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Abstract

We study spectral properties of Pauli-Fierz Hamiltonians which are commonly
used to describe the interaction of a small quantum system with a bosonic free
field. We give precise estimates on the location and multiplicity of the singular
spectrum of such Hamiltonians. Applications of these estimates, which will be
discussed elsewhere, concern spectral and ergodic theory of non-relativistic QED.
Our proof has two ingredients: the Feshbach method, which is developed in an
abstract framework, and the Mourre method applied to the Hamiltonian restricted
to the sector orthogonal to the vacuum.
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1 Introduction

In this paper we study spectral properties of a certain class of self-adjoint operators which
appear in non-relativistic physics. They are commonly used to describe the interaction



of a small quantum system (an “atom”) with a bosonic free field (“radiation” or a “heat
bath”). We will refer to them as Pauli-Fierz Hamiltonians (see [PF], [Bl], [BFSS], [DG]).

In a few words, the main result of our paper can be described as follows: the predictions
of the second-order perturbation theory for embedded eigenvalues of a large class of Pauli-
Fierz Hamiltonians are correct for a sufficiently small coupling constant. A large part
of our argument is abstract and uses only certain structural properties of Pauli-Fierz
Hamiltonians which are common to many different problems of mathematical physics.
Therefore we would like to devote the first part of the introduction to a description of the
general structure of our results and arguments. Only afterwards we will explain them in
the context of Pauli-Fierz Hamiltonians.

1.1 The conjugate operator method

Let H be a self-adjoint operator and © a fixed open subset of the real line. First, we
would like to describe two well-known methods used in the study of the spectrum of the
operator H inside ©: the analytic deformation method and the Mourre theory. These
two methods have a lot in common and can be viewed as two versions of one method
that we will call the conjugate operator method. Although in this paper we will use only
the Mourre theory, it is helpful to keep in mind the intuition derived from the analytic
deformation method.

In what follows o(B) will denote the spectrum of the operator B and o,,(B) will
denote its pure point spectrum.

(1) The analytic deformation approach. One considers a family of operators
H (&) =S He 5, (1.1)

where S is an appropriately chosen self-adjoint operator (sometimes called a conjugate
operator). The basic assumptions that one imposes on H and S are the following:

(a) The family H (&) is analytic in some strip |Imé| < a.

(b) For Im¢ < 0, the essential spectrum of H (&) “moves down” below O, uncovering a
region below the real axis, which belongs to the unphysical sheet of the complex plane.

In the uncovered region, H (&) may have some discrete eigenvalues. One can show that
these eigenvalues do not depend on £ and that the eigenvalues of H () contained in © C R
coincide with o, (H) N ©. The non-real eigenvalues of H (&) are called resonances. All
these eigenvalues can be studied by standard methods of perturbation theory developed
for isolated eigenvalues.

The analytic deformation method gives the following practical criterion for the study
of the spectral properties of H: If for Im¢ < 0 the deformed Hamiltonian H (&) has no
eigenvalues in ©, then H has no pure point spectrum in ©. Even if H(£) has some real
eigenvalues in O, the method allows one to exclude the singular continuous spectrum



inside this set.

(2) Mourre’s theory and Limiting Absorption Principle. This is an infinitesimal
version of the analytic deformation approach. Probably the most advanced version of the
Mourre theory can be found in [BG] and [BGS|. Below we briefly describe the Mourre
theory following essentially [BG].

One again considers a family of operators (1.1), where now & is restricted to the real
line. Let n =10,1,...,0 <0 <1 and v =n+ 6. The basic assumptions of the Mourre
theory are:

(a,) The nth derivative of £ — (2 — H(£))™! is 6-Holder continuous.
(b) (The Mourre estimate). For any x € © there exists an open interval I 3 x, a positive
number Cy > 0 and a compact operator K such that

1,(H)i[S, H]1,(H) > Col;(H) + K. (1.2)

(Here 1;(H) denotes the spectral projection of H onto I.)

If (a,) holds with v = 1, (b) and some other technical assumptions hold, then one can
show that o,,(H) N O is a discrete set which consists of eigenvalues of finite multiplicity.
If in addition v > 1 and p > £, then for z € © \ 0,,(H) one can establish the existence of

(S) Mz +i0— H) Sy = 1;%<S>*“(x +iy — H)Y{S) ™" (1.3)
((S) denotes (1 4+ S2)2.) Note that (1.3) implies the absence of singular continuous
spectrum in ©. Moreover, if v > p+ 3 then the function (1.3) is C" (O \ 0, (H)) and its
(n — 1)st derivative is #-Holder continuous. Statements similar to the existence of (1.3)
usually go under the name of the Limiting Absorption Principle.

The Mourre method in the form described above does not give much information about
the location and the multiplicity of o,,,(H ). However, if for all z € © there is no compact
operator K in the Mourre estimate (1.2), then o,,(H) N © is empty.

The two methods described above are complementary. The analytic deformation
method typically yields stronger results and allows study of resonances, which are of
considerable physical interest. This method, however, is usually applicable to a restricted
class of Hamiltonians that meet the analyticity condition. The Mourre theory approach is
of much wider applicability but it yields weaker results. In particular, resonances cannot
be studied with this approach.

The analytic deformation technique was started in [AC], [BC]. For more information
about the early literature on this subject see [Si], [RS4].

The Mourre theory originated in [Mo] and was further developed in [PSS], [JMP],
[AHS], [FH], [CFKS], [ABG], [BG], [BG].

Both these methods were first applied to Schrodinger operators where S was the
generator of dilations. The generator of dilations is often applicable in situations where



the spectrum of the Hamiltonian covers the half-line. The subset of the lower half-plane
uncovered by the analytic deformation in this case is the wedge —a < argz < 0.

Another choice of S that can be found in the literature is the generator of translations.
With such S, the set uncovered by the analytic deformation is the strip —a < Imz < 0.
This choice was made in works devoted to the Stark Hamiltonian. A similar choice (the
generator of translations in energy) was made in [JP1], [JP2] in the context of Pauli-Fierz
Hamiltonians, and we will keep the same S here.

As we have mentioned earlier, in this paper we study the Mourre theory for Pauli-
Fierz Hamiltonians. In the continuation of this paper [DJP], we develop the analytic
deformation approach and study the resonances following the earlier work [JP1].

Our treatment of the Mourre theory follows [BG]. One of the differences between our
approach and [BG] is that we use weighted spaces instead of Besov spaces. This makes our
treatment somewhat less general, but also more elementary than that of [BG]. There are
some other differences, due to the special properties of Pauli-Fierz Hamiltonians, which
we will describe later.

1.2 The Feshbach Method

The structural properties of the Pauli-Fierz Hamiltonians which play an important role
in our paper can be described as follows. They are self-adjoint Hamiltonians of the form

H:Hfr—i_A‘/a

on a Hilbert space ‘H. This Hilbert space has a distinguished decomposition

H=H ®&H. (1.4)
With respect to this decomposition, the full Hamiltonian can be written as a 2 x 2 matrix
Hvv HVV
H = - —|. (1.5)
HVV HVV
We will use a similar notation for other operators, for instance,
1wV 0
1= —|. 1.6
We assume that the “free Hamiltonian” has the form
[ HY 0
Hy = § — |, 1.7
f 0 HF ] (1.7)
and that the perturbation has the form
VVV
V= - —|. (1.8)
VVV VVV



To explain the Feshbach formula in its simplest form, we will assume that 2z & o(H"Y).
We remark that this is not the most interesting case in the context of our paper, since
in our case o(H"W) = R and we want to study embedded eigenvalues. However, the
assumption z & o(H") allows us to explain the Feshbach method with the least amount
of technical assumptions.

For z ¢ o(H"Y) we introduce the following objects:

Wo(z) = H"Y(z1"Y — HV) 'HY,
(1.9)
Gy(2) =21V — HY — W,(2).

In the physics literature, the operator W, (z) is sometimes called the self-energy. We
propose to call Gy(z) the resonance function.

One can show that z € o(H) iff 0 € 0(Gy(z)). Moreover, if 0 & o(G(z)), then one can
express the resolvent of H in terms of the resolvent of H'Y with the help of the following
identity:

(Z _ H)—l _ (1vv + (le _ HW)—IHVV> G_l(z) <1vv +HvV(21V_v _ HW)—l)

v

o (1.10)
+(21VV . va)fl'

We call (1.10) the Feshbach formula. This formula was discovered independently by many
physicists and mathematicians and it is known under a variety of names — the Grushin,
Krein, Livshic formula. In the physics literature, where it is especially widely used and
known (see for instance [CT]), it is usually called the Feshbach formula, and we keep this
name. It was used recently in a context similar to ours in [BFS1, BFS2]. We refer the
reader to [BFS1, How, MeMo] for more information on the literature about this formula.

1.3 Combining the Feshbach Method with the Mourre Theory

Next we want to describe how we study o, (H) embedded in o(H) with the help of the
Feshbach formula. To that end we study the boundary values of (z — H)™! at the real
axis using the expression (1.10). We choose an operator S on H of the form

S:lg Sﬂ_v] (1.11)

Let us list the most important additional properties of H and S that we use in our analysis.
(al)) The family H (&)™ satisfies an assumption analogous to (a,).
(b’) The following global Mourre estimate holds:

i[S™, H™] > Cy > 0. (1.12)

(¢/) V(1 4 |S[)*~2 is bounded.



Using (al,) with v > 1, (b’) and some additional technical assumptions, we develop the
Mourre theory for H¥, which implies that H"" satisfies the Limiting Absorption Principle
uniformly on the whole real line. More precisely, for pu > % we prove that the limit

(ST ((x410)17Y — H™)"HS™) ™+ = lyifngW)_“((x +iy)17 — H™)"HSY) 7 (1.13)
exists and is uniformly bounded in x and A\. Moreover, if v > p + % = n + 0 for some
0 < 6 < 1 then the function (1.13) is in C"}(R) and its (n — 1)st derivative is 6-Holder
continuous.

As we have mentioned before, our treatment of the Mourre theory follows [BG]. Nev-
ertheless, there are some important differences. First, the spectrum of HY covers the
whole real line while [BG] make the assumption that Hamiltonian has a spectral gap.
More importantly, in our case the commutator i[H"", S"V] is not bounded relatively to
HYV. This leads to some difficulties related to the infrared problem of QED which require
delicate arguments.

If (al,), (b') and (c¢’) hold one easily shows, using (1.13), that the limit

W (z +10) := lif{)l Wy (z +1iy)
y

exists. Now, it follows from the Feshbach formula that if € R and 0 € o(G,(x + i0)),
then the Limiting Absorption Principle for H holds. Moreover, we can show that 0 €
daise(Gv(z +10)) implies « € o,,(H) and that the multiplicity of 0 as the eigenvalue of
Gy(x +10) is equal to the multiplicity of x as the eigenvalue of H. Thus, the study of
opp(H) can be reduced to the study of Gy (x + i0).

An additional property useful in our analysis is the bound

(S) Mz +i0 — HY)HS) ™ — (S) " M(x +i0 — HY)H{S) ™ = O(\F), (1.14)

where Kk = ”T’l These results together with the Feshbach formula give us a lot of control
over the resolvent of the full Hamiltonian H. In particular, we are able to describe
the approximate location of the pure point spectrum and to give sharp estimates on its
multiplicity.

Our approach is reminiscent of what can be found in the early literature on stationary
scattering theory, eq. in [Fr|. It has a lot in common with typical presentations of
perturbation of embedded eigenvalues found in physics textbooks.

1.4 Main results

As we have said before, our results concern a certain class of Pauli-Fierz Hamiltonians.
While we still postpone the description of these operators, let us mention that for our
purposes the most important properties of these Hamiltonians are the following: They are
self-adjoint operators of the form described in (1.5), (1.7), (1.8). In addition, they satisfy



a certain hypothesis, called S(v), which resembles the assumption (a,) of the Mourre
theory.
We introduce also the following auxiliary object:

w(z) == V(1Y — HY) 'V,

Note that A?w(z) is the second-order approximation to the self-energy W, (z).

If v > 1, it follows from the Mourre theory for Hf® that w(z) has the boundary values
on the real line which we denote by w(x+i0). It is easy to see that w(x+10) is a dissipative
operator, that is, Imw(z +1i0) < 0.

Let us describe the main results of our paper. Let H be a Pauli-Fierz Hamiltonian
satisfying appropriate conditions. We assume S(v) with v > 1 and set kK = 221

(a) Our first result is Theorem 6.2. In this theorem we show that outside of an O()\?)
neighborhood of o(H"Y), the spectrum of H is purely absolutely continuous and that the
Limiting Absorption Principle holds.

(b) Let k be an isolated eigenvalue of HY. Theorem 6.3 describes the structure of the
spectrum of H in an O(\?) neighborhood of k. Let p; be the projection of HYY onto k.
Set

wy, := prw(k +10)py.

It is easy to see that this operator is dissipative. If
o(wr) "R =0, (1.15)

then we will say that the Fermi Golden Rule assumption for k& holds. Under this assump-
tion we can show that the spectrum of H is purely absolutely continuous in a neighborhood
of k and that the Limiting Absorption Principle holds.

If the Fermi Golden Rule assumption fails, we show that outside an O(A*™*) neigh-
borhood of k + A?c(wy,), the spectrum of H is purely absolutely continuous and that the
Limiting Absorption Principle holds.

c) If the Fermi Golden Rule assumption fails and m € ogis.(wg) "R, Theorem 6.4 describes
the spectrum of H in a neighborhood of k + A\?m where, by the second-order perturbation
theory, we can expect some eigenvalues of H. Let py,, be the projection of wy onto m
(we will prove that this projection is orthogonal). We know from (b) that o,,(H) around
k+ A%m is located in an O(A\*™*) neighborhood of k + A?>m. In Theorem 6.4 we show that
if S(v) holds with v > 2, then the dimension of this point spectrum is not bigger than
dim py, ,,. Moreover, the Limiting Absorption Principle holds away from o, (H).

To summarize, we show that isolated eigenvalues of H"Y, which may give rise to a
cluster of eigenvalues of the size O(A\?), split into subclusters of size O(A\?***) with the
multiplicities estimated from above by the predictions of the second-order perturbation
theory. Outside these eigenvalues, the Limiting Absorption Principle holds. Note that as
v — 00, k — 1, as expected from the analytic case.



Let us stress that our results in (b) and (c¢) hold even if k£ has infinite multiplicity. If
dim /C = oo, this situation is typical for Pauli-Fierz Hamiltonians which arise in quantum
statistical mechanics.

Clearly, the notion of Fermi’s Golden Rule plays a key role in our argument. Let
us remark that the Fermi Golden Rule idea goes back to Dirac [Di] (for the history
of the name see [Ha], Section I.1.5). He used it to develop non-relativistic quantum
electrodynamics (QED), that is, the theory of emission and absorption of light by matter
at low energies. The first triumph of his theory was the derivation of Einstein’s A-B
law from the first principles of quantum mechanics. In a certain sense, the mathematical
foundation of Dirac’s theory is the subject of this paper.

1.5 Pauli-Fierz Hamiltonians

We now describe the operators that we call Pauli-Fierz Hamiltonians. These operators
describe the dynamics of an (arbitrary) quantum system, which we call A, interacting with
a free bosonic field, which we call R. The system A is described by a Hilbert space I and
a self-adjoint operator K. The one-particle bosonic space is assumed to be h = L?(R) ®g.
The one-particle energy of bosons is the operator of multiplication by w € R on L*(R).
(The reader may find it surprising that the bosonic energy is unbounded both from below
and above. Further on we will explain how the usual physical systems with the energy
bounded from below fit in our framework.) After the second quantization, the system
R is described by the Fock space I'(h) and its Hamiltonian is dI'(w). The composite
system is described by the Hilbert space H := K ® I'(h). In the absence of interaction, its
Hamiltonian is

Hy,=K®1+1®dl'(w). (1.16)

The full Hamiltonian is given by
H = Hy + )V, (1.17)

where V' = p(a), A is a real constant and ¢(«) is the field operator corresponding to
a € B(K,K®4). a describes the coupling of the systems A and R and will be called the
form-factor, following the terminology used in physics.

We split the Hilbert space into H = H¥ & H", where H' := K ® I'y(h) is the vacuum
sector. We will call H” := (H¥)* the radiation sector. It is easy to see that the operators
H, Hy and V are of the form (1.5), (1.7), (1.8). Note in particular that AV = K.

The conjugate operator S, which plays the crucial role in the Mourre theory, is given
by S :=1®dI'(s), where s = —id,, acts on h. Note that in the absence of interaction we
have

i[S, Hy| = N,

where N is the number operator. Therefore, on H¥ we have a global Mourre estimate:

i[SY, H¥] = NV > 1.



A similar estimate holds in the interacting case: for sufficiently small A\, we can find
Cy > 0 such that L _
i[SYV, H"] > CoN™. (1.18)

This relation will be the initial building block in our development of the Mourre theory
in Chapter 7.

1.6 Physical systems and Pauli-Fierz Hamiltonians

The best known physical system described by a Hamiltonian (1.17) is the Hamiltonian of
non-relativistic QED. This Hamiltonian describes the second-quantized electromagnetic
field interacting with a localized piece of matter (see eq. [CT], [BFSS]). We remark that
the interaction part of this Hamiltonian has terms both linear and quadratic in the fields,
whereas our Hamiltonian has just linear terms. In fact, it is for reasons of space that we
have decided to discuss the linear case only — our techniques easily extend to couplings
which are quadratic in the field. We have taken care to present our analysis in such a
form that various extensions could be easily carried out.

In the case of QED the bosons are called photons. The one-particle space of the
photons is § := C? ® L2(R3) (C? accounts for the spin). The energy of a single photon
with momentum k € R3 is given by |E| By using the polar coordinates, we can identify
h with L*(R;) ® g, where g = C? ® L*(5?) (S? denotes the unit sphere). After this
change of variables, the photon energy operator becomes the operator of multiplication
by @ € Ry on L*(Ry) ® g. Thus, the photonic energy is bounded from below. In fact,
typical Pauli-Fierz Hamiltonians that one finds in physics textbooks are bounded from
below. Below we will explain how our results can be applied to such physical systems.

First, let us point out that a Hamiltonian bounded from below is characteristic of
systems at zero temperature. If we want to study these systems at a positive temperature,
we should use a different Hamiltonian. In the language of algebraic quantum statistical
physics, we should consider the KMS state for a given temperature and work in its GNS
representation. In the case of the Bose fields this leads to the so-called Araki-Woods
representation of CCR. In this representation one has to double the one-particle photon
space by adding a space corresponding to the “holes”. Next, these two spaces can be
“glued” together, as explained in [JP1], [JP2], [JP3], which leads to a space of the form
L*(R) ® g, with the energy operator given by multiplication by w € R. Thus, even if
the Hamiltonian of the zero-temperature systems are bounded from below, their positive
temperature analogs are not and they fall into the class considered in our paper. Note
that the representation L?(R) ® g for the quantum problem has its analogs in the Lax-
Philips theory of the wave equation (see e.g. [RS3]), and in classical models considered
in [JP4], [JP5].

The usual zero-temperature systems in the Schrodinger picture clearly do not belong
to the class considered in our paper. There is, however, a simple trick which allows us to
embed a zero-temperature system into a larger system satisfying the assumptions of our
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paper. This is done as follows. We add a non-physical copy of a free bosonic field which is
not coupled to the physical system. In this way, one-particle space becomes isomorphic to
L*(R) ®g. After this modification we obtain an extended Hilbert space and an extended
Hamiltonian, which belong to the class considered in this paper. The pure point and
singular continuous spectrum of the system do not change after gluing the non-physical
bosons. Therefore, all the spectral results we prove for the extended Hamiltonian remain
valid for the zero-temperature Hamiltonian.

In the above remarks we have considered a zero-temperature system in the Schrodinger
picture, described by a Hamiltonian H. One can argue that it is more appropriate from
the physical point of view to study the Heisenberg picture, for which the Hamiltonian is
given by

Hol-1® H. (1.19)

Even if H is bounded from below, (1.19) is not and belongs to the class considered in our
paper.

To summarize, the Mourre theory we develop works both at zero and positive tem-
perature and our paper gives a unified treatment of the spectral theory of Pauli-Fierz
Hamiltonians over the complete range of temperatures. We regard this as a substantial
advantage of our method.

The conventional wisdom says that an eigenvalue embedded in the continuous spec-
trum will disappear under the influence of a generic perturbation. In the case of a free
positive-temperature Hamiltonian, zero is a degenerate eigenvalue embedded in the abso-
lutely continuous spectrum. It can be shown that for an essentially arbitrary form-factor
a (allowed by the principles of quantum statistical physics), the full Pauli-Fierz Hamil-
tonian will have an eigenstate with a zero eigenvalue corresponding to the KMS state
(see [FNV], [JP2], [DJP]). It follows from our theorems that in a generic situation the
positive-temperature system will have no other eigenstates besides the KMS state and
that the spectrum outside the zero eigenvalue is purely absolutely continuous. This im-
plies that physical systems described by Pauli-Fierz Hamiltonians enjoy strong ergodic
properties at positive temperature (see [JP2], [JP3], [DJP] for details).

It was shown in [AH] and [BFSS] (see also [DuSp], [Spl], [Sp2]) that a large class of
zero-temperature Pauli-Fierz Hamiltonians will have a ground state. It follows from our
theorems that in a generic situation, this ground state will be non-degenerate and that
the rest of the spectrum of H is purely absolutely continuous.

For further discussion, it is convenient to represent the form-factor o as a function

Rowr alw) e BIK,K®yg),

with values in the Banach space of all bounded operators from I to K ® g. If a has
an analytic continuation to a strip along the real axis, instead of the Mourre theory
one can use the analytic deformation method developed in [JP1], [JP2], [DJP]. This
method yields in many respects stronger results then the Mourre theory. The analyticity
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condition, which this method requires, is satisfied in physically interesting examples in the
positive-temperature case, where the function « is analytic in the strip |Imw| < 27T (T is
the temperature), see [JP1], [JP2]. However, this analyticity condition is never satisfied
in the zero-temperature case. In this case, to define « for the extended Hamiltonian, one
glues a zero function on the negative half-line to a non-zero function & on the positive
half-line. Clearly, the resulting function cannot be analytic. Fortunately, by gluing a zero
function to a non-zero function that vanishes at zero, one can obtain a sufficiently smooth
function. This is why the Mourre theory we develop in this paper can be applied in the
low-temperature regime and in the zero-temperature case — our theorems hold for the
values of the coupling constant which are independent of the temperature. Physically,
this is perhaps the most important consequence of our results. The analytic deformation
method developed in [JP1], [JP2], [DJP] works for |A| < A(T"), where A(T") | 0 as T | 0.

Finally, we would like to briefly discuss the infrared problem which is inherent in the
spectral theory of massless Pauli-Fierz Hamiltonians, and which has plagued quantum
electrodynamics since its conception. If the quanta of radiation are massless, their energies
can be arbitrarily small. The infrared problem arises from the possibility that a finite
amount of energy (relative to an equilibrium or a ground state) is shared by infinitely
many quanta of the radiation field. The severity of the infrared problem depends on the
values of the function « around zero. Let us discuss first the zero-temperature case.

Consider a zero-temperature system where a(w) behaves as w® around zero. Then
Hypothesis S(v) is satisfied with v > ¢ + 5. Therefore, Theorems 6.2 and 6.3 hold for
0> % and Theorem 6.4 holds for ¢ > %

Now, let us consider non-relativistic QED at zero-temperature. In this case,

la(k)| ~ lp(k)I[k]"2,  k€R?, (1.20)

-

where p(k) is the charge distribution in the momentum representation and p(0) is the
total charge. If one uses the dipole approximation (see [BFS1] for a discussion) then one
gets a milder infrared behavior:

la(k)| ~ lp(k)l[k|2, k€ R. (1.21)

Let us assume for simplicity that p is rotationally invariant. After passing to the polar
coordinates, we get h = L*(R,) ® L?(S?), where S? is the unit sphere in R?. Then (1.20)
becomes .

(@)l ~ [pw)|w?,  w >0, (1.22)
and (1.21) becomes

la@)l ~ [p@)lw?, w > 0. (1.23)
Thus, Theorems 6.2 and 6.3 do not cover (1.20) but apply to (1.21), whereas Theorem
6.4 does not cover either (1.20) or (1.21).

At positive temperature, the infrared singularity is smoothed out by the Planck law,
and Theorems 6.2, 6.3 and 6.4 apply to typical models of physical interest.
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1.7 Comparison with the literature

In the literature one can find other applications of the Mourre theory to zero-temperature
Pauli-Fierz Hamiltonians. Probably the earliest is contained in [HuSp2], where the mas-
sive radiation field is considered. The conjugate operator that is used there is the second
quantization of the generator of translations in the energy variable. However, unlike in
our paper, in [HuSp2| the energy variable is restricted to the positive half-line, hence this
operator is not self-adjoint.

The massless case, which is physically more important and technically more demand-
ing due to infrared difficulties, was first considered in [BFS1], albeit in energetically
non-interesting regions away from o(K). The main point of this paper, however, is a
renormalization group analysis of resonances of massless zero-temperature Pauli-Fierz
Hamiltonians.

Concerning the Mourre theory in the massless case, the first complete results are
presented in [Sk]. This work uses the same non-self-adjoint S as [HuSp2], which is however
approximated with a sequence of self-adjoint operators.

Another choice of S, a suitably modified second quantization of the generator of di-
lations, is used in [BFSS]. For zero-temperature Hamiltonians, the generator of dilations
should in principle allow one to treat a more general class of perturbations than the
generator of translations.

All of the above papers, including ours, give results which are valid for a small coupling
constant. All values of the coupling constant are covered in [DG], where the Mourre theory
for a massive radiation field is developed. Unfortunately, the techniques of [DG] do not
seem applicable to the massless case considered here.

At positive temperature, none of the various approaches discussed above is applicable,
and in this respect our results stand alone.

Finally, let us remark that in all of the above works the Mourre theory is studied
on the whole Hilbert space. The distinct feature of our method is that we apply first
Mourre theory to H" and then use the Feshbach method. We believe that this approach
is natural and that it gives a more precise information on the location and multiplicity of
embedded eigenvalues.

Some of the results of our paper are quite general. These results concern spectral
analysis of a relatively arbitrary linear operator and are related to the Feshbach method.
Similar ideas can be found throughout the literature, notably in [BFS1], [BFS2] and
[GGK]. We believe that these results are of interest outside of the context of Pauli-Fierz
Hamiltonians. In particular, the following of our general results appear to be new: Propo-
sition 3.2 about real eigenvalues of a dissipative operator, Proposition 3.7 and Theorem 3.8
about the Feshbach method for embedded eigenvalues, and Theorem 3.12 and Corollary
3.13 about estimating the number of embedded eigenvalues.
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1.8 Organization of the paper

The paper is organized as follows.

In Chapter 2 we introduce notation and, for reference purposes, state some general
facts about operators in Hilbert spaces.

In Chapter 3 we describe some properties of self-adjoint operators in a Hilbert space
decomposed in a direct sum of two Hilbert spaces. They are centered around the Feshbach
formula. This formula leads to certain identities for the projections onto eigenvectors of
the operator H, which we found very appealing and useful in our analysis. It also leads to
certain precise estimates on the number of eigenvalues of the operator H. In spite of the
fact that they are general and simple, some of the results of Chapter 3 appear to be new.
Problems involving embedded eigenvalues arise naturally in spectral geometry, number
theory and mathematical physics, and we hope that some of the results of this chapter
will find applications outside of our work.

We present in a parallel way results concerning the spectrum of H outside of o(H")
and the embedded point spectrum of H inside o(H"). The results about the spectrum
outside o(H"Y) are less technical and can be partly found in the literature, eg. in [BFS1].
They are not used in the remaining part of our paper. On the other hand, the more
difficult results concerning the embedded spectrum inside o(H") belong to the most
important tools of our paper. We believe that it is helpful for the reader to compare these
two types of results.

In Chapter 4 we review the basic notions of quantum field theory. This chapter makes
the paper essentially self-contained.

In Chapter 5 we introduce Pauli-Fierz Hamiltonians and discuss some of their basic
properties.

The main results of the paper are stated in Chapter 6.

Chapter 7 describes the proof of the Limiting Absorption Principle for the operator
HY. As we have stressed before, our proof follows the arguments of [BG]. In Section
7.1 we derive a bound on the boundary value of the resolvent of H"Y, which is the basic
ingredient of the Limiting Absorption Principle, following essentially the original argu-
ments of [Mo] and [PSS], with modifications due to [BG]. The main additional difficulty
is the infrared problem, which is handled similarly as in [JP1]. In Section 7.2 we study
the regularity of the boundary value of the resolvent of H", following [BG]. In Section
7.4 we estimate the difference of the full and the free resolvent.

Chapter 8 completes the proof of our main results. The main tool is the Feshbach
formula, which is applied several times to various decompositions of our Hilbert space.

Acknowledgments. We are grateful to A. Jensen, C.-A. Pillet and E. Skibsted for useful
discussions and comments on the manuscript. The research of the first author was a part
of the project Nr 2 PO3A 019 15 financed by a grant of Komitet Badan Naukowych. A
part of this work was done during the visit of the first author to University of Ottawa,
which was supported by NSERC, and during his visit to the Aarhus University supported
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by MaPhySto funded by the Danish National Research Foundation. The research of the
second author was partly supported by NSERC. Part of this work was done during the
visit of the second author to Caltech. We are grateful to A. Jensen, E. Skibsted, Y. Last
and B. Simon for their hospitality.

2 Preliminaries

In this section we set the notation and, for reference purposes, recall some definitions and
facts which will be used in the paper.

N := {0,1,2,...} denotes the set of natural numbers (including 0). We set (t) :=
V1 +t2. We will also use the shorthand

C.:={z€C : £Imz > 0},
R, ={zeR : £z > 0}.

The closure of a set 2 C C we denote by (2.
If Q Cc Candr >0, we set

B(Q,r):={z€ C : dist(Q,2) <r},
B(Q,r):={2z€C : dist(Q,2) <7}
In particular, for k € C,
B(k,r) := B({k},r), B(k,r):= B({k},r)

denotes the open/closed ball of center k and radius r.
If © C R, we set
I1©,r):={z R : dist(0,z) <r},
1(©,r):={zeR : dist(0,z) <r}.
In particular, for k£ € R,

I(k,r):=1({k},r), I(k,7):=T1({k},7)

denotes the open/closed interval of center k and radius r.

Let H be a Hilbert space. The inner product on H we denote by (|- ).

Let Hy,Hs be Hilbert spaces. We denote by B(H;, Hz) the Banach space of all
bounded operators from H; to Hsy. If these two spaces are the same and equal to H,
we will write simply B(H).

Let Q C C. In this paper we will often deal with operator-valued functions

Q32— A(z) € B(H). (2.24)

Unless otherwise specified, the various limits of such functions are always defined with
respect to the norm of the Banach space B(H).
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Definition 2.1 Assume that zy is not an isolated point of Q2. We say that the function
(2.24) is differentiable at zy with derivative A'(z) € B(H) if

lim  [|(2 — 20) " (A(2) — A(20)) — A'(z0)]| = 0.

We say that the function A(z) is differentiable on Q if it is differentiable at every non-
1solated point of €.

As usual, we denote the n-th derivative by 0 A(z).

Definition 2.2 Let n € N. We say that a function Q 5 z +— A(z) is in the class C}(Q)
if it has a continuous n-th derivative on 2 and satisfies the bound

1077 A(2)]| < Cry 2€Q, m=0,...,n. (2.25)

Let £ : Ry — Ry be a positive continuous function with £(0) = 0. We say that the
function Q > 2z +— A(z) is in the class C™*(Q) if A € C™(Q) and there exists C' such that

H@?A(zl) — 8?14(22)” S C€(|Zl — Zgl), 21, %2 € Q. (226)

If we have a family of functions Ay defined on sets 2, A € T, we say that Ay is of the
class C™(2)) or C™4(Q) uniformly in X\ if the constants C' in (2.26) and C,, in (2.25)
can be chosen independently of A € .

For 0 < 6 < 1 we define functions £y on R by the formula

69(7') = (2.27)

70 if0<6<1
T(1+In(1+771)) ifo=1.
The classes C™*% will figure in the Limiting Absorption Principle which we will establish

in this paper. In the sequel we use the shorthands C™? = C"-%.
Let Q C C and I' C 0f2. We say that a continuous function © 3 z — A(z) extends by
continuity to QU I if for every zy € I the limit

A(z) == Z_}lzior’r;m A(z)
exists, and the extended function is continuous on 2 UI'. We will denote the functions
extended by continuity with the same letter. If Q C C. and A(z) extends by continuity
to a part of the real axis, we denote by A(x £i0) its values along R.

In the development of the Mourre theory, we will make use of the following two simple
facts.
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Proposition 2.3 Let €2 be an open convex set, and let
R, x Q3 (¢,2) — A(e,2) € B(H)

be a function which is continuously differentiable in each variable separately. Assume
further that for some constants C' and 0 < 0 <1,

sup || 0L A(e, 2)|| < Ce M eg(e), E+1<1.
z€Q

Then, the function Q > z — A(0, 2) is in the class C2%(Q).
Proof. For z;, 2, € () and € > 0 we have

1A(0, 21) = A0, 22)l| < Jg 10-A(7, z0)[[dT + |21 — 22| Jy 10:A(e, 21 + £(22 — 21)) |t
+Jo 10-A(7, 22)||d7

<2C [5 7 HYo(T)dT + C|21 — 2] My (e).
(2.28)
Using the form of functions ¢y one easily shows that for some constants Cy and all € > 0,

/E T He(T)dT < Cyly(e).

0

Combining this estimate with (2.28) and setting ¢ = |z; — 2| we derive that A(0, z) €
Co%(Q). O

Proposition 2.4 Let Ay, A\ € Z, be a family of functions defined on open convexr sets
Q\ C C. If the family Ay is of the class CH(Qy) uniformly in A, then the functions Ay
extend by continuity to Q0 and the family Ay is of the class C™*(Q0\) uniformly in .

The proof of this proposition is elementary and we will skip it.
Let H be a closed operator on H. We denote the domain of H by D(H) and the
spectrum of H by o(H). The numerical range of H is defined by

N(H) = {(V|HY) : € DH), [[¢] =1}
The vector space D(H) equipped with the graph norm
191l = ¥l + [[H |,

is a Banach space. A vector space C C D(H) is called a core of H if C is dense in D(H)
in the graph norm. The following useful fact is well known:

Lemma 2.5 Let A and B be closed operators and let D(B) be a core of A. Then any
core of B is a core of A.
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For any closed operator H, we say that ) is an isolated subset of o(H) if it is relatively
closed and open subset of o(H). If in addition 2 is bounded, then there exists a simple
closed path v which separates Q2 and o(H) \ €2, and we can define the spectral projection
of H onto €2 by the formula

lo(H) = — ﬁ(z ~ H)\de.

It is easy to show the following fact:

Lemma 2.6 If Q is a bounded isolated subset of o(H) and p is a projection such that
Ranlqg(H) = Ranp and [p, B] = 0, then p = 1o(B).

An isolated point of o(H) will be called an isolated eigenvalue of H. An isolated
eigenvalue zq of H is called semisimple if (z — H) ™! has a simple pole at 2y, or equivalently,
if

Ranly. ) (H) = Ker(H — 2).

We denote by ogisc(H) the discrete spectrum of H, that is, the set of all isolated
eigenvalues e such that dim 1y (H) < oo. The essential spectrum of H is defined by
Oess(H) = o(H) \ 0gisc(H). The resolvent (z — H)™' is a meromorphic function on
C \ 0ess(H) with singularities only at the points z € ogis.(H). The coefficients of the
Laurent expansion at zy € ogisc(H) are finite rank operators.

If H is a self-adjoint operator, we denote by o,,(H), 0s.(H) and o,.(H ) the pure point,
singular continuous and absolutely continuous spectrum of H. The singular spectrum is
defined by oging(H) = 0pp(H) Uos(H). If © a Borel subset of R then 1¢(H) will denote
the spectral projection of H onto ©. We denote by 13 (H), 1¥(H), 1&(H) the spectral
projections of H onto © associated to the pure point, singular continuous and absolutely
continuous spectrum.

We now recall some standard results about linear operators that will be used through-
out the paper.

Proposition 2.7 Let H be a self-adjoint operator. If z € C\ o(H) then

1

-H) Y=
IC=8)"l = GG @y
An immediate consequence of this proposition is

Proposition 2.8 Let H be a self-adjoint and V' a bounded operator. Then, o(H + V) C
B(o(H),||V]||) and for = € C\ B(a(H),||V|) one has the bound

1 < 1 )
~ dist(z,0(H)) — [|V]]

Iz = (H+V))
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The concept of the numerical range allows to formulate related results for closed operators.

Proposition 2.9 Let H be a closed operator such that D(H) = D(H*). Then, o(H) C
N(H) and, for z € C\N(H), one has the bound

1

1= M7 < G @)

Proposition 2.10 Let H be a closed operator such that D(H) = D(H*), and let V be a
bounded operator. Then, o(H +V) C B(M(H),||V|), and for = € C\ B(m(H), ||V||) one

has the bound 1

IG=H+V)l = e =T

We say that the operator B is A-bounded if D(B) D D(A) and
1Boll < allAg] +bllo]l, ¢ € D(A). (2.29)

The infimum of possible values of @ in (2.29) is called the A-bound of B. Recall that if A
is closed and the A-bound of B is less than 1, then A + B is closed on D(A). Clearly, if
for some zq € C, ||B1(20 — A)7'|| = a, where B = B; + By and By is bounded, then the
A-bound of B is less than or equal to a.

Proposition 2.11 Suppose that A, B are operators such that A is closed, D(B) D D(A)
and, for some zy € C, we have

[Bi(20 = A7 <1, (20— A) Bl < 1,
where B = By + By and By 1s bounded. Then

(A+ B)* = A* + B". (2.30)

Proof. Replacing A with A — 2z, where zy € 0(A), we can assume that zy = 0. We can
also subtract the bounded operator By from B without affecting (2.30).
Clearly, D(A* + B*) D D(A*) and

(A+BYy|_  =A"+B"

D(A*)

We want to show that
D(A*) D D((A+ B)Y). (2.31)
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Let v € D(A). Since ||[A™'B]|| < 1, we know that 1 + A~'B has a bounded inverse.
Hence ¢ := (1 + A~'B) !4 satisfies

[l < Chl[¥]- (2.32)

Since || BA™!|| < 1, the operator 1+ BA™! has also a bounded inverse. But, on D(A),
(1+A'B)™' = A7'(1 + BA™')"'A. Therefore, 1 + BA™! is bounded as an operator on
D(A). Thus ¢, € D(A).

Now let ¢ € D((A + B)*). Using that ¢y € D(A) = D(A + B), we have

[(@[(A+ B)y1)| < Cllh]]. (2.33)
Clearly,
(¢l A¥)| = [(8|A(1 + A7 B)¢n)
= (¢l(A+ B)n)
< Cllthll < Gl

where in the last steps we used (2.33) and (2.32). This shows that ¢ € D(A*), and ends
the proof of the inclusion (2.31). O

3 General theory

3.1 Dissipative operators

We begin with

Definition 3.1 A closed operator B is called dissipative if @(B) C C_.
On D(B) N D(B*) we can define

1 1
ReB := 5(3 + B"), ImB := 2—(B — B*).
i

Clearly, ReB and ImB are symmetric operators.
In all our applications the following condition will be satisfied:

D(B) =D(B*), ImB is bounded and ReB is self-adjoint on D(B). (3.34)
Clearly, under this condition B is dissipative iff ImB < 0.

Proposition 3.2 Let B be a dissipative operator satisfying (3.34) and e € R. Then,
(i) Ker(B — e) = Ranl;(ReB) N Ranlyy (ImB).

(ii) Let p be the orthogonal projection onto Ker(B —¢e). Then 0 = [p, B].

(iii) If in addition e € oaisc(B), then the eigenvalue e is semisimple and p = 1) (B).
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Proof. Let ¢ € Ker(B —e). Then ¢ € D(B) = D(B*) and

0= ([(B—e)y) = (¥[(B" = e)y).

Hence 0 = (¢|ImBv). Since ImB < 0, we derive that 0 = ImB1t). This and 0 = (B — e)y

yield that el = ReB1. Hence
Ranl{e} (ReB) N Ranl{o}(ImB) D Ranl{e}(B).

The inclusion C is obvious, and Part (i) follows.
By Part (i) we have

p <1 (Re(B)), p < 1(Im(B)).

Hence
0 = [p,ReB] = [p,ImB].

This implies (ii).

To establish Part (iii), we note that if e € ogis.(B) then e is a pole of (z — B)™!.
By Proposition 2.9 this pole is simple. Hence e is a semisimple eigenvalue of B. An

application of Lemma 2.6 completes the proof of (iii). O

If e is an isolated real eigenvalue of B with dim 1. (B) = oo, then Ker(B — e) may
be strictly smaller than Ranl.(B). (We thank E. Skibsted for pointing this out to us).

Proposition 3.3 Let B be a bounded dissipative operator on a Hilbert space H such that

o(B)NR C 04isc(B). Then

¢:= sup H(z - B)_lla(B)\R(B)H < 00,
zeCy

and, for z € C, \ o(B),

1
dist(z,0(B) N R)’ )

(= = B)™'|| < max (

Proof. By Proposition 3.2

10’(B)|’TR = Z ]-{e}(B)a
eco(B)NR

is an orthogonal projection. Therefore

Iz = B)| = max (| (z — B) " Loayrm (B [z — B)  Logeyr(B)]))-
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Also by Proposition 3.2, Bl,g)nr(B) is self-adjoint. Hence

1

Iz = B) otmym (B)ll = dist(z,0(B)NR)’

(3.38)

Since Bl,p)\r(B) is a bounded operator with spectrum contained in C_, we clearly
have (3.35). Now (3.37), (3.35) and (3.38) imply (3.36). O

The following result is an immediate consequence of the previous proposition.

Proposition 3.4 Let B be a bounded dissipative operator such that o(B)NR C ogisc(B),
and let ¢ be the constant defined in (3.35). If V' is a bounded operator such that c||V ]| < 1,
then

o(B+V)NC, C B(a(B)NR, |V]).

Furthermore, for 2 € C, \ B(o(B)NR, ||V]|) one has the bound

1

IG=B -Vl < oo mnr v

(3.39)

3.2 The Feshbach formula

Let H be a Hilbert space decomposed into a direct sum H = H" @ H'. The projections
onto H¥ and H"¥ we denote by 1YV and 1'V. In this section we study operators of the form

o Hvv HVV (3 40)
- HY™ HY™ |’ )

We assume that HYY and H"Y are closed operators on H" and H"; moreover we suppose
that HY : HY — HY and HY : H' — 'H" are bounded operators. Clearly H is closed
and D(H) = D(H") @ D(HY).

For any 2z ¢ o(H"") we define

Wo(z) = HY(21"Y — HV) 'H",
(3.41)
Gy(2) =21V — HY — W,(2).

In the physics literature, the operator W, (z) is sometimes called the self-energy. For Gy (z)
we propose the name the resonance function. Note that W, (z) is an analytic operator-
valued function on C\ o(H"Y), and that W, (2)* = W,(z). It follows that G,(z) is an
analytic family of type A on C\ o(H"Y).

The following proposition is well known:
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Proposition 3.5 Assume that z & o(H"). Then,
(i) z€o(H) iff 0 € 0(Gy(2));
(i) If 0 & o(Gy(2)) then

v

(z—H)™ = (1" + (217 — H™)'H™) G '(2) (1™ + B (217 — H™) ™)

(3.42)
+(21% — HY)~ L,
Proof. Our proof is inspired by [GGK]. Set
AZ) =1+ HY (17 — HY) ' B(2) =1+ (21 — HY) 'HY,
Both A(z) and B(z) have bounded inverses:
AN ) =1-HYAAY —HY)™Y, B H2)=1—- (1" - HY)'H™.
Moreover, both B(z) and B~!(z) are bounded operators on D(H).
The following identity holds in the sense of operators from D(H) to H:
A(2)(z — H)B(2) = Gy(2) + 21V — H™ (3.43)

If =z & o(H), then the left hand side of (3.43) is invertible. Hence so is the right hand
side. This implies that G(z) is invertible.
Next we will use the identity (also understood in the sense of operators from D(H) to
H):
(z— H) = A (2)(Gy(2) + 217 — HY)B (2). (3.44)
If 0 & 0(Gy(2)), then the right hand side of (3.44) is invertible. Hence so is z — H. This

completes the proof of (i).
To show (ii) we note that if z € o(H), (3.43) or (3.44) implies

(2= H)™' = B(2)(G, ' (2) + (:17 = H7) ) A(2),

v

which, after substituting the expressions defining A(z) and B(z), yields (3.42). O

;From now on we assume in addition that HYY and H"V are self-adjoint and HYW =
(H™)*. This clearly implies that H is self-adjoint. Moreover, W, (z)* = W,(z), the
operator W, (z) is dissipative if Imz > 0. If z € R\ o(H"), then W, (z) is self-adjoint

and
d

dz
The rest of this section is devoted to various refinements of Proposition 3.5. The first
result in this direction is

Wo(x) = —H" (217 — HV)2H" <0. (3.45)
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Theorem 3.6 Assume thate € R\ oc(H"). Then,

(i) e is an eigenvalue of H iff 0 is an eigenvalue of G (e).

(ii) dim 1{6} (H) = dim 1{0} (Gv(e))

(iii) Set p = 103(Gv(e)). Then pW,(e)p is a negative operator and

1y(H) = (p+ (e — H™)'H™p)

B - o (3.46)
x (p—pWi(e)p) ™t (p+pH (1™ — HT)7).
(iv) If
wi=(p—pWi(e)p)™ (p+ pH (1™ — H™)™"),
then u is a partial isometry and
uu® = p, uu =1 (H).
Proof. Let Hy = ey. Then
vawv + HvaV — ewv’
_ o (3.47)
HVV¢V + HVV¢V — ewv.
The second equation gives (recall that e € o(H"Y))
YV = (el — HW) " H™ ", (3.48)
Inserting this identity into the first equation of (3.47) we get
Gy(e)yp¥ = 0. (3.49)

Now, if ¥ € D(HY) satisfies (3.49) and ¢ is given in terms of ¥ by (3.48), then
W = ¥ @Y7 satisfies Hyp = ey, which follows by a simple computation. Thus, the
projection

Y=Y (3.50)

restricted to Ranly. (H) is a bijection onto Ranp. This yields (i) and (ii).
Define w : HY — HY & H" by setting

wi=p+ (elVY — HV) ' H"Vp.
Then w is the inverse of the map (3.50). Besides,

w*w = p+pH"(el™ — HY)*H"p
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restricted to Ranp is a positive, invertible operator. With a slight abuse of the notation
we denote its inverse by (w*w)~!. One easily checks that w(w*w) 'w* is an orthogonal
projection on Ranw = Ranl (H). Hence

1o (H) = w(w*w) "w*.
This shows (iii). Part (iv) follows from the identity u = (w*w) 2w*. O

Due to the assumption e € o(H"Y), the proof of Theorem 3.6 was relatively simple.
Related results are subtler if e € o(H"Y). As a warm up, we prove

Proposition 3.7 Let e € R. Suppose that the limit
lyiﬂ]l Wy (e +iy) =: Wy (e + i0) (3.51)
exists. Then W, (e +10) is dissipative. B
Assume moreover that e is not an eigenvalue of HY. Then
dim Ker(H — e) < dim KerG, (e +i0). (3.52)
In particular, if e is an eigenvalue of H, then 0 is an eigenvalue of G (e + i0).

Proof. Assume that ¢ € D(H) and Ht = ey). Since e is not an eigenvalue of H"Y,
el — HY is injective and

V= (el — H7) L H™ Y, (3.53)
Moreover, B B B
0=1(a(H")=-s— hfﬁl iy((e +iy)1™ — H) L. (3.54)
Y
Therefore,

s — lim €+iy ]_W—HV_V -1 elW_HW —1 Hvav
o ((fe 317 — ) = (@17 — 1)) 10 555
= —§ — limle 1y((e + iy)]_vv _ va)fl(e]_vv o va)levv,(ﬁv = 0.
Combining (3.53) and (3.55) we get

P =5 — 11?61((6 +iy) 1Y — HY) T H™YYY.
Y

Substituting this identity into the first equation in (3.47) we derive that
Gy(e+i0)y" = 0.
Now assume that ¢V = 0. Then 1) € H" and therefore
e = Hip = H™.

Since e & opp(HY), 1 = 0. Thus, the projection ¢ — ¢V restricted to Ranly(H) is an
injective map into KerG, (z + i0). O

The following theorem is the principal result of this section.
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Theorem 3.8 Assume that e is not an eigenvalue of H™, that the limit (3.51) exists,
and that the function
CiU{e} 32— Wy(z)

is in the class C1(Cy U {e}) (its derivative at z = e we denote by W!(e +10)). Further,
assume that 0 € oqisc(Gy(e +10)). Then the following holds:
(i) 0 is an eigenvalue of H.
(ii) dim 1y (H) = dim KerG, (e + i0).
(iii) Set p = 140y(Gv(e +10)). Then, p is the orthogonal projection onto Ker(G, (e + i0),
the operator

pW, (e +10)p =: pW,(e)p

18 self-adjoint, and the operator
pWe(e +10)p =: pWi(e)p

18 negative.
(iv) The limits

lirr(l]((e +iy)1VV — HY)'HVp =:(el™¥ — HV)"'H"p
y*)

v v v T (.17 - 3.56
liIr(l)pva((e +1iy)1% — HVV)*l = pH" (el — va)flj ( )
y—>

exist and B B i
Ly (H) = (p+ (eI — H™)'H™p) o
x(p = pWi(e)p) ™t (p+ pH (eI — H™)~1).
(v) If

-1 V(T T\ —
u:=(p—pWl.(e)p) 2 (p +pH" (el — HY) 1) :
then w is a partial isometry and

*

uu” = p, u'u = 1y (H).

Proof. We begin with proofs of Parts (iii) and (iv).

We first observe that the relation W (z) = W, (%) yields that the functions W, (z) and
G, (z) are also of the class C'(C_ U {e}).

Since the operator —G (e +10) is dissipative and 0 € ogi.(G, (e +10)), Proposition 3.2
yields that p is an orthogonal projection. It follows that

Lioy (G (e +10)) = p.
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Since G%(e 4+ i0) = G, (e — i0), the identities pGy(e +10)p = 0 can be rewritten as
p(el™ — H™)p = pW (e £i0)p.
This yields the relation
pW, (e +1i0)p = pW, (e — i0)p =: pW,(e)p. (3.58)

Clearly, the operator pW,(e)p is self-adjoint.
Let 7 — 7(71) € C; U{e}, v(0) = e, be a smooth curve such that v(0) = e and 7 is
tangent to R at 7 = 0. We may assume that +/(0) = 1. Then,

7 = ImpW, (y(7))p,
is a function with values in dissipative operators such that
ImpW, (7(0))p = ImpW,(e)p = 0.
It follows that

d .
0 = —TmpW., (v(7))pl,—o = ImpWi(e +i0)p.

This shows that
pWl(e+i0)p =: pW.(e)p (3.59)

is a self-adjoint operator. This proves (iii) except for the part asserting that pWW/(e)p is a
negative operator. Using p = p*, W/(e —i0) = W/(e +10)* and (3.59), we also have that

pWl(e —i0)p = pW. (e 4 i0)p. (3.60)
We now show that the limit

(el — H) 'H%p:= lim ((e+iy)1™ — HY) 'H"p, (3.61)

y—0,y7#0

exists. Denote the expression inside the limit by L(y). Then, the resolvent identity yields

(L*(y1) = L*(y2))(L(y1) — L(y2)) = 55 (PWe(e —iyn)p — pWe(e +iy1)p)
+zly2 (pWi(e — iya)p — pW, (e + iya)p)

(3.62)
(y2+y1) (pWe (e = ig1)p — pWo (e + iy2)p)
(y1+y2 7 (PWy(e —iy2)p — pWe (e + iy1)p) -
Note that it follows from (3.58) and (3.60) that the function
CyUC_U{e} 32 pWi(2)p, (3.63)
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is continuously differentiable. This observation and identity (3.62) yield that the sequence
L(y,) is Cauchy whenever y, — 0. Thus, the limit (3.61) exists and this implies the
existence of the limits (3.56) (for the second limit take the adjoint of (3.61)). Since

pW\i(e)p — _((€1W o HW)—IHVVP)*(e]_W _ HV_V)—IHVVP’

it follows that the operator pW/(e)p is negative. This completes the proof of Part (iii).
Set w = p+ (e1"V — HV)"'HY and w(z) := p+ (21%¥ — HW)"'H". By (3.56) we
have

limw(e + iy) = w. (3.64)
yl0

We easily compute that
Hw(z) = zw(z) — Gy(2)p.

Hence
lig)l Huw(e +1iy) = ew. (3.65)
v

(3.64) and (3.65) imply that Ranw C Ker(H — e). Thus w maps KerG,(e + i0) into
Ker(H — e). Clearly, the inverse of w is 1YV restricted to Ker(H — e). Therefore, w is a
bijective map from KerG, (e + i0) to Ker(H — e). Similarly as at the end of the proof of
Theorem 3.6, we note that
wiw = p + ((61W - HW)leva)*(elﬁ - HW)leva
=p—pWi(ep,
and
1o (H) = w(w*w) w*.

This proves Relation (3.57) and completes the proof of Part (iv). Part (v) follows from
the identity

Lo«

u = (ww) 2w".

O

3.3 Counting the eigenvalues

Let [e_,e,] 2 x — G(z) be a function with values in bounded self-adjoint operators on a
Hilbert space H. We say that the function G is strictly increasing if the following holds:
If x > y, then there is € > 0 such that, for all ¢ € H,

(WIG(@)Y) > (IG)Y) + el )™
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Proposition 3.9 Let [e_,e;] >z — G(z) € B(H) be a function such that:
(a) For all x € [e_, ey ], G(x) is self-adjoint.
(b) [e—,e4] 2 x — G(z) is continuous and strictly increasing.
(c) dim 1jg[(G(eq)) < 00.
Then:
(i) The set {z € [e_,ey] : 0 € o(G(x))} is a finite subset of [e_, e] and, for x € [e_, e],
we have 0 € o(G(x)) iff 0 € oaisc(G()).
(ii)
> dimKer G(z) = dim 1 (G (ey)) — dim 1jg o (G(e-)).

z€le_,e4]

Proof. We will use the Courant-Weyl (min-max) principle ([RS4], Theorem XIIIL.1,
[We]). Let

fo(z) == . inf sup (V|G (x)).

Loy Pn—1 =1
VE(Y1 Y1}t
We set X(z) := —oo if H is finite dimensional, ¥(z) := inf, f,(z) otherwise. It follows

from the min-max principle that Y(x) = sup oess(G(x)) (note that sup) = —o0). Fur-
thermore, f,(x) is a non-increasing sequence such that if ¥(x) < f,,(z) then f,(z) is the
n-th eigenvalue of G(x) (in the non-increasing order) counted with multiplicites.

Clearly, since G(x) is a strictly increasing continuous function, the functions f,(z)
are also strictly increasing and continuous in z. In particular, it follows that (x) is an
increasing function. By (c), X(e4) < 0, hence ¥(x) < 0 for all x € [e_, e;]. Therefore,

dim 1o (G(2)) = #{n : fu(z) = 0},
dimKer G(z) = #{n : f.(x) =0},
and the result follows from the Darboux principle. O

The following two theorems follow by combining the last proposition with Theorems
3.6 and 3.8. We consider a self-adjoint operator H which has the same form as in Section
3.2. We will assume in addition that HYY is a bounded operator. The first theorem
describes how to count eigenvalues outside o(H"Y).

Theorem 3.10 Assume that [e_,e;] No(HY) = 0 and that dim 1y o[(Gy(e4)) < oo.
Then,

dim 1Fep_,e+} (H) = dim 1[67’64 (H) = dim 1[0’00[(Gv(6+)) — dim 1]0700[(6'\,(6,)).

Proof. We know by Proposition 3.5 (i) that

le_,es] No(H) C {z € fe_,es] : 0€ a(Gy(x))} (3.66)
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Since G, (x) > 1YV we see that G (z) is strictly increasing. Thus we easily see that the
function G(z) satisfies the assumptions of Proposition 3.9, which implies that the set
(3.66) is finite. Hence

le e (H) =100 j(H)= > L(H).

z€le—,e4]
It follows from Theorem 3.6 that for all z € [e_, e.],
dim 1, (H) = dim Ker G (),

and the result follows from Proposition 3.9. O

Corollary 3.11 Assume that [e_,e ] No(HY) ={. Then
dim1, . (H) < dimH". (3.67)

If the self-energy is differentiable, one can also count eigenvalues of H inside o(H"Y).

Theorem 3.12 Assume that op,(H™) N le—,eq] =0, and that the following holds:
(a) The limit
Wy (z +10) := 11%1 We(x +1iy) (3.68)
y

exists for all x € [e_, e4].
(b) The function ReW, (x +10) is differentiable and for some € > 0 and all x € [e_, e ] it
satisfies

ReG. (z +1i0) = 1YV — ReW/(z) > 1.
(c) dim1jp[(Re Gy (eq +1i0)) < oo.
Then,

dim 11[);)
e_,et

[(H) < dim 1 oo[(ReGy(e4 +10)) — dim 1jg o[ (ReGy (e— +10)).

Proof. Assumptions (a) and Theorem 3.8, and then Proposition 3.2, yield that for
S [6—7 6+]7

dim 1,1 (H) < dim Ker Gy (z +10) < dim KerReG, (x + i0). (3.69)

Assumption (b) yields that the function [e_,e;] 3 z — ReGy(x 4 10) is continuous and
strictly increasing. Using also (c¢) we see that the function ReGy(x + i0) satisfies the
conditions of Proposition 3.9. This proposition and Relation (3.69) yield the statement
of the theorem. O
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Corollary 3.13 Assume that opp(HYY) N [e—,e4] = 0, and that the following holds:
(a) The limit
Wy (z +10) := 11%1 Wy (x +iy), (3.70)
y

exists for all x € [e_, e4].
(b) The function [e_,ey] 3 x +— ReW,(x 4 10) is differentiable, and for some € > 0 and
all x € [e_,e4],

ReG. (2 +1i0) = 1% — ReW!(z +i0) > ¢1*".

Then
1PP
le—e4]

(H) < dimH". (3.71)

dim

4 Fock spaces and all that

In this section we describe in an abstract setting some Hilbert spaces and operators of the
quantum field theory. We have attempted to give an essentially self-contained presentation
of the topics we will need. For additional information, the reader may consult [RS2], [BSZ],
[BR], [GJ], [DG], [De].

Let h be a Hilbert space. We set % := C and h"™® == ph® ... ®h. If A is a closed
operator on h, we denote by A®" the closed operator on §"® defined by A® ... ® A (if
n =0, A% =1). Let S, be the group of permutations of n elements. For each o € S,
we define an operator (which we also denote by o) on the basis elements of H® by

o(fiy ® ... ® fi,) = folir) ® -+ - ® fo(in),

where { f} is a basis of §. o extends by linearity to a unitary operator on h®", which does
not depend on a basis. We set

The operator P, is an orthogonal projection. Let
I,.(h) := RanP,.

This Hilbert space is commonly called the n-particle bosonic space.
The symmetric (or boson) Fock space over b is defined by

D(h) == @ Dy(n).

n=0

The vector Q = (1,0,0,...) plays a special role and is called the vacuum. A vector
U = (1o, 1, . ..) is called a finite particle vector if v/, = 0 for all but finitely many n. The
set of all finite particle vectors we denote by I'sy,(b).
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If A is an operator on h, we define I'(A) to be the operator which is equal to A®"
on I'y(h). If w is a self-adjoint operator on H then I'(exp(itw)) is a strongly continuous
unitary group on I'(), and we denote its generator by dI'(w). Note that

[(exp(itw)) = exp(itd'(w)),

and dI'(w)Q? = 0. dI'(w) preserves the n-particle subspaces, and on D(dI'(w))) N, (h) it
acts as
WwR1..®1+1Q0w..®1+...1®..01Qw.

The number operator is defined by N = dI'(1).

In the models we will study, the boson Fock space will represent only a part of the
system, usually referred to as a “radiation field” or a “heat bath”. The other part is an
“atom” or a “small system”, to which we associate a Hilbert space K. The interaction
of these two sub-systems is described by a suitable self-adjoint operator on K ® I'(h). To
describe these interaction operators in a sufficient generality, it is convenient to extend
the notion of the usual creation and annihilation operators on the Fock space. For the
conventional definitions of these operators we refer the reader to [RS2], Section X.7. The
definitions we will use are also discussed in [DG].

Notation. In the rest of the paper, whenever the meaning is clear within the context,
we will write A for the operators of the form 1 ® A and A ® 1.

Let
veBK,K®b).

Such operators will be called form-factors. We define a linear operator b(v) on K ®
(D22 ,h"™®) as follows:
b(v) : K ®@5" 0,

b(v) : K@ p"® — K@p" e,
) (VR ®...Q¢,) = VYV RP) R PR ... R Py.

It is not difficult to show that b(v) is a bounded operator which takes K @ I'(h) into itself.
Note that [[b(v)[| = [[v]lsxc ken)-
We define the annihilation operator a(v) on K ® I'(h) with domain K ® g, (h) by

a(v) = (N +1)7b(v).

The operator a(v) is closable, and we denote its closure with the same letter.
The adjoint of a(v) we denote by a*(v) and call it the creation operator. To describe
this operator, note that on K ® I'g,(h) we have

a*(v) = Pb*(v)(N +1)2, (4.72)
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where P = Y2° ) P,. Moreover, b*(v) acts on L ® (022 ,h"®) as follows:
b (v) : K@ 5™ s K @ pn e,

V()Y @¢1®@...¢,) = (V) ® 1 ® ... @ Py
Here ¢ € IC, ¢ € 1.

We remark that the map v — a(v) is anti-linear while the map v +— a*(v) is linear. In
the sequel a (v) stands either for a(v) or a*(v).
The (Segal) field operator is defined by

() = %m(v) +a"(w)).

The operator ¢(v) is essentially self-adjoint on KX ®D(Nz). The following two elementary
estimates will be often used in the rest of the paper:

1 _1
IV + 1)z @) < ol (N +1)720(0)]| < V2] (4.73)
Note that if v acts as vi) = (q¥) ® f, where f is a fixed vector in § and g € B(K), then

a'(v) =q@a’(f), alv)=q @a(f)

Here a”(f) are the usual creation and annihilation operators on I'(h). Such form-factors
we will call simple.

More generally, if {f,} is an orthogonal basis of h, for any v € B(K,C ® ), there are
operators v, € B(K) such that

v =30 ) ® for 00)P = vat]? ¥ EK.

Thus, every form-factor can be decomposed into a sum of simple form-factors. One can
alternatively use this fact to define the operators a#(v), etc.
If U is a unitary operator on b, then

LU)e)L(U™) = ¢(Uv). (4.74)

JFrom this relation it follows that if w is a self-adjoint operator on h such that wv €
B(K,K ® 1), then
i[dl'(w), ¢(v)] = ¢(iwv). (4.75)

We now describe several technical results which will be used in the sequel.
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Proposition 4.1 Letv € B(K,K ® ) and w an operator on . Assume that w > 0 and
that w is invertible on the range of v. Set Ky := v*v. Then the following estimates hold
for any ¥ in the quadratic form domain of dI'(w):

la(o)¥]* < [lv'w™ ol (¥|dI(w)P),
la*()W]* < (V]Ko¥) + [Jo*w™ o[ (¥]dT(w) V), (4.76)
l()]* < (U][KoW) + 2fjv"w™ | (¥|dI(w) ¥).

Remark. Results of this genre go back to the N -estimates of Glimm and Jaffe [GJ], see
also [Ar], [BFSI].
Proof. Before we start, we remark that v*w='v € K iff VwTE € B(K ®1b,5), and that

Jo*w tol] = o'w™3|* = ool
Let Q denote the quadratic form domain of dI'(w). Since
[N, a*(v)a(v)] = [N, a(v)a"(v)] =0,
it suffices to establish the first two relations for
Uedn(KT,(h). (4.77)
Note also that if U, € K@ 1T',,(h), i = 1,2, then

" . O 1f No — M 7& 17
(Pola” (v)¥1) = { Vv + 1(Wslv @ 1MW) if ng —ng = 1.

(4.78)
Using Relation (4.78) twice, we derive
(Tla*(v)a(v)V) = n(V|vr* @ 18C-DT)
= n(le @ w? @ 12O-DT|(v* (1 @ w?))*
x (V" (e @ w™7))(1g @ w? @ 120D )
< |l (1x @ w™2)|2n(¥]1c @ w @ 18D @)
= [[v*w™[|(¥|dT (w) V).

This proves the first relation in (4.76). Before we prove the second, it is convenient to
introduce some additional notation.

Fori=1,...,n, let TZ-(") denote the transposition of 1 and 7. Recall that TZ-(") defines a
unitary operator (which we denote by the same letter) on §®". Clearly, (TZ-("))2 = 1. For

any h € B(h) we define

hz('n) = 190D g | @ 180~ — Ti(n)(h ® 1®(n71))(7_i(n))71'
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Assume that W satisfies (4.77). Then, using (4.72) and (4.78), we derive that
(@ ()¥|a*(0)¥) = (n+1)(¥|(v* @ 19") Fria (v © 197) W)
= S (W0 @ 1) (1 @ 7V ) (0 @ 197) W) (4.79)
= (V| Ko0) + S (U] (v* ® 1) (1 @ 7V) (0 @ 197)1).
Note that for ¢ > 1,
(U|(v* ® 19") (1 @ ") (v @ 197)0) =
()] @ 197 (@ )" (e @ 7" ) @ ) ) (0 @ 157) (W) )

= (W) 0] (0" (e @ w™7) @ 19") (e @ 777 V) (1k @ w77 )0 ® 197) (w?)") 0)
< Jo* (e @ w2)|| [[(Le @ w2 )| [ (w2 ) |2

= |lv*'w o||(¥]w @ 18D y).
Thus,

ZnJrl(\I/l(’U* ® 1®n)(1}C ® Ti(nJrl))(U ® 1®n)111) < nHU*wil’UH(‘Iqw ® ]_®(n*1)111)
= ||v*'w t||(|dT(w)P).

Combining this inequality with the identity (4.79), we derive the second relation in (4.76).
Finally, the third relation follows from the first two and the simple estimate

le(@)P]* < lla(v)¥|* + a* () ¥|

We will also make use of the following estimate.

Lemma 4.2 Letv e B(K,K®Wb),1>6 >0 and Ns:=1+IN. Then, for any 3,
1(p(v) = N5 Po(v)N;)|| < CaVé] vl

Proof. It suffices to consider the case 5 > 0. For ¥ € L ® I',,(h) we have
(a*(v) = N Pa* ()N} ) @ = Vn +1(1 = (35225)7) Posav @ 1970,
For 0 < 2 <1 we have |1 — (1 — 2)?| < Cyx. Hence
a*(v) = N; Pa* ()N || < supyzo v I| (1~ (5i2m)”) o]
< sup,5 Cov/n + Tt 12l (4.80)
< CaVolull.
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After taking adjoints, (4.80) yields
|a(v) = N5 Pa(o)N}|| < CsV/5[v].

Clearly, the above two estimates yield the statement. O

The final results which we need is the exponential law for bosonic systems, see e.g.
[BSZ], Section 3.2.

Theorem 4.3 Let by and by be Hilbert spaces. There exist a unitary mapping
U :T(h1) ®I(b2) = (b1 @ b2),

with the following properties:
(i) If Ay and Ay are operators on by and b then

UT(A) @T(A)) U =T(A; @ A).
(i) If 2 denotes the vacuum on I'(hy @ by) and €y, Qs the vacua on I'(hy), I'(ha), then
U ® Q) = Q.
(iii) If f1 € b1, fo € ba, then
Uexp(io(f1) @ exp(ip(f2))U~" = exp(ip(f1 @ f2))-

(iv) Let K be a Hilbert space. Assume that v € B(IK,K ® b1), fo € hy and va = 1 @ fo.
Then vy @ vy can be viewed as an element of B(IC, KK @ (h1 @ h2)) and

(1x ® U) exp(ip(v1)) @ exp(ip(v2)) (1 @ U) ™ = exp(ip(v1 & v2)).

Remark. The properties (ii), (iii) specify U uniquely.

5 Pauli-Fierz Hamiltonians

In this section we define Hamiltonians which we will study.

In quantum physics such Hamiltonians are used to describe systems which consist of
two parts: the “small system” A and the “radiation field” R. The system A is described
by a Hilbert space K and a self-adjoint operator K on K. The “radiation field” R is
described by a bosonic Fock space. Its 1-particle space is h := L?*(R) ® g, where g is an
auxiliary Hilbert space. We denote by w the operator of multiplication by w € R. The
Hilbert space of the combined system is H := K ® I'(h) and its free Hamiltonian is

Hy =K®1+1®dl'(w).
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Let a € B(K,K ® ) be a given form factor. The Hamiltonian of the coupled system is

formally given by
H = Hp, + Mp(a). (5.81)

We make the following hypothesis:
Hypothesis A. H is essentially self-adjoint on D := D(Hy,) N D(p()).
If we equip D with the norm
[@llp = (|| + | He&®]| + [l() ],

then D becomes a Banach space. It follows from Hypothesis A and an easy abstract

argument (the same that is needed to show Lemma 2.5) that any vector space dense in D

is a core for H. Thus, for instance, Dg, := D(K) @ (I'gn(h) N D(AI'(Jw|))) is a core of H.
Below we give two explicit conditions that imply Hypothesis A.

5.1 “Positive-temperature systems”

Proposition 5.1 Assume that the operators |w|a and (|K| ® 1)a — | K| are bounded.
Let R
N = |K|+dl'(Jw| +1).

Then, for any A € R, H is essentially self-adjoint on any core ofN. Moreover, Hypothesis
A is satisfied.

A

Proof. Clearly, H is a well defined symmetric operator on D(NN). We will prove the
proposition by invoking Nelson’s commutator theorem ([RS2], Theorem X.37). We must
show that there is a constant d > 0 such that the following estimates hold for any

¥ € D(N):
[HY[| < d|[ NV,
) ) N (5.82)
(HU|INV) — (NY|HY)| < d|N=V]?.

By (4.73), Ap(a) is an infinitesimal perturbation of N and therefore of N. Obviously,
dI’(w) is bounded with respect to dI'(|w|). These observation yield the first relation.
Since X R R
((HY|NW) — (NUIHE)[ = [A[(V[[N, p()] V)],
and )
I[N, p(a)] = ¢(i(lw] + )a) + ¢ (9),
where § = i(|K| ® 1;)a — io| K|, the second relation in (5.82) follows from the estimates

(4.73).
Finally, since Dg, is a core for N, Hypothesis A is satisfied. O

37



5.2 “Zero-temperature systems”

Let h := L*(R) ® g, where g is an auxiliary Hilbert space. We denote by w the operator
of multiplication by w € R,. Consider the Hilbert space H := K @ ['() and the free
Hamiltonian

Hy = K®1+1ed'(®). (5.83)
Let & € B(K, K ® ). The Hamiltonian of the coupled system is formally given by
H = Hy + \p(@), (5.84)
where )\ is a real constant.

Proposition 5.2 Assume that the operator K is bounded from below and that
a*o'a e B(K). (5.85)

Then o(&) is infinitesimally small with respect to Hy. In particular, for any X € R, the

operator H 1is self-adjoint on D(ﬁfr).

Proof. Without loss of generality we may assume that K is strictly positive. By (4.76)
there is a constant ¢ > 0 such that for any W € D(Hy) and any € > 0,

(@) )1? < el W[ + (¥ | HoW)) < el + €)W + cel| Hr 0|

It follows that ¢(&) is an infinitesimal perturbation of Hg. The other conclusions of the
proposition follow from the Kato-Rellich theorem. O

The operator H has a different form than the operator (5.81). Nevertheless, we will
show below that by studying operators of the form (5.81) one can obtain information on
the “zero-temperature” Hamiltonian H.

Consider a Hamiltonian of the form (5.84) and assume that (5.85) holds. This Hamil-
tonian can be extended to act on the Hilbert space H @ I'(h) as

gt = Hy 1 —12d0(0),
H* .= H®1-1dl'(®).
Since H @ I'y(h) is an invariant subspace of H®* and

f{ _ ]:Iext

HRTo(h)’

the spectral properties of H can be inferred from the spectral properties of Hext (n~ote in
particular that op,(H) = 0pp(H™) and os(H) = 05(H™)). Let us show that H™* is
unitarily equivalent to a Hamiltonian of the form (5.81) satisfying Hypothesis A.
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Let U be the map from I'(h) ® T'(h) to ['(h & b) defined in Theorem 4.3. Clearly,
1c@U :HT(h) - KoT(h®h)
is a unitary map. Next, we have the unitary map
L*(Ry) ® L*(Ry) 3 (1, f2) = [ € L*(R), (5.86)
where .
o={ 4 12
which induces the unitary map
wih®h=(LRy)@g) ® (L*(Ry) ©5) — b= L(R) .

Set
W =1 @ (I'(w)U).

Clearly,
W:H® I'(h) — H,

is a unitary map. Let o € B(KC, K ® h) be given by

a:=ad®0.
We have
w(w, —w)w* =w,
Wdr'w))®1—-1edl(0)W* =dl'(w),
We(a)@1W* = p(a).
Thus

WHEW* = K ©14+1®dl(w),
WHSW* = K®1+1®dl(w) + Ap(a).

Hence WHW* and W HSW* have the form of the operators Hy, H (recall (5.83),
(5.84)). Furthermore, the operator W H®*W* is self-adjoint on

D(WHZW*) = D(WHZW*) N D(p(a)).

Thus the Hamiltonian W H™*W* satisfies Hypothesis A. O
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6 Main results

The Hilbert space H = K ® I'(h) has a natural decomposition H = H" & H", where
HY =K@ TLo(b),
HY =@, K y,(h).

(v stands for the vacuum). Note that HYY = K, D(Hy,) = D(K)®D(HL) and D(p(a)) =
K& D(o(a)W). Hence, if D is as in Hypothesis A, then D = D(K)®D(HL ) ND(p(a)™).
Using Hypothesis A, the fact that HY = Ap(a)" is a bounded operator and the Kato—
Rellich theorem we see that HYY + H" is essentially self-adjoint on D. Therefore, H"' is
essentially self-adjoint on D(H{¥)ND(p(a)"Y). Thus the formalism and results of Chapter
3 can be applied to the operator H. We will use the notation introduced in Section 3.2.
In particular, we recall that the self-energy is defined by

WV(Z) — HVV(21W . HW)leVv
— %)\QCL(O()VV(Z]_W _ HW)—la*(&)Vv'
We define a self-adjoint operator s on the Hilbert space § by s := —id,, ® 1,, so that
[s,w] = —i. The conjugate operator is defined by

S =1 ®dl(s). (6.87)
For any v > 0 we introduce the following hypothesis:
Hypothesis S(v). (s)’a € BIK,K® ).
We will compare W, (z) with its second-order approximation A?w(z), where
w(z) = ()T (217 — Hy¥) o)™

- %(a(a)(z — Hfr)fla*(oz))
=10 (z-K®1-1Qw) "

vv

We now state an auxiliary result on the regularity properties of the function w(z). Some
of these properties will be used in the statement of our main theorems, but we remark
that they are of independent interest.

Theorem 6.1 Assume that Hypothesis S(v) holds withv > 5. Letn € N and 0 < § < 1
be such that v =n + % + 0. Then, the function C4 3 z — w(z) extends by continuity to
C, and is in the class C™’(C,).

The next three theorems describe our main results. In our model, the spectrum of
K plays a role of the threshold set. The first theorem asserts that, away from an O(\?)
neighborhood of o(K), the Limiting Absorption Principle holds.
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Theorem 6.2 Assume that Hypotheses A and S(v) hold with v > 1. Let p > % and
0 < Ay < (V2|[sal|)~t. Then, there exists a constant 3 > 0 such that for |A\| < Ay the
following holds:
(i) Set for shortness

0 : =R\ I(o(K),\*3).

Then, the function
2 (S) Mz — H) Y{S)H (6.88)

extends by continuity to a function on C, U ©. In particular, the spectrum of H on the
set © 1is purely absolutely continuous.

(i) Let n € N, 0 < 6 <1, and p be such that v > ,u—i—% =1+n+0. Then, the function
(6.88) is of the class C™Y of the set

C, \ B(o(K), \3).

Our last two theorems describe the structure of the spectrum near an isolated eigen-
value k of K. They incorporate the notion of Fermi’s Golden Rule. We remark that in
our approach the eigenvalue £ may have an infinite multiplicity. Let p, = 1y (K). If
S(v) holds for some v > £ then it follows from Theorem 6.1 that

wy, := prw(k +10)pg (6.89)

is a bounded dissipative operator. We will always consider wy as an operator on the
Hilbert space Ranp,. In the standard description of atomic radiation, the spectrum of
Imw,, captures the emission and absorption processes and radiative life-time of energy
level k (of order A\?). The spectrum of Rewy captures the line shift of this energy level
(of order A?). If o(w;) N R = (), that is, if Imwy, < 0, one expects that the energy level k
has dissolved into the continuum, and that the spectrum of H in a neighborhood of k is
purely absolutely continuous. Among other things, our next theorem justifies rigorously
this heuristic expectation.

Theorem 6.3 Assume that Hypotheses A and S(v) hold with v > 1 and let pn > 5. Let
k be an isolated eigenvalue of K. Assume that

77{ = O'(wk) NR C O'disc(wk).

Let 31 be the constant from the previous theorem and k == 1 — v~ 1,

constants Ny > 0 and By > 0 such that for |\| < Ay the following holds:
(i) Set for shortness

Then there exist

O(k) = I(k, N*B1) \ I({k} + NIy, |A[*7" ).

41



Then, the function

2 (S) Mz — H) HS)~ (6.90)
extends by continuity to a function on Cy U O(k). In particular, the spectrum of H on
the set O(k) is purely absolutely continuous.
(ii) Letn € N, 0 < @ <1 and p be such that v > i+ 5 =n+ 1+ 0. Then, the function
(6.90) is in the class C™? of the set

C. N (B(k,NBy) \ Bk} + NTh, A5, .

The next theorem is perhaps our deepest result. It concerns the situation where 7y, # 0,
and describes the structure of the spectrum of H around a point m € ogis.(wi) NR. We set
Pre;m = Lymy(wy). It follows from Proposition 3.2 that py, , is an orthogonal projection. We
emphasize that in the following theorem we need a stronger assumption on the interaction,
namely we need S(v) with v > 2.

Theorem 6.4 Assume that Hypotheses A and S(v) hold with v > 2. Let k be an isolated
eigenvalue of K,

77{ = O'(wk) NR C O'disc(wk).
and let m € T,. Let 81, B> and k be as in the previous theorems. Then there exists a
constant A3 > 0 such that for |\| < Ag the following holds:
(i) Set for shortness

Ok, m) = T(k + \2m, |A|*"B) N T(k, \26;).

Then dim 1g,, .,y < dimpy . In particular, op,(H) N O(k,m) is a finite set consisting of
eigenvalues of finite multiplicity.
(ii) If p > %, then the function

2= (S) Mz — H) H{S)H (6.91)

extends by continuity to a function on CLU(O(k,m)\opp(H)). In particular, the spectrum
of H on ©(k,m) \ opp(H) is purely absolutely continuous.

(iii) Letn € N, 0< 0 <1 andv > p+ 5 =n+1+6. Then, for any e > 0, the function
(6.91) is in the class C™ of the set

C. 0 (Blk + Xm, |\ 32) N Bk, A261) \ Bloy(H), €))

Remark. Theorems 6.2, 6.3 and 6.4 combined together give global spectral information
on the part of the real axis where the spectrum of K is discrete. The related results are
easy to derive and we will not discuss them in this paper.
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7 The Mourre theory on the radiation sector

In this chapter we prove the Limiting Absorption Principle for the Hamiltonian H re-
duced to the radiation sector. In Section 7.1 we prove the basic form and in Section 7.2
more refined versions of the Limiting Absorption Principle. As we have remarked in the
introduction, the Limiting Absorption Principle for HYY will hold uniformly on R. In
Section 7.3 we prove Theorem 6.1. In Section 7.4 we prove an estimate on the difference
(1Y — HV)™h — (217 — HYY) L.

7.1 Limiting Absorption Principle

This section is devoted to the proof of the following theorem:

Theorem 7.1 Assume that Hypotheses A and S(v) hold with v > 1. Let yu > % and

2
0 <A < (V2||sal|)~t. Then,
sup H(S’W)’“(,zlW — HW)’1<SW>”‘H < 0.

(M2)E[—A1,A1]xC

Notation. In this section we will always work in the space H'. Henceforth, until the end

of the section we will drop the superscripts vv. Thus, we write H, S, N for the operators
HY, SV, NY, etc.

We start by assembling some preliminary definitions and facts. Let
SA =[S, 4],

elTSA — elTSAe—lTS.

Note that ,
e™Sdl(w) =dl(w) + TN,
TSN = N,
eiTS(a(&)) — a(ei”&),
eifs(a*(a)) :a*(eiTsa).
We choose a real function ¢ € C3°(R) such that {(¢) = 1 in a neighborhood of 0 and set
E(t) == e'C(1). (7.92)
Let
D := D(Hy) ND(N). (7.93)
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For e € R we define

He,fr = Hfr - iENa

Ve = g(a(é(—es)a) + a*({(es)a)), (7.94)
He = Hc.p + AV,

where for € = 0 we have Hyp = Hp, Hy = H and for € # 0 the domain is chosen as
D(H.s,) = D(H.) =D.
Remark. We remark that the following identity holds on ®:

1 ~ .
Ho = / £(er)e™ Hdr. (7.95)

Thus, formally, we could write H. = {(eS)H, following the notation of [BG] and [BGS].
In [BG], a functional calculus was developed for expressions similar to (7.95). In our
case, strictly speaking, this calculus does not apply, because H is an unbounded opera-
tor. Nevertheless, this calculus certainly motivates the definition of H, and the algebraic
computations of this section.

The basic properties of the operators H, s are summarized in the following lemma:

Lemma 7.2 For any e € R, Ht is a normal operator such that Hy=H .,
|He s ®[* = | HeW[]* + €[ NE|*, ¥ € D(H.p), (7.96)

0(Hegy) ={—ine+R : n=12,...}.

The proof of this lemma is the same as of Proposition 4.2 in [JP1] and we will skip it.
The next lemma gives the basic properties of the operator H..

Lemma 7.3 Assume that Hypothesis S(0) holds. Then the following is true:

(i) For any € # 0, V; is an infinitesimal perturbation of H.g. In particular, H. is a closed
operator with domain D.

(ii) For any € we have H = H_..

Proof. It follows from estimate (4.73) that

_1
INT2 Ve[| < 2l ool exl], (7.97)

and thus V, is an infinitesimal perturbation of N. This observation and (7.96) yield that
Ve is also an infinitesimal perturbation of H.g. This proves (i).
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Let us show (ii). Clearly, we can assume that € # 0. It is easy to see that we can split
Vi as V. = V.1 + V.o where V, 5 is bounded and [|[N7'V, || < 1, ||[VeaN 7| < 1. Therefore,
we can apply Proposition 2.11. O

For z ¢ o(H.) we set
G(2) = (z—H)™.

In the next 3 lemmas we describe some properties of G.(z) that hold under the assumption
S(0) and € # 0. Although they are formally obvious, they require a proof due to the
unboundedness of some of the operators.

For n = 1,2, ... we define closed operators H™ by the formula

A

H™ = —i§;, N + 7 ((—l)ka(skﬁ(”)(—es)a) + a*(skf(”)(es)a)) , (7.98)
where 61, = 1 if n = 1 and 0 otherwise. Here, of course, £ is the n-th derivative of the
function &. Note that for any ¥ € ©

d—HE\I/ = HM,

den
Lemma 7.4 Assume that Hypothesis S(0) holds and let z ¢ o(H.) be given. Then, the
function

R; 2 e— Ge(2), (7.99)
1s infinitely differentiable and
%Ge(z) = Y G()HM™G(2)...G(2)H™G (2). (7.100)
€

ni+n2+..ny=n

Remark. In this section we will deal only with the first derivative of the function (7.99).
The higher derivatives will be used in Section 7.2.
Proof. Let € > 0 be fixed and z € o(H,). First note that

INGe(2)]| < C. (7.101)

In fact, by Lemma 7.3 [[(Hc gt +1)Ge(2)|| is bounded and hence (7.101) follows from the
bound
INGe(2)|] < IN(Hese + 1) | (Hege +1)Ge(2)])-

Next we note that for |h| < § we have

_ h
[(Vern = VONTH < CHH@H max [0 (b + o). (7.102)
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Hence, for |h| < §
[(Hepn = HO)Ge(2)]| = [[(F1AN + Vepn = Vo) Ge(2) || < Crh.

Therefore, for small enough h, z € o(H;) and h — Geip(z) is norm continuous at A = 0.
We will now show that the function (7.99) is differentiable and that Relation (7.100)
holds for n = 1. An easy inductive argument then yields that this function is infinitely
differentiable and that Relation (7.100) holds for all n.
We have
Gern(2) = Ge(2) — hG(2)HY G (2) =T+ 11, (7.103)

where
[ = (Geyn(2) = Ge(2)) (Hesn — He) Ge(2)
= Gein(2) (AN + AVeip — AV)Ge(2)(—1AN + AV, — AV)Ge(2),
I = Ge(2)(Herp — He = hHD)G (2)
= Ge(2)(AVeyn — AVe — RAVD)G(2)
For |h| < 5, we have

||2

(Ve = Ve = RVI)NTH| < O3 Al Sup " (1 + t2)]. (7.104)

Using (7.101), (7.102) and (7.104) we see that I and II are less than Ch?. This ends
the proof of the lemma for n =1. O

We proceed to derive an alternative expression for %Ge(z) which will play an important
role in the sequel.
The commutator [S, H.], defined as a quadratic form on D(S) ND(H,) is equal to

: A .
[S,H.,] = —iN + 7 (—a(s&(—es)a) + a*(s€(es)a)). (7.105)

If we assume S(0), then it is easy to show that == ( a(s§(—es)a) + a*(s€(es)ar)) is an

infinitesimal perturbation of —iN. Hence the rlght hand side of (7.105) defines a closed
operator with domain D(N). By a slight abuse of notation, this operator will be also
denoted by [S, H].

Lemma 7.5 Assume that Hypothesis S(0) holds. Let ¢ # 0, z & o(H.) and m > 1 be
given. Then, [S,G™(z)], defined as a quadratic form on D(S), extends by continuity to a
bounded operator on 'H equal to
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Remark. In this section, we will use Lemmas 7.5 and 7.6 with m = 1. The cases

m > 1 will be used in the next section.

Proof. For ¢ real we define

He,t — eltSHeefltS

= Hepo +tN + Z5(a(€¢(—es)a) + a*(e"¢ (es)av)).

Let . .
Ge,t = eltS(Z o He)flefn‘,S

= (Z — He’t)_l.

Arguing as in the proof of Lemma 7.4, one shows that the function

Ra>t— Ge,t
is differentiable and that
d .
EGe,th:o = G(2)i[S, H]G(2).
It follows that
d m—
S| = Z@M )8, HIG!*(2).

On the other hand, in the quadratic form sense on D(S5),

d
dt

Combining (7.106) and (7.107) we derive the statement. O
Let ¢ be as in (7.92) and let

n(t) = e't¢'(t) = t(£'(t) — £(t)).

=i[S, G (2)].

=0

We set
K. =

75 (aln(=es)a) +a*(nles)a)).

(7.106)

(7.107)

(7.108)

(7.109)

Note that 0 & suppn (this fact will play an important role in the sequel) and that

HY —[S,H] = K..

(7.110)

Lemma 7.6 Assume that Hypothesis S(0) holds and let z ¢ o(H,) be fized. Then, for

any m > 1,

L) = (8.60(] + 3 GHKGIH2)

de =
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Proof. Note that

LG (2) =205 GE(z) (%Ge(f’:)) G 7R(z)
= Yy GFH ) HOGrF(2).

The result follows from the identity (7.110) and Lemma 7.5. O

From now on we strengthen the hypothesis on the interaction and we will assume S(1).
Note that the following inequality plays the role of the Mourre estimate.

Lemma 7.7 Assume that Hypothesis S(1) holds and let € > 0. Then, for any ¥ € D,
1

~ 2ie

(P|(He = H)W) > (1= V2| ool sl ) (U] N'D).

Remark. Since £'(t) = e’ around 0, we have that ||¢'||.o > 1. On the other hand, by an
appropriate choice of the function ¢, we can make ||£'||o as close to 1 as we wish.

Proof. Let .

§i(t) = o

(§(=t) = &(1)).
Then on D,
—gc(He = HY) =N+ 5.(Voe= Vo)
= N + Ap(&(es)sa)
= Nz (1 + /\N_%go(fl(es)sa)]\f_%) Nz,
The result follows from this identity and the elementary estimate

IN“2p(&i(es)sa)N 72| < V2|[&(es)sal|
< V2§ llsollsall < V2[IE" oI5

In the sequel we choose Ay > 0 and Cjy > 0 such that
Ar < (V2sal),
Co < 1—+2M|sql.
It follows from Lemma 7.7 that we can choose ¢ in (7.92) so that for |A\| < A; and ¥ € D,
— o (WI(H— )W) 2 Co(¥NW) (7113
All the results in the sequel will hold for real A such that |A| < Ay, uniformly in A.

(7.112)
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Lemma 7.8 Assume that Hypothesis S(1) holds and let € > 0. If Imz > —Cye then
z & o(H,) and
1

< —
G <

Proof. It follows from Relation (7.113) that the numerical range of the operator H, is
contained in the region Imz < —Cjye. Since D(H.) = D(H}), the statement follows from
Proposition 2.9. O

Before we make use of the last result, we need one additional lemma.

Lemma 7.9 Assume that Hypothesis S(1) holds and let € > 0 and z € Cy be given.
Then, for any ¥ € 'H,

I

IN2G(2)¥] < (Coe)2|(W|G(2) D)2,

NI

INZGI(2)¥]| < (Coe)2|(U|G(2) )]

Proof. We prove the first relation. A similar argument yields the second. We have
IN?G(2)¥|? = (V|G (z)NG(2)¥)]

< (Coe) (V|G (2)(ImHe + Im2)Ge(2) V)

= (i2C0e) 1 (W[(GE(2) — Ge(2)¥)

< (Coe) T (¥|Ge(2) D)),

where in the first estimate we used Lemma 7.7. O

JFrom now on p will denote a Schwartz function. Set

(S)ep = (9)"p(e9),

(7.114)
Fep(z) = (9)hGe(2)(S)c)-

Note that Lemma 7.4 yields that the function Ry 3 € — F, ,(2) is infinitely differentiable.
We are now ready to prove one of the key technical results of this section.

Lemma 7.10 Assume that Hypothesis S(v) holds with v > 1 and let p > 0. Set v(u) =
min(u, 1). Then, for any z € C,

< Cre 3P W F (2|17 + [N Cae || Fo(2)]]. (7.115)

d
H&Fe,p(z)
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Proof. It follows from Lemma 7.5 that

d
—F =1+ 1T+ 111
de e,p(z) + + )
where
I = ((9)) Ge(2)(S) ot + (S)hGel2) (£(S))
IT = (S) 5[5, Ge()(S)c
T = (S)ohGe(2) KGe(2)(S) o)
Note that d
— (SN < W
'd€<s>e,,, < W

Note also that Lemma 7.9 yields the estimates
1o _ 1 1
1GE(2)(S)epll < IN2GZ()(S)pll < (Coe) 72| Fe (2|2

) ) ) (7.116)
|Ge(2)(S)epll < IN2Ge(2)(S) 1l < (Coe) 2| Fe (=)
Thus, the term I is estimated as follows:
I < e 0o (1G(2)(S) il + 1GE(2)(S) 241
) (7.117)
< 205 2|/ [l 2 W || F o (2) 2.
Since for any € > 0,
IS(S)ehll = 1{S)eh S < € pll oo,
the estimates (7.116) yield
I < e 0 pll (1Ge(2) (Sl + 1G2(2)(S)41)
(7.118)

< 205 [ pllowe 3| F (2)] 2.
The term III is estimated as
I < [NFGE()S)E NN Ge(2)(S) el [N K N-H |
< Gy 'INe2(In(—es)all + In(es)al)I|Fupl()] (7.119)
< 205 P ls%al| sup, [t=n(t)]e 2+ | Fp(2)]]

Note that since 0 ¢ suppn, sup, [t “n(t)| < co. Combining the estimates (7.117), (7.118)
and (7.119) we derive that Relation (7.115) holds with

1

Cr =2C, *(lIpllse + 12 lls0),
Cy =205 s sup, |[t77n(t)).

(7.120)
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Lemma 7.11 Assume that Hypothesis S(v) holds for some v > 1 and let > % Then,

(i) SuP(s)er, xc, [Fep(2)]| < C.
ii) For any z € C,, the norm-limit lim |y F, ,(2) exist.
1 P

Proof. Since )
[ Fep(2)]]2 < T+ [[F,(2)]

it follows from (7.115) that

d

S Fy(2)| S adFep ()] + b (7.121)

ac = Cre 2t 4 |\|Che 2,

where

b, = Cre 2t

Since p > %, v > 1, we have
1 1
/ a;dT < 00, / b,dr < o0.
0 0

Note also that Lemma 7.8 yields that for e > 1, ||F,,(2)|| < Cy! for all 2 € C,. Thus by
the Gronwall inequality (see e.g. [DG]|, Proposition A.1.1) we obtain for all z € C, and
e >0,

[Fep(2)]] < C, (7.122)

1 1 1
C :=exp (/o aTdT) (001/0 a;dr +/0 de’T) : (7.123)

This yields Part (i) of the lemma.
To establish Part (ii), note that Relations (7.121) and (7.122) yield that for any 0 <
€1 < €9,

where

|Fop(2) = Fupl@)ll < S22 | & F;p(2)] dr
< [2(Ca; + b,)dT.

1

Thus, if €, — 0 then the sequence F,, ,(z) is Cauchy and this yields the statement. O
Assume now that p(0) = 1. Clearly,

Fop(2) = (S) (= — H)"(S) ™"
Thus, to finish the proof of Theorem 7.1 it suffices to show that

lilr(r)l F. ,(2) = Fo (). (7.124)
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(Note that Part (ii) of Lemma 7.11 guarantees the existence of the limit in (7.124) but says
nothing about its value). The proof of Relation (7.124) resolves the infrared problem we
have discussed in the introduction. In the physics language, there is no infrared problem
as long as € > 0 — this constant plays a role of a “complex boson mass”. In our approach,
the infrared problem appears in the limit € | 0 and is due to the fact that domains of
H and H. with € > 0 are different. This difficulty is resolved below. We remark that
an argument similar to ours has been used in [JP1]. The reader may consult [JP3] for
additional discussion of this point.

The following technical result plays a key role in the resolution of the infrared problem.
Recall that Go(z) = (z — H) ™.

Lemma 7.12 Assume that Hypothesis S(1) holds and let z € C, be given. Let 3 = +3.
Then,
(i) For any € > 0,

INTPG.(2)NP| < Il (1 + M) . (7.125)

|
mz Imz

(il) Assume in addition that Hypothesis A is satisfied. Then, (7.125) is true also for e = 0.

Proof. Let Ns be as in Lemma 4.2. For any ¢ > 0 consider the operator
H.s5:= H.+\N;"V.NJ — AV
It follows from Lemma 4.2 that
IN5PVeN; = Vel < OV,

where we use the shorthand C := /2||a||. Therefore, if € > 0, H ;3 is a closed operator
on ®. If e = 0, Hypothesis A yields that H, ;s is essentially self-adjoint on ®. Note also
that for any € > 0,

N(H) C{z: Imz < —Cye},

(recall the estimate (7.113)), therefore
N(H.s553) C {z: Imz < —Cye + C|A|V0}.
Thus, if Imz > —Cye + C|A\|/§ then the operator z — H, ;54 is invertible and
Iz = Hesp) Il < (Tmz + Coe — CIAIVE)

. From now on we fix z € C, and choose § such that

CIAVS < Imz.
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Let
D =D N (K@ Tin).

For any ¥ € D4, we have
H.zU = N;PH. o NSO

Similarly, for U € D5, we have
(N5 VNS = VW = Ny VNSO - V.

Thus, on D¢y,
He,cS,,@ — llefr + N(S_ﬂ‘/eN(ISB

= N, "H.N?.

(7.126)

One easily shows that D5, is a core for H.y. If € > 0, V, is an infinitesimal perturbation
of H s, and therefore D, is also a core for H, and H.;53. It follows from Hypothesis A

that ©g, is a core of Hy. Therefore, for € > 0,
Dfin = (2 — Hes,8)Dtin,
is dense in H and on gy,
(2= Hesp) ™' = Ny (2 — H)'NY .
Next, we note that

(1+46)°, B3>0,

BA—B| — -B N8
N S TR S A

Therefore, for any € > 0 and ¥ € Dy,

1+0

19 )
IN7F(z — H)'NPY| < (T) (Imz+ Coe — C’|)\|\/g> ' | W]

2
Taking ¢ = (;gl‘f“) , we derive the statements of the lemma. O

Lemma 7.13 Assume that Hypotheses A and S(1) hold. Then

lim N3G (2)N2=N"3(z— H)'N"=.

53

(7.127)
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Proof. Let ¢ > 0. We have
N73(G(2) — Go(2))N™% = N73Go(2)(H, — H)G(z)N"= (7.129)

= N"3Go(2)N? (—ie + AN“3(V, = V)N 72 ) N2G(2) N2, (7.130)
This identity and Lemma 7.12 yield that

N2 (Ge(z) = Go(2)) N2 < C2e (1 + 2|\ [l sup 1€’ (t1 + t2>|) . (113

where C, is the constant on the right-hand side in (7.125). Clearly, this estimate yields
(7.128). O

We are now ready to finish
Proof of Theorem 7.1. As we have already remarked, it follows from Lemma 7.11 that
to prove Theorem 7.1 it suffices to show that for any z € C,,

lifgl F. ,(2) = Fop(2). (7.132)
Since we know that the limit on the right hand side exist, it suffices to show that

w— lilr(r)l F. ,(2) = Fo (). (7.133)

This relation follows from (7.128). O

7.2 Holder continuity

This section is devoted to the proof of the following theorem:

Theorem 7.14 Assume that Hypotheses A and S(v) hold with v > 1. Let n € N,
0<0<1, andp> 13 besuchthatv>p+3=1+n+0. Let 0 <Ay < (V2[sarf|)7".
Then, for |A| < Ay, the function

Cp 2z (S7) (1YY — HY) H{S™) (7.134)
extends by continuity to C, and is of the class C™?(C,) uniformly in ).

The rest of this section is devoted to the proof of Theorem 7.14. We will freely use
the results and notation of Section 7.1. In particular, we drop superscripts ¥v until the
end of this section. We fix Ay > 0, Cy > 0 and ¢ such that Relations (7.112) and (7.113)
hold. All the results in the sequel will hold for real A such that |A| < Ay, uniformly in A.

For any € > 0, the function

Ci 32— G(2),

o4



is analytic and

OLG(2) = (—1)'1G(2).

It follows from Lemma 7.4 that for any [ and m the mixed derivatives

0.0 G(2)
exists on C, x R, and that they are linear combinations of the terms
GL()H™GE(2) ... G (2) HM™) G+ (2), (7.135)
where [;.’s and m;’s are positive integers such that
k k+1
j=1 j=1

We proceed to study in some detail these mixed derivatives.

Lemma 7.15 Assume that Hypothesis S(v) holds with v > 1 and let 1 > % Then,

Sup.cc, H<S>;f,‘ (@aénGe(z)) N3| < Ce3tm
. 1 (7.137)
Sup.cc, HNE (8282”(?42)) (S)ok ’ < Cezl-m,

Proof. We will prove the first relation. A similar argument yields the second. We write

. . . . . 1
JLI"Ge(z) as a linear combinations of the terms (7.135). After inserting (S).% and Nz,
we estimate the norm of each term by

1(S) 1 Ge(2) N ||| N2 G (2) NE |1 |N"2 HI™ N3 [||[ N2 G (2) N |2 ..
L INZG(2)NE||* | N“ZH™) N=2||[|[N2G(2) N2 ||*+1. (7.138)
It follows from Lemmas 7.9 and 7.11 that

I{S)ehGe(2)NZ|| < Cg 22| Fop(2)]l < Co 207,

1 1 (7.139)
IN2Ge(2)N2|| < Cgle.
Furthermore, ) )
INT2HIMINT2|| < et ™™, (7.140)
where
Cm; = O1m, + 2|\ sup |tma =M (1) || s (7.141)
t

Combining these estimates and using (7.136) we bound (7.138) with
1 1 4 1
SERae e | LN
Summing over the terms (7.135) we derive the Relation (7.137). O
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Lemma 7.16 Assume that Hypothesis S(v) holds with v > 1 and let p > . Let k =
kl + kg. Then
sup () S (D00 Ge(2) K Ge(2)) S*(S) 4 || < Cetmhmzty, (7.142)

zeCy

Proof. Note that
OLO™G(2) K. G (2)

is a linear combination of terms
(01O Ge(2))(OFK) (020 Ge(2)),

where | = Iy + Iy, m = my + my + k. After inserting (S);/ and (S)_/ , we bound the
norms of these terms by

H<S>;51 (ailagmGe(z)) Nz|||N“2oF K. N2 HN% (a?a;mGE(z)) ). (7.143)
We estimate
N2 KNz < [Ae (||lsn®) (es)a| + ||s*n®) (—es)a
I I < e (IsFn® (es)all + [|s"n®) (—es)al]) (7144)

< 2| Al sup, [t n® ()]s arlle R,

Note that since 0 & supp 7, the constant sup, |t*~*n*)(¢)| is finite. Combining the estimate
(7.144) with Lemma 7.15, we obtain

sup [[(S)ch (0LO1Ge(2)KGel(2)) (Sl < Cetm=>t. (7.145)

€,01 €,02
zeCy p p

Next note that we can find Schwartz functions ~;, 7; such that p;, = v74;, for i = 1, 2.
Clearly
(S)oh =i(eS)S) ke, i=1,2.

Yi?
Therefore, we can estimate the left-hand side of (7.142) by

1 (€9)S™ || ()2, (BLOI Gel2) K Gie(2)) () | 15%3a(eS)]-
Thus, Relation (7.142) follows from (7.145) and the estimates
19:(€9) Sk || < e Fisup, [tFy;(t)], i=1,2. (7.146)
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Lemma 7.17 Assume that Hypothesis S(v) holds with v > 1. Let p > %, k > 2u,
k= /{31 + kg. Then,

sup [|0(S)* SF1GL(2)S*2(S) 1 || < CeFimath, (7.147)

€,01 €,02
zeCy p p

Proof. We use the splitting po = 7579, as in the proof of the previous lemma. If k; > ko,
then k; > p and we use the estimates

[(S)ap Sl < e ftsup, [t =#py ()],

€01

1% 52(eS)]| - < €72 sup, [t*72(1)],

10.G(=)(S)ctl < Ce' 2,

€72

where we used Lemma 7.15 in the last estimate. If k; < ko, one interchanges the roles of
ki and ko and argues similarly. O

We recall that for any operator A,
SA =[S, 4],

is the quadratic form defined on D(S)ND(A). If A is bounded, one can define the multiple
commutators SPA for any positive integer p as quadratic forms on D(SP).
In the following lemma it will be convenient to use the following function:

€, v <0,
w(v,e) =4 1+log(l+et), v=0, (7.148)
1, v>0.

Let us note the following properties of this function:

[rw(v,r)dr < Cw(v +1,¢),

€

(7.149)
w(@—1,€) = Yple), 0<0O<1,
where the function fy(e) was defined in (2.27).

Lemma 7.18 Assume that Hypothesis S(v) holds with v > 1 and let p > % Then, for
some constants Cy and Cy,

sup.ec, [[0L08(S)hGe(2)(S) 24|

(7.150)
< Cw(—k—1— 35+ p,e) +Cow(—k—1—1+v,e).
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Proof. Note that
OE(S) HGe(2)(S) -

€p>

is the sum of the terms

(0F(S) 1) (0F2Ge(2)) (aF(S).h) (7.151)
where ki + ko + k3 = k. jFrom the formula

0.Ge(2) = SG(2) + Gc(2) K.Ge(2),
(recall Lemma 7.5) one easily shows by induction that

O2G(2) =SPG(2) + Y. SPOIG(2)K.Ge(z), (7.152)

pt+r+l=ks

as a quadratic form on D(S*).
Using (7.111) and the identity o (S)_# = S*(S) %,

(ks WE can write (7.151) as a linear

combination of the terms

(8) Hay ST Ge((2) S () H (7.153)

e,pk3)?

where j; + jo = ko, and of the terms

(S) Fay ST (0r Gel2) KcGe(2)) S#H(S) % (7.154)

pk3))

where I} + I, + 7 + 1 = ky. After applying 8! to terms (7.153) and (7.154) we estimate
them with the help of Lemmas 7.17 and 7.16. This yields (7.150) if & > 2.
Next note that (7.135), (7.139) and (7.140) yield that for any k and [ there is a constant
C such that
sup 005 ()4 GLNS) 2 < €

z€C4 e=1

Therefore, if Relation (7.150) holds for &k + 1, integrating the function

7 0L (S) hG-(2)(S)

P

over [e, 1[ and using (7.149) we derive that Relation (7.150) also holds for k. The proof
of Lemma 7.18 is complete. O

We are now ready to finish
Proof of Theorem 7.14. Assume that p(0) = 1. Let m =0,...,n. We have

10.07(S) 1 Ge(2)(S)H]| < Cw(=1+6+n —m,e). (7.155)
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Since —1 < —1 4 6 + n — m, the right hand side of (7.155) is integrable around 0. This
implies the uniform convergence of

im 97'(S) HG(2)(S)c, m=0,...,n.

<10 €p7

Hence, by the well known calculus lemma we can interchange the order of the limit and
the differentiation in the following formula:

IS) Mz — H)"H(S)™ = 02 lim o(S) A Ge(2)(S) )
= lim o 97 (S) 1 G(2)(S) L,

where in the first step we used (7.132).
It follows from Lemma 7.18 that for some constant C,

SUD,ec, H@f@i@?(&'};gGe(z)(S);,’jH < Cw(=1+0,¢)=Ce Yple), k+1<1.

Therefore, the function

0, 1[xCy 3 (6, 2) = 97(S) 1 Ge(2)(S)

—p
€p )

satisfies all the conditions of Proposition 2.3. It follows that the function
C. 2z 0MS) "(z—H)S)™" (7.156)

is in the class C%?(C,). Therefore the function (7.156) with n = 0 satisfies the conditions
of Proposition 2.4. The proof of Theorem 7.14 is complete. O

7.3 Properties of w(z)

In this section we prove Theorem 6.1. Let us first state a version of Theorem 7.14 for the
free Hamiltonian. Setting A = 0 in Theorem 7.14 we derive

Theorem 7.19 LetneN,0<0<1,v= % +mn+ 0. Then, the function
Cy 22— (S — HY) 1S (7.157)
extends by continuity to C, and is in the class C™?(C,).
Proof of Theorem 6.1. Note that if Hypothesis S(v) holds then the operators
p(@)(S7)" and  (S7)"p(a)",
are bounded and their norms are less than or equal to ||{s)”al|/v/2. Since
w(z) = () T(ST)" ((87) (17 — HE) ST ) (ST p()™, (7158

we derive the result from Theorem 7.19.
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7.4 Comparison with the free resolvent

In this section we estimate the difference of the free and the full resolvent on the radiation
sector.

Theorem 7.20 Assume that Hypotheses A and S(v) hold with v > 1. Let p = v — 5
and 0 < Ay < (vV/2||sal|)~t. Then

sup B H(SW>*H((21W - HW)fl . (21W . Hf\;_v) ) va H < Cl)\|(1/ 1)/
(A z)€[—A1,A1]xC4
(7.159)

For notational simplicity, in the sequel we drop the superscripts vv. It follows from
Theorem 7.14 that it suffices to take in (7.159) supremum over z € C;. We choose again
Ay >0, Cy > 0 and ¢ such that Relations (7.112) and (7.113) hold. All the results in the
sequel will hold for real A such that [A| < A;.

In what follows we will denote by the same letter C' various constants which depend
only on the constants introduced in the previous section, but do not depend on A. The
values of these constants may change from estimate to estimate.

Lemma 7.21 Assume that Hypotheses A and S(v) hold with v > 1. Let u > 5. Then

sup |07 (S)e ), (Ge(2) = Gre()(S)pull < CIAe

zeCy

Proof. Using
Ge(2) — G e(2) = AG(2)V.Gp o(2)

we can write
(S)ep (07(Ge(z) — Gie(2))) (S) el

as a linear combination the terms

()t Ge(2) HI™ G, (2) ... Go(2) HI™D G (2)
(7.160)
XAV Gy (2) HE™ Y G o(2) - G (2) HI G o (2)(S) 2

fr,e €,027

where Zé-:l m; = m. Using
INTEHMINTS|| < O™, INTEHTNTE|| < e,
INT2VIINTE| < Gt
(S)LG(2NE| < Ce3, [[NEGr (2)(S)24 ] < Ce3,
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IN2G(2)N?|| < Ce™!,  |[IN?Go(2)N2|| < Ce™',
we see that (7.160) can be estimated by |[A|e~™. This shows

sup [[(5) 5, (0(Ge(2) = Gre () (S) | < CINe™ (7.161)

2€Cy

Next we note that
() 1(Ge(2) — Gre(2))(S) b,

is a linear combination of the terms

SES) b (02(Ge(2) = Gire(2))(S) oy S (7.162)

€p

where k; + ko + k3 = k. Then we write p(ki) = v, ¢ = 1,2 for some Schwartz functions
7% and we rewrite (7.162) as

F1(e8)S ()1, (02 (Ge(2) — Grue(2))(8) 24, 8% Fa(eS). (7.163)

€,71 €72
Now (7.161) combined with (7.146) yields the statement. O
We are now ready to finish

Proof of Theorem 7.20. Let n be the integer such that n+1 > v, and let p be a fixed
Schwartz function such that p(0) = 1. We will use the shorthand

R(e) = (S),Ge(2)(S)c)

€&p "

It follows from Lemma 7.18 and the choice of n and p that

sup [|0"R(e)|| < Ce M, (7.164)
Z€C+
Furthermore, it follows from Theorem 7.14 and Taylor’s formula that for any € > 0
R(0) = nz—:l( 1)k 8k R(e) + (=" /6(6 — )" 0" R(r)dr
= kL€ (n—1)!Jo 7

(This formula is derived using Taylor’s expansion of the function R(e — ) in the variable
d and then taking § T €.) Setting A = 0, we get a similar expansion for Ry (0):

R (0) znz( )’f;afRfr() (7(:)17;! /0 " — 7)1 Ry (7)dr

It follows from (7.164) that the error terms in both expansions are estimated by C'e”~!

Combining this estimate with Lemma 7.21 we derive that
IR(0) = Re(0)]| < 025 llOF(R(e) = R(e)] + Cev ! (7.165)
< C(|Aet +e7h).

This estimate is optimized for e = (|A|/v — 1)}/¥. Substituting this value into (7.165) we
complete the proof of Theorem 7.20. O
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8 Proofs of the main theorems

Throughout this chapter we assume that Hypotheses A and S(v) hold with v > 1 and
thatneN,0<9§1andu>%satisfyuzu—{—%:l—i—n—l—e.

Notation. In this and the next section we adopt the following shorthand. Let I be an
interval, 2 C C, Q@ x I 3 (z,\) — Ay,(z) an operator-valued function, and f(\) a positive
function on /. We will write Ay(z) = O(f(X)) for z € Q if there exist constant C' such
that V(z,A) € Q@ x I, ||[Ax(2)]| < Cf(A). As customary, we will suppress the variable A in
the operator-valued functions, and write A(z) for A,(z), etc.

8.1 Proof of Limiting Absorption Principle away from o(K)

In this section we prove Theorem 6.2. We fix A; > 0 such that A; < (v/2||sa)~*.
In what follows we assume that |[A\| < A;. Recall that the self-energy W, (z) and the
resonance function Gy(z) are defined by (3.41).

Lemma 8.1 The function Cy > z — W,(z2) extends by continuity to C, and is of the
class C™?(C,) uniformly in \. Furthermore, there exist 3 such that

sup A 2||[We (2) || < B (8.166)
where the supremum is taken over |\| < Ay and z € C,.

Proof. Since

W (2) = Np(a) 7V (ST)* (<SW>*"(21W — HW)A(SW)*“) (S™) ()™,
the result follows from Theorem 7.14. O

An immediate consequence of the previous lemma is that for z € C, G,(z) is a
well-defined closed operator with domain D(K).

Lemma 8.2 The operators G,(z) are invertible for z in C. \ B(c(K), 23;) and the
function G;1(2) is of the class C™° of this set.

Proof. Since G,(z) = 21V — K — W, (z), the estimate (8.166) and Proposition 2.8 yield
that G,(z) is invertible and
IG ()l = O(A). (8.167)

for 2 € C, \ B(o(K),\26;). The regularity properties of G,(z) are inferred by induction
from the identity

Gl (o) = GTH(z) = GUH (=) (22 — 20) 1Y — (Wa(22) — Wi(21))) G (22), (8.168)
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and Lemma 8.1. O

Proof of Theorem 6.2. The theorem follows from Theorem 7.14 and Lemma 8.2 after
sandwiching the Feshbach formula

(z—H)™' =1V —-HY)!
N I (8.169)
+(1vv + (Zlvv - va)levv)G;l(z)(va(zlvv . va)fl + ]_VV),

with (S)7#, and after inserting (S) #(S)* in front of (after) H"W (H'¥). (Note that
(S)+ =17 & (s™)) O

In the next two sections, similar elementary arguments based on the insertion of various
powers of (S) at appropriate places will be skipped.

8.2 Proof of Limiting Absorption Principle around k € ¢(K)

In this section we prove Theorem 6.3. We introduce new splittings of the Hilbert space
H, B
H=H'oH =H o HE D H", (8.170)
where B _
H* := Ranpy,, H":=Ran(1 —py), HE:=H"NH".
In our argument we will apply several times the Feshbach formula with respect to these

decompositions. To that end we introduce some additional notation. The matrix form of
the operator H with respect to the decomposition H = H* @ H* is denoted by

Hkk Rk
The operator H FE acts on HE & HY, and its matrix form is denoted by
— H@ H&V
Kk
H = l T g 1 . (8.172)

(Arguing as in the beginning of Chapter 6 one easily shows that these matrix represen-
tations are well-defined and that the formalism and results of Chapter 3 can be applied.)
We employ the same notation for other operators. Note that p, = 1**. Note also that

H™ = g™ H" = g, (8.173)

For z € C, we set
Wi(z) = HE (217Y — HW) "1 HYE,

(8.174)
Gi(z) = 215 — HEE 11 (2).
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Note that if W, (z) and Gy(z) are the usual self-energy and resonance function, then

Wi(e) = Wek(z),  Gi(z) = Ge&(2). (8.175)

In the next lemma we assume that |A| < Aj.
Lemma 8.3 The function Wy(z) belongs to C™%(C..) uniformly in X\ and we have

sup A~?[[Wi(2)|| < B, (8.176)
where the supremum is taken over |\ < Ay and z € C,.

Proof. We apply Lemma 8.1 and (8.175). O

Let 6; > 0 be such that
0 < dist(k,o(K) \ {k}).

We choose Ay > 0 such that
Ay < Ay, BiA3 < 6. (8.177)

Until the end of this section we assume that [A| < As.

Lemma 8.4 The operators Gy(z) are invertible for = € C, N B(k,d;) and the function
Gk_l(z) is in the class C™Y of this set uniformly in .

Proof. The invertibility of G(z) follows from Proposition 2.8, Lemma 8.3 and the choice
of Ay. The regularity properties of Ggl(z) follow by induction from Lemma 8.3 and an
identity similar to (8.169). O

For z € C, we set
Wi(z) = HFF(z1FF — HFF)=1 Rk
(8.178)
Gr(z) = 21k — H* — W (2).
Lemma 8.5 The function

C. 3z (S) (1" — HFF)=1(g)y~n (8.179)

extends by continuity to Cy N B(k,d1) and is in the class C™Y of this set uniformly in .
The same result holds for the function Wi(z).
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Proof. The Feshbach formula yields that for z € C,
(21% . HE)—I _ (Zlv_v _ HW)—l

+(1EE 4 (217 — H7) T HE) G (2) (1 4+ HE (217 — H7V)71).
- (8.180)
We derive the result sandwiching this identity with (S)~* and invoking the previous
lemma and Theorem 7.14. O

We will now make use of the Feshbach formula with respect to the decomposition
H = H* @ H*. Note that in the notation we have adopted, w**(z) = pyw(2)py. In the
sequel we set k := (v — 1)/v. Recall that in (6.89) we defined

wy = w (k4 10).
Lemma 8.6 There is a constant 3y such that if z € C, N B(k,\23,), then
sup [A| 72 Wi(2) — Nwy|| < Bo, (8.181)
where the supremum is taken over = € C1 N B(k,\261), |\ < As.
Proof. It follows from (8.180) that

Wk(Z) — HkE(Zlﬁ _ HW)leEk
- o _ o o _ (8.182)
+Hkk(zlvv o HVV)_lHVEGgl(Z)HEV(Zlvv . va)—lHk:k:‘

Since $1A2 < §1, Lemma 8.4 yields that for = € C, N B(k, \23;) the second term on the
right-hand side is O(A\*). It follows from Theorem 7.20 that the first term equals

Hk:E(Zlv_v _ HW)—lHEk _ HkE(Zlv_v N Hf‘;_")_lHEk +O(|)\|2+n)'

Recall that in (2.27) we defined the function fp(7). We extend the definition of this
function for 6 € [0, oo[ as follows:

70, 0<h<1
lo(T):=¢ 7(1+In(1+77Y)) 6=1,
T, 0> 1.

Then, by Theorem 7.19,
H* (217 — HF) 7V H = M2wb*(2) = Nwf* + R(2),

where

IR < CiN%,_1 (|2 — k)
< Oy, 1 (BiA?) < Oy A>T,

1
2
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where we used 2v — 1 > k and 2 > & in the last step. O

The operator wy, is dissipative and by the assumption,
77{ = a(wk) NR C adisc(wk).
Therefore, Propositions 3.3 and 3.4 can be applied. Let

¢i= sup (2 = ) Lo (wo)]| (8.183)
Z€C+

(which is the constant ¢ in Proposition 3.3 applied to wy). In addition to (8.177), in the
sequel we assume that A, satisfies
BeMfe < 1. (8.184)

Lemma 8.7 The operators Gy(z) are invertible for
2€C N (B(k,NB) \ Bk + NTp, [A*T5) ),
and the function G '(2) is in the class C™° of this set.

Proof. It follows from the definition of G(z) and Lemma 8.6 that if = € C, NB(k, \23,),

then
Gr(z) = (2 — k)1 —W,.(2)

= (2 — k)1* — X2wy, + R(2) (8.185)
= X2 (A72(z = k) 1" — wy + A2R(2))
where |R(2)|| < B2 A\|*T". If ¢ is defined by (8.183), then |[A\"2R(z)|lc < 1 and
sup dist(o(A 2%k + wg) N R, A722) > | A",

where the supremum is taken over z € C, \ B(k + \*Ty, |[A\|?*%3,). Therefore, it follows
from Proposition 3.4 that Gi(z) is invertible for

2 € C N (B(k,\61) \ B(k + NT, [A*75,))

The regularity properties of G} *(z) are inferred from Lemma 8.5 and an identity similar
to (8.169). O

Proof of Theorem 6.3. Since (ii) = (i), we have only to prove (ii). We choose Ay such
that (8.177) and (8.184) hold. The Feshbach formula yields

(z— H)™' = (217 — {1
+(1kk + (21% N HE)_IHEk)Glzl(z)(lkk + HkE(zlﬁ N HE)_l).

Sandwiching this formula with (S)~#, we derive (ii) from Lemmas 8.5 and 8.7. O
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8.3 Proof of Limiting Absorption Principle around k + \>m

In this section we prove Theorem 6.4. We will freely use the notation and the results of
the previous section. We will indicate the place in our argument where we require that
Hypothesis S(v) with v > 2 holds.

In addition to (8.170) we introduce the following splittings of the Hilbert space H:

H=H"OH" =H™ > H™= D H",

where

H™ := Ranpy,,, H™ :=Ran(l —pp,.), HZ:=H NH"

Note that by the definition of py .., H™ C H¥, so the above splittings are well-defined.
Note also that B B ~ B B B
H™ = H*" = H™,  H™" = H™ = H"™. (8.186)

For these splittings we adopt the notation analogous to (8.171) and (8.172).
For z € C. N B(k,d;) we set

Win(2) i= HZF(21FF — FF)=1 fkm,
Gp(2) = z1mm — gom — Y, (2).
Note that if Wy(z) and Gg(z) are given by (8.178) then
Wi(2) = Wi (2), Gu(2) = Gy(2). (8.187)
We assume that |A] < As.
Lemma 8.8 Assume that z € C, N B(k,A\?3;). Then
HF (17 — gL O(AR+),
S (8.188)
H™k(21% — HF) =L HEm = O(|\>T7).

Moreover, we have
sup |A| 72| W(2) — MPwi™|| < Be, (8.189)

where the supremum is taken over z € C1 N B(k,\261), |\ < As.

Proof. To prove (8.188) we use wy" = (pk — Pkm)WkPkm = 0 and Lemma 8.6. (8.189)
follows from Relation (8.187) and Lemma 8.6. O

Let
dy < dist ({m}, o(wy) \ {m}).
We introduce Az > 0 such that

A3 < Ao, Boh < 6. (8.190)

;From now on we assume that || < As.
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Lemma 8.9 For z € C. N B(k,\*3;) N B(k + XN*m, \>**3y) the operators G,(z) are
invertible and the function G;(z) is in the class C™Y of this set. Furthermore,

& —2j-2y . _
@Gm(z)—O()\ 779, 7=0,...,n. (8.191)

Proof. Clearly,
Gm(z) = (z—k)1mm —Wy(z2)

= (z — k)1mm — \2u 4 R ()

= A (A 72(z2 — k)1m — ™ + \T2RID(2))
where R(z) = Wi(z) — A?wy, is the same as in (8.185). By Lemma 8.6,

IRz (2) | < [ R(2)] < Bal A,
if z € Cy N B(k, \?3;). Moreover,
wgl_mla(wkm—m)\f{(w;n_m) = Wilow)\R(Wk)-

Therefore,

¢ = sup [[(z — wy™) T Lz g (w; )|

2664,_
is the same as in (8.183). Thus, we can apply Proposition 3.4, which implies that G,,(z)
is invertible and satisfies the bound (8.191) with j = 0.

The regularity properties of G,'(z) are inferred from the formula analogous to (8.169)
and Lemma 8.5. The bound (8.191) for j = 0 and induction yield (8.191) for all j. O

For z € C; we set
Win(2) == H™™ (2177 — gmm) =1 mm,
Gm(2) = 21™™ — H™™ — W, (2).
Lemma 8.10 The function
C. 2z (S) H(z1™™ — H)71H(G) 7k,

extends by continuity to z € C, N Bk, \2B1) N B(k + \?m, \2*%3,) and is in the class
C™ of this set. The same result holds for the function W,,(z).
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Proof. The Feshbach formula yields
(zlm _ Hm)—l _ (21@ N HE)—l
+(1m+ (21% N Hk:k:) IHkm)G_( )(Zlmm +Hmk(21kk Hﬁ)—l))

and the result follows from Lemmas 8.6 and 8.8. O

Lemma 8.11 Assume that Hypothesis S(v) holds with v > 2. There exist a constant 7y
such that for z € C; N B(k,\261) N B(k + X2m, N2 3,)

st

Proof. It follows from the Feshbach formula that

< AP (8.192)

Wm(Z) — Hmm(zlﬁ _ Hﬁ)—lem
T o (8.193)

The derivative of the first term in (8.193) is O(A\?) by Lemma 8.8. When we differentiate
the second term and the derivative hits (21%% — H*)~1 then we get by Lemmas 8.8, 8.9
and (8.191)

O(N)OAH)O(IA) = O(IA*™).

When the derivative hits G,'(2), then we get by the same lemmas and (8.191)
O(IAFFHONHO(A*) = O(IAI™).

Then we use 2k <2+ k. O

We are now ready to finish
Proof of Theorem 6.4. Let v be given by (8.192). Recall that so far Az has to satisfy
(8.190). We demand in addition that

A< 1/7. (8.194)
Assumption (8.194) and Lemma 8.11 imply that

sup ||W] (z +10)| < 1.
z€O(k,m)

Thus, the conditions of Corollary 3.13 are satisfied on the interval ©(k,m) with respect
to the decomposition H = H™ & H™. By Corollary 3.13,

dim 1@(k m) < dim H™ = dim py, ..
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This completes the proof of the Part (i).

Since (iii) = (ii), it remains to prove (iii). First note that,by Lemma 8.10, ©(k,m) N
opp(H™™) = (). Therefore, by Proposition 3.7 and Theorem 3.8, o,,(H) N O(k, m) coin-
cides with {x € ©(k,m) : 0 € 0(G,,(x+10))}. Since G,,(z) is a continuous function and
C, N B(k,\?81) N B(k + \*m, $A27%) \ B(o,p(H),€) is compact,

G, ()l <C.

on this set. A formula analogous to (8.169) and Lemma 8.10 yield that G;,}(z) € C™9 of
this set.
The Feshbach formula yields that for z € C,,

(z— H)™' = (z1mm — gmm)~1
+(1mm + (Z]_W _ HW)_lem)G;ll(z)(lmm +Hmm(zlm _ HW)—I)'

Sandwiching this formula with (S)~#, we derive (iii) from Lemma 8.10 and the regularity
properties of G, }(z) proven above. The proof of Theorem 6.4 is complete. O
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