22),  ((21,22) € M,(C) x GL(n, C)).
If we put (y1,%2) = ¢ (21, 22), then by Lemma 2.2,
Tro(yiyr + y2y2) = Tra(z121 + 2522).
Thus, the joint density of (Z;, Z3) is given by:
g(z1, 20) = (762) 7" exp (= 5Tra(2f21 + 2522)), (21,22 € M,(C)),

and this implies that Z;, Z, are independent random matrices in GRM(n, n, o?).

For w in Q\ N, it follows from Lemma 2.2 that
Vi()Ya(w) ™ = Zo(w) " Z1(w).
Hence we have that
Zy(wi(w) = Z1(w)Ya(w), (weQ\N),
and the same identity holds trivially for w in V. ]

2.4 Corollary. LetY;,Y; be independent random matrices in GRM(n, n, 0%). Then there
exist random matrices Z, Zy satisfying the following three conditions:
(i) Zi,Z, are independent random matrices in GRM(n, n, 0?).

(i) The entries of Z; and Zy are Borel functions (in 2n* complex variables) of the entries
of Y1 and Y5.

(111) Zliflt + ZQS/Qt = 0
Proof. Note first that (Y{,Yy) is also a pair of independent random matrices in the class
GRM(n,n,o?). Let (Z},Z9) be the pair of random matrices obtained by application of

Lemma 2.3 to (Y], YY). Then Z?, Z9 are independent random matrices in GRM(n, n, 0?),
whose entries are Borel functions of the entries of Y; and Y5, and furthermore:

23! - 2% =0,

Thus, the pair (Z1, Z9) = (Z3, —Z}) satisfies all the requirements. n



3 Violation of Lower Bound in A(r,¢)

Let n be a positive integer, and consider the standard basis {én), e ,(l”)} for C*. In the
following we shall denote by 7, the unit vector in C* ® C" defined as follows:

=0 M@l
j=1

3.1 Lemma. Let q be a positive integer, and let ai,... ,aq4, b1,...,b; be matrices in
M, (C) satisfying that Y ;_, a;b! =0 € M,(C). Then Y 7  (a; ® b;)n, = 0.

Proof. For any k,lin {1,2,...,n}, we have

(Ewenn).6”ed”) =3 (@ omm.6" o ")
Y Y el ) (el 67)

i=1 j=1

q n q
=072 N (a)ki(bi)yy =0 (aibh)

i=1 j=1 i=1

q
= nl/Q(ZaibE) =0
i=1 kl

Since the set {f,in) ® 51(") | k,1=1,2,... ,n} is a basis for C* ® C", the calculation above
shows that > 7, (a; ® b;)n, = 0. ]

In the following we consider for ¢ in N the Cuntz algebra O, i.e., the unital C*-algebra
generated by elements sy, ... , s, satisfying the conditions:

q
s;s;=0;;1(,j=1,2,...,q), and Zsisf =1.

We shall consider O, as acting on a Hilbert space H,.

3.2 Lemma. Let r be an even positive integer and put q = £. Consider further, for each
n in N, independent random matrices Yl(”), R A GRM(n n,~). Then, for each n,

there exist random operators bg"), R g R O, ® M,(C), such that the following
conditions hold for almost all w in §2:

(i) For any vector ¢ in 'H,, (Z?_ B (W) @ V" (w ))(C ®mn,) =0, for all n in N.

=1 "1

ii) For any positive ¢, W)™ (W) > r—1)2—€e)lo, e, , for n sufficiently
i=1 z i = 1 ®Mn(C)
large.



(iii) For any positive ¢, Y7 8™ ()b (w)* < (V2 + 1)2+€)1o,0m, (), for n sufficiently
large.

Proof. For n in N and j in {1,2,...,q}, let ZQJ 1,Z(”) be the independent random

matrices obtained by application of Corollary 2.4 to the random matrlces YQ(] )I,YQ(]%).

n)

Since the entries of ZQ(] 13 Zéj are Borel functions of the entries of YQJ 11 YQ(J"), it follows

that 2™,z ..., Z\" are r independent random matrices in GRM(n, n, 1). Moreover,
for each 7,

n n) \t n n)\t
Z5 (Vi)' + 28 (va) = 0. (3.1)
Consider next the Cuntz algebra O, and let s1, s, ... , s, denote the canonical generators

of O,. Then consider the random operators b§”), RN R o O, ® M, (C) defined by:

bé?)*l = 5j ® Zé?)fh (] € {1727 cee 7Q})>

by =502y, (G e{L2....q}),
or equivalently,

B = Sji1) ® ZM (e {1,2,...,r}).

We show that these random operators satisfy the conditions (i)-(iii).

Regarding (i), note that for any n in N and any vector ¢ in the Hilbert space H,, we have
q
(Zb DY) (¢ @ m) = (Zsj @ (25, @ Vi + 25 @ Vi) ) (C 2 m)
=1
= Zsjc ® (2351 @ Yoy + 257 @ Yo Y.

Note here that by (3.1) and Lemma 3.1, (Z(") L ® YQ(]”)1 + Zé") ® YQ(J."))nn = 0, for each j,
and hence by the above calculation it follows that (i) holds.

Regarding (ii), we have

r

=1 ]

<
<

2

Z:1 , 1:1 (3‘2)
lo,® Y (2")' 2" =10, ® T;T,,
=1

where T, is the random rn X n matrix given by:

AR
(n)
Z
T,=|""
AR

10



Note that actually 7, € GRM(rn,n, ), and hence it follows from the complex version of
Silverstein’s Theorem (cf. [Si] and [HT 1, Theorem 7.1(ii)]) that

M Awin (70°75,) = (/7 — 1)?,  almost surely,

n—~o0

where A\pin(77:T,,) denotes the smallest eigenvalue of T)¥T,,. Hence, for almost all w in 2
and any € in ]0, 00|, there exists n, in N, such that T),(w)*T,,(w) > (/7 — 1)* — €)1,
whenever n > n,,. Combining this with (3.2), it follows that (ii) holds.

Turning then to (iii), note that

T

STU ) = Y (AL () + 4 ()

i=1 j=1

) (3.3)
=3 s (RO
j=1

where, for each 7,

Z(T}) *
R™ = <( (Zan)l))*> € GRM(2n,n, 1).

2j

By the complex version of Geman’s Theorem (cf. [Gem] and [HT1, Theorem 7.1(i)]), it
follows that for each j,

lim ||( R " )*Rgn)H = (V2+1)?, almost surely.

n—o0o

Hence, for almost all w in © and any € in |0, oo, there exists n,, in N, such that
(n) ¢, \* p(n) 2
R (w) R (w) < (V2+ 1) +€)1,, whenever n > n,.

Combining this with (3.3), it follows that for almost all w, we have

Db @) <Zsj ® (VI+1)2+ oL, = (V2+1) + (23] 5) o1,
((\f+ 1)?+¢) 1o, @1,
whenever n > n,,. This verifies (iii). ]

3.3 Proposition. Let ¢ be a number in [1,00][, let r be an even positive integer such

that r > 12¢, and put q = 5. Consider further, for each n in N, independent random

matrices Yl(n), e ,Yr(") in GRM(n,n, %) Then, for each n, there exist random operators
a, ..l Q— O,® M,(C), such that the following conditions hold for almost all w:

() Y, a™(w)a™(w) = clo,em, (), for n sufficiently large.

(2

11



(i) 37, al™(@)al (w)* < 1o,em (), for n sufficiently large.

(iii) With V,, =7 ) ® Y( ), we have 0 € sp(V,(w)*V,(w)), for n sufficiently large.

’LI’L

Proof. For each n, let bg”), Y o N 0, ® M, (C) be the random operators described
in Lemma 3.2, and let S denote the sure event in 2, consisting of those w for which all
three conditions (i)-(iii) in Lemma 3.2 are satisfied. We note next that

o((V2+1)° +¢)
(i-ip—e “°

for e sufficiently small in ]0,00[. Indeed, since r > 2 the first inequality is obviously
fulfilled for sufficiently small . Moreover,

(V=1 —e> (V12c —)> —e > c((V12 - 1) —¢€) > 0,
for € sufficiently small, so that

o((V2+1)°+e) _ (V2+1)° +e
(r-17—e = (Viz—1)-

< 1, it follows that the second inequality in (3.4) holds for small enough e.

0<

(3.4)

(V2+1)>
(Vi2-1)2
Now, fix € in ]0, co[ such that (3.4) holds. Then, for each w in S, choose n, in N such
that each of the conditions in (i)-(iii) of Lemma 3.2 is satisfied whenever n > n,,. It is not

hard to see, that n, can be chosen i 1r(1 )such a v(vay that the mapping w — n,, is measurable

Since

on S. Then, for each n, we define a; ’,... ,a, ' as follows:
lo,eM. () if wé¢S,
agn) (w) =410 ®Mn((C)a if we S and n < ny,

A2 (W) (S B (W) hM (@) 2, it w e S and n > n,.

Note that by Lemma 3.2(ii) and the choice of n, and e, a&"), o ,a,(n") are well-defined.

Moreover, since the mapping w +— n,, is measurable, a(n) e ,af«n) are random operators.

Consider now a fixed w in §. Then, whenever n > n,,, we have:

> al (W) al” (w) = clo,su (o).

and, by (ii) and (iii) in Lemma 3.2,

T T T

> w)a" () = czb§">< (YW @rbw) W w)”
=1 k=1
< ( ) Zb(” ) ()
< ( - 6)) Lo,0M,(C)
<lo q®Mn< )



where the last inequality follows from (3.4) and the choice of e. Thus, the random op-
erators o™, ..., a!™ satisfy conditions (i) and (i) in the proposition. Regarding condi-
tion (iii), let ¢ be an arbitrary non-zero vector in H, and consider the vector ¢ ® 7, in

H, ® C" ® C". Then, whenever w € S and n > n,,, the vector

[(Zb 1 w@) " e com),

is non-zero too, and at the same time,

)E= (Za & ¥ ()¢ = (U 0 YO @) € o) =0,

=1

by Lemma 3.2(i). This implies that 0 € sp(V,,(w)*V,,(w)), whenever w € S and n > n,,,
(n) (n)

and thus ay /... ,a; " satisfy (iii) too. ]

3.4 Definition. Assume that » € N and ¢ € [1, oo, such that > ¢. Then by A(r, ¢) we
denote the universal unital C*-algebra generated by r elements a,as, ... ,a, satisfying
the relations:

T T
Za;*ai =cl and Zaiaf <1. m (3.5)
i=1 i=1
Note that the condition r > ¢ is necessary and sufficient for the existence of A(r, c).
Indeed, if ay, ... , a, are bounded operators on a Hilbert space H, such that ", a;af <1,
then |la;||* = |la;af|| < 1 for all i, and hence || >/, afa;|| < >, ||ai|* < r. Conversely,
let sq,...,s, denote the generators of the Cuntz algebra O,, and put a; = \/gsi, 1=
1,2,...,r. Then, if r > ¢, the operators a4, ... , a, satisfy condition (3.5).

3.5 Theorem. Let ¢ be a positive number in [1, 00|, and let r be positive integer such
that r > 13c. Consider the universal C*-algebra A(r,c), and let ay,aq, ... ,a, be the
canonical generators of A(r,c). Consider further, for each n in N, independent random
matrices Yl(”), R A GRM(n,n, 1), and put S, = >, a; ® Y;(”). Then for almost
all w in €2, we have

0 € sp(Su(w)*Sp(w)), for n sufficiently large. (3.6)

Proof. The proof is divided into two cases:

(i) In this case we assume that r is even. Then, since r > 12¢, we may, for each

n in N, consider the random operators a&"), a0 - O, ® M,(C) described in

Proposition 3.3 (recall that ¢ = 7). Let S be the sure event in ), consisting of those
w for which all three statements (i)-(iii) in Proposition 3.3 are satisfied. We show that
(3.6) is satisfied for all w in S: Consider a fixed w in S, and then choose n, in © such
that each of the conditions in (i)-(iii) of Proposition 3.3 is satisfied whenever n > n,,.

Then, let n be a fixed positive integer, such that n > n,, and consider the operators
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al” (W), .., at™ (w) in O, ® M,,(C). Since these operators satisfy the conditions in (i) and

(ii) of Proposition 3.3, it follows by the universal property of A(r,c), that there exists a
«-homomorphism @0 : A(r, ¢) — O, ® M,(C), such that ®7”(a;) = a{™ (w), for each i in
{1,2,...,r}. Consider then the *-homomorphism

o™ @id,: A(r,c) ® M,(C) — O, ® M,(C) @ M,(C),
where id,, is the identity mapping on M, (C). Note that
(I)u(.)n) ® idy, (Sp(w)*Sn(w)) = Va(w) Va(w),

where V, = 37 a™ ® V"), This implies, in particular, that sp(S,(w)*S,(w)) 2

i=1 &
sp(V(w)*V,,(w)), and since 0 € sp(V,,(w)*V,,(w)) (cf. Proposition 3.3(iii)), we have verified
that 0 € sp(S,(w)*S,(w)), whenever n > n,,. This concludes the proof of case (i).

(ii) In this case we assume that r is odd. Consider then, in addition, the C*-algebra
A(r—1,¢), and let, at this point, g1, ... , g,_1 denote the canonical generators of A(r—1, c).
Then consider the operators fi,. .., f. in A(r — 1,¢) defined by

f= gi, ifie{l,2,... r—1},
"o, ifi=r

Note that >\ | fifi = clap—1, and Y, fif < 1ap-1,), and hence, by the universal

property of A(r,c), there exists a x-homomorphism ®: A(r,c) — A(r — 1,¢), such that
®(a;) = f; for all i. Consider then, for each n, the x-homomorphism

¢ ®id,: A(r,c) ® M,(C) — A(r — 1,¢) ® M,(C),
and note that for all w in €2,
® © idn (Sn(w)"Sn(w)) = Wh(w) Wa(w),
where W, =377, ; ® Y;("). This implies, in particular, that
sp(Sp(w)*Sp(w)) 2 sp(W(w)* Wy (w)), for all win © and all n in N. (3.7)

Note here that
r r—1
Wo=> fievW =3 gav"
i=1 i=1

Since gy, ... ,gr-—1 are the canonical generators of the C*-algebra A(r — 1,¢), and since
r—12>13c—1 > 12¢, it follows thus from case (i) proved above, that for almost all w in
Q, 0 € sp(W,(w)* W, (w)) for n sufficiently large. Combining this with (3.7), we get the
desired conclusion in case (ii) too. [
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4 Violation of lower bound in B(r,c)

4.1 Definition. Assume that r € N and ¢ € [1,00[, such that » > ¢. Then by B(r,c)
we denote the universal unital C'*-algebra generated by r elements by, bo, ... , b, satisfying
the relations

zr:bjbi:cl and zr:bibjzl, (4.1)
=1 i=1

provided that these relations can be fulfilled in a C*-algebra. O

Regarding the existence of B(r, ¢), the condition r > ¢ is necessary by the same argument
we gave when considering the question of existence for A(r,c¢). However, this condition
is not sufficient to ensure that B(r,c) exists. In fact, for given r, there are values of ¢
in Jr — 1, r[ for which B(r, ¢) does not exist! We shall not prove that assertion here, but
merely verify that B(r, ¢) is well-defined whenever ¢ € [1,7 — 1] U {r}.

If ¢ = r, then the canonical generators si,... ,s, of the Cuntz algebra O, satisfy (4.1).
If ¢ = r — 1 then the canonical generators of the Cuntz algebra O,_; together with 0
form r operators satisfying (4.1). Finally, if ¢ < r — 1, we have r > [c] + 2. From [HT2,
Lemma 8.3] it follows that there exist elements x1, 22, ... , 2g42 of the Cuntz algebra O,
satisfying that

[c]+2 [c]+2
Zx x; =clp, and Zxx =1p,.
Extending then the set {x1, 22, ... , 2 42} by 7 — [c] — 2 copies of 0, we obtain r operators

satisfying (4.1).
We shall need the following lemma.

4.2 Lemma. Let H be a Hilbert space, and let ay, . .. ,a, be elements of B(H), such that
Yoy ara; = gy and Y., a;af < 1y for some constant ¢, such that 1 <c¢ <r.

i=1 "%

Then there exist a Hilbert space H, and elements @, ... ,dr4; of B(H), such that the
following conditions hold:

(i) H2OH.

() ~ Qj, if 1 S { S T,
i) a;y = o
I+ 0, if i1=r+1.

(i) St ara; = Ay and D rlaar = Ly)-

Proof. The lemma, as well as its proof, is a slight modification of [HT2, Lemma 8.4].
Let sq,..., s, be the canonical generators of the Cuntz algebra O,., acting on the Hilbert
space H,. Put H = H ® H, ® l5(N) ~ I,(N,H ® H,). Then an operator a in B(H) can
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be realized as a an infinite matrix (a;;); jen with entries a;; from B(H ® H,). Next, we
define a sequence of selfadjoint operators (A, )nen in B(H) by:

hy = Zaia: and  hne1 = 1((c—1)lgag + hy), (n €N).
i=1

By the assumptions, 0 < hy < 1pp). Moreover, since 1 < ¢ < r, we have ¢([0,1]) C [0, 1],
where ¢ is the map: ¢(t) =7 '((c — 1) + t), t € R. Hence, by induction, 0 < h,, < 1p)

for all n in N. Define now operators dy, . .. ,d, in B(H) by the diagonal matrices
a; & ]-B(HT) O
. Vhy ® s 19
a; = \/h_3®81 y t=L4.T
O .
and put
0 1say — I @1, O
_ 0 V3601 —ha @ 1pn,)
Ar41 = )
0

O

so that (ar41)ij = 0 whenever j # i + 1. Since 7hy, 1 + (1) — hn) = clpy) for all n, it
follows by standard calculations that

r

=1

i=1

Let 7, be a unit vector in H, and let (1, ¢9,...) be the standard basis for [5(N). Put
LH(5)25®771®81, (SGH)

Then t3,: H — H is an isometry, and

. tag, if e {1,2,...,r},
Ajln = . .
0, if i=r+1.

Thus, if we identify H by 13;(H) C H, via the isometry t5;, the conditions (i), (ii) and (iii)
are satisfied. [

4.3 Lemma. Let ¢ be a real number in [1,00[ and let r be a positive integer such that
r > c. Consider the universal C*-algebra A(r,c), and assume that A(r,c) acts on the
Hilbert space 'H.

Then, there exists a completely positive map V: B(r + 1,¢) — B(H), satisfying that

W(bih,) = afaj, if max{i,j} <, (4.2)
o, if max{i,j}=r+1, ‘

where by, ... b,y are the canonical generators of B(r + 1,¢), and ay,... ,a, are the
canonical generators of A(r,c).
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Note before the proof, that ¢ < (r + 1) — 1, and hence it follows from the discussion
proceeding Definition 4.1 that B(r + 1, ¢) is well-defined.

Proof of Lemma 4.5. By application of Lemma 4.2 to the operators ay, ... ,a, € A(r,c) C
B(H), it follows that there exist a Hilbert space H and operators ay, ... ,a,+1 in B(H),
such that the conditions (i)-(iii) in Lemma 4.2 are satisfied. In particular,

r+1 r—+1

i=1 =1

and hence by the universal property of B(r + 1,c), there exists a s-homomorphism

®: B(r + 1,¢) — B(H), such that ®(b;) = a; for all i in {1,2,...,r+ 1}.
Next, let Py: H — H denote the orthogonal projection of H onto M, and define the
mapping V: B(r + 1,¢) — B(H) by:
U(b) = Py®(b)jy, (beB(r+1,c).
Then W is a unital completely positive mapping, and for any ¢, j in {1,2,...,r+ 1},
W(b;b;) = Pr®(bi)" ®(b;) e = Praydsy,.

Now, if 7,7 € {1,2,...,r}, then by (ii) in Lemma 4.2, U(bb;) = Praida;, = aja;. If
Jj =r+1, we get similarly that ¥(b;b;) = 0 by (ii) in Lemma 4.2. Finally, if i =r 41
then Pya;" = 0 by (ii) in Lemma 4.2, and hence also W(bb;) = Pyajdj;,, = 0.

Altogether, we have verified that U has the desired properties. ]

4.4 Theorem. Let ¢ be a real number in [1,00[ and let s be a positive integer such that
s > 14c. Consider the universal C*-algebra B(s, c), and let by, bs, ... ,bs be the canonical

generators. Consider further, for each n in N, independent random matrices Yl(”), R AL
in GRM(n,n, +), and define: T, = %7 | b; ® Yi(n). Then for almost all w in €2, we have

0 € sp(T,,(w)* T, (w)), for n sufficiently large. (4.3)

Proof. Put r = s — 1, and note that » > 14c — 1 > 13c. Consider then the universal
C*-algebra A(r, c), and assume that A(r,c) acts on the Hilbert space H. Let, as usual,
ai,as, ... ,a., denote the canonical generators of A(r,c), and define, for each n, S, =

Yo ® Y;(”), where Yl(”), ..., Y™ are the first r of the random matrices Yl(”), N A
set out in the theorem. It follows then from Theorem 3.5 that for almost all w in €2,

0 € sp(Sy(w)*Sp(w)), for n sufficiently large. (4.4)

By Lemma 4.3, there exists a unital completely positive mapping ¥: B(s,c) — B(H),
such that

W(bih;) — afaj, if max{i,j} <,
0, if max{i,j}=r+1.
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Consider then, for each n in N, the unital positive linear mapping
U ®id,: B(s,¢) @ M,(C) — B(H) ® M,(C),
and note that

V@ id, (T7T,) = ¥ @ id, (Zb*b ® ( Y(”))

2,j=1

= Z aia; ® Y(n Yj(n) =5, 5n.

2,7=1

This implies, that for any n in N and any w in €2, we have:
0 € sp(Sp(w)*Sp(w)) = 0 € sp(T,(w) T, (w)). (4.6)

Indeed, if w € Q and n € N such that 0 ¢ sp(7,(w)*T,(w)), then T, (w)*T,(w) >
€lp(s,c)om,(c) for some strictly positive number e. By (4.5), and since ¥ ® id,, is uni-
tal and positive, this implies that S, (w)*Sn(w) > €lg@r)em, ), which, in turn, implies
that 0 ¢ sp(S,(w)*Sp(w)).

Combining then (4.6) with (4.4), it follows immediately that (4.3) holds for almost all w
in €. [

4.5 Remark. The method of proof used above can also be used to show, that the upper
bound in Theorem 1.2 is violated for the generators by, ... ,bs of B(s,c), when s > 8c:

Assume that ¢ > 1 and s > ¢+ 1. Let g be the unique integer for which ¢ < ¢ < ¢+ 1,
and put r = s — ¢ > 1. Consider then the full C*-algebra C*(F,) of the free group F, on
r generators, and assume that C*(F,.) acts on the Hilbert space H. Put a; = r~/%u;, i =
1,...,r, where uy,... ,u, are the unitary generators of C*(F, ). Moreover, let si,... s,
be the generators of the Cuntz algebra O, acting on the Hilbert space H,. Define then a
sequence of real numbers (7;);en by the equations:

yi=1 and 74 = l(q —c+7), (i €N).

Since 1 < ¢ < ¢, we get by induction, that y; € [0,1] for alli in N. Put H = H®H,®1(N),
and consider the operators a,, . .. ,as in B(H) defined by:

a; @ Lp,) O
5 V2 @ 1k,
C V30 @ 15, ’

O
fori=1,2,...,r and

0 O
V1—71pm) ®s; 0
Aryj = V1—3lpm) @ s; 0 7

VI=7alsoy @ s;
O
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for 7 =1,2,...,q. Then it is elementary to check that

=1

=1

Moreover, with the embedding of H in H = H ® H, ® I(N) defined in the proof of
Lemma 4.2, one has

. a;, itl1 <<,
i1y = . .
0, ifr+1<i<s.

Thus, as in the proof of Lemma 4.3, there exists a completely positive map ®: B(s,c) —
B(H), such that

a;a;, if max{i,j} <,

O(h;b:) =
(6:55) {0, if max{i,j} > r.

This, together with the identity ||tt*]| = ||¢||*> for operators ¢ on a Hilbert space, gives:

2
)

DI Dy
=1 =1

for all n in N. Hence, it follows from [HT2, Proposition 4.9] that

2 (E)rz (B) -,

n—oo

lim inf H Z b ® Y;(n)
i=1
almost surely. Thus, whenever s > 8¢, we have

5 2
hmianZbi@Yi(n) > (%)260>402 (\/64_1)2’
=1

n—o0

almost surely, which proves the assertion. O
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