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1 Introduction

In this paper we consider Hamiltoniafs = 2~ 1p*+ V5, p = —iV, on L2(R?), n >
2, whereV} is assumed to be real-valued, smooth outside zero and homogeneous of
degree zero. We do include perturbations from a large class of compactly supported
potentials, but for simplicity of presentation we shall only discuss the strictly homoge-
neous case in this introduction. In the same spirit let us assume that the set of critical
points inS™~! for V4, denotedy, is finite. Then it was proved by one of us (I.H.) that

L1 1= Y Ef,

25 €Co

where E5" = EF(H) are projections defined as follows: Pick any family;|z; € Co}
of smooth functions ors"™ ! with \;(z;) = ;; (the Kronecker symbol). Then
E;L =s— lim eitHXj(zA)e_”H; PR

=t El

see [He] and [ACH]. Furthermore it was proved that there exists an asymptotic momen-
tum p™ and its relationship to the above projections was shown.

This paper is devoted to the following vanishing problem: Suppgses Cy
corresponds to a local maximum or a saddle point. Show (possibly together with
other conditions) that then

12) Ef =0

Although there is a simple physical intuition for (1.2) (see below) this problem turns
out to be rather difficult even in the simplest possible case. While we obtain a fairly
satisfactory result for local maxima (including some degenerate cases) our conditions
for saddle points are somewhat restrictive. One could suspect that the latter fact is due
to technical obstacles only.

Another natural problem motivated by (1.1) is to analyse the evolution for “open
channels”, that is at local minima. Is there a “simple” comparison dynamics for which
one can show the existence of the Mgller wave operator and completeness? We devote
this problem to another paper, [HS].

To explain some ideas of our proof yielding (1.2) let us recall that (1.1) relied on
the following weak type estimate

(o]

(1.3) Of<f(H)w,IZIIVVo(Z>I?f(H)wdwt < Crllpl%; f € CF,

[He, Theorem 3.6]. Suppose for simplicity thate Cy corresponds to a non-degenerate
local maximum. Let us split the coordinates as- zzy & y. In conjunction with the

trivial bound |0, Vy(2)| < C|2]|VVo(2)|? valid in a conical neighbourhood af, (1.3)

clearly indicates that the momentuin= —ia% approaches a limit along a state starting

att = 0in f(H)y € EL*. Standard two-body techniques show that ¢ along

such state. So we expect that the dynamics can be approximated by a simpler one,



namely the one generated by time-dependent Hamiltonians given by replabwngs
in the potential (or part of the potential). Although we only accomplish this in a very
weak sense let us for the moment look at the following model Hamiltonians:

(14) H(t) =271 (p* + &) + W n=—iV,, t>1.

Do there exist states for the model dynamics wjth= o(t) for t — +00? The
answer is negative as we want. It can readily be seen in this case by a little Fourier
analysis, but to gain some intuition, it is fruitful to look at the corresponding classical
problem:

Since¢ is preserved and the Hessian is negative (making the potential repulsive) we
need to solve the Hamilton equations faty;) = 2717 + qz%, ¢; < 0. The solutions
arey; = c tu + el af =271(1-T=4g), off =271+ /T—14q). Since
a;” > 1 and we wanty, = o(t) for ¢ — +occ we infer thatc™ = 0. On the other hand
t% = o(t") certainly is a sublinear solution.

Returning to the quantum case we notice that the above classical orbits are confined
to a too small region in phase space to support a sfdte:uncertainty principleshould
exclude the existence of such states.

To implement the above ideas it is important to establish a better boung on
along the evolution of an “exceptional state” than jyst= o(t) fort — +oo. A
similar problem occurs in Dergrmki’'s proof of completeness for long-rangébody
Hamiltonians, [D]. Since we are dealing with a repulsive potential (wyj.it turns out
that we can adapt the method used by Dergkito our case (even though our potential
is extremely long-range). In this way we obtain= O(t'~") for some smalkb > 0.

In the saddle point case we can get this bound for the payttbét corresponds to
negative eigenvalues of the Hessian. We can then derive a similar bound on the other
part of y as well as on the difference — #£ (the latter is needed for local maxima as
well) by a differential inequality method. This method may be considered as a quantum
version of the method of Liapunov known from the well-known theory of stability near
fixed points of dynamical systems.

Putting these bounds together we have localized the evolution to a somewhat smaller
region, than the definition OEJTL a priori prescribes. The next step is to change the
potential outside this region as to obtain modifications of (1.4) essentially on the form

(15)  H(t) = 27" (1 +€) + “Vpd 4 R(t); [|R(t)]| = O(t™). t > 1.

It should be remarked that the “error” that appears on the right hand side of (1.5)
depends onr. Consequently¢ is not preserved for the evolution generated by the
family (1.5). The approximate evolution is shown to be good enough for constructing
the relative Mgller wave operator. Although we show the existence of this operator by
a well-known technique in scattering theory it is obtained only by means of complicated
and even some delicate estimates. In conclusion it suffices to show that any nonzero
state evolving in accordance with the dynamics for (1.5) obeys



(1.6) y # O(t'=) for t — +oo for anye > 0.

The next step is to change coordinates in a time-dependent manner to obtain essen-
tially time-independent quadratic Hamiltonians with small time-dependent perturbations.
The analysis of propagation properties for the corresponding evolution is the most inter-
esting part of this paper. First we need to implement the uncertainty principle. For that
we apply a global Mourre estimate (based on the repulsiveness of the leading part of
the potential) in the extended Hilbert space in whidk considered as a space-variable,
cf. [Ho]. The estimate is used in a singular variant of Mourre’s method, cf. [SKk1].
Noticing that the resulting global smoothness for a certain observable yields smoothness
in the previous picture we obtain in this way a basic tool for setting up a good calculus:
We construct appropriate “propagation observables” yielding in the end a propagation
estimate that implies (1.6) (cf. the precise statement (1.8) given below).

The result of the last step of this paper may have some independent interest. A
modification of it reads:

Consider on the space’(R;") a family of time-dependent Hamiltonians given by

Ht)=-2""'0y+27" - Qy+ R(t,y); t > 1,

Q =diagq,- -, qm) < 4711, and for somes > 0

(1.7) N
IV, R(t,y)| < C’<t_(2+”)|y| + t—(5+V)),

o -2 o
G R(ty)| < C172, o] = 2

Consider a corresponding propagatoft) assumed to preserve a sufficiently nice
domain (and therefore in particular define solutions to the correspondin@dicher
equation).

Under these conditions let(t) = U(t)y be any orbit. Then for alle > 0

(18) F<|y| < t271<1—|—f 1—4maX((Zj)>—€>w(t> — O(to) for t — +00.

We notice that (1.8) in general is false if (1.7) is relaxed by requiring oniy 0.
(This would admit@Q > 4-'1.) Although we shall not elaborate a modification of
our proof allows relaxing (1.7) by replacing the decaying factorsby any vanishing
function f(¢) = o(¢°) (paying though the price of demanding more bounded higher
derivatives).

We refer to [DG, Theorem 3.4.1] for a similar result in the cése= 0 (proved
by other techniques).

The basic theme of this paper may be phrased as absence of certain quantum
mechanical states that do have appearing counterparts in the corresponding classical
model. For another example of this theme we refer to [Gel].

This paper is organized as follows: Our main results (Theorems 2.2 and 2.3) and
preliminaries are put in Section 2. Sections 3 and 4 are devoted to bounding variables
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orthogonal to the critical direction in question. In Section 5 we introduce the simplified
dynamics. In Section 6 we introduce the change of variables. Section 7 is devoted
to the basic uncertainty estimate. In Section 8 we construct appropriate propagation
observables and complete the proof of Theorem 2.2. Finally we have included an
Appendix A in which certain technicalities needed in the course of the proof are
discussed in some detail.
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2 Main results and preliminaries

We consider a real-valued potential= 1, + V. on R", n > 2, with the properties
Vo € C> being homogeneous of degree zero{ine R"||z| > 1} and V. being
compactly supported and relatively compact to the Laplace-operatar @").

Let Cy be the set of critical points 5™~ for 1. We consider an isolated point
in Cy for which we shall impose the following conditions.

Assumptions 2.1Letzy be isolated irCy. There exists an orthogonal decomposition
of the variable inR"

z=wxz0by=x2By- dysr € RzgdY_ Y, =R",
with dim Y_ > 1 (and possiblyy; = {0}) such that

(2.1) y- -V, Vu(z) < 0on aneighborhood ofy,
and if Yy # {0} then for some) > 0
22)  yi - V*Vo(20)y4 > 6ly+|*.

Moreover for some&” > 0

2.3)  |0.Vo(2)] < C’<|z| VVa(2)? — e - vy_vo(z)) on a neighborhood of.

We notice that (2.1) and (2.2) together imply that the Hessian takes the form
(2.4)  VVo(z0) = 08 Q- & Q4,

where@_ is a non-positive form oY_ while @ is strictly positive onY,.
Notice also that (2.1) implies

(2.5)  9y_Vo(20 + y+) = 0 for |y4| small



Moreover we remark that in the non-degenerate case@.ebe strictly negative)
(2.3) follows from the previous conditions. A simple example of a degenerate critical
point that fulfils Assumptions 2.1 i%; given on a neighborhood of somg € S™~!
by yiaz=? — yta

Clearly if the Hessian is maximally negative at some isolated paintc Cg
(i.,e. havingn — 1 negative eigenvalues, counted with multiplicity, at a critical point
29 € S™ 1) then Assumptions 2.1 are fulfilled.

We consider the Hamiltoniall = 2~ 'p? + V,p = —iV, on L?*(R"). Clearly
the momentum operator is decomposed in agreemelrnt with the above splitting- as
£ & n- @ ny4. We shall use the notatiofr) = (1 + |z[*)?, 2 = fri # € R". Our main
results are the following theorems.

Theorem 2.2Suppose Assumptions 2.1 for the paytof the potential” = V5 + V..
Supposd = [a,b] C (Vu(z0),00) does not contain eigenvalues Hf, critical values of
Vo (i.e. Iy N (opp(H) U V(Co)) = 0) nor eigenvalues atQ)4 + Vy(29)I, and that for a
Y € L*(R") on the formy = f(H )¢ for somef € C§°((a,b)) and¢ € L*(R")

(2.6)  lim Ix(2)e~ ]| = 0,

for all smooth functionsy on S™~1 with y(z) = 0.
Thenvy =

Theorem 2.3Suppose Assumptions 2.1 figr and thatV;(Cy) is countable. Let for
e > 0N ={z€ 5" Y|z - 2| < €}. Then fore > 0 small enough

(2.7) hm |1 (2)e~#H || = 0,
for all v € L*(R").

Remark 2.4 Both of the above theorems hold upon adding to the potentia
third term of the “usual” long-range type, sa&y ., satisfying the estimate

(2.8) o0YV_, = O<|z|_€_|0‘|) for |z| — o

for somee > 0. For convenience we confine ourselves to the dase= 0

Our second result Theorem 2.3 is a easy consequence of Theorem 2.2, the Mourre
estimate [ACH, Theorem C.1] and a “separation of channels” result from [He]. There-
fore we shall from now on only be concerned with proving Theorem 2.2.

Definition 2.5 Let F, denote the largest set df = € C*(R), such that
0< F <1, F =2dF>0F ¢ (3 %)) (%) 0, F(2) = 1 and



VI—F,VF,VF' € C*, which is stable under the mapg — F™andF —
1—(1—F)™; m € N. Let 7_ denote the set of functiods. = 1 — F; whereF, € F.

The first step is to localize the potential: Consider for some fixed € 7,
F_ ¢ F_ and small6 > 0

(2.9) VO(z) = (Vo(z) — min Vp)F- (5—13—2)&(3;) + min V.
For convenience we shall assume that
(2.10) V()(Z()) = 0.

Clearly V? is of the same form as the potentiil of Theorem 2.2 in fact with
the homogeneous pa¥f’ obeyingVy = V5 on a neighborhood of,. Moreover if §
is small enough

(2.11) y- -V, V%(z) < 0forall = € R™.
Clearly, if C = C(6) > 0 is large enough

(212) [0.V(2)] < OBV () = 5V, Vi),
for all z with |z| > 1,|2 — 4| < C~L.

Due to (2.11) we readily obtain (by the virial theorem) &t = 2~ '»? + V¢ does
not have eigenvalues: Notice

(2.13) i[H® S(y—-n-+n--y-)] > n2.
Sincely N VO‘S(S"‘l) = ) (assumingd small) we can therefore show the existence of

(2.14) tE—IElw eitng(é)e_itHz/J
for the in Theorem 2.2 and any € C>(S"~!) being supported neag and= 1 on
a neighborhood of this point (cf. [ACH] and [He], or (2.15) and (2.16) stated below).

We conclude that it suffices to prove Theorem 2.2 fbr= H?.

From this point we drop the superscriptsince we shall only deal witli7®. We
shall use the following collection of basic estimates. For a family of bounded self-
adjoint operatord B(t)|t € R} we use the notatioB(t)), to denote the expectation
((t), B(t)y(t)) in a statey(t) = e~y ¢ = f(H)p where f € C5°(Ip) and
¢ € L 2R").

Lemma 2.6Let g € C§°((0,00)) be given such thaj = 1 on a neighborhood afy
and0 < § < 1. Defineg(&) = §(27'€%)1(g ) (€). There existy € C>(S"~!) being

supported neary with y = 1 on a neighborhoody and0 < y < 1, and kg > 0, such
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that for all k € (0, ko), F_€ F_, Fy€ F4 and all states of the formp = f(H )¢ for
f € C°(Ip) and ¢ € L3(R")

(2.15) [ ({2) [VVa(2)[?),dt < Cl]¥|,

(216) [(()7") dt < Cullulf% > 1,

(2.17) f<|8 VIFy (k71 5)x(2)),dt < Cul 0[],
(2.18) 1[t‘1<g(€)x(2>F’+(H‘l%)x(2)9(§)>tdt < |l

(2.19) T (=g (E)X(5)Fy (5~ ) ! (52) x(2)g(6)),dt < Cul ]2,

7t—1<s(t>*(£ - §)25<t)>tdt < Cully|
1

1T

S(t) = F- (15 ) P (k715 )x(2)91(6),

t

(2.21) ]Ot < *(5‘321”(‘1(5——)2) <>>tdtscﬁ,e|w||2;

T(t) = Fy (575 ) x(2)g(8)e > 0.

t

(2.20)

Proof

For (2.15) and (2.16) we refer to [ACH] and [He].

As for (2.17)—(2.21) we assume that the support a§ so small that sugp“y) N
Co = 0 for |a| > 1. For (2.17) we need in addition that the supportyois contained
in the neighborhoodV-: (using notation of Theorem 2.3) with specified in (2.12)
and in fact another smallness condition (see (2.26) and (2.28)).

We shall use a standard argument, [D, Lemma A.1 (b)], which is based on
constructing a uniformly bounded “propagation observalib¢?) whose Heisenberg
derivative D® = %CD + i[H, ®] up to integrable errors has a definite sign.

For (2.17) we let®(t) = g(H)b;g(H) with b, introduced at (3.1) in Section 3. With
the parametes € (271,1) (3.3) yields

@22) [ {~(4) ¥, V) it < Gl

Combining (2.12), (2.15), (2.16) and (2.22) we get

oo

[ {loies (15 1)) ae < citvlP

1



SO it remains to prove that

@23) [ (10:VIP (1) E- () n(2) i < O
We compute

(228) 9,V = —% -V, V- L.V, V +0((:) 7).

Clearly the third (remainder) term can be treated by (2.16). For the contribution
from the first term we estimate

(2.25) |-V, VIFL(+ ') F_(|%]) = O(t*7?),

which clearly is integrable.
For the middle term we notice the bound

(2.26) L < Cl2||V,, V2(y- = 0); |2 < Lo > 1,

(cf. (2.2)).
By the fundamental theorem of calculus

(2.27) (V. VP (y-=0) = |V, V]*)x(2) = O(%) asz — +oc.

Combining (2.26) and (2.27) give the estimate
2
Y -1 Y- . (Y
|—+-Vy+V|F+</i 1—)F_<|—6|)X(z) <o Ly ov, VP ) PPy
(2.28) x t t x

< C<|i—;| + (V)P Fox < 0(072) + C(2) TV

Clearly (2.15) and (2.28) yield integrability and hence (2.23).
For (2.18) introduce

. R .
(1) = 9N Fs (k71T ) () ().
ThenD®(t) is a sum of various terms. The contribution (error) from commuting with
the two \’s can be dealt with using (2.15). The one from commuting with the two
g(&)’s can be treated by using (2.17) as can be seen as follows. We compute (cf. (2.50)
and (2.52) given below)

iH, g€ Fs (575 ) x(2)g(€) + e
(2.29)

= —g OV Fr (7 2 )(2)g(©) + he. + O(72).



Let for € (1,3)
(2.30) V,(t) = (|0,V[2 +72)7.

We substitute in (2.29)

(2.31) 8mVF+(K_1%)X(§>2 = <Vﬂ(t)%F+(H—1% 3

o= SN——
=
—~
IS
~—
N———

T

<Vu(t)_%8xVVM(t)_%) <Vu(t)%F+ (m_l—)

t

and commute the first factor to the left and the third to the right (i.e. we symmetrize).
The middle term is bounded uniformly w.r.t. Since uniformly w.r.t.z

(2.32) 02 (Vult)TFo (5712)x(2)) = 0290wy, (1)F = O (r2n-9lel=3),

the errors from the commutators ape¢*#~*) (cf. Corollary 2.9), and hence integrable.
Now by estimating the factors involvingand the middle term we reduce to integrating
X(2)V,u(t)Fy (k712) x(2), which in turn can be done by (2.17).

We are left with the contribution from commuting witA, (x~'2), that is the
expression

T = g@x(s)ﬁ(m( (6= 3) (6= 3)F() )@(©):

Since there exists a constafit= C(x) > 0 for small enoughx > 0, such that
T > C g2 FL (k7 12)x(2)g(€) + O(t™?) (2.18) follows.
The argument for (2.19) is similar using

() = gON(2)E (k71T F- (k7 )x(2)91(6).

t
As for (2.20) we define (cf. [E], [Gr])

_ (e %Y
o(t) = S(1) (¢ = 3) S,
compute the Heisenberg derivative and use the previous estimates.
As for (2.21) we introduce

O(t) = T(t) F_ <€_1 (g . %)2>T(t)

and proceed similarly using Corollary 2.9 (stated below).
O

Due to Lemma 2.6 we can define (cf. a standard argument [D, Lemma A.2]) the
strong limits

(2.33) Wl =s— lim e F(H)T(t)"T(t)f(H)e "1,

t——4o0



(2.34) W?=5— . lim e F(H)S(t)*S(t)f(H)e ",

——4o0

for f,g,x,S(t) andT'(t) as in Lemma 2.6 and for alt > 0 small enough.
By a standard argument (cf. [Gr] or [He]) for anyc L%(R")

(2.35) W2y = Wl + o(x%) for K — 0.

Since for smallk, ¢ = Wl for the ¢» of Theorem 2.2 if we pickf € C5°(Ip)
above such that = f(H)y and0 < f < 1 (seen by using the Mourre estimate of
[ACH]), we obtain from (2.35) that thig’ obeys

(2.36) ¢ = W2y + o(x?) for k — 0.
Let for x as aboveg > 0 and S(t) as in (2.20)

(2.37) W2 =s— lim ™ f(H)S(t)"F- (6_1(5 _ %)Q)S(t)f(H)e—itH‘

t——4o00

An application of (2.20) yields that in fact
(2.38) W? = ij’e.

Combining (2.36), (2.38) and Lemma 2.10 (stated below) we readily obtain the
following result.

Lemma 2.7 Let¢) be given as in Theorem 2.2. Then fpand y as in Lemma 2.6,
and for all e > 0 and sufficiently smalk > 0

eT My = L(t)e T e 4 o(10);
(2.39) L(t) = Lu(t) = . <6_1<£ B §)2> F, (K_ﬂ)x(g)?g(&),

t

for t — +o0.

We shall need a modification of the abstract result [D, Lemma A.3 (b)]. The
proof will be skipped. The last part (c) is based on a technique from [Ge2, Appendix]
representing functions with “power-like” behavior at infinity as a limit of a sequence
of Cg°-functions each of which in turn is represented in terms of an almost analytic
extension, cf. (2.41). (In Section 8 we shall use this procedure to some functions
outside the clas#, U F_ treated below.) The condition (2.40) is a technical condition
reminiscent of [M] used below to justify (2.42).

Lemma 2.8 Supposéd and B are self-adjoint operators on a Hilbert spaé¢, and
that{B(t)|t > 1} is a family of self-adjoint operators on the same space with a common

10



domainD(B(t)) = D(B) and withD := D(B) N D(H) dense inD(B). Suppose that
either H is bounded or

(2.40) sup ||Be™*y|| < oo for all i € D(B),
|s|<1

that the commutator forrijH, B(t)] extends fronD to a symmetric operator with domain
D(B) and that theB(H)-valued functionB(¢)(B — i)~ " is continuously differentiable.

(a) For any givenF € Cs°(R) we let ¥ € C§°(C) denote an almost analytic
extension. In particular

(2.41) F(B(t) =1 g (5F) (0)(B(t) — w) " dudv, w = u + iv.

The B('H)-valued functionF'(B(t)) is continuously differentiable, and introducing
the Heisenberg derivativ® = 4 + i[H,-] we can extend the forn§, F(B(t)) +
i[H, F(B(t))] from D(H) to the bounded operator

(2.42) DF(B(t)) = -1 ({ (éﬁ) (w)(B(t) — w) " "DB)(B(t) — w) ™ "dudu.

In particular if DB(t) is bounded then for any > 0
(243) IDF(BW)| < Ccsup (Gw) ™ limul = (9F ) (w)] ) IDB() .

(b) Suppose in addition that we can spi@B(t) = D(t) + D,(t), where
D(t) and D,(t) are symmetric onD(B) and that the formz‘kad’g(t)(D(t)) =
z’[z”"_lad%‘(tl)(D(t)),B(t)} for k = 1 extends fromD(B) to a symmetric operator
on D(B); adOB(t)(D(t)) = D(t). (No assumption is made for the form wheer= 2.)

Then the contribution fronD(t) to (2.42) can be written as

_ l/ (5?) (w)(B(t) — w) ' D@)(B(t) — w)  dudv

" C
(2.44) — %(F’(B(t))D(t) + DIO)F'(B(1))) + Ry(t):
Ri(t) = % / (éﬁ) (w)(B(t) — w)~2ad?,, (D(1)(B(t) — w) 2dudv.
C

In particular if adB(t)(D(t)) is bounded then for any > 0

(245) (IR (1)l < Cc sup ()™ limu|1(9F ) (w)]) llad (D)

11



Forany f € C§°(R)

(F2(B®)D(t) + D(1) f*(B(t)))
FB@)D()f(B(t)) + Ra(t);
@49) Ryt = 27tx [ [ (0F) () (07 ) ) (B(6) = ) (BL1) — wa) ™
C C
adZy (D) (B(t) — w1) ™ (B(t) — w2) ™" duydvidusdvs.

M

(c) SupposeD,(t) = 0 and in fact the stronger conditions: For atl > 1 B(t)
is bounded and these operators constitutes a continuously differentite-valued
function. Moreover both of the forms(t) = i*adly, (D(t)), k = 0,1, extend from
D to bounded self-adjoint operators. Then for alye F, the B(H)-valued function
F(B(t)) is continuously differentiable, and there is an almost analytic extension with

(247) |(0F )(w)] < Ci(w)™ ~Fim=|*; k € N,
yielding the representation
(2.48) DF(B(t)) = F'3(B(t))D(t)F'3(B(t)) + Ry (t) + Ra(t),

where R, (1) is given by (2.44), and,(t) by (2.46) withf = /F'.
Similar statements hold fof' € F_.
For these cases

2.ag) IO IRDI < B + i) adyy (DB — )7
< 2Cjadsy(D)]; € = C(F).

We shall often use Lemma 2.8 in the situation wh&e= B(t). In that case the
lemma provides a calculus faf and certain functions oB. Some well-known basic
examples are given in the following result.

Corollary 2.9 Let F € C§°(R).

There exist€” > 0 such that for allG € C?(R) with bounded derivatives
. 1
i[G(x), PO+ 5 (G'(2)F'(O) + F(O)G () = Ru;

(230) p _ o / (0F ) (w)(& = w)°G" ()(& — w)dudv,
C

12



foe At oty
@ 51) = %/ 5F % - w) _2G”(x)<§ — % — w) _2dudv, t>1,
C

and
(2.52) [l |[R2f] < ClIG"]].
For anyy € D(&%), F(¢— %)y € D(£?) and
(253) i€2F (¢~ )y = iF(€ - 5)E% - Fl¢ - 1) %y — ih F'(6 - £)y.

For any ¢ € D(&?) the L? — valued functionF' (¢ — %) is continuously differen-
tiable w.r.t. ¢ > 1 and

@54 fF(E= )0 +i[5 FE-9)]0=—F(e-5) e

Proof The statements (2.50) and (2.51) are examples of (2.44).

The estimate (2.52) follows from the representations (cf. (2.49)).

As for (2.53) we putB = B(t) = ¢ —t~'v and H = ¢. Then we use (2.42)
repeatedly to pullH? to the right.

As for the formula (2.54) we represent for e D(¢?)

(2.55) F(&—2)i) = e 5 F(—2)eity,

which combined with (2.53) yields the differentiability as well as the formula.
O

Lemma 2.10Supposedy, - - -, A, are self-adjoint operators on a Hilbert spaéé,
0< Ay,---, A, < I and for somep € H with |[|¢|| =1

(2.56) Ré¢p, A1 ---And) > 1 —¢ ¢ > 0.
Then
(257) |I(4;— Dol < 27e¥ 7 j = 1,--,m
Proof Clearly we may assume that< 273. We decompose fof € (0,1) with
6 > 6% + 2¢

(2.58) & = b5 + ¢s; b5 = 1pp1—s)(A1)®, 05 = 1a—s1(A1)0-

13



Then writing A; --- A, = A1 B, and using the Cauchy Schwarz inequality and the
spectral theorem (for the decomposition above) we get the bound

(2.59) ||(A1 — D)ol < &2 + %.

Pick § = €3 in (2.59). Then clearly we get (2.57) fgr= 1.
Using (2.56) and the bound just proven we obtain (by another application of the
Cauchy Schwarz inequality) that

(2.60) REp, Ay Apmd) > 1 —e— 2 > 1 —ey; 69 = 2265,

which allows iteration.
O

Lemma 2.11 SupposeA and B are bounded self-adjoint operators on a Hilbert
space andB > ¢ for somec > 0. Then

(261) ||[VB,A]|| < Cc3|[B, A))|.

Proof From the representation

VB =, / sT2B(B +s)"\ds

0
we get

o

VB.A| =1 [SB+97 BB+ 5 s
0
yielding

I[VB.AJll < cilliB. ANl [ sH18 + 57! |Pas.
0

We complete the proof (fo€ = C1C5) by noticing that

/s%||(B +5) 7 H|2ds < /s%(c%- s)2ds = c"2C,.
0 0

14



3 Localization of y_

In this section we shall obtain a bound of the sizeyaf along the evolution
Y(t) = e~ of the state)) in Theorem 2.2 (with the potential given by (2.9)).

We shall follow the procedure of Deréwki [D, Section 5], see also [DG, Section
6.12]. Letfort > 1 andé € (271, 1) r(y—) = t°r(t7°y-); r(y—) = (y-), and letD
denote the Heisenberg derivative as defined in the proof of Lemma 2.6. We compute
(formally)

o) by :=Dry = %((Vy_r) <t_6y_) =+ n—+(Vy_r) (t_‘sy_)) + 6ty

d; = r(t_‘sy_) — 70y (V1) <t—‘5y_),
and

Dby = D%y = t 0+ 6(8 — 1)t 2dy — 730 e, — (V1) (t—5y_) V, V;
(3.2) ¢ = (n_ — 6t—‘5y_) (V2 r) (t_‘sy_) <n_ — 5t—5y_),

e =471 (%) (170y).

The right hand sides of (3.1) and (3.2) atebounded. Also we notice the non-
negativity ofc; and the uniform boundedness (with respect)tof the termsd; ande;.
For the specified range d@fs we thus have

(38.3) Db > —(V,_r) (t_6y_) Vy V—=Cst™# > =Cst™, n=2-06>1.
For 6 as above and smadl > 0, cf. (3.20), we consider
(3.4) b = N7'ON7YS Ny = 14+ 7292

Clearly b, = O(t°) ast — —+oc.
Forc > 0, Ft € Fy and L(t) given in Lemma 2.7 we will consider

(35) (1) = Ff (ch) Lityw).
We know that for any value of
(3.6) U(t) = o(t%) fort — +o0,

and want to show the same result fore= ¢” for somep > 0.

Following [D] we shall proceed by showing approximate positivity of the Heisen-
berg derivative ofF(t) := L(t)"F, (czt)L(t).

By (2.48)

(B.7) DF(cy) = F? (cét)c(DBt)Ff (cbi) + Ra(t) + Rat).

15



We look at the first term on the right hand side of (3.7):
Clearly

DNt =20t 2 N2+ NN [ R VNS
= (Tu(t) + To(t))N;

Ty(t) = 20t 12 N7,

Ty(t) = t_QC’Nfl(n— Vy V4V, V- n-),

(3.8)

so that

Db, = (DN, Yo, N7+ N7V Do) N+ N DN

(3.9) 3 - o
= (Ty(t) + To(t))bs + N7 H(Db )N + by (T1(2) + Ta(t))”

with Db; computed in (3.2).

To estimate the contribution from the terfa(¢) in (3.9) to the right hand side of
(3.7) we defineG(z) = (xF+(2:c))%F_ (27'z); F_ € F_, and notice that by (2.42)
(with B = B(t))

1

ok <c6t) <T1 (t)chy + chyTy (t))Ff <c6t) ok (cét) T5(t)F (th) +R;
(3.10) Ty(t) = 2G<c5t)T1(t)G<c5t) >0,
IR|| < ¢4 ] [G<czt),T1(t)] | < Coet™1°,

Clearly the same bounds hold upon multiplying by a fadtét)* to the left and
L(t) from the right.

We estimate the contribution from the teffa(¢) writing
(3.11) Tu(t) = (17(x) (1))t~ (x) "

Since the first factor is bounded uniformly w.rt.and (z) ' L(t) = O(t~") we thus
get the bound

(3.12) L(t)'F': <d~7t) <T2 (t)ch; + thTQ(t)*) F's <05t)L(t) =0t 1),

uniformly w.r.t. c.
By (3.3) the contribution from the middle term on the right hand side of (3.9) obeys

(3.43) FLF (cb) N7 (eDU)NT FE (eby) > ~Cer .
We conclude from (3.10), (3.12) and (3.13)

(3.14) L(t)*Ff <cgt)c<DZ)t)F§ (cgt)[/(w > _C(t—cr—l 4 Cté—?)

16



(using thats > 1/2).
The contributions fromR;(¢) and R»(t) are bounded by

(315) [IL(H)*(Ri(t) + Ro(t)L(1)]| < C22~2,

as can be seen as follows:
The contribution to adcé <Dc5t) coming from those terms in (3.9), say

Di(t); Dby = Di(t) + Ds(t), that do not involve the potential can be estimated
by

(316) ||adc?)t(cD1(t))|| < CCQtQJ—Qé’

which by the formulas in Lemma 2.8 (cf. (2.49)) gives the bound (3.15) for the
corresponding term.

For the termsDs(¢) that do involve derivatives of the potential we substitute in
those formulas

(3.17) a2V = <x>_|a|<<x>|a|8§“}/)

(cf. (3.11)) and pull the factor$7c>_|“| to the factorL(t) appearing to the right. The
final contribution from these terms @&(c*t~°~') and hence in particular in agreement
with (3.15).

Combining (3.7), (3.14) and (3.15) we get

DE(t) > T(t) + T(t)" — C<t“’_1 +et?2 4 c2t2“—25);
(3.18) ]
T(t) = L(t)"Fy <cbt)DL(t).
By (3.6) and (3.18)
(319) G| < = [ (T(s) +T(s)") ds +C [ (7771 452 4 2272 ds,
4 4

We assume that > 0 is chosen so small that
(3.20) o < & — 1,
and consider positive; with
(3.21) p < min(1—-66—1—0).
For a later application we notice that (3.21) implies that

(3.22) p < (1 -20).

17



With the constraint (3.21) and with= ¢** the second term on the right hand side
of (3.19) goes to zero for — oo. We claim the same property for the first term. For
that we computéD L(¢). After symmetrizing various terms we can use Lemma 2.6.
(Notice the energy-localization of the statg It remains to treat the error terms arising
from this procedure:

The errors coming from symmetrizing¢(¢{) come from commutators with
Vu(t)%F+(m—1§)5X(2) (see (2.30) and (2.31)). Commuting this factor through the
middle term F <c5t) pick up the bound

(3.23) CletZn=3)-1,

as may be seen by using (2.43) (which is uniform for a time-dependent family of
Cge-cutoff-functions withe = 1) and (2.32) (forj| = 1). This gives the constraint

(3.24) p1 + 21— 3 < 0.
We choose
(3.25) p € (1,1+3),

and observe that (3.24) follows from (3.21) and (3.25).

The error terms coming from symmetrizidgF_ <e—1(§ — %)2) also yield to the

bound (3.23) (when commuting the potential part through the middle farl(rtgt)).

The error terms coming from symmetrizifgyy () andDF,. (k' Z) may be treated
similarly and do not give new constraints.

We summarize:

Lemma 3.1 Under the constraint (3.21)

(3.26) FE (tﬂlBt)L(tW(t) = o(t?) for t — +o0.

The next step is to consider

(3.27) G(t) = F2 (#90) Fe(er) N7 L(1)0 (1)

for ¢ > 0 andV; as above (cf. (3.4)). Obviously for fixed> 1, |[4(t)|| — 0 for ¢ — 0.

We want to show the same result fodepending oft as given byc = ¢7>~! for p, €

(0, p1). For that we proceed by showing approximate negativity of the expectation-value
of the Heisenberg derivative &f(t) := (Fy(cr)N; ' L(t)) F_ <t91 Et)F+(crt)Nt_1L(t)

in the statey(t). We shall use the arguments that lead to Lemma 3.1.

18



We compute (cf. (3.7))

1

(3.28) DF_(171h) = —(=FL)* (1010, ) (D (1718,) ) (= FL)¥ (19281) + Ra (1) + Ra0)

where (as above) the terni& (¢) and Ry(t) are specified in Lemma 2.8.
Clearly

(3.29) D<tp15t) = ,0125_1<tp15t) + tP Dby,

The first term on the right hand side of (3.29) contributes when inserting into the first
term on the right hand side of (3.28) by a non-positive piece. Similarly the second term
contributes by a term which tends to be negative. Precisely we have the upper bound

(3.30) C(t=7t+trd2)

for its contribution to the Heisenberg derivative Bft) by the arguments that lead to
(3.14).

The contribution from the error terms in (3.28) is bounded by
(3.31) Ct?r?r=2,

cf. (3.15).

We notice (assuming (3.21)) that the bounds in (3.30) and (3.31) can be integrated
to infinity.
Next we look at the contribution

(3.32) D(t) = (Fy(cr) N7 L(t)) F- <tp15t) (D(F(er)))N7EL(t) + hec..
Using (3.1) we compute
(3.33) D(Fy(cry)) = c(beFl(cry) 4+ 27 ViF] (ery)|[Vy_re]?).

The first term on the right hand side contributes after symmetrizing (cf. (2.43) and
(2.45)) by

Dy(t) = 2ct™ P T(t)" F- (tplz?t)tm beT(t)
(3.34) +cO (tp1+“‘5) +20(1%) + PO (tﬂl—é);

T(t) = F2(cry)Fy (cr) L(t).

Clearly for the first term

(3.35) 2ct—PT(t)"F_ (tﬁlét)tplétT(t) < Cet P,
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The second term on the right hand side of (3.33) contributeg’6(t°).

The contribution to the Heisenberg derivativefoft) coming from the two factors
DN; ! is estimated by

(3.36) Ct=20-1
as can seen by using (3.8) and the energy-localization of the state

We summarize, for > t; > 1 andC > 0 independent of, ¢ty andc

t

1 = 19)IP < [(7()+T()"),ds

to
(3.37) + (J(taa Gl t§p1+20—26—|—1)

+ C<c<t91+g_6+1 + tl‘m) + At + c3t);

T(t) = (Fy(ere) Ny LL(t)) P (t”lgt)F+(crt)Nt_1DL(t).

We treat the first term involving’(¢) as we did for a similar term in the proof of
Lemma 3.1. We get the estimate

(3.38) j (T(s)+T(s)"),ds = olty),

uniformly w.r.t. ¢t > tg andc > 0.

By combining (3.21), (3.22), (3.37) and (3.38) we obtain by first choogjrigrge
that indeed for anyy € (0, p1)

(3.39) ||U(t)|| — 0 for t — oo with ¢ = 72~ 1,

In conjunction with Lemma 3.1 (3.39) yields:

Lemma 3.2 Under the constraint (3.21) and withy € (0, p1)
(3:40) L(t)i(t) = F- (175, ) F- (17~ r ) N7 L) (1) = o(t°) for ¢ — +oc.

We can use the computations that lead to Lemmas 3.1 and 3.2 to supplement the
list of propagation estimates in Lemma 2.6. Although we shall only use these new

estimates for the state of Theorem 2.2 they hold for any state localized w.r.t. energy
as in Lemma 2.6.

20



Lemma 3.3 Suppose (3.21) ang, € (0, p1). Then under the conditions of Lemma
2.6, and withL(¢) given as in Lemma 2.7; = N[lctNt_1 andC > 0 depending only
on the parameters involved

[e.9]

/<G() ( F2’) (tplb )ﬁ(—Fg’)%(tp1Bt)G(t)>tdt < C||¢||2;

1
(341) ft — tpl—(S&t + t—l] — P Nt_l(vy T) (t_éy—) . vy_ VNt—l’

G(t) = Go(t) = Fy (1) NTUL(t) or

G(t) = G-(t) = F-(t" 1) N7 L(),

/ H F2 tplb ) <t/72—1—01 <[ — tpllN)t) + t_lf)H(t)>tdt < C||w||2§
(3.42) !

H(t) = Hy(t) = (FF)* (7 ) L(t) or
H(t)=H_(t) = (=F¥)?(t" 'r¢) L(t).

Proof For (3.41) we notice that the estimate witi(t) = N; ' L(t) follows by
considering the propagation observable

(3.43) ®(t) = (N 'L(t))"F2 <tP15t) N7LL(#).

We use the computation (3.29) and the arguments that follow giving the bound (3.30).

To obtain (3.41) forG(t) = G_(t) it thus suffices to show the statement for
G(t) = G4(t). We show the latter and (3.42) fdi(t) = H4(t) in one stroke by
considering

(3.44) B(t) = G4(t)"F2 (tpll;t)G+(t).

We use the computations (3.33) and (3.34) witk t*2~! and notice that there is an
extra term fromDc¢ with the same favourable sign.

To obtain (3.42) forH (t) = H_(t) we notice that for any gived_ € F_ we can
find a positive constant’ and F; € F, such that

(3.45) CF¥ > —F?.

After a commutation in (3.42) witlf7 (1) = H,(¢) (using (2.43)) we use (3.45) and
obtain (after commuting back) (3.42) faf(t) = H_(t).

(Alternatively we conside®d(t) = G_(t)*F? <t915t)G_(t) under use of similar
computations as for the first estimate of (3.42), and (3.41):fgy) = G_(t).)
L
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4 Localization of y

In this section we shall obtain a bound of the sizeyqf along the evolution
Y(t) = e~"Hy of the stater) in Theorem 2.2. Together with the bound @f of
the previous section this will give a total bound gfof the formy = O(t'~*) for
a positive v.

We fix ¢ = 47! andx > 0 small in agreement with Lemma 2.7 and combine
Lemmas 2.7 and 3.2 to obtain

U(t) = F(t)y(t) + o(t%);
F(t)=F_ <t915t) F_(t"'r) NP <4 <§ - %)2>F+ </€_1£)X(4§)29(§),

under the conditions of these lemmas.

We write the part of the Hessian dri. as Q4+ = diag(¢+1,---,¢+m). Clearly
we can assume thaty, ; ¢ supfg) whereg € C5°((0,00)) defines theg in (4.1)
(cf. Lemma 2.6). We pick a positive functioh € C*°(R\{0}) with » = 1 on a
neighborhood of the support gf Suppose furthermore that the functiof(2h(z)) !
takes values iR\ {2¢+ ;|1 <j < m}, and that it is constant on a neighborhood of
zero and locally constant outside a bounded set.

With these conventions we define

a;L = l<1 + \/1 - 4Q+,j5_2h(§)>7
a7 = (1= VU= 20O ) 200 <

(4.1)

4.2)

and

of = %(1 N 1),

(4.3) )
a; = 3 <1 - i\/4q+,j§_2h(§) - 1); if 2¢4; > 0.

We pick non-negative real-valued, g» € C5°(R\{0}) with g; = 1 on a neighbor-
hood of the support of._1, go := g, and such that = 1 on the support ofs.

Fort > 1 we define
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We notice thatD(B(t)) = D (n3 +y3) = D(n}) N D(¥3),
(45) sup|lniB(t) "I, supll(#t) “B(t)™!||, sup [§0B1) ]| < o,
t>1 t>1
and for someC' > 0 independent of > 1
(4.6)  CTYB(t) —50) < 0+ (%) < C(B(E) = 1570).
A consequence of (4.6) is that
@7 |IBO)7Y| < ct.

We modify the potential by definingi; = VF} (4 %) and correspondingly put
Hy =271 +V; andD; = dt + i[Hy, -]

The B(t)’s and H, (the latter for any fixed > 1) obey the conditions of Lemma
2.8 (b) with B = n + »2 and

D(t) = Sy +--+ S

Sy =271 <7570 +) (Re( )7}*7} + Re<aj)7j*7j)) :

J=1

Sy = =t 0 + h.c; fo =10, Vi(y— = 0)F <(§_§)2> (€)

(ag) 2T 0 omvmies fo =it hilye = BE- =) )92(0),
s =1 12( ﬁ++h6 —tz[ (g)yQ—;?g?—’—y—'—"Vf}
54—15_1Z< CBy +hc - [ (£)y2:2§§2+y+’7;}’

D,(t) =Ty + -+ Ts;

T =i | Vi(z) = Vily- = 0), 3 (3797 +7j*7j)] ’

(4.9)

23



By the definitions (4.2) and (4.3) the terrids and7; are zero.

Notice also that the ¢&~symbol” of the operators eﬁ) and Re( ) in both
cases has a positive lower bound. Hence for small eneugh 0

D(t) < Sq + 7L (elBa) +et <ﬁéﬁo + > (68 + 0785 )) )
j=1
(4.10) m
< —CYB() + Ct! (@Wo + X (B78F + 8785 )) ;
j=1

C= 0(61) > 0.

In order to estimate the second term on the right hand side of (4.10) we need
localization and (conveniently) the Taylor formula

(4.11) V(y-=0) = y+@7+y++f2 (1— 52 LV (20 + s%)ds; 2 > 1,

cf. (2.10).
We abbreviate

ﬂe = ﬁFe;
2 1
(4.12) F.=F- <2(§ -2 >F+ (2712 ) o (O F- <2—6B(t)>, €>0,
3= o, 5 or 57

We obtain by various commutation and estimation (cf. (4.5), Lemma 2.8, (4.7), and
(4.25) and (4.26) stated below) that in all cases

Be =0 )Bt)F. +0(t™") = O(t°) B(t)F.

uniformly in e. Upon inserting

[=F <4l€B(t)) + Py <4l€B(t))

after the factorO(¢°) we obtain by another commutation that
(4.13) B = O(°)F_(£B(1))B(t)Fe + O(t™1)

with the same facto)(t°) as before.
For a later application we notice that without the faciorwe have the bounds

(4.14) B = O(t°)B(t)?, D(t) = O(t™1)B(1).
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By using the Cauchy Schwarz inequality and the spectral theorem it follows from
(4.13) that

(4.15) B*B. < CeF*B(t)F. + C(e)t™2

Using (4.15) for a smalt we can estimate the (localized) right hand side of (4.10)
to obtain

(4.16) F*D(t)F. < —C U4 'F*Bt)F. +Ct™3,C = C(¢) > 0
By a result of [He] (combined with Lemma 2.7) we may for any 0 andF_ € F_

multiply F_(¢~'B(t)) to the right hand side of (4.1) and still have the statement. In
particular if we define, with" = F'(¢) given by (4.1),

(4.17) Hioo(t) = F_ (e_l(%)QDB(t))F; keN, ev >0,
then
(4.18) U(t) = Hy.,(t)1(t) + o(t°) along t = k — oo.

We fix ane > 0 in (4.18) in agreement with (4.16) and want to prove the existence
of » > 0 such that

(4.19) ¥(t) = Hpe,()0(t) + 0, (K°),

where the termv; (k°) vanishes uniformly w.r.tt > k ask — oo.

We show (4.19) by proving approximate positivity of the Heisenberg derivative
of Hy.,(t)"Hi.,(t) in the statey(¢) and then invoking (4.18) and Lemma 2.10.
Precisely we need to show that

/ (Dy(H*H)) ds + 0y (k°) > o0y (KY).
k

To see that this is possible we first focus on the Heisenberg derivative of “the new
factor” F2 <e_1(%)2VB(t) . The contributions from the derivatives of all other factors
can be treated by Lemmas 2.6 and 3.3.
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Clearly we need to use Lemma 2.8 f6(t) multiplied bye_l(k_lt)QV (not for B(t)
itself) and therefore the discussion and some formulas above need slight modification.
With D(t) and D,.(t) given by (4.8) and (4.9), respectively, we compute

We demand’ € (0,%) and2v < C~! whereC is the constant on the right hand

side of (4.16). By the latter estimate we then obtain

2v
F*G*F*D(t)F.G.F < C<3> 73,
(4.22) 1 k
G = (-F¥)*(B(@), € >0.
Clearly the right hand side integrated obeys

(4.23) ftc(g)”s—?’ds = —o,(KY),
k

in agreement with (4.20).
By (2.42) and (2.48) (the latter far? € F_) we obtain from (4.22) the bound

/t<F* D.F2 (B(s)) ) F) ds = o,(k") /t <+ Ru(s)) ds:
(4.24) 1]-% (1) = F*G*F*D(t)F.G.F — F*G*D ()(5
A1) = ——F*/ 8F2 t)—w)_ D(t )(B(t)—w) dudvF,
C

where the functiorf2 in the expressioi,(t) is in C§°(C) and given as an almost ana-
lytic extension ofF? from a neighborhood of the positive real axis, and the expressions
Ry (t) and Ry(t) are specified by (2.44) and (2.46) wiff§°(C) — extensions.

To deal with ?3(t) we need various commutator estimates:

By (2.50) and (2.51)

4.25) ||[91(6). F- (46 = 9)°) ]Il = (. - (4(9)") |1l < e,

|8
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(4.26) ||[F+(2/£—1§),F_ (4(5 - %)2)} | < ct L.

Similarly, using (2.42),

(4.27) |llg1(€). Gl < C ()"t

and

(4.28) ||[F+(2n71%), GII, I|[F-(2(6 = 9)°), G|l < C($) "t
We conclude from (4.25)-(4.28) that

(4.29) ||(F. — )G F|| < CtvY,

for C' > 0 independent of:.

Upon checking the representation formula (2.42) used for (4.27) and (4.28) we also
obtain the bound

(4.30) [|B(t)(F. — I)G.F|| < Ct*~1,
and therefore (cf. (4.14))
(4.31) [|D(t)(F. — I)GF|| < Ct"=2,

again both estimates being uniformly in
By (4.31) we get

(4.32) ||R3(t)|] < Ctv—2.
Clearly we obtain from (4.32) that
t ~
(4.33) [ (Ra(s)) ds = o (k).
k S
To obtain the similar estimate
t ~ ~
4.34) [ <R1(s) +R2(s)> ds = o, (K°),
]C S
we notice the bound

(4.35) ||adé(t) (D(t)) <B(t) _ Z’)_lH < v,
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which by the defining formulas of Lemma 2.8 yields (4.34).
It remains to show

(4.36) £<R4(s)>sds = 0, ().

We skip the details, but remark that we use the “support-properties” of the factor
after commutation. Notice for the contributions from the terfsand?; that the
y— — localization comes into play: We use (5.4) (stated below) yielding the bound

(4.37) |[Ra(t)]| < 72027,
Clearly (4.37) implies (4.36) if
(4.38) § < po.

We also skip most of the discussion of contributions from the Heisenberg derivative
of all other factors in the produdty, ., (*)*Hy..(t). However we shall elaborate on

the contribution from the factorg_ <tp1 Et):

The result Lemma 3.3 is only applicable after a symmetrizing procedure due to the
factor F2 (e_l(%)QVB(t)). We notice that by (3.21) and other previous constraints

(4.39) p+v <3 p—06+20 <O0.

To explain how (4.39) is used we look at the expression

b (15 B2 (6_1 <£> 2VB(t)) D F_(t70) -+ hc.

Up to an integrable term this is given by the same expression exceﬂD;lﬁt(tht)
is replaced by

L 1

— (=FL)7 (175 T (= FL)* (#h):
T = t"7=%% + pit" b, + T3(t)
— " N7 (V) <t_6y_) -V, ViN71,
where the terni;(¢) is specified in (3.10) (with: = ¢#1).

Now we use (3.21) to get the expression (up to an integrable term uniformly bounded
in k)

o P (=P (0BT (~F2)F (78, o P = P <e—1 @ QDB(t)) .
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Next we substitute the upper bound

B =t""%¢ + (p1 + 60)t 7 T — t"" N7 Y(V, 1) (t_éy_) -V, ViN?

for T and commute\/ﬁ(—FE’)%<tP15t) through F_ using Lemma 2.11 (with: =
(p1 +60)t~1) and (4.39) to obtain the expression

o (P () VB <e—1 (g) QVB@)) VB(=F2)F (175, -+,

Notice that the second condition of (4.39) assw&s = O(t°).
Finally we replace the middle factor by the upper bounand invoke (3.41).
We remark that the above arguments treating the derivativE_()<ftp1 Bt) will by
used again in Section 5.

By choosingr > 0 sufficiently small we can thus get (4.19). Picking it slightly
smaller we eliminate the parameterand & and have as a conclusion the following
result.

Lemma 4.1 Suppose (3.21). Then for the staté&) in Theorem 2.2 and wittk'(¢)
given by(4.1) and B(t) by (4.4) there existsy € (0, }I) independent of; > po such
that if in additionv € (0,1p) and (4.38) holds then

(4.40) o(t) = F_(t*"B(t))F(t)(t) + o(t°) for t — +oc.

Moreover our proof gives the following bound (cf. (4.22)), which is similar to the
ones of Lemmas 2.6 and 3.3.

Lemma 4.2 Under the conditions of Lemmas 3.3 and 4.1, for any localized state
Y(t) as in Lemmas 2.6 and 3.3

(4.41) [ 1= (—F(t) (F) (2 B(t)) F(1)),dt < C||]]"
1

5 A comparison dynamics

In this section we introduce some new “variables” similar to tf&considered in
Section 4 and we construct a comparison time-dependent propagator.

Let ¢ andg; be given as in Section 4. Pick a positive functibn € C*°(R\{0})
with h_ = 1 on a neighborhood of the support gf. Suppose furthermore that the
function z2(2h_(z)) " is constant on a neighborhood of zero and constant outside a
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bounded set. (Notice that a similar function appeared in Section 4.) We write the part
of the Hessian o~ asQ_ = diagl¢—1, -, ¢—m_) and define

af ;= %(1 + \/1 - 4q_,j€_2h—(§)>,

(5.1)
Y—4
/y_l—a.] - <77_’] - i—a.] TJ)’
_ — Y—j\.
Let
+ — + )2
(5.2) 7=l
3 2/ \2
Ny = <7_,])
j=1

We may multiply the first term on the right hand side of (4.40)my(N;” ) F_ (N;")
for any givenF_ € F_ and still have the statement, cf. [He], i.e.

G V(O=GHUE) +o(l) for t — +oo
) G(t) :F_<Nt_)F—(Nt+)F—(t2”B(t))F(t)’

with the parameters given as in Lemma 4.1.

We shall find the comparison dynamics by suitably changing the potential outside
the “support” of G(t). Notice that by the Taylor formula and (2.5)

- Q-(%)y-

212

V(z)=V(y—-=0)+

d® Y= | Y+
(5.4) / Tl _ )2 = LItV gs
+ [ 277 (1—5) ds3V<Z0+S:c :C)ds,
0

Q- (%) = V?#V(zo + y%)? x> 1.

Motivated by (5.4) we consider far> 1 the “potential”
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V(t)=V_(t,y-) + R(t, y-);
~ he(§y- - Q-y-
V_(t7y—) - 2t2€2 9
R(t,y—-) = R = Ry + Ry + Rs, R; = FJ*WJ‘F]',
W1 = V(y_ = 0),

(55) Fi=F (t%2)F, (2{1%)F_ <2 (6 - %)2>91(€>F— (27"*B(t)),

y— Q-(B)y-  h_(Qy--Q-y_
202 212¢2

Wy = , By = F_ (271722 ) Fy,

T T

1
d? _
W = /2—1(1 . s)QFV<z0 vy y+)ds, Fy = Fy.
S
0

We notice that for some > 0

1(Fy(t.y-) = DG G| = O(t7'79),

GO ety - DIl = 0= Fyt.y) =

and that the second terf(t,y—) is bounded. In fact we have the following bounds
for k € N U{0}:

(5.7) ||aali§j (02 Ry)|| = O(t—QV—(l—l/)k—|a|)‘

(5.8) R = ARy j(ty ) [[Ryyll = O(t=7Y).

]

(5.9) ||ad§ (8;‘_ RQ) || =0 (t—2p2—l/—(1—l/)/<:—(1—p2)|a|) )

0 Ry = W=lRy sty ); || Rayl| = O(77Y).

(5.10) T -

(5.11) [ladf (95 Rs)l| = O<t—3p2—(1—u)k—(1—pz)|a|)‘

0 R3 = y—|R3,j(t>y—)§ ||R3,j|| = O(t—p2—1>‘

(5.12) 5 -

We shall need the following propagation estimates for the full dynamics.

Lemma 5.1 Under the conditions of Lemma 4.2 and
(5.13) p1 +20 — 26 < —3,

and with H(t) := F_(t*B(t))F(t)

(5.14) 701%‘1<—H(t)*FL (NF)H(t)),dt < Clly|?,
1
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(5.15) :fot_1<H(t)*§::1a:7j (7:7].)2F’_ (N;)H(t)> dt < C||v]%.

t

Proof Consider for (5.14)
O(t) = H(t)"F-(N;")H(t),
while for (5.15)
®(t) = H(t)"F_ (N, )H(2).

Computing the Heisenberg derivative give factors that can be treated using Lemmas 3.3
and 4.2 after symmetrizing, cf. the arguments after (4.39) combined with (5.13), and
new terms from taking the derivative @t (N;") and F_(N;"). To treat the latter we
can replace the potential by the one of (5.5) (cf. (5.6)). So we need only to consider
the derivatives

DF-(N7) andDF (N ): D= i 4 (1), .

Notice that these derivatives have a natural interpretation as forrdid(ph) N D (y2 )
and that with the splitting

d
Dy =D + Z[R(ta y—>> ]7 D, = E +1 [2_1172 + V—(ta y—>> ']a
we may use the proof of (2.54) and Lemma 2.8 to justify the computations

m_ 2
(6:16) Di-F-(Nf) = ~217! ¥ o (vF,) FL(NT),
(5.17) Dy_F_(N;) = —2t= j; a” (7_7].) F'(NT),

(5.18) i[R(t.y_). F_(N;")] = o<t—<1+u)),
and
(5.19) i[R(t,y_), F_(N;)] = O(t_(1+”)).

(For (5.18) and (5.19) we used (5.7), (5.9) and (5.11).)
We obtain (5.14) and (5.15) from (5.16)-(5.19) and the fact m@; > 1.
O

Now let U(¢) be the propagator for the Hamiltonid@h(t) = 2~'p? + V (¢), that is

d . VI

1—U(t) = H(t)U(t

(5.20) i (t) = H(@)U(t)
U1)=1.
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(Consult Appendix A for basic properties.)
With ¢ given as in Theorem 2.2 we want to show the existence of

(5.21) ¢ = gglooz?(ww(t) = lim U@®)*G)"G(t)(t).

t——4o00

For that we need the following propagation estimatesl}@r).

Lemma 5.2 Under the conditions of Lemma 5.1, the conditions
(5.22) p1 — p2 < min (v, pa),
(5.23) 2v > p1 > py > ¥,

and with (A(t)), used to denote the expectation(t), A(t)¢(t)) in any statep(t) =
Ut)$, o € LAR"),

6M)ﬂw4ummﬁs0WR

(5.25) ?t‘1<§f a” (v:,j)QFL (Nf)> dt < C||o||%,
1 J=1

t

t

[ (e (=6 (5 -2 (18 ) ) e < ol
1

20 fr=1""0 + 7 — 71 (N) TN (V) (t_éy—) . <ht;§(“§>Q—y—> (N) ™
Hy(t) = (No) ™ P (N7 F= (M),

L O OB LOY L
Hi(t) = (~F2)* (17 ) P (N7 F- (N,
7t—1<—H5(t)*(FE') (t* B(t)) Hs(t)),dt < Cl|o]|%;

(5.28) 1
Hy(t) = F_ (190 F_ (#9° vy Hy(1) <4 (¢- §)2>F+(m—1§)g<s),
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[ (o (=) (5 R (50) o)) ar < o

1
G2 f, =it (V)TN ) (0n) 9, V)

He(t) = F_ (2 B(t)) F_ (t 17, H3(t) <4 <g . %) 2) P, (/{—1%)9(5).

Sketch of proof Consider the following propagation observables in the indicated
order to obtain the bounds in the listed order:

(5.30) @.(t) = F_(N;).

(5.31) ®u(t) = F_(N;).

(5.32) ®y(t) = Hs(t)"F2 <tp15t)H3(t).

(5.33) ®u(t) = H(t) H(t); H(t) = F_ <tp15t)F_ (t72=Lry) Ha(t).
(5.34) @5(t) = Hs(t)"F2(t* B(t)) Hs(t).

(5.35) (1) = He(t)" F2 <tp15t)H6(t).

The computation and treatment of the Heisenberg derivatives are similar to previ-
ously discussed derivatives:

We remark that’(t) preservesD = D(p?) N D(y2), cf. Appendix A. Therefore
we conveniently consider expectations forc D.

For (5.30) and (5.31) we refer to the proof of Lemma 5.1.

For (5.32) and (5.33) we use the proof of Lemma 3.3, (5.22), (5.23), (5.24) and
(5.25). Notice the bounds

2
sup| [n2 - (N7 ) F= (N sup [|( 22 ) P (N7) P (V) | < o<,
t>1 t>1
which compensate for energy-localization, and tHat|o;” R(t,y-)|| (by (5.22) and
(5.23)) is integrable fofa| = 1.

To treat the contribution frorD, F? (t?”B(t)) to the derivative of the observable
(5.34) we may replac®; by D (i.e. use the time-independent potential), cf. (5.6),
and then use the proof of Lemma 4.2. For other derivatives we use either (5.24)-(5.27)
or the fact that the observable in question contains a full weight yielding integrability
without need for symmetrization. The argument for (5.35) is similar.

O

Lemma 5.3Under the assumptions of Lemma 5.2 there exists the limit (5.21).
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Sketch of proof Using (5.6) it suffices to show integrability of the Heisenberg
derivativeD of G(t)*G(t), which in turn amounts to integrating the contribution from
the derivative of each of the various factors. Some of the latter are (when combined with
the other factors (t_l_e) for somee > 0 and therefore integrable. An example is the
contribution fromDg(¢) which by (2.24) and the presence of a full Weight)'(st_l_e).

Other factors contribute by an expression that needs to be symmetrized. After
symmetrizing we then invoke the propagation estimates in Lemmas 3.3, 4.2 and 5.1 for
e and (5.24), (5.25), (5.27), (5.28) and (5.29) 1o(t).

O

Obviously, by Lemma 5.3, Theorem 2.2 follows if we can prove that for any
Y € L*(R™) ande > 0

(5.36) F_(t“"ty_|)U(t)d = o(1) for t — +oc.

In the Sections 6-8 we shall prove (5.36).

6 A change of variables

In this section we shall suitably rescale the— variable (and the time-variable) and
thereby get a new formulation of (5.36). This transformation appears in [DG, Section
3.8.3], see also [Y].

Define for¢_ € L*(Ry") or L*(R7) and¢ > 1

(Uod)(y—) = ¥ g(y_),
(6.1) » »
(Tig)y-) =t~ "o (t72 "y ) m_ = dim Y.

Clearly letting
62) A=ty tyn)
we have
(6.3) T, = e~iznn)4

We define

6.4) U(t) = Uy T U (1)U,
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and “compute”

d - =

Z%U(t) = H(t)U(t);

65 H(t)= 2—1(§2 o) 4t (2—1773 oYy . Py + tR(t, t%y_)),

—1p_ h(§)
P=471 - =570~
where the “remainder” ternk is given by (5.5).
Next we substitute — ¢! definingU(t) = U (e!) so that fort > 0

LU = HU();

H(t) = Hy(t) + H_+ R(1),
(6.6) Hi(t)=2"te'(&+n3),

H_=2"'(n* —y_- Py_),

R(t) =¢'R (et, eTlty_) :

In Appendix A we defind/(¢) independently in terms of (6.6) and examine some
basic properties.

The second termd/_ will be essential for the proof of (5.36). Notice the lower bound
6.7) P > 4711

Obviously the first termH(¢) commutes with the variableg_,n_ and{ which
are the only variables that will be used in various constructions of “propagation
observables”. The third tern®(¢) commutes withy_ but not with»_ and{. The
commutators with the latter can be read off from (5.7)-(5.12):

For simplicity we take here and in Sections 7 and 8
(6.8) p2 = v,
which is in agreement with the assumptions of Lemma 5.2.
(69) |ladk (95 R(1))|| = O(e!(I=2=1=k=31)) o o (H(1=dv=(i=0i=(5=)lel) )
(6.10) g~ R(t) = |y-|R;(t); [IR;()]| = O(e™").

7 Implementing the uncertainty principle

We shall prove the following estimate which constitutes the basic “quantum input”
in our proof. LetA andU(t) be given by (6.2) and (6.6), respectively.
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Proposition 7.1 For anys > 0 and+ € L*(R")

(7.1) f|| (v[Pdt < Clly].

The remaining part of this section is devoted to proving Proposition 7.1 under the

assumptions < 3.

Formally, by (6.7) and (6.10)

72 i[H(t), A]lz n2 +y_-Py_—y_ -V, R(t)
> + Zyz +0(e™")y2,
and therefore for > T for T sufficiently large
(7.3) [H(t), Al = 02 + 32 > &

We define for somd’y € F; and with R(t) given by (6.6)
(7.4)  Rr(t) = Fy (1)) R(),

and letUr(t) denote the propagator given by replacing accordingly in (6.6).
Obviously (7.1) follows from

(7.5) f (A~ Ur(t)¢l*dt < C|l¥]P,

which in turn will be proven forl" large by extending the Hilbert space as in [HO].
So we introduce on the Hilbert spage = L?(R;, L*(RY))

(7.6) Kp = 7+ Hp(t),

wherer = —i 4 and Hy(t) is the Hamiltonian corresponding r(t).
We claim that (7.5) will follow from the bound

@7 [ Aok | Pdo < ClIFI F e m

To show that, we pickf = g @ ¢; g € L*(Ry), ¢ € L*(R"?) and use [Ho, (1.3)]
to obtain

7.8) /do—/ lg(t = ) PI(A) T Ur(t, t = 0)o| [ 2 gyt

< C||g||%2(R)||¢||%2(R")‘
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By a change of variables the left hand side of (7.8) may be written
(7.9) f dt f l9(s)P[[{A) " Ur(t, s)o|*ds.

Next we pick a normalized sequengg) C L*(R) with |g;|> — 6. By substituting
(7.9) in (7.8) for the elements of this sequence, and using the strong continuity of the
propagator (ins) and Fatou’s Lemma, we obtain (7.5) by letting— oc.

It remains to prove (7.7) fof" large. We shall proceed by using a variant of the
Mourre method, [M], based on the “global” Mourre estimate

(cf. (7.2) and (7.3)). Clearl\D(Mp) = D(n:) N D(y2).
We introduce fore € R\{0}

(711) IX’T(E) = K7 — eiMrp; D(IX’T(€>> = D(I\"T> N D(MT)
Lemma 7.2 For T sufficiently large the resolverifsy(¢) — ¢) ™" exists and
(7.12) [[(Kr(e) = Q7| < [Im¢ + 57|,

providedIm( and ¢ have the same sign.

Proof We consider

Ky (e

Kp—eaM® M°=n% +y_ - Py_
(7.13) “ R
D(K7(e)) =

) =
(7(€)) = D(Kr(e)).

We prove in the last part of Appendix A that the foif/®, Kr] defined onD(K7) N
D(M") extends to am/°-bounded operator with

(7.14) ||i[M°, K] (M®)™"|| < C for C independent of"
(cf. (6.9) and (6.10)), and

(7.15) sup || MR (M0) 7| < 0.
jol<1

(The bound (7.15) follows from (A.5).)

Using these properties and a slight modification of [Sk1, Lemma 2.6] we conclude
that

(7.16) K%(e)* = K¥(—e),
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and therefore by the numerical range argument (cf. (7.2)) that(e) — ()_1 exists
provided It ande have the same sign.

By (7.10)

(7.17) ||(Mp — M) (M®)™"|| = 0 for T — +oc.
We claim that

(7.18) |leMO(K%(e) —¢) || < 1,

for all sufficiently largeT" and [Im(| (provided Im ande have the same sign). To see
this we compute for any’ € H,g = (K(e) — ()_1f,

FII? = 1[(K3(e) = ¢)gll?
(7.19) = ||(Kr — Rel)g||* + || (eM® +1ImQ)g||* + €(g.i[M°, Kr]g)
> €||M ||* + e(2Im¢ — C){g, M%g) > €*|| M g||?,

where we used (7.14) for the first inequality and the conditiom(| being large for
the last one.

We have proved (7.18).

By combining (7.17) and (7.18) with a standard perturbation argument we infer
that (K7(e) — ()" exists forT and|Im¢]| large andelm¢ > 0. Using now again the
numerical range argument (cf. (7.10)) we readily conclude Lemma 7.2.

O
Following Mourre [M] (and [PSS]) we define faf large ande, Im¢ > 0

Fe(e) = D(e)R¢(€)D(e)
(7.20) D(e) = (A) ™ (eA)" 7,
Re(e) = (Kr(e) —¢) ™"

We want to show that

(7.21)  swp ||Fe(o)]| < oo,
e,Im¢>0

since then (as shown below) we may tet 0 to obtain

(7.22) sup |[(A) (K7 —¢)7HA) || < oo
Im¢>o

Clearly Kato’s well-known theory of global smoothness and (7.22) yield (7.7).
To show that indeed (7.22) follows from (7.21) we need to show the convergence

(7.23) Re(e)f — (Kr—¢) 'ffore | 0
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for fixed f € ‘H and({ with Im{ > 0. By (7.12) and an interpolation argument we may
assume that Ihis large and thatf € D(M?).

Let
(7.24) g(e) = eM_R¢(e)f; M— = n* +y2.
We need to show that
(7.25) [lg(e)|| — O fore | O,
uniformly on Im{ = «, « large. But
(7.26) g(e) = eRc(e)M_[ — eRe(e)[M_, Ky — ieMp]Re(e) f.

The commutator on the right hand side of (7.26)\is —bounded (cf. (6.9), (6.10)
and (7.14)). Using (7.12) again we may thus estimate

(7.27) lg(e)ll < O(e) + O(x7H)llg(e)ll.

the latter bound on the right hand side being uniform snd ¢ (with Im¢ = k).
Clearly, by a subtraction, we obtain (7.25) from (7.27).
We shall prove (7.21) by showing the differential inequality

(7.28) |ILF ()l < C (I +][F(O)]).

In conjunction with (7.12), (7.28) yields (7.21) (by a finite number of iterations).
So it remains to show (7.28). For that we compute

(7.29) LF:(e) = (LD(e))Re(e)D(€) + D(€) (L Re(e)) D(e) + D(€)Re(e) (£ D(e)).

We notice (for the first term on the right hand side) that
(7.30) |ID(e)A(MO) 77| < Cu||D(e)|Al7]] < Cae" 2,

and therefore

d
a3 | <%D(€)>R<<€)D<e>|l < C3/|D() AR () D(e)|

< C305¢F]|(M°)? Re(e)D(e)].
To estimate the right hand side of (7.31) we compute for Ay H
(M ) Re(e)D(e)fII* < e Im(Re(e)D(e) f,ie M Re(€)D(e) )
(7.32) < ~Cie IM(R()D(OS. (K — ieMr — OR()D(e))
)R (e

= —Cie ' Im(D(e)Re(e)D(e)f, f)
< e IE (I I
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We take the square root and substitute into (7.31) yielding
(7.33) ||(£D(e))Re()D(e)]] < Ce|Fe(e)||F5 € = CaCsCry,

which agrees with (7.28).
For the for the last term on the right hand side of (7.29) we proceed similarly.
For for the middle term on the right hand side of (7.29) we compute

D(e) <%R< (e)) D(e) =iDRMrRD

— iDR(i[K7p — ieMp — ¢, A] + i[ieMr, A])RD
= DRAD — DARD + ¢iDRMRD,

(7.34)

where M is M°-bounded. 1 1 1
By insertingl = (M?)2(M°) 2 = (M°) *(M?)2 at various places on the right
hand side of (7.34), and using (7.30), (7.32) and their adjoint analogues, we obtain

d ek s
1066 ( 5o ) DO < IPRO)icae + o (14%) D)

1 1
+¢||DR(M®)?||C5||(M°)? RD|
< 2C4Coe Y |Fo()||7 + CIC5]| Fe (o),

(7.35)

which again agrees with (7.28).
We have completed the proof of (7.28) and hence the proof of Proposition 7.1.

8 Propagation estimates

We shall prove various propagation estimates, which at the end of the section will
be used to establish (5.36) and therefore finish the proof of Theorem 2.2.

The matrix P in (6.5) is on the form
(81) P = PIQ; P = dia@(Qlf : '7qm7)7 q; = QJ(€> >

Let

N[ =

¢o = min (g;),

and (withn; = n—; andy; = y_;)

m_ 2
q; \ 1
A=) <—j> 505 - Y5 + 95 ),
=\

(8.2) o me
N=g"> (5 +4ay}),
j=1

B=N"144+ AN
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We consider these operators as acting/éiR"). Clearly B is a bounded self-
adjoint operator.

We use in this section the notati@» to denote the Heisenberg derivative w.r.t. the
family of HamiltoniansH (¢) of (6.6).

By (6.9) and (6.10) we compute as a form Pn the latter given in Appendix A,

m_ N 2
DA=Y (%) (o} + ) - 0™
j=1
m_ . 9 1
©3) + -Rt(i)
Yo (3

5 (05 -y + ;- nj)
> N =T

2
T=0(e"")NorT =NO(e™™).

Similarly we compute
(8.4) DN = 4qA + i[R(t), N],
where the commutator
(8.5) i[R(t),N] =i[R(t),qy " |n® + qp “i[R(t),n:] + ) i[R(t), ﬁ} y?
by (6.9) and (6.10) has the form
(8.6) i[R(t),N] = O(e )N ori[R(t),N] = NO(e™"").

Combining (8.3), (8.4) and (8.6) and the fact th@Y, A] is N-bounded we obtain

m_ N\ 2
D5 =3 (L) (80 + ) + (i + N
j=

— N7 MggANT'A — ANTHgoANT! + 0 (e7)
>2q0(1 — B?) + NT'TO( )N+ 0(e™).

(8.7)

Lemma 8.1 For any non-negative’ € C§°((—1,1)) and all¢» € L*(R")

(o]

®.8)  [{(7*B))dt < CllIP, € = C(f).
(Here (-), denotes expectation in the stat¢t) = U(t)v.)

Proof Clearly we may assume thatc D. We consider the propagation observable

o= F(B), Fx) = /fQ(s)ds.
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By Lemma 2.8 and (8.7)
89 D® = f(B)DBf(B)+ Ry + Ry + O(e™")
8.9
> 2g0f2(B)(I — B®) + N"20(t") N3 + O(e™").

We integrate (8.9) using the support propertyfab treat the contribution from the
first term on the right hand side and Proposition 7.1 to treat the middle term.

O

Lemma 8.2Lets > 0 and F' € F.. Then for allyy € D(N)

(8.10) ZfO<F(s—1(1— B))),dt < C|INY|P.

Proof Consider forf e 7, ande € (0,1) the observable
(8.11) A= —Lin(N)F (—€'B) + h.c., D(A) — D(N).

The idea of the proof is to write

t=0

(8.12) —<[1> - —<A>t +0ft<DA>Sds

and then use the approximate positivity of both terms on the right hand side to get
the bound

(8.13) T<F+(—e_1B)>tdt < C||NY||*; ¢ € D.
0

Clearly Lemma 8.1 and (8.13) yield (8.10).
So it suffices to show (8.13):

We claim that the Heisenberg derivative of the fad¢talV is given for anyo € (0, 1)
by

(8.14) DInN = 2¢oB + N°O(e™*) + N=30(1") N 3.
To show (8.14) we notice that the representations (2.42) and (2.44) are valid for the

derivative of approximations of the logarithm function (cf. (7.15)) and therefore in the
limit (in the form sense): For some smooth functioR' on C with

(8.15) |<5>F) (w)] < Coplw)®Fimzfk; 5 > 0,k € N,
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= L (N"goA + 4 ANT) + Ry(t) + Ru(0);
(8.16) Ry(t) = % / (9F) () (N — w) a3, (4g0 4) (N — w) *dude,
C
Ru(t) = —% / (9F) (w)(N — w) M R(0), NN — w) ™ dudv,
of. (8.4). )

Obviously the first term on the right hand side of (8.16) is equal to the first term
on the right hand side of (8.14).

As for the term Ry(t) we use boundedness (N_%ad?v(A) N~ yielding the
representation; (t) = N~20(t9) N~z

To analyse the terni,.(t) we use (8.6) and (8.15) to conclude thét“ R, (t) =
O(e™"") is bounded. Consequently,(¢) = N?O(e~**), in agreement with (8.14).

We have shown (8.14).

To treat the contribution from the middle term on the right hand side of (8.14)
to the integral on the right hand side of (8.12) it will suffice to show thatofas 0
small enough

(8.17) [[{N7O(e ") Fy (=€ 'B) + h.c.),|dt < C||Ny|*.
0
For that we use (A.3) and interpolation to obtain that forsalt [0, 1]

(8.18) [INTU(t)y]| < e”'||NY]].

We pick ¢ < vC; ! in (8.18) yielding (8.17).

For the contribution from the last term on the right hand side of (8.14) to the integral
on the right hand side of (8.12) we notice thiaV, B| is bounded and therefore also
T = N—%F+(—e_1B)N§. Therefore we can invoke Proposition 7.1 to obtain

(8.19) T|<N—%o(t0)TN—% +h.c.>t|dt < C||N||2
0

For the contribution from the first term on the right hand side of (8.14) to the
integral we estimate (using, > 271)

(—2qoBFy(—€¢'B)) ds

t
/ —e'B)) Jds.
0

o _

(8.20)

[\3|>—t
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Next we consider
(8.21) f( (N)DFy (=€ 'B) + h.c.) ds.

By Lemma 2.8, (8.7), (8.18), Proposition 7.1 and commutation
(8.22) f< (N)DFy(=€¢7'B) 4 h.c.) ds > —=C||Nv|%.

By two applications of (2.42) and (2.43) using again tHaf, B] is bounded, we
can show boundedness of

VI
VI

~A—

;q

2(—e'B)In (N)F; (—e'B).

+

In particular
(8.23) —A > —C1I.

We combine (8.12), (8.17), (8.19), (8.20), (8.22) and (8.23) to obtain (8.13).
O

Lemma 8.3For all ¢ € L}(R"), ¢ € (0,1) and Fy € F4
(8.24) Fi(s7HI - B))u(t) = o(t") fort — +oc.
Proof It is enough to show (8.24) far € D. We use (8.9) to compute the derivative

of p(t) == ||F4 (s~ (I — B))¥(t)|*. It is integrable due to Lemma 8.1, whence we
conclude thap(t) has a limit= p(oo) ast — +oo. By Lemma 8.2p(c0) = 0.

O

Lemma 8.4For all v € L?(R"), e > 0and F_ € F_
(8.25) F_ (e—<2‘10—€)tN)¢(t) = o(t°) for t — 4o0.

Proof Again we can assume that € D.

We consider fore > 0 the observable

(8.26) A= A(t)=In(N)—-2¢p(1—€er; 7 =t+1,t>0.
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The Heisenberg derivative is by (8.14) and (6.9) given for any (0,1) by
DA = D(t) + D,(t);
(8.27) D(t) = 2qo(B — (1 — €)I),
D.(t) = N°O(e™")N? + N"30(t°) N2,
We pick with Cy given in (8.18)
(8.28) o < 5.

Next we consider forf, € F the composition
©29) A= F(Lr) = —(~4) Fu(-21714)

(assuming(d ; F)* (-, 7) € C™), cf. [Sk2].

We shall follow the same scheme as used in the proof of Lemma 8.2 (cf. (8.12),
that is we will show a lower bound for the integral of the Heisenberg derivativé. of
(Notice that the operator itself is non-positive.)

We compute the Heisenberg derivative using (8.27) and Lemma 2.8: For some
smooth functiondF on C with

(8.30) |<5F) ()| < Cr{w)~7*|Imz|¥; k € N andC}, independent of,
we represent (cf. (8.16))

DA=0.F (A7) +(0;F)* (A7) 200(B - (1 - 1)(2;F)* (4,7)

+ Ry(t) + Ra(t) + Re(t);
1

Ry(t) = —= / (éﬁ) (w) (A - w) D) (A - w)  dudv.

C

(8.31)

(The termsR;(t) and R»(t) are given as in Lemma 2.8.)
Clearly the first term on the right hand side of (8.31) is non-negative.
To treat the second term on the right hand side of (8.31) we insert

I=F(e'(I-B)+F_('(I-B))

in the middle.
Since

(B—(1—e)F_(e"(I—-B))>0
only the contribution from the first term needs further consideration:

46



We factorize

1 2
Fy(e'(I-B)) =F, = (Fj)
and commute one factor to the right and the other to the left (through the factors

(GAF)5<A,T)). Then we invoke Lemma 8.2.
As for the remainders we notice that

[(23F)7 (4.7) FE(B)] = N“To)N T+,

which combined with Proposition 7.1 yields integrability.
Similarly we obtain integrability for the term&;(¢) and R (t).

It remains to estimate the integral of the expectatio®oft) on the right hand side
of (8.31). Inserting the two terms db.(¢) on the right hand side of (8.27) only the
contribution from the first need further examination:

By (8.18) and (8.28)

o O B
(8.32) 0 0
> —~C|INv|2.

We combine (8.32) and previously discussed estimates to obtain the bound

<(§T)%F+(‘2€‘1T‘lfi)> < (~F(Aw).7)), < clNvlP

which upon inserting (8.26) and chosiag> 0 small yields

t

I (=N )y < ot H N

and therefore in particular (8.25).

Lemma 8.5For all v € L*(R"), e > 0 and F_ € F_

(8.33) F_ (e_(zqo_g)ty%)w(t) = o(t%) for t — +o0.

Proof We introduce
F_1=F_ (e‘(qu_E)tyz),

F_s=F_(e'(I-B)); ce <0, %)

Frs=F, (e—(qu—%)tN).
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By Lemmas 8.3, 8.4 and a commutation using Lemma 2.8
F_qp(t) = (1) + o(t%) = ¥a(t) + o(t%) = 13(t) + o(t");
Ui(t) = FoaFoaFy 59(1),

Ua(t) = F_pF 1 Fy 39(1),
U3(t) = Fy 3P 1 F_ 51 (2).

We compute using the formuld—z = C Il 5—%(1\[ +5) ds that
0
B—(1—-2¢)I
1 i q; 2
= §N_1 > <<q—é> (nj w5 +yj-m) — (1 —2€)gg " (0} + qfﬂ?)) + h.c.
j=1

m 2
_1 q; _ _1
=N 22(((}—2) (m-yj+yj-nj)—(1—26>qol(n?+quf)>N ?

+ NTTO(t°) N,

from which we obtain by commutation
2 (D)1 < e Hwa(t), (B — (1= 2e)D)a(t))
= e (Y1(1), (B — (1= 26)1)i1(t)) + o(t")

N3 (1), (o2 — ) N5 (1)) + o (1)

=

(1), N1ty (1)) + o(t°)

3(t), N_1€(2q0_6)t¢3(t>> + 0<t0>

Il
Q2

P e
=

< C5{us(t), e~ 3s(t) ) + o(t") = o(1).

We can now prove (5.36):

Transforming back to the original frame (using (6.4)) the statement (8.33) is
rephrased in terms of th&€(¢)’s of Section 5 as

F_ (7207102 ) 7(#)y) = o(1) for t — +oo,

which (sinceqy > %) obviously implies (5.36).
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Appendix A

In this appendix we shall collect some basic facts about the propagator given by
(5.20) and other used propagators, and some related technicalities that are needed in
justifying various calculations.

We proceed by first studying (6.6):

On L*(R?) we introduce

B =7p*+y%, D:=D(B),
—if(H+(s)+H_)ds
Up(t)=e€ o , t € R.

By first estimating on the set of Schwartz functions, which is preservetlyb),
it is readily proved (cf. (A.3) below) thaD is preserved as well, and in fact that
BUy(t)B™! is a strongly continuouss(L*(R™))-valued function.

Next we define thé/(¢)’s of (6.6) as the (unique) solution of the equation
t

(A) U(t) = Ug(t) — ily(t) Oon(s)_lR(s)U(s)ds.

Noticing thatBR(t)B~! is a strongly continuou#(L*(R"))-valued function (cf.
(8.3), (8.4) and (8.6), it follows from (A.1) thaBU(¢)B~! solves a similar Volterra
integral equation. Consequently we infer tiit (1)~ and BU(t)_lB—1 are strongly
continuousB(L?*(R"))-valued functions and that

(A2) LUt = HHU(t)Y, ¢ € D.

We have now justified (6.6). Next we definfé(t) by (6.4). Noticing that the
operatorsT;, Uy and Uy 1 preservesD we obtain that

S0ty = HOU (), 6 €D,

justifying (5.20) as well.
Returning to the study of/(¢) we notice the bounds
IBU#)B™Y| < e,

(A.3)
IINUGNTY| < et t >0,

where N is defined by (8.2). These can be proved by the Gronwall inequality, cf.
[DG, p. 381]:

For the first estimate we consider fgr € D ande > 0 the expressiork.(t) =

16e(t)||%; de(t) = B(eB +1)""0(t),4(t) = U(t)e.
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Writing B(eB + 1) = ¢! (I — (eB + 1)_1) we compute

%ke(t) - 2Re<q§€(t), i [H(t), B(eB + 1)—1]¢(t)>
- 2Re<q§6(t), (eB + 1) [H(), B]B_1¢6(t)>t,
whence we infer that
%ke(t) < 2||i[H(t), B]B™||ke(t) < 2C1ke(t); Cy = Sup ||i[H (s), BB,
and

IBYOII* = Tim k() < Tim e ke (0) = €| By

Similarly for the second estimate we consider foe D ande > 0 the expression
ke(t) = [[0(t)][% de(t) = N(eN +1)7"(t), (t) = U(t)e. Using that(eN + 1)~
preservesD we obtain similarly that
d
—ke(t) < 2C5k(t); Cy = sup ||i[H(s), N]N7Y,
dt >0

and therefore

(A4) |INu(t)[|* < e[ |Ny|%

SinceD is a core forN we infer the second estimate of (A.3) from (A.4) by
approximation.

The rest of this appendix is devoted to filling out some details needed in Section 7.
On the Hilbert spacé{ = L?(R;, L*(RY)) we specify the invariant subspace

Djn, = Co(Ry; D) N CH(Ry; LA(RY)),

where that notatiort; is used for continuous compactly supported functions. Notice
that indeede="" /7 leaveD;, invariant as it follows from the formula

e KT £ (1) = Up(t)Up(t — o) f(t — o),
cf. [Ho, (1.3)]. Moreover the generatdt is essentially self-adjoint o®;,, where
it acts according to (7.6).

By mimicking the proof of (A.3) first proving the corresponding estimates for
v € D;, we obtain

||Be—iJKTB—1|| < 603|J|,
(A.5) o .
||]MO€_WKT (MO) || < €C4|cr|’
where M is given by (7.13).
Clearly the formi[A°, K7 extends fronD;, to an M“-bounded operator. Using
this fact, the invariance db;,,, the second estimate of (A.5) and [M, Proposition 11.1]

it follows that the formi[M°, K'7] extends fronD(Kp) N D(MP) to anM°-bounded
operator. In conclusion (7.14) holds.
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