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Abstract

We study spectral properties of Pauli-Fierz Hamiltonians which are commonly
used to describe the interaction of a small quantum system with a bosonic free
field. We give precise estimates on the location and multiplicity of the singular
spectrum of such Hamiltonians. Applications of these estimates, which will be
discussed elsewhere, concern spectral and ergodic theory of non-relativistic QED.
Our proof has two ingredients: the Feshbach method, which is developed in an
abstract framework, and the Mourre method applied to the Hamiltonian restricted
to the sector orthogonal to the vacuum.
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1 Introduction

In this paper we study spectral properties of a certain class of self-adjoint operators which
appear in non-relativistic physics. They are commonly used to describe the interaction
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of a small quantum system (an “atom”) with a bosonic free field (“radiation” or a “heat
bath”). We will refer to them as Pauli-Fierz Hamiltonians (see [PF], [Bl], [BFSS], [DG]).

In a few words, the main result of our paper can be described as follows: the predictions
of the second-order perturbation theory for embedded eigenvalues of a large class of Pauli-
Fierz Hamiltonians are correct for a sufficiently small coupling constant. A large part
of our argument is abstract and uses only certain structural properties of Pauli-Fierz
Hamiltonians which are common to many different problems of mathematical physics.
Therefore we would like to devote the first part of the introduction to a description of the
general structure of our results and arguments. Only afterwards we will explain them in
the context of Pauli-Fierz Hamiltonians.

1.1 The conjugate operator method

Let H be a self-adjoint operator and Θ a fixed open subset of the real line. First, we
would like to describe two well-known methods used in the study of the spectrum of the
operator H inside Θ: the analytic deformation method and the Mourre theory. These
two methods have a lot in common and can be viewed as two versions of one method
that we will call the conjugate operator method. Although in this paper we will use only
the Mourre theory, it is helpful to keep in mind the intuition derived from the analytic
deformation method.

In what follows σ(B) will denote the spectrum of the operator B and σpp(B) will
denote its pure point spectrum.

(1) The analytic deformation approach. One considers a family of operators

H(ξ) := eiξSHe−iξS, (1.1)

where S is an appropriately chosen self-adjoint operator (sometimes called a conjugate
operator). The basic assumptions that one imposes on H and S are the following:
(a) The family H(ξ) is analytic in some strip |Imξ| < a.
(b) For Imξ < 0, the essential spectrum of H(ξ) “moves down” below Θ, uncovering a
region below the real axis, which belongs to the unphysical sheet of the complex plane.

In the uncovered region, H(ξ) may have some discrete eigenvalues. One can show that
these eigenvalues do not depend on ξ and that the eigenvalues of H(ξ) contained in Θ ⊂ R
coincide with σpp(H) ∩ Θ. The non-real eigenvalues of H(ξ) are called resonances. All
these eigenvalues can be studied by standard methods of perturbation theory developed
for isolated eigenvalues.

The analytic deformation method gives the following practical criterion for the study
of the spectral properties of H: If for Imξ < 0 the deformed Hamiltonian H(ξ) has no
eigenvalues in Θ, then H has no pure point spectrum in Θ. Even if H(ξ) has some real
eigenvalues in Θ, the method allows one to exclude the singular continuous spectrum
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inside this set.

(2) Mourre’s theory and Limiting Absorption Principle. This is an infinitesimal
version of the analytic deformation approach. Probably the most advanced version of the
Mourre theory can be found in [BG] and [BGS]. Below we briefly describe the Mourre
theory following essentially [BG].

One again considers a family of operators (1.1), where now ξ is restricted to the real
line. Let n = 0, 1, . . ., 0 ≤ θ < 1 and ν = n + θ. The basic assumptions of the Mourre
theory are:
(aν) The nth derivative of ξ 7→ (z −H(ξ))−1 is θ-Hölder continuous.
(b) (The Mourre estimate). For any x ∈ Θ there exists an open interval I 3 x, a positive
number C0 > 0 and a compact operator K such that

1I(H)i[S, H]1I(H) ≥ C01I(H) + K. (1.2)

(Here 1I(H) denotes the spectral projection of H onto I.)

If (aν) holds with ν = 1, (b) and some other technical assumptions hold, then one can
show that σpp(H) ∩Θ is a discrete set which consists of eigenvalues of finite multiplicity.
If in addition ν > 1 and µ > 1

2
, then for x ∈ Θ \σpp(H) one can establish the existence of

〈S〉−µ(x + i0−H)−1〈S〉−µ := lim
y↓0
〈S〉−µ(x + iy −H)−1〈S〉−µ. (1.3)

(〈S〉 denotes (1 + S2)
1
2 .) Note that (1.3) implies the absence of singular continuous

spectrum in Θ. Moreover, if ν ≥ µ+ 1
2

then the function (1.3) is Cn−1(Θ\σpp(H)) and its
(n − 1)st derivative is θ-Hölder continuous. Statements similar to the existence of (1.3)
usually go under the name of the Limiting Absorption Principle.

The Mourre method in the form described above does not give much information about
the location and the multiplicity of σpp(H). However, if for all x ∈ Θ there is no compact
operator K in the Mourre estimate (1.2), then σpp(H) ∩Θ is empty.

The two methods described above are complementary. The analytic deformation
method typically yields stronger results and allows study of resonances, which are of
considerable physical interest. This method, however, is usually applicable to a restricted
class of Hamiltonians that meet the analyticity condition. The Mourre theory approach is
of much wider applicability but it yields weaker results. In particular, resonances cannot
be studied with this approach.

The analytic deformation technique was started in [AC], [BC]. For more information
about the early literature on this subject see [Si], [RS4].

The Mourre theory originated in [Mo] and was further developed in [PSS], [JMP],
[AHS], [FH], [CFKS], [ABG], [BG], [BG].

Both these methods were first applied to Schrödinger operators where S was the
generator of dilations. The generator of dilations is often applicable in situations where
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the spectrum of the Hamiltonian covers the half-line. The subset of the lower half-plane
uncovered by the analytic deformation in this case is the wedge −a < argz ≤ 0.

Another choice of S that can be found in the literature is the generator of translations.
With such S, the set uncovered by the analytic deformation is the strip −a < Imz ≤ 0.
This choice was made in works devoted to the Stark Hamiltonian. A similar choice (the
generator of translations in energy) was made in [JP1], [JP2] in the context of Pauli-Fierz
Hamiltonians, and we will keep the same S here.

As we have mentioned earlier, in this paper we study the Mourre theory for Pauli-
Fierz Hamiltonians. In the continuation of this paper [DJP], we develop the analytic
deformation approach and study the resonances following the earlier work [JP1].

Our treatment of the Mourre theory follows [BG]. One of the differences between our
approach and [BG] is that we use weighted spaces instead of Besov spaces. This makes our
treatment somewhat less general, but also more elementary than that of [BG]. There are
some other differences, due to the special properties of Pauli-Fierz Hamiltonians, which
we will describe later.

1.2 The Feshbach Method

The structural properties of the Pauli-Fierz Hamiltonians which play an important role
in our paper can be described as follows. They are self-adjoint Hamiltonians of the form

H = Hfr + λV,

on a Hilbert space H. This Hilbert space has a distinguished decomposition

H = Hv ⊕Hv. (1.4)

With respect to this decomposition, the full Hamiltonian can be written as a 2×2 matrix

H =

[
Hvv Hvv

Hvv Hvv

]
. (1.5)

We will use a similar notation for other operators, for instance,

1 =

[
1vv 0

0 1vv

]
. (1.6)

We assume that the “free Hamiltonian” has the form

Hfr =

[
Hvv

fr 0

0 Hvv
fr

]
, (1.7)

and that the perturbation has the form

V =

[
0 V vv

V vv V vv

]
. (1.8)
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To explain the Feshbach formula in its simplest form, we will assume that z 6∈ σ(Hvv).
We remark that this is not the most interesting case in the context of our paper, since
in our case σ(Hvv) = R and we want to study embedded eigenvalues. However, the
assumption z 6∈ σ(Hvv) allows us to explain the Feshbach method with the least amount
of technical assumptions.

For z 6∈ σ(Hvv) we introduce the following objects:

Wv(z) := Hvv(z1vv −Hvv)−1Hvv,

Gv(z) := z1vv −Hvv −Wv(z).
(1.9)

In the physics literature, the operator Wv(z) is sometimes called the self-energy. We
propose to call Gv(z) the resonance function.

One can show that z 6∈ σ(H) iff 0 6∈ σ(Gv(z)). Moreover, if 0 6∈ σ(Gv(z)), then one can
express the resolvent of H in terms of the resolvent of Hvv with the help of the following
identity:

(z −H)−1 =
(
1vv + (z1vv −Hvv)−1Hvv

)
G−1

v (z)
(
1vv + Hvv(z1vv −Hvv)−1

)
+(z1vv −Hvv)−1.

(1.10)

We call (1.10) the Feshbach formula. This formula was discovered independently by many
physicists and mathematicians and it is known under a variety of names – the Grushin,
Krein, Livshic formula. In the physics literature, where it is especially widely used and
known (see for instance [CT]), it is usually called the Feshbach formula, and we keep this
name. It was used recently in a context similar to ours in [BFS1, BFS2]. We refer the
reader to [BFS1, How, MeMo] for more information on the literature about this formula.

1.3 Combining the Feshbach Method with the Mourre Theory

Next we want to describe how we study σpp(H) embedded in σ(H) with the help of the
Feshbach formula. To that end we study the boundary values of (z − H)−1 at the real
axis using the expression (1.10). We choose an operator S on H of the form

S =

[
0 0

0 Svv

]
. (1.11)

Let us list the most important additional properties of H and S that we use in our analysis.
(a′ν) The family H(ξ)vv satisfies an assumption analogous to (aν).
(b′) The following global Mourre estimate holds:

i[Svv, Hvv] ≥ C0 > 0. (1.12)

(c′) V vv(1 + |S|)ν− 1
2 is bounded.
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Using (a′ν) with ν > 1, (b′) and some additional technical assumptions, we develop the
Mourre theory for Hvv, which implies that Hvv satisfies the Limiting Absorption Principle
uniformly on the whole real line. More precisely, for µ > 1

2
we prove that the limit

〈Svv〉−µ((x + i0)1vv −Hvv)−1〈Svv〉−µ := lim
y↓0
〈Svv〉−µ((x + iy)1vv −Hvv)−1〈Svv〉−µ (1.13)

exists and is uniformly bounded in x and λ. Moreover, if ν ≥ µ + 1
2

= n + θ for some
0 < θ ≤ 1 then the function (1.13) is in Cn−1(R) and its (n− 1)st derivative is θ-Hölder
continuous.

As we have mentioned before, our treatment of the Mourre theory follows [BG]. Nev-
ertheless, there are some important differences. First, the spectrum of Hvv covers the
whole real line while [BG] make the assumption that Hamiltonian has a spectral gap.
More importantly, in our case the commutator i[Hvv, Svv] is not bounded relatively to
Hvv. This leads to some difficulties related to the infrared problem of QED which require
delicate arguments.

If (a′ν), (b′) and (c′) hold one easily shows, using (1.13), that the limit

Wv(x + i0) := lim
y↓0

Wv(x + iy)

exists. Now, it follows from the Feshbach formula that if x ∈ R and 0 6∈ σ(Gv(x + i0)),
then the Limiting Absorption Principle for H holds. Moreover, we can show that 0 ∈
σdisc(Gv(x + i0)) implies x ∈ σpp(H) and that the multiplicity of 0 as the eigenvalue of
Gv(x + i0) is equal to the multiplicity of x as the eigenvalue of H. Thus, the study of
σpp(H) can be reduced to the study of Gv(x + i0).

An additional property useful in our analysis is the bound

〈S〉−µ(x + i0−Hvv)−1〈S〉−µ − 〈S〉−µ(x + i0−Hvv
fr )−1〈S〉−µ = O(λκ), (1.14)

where κ = ν−1
ν

. These results together with the Feshbach formula give us a lot of control
over the resolvent of the full Hamiltonian H. In particular, we are able to describe
the approximate location of the pure point spectrum and to give sharp estimates on its
multiplicity.

Our approach is reminiscent of what can be found in the early literature on stationary
scattering theory, eq. in [Fr]. It has a lot in common with typical presentations of
perturbation of embedded eigenvalues found in physics textbooks.

1.4 Main results

As we have said before, our results concern a certain class of Pauli-Fierz Hamiltonians.
While we still postpone the description of these operators, let us mention that for our
purposes the most important properties of these Hamiltonians are the following: They are
self-adjoint operators of the form described in (1.5), (1.7), (1.8). In addition, they satisfy
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a certain hypothesis, called S(ν), which resembles the assumption (aν) of the Mourre
theory.

We introduce also the following auxiliary object:

w(z) := V vv(z1vv −Hvv
fr )−1V vv.

Note that λ2w(z) is the second-order approximation to the self-energy Wv(z).
If ν > 1

2
, it follows from the Mourre theory for Hvv

fr that w(z) has the boundary values
on the real line which we denote by w(x+i0). It is easy to see that w(x+i0) is a dissipative
operator, that is, Imw(x + i0) ≤ 0.

Let us describe the main results of our paper. Let H be a Pauli-Fierz Hamiltonian
satisfying appropriate conditions. We assume S(ν) with ν > 1 and set κ = ν−1

ν
.

(a) Our first result is Theorem 6.2. In this theorem we show that outside of an O(λ2)
neighborhood of σ(Hvv), the spectrum of H is purely absolutely continuous and that the
Limiting Absorption Principle holds.

(b) Let k be an isolated eigenvalue of Hvv. Theorem 6.3 describes the structure of the
spectrum of H in an O(λ2) neighborhood of k. Let pk be the projection of Hvv

fr onto k.
Set

wk := pkw(k + i0)pk.

It is easy to see that this operator is dissipative. If

σ(wk) ∩R = ∅, (1.15)

then we will say that the Fermi Golden Rule assumption for k holds. Under this assump-
tion we can show that the spectrum of H is purely absolutely continuous in a neighborhood
of k and that the Limiting Absorption Principle holds.

If the Fermi Golden Rule assumption fails, we show that outside an O(λ2+κ) neigh-
borhood of k + λ2σ(wk), the spectrum of H is purely absolutely continuous and that the
Limiting Absorption Principle holds.

c) If the Fermi Golden Rule assumption fails and m ∈ σdisc(wk)∩R, Theorem 6.4 describes
the spectrum of H in a neighborhood of k+λ2m where, by the second-order perturbation
theory, we can expect some eigenvalues of H. Let pk,m be the projection of wk onto m
(we will prove that this projection is orthogonal). We know from (b) that σpp(H) around
k +λ2m is located in an O(λ2+κ) neighborhood of k +λ2m. In Theorem 6.4 we show that
if S(ν) holds with ν > 2, then the dimension of this point spectrum is not bigger than
dim pk,m. Moreover, the Limiting Absorption Principle holds away from σpp(H).

To summarize, we show that isolated eigenvalues of Hvv, which may give rise to a
cluster of eigenvalues of the size O(λ2), split into subclusters of size O(λ2+κ) with the
multiplicities estimated from above by the predictions of the second-order perturbation
theory. Outside these eigenvalues, the Limiting Absorption Principle holds. Note that as
ν →∞, κ→ 1, as expected from the analytic case.
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Let us stress that our results in (b) and (c) hold even if k has infinite multiplicity. If
dimK =∞, this situation is typical for Pauli-Fierz Hamiltonians which arise in quantum
statistical mechanics.

Clearly, the notion of Fermi’s Golden Rule plays a key role in our argument. Let
us remark that the Fermi Golden Rule idea goes back to Dirac [Di] (for the history
of the name see [Ha], Section I.1.5). He used it to develop non-relativistic quantum
electrodynamics (QED), that is, the theory of emission and absorption of light by matter
at low energies. The first triumph of his theory was the derivation of Einstein’s A-B
law from the first principles of quantum mechanics. In a certain sense, the mathematical
foundation of Dirac’s theory is the subject of this paper.

1.5 Pauli-Fierz Hamiltonians

We now describe the operators that we call Pauli-Fierz Hamiltonians. These operators
describe the dynamics of an (arbitrary) quantum system, which we callA, interacting with
a free bosonic field, which we call R. The system A is described by a Hilbert space K and
a self-adjoint operator K. The one-particle bosonic space is assumed to be h = L2(R)⊗g.
The one-particle energy of bosons is the operator of multiplication by ω ∈ R on L2(R).
(The reader may find it surprising that the bosonic energy is unbounded both from below
and above. Further on we will explain how the usual physical systems with the energy
bounded from below fit in our framework.) After the second quantization, the system
R is described by the Fock space Γ(h) and its Hamiltonian is dΓ(ω). The composite
system is described by the Hilbert space H := K⊗Γ(h). In the absence of interaction, its
Hamiltonian is

Hfr = K ⊗ 1 + 1⊗ dΓ(ω). (1.16)

The full Hamiltonian is given by

H = Hfr + λV, (1.17)

where V = ϕ(α), λ is a real constant and ϕ(α) is the field operator corresponding to
α ∈ B(K,K⊗ h). α describes the coupling of the systems A and R and will be called the
form-factor, following the terminology used in physics.

We split the Hilbert space into H = Hv ⊕Hv, where Hv := K ⊗ Γ0(h) is the vacuum
sector. We will call Hv := (Hv)⊥ the radiation sector. It is easy to see that the operators
H, Hfr and V are of the form (1.5), (1.7), (1.8). Note in particular that Hvv = K.

The conjugate operator S, which plays the crucial role in the Mourre theory, is given
by S := 1⊗ dΓ(s), where s = −i∂ω acts on h. Note that in the absence of interaction we
have

i[S, Hfr] = N,

where N is the number operator. Therefore, on Hv we have a global Mourre estimate:

i[Svv, Hvv
fr ] = Nvv ≥ 1.

9



A similar estimate holds in the interacting case: for sufficiently small λ, we can find
C0 > 0 such that

i[Svv, Hvv] ≥ C0N
vv. (1.18)

This relation will be the initial building block in our development of the Mourre theory
in Chapter 7.

1.6 Physical systems and Pauli-Fierz Hamiltonians

The best known physical system described by a Hamiltonian (1.17) is the Hamiltonian of
non-relativistic QED. This Hamiltonian describes the second-quantized electromagnetic
field interacting with a localized piece of matter (see eq. [CT], [BFSS]). We remark that
the interaction part of this Hamiltonian has terms both linear and quadratic in the fields,
whereas our Hamiltonian has just linear terms. In fact, it is for reasons of space that we
have decided to discuss the linear case only – our techniques easily extend to couplings
which are quadratic in the field. We have taken care to present our analysis in such a
form that various extensions could be easily carried out.

In the case of QED the bosons are called photons. The one-particle space of the
photons is h̃ := C2 ⊗ L2(R3) (C2 accounts for the spin). The energy of a single photon

with momentum ~k ∈ R3 is given by |~k|. By using the polar coordinates, we can identify
h̃ with L2(R+) ⊗ g, where g = C2 ⊗ L2(S2) (S2 denotes the unit sphere). After this
change of variables, the photon energy operator becomes the operator of multiplication
by ω̃ ∈ R+ on L2(R+) ⊗ g. Thus, the photonic energy is bounded from below. In fact,
typical Pauli-Fierz Hamiltonians that one finds in physics textbooks are bounded from
below. Below we will explain how our results can be applied to such physical systems.

First, let us point out that a Hamiltonian bounded from below is characteristic of
systems at zero temperature. If we want to study these systems at a positive temperature,
we should use a different Hamiltonian. In the language of algebraic quantum statistical
physics, we should consider the KMS state for a given temperature and work in its GNS
representation. In the case of the Bose fields this leads to the so-called Araki-Woods
representation of CCR. In this representation one has to double the one-particle photon
space by adding a space corresponding to the “holes”. Next, these two spaces can be
“glued” together, as explained in [JP1], [JP2], [JP3], which leads to a space of the form
L2(R) ⊗ g, with the energy operator given by multiplication by ω ∈ R. Thus, even if
the Hamiltonian of the zero-temperature systems are bounded from below, their positive
temperature analogs are not and they fall into the class considered in our paper. Note
that the representation L2(R) ⊗ g for the quantum problem has its analogs in the Lax-
Philips theory of the wave equation (see e.g. [RS3]), and in classical models considered
in [JP4], [JP5].

The usual zero-temperature systems in the Schrödinger picture clearly do not belong
to the class considered in our paper. There is, however, a simple trick which allows us to
embed a zero-temperature system into a larger system satisfying the assumptions of our
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paper. This is done as follows. We add a non-physical copy of a free bosonic field which is
not coupled to the physical system. In this way, one-particle space becomes isomorphic to
L2(R)⊗ g. After this modification we obtain an extended Hilbert space and an extended
Hamiltonian, which belong to the class considered in this paper. The pure point and
singular continuous spectrum of the system do not change after gluing the non-physical
bosons. Therefore, all the spectral results we prove for the extended Hamiltonian remain
valid for the zero-temperature Hamiltonian.

In the above remarks we have considered a zero-temperature system in the Schrödinger
picture, described by a Hamiltonian H̃. One can argue that it is more appropriate from
the physical point of view to study the Heisenberg picture, for which the Hamiltonian is
given by

H̃ ⊗ 1− 1⊗ H̃. (1.19)

Even if H̃ is bounded from below, (1.19) is not and belongs to the class considered in our
paper.

To summarize, the Mourre theory we develop works both at zero and positive tem-
perature and our paper gives a unified treatment of the spectral theory of Pauli-Fierz
Hamiltonians over the complete range of temperatures. We regard this as a substantial
advantage of our method.

The conventional wisdom says that an eigenvalue embedded in the continuous spec-
trum will disappear under the influence of a generic perturbation. In the case of a free
positive-temperature Hamiltonian, zero is a degenerate eigenvalue embedded in the abso-
lutely continuous spectrum. It can be shown that for an essentially arbitrary form-factor
α (allowed by the principles of quantum statistical physics), the full Pauli-Fierz Hamil-
tonian will have an eigenstate with a zero eigenvalue corresponding to the KMS state
(see [FNV], [JP2], [DJP]). It follows from our theorems that in a generic situation the
positive-temperature system will have no other eigenstates besides the KMS state and
that the spectrum outside the zero eigenvalue is purely absolutely continuous. This im-
plies that physical systems described by Pauli-Fierz Hamiltonians enjoy strong ergodic
properties at positive temperature (see [JP2], [JP3], [DJP] for details).

It was shown in [AH] and [BFSS] (see also [DuSp], [Sp1], [Sp2]) that a large class of
zero-temperature Pauli-Fierz Hamiltonians will have a ground state. It follows from our
theorems that in a generic situation, this ground state will be non-degenerate and that
the rest of the spectrum of H is purely absolutely continuous.

For further discussion, it is convenient to represent the form-factor α as a function

R 3 ω 7→ α(ω) ∈ B(K,K ⊗ g),

with values in the Banach space of all bounded operators from K to K ⊗ g. If α has
an analytic continuation to a strip along the real axis, instead of the Mourre theory
one can use the analytic deformation method developed in [JP1], [JP2], [DJP]. This
method yields in many respects stronger results then the Mourre theory. The analyticity
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condition, which this method requires, is satisfied in physically interesting examples in the
positive-temperature case, where the function α is analytic in the strip |Imω| < 2πT (T is
the temperature), see [JP1], [JP2]. However, this analyticity condition is never satisfied
in the zero-temperature case. In this case, to define α for the extended Hamiltonian, one
glues a zero function on the negative half-line to a non-zero function α̃ on the positive
half-line. Clearly, the resulting function cannot be analytic. Fortunately, by gluing a zero
function to a non-zero function that vanishes at zero, one can obtain a sufficiently smooth
function. This is why the Mourre theory we develop in this paper can be applied in the
low-temperature regime and in the zero-temperature case – our theorems hold for the
values of the coupling constant which are independent of the temperature. Physically,
this is perhaps the most important consequence of our results. The analytic deformation
method developed in [JP1], [JP2], [DJP] works for |λ| ≤ Λ(T ), where Λ(T ) ↓ 0 as T ↓ 0.

Finally, we would like to briefly discuss the infrared problem which is inherent in the
spectral theory of massless Pauli-Fierz Hamiltonians, and which has plagued quantum
electrodynamics since its conception. If the quanta of radiation are massless, their energies
can be arbitrarily small. The infrared problem arises from the possibility that a finite
amount of energy (relative to an equilibrium or a ground state) is shared by infinitely
many quanta of the radiation field. The severity of the infrared problem depends on the
values of the function α around zero. Let us discuss first the zero-temperature case.

Consider a zero-temperature system where α(ω) behaves as ωδ around zero. Then
Hypothesis S(ν) is satisfied with ν > δ + 1

2
. Therefore, Theorems 6.2 and 6.3 hold for

δ > 1
2

and Theorem 6.4 holds for δ > 3
2
.

Now, let us consider non-relativistic QED at zero-temperature. In this case,

‖α̃(~k)‖ ∼ |ρ(~k)||~k|− 1
2 , ~k ∈ R3, (1.20)

where ρ(~k) is the charge distribution in the momentum representation and ρ(0) is the
total charge. If one uses the dipole approximation (see [BFS1] for a discussion) then one
gets a milder infrared behavior:

‖α̃(~k)‖ ∼ |ρ(~k)||~k| 12 , ~k ∈ R3. (1.21)

Let us assume for simplicity that ρ is rotationally invariant. After passing to the polar
coordinates, we get h̃ = L2(R+)⊗L2(S2), where S2 is the unit sphere in R3. Then (1.20)
becomes

‖α̃(ω)‖ ∼ |ρ(ω)|ω 1
2 , ω > 0, (1.22)

and (1.21) becomes

‖α̃(ω)‖ ∼ |ρ(ω)|ω 3
2 , ω > 0. (1.23)

Thus, Theorems 6.2 and 6.3 do not cover (1.20) but apply to (1.21), whereas Theorem
6.4 does not cover either (1.20) or (1.21).

At positive temperature, the infrared singularity is smoothed out by the Planck law,
and Theorems 6.2, 6.3 and 6.4 apply to typical models of physical interest.
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1.7 Comparison with the literature

In the literature one can find other applications of the Mourre theory to zero-temperature
Pauli-Fierz Hamiltonians. Probably the earliest is contained in [HuSp2], where the mas-
sive radiation field is considered. The conjugate operator that is used there is the second
quantization of the generator of translations in the energy variable. However, unlike in
our paper, in [HuSp2] the energy variable is restricted to the positive half-line, hence this
operator is not self-adjoint.

The massless case, which is physically more important and technically more demand-
ing due to infrared difficulties, was first considered in [BFS1], albeit in energetically
non-interesting regions away from σ(K). The main point of this paper, however, is a
renormalization group analysis of resonances of massless zero-temperature Pauli-Fierz
Hamiltonians.

Concerning the Mourre theory in the massless case, the first complete results are
presented in [Sk]. This work uses the same non-self-adjoint S as [HuSp2], which is however
approximated with a sequence of self-adjoint operators.

Another choice of S, a suitably modified second quantization of the generator of di-
lations, is used in [BFSS]. For zero-temperature Hamiltonians, the generator of dilations
should in principle allow one to treat a more general class of perturbations than the
generator of translations.

All of the above papers, including ours, give results which are valid for a small coupling
constant. All values of the coupling constant are covered in [DG], where the Mourre theory
for a massive radiation field is developed. Unfortunately, the techniques of [DG] do not
seem applicable to the massless case considered here.

At positive temperature, none of the various approaches discussed above is applicable,
and in this respect our results stand alone.

Finally, let us remark that in all of the above works the Mourre theory is studied
on the whole Hilbert space. The distinct feature of our method is that we apply first
Mourre theory to Hvv and then use the Feshbach method. We believe that this approach
is natural and that it gives a more precise information on the location and multiplicity of
embedded eigenvalues.

Some of the results of our paper are quite general. These results concern spectral
analysis of a relatively arbitrary linear operator and are related to the Feshbach method.
Similar ideas can be found throughout the literature, notably in [BFS1], [BFS2] and
[GGK]. We believe that these results are of interest outside of the context of Pauli-Fierz
Hamiltonians. In particular, the following of our general results appear to be new: Propo-
sition 3.2 about real eigenvalues of a dissipative operator, Proposition 3.7 and Theorem 3.8
about the Feshbach method for embedded eigenvalues, and Theorem 3.12 and Corollary
3.13 about estimating the number of embedded eigenvalues.
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1.8 Organization of the paper

The paper is organized as follows.
In Chapter 2 we introduce notation and, for reference purposes, state some general

facts about operators in Hilbert spaces.
In Chapter 3 we describe some properties of self-adjoint operators in a Hilbert space

decomposed in a direct sum of two Hilbert spaces. They are centered around the Feshbach
formula. This formula leads to certain identities for the projections onto eigenvectors of
the operator H, which we found very appealing and useful in our analysis. It also leads to
certain precise estimates on the number of eigenvalues of the operator H. In spite of the
fact that they are general and simple, some of the results of Chapter 3 appear to be new.
Problems involving embedded eigenvalues arise naturally in spectral geometry, number
theory and mathematical physics, and we hope that some of the results of this chapter
will find applications outside of our work.

We present in a parallel way results concerning the spectrum of H outside of σ(Hvv)
and the embedded point spectrum of H inside σ(Hvv). The results about the spectrum
outside σ(Hvv) are less technical and can be partly found in the literature, eg. in [BFS1].
They are not used in the remaining part of our paper. On the other hand, the more
difficult results concerning the embedded spectrum inside σ(Hvv) belong to the most
important tools of our paper. We believe that it is helpful for the reader to compare these
two types of results.

In Chapter 4 we review the basic notions of quantum field theory. This chapter makes
the paper essentially self-contained.

In Chapter 5 we introduce Pauli-Fierz Hamiltonians and discuss some of their basic
properties.

The main results of the paper are stated in Chapter 6.
Chapter 7 describes the proof of the Limiting Absorption Principle for the operator

Hvv. As we have stressed before, our proof follows the arguments of [BG]. In Section
7.1 we derive a bound on the boundary value of the resolvent of Hvv, which is the basic
ingredient of the Limiting Absorption Principle, following essentially the original argu-
ments of [Mo] and [PSS], with modifications due to [BG]. The main additional difficulty
is the infrared problem, which is handled similarly as in [JP1]. In Section 7.2 we study
the regularity of the boundary value of the resolvent of Hvv, following [BG]. In Section
7.4 we estimate the difference of the full and the free resolvent.

Chapter 8 completes the proof of our main results. The main tool is the Feshbach
formula, which is applied several times to various decompositions of our Hilbert space.

Acknowledgments. We are grateful to A. Jensen, C.-A. Pillet and E. Skibsted for useful
discussions and comments on the manuscript. The research of the first author was a part
of the project Nr 2 P03A 019 15 financed by a grant of Komitet Badań Naukowych. A
part of this work was done during the visit of the first author to University of Ottawa,
which was supported by NSERC, and during his visit to the Aarhus University supported

14



by MaPhySto funded by the Danish National Research Foundation. The research of the
second author was partly supported by NSERC. Part of this work was done during the
visit of the second author to Caltech. We are grateful to A. Jensen, E. Skibsted, Y. Last
and B. Simon for their hospitality.

2 Preliminaries

In this section we set the notation and, for reference purposes, recall some definitions and
facts which will be used in the paper.

N := {0, 1, 2, . . .} denotes the set of natural numbers (including 0). We set 〈t〉 :=√
1 + t2. We will also use the shorthand

C± := {z ∈ C : ±Imz > 0},

R± := {x ∈ R : ±x > 0}.

The closure of a set Ω ⊂ C we denote by Ω.
If Ω ⊂ C and r > 0, we set

B(Ω, r) := {z ∈ C : dist(Ω, z) < r},

B(Ω, r) := {z ∈ C : dist(Ω, z) ≤ r}.
In particular, for k ∈ C,

B(k, r) := B({k}, r), B(k, r) := B({k}, r)

denotes the open/closed ball of center k and radius r.
If Θ ⊂ R, we set

I(Θ, r) := {x ∈ R : dist(Θ, x) < r},

I(Θ, r) := {x ∈ R : dist(Θ, x) ≤ r}.
In particular, for k ∈ R,

I(k, r) := I({k}, r), I(k, r) := I({k}, r)

denotes the open/closed interval of center k and radius r.
Let H be a Hilbert space. The inner product on H we denote by ( · | · ).
Let H1,H2 be Hilbert spaces. We denote by B(H1,H2) the Banach space of all

bounded operators from H1 to H2. If these two spaces are the same and equal to H,
we will write simply B(H).

Let Ω ⊂ C. In this paper we will often deal with operator-valued functions

Ω 3 z 7→ A(z) ∈ B(H). (2.24)

Unless otherwise specified, the various limits of such functions are always defined with
respect to the norm of the Banach space B(H).
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Definition 2.1 Assume that z0 is not an isolated point of Ω. We say that the function
(2.24) is differentiable at z0 with derivative A′(z0) ∈ B(H) if

lim
z→z0

z∈Ω,z 6=z0

‖(z − z0)
−1(A(z)− A(z0))− A′(z0)‖ = 0.

We say that the function A(z) is differentiable on Ω if it is differentiable at every non-
isolated point of Ω.

As usual, we denote the n-th derivative by ∂nz A(z).

Definition 2.2 Let n ∈ N. We say that a function Ω 3 z 7→ A(z) is in the class Cn
u (Ω)

if it has a continuous n-th derivative on Ω and satisfies the bound

‖∂mz A(z)‖ ≤ Cm, z ∈ Ω, m = 0, . . . , n. (2.25)

Let ` : R+ 7→ R+ be a positive continuous function with `(0) = 0. We say that the
function Ω 3 z 7→ A(z) is in the class Cn,`

u (Ω) if A ∈ Cn
u (Ω) and there exists C such that

‖∂nz A(z1)− ∂nz A(z2)‖ ≤ C`(|z1 − z2|), z1, z2 ∈ Ω. (2.26)

If we have a family of functions Aλ defined on sets Ωλ, λ ∈ I, we say that Aλ is of the
class Cn

u (Ωλ) or Cn,`
u (Ωλ) uniformly in λ if the constants C in (2.26) and Cm in (2.25)

can be chosen independently of λ ∈ I.

For 0 < θ ≤ 1 we define functions `θ on R+ by the formula

`θ(τ) =

{
τ θ if 0 < θ < 1
τ (1 + ln(1 + τ−1)) if θ = 1.

(2.27)

The classes Cn,`θ
u will figure in the Limiting Absorption Principle which we will establish

in this paper. In the sequel we use the shorthands Cn,θ
u = Cn,`θ

u .
Let Ω ⊂ C and Γ ⊂ ∂Ω. We say that a continuous function Ω 3 z 7→ A(z) extends by

continuity to Ω ∪ Γ if for every z0 ∈ Γ the limit

A(z0) := lim
z→z0,z∈Ω

A(z)

exists, and the extended function is continuous on Ω ∪ Γ. We will denote the functions
extended by continuity with the same letter. If Ω ⊂ C± and A(z) extends by continuity
to a part of the real axis, we denote by A(x± i0) its values along R.

In the development of the Mourre theory, we will make use of the following two simple
facts.
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Proposition 2.3 Let Ω be an open convex set, and let

R+ ×Ω 3 (ε, z) 7→ A(ε, z) ∈ B(H)

be a function which is continuously differentiable in each variable separately. Assume
further that for some constants C and 0 < θ ≤ 1,

sup
z∈Ω
‖∂kε ∂lzA(ε, z)‖ < Cε−1`θ(ε), k + l ≤ 1.

Then, the function Ω 3 z 7→ A(0, z) is in the class C0,θ
u (Ω).

Proof. For z1, z2 ∈ Ω and ε > 0 we have

‖A(0, z1)−A(0, z2)‖ ≤
∫ ε
0 ‖∂τA(τ, z1)‖dτ + |z1 − z2|

∫ 1
0 ‖∂zA(ε, z1 + t(z2 − z1))‖dt

+
∫ ε
0 ‖∂τA(τ, z2)‖dτ

≤ 2C
∫ ε
0 τ−1`θ(τ)dτ + C|z1 − z2|ε−1`θ(ε).

(2.28)
Using the form of functions `θ one easily shows that for some constants Cθ and all ε ≥ 0,∫ ε

0
τ−1`θ(τ)dτ ≤ Cθ`θ(ε).

Combining this estimate with (2.28) and setting ε = |z1 − z2| we derive that A(0, z) ∈
C0,θ

u (Ω). 2

Proposition 2.4 Let Aλ, λ ∈ I, be a family of functions defined on open convex sets
Ωλ ⊂ C. If the family Aλ is of the class Cn,`

u (Ωλ) uniformly in λ, then the functions Aλ

extend by continuity to Ωλ and the family Aλ is of the class Cn,`
u (Ωλ) uniformly in λ.

The proof of this proposition is elementary and we will skip it.
Let H be a closed operator on H. We denote the domain of H by D(H) and the

spectrum of H by σ(H). The numerical range of H is defined by

N(H) := {(ψ|Hψ) : ψ ∈ D(H), ‖ψ‖ = 1}.

The vector space D(H) equipped with the graph norm

‖ψ‖H = ‖ψ‖+ ‖Hψ‖,

is a Banach space. A vector space C ⊂ D(H) is called a core of H if C is dense in D(H)
in the graph norm. The following useful fact is well known:

Lemma 2.5 Let A and B be closed operators and let D(B) be a core of A. Then any
core of B is a core of A.
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For any closed operator H, we say that Ω is an isolated subset of σ(H) if it is relatively
closed and open subset of σ(H). If in addition Ω is bounded, then there exists a simple
closed path γ which separates Ω and σ(H) \Ω, and we can define the spectral projection
of H onto Ω by the formula

1Ω(H) =
1

2πi

∮
γ
(z −H)−1dz.

It is easy to show the following fact:

Lemma 2.6 If Ω is a bounded isolated subset of σ(H) and p is a projection such that
Ran1Ω(H) = Ranp and [p, B] = 0, then p = 1Ω(B).

An isolated point of σ(H) will be called an isolated eigenvalue of H. An isolated
eigenvalue z0 of H is called semisimple if (z−H)−1 has a simple pole at z0, or equivalently,
if

Ran1{z0}(H) = Ker(H − z0).

We denote by σdisc(H) the discrete spectrum of H, that is, the set of all isolated
eigenvalues e such that dim 1{e}(H) < ∞. The essential spectrum of H is defined by
σess(H) := σ(H) \ σdisc(H). The resolvent (z − H)−1 is a meromorphic function on
C \ σess(H) with singularities only at the points z ∈ σdisc(H). The coefficients of the
Laurent expansion at z0 ∈ σdisc(H) are finite rank operators.

If H is a self-adjoint operator, we denote by σpp(H), σsc(H) and σac(H) the pure point,
singular continuous and absolutely continuous spectrum of H. The singular spectrum is
defined by σsing(H) = σpp(H) ∪ σsc(H). If Θ a Borel subset of R then 1Θ(H) will denote
the spectral projection of H onto Θ. We denote by 1pp

Θ (H), 1sc
Θ(H), 1ac

Θ (H) the spectral
projections of H onto Θ associated to the pure point, singular continuous and absolutely
continuous spectrum.

We now recall some standard results about linear operators that will be used through-
out the paper.

Proposition 2.7 Let H be a self-adjoint operator. If z ∈ C \ σ(H) then

‖(z −H)−1‖ =
1

dist(z, σ(H))
.

An immediate consequence of this proposition is

Proposition 2.8 Let H be a self-adjoint and V a bounded operator. Then, σ(H + V ) ⊂
B(σ(H), ‖V ‖) and for z ∈ C \B(σ(H), ‖V ‖) one has the bound

‖(z − (H + V ))−1‖ ≤ 1

dist(z, σ(H))− ‖V ‖ .
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The concept of the numerical range allows to formulate related results for closed operators.

Proposition 2.9 Let H be a closed operator such that D(H) = D(H∗). Then, σ(H) ⊂
N(H) and, for z ∈ C \ N(H), one has the bound

‖(z −H)−1‖ ≤ 1

dist(z,N(H))
.

Proposition 2.10 Let H be a closed operator such that D(H) = D(H∗), and let V be a
bounded operator. Then, σ(H + V ) ⊂ B(N(H), ‖V ‖), and for z ∈ C \B(N(H), ‖V ‖) one
has the bound

‖(z − (H + V ))−1‖ ≤ 1

dist(z,N(H))− ‖V ‖ .

We say that the operator B is A-bounded if D(B) ⊃ D(A) and

‖Bφ‖ ≤ a‖Aφ‖+ b‖φ‖, φ ∈ D(A). (2.29)

The infimum of possible values of a in (2.29) is called the A-bound of B. Recall that if A
is closed and the A-bound of B is less than 1, then A + B is closed on D(A). Clearly, if
for some z0 ∈ C, ‖B1(z0 − A)−1‖ = a, where B = B1 + B2 and B2 is bounded, then the
A-bound of B is less than or equal to a.

Proposition 2.11 Suppose that A, B are operators such that A is closed, D(B) ⊃ D(A)
and, for some z0 ∈ C, we have

‖B1(z0 −A)−1‖ < 1, ‖(z0 − A)−1B1‖ < 1,

where B = B1 + B2 and B2 is bounded. Then

(A + B)∗ = A∗ + B∗. (2.30)

Proof. Replacing A with A− z0, where z0 6∈ σ(A), we can assume that z0 = 0. We can
also subtract the bounded operator B2 from B without affecting (2.30).

Clearly, D(A∗ + B∗) ⊃ D(A∗) and

(A + B)∗
∣∣∣
D(A∗)

= A∗ + B∗.

We want to show that
D(A∗) ⊃ D((A + B)∗). (2.31)
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Let ψ ∈ D(A). Since ‖A−1B‖ < 1, we know that 1 + A−1B has a bounded inverse.
Hence ψ1 := (1 + A−1B)−1ψ satisfies

‖ψ1‖ ≤ C1‖ψ‖. (2.32)

Since ‖BA−1‖ < 1, the operator 1+BA−1 has also a bounded inverse. But, on D(A),
(1 + A−1B)−1 = A−1(1 + BA−1)−1A. Therefore, 1 + BA−1 is bounded as an operator on
D(A). Thus ψ1 ∈ D(A).

Now let φ ∈ D((A + B)∗). Using that ψ1 ∈ D(A) = D(A + B), we have

|(φ|(A + B)ψ1)| ≤ C‖ψ1‖. (2.33)

Clearly,
|(φ|Aψ)| = |(φ|A(1 + A−1B)ψ1)

= (φ|(A + B)ψ1)

≤ C‖ψ1‖ ≤ C1‖ψ‖,
where in the last steps we used (2.33) and (2.32). This shows that φ ∈ D(A∗), and ends
the proof of the inclusion (2.31). 2

3 General theory

3.1 Dissipative operators

We begin with

Definition 3.1 A closed operator B is called dissipative if N(B) ⊂ C−.

On D(B) ∩ D(B∗) we can define

ReB :=
1

2
(B + B∗), ImB :=

1

2i
(B −B∗).

Clearly, ReB and ImB are symmetric operators.
In all our applications the following condition will be satisfied:

D(B) = D(B∗), ImB is bounded and ReB is self-adjoint on D(B). (3.34)

Clearly, under this condition B is dissipative iff ImB ≤ 0.

Proposition 3.2 Let B be a dissipative operator satisfying (3.34) and e ∈ R. Then,
(i) Ker(B − e) = Ran1{e}(ReB) ∩ Ran1{0}(ImB).
(ii) Let p be the orthogonal projection onto Ker(B − e). Then 0 = [p, B].
(iii) If in addition e ∈ σdisc(B), then the eigenvalue e is semisimple and p = 1{e}(B).
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Proof. Let ψ ∈ Ker(B − e). Then ψ ∈ D(B) = D(B∗) and

0 = (ψ|(B − e)ψ) = (ψ|(B∗ − e)ψ).

Hence 0 = (ψ|ImBψ). Since ImB ≤ 0, we derive that 0 = ImBψ. This and 0 = (B− e)ψ
yield that eψ = ReBψ. Hence

Ran1{e}(ReB) ∩ Ran1{0}(ImB) ⊃ Ran1{e}(B).

The inclusion ⊂ is obvious, and Part (i) follows.
By Part (i) we have

p ≤ 1{e}(Re(B)), p ≤ 1{e}(Im(B)).

Hence
0 = [p, ReB] = [p, ImB].

This implies (ii).
To establish Part (iii), we note that if e ∈ σdisc(B) then e is a pole of (z − B)−1.

By Proposition 2.9 this pole is simple. Hence e is a semisimple eigenvalue of B. An
application of Lemma 2.6 completes the proof of (iii). 2

If e is an isolated real eigenvalue of B with dim1{e}(B) = ∞, then Ker(B − e) may
be strictly smaller than Ran1{e}(B). (We thank E. Skibsted for pointing this out to us).

Proposition 3.3 Let B be a bounded dissipative operator on a Hilbert space H such that
σ(B) ∩R ⊂ σdisc(B). Then

c := sup
z∈C+

∥∥∥(z −B)−11σ(B)\R(B)
∥∥∥ <∞, (3.35)

and, for z ∈ C+ \ σ(B),

‖(z −B)−1‖ ≤ max
( 1

dist(z, σ(B) ∩R)
, c
)
. (3.36)

Proof. By Proposition 3.2

1σ(B)∩R =
∑

e∈σ(B)∩R

1{e}(B),

is an orthogonal projection. Therefore

‖(z −B)−1‖ = max
(
‖(z −B)−11σ(B)∩R(B)‖, ‖(z −B)−11σ(B)\R(B)‖

)
. (3.37)
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Also by Proposition 3.2, B1σ(B)∩R(B) is self-adjoint. Hence

‖(z −B)−11σ(B)∩R(B)‖ =
1

dist(z, σ(B) ∩R)
. (3.38)

Since B1σ(B)\R(B) is a bounded operator with spectrum contained in C−, we clearly
have (3.35). Now (3.37), (3.35) and (3.38) imply (3.36). 2

The following result is an immediate consequence of the previous proposition.

Proposition 3.4 Let B be a bounded dissipative operator such that σ(B)∩R ⊂ σdisc(B),
and let c be the constant defined in (3.35). If V is a bounded operator such that c‖V ‖ < 1,
then

σ(B + V ) ∩C+ ⊂ B(σ(B) ∩R, ‖V ‖).
Furthermore, for z ∈ C+ \B(σ(B) ∩R, ‖V ‖) one has the bound

‖(z −B − V )−1‖ ≤ 1

dist(z, σ(B) ∩R)− ‖V ‖ . (3.39)

3.2 The Feshbach formula

Let H be a Hilbert space decomposed into a direct sum H = Hv ⊕Hv. The projections
onto Hv and Hv we denote by 1vv and 1vv. In this section we study operators of the form

H =

[
Hvv Hvv

Hvv Hvv

]
, (3.40)

We assume that Hvv and Hvv are closed operators on Hv and Hv; moreover we suppose
that Hvv : Hv → Hv and Hvv : Hv → Hv are bounded operators. Clearly H is closed
and D(H) = D(Hvv)⊕D(Hvv).

For any z 6∈ σ(Hvv) we define

Wv(z) := Hvv(z1vv −Hvv)−1Hvv,

Gv(z) := z1vv −Hvv −Wv(z).
(3.41)

In the physics literature, the operator Wv(z) is sometimes called the self-energy. For Gv(z)
we propose the name the resonance function. Note that Wv(z) is an analytic operator-
valued function on C \ σ(Hvv), and that Wv(z)

∗ = Wv(z). It follows that Gv(z) is an
analytic family of type A on C \ σ(Hvv).

The following proposition is well known:
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Proposition 3.5 Assume that z 6∈ σ(Hvv). Then,
(i) z ∈ σ(H) iff 0 ∈ σ(Gv(z));
(ii) If 0 6∈ σ(Gv(z)) then

(z −H)−1 =
(
1vv + (z1vv −Hvv)−1Hvv

)
G−1

v (z)
(
1vv + Hvv(z1vv −Hvv)−1

)
+(z1vv −Hvv)−1.

(3.42)

Proof. Our proof is inspired by [GGK]. Set

A(z) := 1 + Hvv(z1vv −Hvv)−1, B(z) := 1 + (z1vv −Hvv)−1Hvv.

Both A(z) and B(z) have bounded inverses:

A−1(z) = 1−Hvv(z1vv −Hvv)−1, B−1(z) = 1− (z1vv −Hvv)−1Hvv.

Moreover, both B(z) and B−1(z) are bounded operators on D(H).
The following identity holds in the sense of operators from D(H) to H:

A(z)(z −H)B(z) = Gv(z) + z1vv −Hvv (3.43)

If z 6∈ σ(H), then the left hand side of (3.43) is invertible. Hence so is the right hand
side. This implies that Gv(z) is invertible.

Next we will use the identity (also understood in the sense of operators from D(H) to
H):

(z −H) = A−1(z)(Gv(z) + z1vv −Hvv)B−1(z). (3.44)

If 0 6∈ σ(Gv(z)), then the right hand side of (3.44) is invertible. Hence so is z −H. This
completes the proof of (i).

To show (ii) we note that if z 6∈ σ(H), (3.43) or (3.44) implies

(z −H)−1 = B(z)(G−1
v (z) + (z1vv −Hvv)−1)A(z),

which, after substituting the expressions defining A(z) and B(z), yields (3.42). 2

¿From now on we assume in addition that Hvv and Hvv are self-adjoint and Hvv =
(Hvv)∗. This clearly implies that H is self-adjoint. Moreover, Wv(z)

∗ = Wv(z), the
operator Wv(z) is dissipative if Imz ≥ 0. If x ∈ R \ σ(Hvv), then Wv(x) is self-adjoint
and

d

dx
Wv(x) = −Hvv(x1vv −Hvv)−2Hvv ≤ 0. (3.45)

The rest of this section is devoted to various refinements of Proposition 3.5. The first
result in this direction is
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Theorem 3.6 Assume that e ∈ R \ σ(Hvv). Then,
(i) e is an eigenvalue of H iff 0 is an eigenvalue of Gv(e).
(ii) dim1{e}(H) = dim1{0}(Gv(e)).
(iii) Set p = 1{0}(Gv(e)). Then pW ′

v(e)p is a negative operator and

1{e}(H) =
(
p + (e1vv −Hvv)−1Hvvp

)
× (p− pW ′

v(e)p)
−1
(
p + pHvv(e1vv −Hvv)−1

)
.

(3.46)

(iv) If

u := (p− pW ′
v(e)p)

− 1
2

(
p + pHvv(e1vv −Hvv)−1

)
,

then u is a partial isometry and

uu∗ = p, u∗u = 1{e}(H).

Proof. Let Hψ = eψ. Then

Hvvψv + Hvvψv = eψv,

Hvvψv + Hvvψv = eψv.
(3.47)

The second equation gives (recall that e 6∈ σ(Hvv))

ψv = (e1vv −Hvv)−1Hvvψv. (3.48)

Inserting this identity into the first equation of (3.47) we get

Gv(e)ψ
v = 0. (3.49)

Now, if ψv ∈ D(Hvv) satisfies (3.49) and ψv is given in terms of ψv by (3.48), then
ψ = ψv ⊕ ψv satisfies Hψ = eψ, which follows by a simple computation. Thus, the
projection

ψ 7→ ψv (3.50)

restricted to Ran1{e}(H) is a bijection onto Ranp. This yields (i) and (ii).
Define w : Hv 7→ Hv ⊕Hv by setting

w := p + (e1vv −Hvv)−1Hvvp.

Then w is the inverse of the map (3.50). Besides,

w∗w = p + pHvv(e1vv −Hvv)−2Hvvp
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restricted to Ranp is a positive, invertible operator. With a slight abuse of the notation
we denote its inverse by (w∗w)−1. One easily checks that w(w∗w)−1w∗ is an orthogonal
projection on Ranw = Ran1{e}(H). Hence

1{e}(H) = w(w∗w)−1w∗.

This shows (iii). Part (iv) follows from the identity u = (w∗w)−
1
2 w∗. 2

Due to the assumption e 6∈ σ(Hvv), the proof of Theorem 3.6 was relatively simple.
Related results are subtler if e ∈ σ(Hvv). As a warm up, we prove

Proposition 3.7 Let e ∈ R. Suppose that the limit

lim
y↓0

Wv(e + iy) =: Wv(e + i0) (3.51)

exists. Then Wv(e + i0) is dissipative.
Assume moreover that e is not an eigenvalue of Hvv. Then

dim Ker(H − e) ≤ dim KerGv(e + i0). (3.52)

In particular, if e is an eigenvalue of H, then 0 is an eigenvalue of Gv(e + i0).

Proof. Assume that ψ ∈ D(H) and Hψ = eψ. Since e is not an eigenvalue of Hvv,
e1vv −Hvv is injective and

ψv = (e1vv −Hvv)−1Hvvψv. (3.53)

Moreover,
0 = 1{e}(H

vv) = −s − lim
y↓0

iy((e + iy)1vv −Hvv)−1. (3.54)

Therefore,

s− limy↓0
(
((e + iy)1vv −Hvv)−1 − (e1vv −Hvv)−1

)
Hvvψv

= −s− limy↓0 iy((e + iy)1vv −Hvv)−1(e1vv −Hvv)−1Hvvψv = 0.
(3.55)

Combining (3.53) and (3.55) we get

ψv = s− lim
y↓0

((e + iy)1vv −Hvv)−1Hvvψv.

Substituting this identity into the first equation in (3.47) we derive that

Gv(e + i0)ψv = 0.

Now assume that ψv = 0. Then ψ ∈ Hv and therefore

eψ = Hψ = Hvvψ.

Since e 6∈ σpp(H
vv), ψ = 0. Thus, the projection ψ 7→ ψv restricted to Ran1{e}(H) is an

injective map into KerGv(x + i0). 2

The following theorem is the principal result of this section.
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Theorem 3.8 Assume that e is not an eigenvalue of Hvv, that the limit (3.51) exists,
and that the function

C+ ∪ {e} 3 z 7→ Wv(z)

is in the class C1(C+ ∪ {e}) (its derivative at z = e we denote by W ′
v(e + i0)). Further,

assume that 0 ∈ σdisc(Gv(e + i0)). Then the following holds:
(i) 0 is an eigenvalue of H.
(ii) dim1{e}(H) = dim KerGv(e + i0).
(iii) Set p = 1{0}(Gv(e + i0)). Then, p is the orthogonal projection onto Ker(Gv(e + i0),
the operator

pWv(e + i0)p =: pWv(e)p

is self-adjoint, and the operator

pW ′
v(e + i0)p =: pW ′

v(e)p

is negative.
(iv) The limits

lim
y→0

((e + iy)1vv −Hvv)−1Hvvp =: (e1vv −Hvv)−1Hvvp

lim
y→0

pHvv((e + iy)1vv −Hvv)−1 =: pHvv(e1vv −Hvv)−1,
(3.56)

exist and
1{e}(H) =

(
p + (e1vv −Hvv)−1Hvvp

)
×(p− pW ′

v(e)p)
−1
(
p + pHvv(e1vv −Hvv)−1

)
.

(3.57)

(v) If

u := (p− pW ′
v(e)p)

− 1
2

(
p + pHvv(e1vv −Hvv)−1

)
,

then u is a partial isometry and

uu∗ = p, u∗u = 1{e}(H).

Proof. We begin with proofs of Parts (iii) and (iv).
We first observe that the relation W ∗

v (z) = Wv(z) yields that the functions Wv(z) and
Gv(z) are also of the class C1(C− ∪ {e}).

Since the operator −Gv(e+i0) is dissipative and 0 ∈ σdisc(Gv(e+i0)), Proposition 3.2
yields that p is an orthogonal projection. It follows that

1{0}(G
∗
v(e + i0)) = p.
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Since G∗v(e + i0) = Gv(e− i0), the identities pGv(e± i0)p = 0 can be rewritten as

p(e1vv −Hvv)p = pWv(e± i0)p.

This yields the relation

pWv(e + i0)p = pWv(e− i0)p =: pWv(e)p. (3.58)

Clearly, the operator pWv(e)p is self-adjoint.
Let τ 7→ γ(τ) ∈ C+ ∪ {e}, γ(0) = e, be a smooth curve such that γ(0) = e and γ is

tangent to R at τ = 0. We may assume that γ′(0) = 1. Then,

τ 7→ ImpWv(γ(τ))p,

is a function with values in dissipative operators such that

ImpWv(γ(0))p = ImpWv(e)p = 0.

It follows that

0 =
d

dτ
ImpWv(γ(τ))p|τ=0 = ImpW ′

v(e + i0)p.

This shows that
pW ′

v(e + i0)p =: pW ′
v(e)p (3.59)

is a self-adjoint operator. This proves (iii) except for the part asserting that pW ′
v(e)p is a

negative operator. Using p = p∗, W ′
v(e− i0) = W ′

v(e + i0)∗ and (3.59), we also have that

pW ′
v(e− i0)p = pW ′

v(e + i0)p. (3.60)

We now show that the limit

(e1vv −Hvv)−1Hvvp := lim
y→0,y 6=0

((e + iy)1vv −Hvv)−1Hvvp, (3.61)

exists. Denote the expression inside the limit by L(y). Then, the resolvent identity yields

(L∗(y1)− L∗(y2))(L(y1)− L(y2)) = 1
2iy1

(pWv(e− iy1)p− pWv(e + iy1)p)

+ 1
2iy2

(pWv(e− iy2)p− pWv(e + iy2)p)

− 1
i(y2+y1)

(pWv(e− iy1)p− pWv(e + iy2)p)

− 1
i(y1+y2)

(pWv(e− iy2)p− pWv(e + iy1)p) .

(3.62)

Note that it follows from (3.58) and (3.60) that the function

C+ ∪C− ∪ {e} 3 z 7→ pWv(z)p, (3.63)
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is continuously differentiable. This observation and identity (3.62) yield that the sequence
L(yn) is Cauchy whenever yn → 0. Thus, the limit (3.61) exists and this implies the
existence of the limits (3.56) (for the second limit take the adjoint of (3.61)). Since

pW ′
v(e)p = −((e1vv −Hvv)−1Hvvp)∗(e1vv −Hvv)−1Hvvp,

it follows that the operator pW ′
v(e)p is negative. This completes the proof of Part (iii).

Set w := p + (e1vv −Hvv)−1Hvv and w(z) := p + (z1vv −Hvv)−1Hvv. By (3.56) we
have

lim
y↓0

w(e + iy) = w. (3.64)

We easily compute that
Hw(z) = zw(z)−Gv(z)p.

Hence
lim
y↓0

Hw(e + iy) = ew. (3.65)

(3.64) and (3.65) imply that Ranw ⊂ Ker(H − e). Thus w maps KerGv(e + i0) into
Ker(H − e). Clearly, the inverse of w is 1vv restricted to Ker(H − e). Therefore, w is a
bijective map from KerGv(e + i0) to Ker(H − e). Similarly as at the end of the proof of
Theorem 3.6, we note that

w∗w = p + ((e1vv −Hvv)−1Hvvp)∗(e1vv −Hvv)−1Hvvp

= p− pW ′
v(e)p,

and
1{e}(H) = w(w∗w)−1w∗.

This proves Relation (3.57) and completes the proof of Part (iv). Part (v) follows from
the identity

u = (w∗w)−
1
2 w∗.

2

3.3 Counting the eigenvalues

Let [e−, e+] 3 x 7→ G(x) be a function with values in bounded self-adjoint operators on a
Hilbert space H. We say that the function G is strictly increasing if the following holds:
If x > y, then there is ε > 0 such that, for all ψ ∈ H,

(ψ|G(x)ψ) > (ψ|G(y)ψ) + ε‖ψ‖2.
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Proposition 3.9 Let [e−, e+] 3 x 7→ G(x) ∈ B(H) be a function such that:
(a) For all x ∈ [e−, e+], G(x) is self-adjoint.
(b) [e−, e+] 3 x 7→ G(x) is continuous and strictly increasing.
(c) dim1[0,∞[(G(e+)) <∞.
Then:
(i) The set {x ∈ [e−, e+] : 0 ∈ σ(G(x))} is a finite subset of [e−, e+] and, for x ∈ [e−, e+],
we have 0 ∈ σ(G(x)) iff 0 ∈ σdisc(G(x)).
(ii) ∑

x∈[e−,e+]

dim KerG(x) = dim1[0,∞[(G(e+))− dim1]0,∞[(G(e−)).

Proof. We will use the Courant–Weyl (min-max) principle ([RS4], Theorem XIII.1,
[We]). Let

fn(x) := inf
ψ1,...,ψn−1

sup
‖ψ‖=1

ψ∈{ψ1,...,ψn−1}⊥

(ψ|G(x)ψ).

We set Σ(x) := −∞ if H is finite dimensional, Σ(x) := infn fn(x) otherwise. It follows
from the min-max principle that Σ(x) = sup σess(G(x)) (note that sup ∅ = −∞). Fur-
thermore, fn(x) is a non-increasing sequence such that if Σ(x) < fn(x) then fn(x) is the
n-th eigenvalue of G(x) (in the non-increasing order) counted with multiplicites.

Clearly, since G(x) is a strictly increasing continuous function, the functions fn(x)
are also strictly increasing and continuous in x. In particular, it follows that Σ(x) is an
increasing function. By (c), Σ(e+) < 0, hence Σ(x) < 0 for all x ∈ [e−, e+]. Therefore,

dim1[0,∞[(G(x)) = #{n : fn(x) ≥ 0},

dim Ker G(x) = #{n : fn(x) = 0},

and the result follows from the Darboux principle. 2

The following two theorems follow by combining the last proposition with Theorems
3.6 and 3.8. We consider a self-adjoint operator H which has the same form as in Section
3.2. We will assume in addition that Hvv is a bounded operator. The first theorem
describes how to count eigenvalues outside σ(Hvv).

Theorem 3.10 Assume that [e−, e+] ∩ σ(Hvv) = ∅ and that dim 1[0,∞[(Gv(e+)) < ∞.
Then,

dim1pp
[e−,e+](H) = dim1[e−,e+](H) = dim1[0,∞[(Gv(e+))− dim1]0,∞[(Gv(e−)).

Proof. We know by Proposition 3.5 (i) that

[e−, e+] ∩ σ(H) ⊂ {x ∈ [e−, e+] : 0 ∈ σ(Gv(x))}. (3.66)
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Since G′v(x) ≥ 1vv we see that Gv(x) is strictly increasing. Thus we easily see that the
function G(x) satisfies the assumptions of Proposition 3.9, which implies that the set
(3.66) is finite. Hence

1[e−,e+](H) = 1pp
[e−,e+](H) =

∑
x∈[e−,e+]

1{x}(H).

It follows from Theorem 3.6 that for all x ∈ [e−, e+],

dim1{x}(H) = dim Ker Gv(x),

and the result follows from Proposition 3.9. 2

Corollary 3.11 Assume that [e−, e+] ∩ σ(Hvv) = ∅. Then

dim1[e−,e+](H) ≤ dimHv. (3.67)

If the self-energy is differentiable, one can also count eigenvalues of H inside σ(Hvv).

Theorem 3.12 Assume that σpp(H
vv) ∩ [e−, e+] = ∅, and that the following holds:

(a) The limit
Wv(x + i0) := lim

y↓0
Wv(x + iy) (3.68)

exists for all x ∈ [e−, e+].
(b) The function ReWv(x + i0) is differentiable and for some ε > 0 and all x ∈ [e−, e+] it
satisfies

ReG′v(x + i0) = 1vv − ReW ′
v(x) ≥ ε1vv.

(c) dim1[0,∞[(ReGv(e+ + i0)) <∞.
Then,

dim1pp
[e−,e+](H) ≤ dim1[0,∞[(ReGv(e+ + i0))− dim1]0,∞[(ReGv(e− + i0)).

Proof. Assumptions (a) and Theorem 3.8, and then Proposition 3.2, yield that for
x ∈ [e−, e+],

dim1{x}(H) ≤ dim KerGv(x + i0) ≤ dim KerReGv(x + i0). (3.69)

Assumption (b) yields that the function [e−, e+] 3 x 7→ ReGv(x + i0) is continuous and
strictly increasing. Using also (c) we see that the function ReGv(x + i0) satisfies the
conditions of Proposition 3.9. This proposition and Relation (3.69) yield the statement
of the theorem. 2
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Corollary 3.13 Assume that σpp(H
vv) ∩ [e−, e+] = ∅, and that the following holds:

(a) The limit
Wv(x + i0) := lim

y↓0
Wv(x + iy), (3.70)

exists for all x ∈ [e−, e+].
(b) The function [e−, e+] 3 x 7→ ReWv(x + i0) is differentiable, and for some ε > 0 and
all x ∈ [e−, e+],

ReG′v(x + i0) = 1vv − ReW ′
v(x + i0) ≥ ε1vv.

Then
dim1pp

[e−,e+](H) ≤ dimHv. (3.71)

4 Fock spaces and all that

In this section we describe in an abstract setting some Hilbert spaces and operators of the
quantum field theory. We have attempted to give an essentially self-contained presentation
of the topics we will need. For additional information, the reader may consult [RS2], [BSZ],
[BR], [GJ], [DG], [De].

Let h be a Hilbert space. We set h0⊗ := C and hn⊗ := h ⊗ . . . ⊗ h. If A is a closed
operator on h, we denote by A⊗n the closed operator on hn⊗ defined by A ⊗ . . . ⊗ A (if
n = 0, A⊗0 = 1). Let Sn be the group of permutations of n elements. For each σ ∈ Sn
we define an operator (which we also denote by σ) on the basis elements of hn⊗ by

σ(fi1 ⊗ . . .⊗ fin) = fσ(i1) ⊗ . . .⊗ fσ(in),

where {fk} is a basis of h. σ extends by linearity to a unitary operator on h⊗n, which does
not depend on a basis. We set

Pn :=
1

n!

∑
σ∈Sn

σ.

The operator Pn is an orthogonal projection. Let

Γn(h) := RanPn.

This Hilbert space is commonly called the n-particle bosonic space.
The symmetric (or boson) Fock space over h is defined by

Γ(h) :=
∞
⊕
n=0

Γn(h).

The vector Ω = (1, 0, 0, . . .) plays a special role and is called the vacuum. A vector
Ψ = (ψ0, ψ1, . . .) is called a finite particle vector if ψn = 0 for all but finitely many n. The
set of all finite particle vectors we denote by Γfin(h).
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If A is an operator on h, we define Γ(A) to be the operator which is equal to A⊗n

on Γn(h). If ω is a self-adjoint operator on H then Γ(exp(itω)) is a strongly continuous
unitary group on Γ(h), and we denote its generator by dΓ(ω). Note that

Γ(exp(itω)) = exp(itdΓ(ω)),

and dΓ(ω)Ω = 0. dΓ(ω) preserves the n-particle subspaces, and on D(dΓ(ω))) ∩ Γn(h) it
acts as

ω ⊗ 1 . . .⊗ 1 + 1⊗ ω . . .⊗ 1 + . . .1⊗ . . .⊗ 1⊗ ω.

The number operator is defined by N = dΓ(1).
In the models we will study, the boson Fock space will represent only a part of the

system, usually referred to as a “radiation field” or a “heat bath”. The other part is an
“atom” or a “small system”, to which we associate a Hilbert space K. The interaction
of these two sub-systems is described by a suitable self-adjoint operator on K⊗ Γ(h). To
describe these interaction operators in a sufficient generality, it is convenient to extend
the notion of the usual creation and annihilation operators on the Fock space. For the
conventional definitions of these operators we refer the reader to [RS2], Section X.7. The
definitions we will use are also discussed in [DG].
Notation. In the rest of the paper, whenever the meaning is clear within the context,
we will write A for the operators of the form 1⊗A and A⊗ 1.

Let
v ∈ B(K,K ⊗ h).

Such operators will be called form-factors. We define a linear operator b(v) on K ⊗
(⊕∞n=0h

n⊗) as follows:
b(v) : K ⊗ h

0⊗ 7→ 0,

b(v) : K ⊗ h
n⊗ 7→ K ⊗ h

(n−1)⊗,

b(v)(ψ ⊗ φ1 ⊗ . . .⊗ φn) := (v∗ψ ⊗ φ1)⊗ φ2 ⊗ . . .⊗ φn.

It is not difficult to show that b(v) is a bounded operator which takes K⊗Γ(h) into itself.
Note that ‖b(v)‖ = ‖v‖B(K,K⊗h).

We define the annihilation operator a(v) on K⊗ Γ(h) with domain K⊗ Γfin(h) by

a(v) = (N + 1)
1
2 b(v).

The operator a(v) is closable, and we denote its closure with the same letter.
The adjoint of a(v) we denote by a∗(v) and call it the creation operator. To describe

this operator, note that on K⊗ Γfin(h) we have

a∗(v) = Pb∗(v)(N + 1)
1
2 , (4.72)
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where P =
∑∞
n=0 Pn. Moreover, b∗(v) acts on K⊗ (⊕∞n=0h

n⊗) as follows:

b∗(v) : K⊗ h
n⊗ 7→ K ⊗ h

(n+1)⊗,

b∗(v)(ψ ⊗ φ1 ⊗ . . . φn) = (vψ)⊗ φ1 ⊗ . . .⊗ φn.

Here ψ ∈ K, φk ∈ h.
We remark that the map v 7→ a(v) is anti-linear while the map v 7→ a∗(v) is linear. In

the sequel a#(v) stands either for a(v) or a∗(v).
The (Segal) field operator is defined by

ϕ(v) :=
1√
2
(a(v) + a∗(v)).

The operator ϕ(v) is essentially self-adjoint on K⊗D(N
1
2 ). The following two elementary

estimates will be often used in the rest of the paper:

‖(N + 1)−
1
2 a#(v)‖ ≤ ‖v‖, ‖(N + 1)−

1
2 ϕ(v)‖ ≤

√
2‖v‖. (4.73)

Note that if v acts as vψ = (qψ)⊗f , where f is a fixed vector in h and q ∈ B(K), then

a∗(v) = q ⊗ a∗(f), a(v) = q∗ ⊗ a(f).

Here a#(f) are the usual creation and annihilation operators on Γ(h). Such form-factors
we will call simple.

More generally, if {fn} is an orthogonal basis of h, for any v ∈ B(K,K⊗ h), there are
operators vn ∈ B(K) such that

vψ =
∑
n

(vnψ)⊗ fn, ‖vψ‖2 =
∑
n

‖vnψ‖2, ψ ∈ K.

Thus, every form-factor can be decomposed into a sum of simple form-factors. One can
alternatively use this fact to define the operators a#(v), etc.

If U is a unitary operator on h, then

Γ(U)ϕ(v)Γ(U−1) = ϕ(Uv). (4.74)

¿From this relation it follows that if ω is a self-adjoint operator on h such that ωv ∈
B(K,K ⊗ h), then

i[dΓ(ω), ϕ(v)] = ϕ(iωv). (4.75)

We now describe several technical results which will be used in the sequel.
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Proposition 4.1 Let v ∈ B(K,K ⊗ h) and ω an operator on h. Assume that ω ≥ 0 and
that ω is invertible on the range of v. Set K0 := v∗v. Then the following estimates hold
for any Ψ in the quadratic form domain of dΓ(ω):

‖a(v)Ψ‖2 ≤ ‖v∗ω−1v‖(Ψ|dΓ(ω)Ψ),

‖a∗(v)Ψ‖2 ≤ (Ψ|K0Ψ) + ‖v∗ω−1v‖(Ψ|dΓ(ω)Ψ),

‖ϕ(v)Ψ‖2 ≤ (Ψ|K0Ψ) + 2‖v∗ω−1v‖(Ψ|dΓ(ω)Ψ).

(4.76)

Remark. Results of this genre go back to the Nτ -estimates of Glimm and Jaffe [GJ], see
also [Ar], [BFS1].

Proof. Before we start, we remark that v∗ω−1v ∈ K iff v∗ω−
1
2 ∈ B(K ⊗ h, h), and that

‖v∗ω−1v‖ = ‖v∗ω− 1
2‖2 = ‖ω− 1

2 v‖2.

Let Q denote the quadratic form domain of dΓ(ω). Since

[N, a∗(v)a(v)] = [N, a(v)a∗(v)] = 0,

it suffices to establish the first two relations for

Ψ ∈ Q ∩ (K⊗ Γn(h)). (4.77)

Note also that if Ψi ∈ K ⊗ Γni(h), i = 1, 2, then

(Ψ2|a∗(v)Ψ1) =

{
0 if n2 − n1 6= 1,√

n1 + 1(Ψ2|v ⊗ 1⊗n1Ψ1) if n2 − n1 = 1.
(4.78)

Using Relation (4.78) twice, we derive

(Ψ|a∗(v)a(v)Ψ) = n(Ψ|vv∗ ⊗ 1⊗(n−1)Ψ)

= n(1K ⊗ ω
1
2 ⊗ 1⊗(n−1)Ψ|(v∗(1K ⊗ ω−

1
2 ))∗

×(v∗(1K ⊗ ω−
1
2 ))(1K ⊗ ω

1
2 ⊗ 1⊗(n−1)Ψ)

≤ ‖v∗(1K ⊗ ω−
1
2 )‖2 n(Ψ|1K ⊗ ω ⊗ 1⊗(n−1)Ψ)

= ‖v∗ω−1v‖(Ψ|dΓ(ω)Ψ).

This proves the first relation in (4.76). Before we prove the second, it is convenient to
introduce some additional notation.

For i = 1, . . . , n, let τ
(n)
i denote the transposition of 1 and i. Recall that τ

(n)
i defines a

unitary operator (which we denote by the same letter) on h⊗n. Clearly, (τ
(n)
i )2 = 1. For

any h ∈ B(h) we define

h
(n)
i := 1⊗(i−1) ⊗ h⊗ 1⊗(n−i) = τ

(n)
i (h⊗ 1⊗(n−1))(τ

(n)
i )−1.
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Assume that Ψ satisfies (4.77). Then, using (4.72) and (4.78), we derive that

(a∗(v)Ψ|a∗(v)Ψ) = (n + 1)(Ψ|(v∗ ⊗ 1⊗n)Pn+1(v ⊗ 1⊗n)Ψ)

=
∑n+1
i=1 (Ψ|(v∗ ⊗ 1⊗n)(1K ⊗ τ

(n+1)
i )(v ⊗ 1⊗n)Ψ)

= (Ψ|K0Ψ) +
∑n
i=2(Ψ|(v∗ ⊗ 1⊗n)(1K ⊗ τ

(n+1)
i )(v ⊗ 1⊗n)Ψ).

(4.79)

Note that for i > 1,

(Ψ|(v∗ ⊗ 1⊗n)(1K ⊗ τ
(n+1)
i )(v ⊗ 1⊗n)Ψ) =

= ((ω
1
2 )

(n)
i−1Ψ|(v∗ ⊗ 1⊗n)(ω−

1
2 )

(n+1)
i (1K ⊗ τ

(n+1)
i )(ω−

1
2 )

(n+1)
i )(v ⊗ 1⊗n)(ω

1
2 )

(n)
i−1Ψ)

= ((ω
1
2 )

(n)
i−1Ψ|(v∗(1K ⊗ ω−

1
2 )⊗ 1⊗n)(1K ⊗ τ

(n+1)
i )(1K ⊗ ω−

1
2 )v ⊗ 1⊗n)(ω

1
2 )

(n)
i−1Ψ)

≤ ‖v∗(1K ⊗ ω−
1
2 )‖ ‖(1K ⊗ ω−

1
2 )v‖ ‖(ω 1

2 )
(n)
i−1Ψ‖2

= ‖v∗ω−1v‖(Ψ|ω ⊗ 1⊗(n−1)Ψ).

Thus,∑n+1
i=2 (Ψ|(v∗ ⊗ 1⊗n)(1K ⊗ τ

(n+1)
i )(v ⊗ 1⊗n)Ψ) ≤ n‖v∗ω−1v‖(Ψ|ω ⊗ 1⊗(n−1)Ψ)

= ‖v∗ω−1v‖(Ψ|dΓ(ω)Ψ).

Combining this inequality with the identity (4.79), we derive the second relation in (4.76).
Finally, the third relation follows from the first two and the simple estimate

‖ϕ(v)Ψ‖2 ≤ ‖a(v)Ψ‖2 + ‖a∗(v)Ψ‖2.

2

We will also make use of the following estimate.

Lemma 4.2 Let v ∈ B(K,K⊗ h), 1 ≥ δ ≥ 0 and Nδ := 1 + δN . Then, for any β,

‖(ϕ(v)−N−βδ ϕ(v)Nβ
δ )‖ ≤ Cβ

√
δ‖v‖.

Proof. It suffices to consider the case β ≥ 0. For Ψ ∈ K ⊗ Γn(h) we have(
a∗(v)−N−βδ a∗(v)Nβ

δ

)
Ψ =

√
n + 1

(
1− ( 1+δn

1+δ(n+1)
)β
)
Pn+1v ⊗ 1⊗nΨ.

For 0 < x ≤ 1 we have |1− (1− x)β| ≤ Cβx. Hence∥∥∥a∗(v)−N−βδ a∗(v)Nβ
δ

∥∥∥ ≤ supn≥0

√
n + 1

∣∣∣(1− ( 1+δn
1+δ(n+1)

)β
)∣∣∣‖v‖

≤ supn≥0 Cβ

√
n + 1 δ

1+δ(n+1)
‖v‖

≤ Cβ

√
δ‖v‖.

(4.80)
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After taking adjoints, (4.80) yields∥∥∥a(v)−N−βδ a(v)Nβ
δ

∥∥∥ ≤ Cβ

√
δ‖v‖.

Clearly, the above two estimates yield the statement. 2

The final results which we need is the exponential law for bosonic systems, see e.g.
[BSZ], Section 3.2.

Theorem 4.3 Let h1 and h2 be Hilbert spaces. There exist a unitary mapping

U : Γ(h1)⊗ Γ(h2) 7→ Γ(h1 ⊕ h2),

with the following properties:
(i) If A1 and A2 are operators on h1 and h2 then

U(Γ(A1)⊗ Γ(A2))U
−1 = Γ(A1 ⊕A2).

(ii) If Ω denotes the vacuum on Γ(h1 ⊕ h2) and Ω1, Ω2 the vacua on Γ(h1), Γ(h2), then

U(Ω1 ⊗ Ω2) = Ω.

(iii) If f1 ∈ h1, f2 ∈ h2, then

U exp(iϕ(f1)⊗ exp(iϕ(f2))U
−1 = exp(iϕ(f1 ⊕ f2)).

(iv) Let K be a Hilbert space. Assume that v1 ∈ B(K,K ⊗ h1), f2 ∈ h2 and v2 = 1K ⊗ f2.
Then v1 ⊕ v2 can be viewed as an element of B(K,K ⊗ (h1 ⊕ h2)) and

(1K ⊗ U) exp(iϕ(v1))⊗ exp(iϕ(v2))(1K ⊗ U)−1 = exp(iϕ(v1 ⊕ v2)).

Remark. The properties (ii), (iii) specify U uniquely.

5 Pauli-Fierz Hamiltonians

In this section we define Hamiltonians which we will study.
In quantum physics such Hamiltonians are used to describe systems which consist of

two parts: the “small system” A and the “radiation field” R. The system A is described
by a Hilbert space K and a self-adjoint operator K on K. The “radiation field” R is
described by a bosonic Fock space. Its 1-particle space is h := L2(R)⊗ g, where g is an
auxiliary Hilbert space. We denote by ω the operator of multiplication by ω ∈ R. The
Hilbert space of the combined system is H := K ⊗ Γ(h) and its free Hamiltonian is

Hfr := K ⊗ 1 + 1⊗ dΓ(ω).
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Let α ∈ B(K,K ⊗ h) be a given form factor. The Hamiltonian of the coupled system is
formally given by

H := Hfr + λϕ(α). (5.81)

We make the following hypothesis:

Hypothesis A. H is essentially self-adjoint on D := D(Hfr) ∩ D(ϕ(α)).

If we equip D with the norm

‖Φ‖D := ‖Φ‖+ ‖HfrΦ‖ + ‖ϕ(α)Φ‖,

then D becomes a Banach space. It follows from Hypothesis A and an easy abstract
argument (the same that is needed to show Lemma 2.5) that any vector space dense in D
is a core for H. Thus, for instance, Dfin := D(K)⊗ (Γfin(h) ∩ D(dΓ(|ω|))) is a core of H.

Below we give two explicit conditions that imply Hypothesis A.

5.1 “Positive-temperature systems”

Proposition 5.1 Assume that the operators |ω|α and (|K| ⊗ 1h)α − α|K| are bounded.
Let

N̂ := |K|+ dΓ(|ω|+ 1).

Then, for any λ ∈ R, H is essentially self-adjoint on any core of N̂ . Moreover, Hypothesis
A is satisfied.

Proof. Clearly, H is a well defined symmetric operator on D(N̂). We will prove the
proposition by invoking Nelson’s commutator theorem ([RS2], Theorem X.37). We must
show that there is a constant d > 0 such that the following estimates hold for any
Ψ ∈ D(N̂):

‖HΨ‖ ≤ d‖N̂Ψ‖,

|(HΨ|N̂Ψ)− (N̂Ψ|HΨ)| ≤ d‖N̂ 1
2 Ψ‖2.

(5.82)

By (4.73), λϕ(α) is an infinitesimal perturbation of N and therefore of N̂ . Obviously,
dΓ(ω) is bounded with respect to dΓ(|ω|). These observation yield the first relation.

Since
|(HΨ|N̂Ψ)− (N̂Ψ|HΨ)| = |λ||(Ψ|[N̂, ϕ(α)]Ψ)|,

and
i[N̂ , ϕ(α)] = ϕ(i(|ω|+ 1)α) + ϕ(β),

where β = i(|K| ⊗ 1h)α− iα|K|, the second relation in (5.82) follows from the estimates
(4.73).

Finally, since Dfin is a core for N̂ , Hypothesis A is satisfied. 2

37



5.2 “Zero-temperature systems”

Let h̃ := L2(R+)⊗ g, where g is an auxiliary Hilbert space. We denote by ω̃ the operator
of multiplication by ω ∈ R+. Consider the Hilbert space H̃ := K ⊗ Γ(h̃) and the free
Hamiltonian

H̃fr := K ⊗ 1 + 1⊗ dΓ(ω̃). (5.83)

Let α̃ ∈ B(K,K ⊗ h̃). The Hamiltonian of the coupled system is formally given by

H̃ := H̃fr + λϕ(α̃), (5.84)

where λ is a real constant.

Proposition 5.2 Assume that the operator K is bounded from below and that

α̃∗ω̃−1α̃ ∈ B(K). (5.85)

Then ϕ(α̃) is infinitesimally small with respect to H̃fr. In particular, for any λ ∈ R, the
operator H̃ is self-adjoint on D(H̃fr).

Proof. Without loss of generality we may assume that K is strictly positive. By (4.76)
there is a constant c > 0 such that for any Ψ ∈ D(Hfr) and any ε > 0,

‖ϕ(α̃)Ψ‖2 ≤ c‖Ψ‖2 + c(Ψ|H̃0Ψ)) ≤ c(1 + ε−1)‖Ψ‖2 + cε‖H̃frΨ‖2.

It follows that ϕ(α̃) is an infinitesimal perturbation of H̃fr. The other conclusions of the
proposition follow from the Kato-Rellich theorem. 2

The operator H̃ has a different form than the operator (5.81). Nevertheless, we will
show below that by studying operators of the form (5.81) one can obtain information on
the “zero-temperature” Hamiltonian H̃.

Consider a Hamiltonian of the form (5.84) and assume that (5.85) holds. This Hamil-
tonian can be extended to act on the Hilbert space H̃ ⊗ Γ(h̃) as

H̃ext
fr := H̃fr ⊗ 1− 1⊗ dΓ(ω̃),

H̃ext := H̃ ⊗ 1− 1⊗ dΓ(ω̃).

Since H̃ ⊗ Γ0(h̃) is an invariant subspace of H̃ext and

H̃ = H̃ext
∣∣∣
H̃⊗Γ0(h̃)

,

the spectral properties of H̃ can be inferred from the spectral properties of H̃ext (note in
particular that σpp(H̃) = σpp(H̃

ext) and σsc(H̃) = σsc(H̃
ext)). Let us show that H̃ext is

unitarily equivalent to a Hamiltonian of the form (5.81) satisfying Hypothesis A.
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Let U be the map from Γ(h̃)⊗ Γ(h̃) to Γ(h̃⊕ h̃) defined in Theorem 4.3. Clearly,

1K ⊗ U : H̃ ⊗ Γ(h)→ K⊗ Γ(h̃⊕ h̃)

is a unitary map. Next, we have the unitary map

L2(R+)⊕ L2(R+) 3 (f1, f2) 7→ f ∈ L2(R), (5.86)

where

f(ω) =

{
f1(ω) if ω ≥ 0
f2(ω) if ω < 0,

which induces the unitary map

w : h̃⊕ h̃ =
(
L2(R+)⊗ g

)
⊕
(
L2(R+)⊗ g

)
7→ h = L2(R)⊗ g.

Set
W := 1K ⊗ (Γ(w)U).

Clearly,
W : H̃ ⊗ Γ(h̃) 7→ H,

is a unitary map. Let α ∈ B(K,K ⊗ h) be given by

α := α̃⊕ 0.

We have
w(ω̃,−ω̃)w∗ = ω,

W (dΓ(ω̃))⊗ 1− 1⊗ dΓ(ω̃))W ∗ = dΓ(ω),

Wϕ(α̃)⊗ 1W ∗ = ϕ(α).

Thus
WH̃ext

fr W ∗ = K ⊗ 1 + 1⊗ dΓ(ω),

WH̃extW ∗ = K ⊗ 1 + 1⊗ dΓ(ω) + λϕ(α).

Hence WH̃ext
fr W ∗ and WH̃extW ∗ have the form of the operators Hfr, H (recall (5.83),

(5.84)). Furthermore, the operator WH̃extW ∗ is self-adjoint on

D(WH̃ext
fr W ∗) = D(WH̃ext

fr W ∗) ∩D(ϕ(α)).

Thus the Hamiltonian WH̃extW ∗ satisfies Hypothesis A. 2
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6 Main results

The Hilbert space H = K ⊗ Γ(h) has a natural decomposition H = Hv ⊕Hv, where

Hv := K⊗ Γ0(h),
Hv :=

⊕∞
n=1K⊗ Γn(h).

(v stands for the vacuum). Note that Hvv
fr = K, D(Hfr) = D(K)⊕D(Hvv

fr ) and D(ϕ(α)) =
K⊕D(ϕ(α)vv). Hence, if D is as in Hypothesis A, then D = D(K)⊕D(Hvv

fr )∩D(ϕ(α)vv).
Using Hypothesis A, the fact that Hvv = λϕ(α)vv is a bounded operator and the Kato–
Rellich theorem we see that Hvv + Hvv is essentially self-adjoint on D. Therefore, Hvv is
essentially self-adjoint on D(Hvv

fr )∩D(ϕ(α)vv). Thus the formalism and results of Chapter
3 can be applied to the operator H. We will use the notation introduced in Section 3.2.
In particular, we recall that the self-energy is defined by

Wv(z) = Hvv(z1vv −Hvv)−1Hvv

= 1
2
λ2a(α)vv(z1vv −Hvv)−1a∗(α)vv.

We define a self-adjoint operator s on the Hilbert space h by s := −i∂ω ⊗ 1g, so that
[s, ω] = −i. The conjugate operator is defined by

S := 1K ⊗ dΓ(s). (6.87)

For any ν ≥ 0 we introduce the following hypothesis:

Hypothesis S(ν). 〈s〉να ∈ B(K,K⊗ h).

We will compare Wv(z) with its second-order approximation λ2w(z), where

w(z) := ϕ(α)vv(z1vv −Hvv
fr )−1ϕ(α)vv

= 1
2

(
a(α)(z −Hfr)

−1a∗(α)
)vv

= 1
2
α∗(z −K ⊗ 1− 1⊗ ω)−1α.

We now state an auxiliary result on the regularity properties of the function w(z). Some
of these properties will be used in the statement of our main theorems, but we remark
that they are of independent interest.

Theorem 6.1 Assume that Hypothesis S(ν) holds with ν > 1
2
. Let n ∈ N and 0 < θ ≤ 1

be such that ν = n + 1
2

+ θ. Then, the function C+ 3 z 7→ w(z) extends by continuity to
C+ and is in the class Cn,θ

u (C+).

The next three theorems describe our main results. In our model, the spectrum of
K plays a role of the threshold set. The first theorem asserts that, away from an O(λ2)
neighborhood of σ(K), the Limiting Absorption Principle holds.
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Theorem 6.2 Assume that Hypotheses A and S(ν) hold with ν > 1. Let µ > 1
2

and

0 < Λ1 < (
√

2‖sα‖)−1. Then, there exists a constant β1 > 0 such that for |λ| ≤ Λ1 the
following holds:
(i) Set for shortness

Θ := R \ I(σ(K), λ2β1).

Then, the function
z 7→ 〈S〉−µ(z −H)−1〈S〉−µ (6.88)

extends by continuity to a function on C+ ∪ Θ. In particular, the spectrum of H on the
set Θ is purely absolutely continuous.
(ii) Let n ∈ N, 0 < θ ≤ 1, and µ be such that ν ≥ µ + 1

2
= 1 + n + θ. Then, the function

(6.88) is of the class Cn,θ
u of the set

C+ \B(σ(K), λ2β1).

Our last two theorems describe the structure of the spectrum near an isolated eigen-
value k of K. They incorporate the notion of Fermi’s Golden Rule. We remark that in
our approach the eigenvalue k may have an infinite multiplicity. Let pk = 1{k}(K). If
S(ν) holds for some ν > 1

2
then it follows from Theorem 6.1 that

wk := pkw(k + i0)pk (6.89)

is a bounded dissipative operator. We will always consider wk as an operator on the
Hilbert space Ranpk. In the standard description of atomic radiation, the spectrum of
Imwk captures the emission and absorption processes and radiative life-time of energy
level k (of order λ2). The spectrum of Rewk captures the line shift of this energy level
(of order λ2). If σ(wk) ∩R = ∅, that is, if Imwk < 0, one expects that the energy level k
has dissolved into the continuum, and that the spectrum of H in a neighborhood of k is
purely absolutely continuous. Among other things, our next theorem justifies rigorously
this heuristic expectation.

Theorem 6.3 Assume that Hypotheses A and S(ν) hold with ν > 1 and let µ > 1
2
. Let

k be an isolated eigenvalue of K. Assume that

Tk := σ(wk) ∩R ⊂ σdisc(wk).

Let β1 be the constant from the previous theorem and κ := 1 − ν−1. Then there exist
constants Λ2 > 0 and β2 > 0 such that for |λ| ≤ Λ2 the following holds:
(i) Set for shortness

Θ(k) := I(k, λ2β1) \ I({k}+ λ2Tk, |λ|2+κβ2).
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Then, the function
z 7→ 〈S〉−µ(z −H)−1〈S〉−µ (6.90)

extends by continuity to a function on C+ ∪ Θ(k). In particular, the spectrum of H on
the set Θ(k) is purely absolutely continuous.
(ii) Let n ∈ N, 0 < θ ≤ 1 and µ be such that ν ≥ µ + 1

2
= n + 1 + θ. Then, the function

(6.90) is in the class Cn,θ
u of the set

C+ ∩
(
B(k, λ2β1) \B({k}+ λ2Tk, |λ|2+κβ2

)
.

The next theorem is perhaps our deepest result. It concerns the situation where Tk 6= ∅,
and describes the structure of the spectrum of H around a point m ∈ σdisc(wk)∩R. We set
pk,m = 1{m}(wk). It follows from Proposition 3.2 that pk,m is an orthogonal projection. We
emphasize that in the following theorem we need a stronger assumption on the interaction,
namely we need S(ν) with ν > 2.

Theorem 6.4 Assume that Hypotheses A and S(ν) hold with ν > 2. Let k be an isolated
eigenvalue of K,

Tk := σ(wk) ∩R ⊂ σdisc(wk).

and let m ∈ Tk. Let β1, β2 and κ be as in the previous theorems. Then there exists a
constant Λ3 > 0 such that for |λ| ≤ Λ3 the following holds:
(i) Set for shortness

Θ(k, m) := I(k + λ2m, |λ|2+κβ2) ∩ I(k, λ2β1).

Then dim1pp
Θ(k,m) ≤ dim pk,m. In particular, σpp(H)∩Θ(k, m) is a finite set consisting of

eigenvalues of finite multiplicity.
(ii) If µ > 1

2
, then the function

z 7→ 〈S〉−µ(z −H)−1〈S〉−µ (6.91)

extends by continuity to a function on C+∪(Θ(k, m)\σpp(H)). In particular, the spectrum
of H on Θ(k, m) \ σpp(H) is purely absolutely continuous.
(iii) Let n ∈ N, 0 < θ ≤ 1 and ν ≥ µ + 1

2
= n + 1 + θ. Then, for any ε > 0, the function

(6.91) is in the class Cn,θ
u of the set

C+ ∩
(
B(k + λ2m, |λ|2+κβ2) ∩B(k, λ2β1) \B(σpp(H), ε)

)
.

Remark. Theorems 6.2, 6.3 and 6.4 combined together give global spectral information
on the part of the real axis where the spectrum of K is discrete. The related results are
easy to derive and we will not discuss them in this paper.
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7 The Mourre theory on the radiation sector

In this chapter we prove the Limiting Absorption Principle for the Hamiltonian H re-
duced to the radiation sector. In Section 7.1 we prove the basic form and in Section 7.2
more refined versions of the Limiting Absorption Principle. As we have remarked in the
introduction, the Limiting Absorption Principle for Hvv will hold uniformly on R. In
Section 7.3 we prove Theorem 6.1. In Section 7.4 we prove an estimate on the difference
(z1vv −Hvv)−1 − (z1vv −Hvv

fr )−1.

7.1 Limiting Absorption Principle

This section is devoted to the proof of the following theorem:

Theorem 7.1 Assume that Hypotheses A and S(ν) hold with ν > 1. Let µ > 1
2

and

0 < Λ1 < (
√

2‖sα‖)−1. Then,

sup
(λ,z)∈[−Λ1,Λ1]×C+

∥∥∥〈Svv〉−µ(z1vv −Hvv)−1〈Svv〉−µ
∥∥∥ <∞.

Notation. In this section we will always work in the space Hv. Henceforth, until the end
of the section we will drop the superscripts vv. Thus, we write H, S, N for the operators
Hvv, Svv, Nvv, etc.

We start by assembling some preliminary definitions and facts. Let

SA := [S, A],

eiτSA := eiτSAe−iτS.

Note that
eiτSdΓ(ω) = dΓ(ω) + τN,

eiτSN = N,
eiτS(a(α)) = a(eiτsα),

eiτS(a∗(α)) = a∗(eiτsα).

We choose a real function ζ ∈ C∞0 (R) such that ζ(t) = 1 in a neighborhood of 0 and set

ξ(t) := etζ(t). (7.92)

Let
D := D(Hfr) ∩ D(N). (7.93)

43



For ε ∈ R we define

Hε,fr := Hfr − iεN,

Vε := 1√
2
(a(ξ(−εs)α) + a∗(ξ(εs)α)),

Hε := Hε,fr + λVε.

(7.94)

where for ε = 0 we have H0,fr = Hfr, H0 = H and for ε 6= 0 the domain is chosen as
D(Hε,fr) = D(Hε) = D.
Remark. We remark that the following identity holds on D:

Hε =
1

2π

∫
ξ̂(ετ)eiτSHdτ. (7.95)

Thus, formally, we could write Hε = ξ(εS)H, following the notation of [BG] and [BGS].
In [BG], a functional calculus was developed for expressions similar to (7.95). In our
case, strictly speaking, this calculus does not apply, because H is an unbounded opera-
tor. Nevertheless, this calculus certainly motivates the definition of Hε and the algebraic
computations of this section.

The basic properties of the operators Hε,fr are summarized in the following lemma:

Lemma 7.2 For any ε ∈ R, Hε,fr is a normal operator such that H∗ε,fr = H−ε,fr,

‖Hε,frΨ‖2 = ‖HfrΨ‖2 + ε2‖NΨ‖2, Ψ ∈ D(Hε,fr), (7.96)

σ(Hε,fr) = {−inε + R : n = 1, 2, . . .}.

The proof of this lemma is the same as of Proposition 4.2 in [JP1] and we will skip it.
The next lemma gives the basic properties of the operator Hε.

Lemma 7.3 Assume that Hypothesis S(0) holds. Then the following is true:
(i) For any ε 6= 0, Vε is an infinitesimal perturbation of Hε,fr. In particular, Hε is a closed
operator with domain D.
(ii) For any ε we have H∗ε = H−ε.

Proof. It follows from estimate (4.73) that

‖N− 1
2 Vε‖ ≤ 2‖ξ‖∞‖α‖, (7.97)

and thus Vε is an infinitesimal perturbation of N . This observation and (7.96) yield that
Vε is also an infinitesimal perturbation of Hε,fr. This proves (i).
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Let us show (ii). Clearly, we can assume that ε 6= 0. It is easy to see that we can split
Vε as Vε = Vε,1 +Vε,2 where Vε,2 is bounded and ‖N−1Vε,1‖ < 1, ‖Vε,1N−1‖ < 1. Therefore,
we can apply Proposition 2.11. 2

For z 6∈ σ(Hε) we set
Gε(z) := (z −Hε)

−1.

In the next 3 lemmas we describe some properties of Gε(z) that hold under the assumption
S(0) and ε 6= 0. Although they are formally obvious, they require a proof due to the
unboundedness of some of the operators.

For n = 1, 2, . . . we define closed operators H(n)
ε by the formula

H(n)
ε = −iδ1nN +

λ√
2

(
(−1)ka(skξ(n)(−εs)α) + a∗(skξ(n)(εs)α)

)
, (7.98)

where δ1n = 1 if n = 1 and 0 otherwise. Here, of course, ξ(n) is the n-th derivative of the
function ξ. Note that for any Ψ ∈ D

dn

dεn
HεΨ = H(n)

ε Ψ.

Lemma 7.4 Assume that Hypothesis S(0) holds and let z 6∈ σ(Hε) be given. Then, the
function

R+ 3 ε 7→ Gε(z), (7.99)

is infinitely differentiable and

dn

dεn
Gε(z) =

∑
n1+n2+...nl=n

Gε(z)H
(n1)
ε Gε(z) . . . Gε(z)H

(nl)
ε Gε(z). (7.100)

Remark. In this section we will deal only with the first derivative of the function (7.99).
The higher derivatives will be used in Section 7.2.
Proof. Let ε > 0 be fixed and z 6∈ σ(Hε). First note that

‖NGε(z)‖ < C. (7.101)

In fact, by Lemma 7.3 ‖(Hε,fr + i)Gε(z)‖ is bounded and hence (7.101) follows from the
bound

‖NGε(z)‖ ≤ ‖N(Hε,fr + i)−1‖‖(Hε,fr + i)Gε(z)‖.
Next we note that for |h| ≤ ε

2
we have

‖(Vε+h − Vε)N
−1‖ ≤ C

|h|
|ε| ‖α‖max

t1,t2
|t1ξ

′(t1 + t2)|. (7.102)
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Hence, for |h| ≤ ε
2

‖(Hε+h −Hε)Gε(z)‖ = ‖(−ihN + Vε+h − Vε)Gε(z)‖ ≤ C1h.

Therefore, for small enough h, z 6∈ σ(Hε+h) and h 7→ Gε+h(z) is norm continuous at h = 0.
We will now show that the function (7.99) is differentiable and that Relation (7.100)

holds for n = 1. An easy inductive argument then yields that this function is infinitely
differentiable and that Relation (7.100) holds for all n.

We have
Gε+h(z)−Gε(z)− hGε(z)H

(1)
ε Gε(z) = I + II, (7.103)

where

I := (Gε+h(z)−Gε(z)) (Hε+h −Hε)Gε(z)

= Gε+h(z)(−ihN + λVε+h − λVε)Gε(z)(−ihN + λVε+h − λVε)Gε(z),

II := Gε(z)(Hε+h −Hε − hH(1)
ε )Gε(z)

= Gε(z)(λVε+h − λVε − hλV (1)
ε )Gε(z)

For |h| ≤ ε
2
, we have

‖(Vε+h − Vε − hV (1)
ε )N−1‖ ≤ C

|h|2
ε2
|λ|‖α‖ sup

t1,t2
|t2

1ξ
′′(t1 + t2)|. (7.104)

Using (7.101), (7.102) and (7.104) we see that I and II are less than Ch2. This ends
the proof of the lemma for n = 1. 2

We proceed to derive an alternative expression for d
dε

Gε(z) which will play an important
role in the sequel.

The commutator [S, Hε], defined as a quadratic form on D(S) ∩D(Hε) is equal to

[S, Hε] = −iN +
λ√
2

(−a(sξ(−εs)α) + a∗(sξ(εs)α)) . (7.105)

If we assume S(0), then it is easy to show that λ√
2
(−a(sξ(−εs)α) + a∗(sξ(εs)α)) is an

infinitesimal perturbation of −iN . Hence the right hand side of (7.105) defines a closed
operator with domain D(N). By a slight abuse of notation, this operator will be also
denoted by [S, Hε].

Lemma 7.5 Assume that Hypothesis S(0) holds. Let ε 6= 0, z 6∈ σ(Hε) and m ≥ 1 be
given. Then, [S, Gm

ε (z)], defined as a quadratic form on D(S), extends by continuity to a
bounded operator on H equal to

[S, Gm
ε (z)] =

m−1∑
k=0

Gk+1
ε (z)[S, Hε]G

m−k
ε (z).
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Remark. In this section, we will use Lemmas 7.5 and 7.6 with m = 1. The cases
m > 1 will be used in the next section.

Proof. For t real we define

Hε,t := eitSHεe
−itS

= Hε,fr + tN + λ√
2
(a(eitsξ(−εs)α) + a∗(eitsξ(εs)α)).

Let
Gε,t := eitS(z −Hε)

−1e−itS

= (z −Hε,t)
−1.

Arguing as in the proof of Lemma 7.4, one shows that the function

R 3 t 7→ Gε,t

is differentiable and that

d

dt
Gε,t|t=0 = Gε(z)i[S, Hε]Gε(z).

It follows that
d

dt
Gm
ε,t

∣∣∣
t=0

=
m−1∑
k=0

Gk+1
ε (z)i[S, Hε]G

m−k
ε (z). (7.106)

On the other hand, in the quadratic form sense on D(S),

d

dt
Gm
ε,t

∣∣∣
t=0

= i[S, Gm
ε (z)]. (7.107)

Combining (7.106) and (7.107) we derive the statement. 2

Let ζ be as in (7.92) and let

η(t) := ettζ ′(t) = t(ξ′(t)− ξ(t)). (7.108)

We set

Kε :=
λε−1

√
2

(a(η(−εs)α) + a∗(η(εs)α)) . (7.109)

Note that 0 6∈ supp η (this fact will play an important role in the sequel) and that

H(1)
ε − [S, Hε] = Kε. (7.110)

Lemma 7.6 Assume that Hypothesis S(0) holds and let z 6∈ σ(Hε) be fixed. Then, for
any m ≥ 1,

d

dε
Gm
ε (z) = [S, Gm

ε (z)] +
m−1∑
k=0

Gk+1
ε (z)KεG

m−k
ε (z). (7.111)
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Proof. Note that

d
dε

Gm
ε (z) =

∑m−1
k=0 Gk

ε (z)
(

d
dε

Gε(z)
)

Gm−1−k
ε (z)

=
∑m−1
k=0 Gk+1

ε (z)H(1)
ε Gm−k

ε (z).

The result follows from the identity (7.110) and Lemma 7.5. 2

From now on we strengthen the hypothesis on the interaction and we will assume S(1).
Note that the following inequality plays the role of the Mourre estimate.

Lemma 7.7 Assume that Hypothesis S(1) holds and let ε > 0. Then, for any Ψ ∈ D,

− 1

2iε
(Ψ|(Hε −H∗ε )Ψ) ≥ (1−

√
2|λ|‖ξ′‖∞‖sα‖)(Ψ|NΨ).

Remark. Since ξ′(t) = et around 0, we have that ‖ξ′‖∞ ≥ 1. On the other hand, by an
appropriate choice of the function ζ , we can make ‖ξ′‖∞ as close to 1 as we wish.

Proof. Let

ξ1(t) =
1

2it
(ξ(−t)− ξ(t)).

Then on D,

− 1
2iε

(Hε −H∗ε ) = N + λ
2iε

(V−ε − Vε)

= N + λϕ(ξ1(εs)sα)

= N
1
2

(
1 + λN−

1
2 ϕ(ξ1(εs)sα)N−

1
2

)
N

1
2 .

The result follows from this identity and the elementary estimate

‖N− 1
2 ϕ(ξ1(εs)sα)N−

1
2‖ ≤

√
2‖ξ1(εs)sα‖

≤
√

2‖ξ1‖∞‖sα‖ ≤
√

2‖ξ′‖∞‖sα‖.
2

In the sequel we choose Λ1 > 0 and C0 > 0 such that

Λ1 < (
√

2‖sα‖)−1,

C0 < 1−
√

2Λ1‖sα‖.
(7.112)

It follows from Lemma 7.7 that we can choose ζ in (7.92) so that for |λ| ≤ Λ1 and Ψ ∈ D,

− 1

2iε
(Ψ|(Hε −H∗ε )Ψ) ≥ C0(Ψ|NΨ). (7.113)

All the results in the sequel will hold for real λ such that |λ| ≤ Λ1, uniformly in λ.
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Lemma 7.8 Assume that Hypothesis S(1) holds and let ε > 0. If Imz > −C0ε then
z 6∈ σ(Hε) and

‖Gε(z)‖ ≤
1

Imz + C0ε
.

Proof. It follows from Relation (7.113) that the numerical range of the operator Hε is
contained in the region Imz ≤ −C0ε. Since D(Hε) = D(H∗ε ), the statement follows from
Proposition 2.9. 2

Before we make use of the last result, we need one additional lemma.

Lemma 7.9 Assume that Hypothesis S(1) holds and let ε > 0 and z ∈ C+ be given.
Then, for any Ψ ∈ H,

‖N 1
2 Gε(z)Ψ‖ ≤ (C0ε)

− 1
2 |(Ψ|Gε(z)Ψ)| 12 ,

‖N 1
2 G∗ε(z)Ψ‖ ≤ (C0ε)

− 1
2 |(Ψ|Gε(z)Ψ)| 12 .

Proof. We prove the first relation. A similar argument yields the second. We have

‖N 1
2 Gε(z)Ψ‖2 = (Ψ|G∗ε(z)NGε(z)Ψ)|

≤ (C0ε)
−1(Ψ|G∗ε(z)(ImHε + Imz)Gε(z)Ψ)

= (i2C0ε)
−1(Ψ|(G∗ε(z)−Gε(z)Ψ)

≤ (C0ε)
−1|(Ψ|Gε(z)Ψ)|,

where in the first estimate we used Lemma 7.7. 2

¿From now on ρ will denote a Schwartz function. Set

〈S〉−µε,ρ := 〈S〉−µρ(εS),

Fε,ρ(z) := 〈S〉−µε,ρGε(z)〈S〉−µε,ρ .
(7.114)

Note that Lemma 7.4 yields that the function R+ 3 ε 7→ Fε,ρ(z) is infinitely differentiable.
We are now ready to prove one of the key technical results of this section.

Lemma 7.10 Assume that Hypothesis S(ν) holds with ν ≥ 1 and let µ > 0. Set γ(µ) =
min(µ, 1). Then, for any z ∈ C+,∥∥∥∥∥ d

dε
Fε,ρ(z)

∥∥∥∥∥ ≤ C1ε
− 3

2
+γ(µ)‖Fε,ρ(z)‖

1
2 + |λ|C2ε

−2+ν‖Fε,ρ(z)‖. (7.115)
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Proof. It follows from Lemma 7.5 that

d

dε
Fε,ρ(z) = I + II + III,

where
I :=

(
d
dε
〈S〉−µε,ρ

)
Gε(z)〈S〉−µε,ρ + 〈S〉−µε,ρGε(z)

(
d
dε
〈S〉−µε,ρ

)
,

II := 〈S〉−µε,ρ [S, Gε(z)]〈S〉−µε,ρ ,

III := 〈S〉−µε,ρGε(z)KεGε(z)〈S〉−µε,ρ .
Note that ∥∥∥∥∥ d

dε
〈S〉−µε,ρ

∥∥∥∥∥ ≤ ε−1+γ(µ)‖ρ′‖∞.

Note also that Lemma 7.9 yields the estimates

‖G∗ε(z)〈S〉−µε,ρ ‖ ≤ ‖N
1
2 G∗ε(z)〈S〉−µε,ρ ‖ ≤ (C0ε)

− 1
2‖Fε,ρ(z)‖

1
2 ,

‖Gε(z)〈S〉−µε,ρ ‖ ≤ ‖N
1
2 Gε(z)〈S〉−µε,ρ ‖ ≤ (C0ε)

− 1
2‖Fε,ρ(z)‖

1
2 .

(7.116)

Thus, the term I is estimated as follows:

‖I‖ ≤ ε−1+γ(µ)‖ρ′‖∞
(
‖Gε(z)〈S〉−µε,ρ ‖+ ‖G∗ε(z)〈S〉−µε,ρ ‖

)
≤ 2C

− 1
2

0 ‖ρ′‖∞ε−
3
2

+γ(µ)‖Fε,ρ(z)‖
1
2 .

(7.117)

Since for any ε > 0,
‖S〈S〉−µε,ρ‖ = ‖〈S〉−µε,ρS‖ ≤ ε−1+γ(µ)‖ρ‖∞,

the estimates (7.116) yield

‖II‖ ≤ ε−1+γ(µ)‖ρ‖∞
(
‖Gε(z)〈S〉−µε,ρ ‖+ ‖G∗ε(z)〈S〉−µε,ρ ‖

)
≤ 2C

− 1
2

0 ‖ρ‖∞ε−
3
2

+γ(µ)‖Fε,ρ(z)‖
1
2 .

(7.118)

The term III is estimated as

‖III‖ ≤ ‖N 1
2 G∗ε(z)〈S〉−µε,ρ ‖‖N

1
2 Gε(z)〈S〉−µε,ρ ‖‖N−

1
2 KεN

− 1
2‖

≤ C−1
0 |λ|ε−2(‖η(−εs)α‖+ ‖η(εs)α‖)‖Fε,ρ(z)‖

≤ 2C−1
0 |λ|‖sνα‖ supt |t−νη(t)|ε−2+ν‖Fε,ρ(z)‖.

(7.119)

Note that since 0 6∈ supp η, supt |t−νη(t)| <∞. Combining the estimates (7.117), (7.118)
and (7.119) we derive that Relation (7.115) holds with

C1 = 2C
− 1

2
0 (‖ρ‖∞ + ‖ρ′‖∞),

C2 = 2C−1
0 ‖sνα‖ supt |t−νη(t)|.

(7.120)

2
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Lemma 7.11 Assume that Hypothesis S(ν) holds for some ν > 1 and let µ > 1
2
. Then,

(i) sup(ε,z)∈R+×C+
‖Fε,ρ(z)‖ ≤ C.

(ii) For any z ∈ C+, the norm-limit limε↓0 Fε,ρ(z) exist.

Proof. Since
‖Fε,ρ(z)‖

1
2 ≤ 1 + ‖Fε,ρ(z)‖,

it follows from (7.115) that ∥∥∥∥∥ d

dε
Fε,ρ(z)

∥∥∥∥∥ ≤ aε‖Fε,ρ(z)‖+ bε, (7.121)

where
aε := C1ε

− 3
2

+γ(µ) + |λ|C2ε
−2+ν ,

bε := C1ε
− 3

2
+γ(µ).

Since µ > 1
2
, ν > 1, we have ∫ 1

0
aτdτ <∞,

∫ 1

0
bτdτ <∞.

Note also that Lemma 7.8 yields that for ε ≥ 1, ‖Fε,ρ(z)‖ ≤ C−1
0 for all z ∈ C+. Thus by

the Gronwall inequality (see e.g. [DG], Proposition A.1.1) we obtain for all z ∈ C+ and
ε > 0,

‖Fε,ρ(z)‖ ≤ C, (7.122)

where

C := exp
(∫ 1

0
aτdτ

)(
C−1

0

∫ 1

0
aτdτ +

∫ 1

0
bτdτ

)
. (7.123)

This yields Part (i) of the lemma.
To establish Part (ii), note that Relations (7.121) and (7.122) yield that for any 0 <

ε1 < ε2,

‖Fε2,ρ(z)− Fε1,ρ(z)‖ ≤
∫ ε2
ε1

∥∥∥ d
dτ

Fτ,ρ(z)
∥∥∥ dτ

≤ ∫ ε2ε1 (Caτ + bτ )dτ.

Thus, if εn → 0 then the sequence Fεn,ρ(z) is Cauchy and this yields the statement. 2

Assume now that ρ(0) = 1. Clearly,

F0,ρ(z) = 〈S〉−µ(z −H)−1〈S〉−µ.

Thus, to finish the proof of Theorem 7.1 it suffices to show that

lim
ε↓0

Fε,ρ(z) = F0,ρ(z). (7.124)
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(Note that Part (ii) of Lemma 7.11 guarantees the existence of the limit in (7.124) but says
nothing about its value). The proof of Relation (7.124) resolves the infrared problem we
have discussed in the introduction. In the physics language, there is no infrared problem
as long as ε > 0 – this constant plays a role of a “complex boson mass”. In our approach,
the infrared problem appears in the limit ε ↓ 0 and is due to the fact that domains of
H and Hε with ε > 0 are different. This difficulty is resolved below. We remark that
an argument similar to ours has been used in [JP1]. The reader may consult [JP3] for
additional discussion of this point.

The following technical result plays a key role in the resolution of the infrared problem.
Recall that G0(z) = (z −H)−1.

Lemma 7.12 Assume that Hypothesis S(1) holds and let z ∈ C+ be given. Let β = ±1
2
.

Then,
(i) For any ε > 0,

‖N−βGε(z)N
β‖ ≤ 2

Imz

(
1 +

√
2‖α‖|λ|
Imz

)
. (7.125)

(ii) Assume in addition that Hypothesis A is satisfied. Then, (7.125) is true also for ε = 0.

Proof. Let Nδ be as in Lemma 4.2. For any ε ≥ 0 consider the operator

Hε,δ,β := Hε + λN−βδ VεN
β
δ − λVε.

It follows from Lemma 4.2 that

‖N−βδ VεN
β
δ − Vε‖ ≤ C

√
δ,

where we use the shorthand C :=
√

2‖α‖. Therefore, if ε > 0, Hε,δ,β is a closed operator
on D. If ε = 0, Hypothesis A yields that Hε,δ,β is essentially self-adjoint on D. Note also
that for any ε ≥ 0,

N(Hε) ⊂ {z : Imz ≤ −C0ε},
(recall the estimate (7.113)), therefore

N(Hε,δ,β) ⊂ {z : Imz ≤ −C0ε + C|λ|
√

δ}.

Thus, if Imz > −C0ε + C|λ|
√

δ then the operator z −Hε,δ,β is invertible and

‖(z −Hε,δ,β)
−1‖ ≤

(
Imz + C0ε− C|λ|

√
δ
)−1

.

¿From now on we fix z ∈ C+ and choose δ such that

C|λ|
√

δ < Imz.
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Let
Dfin := D ∩ (K⊗ Γfin).

For any Ψ ∈ Dfin we have
Hε,frΨ = N−βδ Hε,frN

β
δ Ψ.

Similarly, for Ψ ∈ Dfin we have

(N−βδ VεN
β
δ − Vε)Ψ = N−βδ VεN

β
δ Ψ− VεΨ.

Thus, on Dfin,
Hε,δ,β = Hε,fr + N−βδ VεN

β
δ

= N−βδ HεN
β
δ .

(7.126)

One easily shows that Dfin is a core for Hε,fr. If ε > 0, Vε is an infinitesimal perturbation
of Hε,fr, and therefore Dfin is also a core for Hε and Hε,δ,β. It follows from Hypothesis A
that Dfin is a core of H0. Therefore, for ε ≥ 0,

D̃fin := (z −Hε,δ,β)Dfin, (7.127)

is dense in H and on D̃fin,

(z −Hε,δ,β)
−1 = N−βδ (z −Hε)

−1Nβ
δ .

Next, we note that

‖Nβ
δ N−β‖ = ‖N−βNβ

δ ‖ ≤
{

(1 + δ)β, β > 0,
δβ, β ≤ 0.

Therefore, for any ε ≥ 0 and Ψ ∈ D̃fin,

‖N−β(z −Hε)
−1NβΨ‖ ≤

(
1 + δ

δ

)|β| (
Imz + C0ε− C|λ|

√
δ
)−1
‖Ψ‖.

Taking δ =
(

Imz
2C|λ|

)2
, we derive the statements of the lemma. 2

Lemma 7.13 Assume that Hypotheses A and S(1) hold. Then

lim
ε↓0

N−
1
2 Gε(z)N

− 1
2 = N−

1
2 (z −H)−1N−

1
2 . (7.128)
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Proof. Let ε > 0. We have

N−
1
2 (Gε(z)−G0(z))N

− 1
2 = N−

1
2 G0(z)(Hε −H)Gε(z)N

− 1
2 (7.129)

= N−
1
2 G0(z)N

1
2

(
−iε + λN−

1
2 (Vε − V )N−

1
2

)
N

1
2 Gε(z)N

− 1
2 . (7.130)

This identity and Lemma 7.12 yield that

‖N− 1
2 (Gε(z)−G0(z))N

− 1
2‖ ≤ C2

z ε

(
1 + 2|λ|‖α‖ sup

t1,t2
|t1ξ

′(t1 + t2)|
)

, (7.131)

where Cz is the constant on the right-hand side in (7.125). Clearly, this estimate yields
(7.128). 2

We are now ready to finish
Proof of Theorem 7.1. As we have already remarked, it follows from Lemma 7.11 that
to prove Theorem 7.1 it suffices to show that for any z ∈ C+,

lim
ε↓0

Fε,ρ(z) = F0,ρ(z). (7.132)

Since we know that the limit on the right hand side exist, it suffices to show that

w− lim
ε↓0

Fε,ρ(z) = F0,ρ(z). (7.133)

This relation follows from (7.128). 2

7.2 Hölder continuity

This section is devoted to the proof of the following theorem:

Theorem 7.14 Assume that Hypotheses A and S(ν) hold with ν > 1. Let n ∈ N,
0 < θ ≤ 1, and µ ≥ 1

2
be such that ν ≥ µ + 1

2
= 1 + n + θ. Let 0 < Λ1 < (

√
2‖sα‖)−1.

Then, for |λ| ≤ Λ1, the function

C+ 3 z 7→ 〈Svv〉−µ(z1vv −Hvv)−1〈Svv〉−µ (7.134)

extends by continuity to C+ and is of the class Cn,θ
u (C+) uniformly in λ.

The rest of this section is devoted to the proof of Theorem 7.14. We will freely use
the results and notation of Section 7.1. In particular, we drop superscripts vv until the
end of this section. We fix Λ1 > 0, C0 > 0 and ζ such that Relations (7.112) and (7.113)
hold. All the results in the sequel will hold for real λ such that |λ| ≤ Λ1, uniformly in λ.

For any ε ≥ 0, the function
C+ 3 z 7→ Gε(z),
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is analytic and
∂lzGε(z) = (−1)ll!Gl+1

ε (z).

It follows from Lemma 7.4 that for any l and m the mixed derivatives

∂lz∂
m
ε Gε(z)

exists on C+ ×R+, and that they are linear combinations of the terms

Gl1
ε (z)H(m1)

ε Gl2
ε (z) . . . Glk

ε (z)H(mk)
ε Glk+1

ε (z), (7.135)

where lk’s and mk’s are positive integers such that

k∑
j=1

mj = m,
k+1∑
j=1

lj = l + k + 1. (7.136)

We proceed to study in some detail these mixed derivatives.

Lemma 7.15 Assume that Hypothesis S(ν) holds with ν > 1 and let µ > 1
2
. Then,

supz∈C+

∥∥∥〈S〉−µε,ρ (∂lz∂mε Gε(z)
)

N
1
2

∥∥∥ ≤ Cε−
1
2
−l−m,

supz∈C+

∥∥∥N 1
2

(
∂lz∂

m
ε Gε(z)

)
〈S〉−µε,ρ

∥∥∥ ≤ Cε−
1
2
−l−m.

(7.137)

Proof. We will prove the first relation. A similar argument yields the second. We write
∂lz∂

m
ε Gε(z) as a linear combinations of the terms (7.135). After inserting 〈S〉−µε,ρ and N

1
2 ,

we estimate the norm of each term by

‖〈S〉−µε,ρGε(z)N
1
2‖‖N 1

2 Gε(z)N
1
2‖l1−1‖N− 1

2 H(m1)
ε N−

1
2‖‖N 1

2 Gε(z)N
1
2‖l2 . . .

. . . ‖N 1
2 Gε(z)N

1
2‖lk‖N− 1

2 H(mk)
ε N−

1
2‖‖N 1

2 Gε(z)N
1
2‖lk+1. (7.138)

It follows from Lemmas 7.9 and 7.11 that

‖〈S〉−µε,ρGε(z)N
1
2‖ ≤ C

− 1
2

0 ε−
1
2‖Fε,ρ(z)‖ ≤ C

1
2
0 ε−

1
2 C

1
2 ,

‖N 1
2 Gε(z)N

1
2‖ ≤ C−1

0 ε−1.
(7.139)

Furthermore,
‖N− 1

2 H(mj)
ε N−

1
2‖ ≤ cmjε

1−mj , (7.140)

where
cmj = δ1mj + 2|λ| sup

t
|tmj−1ξ(mj)(t)|‖sα‖. (7.141)

Combining these estimates and using (7.136) we bound (7.138) with

ε−
1
2
−l−mC

1
2
−l−k

0 C
1
2

∏
cmj ,

Summing over the terms (7.135) we derive the Relation (7.137). 2
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Lemma 7.16 Assume that Hypothesis S(ν) holds with ν > 1 and let µ > 1
2
. Let k =

k1 + k2. Then

sup
z∈C+

∥∥∥〈S〉−µε,ρ1
Sk1

(
∂lz∂

m
ε Gε(z)KεGε(z)

)
Sk2〈S〉−µε,ρ2

∥∥∥ ≤ Cε−l−m−k−2+ν . (7.142)

Proof. Note that
∂lz∂

m
ε Gε(z)KεGε(z)

is a linear combination of terms

(∂l1z ∂m1
ε Gε(z))(∂

k
εKε)(∂

l2
z ∂m2

ε Gε(z)),

where l = l1 + l2, m = m1 + m2 + k. After inserting 〈S〉−µε,ρ1
and 〈S〉−µε,ρ2

, we bound the
norms of these terms by∥∥∥〈S〉−µε,ρ1

(
∂l1z ∂m1

ε Gε(z)
)

N
1
2

∥∥∥ ‖N− 1
2 ∂kε KεN

− 1
2‖
∥∥∥N 1

2

(
∂l2z ∂m2

ε Gε(z)
)
〈S〉−µε,ρ2

∥∥∥ . (7.143)

We estimate

‖N− 1
2 ∂kε KεN

− 1
2‖ ≤ |λ|ε−1

(
‖skη(k)(εs)α‖+ ‖skη(k)(−εs)α‖

)
≤ 2|λ| supt |tk−νη(k)(t)|‖sνα‖ε−1+ν−k.

(7.144)

Note that since 0 6∈ supp η, the constant supt |tk−νη(k)(t)| is finite. Combining the estimate
(7.144) with Lemma 7.15, we obtain

sup
z∈C+

‖〈S〉−µε,ρ1

(
∂lz∂

m
ε Gε(z)KεGε(z)

)
〈S〉−µε,ρ2

‖ ≤ Cε−l−m−2+ν . (7.145)

Next note that we can find Schwartz functions γi, γ̃i such that ρi = γiγ̃i, for i = 1, 2.
Clearly

〈S〉−µε,ρi = γ̃i(εS)〈S〉−µε,γi, i = 1, 2.

Therefore, we can estimate the left-hand side of (7.142) by

‖γ̃1(εS)Sk1‖
∥∥∥〈S〉−µε,γ2

(
∂lz∂

m
ε Gε(z)KεGε(z)

)
〈S〉−µε,γ2

∥∥∥ ‖Sk2γ̃2(εS)‖.

Thus, Relation (7.142) follows from (7.145) and the estimates

‖γ̃i(εS)Ski‖ ≤ ε−ki supt |tki γ̃i(t)|, i = 1, 2. (7.146)

2
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Lemma 7.17 Assume that Hypothesis S(ν) holds with ν > 1. Let µ > 1
2
, k ≥ 2µ,

k = k1 + k2. Then,

sup
z∈C+

‖∂lz〈S〉−µε,ρ1
Sk1Gε(z)S

k2〈S〉−µε,ρ2
‖ ≤ Cε−k−l−

1
2

+µ. (7.147)

Proof. We use the splitting ρ2 = γ̃2γ2, as in the proof of the previous lemma. If k1 ≥ k2,
then k1 ≥ µ and we use the estimates

‖〈S〉−µε,ρ1
Sk1‖ ≤ ε−k1+µ supt |tk1−µρ1(t)|,

‖Sk2γ̃2(εS)‖ ≤ ε−k2 supt |tk2γ̃2(t)|,

‖∂lzGε(z)〈S〉−µε,γ2
‖ ≤ Cε−l−

1
2 ,

where we used Lemma 7.15 in the last estimate. If k1 ≤ k2, one interchanges the roles of
k1 and k2 and argues similarly. 2

We recall that for any operator A,

SA = [S, A],

is the quadratic form defined on D(S)∩D(A). If A is bounded, one can define the multiple
commutators SpA for any positive integer p as quadratic forms on D(Sp).

In the following lemma it will be convenient to use the following function:

ω(ν, ε) :=


εν , ν < 0,

1 + log(1 + ε−1), ν = 0,

1, ν > 0.

(7.148)

Let us note the following properties of this function:∫ 1
ε ω(ν, τ)dτ ≤ Cω(ν + 1, ε),

ω(θ − 1, ε) = ε−1`θ(ε), 0 < θ ≤ 1,
(7.149)

where the function `θ(ε) was defined in (2.27).

Lemma 7.18 Assume that Hypothesis S(ν) holds with ν > 1 and let µ > 1
2
. Then, for

some constants C1 and C2,

supz∈C+
‖∂lz∂kε 〈S〉−µε,ρGε(z)〈S〉−µε,ρ ‖

≤ C1ω(−k − l − 1
2

+ µ, ε) + C2ω(−k − l − 1 + ν, ε).
(7.150)
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Proof. Note that
∂kε 〈S〉−µε,ρGε(z)〈S〉−µε,ρ ,

is the sum of the terms (
∂k1
ε 〈S〉−µε,ρ

) (
∂k2
ε Gε(z)

) (
∂k3
ε 〈S〉−µε,ρ

)
, (7.151)

where k1 + k2 + k3 = k. ¿From the formula

∂εGε(z) = SGε(z) + Gε(z)KεGε(z),

(recall Lemma 7.5) one easily shows by induction that

∂k2
ε Gε(z) = Sk2Gε(z) +

∑
p+r+1=k2

Sp∂rεGε(z)KεGε(z), (7.152)

as a quadratic form on D(Sk).
Using (7.111) and the identity ∂k1

ε 〈S〉−µε,ρ = Sk1〈S〉−µ
ε,ρ(k1), we can write (7.151) as a linear

combination of the terms

〈S〉−µ
ε,ρ(k1)S

k1+j1Gε(z)S
j2+k3〈S〉−µ

ε,ρ(k3), (7.153)

where j1 + j2 = k2, and of the terms

〈S〉−µ
ε,ρ(k1)S

k1+l1 (∂rεGε(z)KεGε(z)) Sl2+k3〈S〉−µ
ε,ρ(k3), (7.154)

where l1 + l2 + r + 1 = k2. After applying ∂lz to terms (7.153) and (7.154) we estimate
them with the help of Lemmas 7.17 and 7.16. This yields (7.150) if k ≥ 2µ.

Next note that (7.135), (7.139) and (7.140) yield that for any k and l there is a constant
C such that

sup
z∈C+,ε=1

‖∂lz∂kε 〈S〉−µε,ρGε(z)〈S〉−µε,ρ ‖ ≤ C.

Therefore, if Relation (7.150) holds for k + 1, integrating the function

τ 7→ ∂lz∂
k+1
τ 〈S〉−µτ,ρGτ (z)〈S〉−µτ,ρ ,

over [ε, 1[ and using (7.149) we derive that Relation (7.150) also holds for k. The proof
of Lemma 7.18 is complete. 2

We are now ready to finish
Proof of Theorem 7.14. Assume that ρ(0) = 1. Let m = 0, . . . , n. We have

‖∂ε∂mz 〈S〉−µε,ρGε(z)〈S〉−µε,ρ ‖ ≤ Cω(−1 + θ + n−m, ε). (7.155)
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Since −1 < −1 + θ + n −m, the right hand side of (7.155) is integrable around 0. This
implies the uniform convergence of

lim
ε↓0

∂mz 〈S〉−µε,ρGε(z)〈S〉−µε,ρ , m = 0, . . . , n.

Hence, by the well known calculus lemma we can interchange the order of the limit and
the differentiation in the following formula:

∂nz 〈S〉−µ(z −H)−1〈S〉−µ = ∂nz limε↓0〈S〉−µε,ρGε(z)〈S〉−µε,ρ
= limε↓0 ∂nz 〈S〉−µε,ρGε(z)〈S〉−µε,ρ ,

where in the first step we used (7.132).
It follows from Lemma 7.18 that for some constant C,

supz∈C+
‖∂kε ∂lz∂nz 〈S〉−µε,ρGε(z)〈S〉−µε,ρ ‖ ≤ Cω(−1 + θ, ε) = Cε−1`θ(ε), k + l ≤ 1.

Therefore, the function

[0, 1[×C+ 3 (ε, z) 7→ ∂nz 〈S〉−µε,ρGε(z)〈S〉−µε,ρ ,

satisfies all the conditions of Proposition 2.3. It follows that the function

C+ 3 z 7→ ∂nz 〈S〉−µ(z −H)−1〈S〉−µ, (7.156)

is in the class C0,θ
u (C+). Therefore the function (7.156) with n = 0 satisfies the conditions

of Proposition 2.4. The proof of Theorem 7.14 is complete. 2

7.3 Properties of w(z)

In this section we prove Theorem 6.1. Let us first state a version of Theorem 7.14 for the
free Hamiltonian. Setting λ = 0 in Theorem 7.14 we derive

Theorem 7.19 Let n ∈ N, 0 < θ ≤ 1, ν = 1
2

+ n + θ. Then, the function

C+ 3 z 7→ 〈Svv〉−ν(z1vv −Hvv
fr )−1〈Svv〉−ν (7.157)

extends by continuity to C+ and is in the class Cn,θ
u (C+).

Proof of Theorem 6.1. Note that if Hypothesis S(ν) holds then the operators

ϕ(α)vv〈Svv〉ν and 〈Svv〉νϕ(α)vv,

are bounded and their norms are less than or equal to ‖〈s〉να‖/
√

2. Since

w(z) = ϕ(α)vv〈Svv〉ν
(
〈Svv〉−ν(z1vv −Hvv

fr )−1〈Svv〉−ν
)
〈Svv〉νϕ(α)vv, (7.158)

we derive the result from Theorem 7.19.
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7.4 Comparison with the free resolvent

In this section we estimate the difference of the free and the full resolvent on the radiation
sector.

Theorem 7.20 Assume that Hypotheses A and S(ν) hold with ν > 1. Let µ = ν − 1
2

and 0 < Λ1 < (
√

2‖sα‖)−1. Then

sup
(λ,z)∈[−Λ1,Λ1]×C+

∥∥∥〈Svv〉−µ
(
(z1vv −Hvv)−1 − (z1vv −Hvv

fr )−1
)
〈Svv〉−µ

∥∥∥ ≤ C|λ|(ν−1)/ν

(7.159)

For notational simplicity, in the sequel we drop the superscripts vv. It follows from
Theorem 7.14 that it suffices to take in (7.159) supremum over z ∈ C+. We choose again
Λ1 > 0, C0 > 0 and ζ such that Relations (7.112) and (7.113) hold. All the results in the
sequel will hold for real λ such that |λ| ≤ Λ1.

In what follows we will denote by the same letter C various constants which depend
only on the constants introduced in the previous section, but do not depend on λ. The
values of these constants may change from estimate to estimate.

Lemma 7.21 Assume that Hypotheses A and S(ν) hold with ν > 1. Let µ > 1
2
. Then

sup
z∈C+

‖∂kε 〈S〉−µε,ρ1
(Gε(z)−Gfr,ε(z))〈S〉−µε,ρ2

‖ ≤ C|λ|ε−k−1.

Proof. Using
Gε(z)−Gfr,ε(z) = λGε(z)VεGfr,ε(z)

we can write
〈S〉−µε,ρ1

(∂mε (Gε(z)−Gfr,ε(z))) 〈S〉−µε,ρ2

as a linear combination the terms

〈S〉−µε,ρ1
Gε(z)H

(m1)
ε Gε(z) . . . Gε(z)H

(mk−1)
ε Gε(z)

×λV (mk)
ε Gfr,ε(z)H

(mk+1)
fr,ε Gfr,ε(z) . . . Gfr,ε(z)H

(ml)
fr,ε Gfr,ε(z)〈S〉−µε,ρ2

,
(7.160)

where
∑l
j=1 mj = m. Using

‖N− 1
2 H(mj)

ε N−
1
2‖ ≤ Cε1−mj , ‖N− 1

2 H
(mj)
fr,ε N−

1
2‖ ≤ Cε1−mj ,

‖N− 1
2 V (mj )

ε N−
1
2‖ ≤ Cε1−mj ,

‖〈S〉−µε,ρ1
Gε(z)N

1
2‖ ≤ Cε−

1
2 , ‖N 1

2 Gfr,ε(z)〈S〉−µε,ρ2
‖ ≤ Cε−

1
2 ,
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‖N 1
2 Gε(z)N

1
2‖ ≤ Cε−1, ‖N 1

2 Gfr,ε(z)N
1
2‖ ≤ Cε−1,

we see that (7.160) can be estimated by |λ|ε−m. This shows

sup
z∈C+

∥∥∥〈S〉−µε,ρ1
(∂mε (Gε(z)−Gfr,ε(z))) 〈S〉−µε,ρ2

∥∥∥ ≤ C|λ|ε−m−1. (7.161)

Next we note that
∂kε 〈S〉−µε,ρ (Gε(z)−Gfr,ε(z))〈S〉−µε,ρ ,

is a linear combination of the terms

Sk1〈S〉−µ
ε,ρ(k1)(∂

k2
ε (Gε(z)−Gfr,ε(z)))〈S〉−µε,ρ(k3)S

k3, (7.162)

where k1 + k2 + k3 = k. Then we write ρ(ki) = γiγ̃i, i = 1, 2 for some Schwartz functions
γiγ̃i and we rewrite (7.162) as

γ̃1(εS)Sk1〈S〉−µε,γ1
(∂k2
ε (Gε(z)−Gfr,ε(z)))〈S〉−µε,γ2

Sk3 γ̃2(εS). (7.163)

Now (7.161) combined with (7.146) yields the statement. 2

We are now ready to finish
Proof of Theorem 7.20. Let n be the integer such that n + 1 > ν, and let ρ be a fixed
Schwartz function such that ρ(0) = 1. We will use the shorthand

R(ε) = 〈S〉−µε,ρGε(z)〈S〉−µε,ρ .
It follows from Lemma 7.18 and the choice of n and µ that

sup
z∈C+

‖∂nε R(ε)‖ ≤ Cε−n−1+ν . (7.164)

Furthermore, it follows from Theorem 7.14 and Taylor’s formula that for any ε > 0

R(0) =
n−1∑
k=0

(−1)k
εk

k!
∂kε R(ε) +

(−1)n

(n− 1)!

∫ ε

0
(ε− τ)n−1∂nτ R(τ)dτ.

(This formula is derived using Taylor’s expansion of the function R(ε− δ) in the variable
δ and then taking δ ↑ ε.) Setting λ = 0, we get a similar expansion for Rfr(0):

Rfr(0) =
n−1∑
k=0

(−1)k
εk

k!
∂kε Rfr(ε) +

(−1)n

(n− 1)!

∫ ε

0
(ε− τ)n−1∂nτ Rfr(τ)dτ.

It follows from (7.164) that the error terms in both expansions are estimated by Cεν−1.
Combining this estimate with Lemma 7.21 we derive that

‖R(0)−Rfr(0)‖ ≤ ∑n−1
k=0

εk

k!
‖∂kε (R(ε)−Rfr(ε))‖ + Cεν−1

≤ C(|λ|ε−1 + εν−1).
(7.165)

This estimate is optimized for ε = (|λ|/ν − 1)1/ν . Substituting this value into (7.165) we
complete the proof of Theorem 7.20. 2
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8 Proofs of the main theorems

Throughout this chapter we assume that Hypotheses A and S(ν) hold with ν > 1 and
that n ∈ N, 0 < θ ≤ 1 and µ > 1

2
satisfy ν ≥ µ + 1

2
= 1 + n + θ.

Notation. In this and the next section we adopt the following shorthand. Let I be an
interval, Ω ⊂ C, Ω× I 3 (z, λ) 7→ Aλ(z) an operator-valued function, and f(λ) a positive
function on I. We will write Aλ(z) = O(f(λ)) for z ∈ Ω if there exist constant C such
that ∀(z, λ) ∈ Ω× I, ‖Aλ(z)‖ ≤ Cf(λ). As customary, we will suppress the variable λ in
the operator-valued functions, and write A(z) for Aλ(z), etc.

8.1 Proof of Limiting Absorption Principle away from σ(K)

In this section we prove Theorem 6.2. We fix Λ1 > 0 such that Λ1 < (
√

2‖sα‖)−1.
In what follows we assume that |λ| ≤ Λ1. Recall that the self-energy Wv(z) and the

resonance function Gv(z) are defined by (3.41).

Lemma 8.1 The function C+ 3 z 7→ Wv(z) extends by continuity to C+ and is of the
class Cn,θ

u (C+) uniformly in λ. Furthermore, there exist β1 such that

sup λ−2‖Wv(z)‖ < β1. (8.166)

where the supremum is taken over |λ| ≤ Λ1 and z ∈ C+.

Proof. Since

Wv(z) = λ2ϕ(α)vv〈Svv〉µ
(
〈Svv〉−µ(z1vv −Hvv)−1〈Svv〉−µ

)
〈Svv〉µϕ(α)vv,

the result follows from Theorem 7.14. 2

An immediate consequence of the previous lemma is that for z ∈ C+, Gv(z) is a
well-defined closed operator with domain D(K).

Lemma 8.2 The operators Gv(z) are invertible for z in C+ \ B(σ(K), λ2β1) and the
function G−1

v (z) is of the class Cn,θ
u of this set.

Proof. Since Gv(z) = z1vv −K −Wv(z), the estimate (8.166) and Proposition 2.8 yield
that Gv(z) is invertible and

‖G−1
v (z)‖ = O(λ−2). (8.167)

for z ∈ C+ \B(σ(K), λ2β1). The regularity properties of Gv(z) are inferred by induction
from the identity

G−1
v (z1)−G−1

v (z2) = G−1
v (z1) ((z2 − z1)1

vv − (Wv(z2)−Wv(z1)))G−1
v (z2), (8.168)
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and Lemma 8.1. 2

Proof of Theorem 6.2. The theorem follows from Theorem 7.14 and Lemma 8.2 after
sandwiching the Feshbach formula

(z −H)−1 = (z1vv −Hvv)−1

+(1vv + (z1vv −Hvv)−1Hvv)G−1
v (z)(Hvv(z1vv −Hvv)−1 + 1vv),

(8.169)

with 〈S〉−µ, and after inserting 〈S〉−µ〈S〉µ in front of (after) Hvv (Hvv). (Note that
〈S〉−µ = 1vv ⊕ 〈Svv〉−µ.) 2

In the next two sections, similar elementary arguments based on the insertion of various
powers of 〈S〉 at appropriate places will be skipped.

8.2 Proof of Limiting Absorption Principle around k ∈ σ(K)

In this section we prove Theorem 6.3. We introduce new splittings of the Hilbert space
H,

H = Hk ⊕Hk = Hk ⊕Hk ⊕Hv, (8.170)

where
Hk := Ranpk, Hk := Ran(1− pk), Hk := Hk ∩Hv.

In our argument we will apply several times the Feshbach formula with respect to these
decompositions. To that end we introduce some additional notation. The matrix form of
the operator H with respect to the decomposition H = Hk ⊕Hk is denoted by

H =

[
Hkk Hkk

Hkk Hkk

]
. (8.171)

The operator Hkk acts on Hk ⊕Hv, and its matrix form is denoted by

Hkk =

[
Hkk Hkv

Hvk Hvv

]
. (8.172)

(Arguing as in the beginning of Chapter 6 one easily shows that these matrix represen-
tations are well-defined and that the formalism and results of Chapter 3 can be applied.)
We employ the same notation for other operators. Note that pk = 1kk. Note also that

Hkk = Hvk, Hkk = Hkv. (8.173)

For z ∈ C+ we set
Wk(z) := Hkv(z1vv −Hvv)−1Hvk,

Gk(z) := z1kk −Hkk −Wk(z).
(8.174)
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Note that if Wv(z) and Gv(z) are the usual self-energy and resonance function, then

Wk(z) = W kk
v (z), Gk(z) = Gkk

v (z). (8.175)

In the next lemma we assume that |λ| < Λ1.

Lemma 8.3 The function Wk(z) belongs to Cn,θ
u (C+) uniformly in λ and we have

sup λ−2‖Wk(z)‖ < β1, (8.176)

where the supremum is taken over |λ| ≤ Λ1 and z ∈ C+.

Proof. We apply Lemma 8.1 and (8.175). 2

Let δ1 > 0 be such that
δ1 < dist(k, σ(K) \ {k}).

We choose Λ2 > 0 such that

Λ2 ≤ Λ1, β1Λ
2
2 < δ1. (8.177)

Until the end of this section we assume that |λ| ≤ Λ2.

Lemma 8.4 The operators Gk(z) are invertible for z ∈ C+ ∩ B(k, δ1) and the function
G−1
k (z) is in the class Cn,θ

u of this set uniformly in λ.

Proof. The invertibility of Gk(z) follows from Proposition 2.8, Lemma 8.3 and the choice
of Λ2. The regularity properties of G−1

k (z) follow by induction from Lemma 8.3 and an
identity similar to (8.169). 2

For z ∈ C+ we set

Wk(z) := Hkk(z1kk −Hkk)−1Hkk,

Gk(z) := z1kk −Hkk −Wk(z).
(8.178)

Lemma 8.5 The function

C+ 3 z 7→ 〈S〉−µ(z1kk −Hkk)−1〈S〉−µ, (8.179)

extends by continuity to C+ ∩B(k, δ1) and is in the class Cn,θ
u of this set uniformly in λ.

The same result holds for the function Wk(z).
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Proof. The Feshbach formula yields that for z ∈ C+,

(z1kk −Hkk)−1 = (z1vv −Hvv)−1

+(1kk + (z1vv −Hvv)−1Hvk)G−1
k (z)(1kk + Hkv(z1vv −Hvv)−1).

(8.180)
We derive the result sandwiching this identity with 〈S〉−µ and invoking the previous
lemma and Theorem 7.14. 2

We will now make use of the Feshbach formula with respect to the decomposition
H = Hk ⊕ Hk. Note that in the notation we have adopted, wkk(z) = pkw(z)pk. In the
sequel we set κ := (ν − 1)/ν. Recall that in (6.89) we defined

wk := wkk(k + i0).

Lemma 8.6 There is a constant β2 such that if z ∈ C+ ∩B(k, λ2β1), then

sup |λ|−2−κ‖Wk(z)− λ2wk‖ < β2, (8.181)

where the supremum is taken over z ∈ C+ ∩B(k, λ2β1), |λ| ≤ Λ2.

Proof. It follows from (8.180) that

Wk(z) = Hkk(z1vv −Hvv)−1Hkk

+Hkk(z1vv −Hvv)−1HvkG−1
k (z)Hkv(z1vv −Hvv)−1Hkk.

(8.182)

Since β1Λ
2
2 < δ1, Lemma 8.4 yields that for z ∈ C+ ∩B(k, λ2β1) the second term on the

right-hand side is O(λ4). It follows from Theorem 7.20 that the first term equals

Hkk(z1vv −Hvv)−1Hkk = Hkk(z1vv −Hvv
fr )−1Hkk + O(|λ|2+κ).

Recall that in (2.27) we defined the function `θ(τ). We extend the definition of this
function for θ ∈ [0,∞[ as follows:

`θ(τ) :=


τ θ, 0 < θ < 1
τ (1 + ln(1 + τ−1)) θ = 1,
τ, θ > 1.

Then, by Theorem 7.19,

Hkk(z1vv −Hvv
fr )−1Hkk = λ2wkk(z) = λ2wkk

k + R(z),

where
‖R(z)‖ ≤ C1λ

2`ν− 1
2
(|z − k|)

≤ C2λ
2`ν− 1

2
(β1λ

2) ≤ C3|λ|2+κ,
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where we used 2ν − 1 > κ and 2 > κ in the last step. 2

The operator wk is dissipative and by the assumption,

Tk = σ(wk) ∩R ⊂ σdisc(wk).

Therefore, Propositions 3.3 and 3.4 can be applied. Let

c := sup
z∈C+

‖(z − wk)
−11σ(wk)\R(wk)‖, (8.183)

(which is the constant c in Proposition 3.3 applied to wk). In addition to (8.177), in the
sequel we assume that Λ2 satisfies

β2Λ
κ
2c < 1. (8.184)

Lemma 8.7 The operators Gk(z) are invertible for

z ∈ C+ ∩
(
B(k, λ2β1) \B(k + λ2Tk, |λ|2+κβ2)

)
,

and the function G−1
k (z) is in the class Cn,θ

u of this set.

Proof. It follows from the definition of Gk(z) and Lemma 8.6 that if z ∈ C+∩B(k, λ2β1),
then

Gk(z) = (z − k)1kk −Wk(z)

= (z − k)1kk − λ2wk + R(z)

= λ2
(
λ−2(z − k)1kk − wk + λ−2R(z)

)
,

(8.185)

where ‖R(z)‖ < β2|λ|2+κ. If c is defined by (8.183), then ‖λ−2R(z)‖c < 1 and

sup dist(σ(λ−2k + wk) ∩R, λ−2z) > |λ|κβ2,

where the supremum is taken over z ∈ C+ \B(k + λ2Tk, |λ|2+κβ2). Therefore, it follows
from Proposition 3.4 that Gk(z) is invertible for

z ∈ C+ ∩
(
B(k, λ2β1) \B(k + λ2Tk, |λ|2+κβ2)

)
.

The regularity properties of G−1
k (z) are inferred from Lemma 8.5 and an identity similar

to (8.169). 2

Proof of Theorem 6.3. Since (ii)⇒ (i), we have only to prove (ii). We choose Λ2 such
that (8.177) and (8.184) hold. The Feshbach formula yields

(z −H)−1 = (z1kk −Hkk)−1

+(1kk + (z1kk −Hkk)−1Hkk)G−1
k (z)(1kk + Hkk(z1kk −Hkk)−1).

Sandwiching this formula with 〈S〉−µ, we derive (ii) from Lemmas 8.5 and 8.7. 2
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8.3 Proof of Limiting Absorption Principle around k + λ2m

In this section we prove Theorem 6.4. We will freely use the notation and the results of
the previous section. We will indicate the place in our argument where we require that
Hypothesis S(ν) with ν > 2 holds.

In addition to (8.170) we introduce the following splittings of the Hilbert space H:

H = Hm ⊕Hm = Hm ⊕Hm ⊕Hk,

where
Hm := Ranpk,m, Hm := Ran(1− pk,m), Hm := Hk ∩Hm.

Note that by the definition of pk,m, Hm ⊂ Hk, so the above splittings are well-defined.
Note also that

Hmm = Hkm = Hvm, Hmm = Hmk = Hmv. (8.186)

For these splittings we adopt the notation analogous to (8.171) and (8.172).
For z ∈ C+ ∩B(k, δ1) we set

Wm(z) := Hmk(z1kk −Hkk)−1Hkm,

Gm(z) := z1mm −Hmm −Wm(z).

Note that if Wk(z) and Gk(z) are given by (8.178) then

Wm(z) = W
mm
k (z), Gm(z) = G

mm
k (z). (8.187)

We assume that |λ| ≤ Λ2.

Lemma 8.8 Assume that z ∈ C+ ∩B(k, λ2β1). Then

Hmk(z1kk −Hkk)−1Hkm = O(|λ|2+κ),

Hmk(z1kk −Hkk)−1Hkm = O(|λ|2+κ).
(8.188)

Moreover, we have
sup |λ|−2−κ‖Wm(z)− λ2w

mm
k ‖ < β2, (8.189)

where the supremum is taken over z ∈ C+ ∩B(k, λ2β1), |λ| ≤ Λ2.

Proof. To prove (8.188) we use w
mm
k = (pk − pk,m)wkpk,m = 0 and Lemma 8.6. (8.189)

follows from Relation (8.187) and Lemma 8.6. 2

Let
δ2 < dist ({m}, σ(wk) \ {m}) .

We introduce Λ3 > 0 such that

Λ3 ≤ Λ2, β2Λ
κ
3 ≤ δ2. (8.190)

¿From now on we assume that |λ| ≤ Λ3.
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Lemma 8.9 For z ∈ C+ ∩ B(k, λ2β1) ∩ B(k + λ2m, λ2+κβ2) the operators Gm(z) are
invertible and the function G−1

m (z) is in the class Cn,θ
u of this set. Furthermore,

dj

dzj
G−1
m (z) = O(λ−2j−2), j = 0, . . . , n. (8.191)

Proof. Clearly,

Gm(z) = (z − k)1mm −Wm(z)

= (z − k)1mm − λ2w
mm
k + Rmm(z)

= λ2 (λ−2(z − k)1mm − w
mm
k + λ−2Rmm(z)) ,

where R(z) = Wk(z)− λ2wk is the same as in (8.185). By Lemma 8.6,

‖Rmm(z)‖ ≤ ‖R(z)‖ ≤ β2|λ|2+κ,

if z ∈ C+ ∩B(k, λ2β1). Moreover,

w
mm
k 1σ(w

mm

k )\R(w
mm
k ) = wk1σ(wk)\R(wk).

Therefore,
c = sup

z∈C+

‖(z − w
mm
k )−11σ(w

mm

k )\R(w
mm
k )‖

is the same as in (8.183). Thus, we can apply Proposition 3.4, which implies that Gm(z)
is invertible and satisfies the bound (8.191) with j = 0.

The regularity properties of G−1
m (z) are inferred from the formula analogous to (8.169)

and Lemma 8.5. The bound (8.191) for j = 0 and induction yield (8.191) for all j. 2

For z ∈ C+ we set

Wm(z) := Hmm(z1mm −Hmm)−1Hmm,

Gm(z) := z1mm −Hmm −Wm(z).

Lemma 8.10 The function

C+ 3 z 7→ 〈S〉−µ(z1mm −Hmm)−1〈S〉−µ,

extends by continuity to z ∈ C+ ∩ B(k, λ2β1) ∩ B(k + λ2m, λ2+κβ2) and is in the class
Cn,θ

u of this set. The same result holds for the function Wm(z).
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Proof. The Feshbach formula yields

(z1mm −Hmm)−1 = (z1kk −Hkk)−1

+(1mm + (z1kk −Hkk)−1Hkm)G−1
m (z)(z1mm + Hmk(z1kk −Hkk)−1),

and the result follows from Lemmas 8.6 and 8.8. 2

Lemma 8.11 Assume that Hypothesis S(ν) holds with ν > 2. There exist a constant γ
such that for z ∈ C+ ∩B(k, λ2β1) ∩B(k + λ2m, λ2+κβ2)∥∥∥∥∥ d

dz
Wm(z)

∥∥∥∥∥ ≤ γ|λ|2κ. (8.192)

Proof. It follows from the Feshbach formula that

Wm(z) = Hmm(z1kk −Hkk)−1Hmm

+Hmm(z1kk −Hkk)−1HkmG−1
m (z)Hmk(z1kk −Hkk)−1Hmm.

(8.193)

The derivative of the first term in (8.193) is O(λ2) by Lemma 8.8. When we differentiate

the second term and the derivative hits (z1kk −Hkk)−1, then we get by Lemmas 8.8, 8.9
and (8.191)

O(λ2)O(λ−2)O(|λ|2+κ) = O(|λ|2+κ).

When the derivative hits G−1
m (z), then we get by the same lemmas and (8.191)

O(|λ|2+κ)O(λ−4)O(|λ|2+κ) = O(|λ|2κ).

Then we use 2κ ≤ 2 + κ. 2

We are now ready to finish
Proof of Theorem 6.4. Let γ be given by (8.192). Recall that so far Λ3 has to satisfy
(8.190). We demand in addition that

Λ2κ
3 < 1/γ. (8.194)

Assumption (8.194) and Lemma 8.11 imply that

sup
x∈Θ(k,m)

‖W ′
m(x + i0)‖ < 1.

Thus, the conditions of Corollary 3.13 are satisfied on the interval Θ(k, m) with respect
to the decomposition H = Hm ⊕Hm. By Corollary 3.13,

dim 1pp
Θ(k,m) ≤ dimHm = dim pk,m.
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This completes the proof of the Part (i).
Since (iii) ⇒ (ii), it remains to prove (iii). First note that,by Lemma 8.10, Θ(k, m) ∩

σpp(H
mm) = ∅. Therefore, by Proposition 3.7 and Theorem 3.8, σpp(H) ∩ Θ(k, m) coin-

cides with {x ∈ Θ(k, m) : 0 ∈ σ(Gm(x+i0))}. Since Gm(z) is a continuous function and
C+ ∩B(k, λ2β1) ∩B(k + λ2m, β2λ

2+κ) \B(σpp(H), ε) is compact,

‖G−1
m (z)‖ ≤ C.

on this set. A formula analogous to (8.169) and Lemma 8.10 yield that G−1
m (z) ∈ Cn,θ

u of
this set.

The Feshbach formula yields that for z ∈ C+,

(z −H)−1 = (z1mm −Hmm)−1

+(1mm + (z1mm −Hmm)−1Hmm)G−1
m (z)(1mm + Hmm(z1mm −Hmm)−1).

Sandwiching this formula with 〈S〉−µ, we derive (iii) from Lemma 8.10 and the regularity
properties of G−1

m (z) proven above. The proof of Theorem 6.4 is complete. 2
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