CHANGE OF TIME AND MEASURE

FOR LÉVY PROCESSES

A.S. Cherny^� , A.N. Shiryaev^�

Lectures for the Summer School “From Lévy Processes to Semimartingales — Recent Theoretical Developments and Applications to Finance” (Aarhus, August 2002)

With 50 Exercises

∗ Department of Probability Theory Faculty of Mechanics and Mathematics Moscow State University 119992 Moscow Russia E-mail: cherny@mech.math.msu.su

∗∗ Steklov Mathematical Institute Gubkin str. 8 119991 Moscow Russia E-mail: shiryaev@mi.ras.ru

Contents

1 Introduction 1

2 Some financial models 2 2.1 Definitions of models . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2 2.2 Comparison of different models . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3 2.3 Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4 3 Change of time for a Brownian motion 5 3.1 Various time-changes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5 3.2 Time-change by an independent subordinator . . . . . . . . . . . . . . . . . . . . . . . . . . 7 3.3 Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11 4 Change of measure for Lévy processes 15 4.1 General theorems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15 4.2 No arbitrage and completeness of exponential Lévy models . . . . . . . . . . . . 16 4.3 Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21 5 Change of time for Lévy processes 24 5.1 Nice properties of time-changed exponential Lévy models . . . . . . . . . . . . . . 24 5.2 No arbitrage and completeness of time-changed exponential Lévy models 24 5.3 Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27 Appendix 30 A.1 Lévy processes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30 A.2 Sigma-martingales . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31 A.3 Fundamental theorems of asset pricing . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .32

References 34

Solutions of the exercises 36 Section 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36 Section 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36 Section 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40 Section 5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44

1 Introduction

The aim of these notes is to describe some aspects of the change of time and the change of measure for Lévy processes. The problems under consideration are closely connected with the stock price modelling.

Section 2 contains a very brief overview of some classical and modern stock price models used in the mathematical finance. In particular, we consider the exponential Lévy models S_t = S_0e^{Xt}, t ≤ T, (1.1) where (X_t)_{t≤T} is a Lévy process, and the time-changed exponential Lévy models S_t = S_0e^{(X∘τ )t}, t ≤ T, (1.2) where (X_t)_{t≥0} is a Lévy process and (τ_t)_{t≤T} is an increasing càdlàg process that is independent of X . Here, (X ∘ τ )_t := X_{τt} . We also compare the adequacy of different models (see Table 1 on page 4).

Section 3 deals with the following problem: which processes X can be represented as X^{law}= B ∘ τ , where B is a Brownian motion? This problem is considered in 5 different settings:

I. B is an (F_t)-Brownian motion, and τ is an (F_t)-time-change; II. B is an (F_t)-Brownian motion, and τ is a continuous (F_t)-time-change; III. B is a Brownian motion, and τ is an independent increasing càdlàg process; IV. B is a Brownian motion, and τ is an independent increasing continuous process; V. B is a Brownian motion, and τ is an independent subordinator.

The answer to the above problem in Settings I, II, and IV is known (see Subsection 3.1). The answer to this problem in Setting V is presented in these notes (see Subsection 3.2). The problem in Setting III remains open.

In Section 4, we first cite some known general results related to the change of measure for Lévy processes (see Subsection 4.1). Then we apply these results to derive the necessary and sufficient conditions for the absence of arbitrage and for the completeness of models (1.1) (see Subsection 4.2).

In Section 5, we first describe some nice properties of models (1.2): stationarity of increments, persistence of volatility,... (see Subsection 5.1). Then we derive the necessary and sufficient conditions for the absence of arbitrage and for the completeness of models (1.2) (see Subsection 5.2).

The Appendix contains some known definitions and facts that are used in the notes as well as the statements needed to solve some exercises.

Each of Sections 2–5 contains exercises. The following notation is used: ∘ — a simple exercise; # — an important exercise;

*^{— a difficult exercise.}

Each of Sections 3–5 contains an open problem.

Acknowledgement. A part of these notes was written during the stay of A.S. Cherny at the Vienna University of Technology. It is a pleasure to thank W. Schachermayer and F. Hubalek for their hospitality.

2 Some Financial Models

2.1 Definitions of Models

In what follows, S means the discounted price of an asset. We will consider onedimensional models with a finite time horizon T .

The most classical model is The Bachelier model: S_t = S_0 + B_t, t ≤ T, where (B_t)_{t≤T} is a Brownian motion.

The main disadvantage of this model is that the process S here can take negative values. This is overcome by

The Black-Scholes-Samuelson model: S_t = S_0e^{μt+σBt} , t ≤ T, where (B_t)_{t≤T} is a Brownian motion and μ, σ ∈ ⋛.

There are two main disadvantages of this model: • the increments of ln S are Gaussian;

• the increments of ln S over disjoint intervals are independent. The first of these disadvantages is overcome by The exponential Lévy model:

S_t = S_0e^{Xt} , t ≤ T, (2.1) where (X_t)_{t≤T} is a Lévy process.

Actually (2.1) is a whole class of models. It includes, in particular, the following models with a finite number of parameters:

• X is a variance gamma (VG) process; • X is a Carr-Geman-Madan-Yor (CGMY) process; • X is a normal inverse Gaussian (NIG) process; • X is a hyperbolic (HYP) process;

The definitions of these processes are given in Subsection 3.1.

The main disadvantage of model (2.1) is that the increments of ln S over disjoint intervals are independent. In other words, this model does not tackle the phenomenon of the persistence of volatility (clustering). This disadvantage is overcome by The time-changed exponential Lévy model (Carr, Geman, Madan, Yor [3]): S_t = S_0e^{(X∘τ )t}, t ≤ T, (2.2) where (X_t)_{t≥0} is a Lévy process and (τ_t)_{t≤T} is an increasing càdlàg process that is independent of X . Here, (X ∘ τ )_t := X_{τt} , t ≤ T.

2.2. Comparison of different models 3

Actually (2.2) is a whole class of models. It includes, in particular, the following models with a finite number of parameters:

• X is a variance gamma (VG) process; • X is a Carr-Geman-Madan-Yor (CGMY) process; • X is a normal inverse Gaussian (NIG) process; • X is a hyperbolic (HYP) process; • τ is a Cox-Ingersoll-Ross (CIR) process, i.e.

τ_t = ∫_t 0 y_sds, t ≤ T, where y is a solution of the stochastic differential equation dy_t = θ(η − y_t)dt + σ √ y_tdB_t. Another modification of model (2.1) that tackles the phenomenon of the volatility persistence is

The exponential Lévy model with the stochastic integrals (Eberlein, Kallsen, Kirsten [8]):

S_t = S_0e^{(σ•X)t}, t ≤ T, (2.3)

where (X_t)_{t≤T} is a Lévy process and (σ_t)_{t≤T} is an X -integrable process that is independent of X . Here, (σ • X)_t := ∫_t 0 σ_sdX_s, t ≤ T. 2.2 Comparison of Different Models

Below is a list of some desirable properties of a financial model:

1. The marginal distributions of the increments of ln S are skewed. 2. The marginal distributions of the increments of ln S have heavy tails. 3. The increments of ln S are stationary in time.

4. The increments of ln S over disjoint intervals are not correlated. 5. The absolute values of the increments of ln S over disjoint intervals are positively correlated (the effect of “clustering”, “volatility persistence”).

6. The model is arbitrage free.

7. The model depends on a small number of parameters.

Table 1 shows which of these properties are satisfied for the models introduced above. For example, if we consider model (2.1), where X is a VG, CGMY, NIG, or a HYP process, then this model satisfies conditions 1, 2, 3, 4, 6 (to be more precise, this can be achieved by an appropriate choice of the model parameters). This model does not satisfy condition 5, and the number of the parameters is 3 for the VG model and 4 for the CGMY, NIG, or HYP model.

4 Section 2. Some financial models

A model 1 2 3 4 5 6 7

S_t = S_0e^{μt+σBt} − − + + − + 2

S_t = S_0e^{Xt}, X is VG, CGMY, NIG, or HYP + + + + − + 3,4

S_t = S_0e^{(X∘τ )t}, X is VG, CGMY, NIG, or HYP, τ is CIR

+ + + + + + 6,7

S_t = S_0e^{(σ•X)t}, X is VG, CGMY, NIG, or HYP, σ is CIR

+ + + + + + 6,7

Table 1: Comparison of different models

2.3 Exercises

∘ Exercise 2.1. Give an example of a Brownian motion B and an independent increasing continuous process τ such that the process B ∘ τ cannot be represented as B ∘τ^{law}= σ•W , where W is a Brownian motion and σ is an independent W -integrable process.

∘# Exercise 2.2. Let W be a Brownian motion and σ be an independent W -integrable process, i.e. ∀t ≥ 0, ∫_t 0 σ^2_s ds < ∞ a.s.

Prove that there exists a Brownian motion B and in independent increasing process τ such that σ • W^{law}= B ∘ τ .

(Hint: Use Proposition 3.6.)

3 Change of Time for a Brownian Motion

3.1 Various Time-Changes

In this section, we consider the following problem.

The main problem. Which processes (X_t)_{t≥0} (we assume that X_0 = 0) can be represented as X^{law}= B ∘ τ , where (B_t)_{t≥0} is a Brownian motion and (τ_t)_{t≥0} is an increasing càdlàg process with τ_0 = 0?

Making this problem precise leads to 5 possible settings.

Setting I. B is an (F_t)-Brownian motion (i.e. B is a Brownian motion, B is (F_t)-adapted and, for any s ≤ t, the increment B_t − B_s is independent of F_s ), and τ is an (F_t)-time-change (i.e. each τ_t is an (F_t)-stopping time, τ_0 = 0, and the maps t → τ_t are a.s. increasing and càdlàg), where (F_t) is an arbitrary filtration.

Proposition 3.1. If Z is an (F_t)-semimartingale and τ is an (F_t)-time-change, then Z ∘ τ is an (F_{τt} )-semimartingale.

For the proof, see [18; Ch. 4, §7].

Proposition 3.2. If Z is an (F_t)-semimartingale and (G_t) is a filtration such that F^Z_t ⊆ G_t ⊆ F_t , then Z is a (G_t)-semimartingale.

For the proof, see [18; Ch. 4, §6].

Proposition 3.3. A process X can be represented as X^{law}= B ∘ τ in the sense of Setting I if and only if X is a semimartingale (with respect to its own filtration).

Proof. The “only if” part. It follows from Propositions 3.1 and 3.2 that B ∘ τ is a semimartingale with respect to its own filtration. Hence, X is also a semimartingale with respect to its own filtration.

The “if” part was proved by I. Monroe [19]. 2

Setting II. B is an (F_t)-Brownian motion, and τ is a continuous (F_t)-timechange, where (F_t) is an arbitrary filtration.

Proposition 3.4. (Dambis-Dubins-Schwarz.) If X is a continuous local martingale, then there exists a Brownian motion B (that may be defined on a possibly enlarged probability space (~Ω, ~F, ~P) = (Ω, F, P) × (Ω^′, F^′, P^′)) and a filtration (G_t) such that B is a (G_t)-Brownian motion, ⟨X⟩ is a (G_t)-time-change, and X = B ∘ ⟨X⟩.

For the proof, see [21; Ch. V, Theorems 1.6, 1.7].

Proposition 3.5. A process X can be represented as X^{law}= B ∘ τ in the sense of Setting II if and only if X is a continuous local martingale (with respect to its own filtration).

Proof. The ”only if” part. Let B be an (F_t)-Brownian motion and τ be a continuous (F_t)-time-change such that X^{law}= B ∘τ . Set σ_n = inf{t ≥ 0 : |B ∘τ |_t ≥ n}. Obviously, (B ∘ τ )^{σn} = B^{ρn} ∘ τ , where ρ_n = inf{t ≥ 0 : |B_t| ≥ n}. The process B^{ρn} is a uniformly integrable (F_t)-martingale. By the optional stopping theorem (see [21; Ch. II, Theorem 3.2]), for any s ≤ t, we have E ( B^{ρn}_{τt} | F_{τs} ) = B^{ρn}_{τs} . Consequently, E ( B^{ρn}_{τt} | F^{B∘τ}_s ) = B^{ρn}_{τs} . This means that B ∘ τ is a local martingale. Hence, X is also a local martingale.

The “if” part follows from the Dambis-Dubins-Schwarz theorem. 2 Remark. Note that any continuous local martingale X can actually be represented as X^{a.s.}= B ∘ τ (possibly, on an enlarged probability space), and not only as X^{law}= B ∘ τ . 2

Setting III. B is a Brownian motion, and τ is an independent increasing càdlàg process.

We do not know the answer to the problem in this setting.

Setting IV. B is a Brownian motion, and τ is an independent increasing continuous process.

Proposition 3.6. (Ocone.) The following conditions are equivalent: (i) X can be represented as X^{law}= B ∘ τ in the sense of Setting IV; (ii) X is a continuous local martingale, and, for any a ≥ 0, we have (∫_t 0 H^a_s dX_s; t ≥ 0 )_{law} = (X_t; t ≥ 0),

where H^a_t = I(t ≤ a) − I(t > a);

(iii) X is a continuous local martingale, and, for any (F^X_t )-predictable process H with |H| = 1, we have (∫_t 0 H_sdX_s; t ≥ 0 )_{law} = (X_t; t ≥ 0);

(iv) X is a continuous local martingale, and if we set Q_φ = Law(X_t; t ≥ 0|⟨X⟩ = φ), then, for a.e. φ (with respect to the measure Law(⟨X⟩_t; t ≥ 0)), the coordinate process Z on C(⋛_+) is a Q_φ -local martingale with ⟨Z⟩ = φ.

For the proof, see [20].

Definition 3.7. A process X that satisfies the conditions of Proposition 3.6 is called the Ocone martingale.

Remark. Note that any Ocone martingale X can actually be represented as X^{a.s.}= B ∘ τ (possibly, on an enlarged probability space), and not only as X^{law}= B ∘ τ . 2

Setting V. B is a Brownian motion, and τ is an independent subordinator (i.e. an increasing Lévy process).

The answer to the problem in this setting is provided by Theorem 3.17.

3.2 Time-Change by an Independent Subordinator

This subsection is devoted to the solution of the above problem in Setting V.

Lemma 3.8. If X is a Lévy process and τ is an independent subordinator, then X ∘ τ is a Lévy process.

The proof is Exercise 3.32.

Example 3.9. (The Cauchy process.) Let (B^1, B^2) be a two-dimensional Brownian motion. Set

τ_t = inf{s ≥ 0 : B^1_s > t}, t ≥ 0.

Then B^2 ∘τ is a Cauchy process, (i.e. (B^2 ∘τ )_1 has the standard Cauchy distribution).

Proof. We can assume that (Ω, F, P) = (Ω_1, F_1, P_1)×(Ω_2, F_2, P_2) and B^1 = B^1(ω_1), B^2 = B^2(ω^2). Then, for any λ ∈ ⋛, we have Ee^{iλ(B2∘τ )1} = ∫ Ω1 ∫ Ω2 exp { iλB^2_{τ1(ω1)}(ω_2) } P_2(dω_2)P_1(dω_1)

= ∫ Ω1 e^{− λ22 τ1(ω1)}P_1(dω_1) = Ee^{− λ22 τ1} .

(3.1)

The process exp { |λ|B^1_{t∧τ1} − λ^2 2 t ∧ τ_1 } , t ≥ 0 is a uniformly integrable martingale (note that it is bounded). Hence,

E exp { |λ|B^1_{τ1} − λ^2 2 τ_1 } = 1.

Since B^1_{τ1} = 1, we get Ee^{− λ2}2^{τ1} = e^{−|λ|} . This, combined with (3.1), completes the proof. 2

Example 3.10. (The NIG process.) Let α ∈ ⋛_+ , β ∈ [−α, α], δ ∈ ⋛_+ . Let (B^1, B^2) be a two-dimensional Brownian motion with the drift ( √ α^2 − β^2, β). Set τ_t = inf{s ≥ 0 : B^1_s > δt}, t ≥ 0. Then, by the definition, B^2 ∘ τ is a normal inverse Gaussian (NIG) process with parameters α, β, 0, δ . (A NIG(α, β, μ, δ) process is obtained by adding the drift μt to this process.)

Example 3.11. (The VG process.) Let B be a Brownian motion with a drift and τ be an independent gamma process (i.e. τ_1 has gamma distribution). Then, by the definition, B ∘ τ is a variance gamma (VG) process.

Definition 3.12. A Lévy process X has the characteristics (b, c, ν)_h if

Ee^{iλXt} = exp { t [ iλb − λ^2 2 c + ∫ R ( e^{iλx} − 1 − iλh(x) ) ν(dx) ]} . Here, h is a truncation function. (We will also take h = 0 if ∫ R^{|x| ∧ 1 ν(dx) < ∞.)} In what follows, H denotes the “canonical” truncation function, i.e. H(x) = xI(|x| ≤ 1). (3.2) Lemma 3.13. (Transformation of the characteristics under subordination.) Let B be a Brownian motion and τ be an independent subordinator with the characteristics (β, 0, η)_0 . Then B ∘ τ has the characteristics (0, β, ν)_H , where ν = ∫_∞ 0 Q_zη(dz), i.e. for any A ∈ B(⋛), ν(A) = ∫_∞ 0 Q_z(A)η(dz). Here, Q_z denotes the normal distribution with the zero mean and with the variance x.

Proof. For any λ ∈ ⋛, we have Ee^{iλ(B∘τ )1} = Ee^{− λ22 τ1} = exp { − λ^2 2 β + ∫_∞ 0 ( e^{− λ22 z} − 1 ) η(dz) }

= exp { − λ^2 2 β + ∫_∞ 0 ∫ R ( e^{iλx} − 1 ) Q_z(dx)η(dz) }

= exp { − λ^2 2 β + ∫_∞ 0 ∫ R ( e^{iλx} − 1 − iλxI(|x| ≤ 1) ) Q_z(dx)η(dz) }

= exp { − λ^2 2 β + ∫ R ( e^{iλx} − 1 − iλxI(|x| ≤ 1) ) ν(dx) } . In the first equality, we have used Fubini’s theorem (compare with (3.1)); in the last equality, we have used the estimates ∫_∞ 0 ∫ R | |e^{iλx} − 1 − iλxI(|x| ≤ 1) | |Q_z(dx)η(dz)

≤ c_λ ∫_∞ 0 ∫ R^{x2 ∧ 1 Qz (dx)η(dz) ≤ cλ} ∫_∞ 0 x ∧ 1 η(dx) < ∞. 2

Remark. An extension of this lemma to general Lévy processes instead of a Brownian motion can be found in [22; Theorem 30.1]. 2

Example 3.14. (Lévy measure of the VG process.) Let B be a Brownian motion and τ be an independent gamma process with parameters λ, θ , i.e. τ_1 has the density x^{λ−1}e^{−x/θ} θ^λΓ(λ) I(x > 0).

Then B ∘ τ has the characteristics (0, 0, ν)_H , where ν(dx) dx = λ |x| e^− √ 2θ|x|. Proof. The process τ has the characteristics (0, 0, η)_0 , where η(dx) dx = λe^{−θx}I(x > 0) x (see [22; Example 8.10]). By Lemma 3.13, B ∘ τ has the characteristics (0, 0, ν)_H , where ν(dx) dx = ∫_∞ 0 λ √ 2πz exp { − x^2 2z } e^{−θz} z dz

= 2λ √ 2π ∫_∞ 0 exp { − x^2y^2 2 − θ y^2 } dy = λ |x| e^− √ 2θ|x|. In the last equality, we have applied [12; (3.325)]. 2 We now turn to the solution of the main problem in Setting V.

Definition 3.15. A function φ : (0, ∞) → (0, ∞) is completely monotone if φ is infinitely differentiable, φ^′ < 0 on (0, ∞), φ^{′′} > 0 on (0, ∞) φ^{′′′} < 0 on (0, ∞), and so on.

Proposition 3.16. (Bernstein.) A function φ : (0, ∞) → (0, ∞) is completely monotone if and only if there exists a positive (not necessarily finite) measure μ on [0, ∞) such that φ(x) = ∫_∞ 0 e^{−xy}μ(dy), x > 0. (3.3) For the proof, see [10; Ch. XIII, §4].

Remark. A measure μ satisfying (3.3) is unique (see [10; Ch. XIII, §1]). 2

Theorem 3.17. (a) Let X be a Lévy process with the characteristics (b, c, ν)_H . Then X can be represented as X^{law}= B ∘ τ in the sense of Setting V if and only if (i) b = 0;

(ii) ν is symmetric, absolutely continuous with respect to the Lebesgue measure, and the density q(x) =^{ν(dx)}_{dx} can be chosen in such a way that q( √ x), x > 0 is completely monotone.

(b) Suppose that conditions (i) and (ii) are satisfied. Then there exists a unique positive measure μ on (0, ∞) such that q( √ x) = ∫_∞ 0 e^{−xy}μ(dy), x > 0. Then a subordinator τ satisfying the condition X^{law}= B ∘ τ should have the characteristics (β, 0, η)_0 , where β = c, η(dx) = √ 2πx(μ ∘ θ^{−1})(dx). Here, θ : x →^1_{2x} .

Remark. The distribution of τ is determined uniquely by the distribution of X (see Exercise 3.24). 2 Proof of Theorem 3.17. (a) We first make the following observation. If η is a positive measure on (0, ∞) and the measure

ν := ∫_∞ 0 Q_zη(dz) satisfies ∫

R^x 2 ∧ 1 ν(dx) < ∞, then ∫_∞ 0 x ∧ 1 η(dx) < ∞. In order to prove this, we write ∫ R^x

2 ∧ 1 ν(dx) = ∫_∞ 0 ∫ R^x

2 ∧ 1 Q_z (dx)η(dz) = ∫_∞ 0 φ(z)dz and note that φ(z) ∼ { z, z → 0, 1, z → ∞. We now proceed as follows: X can be represented as X^{law}= B ∘ τ ⇐⇒ b = 0 and ν = ∫_∞ 0 Q_zη(dz), where η is a positive measure on (0, ∞)

such that ∫_∞ 0 x ∧ 1 η(dx) < ∞ ⇐⇒ b = 0 and ν = ∫_∞ 0 Q_zη(dz), where η is a positive measure on (0, ∞)

⇐⇒ b = 0 and ν has the density q(x) = ∫_∞ 0 1 √ 2πz e^{− x22z} η(dz), where η is a

positive measure on (0, ∞) ⇐⇒ b = 0 and ν has a symmetric density q(x) such that, for x > 0, q( √ x) = ∫_∞ 0 e^{−xy}μ(dy), where μ is a positive measure on (0, ∞)

⇐⇒ b = 0 and ν has a symmetric density q(x) such that q( √ x), x > 0 is completely monotone.

In the first equivalence we have applied Lemma 3.13; in the last equivalence we have used Proposition 3.16 and the fact that a measure μ satisfying the equality q( √ x) = ∫_∞ 0 e^{−xy}μ(dy) has no mass at zero (otherwise ν([1, ∞)) would be infinite).

(b) This statement easily follows from the reasoning above. 2 Remark. The above proof also shows that a probability distribution on ⋛ can be represented as a mixture of the normal distributions with the zero mean if and only if it is symmetric and admits a density q(x) such that q( √ x), x > 0 is completely monotone. 2

Lemma 3.18. (a) If φ and ψ are completely monotone, then φψ is completely monotone.

(b) If φ is completely monotone and ψ : (0, ∞) → (0, ∞) has a completely monotone derivative, then φ ∘ ψ is completely monotone.

Proof. (a) This is a direct consequence of the equality

(φψ)^{(n)} = φ^{(n)}ψ + C^1_nφ^{(n−1)}ψ^{(1)} + · · · + C^{n−1}_n φ^{(1)}ψ^{(n−1)} + φψ^{(n)}.

Here, φ^{(n)} denotes the n-th derivative of φ.

(b) The proof is Exercise 3.36. 2

Definition 3.19. A CGMY process is a Lévy process with the zero diffusion coefficient and with the Lévy measure ν(dx) dx = Ce^{−G|x|}I(x < 0) + Ce^{−M |x|}I(x > 0) |x|^{Y +1} . Here, C > 0, G > 0, M > 0, Y < 2.

Theorem 3.17 and Lemma 3.18 yield

Corollary 3.20. A CGMY process X with G = M , 0 ≤ Y < 2 can be represented as X^{law}= B ∘ τ in the sense of Setting V.

3.3 Exercises

Exercise 3.21. (On (F_t)-Brownian motions.) Let B be a Brownian motion on a probability space (Ω, F, P) and (F_t) be a filtration on this space. Prove that the following conditions are equivalent:

(i) B is an (F_t)-local martingale; (ii) B is an (F_t)-martingale;

(iii) B is (F_t)-adapted, and, for any s ≤ t, the increment B_t − B_s is independent of F_s .

(Hint: Use Exercise 4.9.)

∘ Exercise 3.22. Let B be a Brownian motion. Construct an (F B_t )-time-change τ such that (B ∘ τ )_t = t, t ≥ 0.

Exercise 3.23. Let B be an (F_t)-Brownian motion and H be an (F_t)-predictable process such that ∀t ≥ 0, ∫_t 0 H^2_s ds < ∞ a.s. Set M_t = exp {∫_t 0 H_sdB_s − 1 2 ∫_t 0 H^2_s ds } , t ≥ 0. Prove that { lim_{t→∞} M_t = 0 } = {∫_∞ 0 H^2_s ds = ∞ } a.s., { lim_{t→∞} M_t ∈ (0, ∞) } = {∫_∞ 0 H^2_s ds = ∞ } a.s.

# Exercise 3.24. (Revealing the law of the time-change.) Let B be a Brownian motion and τ , ~τ be increasing càdlàg processes that are independent of B . Supppose that B ∘ τ^{law}= B ∘ ~τ . Prove that τ^{law}= ~τ .

Example 3.25. Give an example of a Brownian motion B and an independent increasing càdlàg process τ such that B ∘ τ is not a local martingale. ∘ Exercise 3.26. Give an example of a continuous local martingale started at zero that is not an Ocone martingale.

∘ Exercise 3.27. Give an example of an Ocone martingale that is not a martingale.

# Exercise 3.28. (Determining the law of a martingale by the law of its bracket.) (a) Give an example of two continuous local martingales X and Y started at zero such that ⟨X⟩^{law}= ⟨Y ⟩, but X and Y have different laws.

(b) Let X and Y be two Ocone martingales such that ⟨X⟩^{law}= ⟨Y ⟩. Prove that X^{law}= Y .

Exercise 3.29. Let X be an Ocone martingale and H be an (F^X_t )-predictable process with |H| = 1. Prove that (∫_t 0 H_sdX_s, ⟨X⟩_t; t ≥ 0 )_{law} = (X_t, ⟨X⟩_t; t ≥ 0). Exercise 3.30. (An extension of P. Lévy’s theorem to Ocone martingales.) Let X be an Ocone martingale. Set S_t = sup_{u≤t} X_u and let L denote the local time of X at zero. Prove that (S − X, S)^{law}= (|X|, L). (Hint: Use P. Lévy’s theorem; see [21; Ch. VI, Theorem 2.3].)

*^{Exercise 3.31. Prove the implication (i)⇒(iii) in Proposition 3.6.}

# Exercise 3.32. Prove Lemma 3.8.

# Exercise 3.33. (Change of time for a Brownian motion with a drift.) Let B^α be a Brownian motion with a drift α and let τ be an independent subordinator with the characteristics (β, 0, η)_0 . Prove that the diffusion coefficient of B^α ∘ τ equals α and the Lévy measure of B^α ∘ τ equals ∫_∞ 0 Q_zη(dz), where Q_z is the normal distribution with the mean αz and the variance z .

Exercise 3.34. (Lévy measure of the VG process.) Let B^α be a Brownian motion with a drift α and τ be an independent gamma process with parameters λ, θ (see Example 3.14). Prove that the Lévy measure of B^α ∘ τ is given by ν(dx) dx = λ |x| e^{−(√α2+2θ+α)|x|}I(x < 0) + λ |x| e^{−(√α2+2θ−α)|x|}I(x > 0). (Hint: Use Exercise 3.33.)

# Exercise 3.35. Let X be a Lévy process with the characteristics (b, c, ν)_H . Prove that X can be represented as

(X_t; t ≥ 0)^{law}= (γt + (B^α ∘ τ )_t; t ≥ 0),

where α, γ ∈ ⋛, B^α is a Brownian motion with a drift α and τ is an independent subordinator, if and only if ν admits the density e^{αx}q(x), where q(x) is symmetric and q( √ x), x > 0 is completely monotone.

# Exercise 3.36. Prove Lemma 3.18 (b).

# Exercise 3.37. Let (Λ, A, ν) be a measurable space with a positive measure ν . Let f(λ, x) be an A × B(⋛_+)-measurable function such that, for any λ ∈ Λ, the function f(λ, ·) is completely monotone.

(a) Let μ_λ denote the (unique) measure such that f(λ, x) = ∫_∞ 0 e^{−xy}μ_λ(dy), x > 0. Prove that, for any A ∈ B(⋛_+), the map λ → μ_λ(A) is A-measurable.

(b) Suppose that the function

f(x) := ∫_∞ 0 f(λ, x)ν(dλ) is finite for any x > 0. Prove that f is completely monotone.

∘# Exercise 3.38. (Generalized hyperbolic distributions.) The generalized hyperbolic distribution (GHYP) with parameters λ, α, β, δ, μ (here, λ ∈ ⋛, α > 0, β ∈ (−α, α), δ > 0, μ ∈ ⋛) is known to be infinitely divisible with the Lévy measure

ν(dx) dx = e^{βx} |x| (∫_∞ 0 exp{− √ 2y + α^2|x|} π^2y(J^2_λ(δ √ 2y) + Y^2_λ (δ √ 2y)) dy + λe^{−α|x|} ) if λ ≥ 0, e^{βx} |x| ∫_∞ 0 exp{− √ 2y + α^2|x|} π^2y(J^2_{−λ}(δ √ 2y) + Y^2_{−λ}(δ √ 2y)) dy if λ < 0 (3.4)

(see [7; (3.10),(3.11)]). Here, J_λ and Y_λ are the Bessel functions of the first and the second kind, respectively. This class of distributions includes NIG and HYP as particular cases.

(a) Prove that a symmetric generalized hyperbolic Lévy process X can be represented as X^{law}= B ∘ τ in the sense of Setting V.

(Hint: Use Exercise 3.37.)

(b) Prove that any generalized hyperbolic Lévy process X can be represented as

(X_t; t ≥ 0)^{law}= (γt + (B^β ∘ τ )_t; t ≥ 0),

where γ ∈ ⋛, B^β is a Brownian motion with a drift β and τ is an independent subordinator.

(Hint: Use Exercises 3.35 and 3.37.)

Exercise 3.39. Let B be a Brownian motion and τ be an independent subordinator. Prove that the following conditions are equivalent:

(i) B ∘ τ is a σ -martingale (see Definition A.9); (ii) B ∘ τ is a martingale; (iii) for any t ≥ 0, E √ τ_t < ∞; (iv) the Lévy measure η of τ satisfies ∫_∞ 1 √ xηdx < ∞. (Hint: For the implication (i)⇒(ii), use Exercise 4.22. For the equivalence (iii)⇔(iv), use Proposition A.2.)

Exercise 3.40. Let B be a Brownian motion and τ be an independent subordinator. Prove that the following conditions are equivalent:

(i) B ∘ τ is a process of finite variation; (ii) the Lévy measure η of τ satisfies

∫_1 0 √ xη(dx) < ∞. (Hint: Use Proposition A.6.)

An open problem is

Problem 3.41. Which processes X can be represented as X^{law}= B ∘ τ in the sense of Setting III?

4 Change of Measure for Lévy Processes

4.1 General Theorems

Throughout this section, T is a fixed positive number meaning the time horizon.

Definition 4.1. Let ( Ω, F, (F_t)_{t≤T} , P ) be a filtered probability space. A process (X_t)_{t≤T} is called an (F_t)-Lévy process if X is a Lévy process, X is (F_t)-adapted, and, for any s ≤ t, the increment X_t − X_s is independent of F_s .

Lemma 4.2. If (X_t)_{t≤T} is an (F_t)-Lévy process, then, for any s ≤ T , the σ -field σ(X_t − X_s; t ∈ [s, T ]) is independent of F_s .

The proof is Exercise 4.10.

Lemma 4.3. (Change of measure for compound Poisson processes.) Let (X_t)_{t≤T} be an (F_t, P)-Lévy process with the characteristics (0, 0, ν)_0 , where ν is a finite measure (i.e. X is a compound Poisson process). Let ~ν be a finite measure such that ~ν ≪ ν . Consider

M_t = exp { t(ν(⋛) − ~ν(⋛)) + ∑ s≤t ln ρ(ΔX_s) } , t ≤ T,

where ρ =^de^ν_{dν} (we set ρ(0) = 0). Then M is an (F_t, P)-martingale. If we set ~P = M_T P, then X is an (F_t, ~P)-Lévy process with the characteristics (0, 0, ~ν)_0 .

Proof. As ν(⋛) < ∞, the process X has a.s. only a finite number of jumps, and thus, M is defined correctly. For any s ≤ t, we have

E(M_t | F_s) = M_s exp{(t − s)(ν(⋛) − ~ν(⋛))} E ∏ s<r≤t ρ(ΔX_r)

= M_s exp{−(t − s)~ν(⋛)} ∞∑ k=0 ((t − s)ν(⋛))^k k! (∫ R ρ(x) ν(⋛) ν(dx) )_k = M_s. In the first equality, we have applied Lemma 4.2.

In order to prove that X is an (F_t, ~P)-Lévy process with the prescribed characteristics, it is sufficient to note that, for any s ≤ t and λ ∈ ⋛,

Ee_{Pu} ( e^{iλ(Xt−Xs)} | | F_s) = E ( e^{iλ(Xt−Xs)} M_t M_s | | | | F^s )

= E exp { ∑ s<r≤t iλΔX_r + (t − s)(ν(⋛) − ~ν(⋛)) + ∑ s<r≤t ln ρ(ΔX_r) }

= exp{−(t − s)~ν(⋛)} ∞∑ k=0 ((t − s)ν(⋛))^k k! (∫ R e^{iλx+ln ρ(x)} ν(⋛) ν(dx) )_k

= exp { −(t − s)~ν(⋛) + (t − s) ∫ R^e iλx+ln ρ(x)ν(dx) }

= exp { (t − s) ∫ R ( e^{iλx} − 1 ) ~ν(dx) } .

In the first equality, we have used the Bayes formula; in the second equality, we have applied Lemma 4.2. Consequently, X_t − X_s is ~P-independent of F_s (see Exercise 4.9) and has the prescribed characteristic function. 2

Proposition 4.4. (Change of measure for Lévy processes.) Let (X_t)_{t≤T} and ( ~X_t)_{t≤T} be Lévy processes with the characteristics (b, c, ν)_H and (~b, ~c, ~ν)_H , respectively. Then Law(X_t; t ≤ T ) ∼ Law( ~X_t; t ≤ T ) if and only if the following conditions are satisfied:

(i) either c > 0, or c = 0 and ~b = b + ∫ {|x|≤1} x(ν − ~ν)(dx); (4.1) (ii) ~c = c;

(iii) ~ν ∼ ν and ∫ R (√ ρ(x) − 1 )_2 ν(dx) < ∞, (4.2) where ρ =^de^ν_{dν} .

For the proof, see [22; Theorem 33.1].

Remark. Condition (4.2) guarantees that ∫ {|x|≤1} |x|dVar(ν − ~ν)(dx) < ∞, and thus, the rigth-hand side of (4.2) is defined correctly (see Exercise 4.12). 2

Proposition 4.5. Let (X_t)_{t≤T} and ( ~X_t)_{t≤T} be Lévy processes with the characteristics (b, c, ν)_H and (~b, ~c, ~ν)_H , respectively. Suppose that ~ν ∼ ν . Then the distributions Law(X_t; t ≤ T ) and Law( ~X_t; t ≤ T ) are either equivalent or singular.

For the proof, see [2].

4.2 No Arbitrage and Completeness of Exponential Lévy Models Let ( Ω, F, (F_t)_{t≤T} , P ) be a filtered probability space. Let (X_t)_{t≤T} be an (F_t)-Lévy process. Consider an exponential Lévy model for the discounted stock price:

S_t = S_0e^{Xt} , t ≤ T, (4.3)

where S_0 > 0.

In the following theorems we exclude the trivial case X ≡ 0.

Theorem 4.6. (No arbitrage.) (a) Model (4.3) does not satisfy the (NFLVR) condition (see Definition A.12) only in the following cases:

(i) S is increasing; (ii) S is decreasing.

(b) Moreover, if the (NFLVR) condition is satisfied, then there exists a measure ~P ∼ P such that S is an (F_t, ~P)-martingale and X is an (F_t, ~P)-Lévy process.

Theorem 4.7. (Completeness.) Suppose that model (4.3) satisfies the (NFLVR) condition and F_t = F^S_t . Then the model is complete (see Definition A.14) only in the following cases:

(i) X_t = μt + σB_t , where B is a Brownian motion and σ ≠ 0; (ii) X_t = μt + σN_{λt} , where N is a standard Poisson process and μσ < 0.

Remarks. (i) Theorem 4.6 (a) was proved in the paper [15] by P. Jakubėnas. We will give here a different proof.

(ii) M. Yor and J. de Sam Lazaro [26; Appendix] proved the following result. Suppose that (X_t)_{t≥0} is a martingale such that, for any s ≥ 0, Law(X_t; t ≥ 0) = Law(X_{t+s} − X_s; t ≥ 0). Set F_t = F^X_t . Then any (F^X_t )-local martingale started at zero can be represented as a stochastic integral with respect to X if and only if X is a Brownian motion or a compensated Poisson process (compare with Exercise 4.24). 2

In what follows, we use the notation H_a(x) = xI(|x| ≤ a), (4.4) where a is a positive real number.

The expectation sign with no subscript will always mean the expectation with respect to the original measure P.

Lemma 4.8. Let a > 0 and (X_t)_{t≤T} be an (F_t)-Lévy process with the characteristics (b, c, ν)_{Ha} . Let ~ν be a positive measure such that ~ν = ν on {|x| ≤ a}, ~ν ∼ ν on {|x| > a}, and ~ν({|x| > a}) < ∞. Then there exists a measure ~P ∼ P such that X is an (F_t, ~P)-Lévy process with the characteristics (b, c, ~ν)_{Ha} .

Proof. Consider the processes

X^1_t = ∑ s≤t ΔX_sI(|ΔX_s| > a), X^2_t = X_t − X^1_t , t ≤ T.

Then X^1 and X^2 are independent Lévy processes with the characteristics ( 0, 0, ν|_{{|x|>a}} ) 0 and ( b, c, ν|_{{|x|≤a}} ) Ha , respectively. Moreover, the two-dimensional process (X^1, X^2) is an (F_t)-Lévy process (see Exercise 4.20). Set M_t = exp { t(ν({|x| > a}) − ~ν({|x| > a})) + ∑ s≤t ln ρ(ΔX^1_s ) } , t ≤ T,

where ρ =^{deν}_{dν} . Similarly to the proof of Lemma 4.3, we check that M is an (F_t, P)- martingale. Consider ~P = M_T P. Then, by Lemma 4.3, X^1 is an (F_t, ~P)-Lévy process with the characteristics ( 0, 0, ~ν|_{{|x|>a}} ) 0 . Furthermore, for any s ≤ t, λ ∈ ⋛, we have E ( e^{iλ(Xt−Xs)} | F_s ) = E ( e^{iλ(Xt−Xs)} M_t M_s | | | | F^s )

= Ee^{iλ(Xt−Xs)} M_t M_s = Ee^{iλ(X1t −X1s )} M_t M_s Ee^{iλ(X2t −X2s )} = exp { (t − s) ∫ {|x|>a} ( e^{iλx} − 1 ) ~ν(dx) }

× exp { (t − s) [ iλb − λ^2 2 c + ∫ {|x|≤a} ( e^{iλx} − 1 − iλx ) ν(dx) ]}

= exp { (t − s) [ iλb − λ^2 2 c + ∫ R ( e^{iλx} − 1 − iλH_a(x) ) ν(dx) ]} .

(4.5)

Consequently, X_t − X_s is ~P-independent of F_s (see Exercise 4.9) and has the prescribed characteristic function. 2 Proof of Theorem 4.6. Throughout the proof, c denotes the diffusion coefficient of X and ν denotes the Lévy measure of X . We will prove the theorem by considering several cases.

Case I. Suppose that there exists a > 0 such that ν((−∞, −a)) > 0 and ν((a, ∞)) > 0. Let b be the first characteristic of X with respect to H_a . There exists a positive measure ~ν such that ~ν = ν on {|x| ≤ a}, (4.6) ~ν ∼ ν on {|x| > a}, (4.7) ~ν({|x| > a}) < ∞, (4.8) ∫ {|x|>a} e^x~ν(dx) < ∞, (4.9) b + c 2 + ∫ R ( e^x − 1 − xI(|x| ≤ a) ) ~ν(dx) = 0. (4.10)

In order to construct such a measure, it is sufficient to take first a rapidly decreasing at infinity function ρ such that ρ > 0, ρ = 1 on [−a, a], and the measure ν = ρν satisfies conditions (4.6)–(4.9). Then, using the density of the form ~ρ = αI(x ≤ a)+βI(x > a) with α, β > 0, one can construct a measure ~ν = ~ρν that satisfies conditions (4.6)– (4.10). By Lemma 4.8, there exists a measure ~P ∼ P such that X is an (F_t, ~P)- Lévy process with the characteristics (b, c, ~ν)_{Ha} . It follows from Proposition A.5 that Ee_Pe^{Xt} = 1, t ≤ T . Now, it is easy to see that e^X is an (F_t, ~P)-martingale.

Case II. Suppose that ν is concentrated on (0, ∞) and

∫_1 0 xν(dx) = ∞. Let b(a) denote the first characteristic of X with respect to H_a . Then, for a ∈ (0, 1),

b(a) = b(1) − ∫ {a<x≤1} xν(dx), and, due to the condition

∫_1 0 xν(dx) = ∞, we can choose a > 0 such that ν({x > a}) > 0 and b(a) + c 2 + ∫ {0<x≤a} ( e^x − 1 − x ) ν(dx) < 0.

Obviously, there exists a positive measure ~ν that satisfies conditions (4.6)–(4.10). We now proceed as in Case I.

Case III. Suppose that ν is concentrated on (0, ∞),

∫_1 0 xν(dx) < ∞, and c > 0. By the Lévy-Itô decomposition (see Proposition A.7), X can be represented as X = X^1 + X^2 , where X^1 and X^2 are independent Lévy processes with the characteristics (0, 0, ν)_H and (b, c, 0)_H , respectively. (Here, b denotes the first characteristic of X with respect to H .) The two-dimensional process (X^1, X^2) is an (F_t)-Lévy process (see Exercise 4.19). There exists a positive measure ~ν that satisfies conditions (4.6)–(4.9) with a = 1. Take ~b = − c 2 − ∫ R ( e^x − 1 − H(x) ) ν(dx) and set

M_t = exp { t(ν({|x| > 1} − ~ν({|x| > 1})) + ∑ s≤t ln ρ(ΔX^1_s ) }

× exp {~ b − b σ^2

X^2_t − (~b − b)^2 2σ^2 t } , t ≤ T, where ρ =^{deν}_{dν} . Computations similar to (4.5) show that M is an (F_t, P)-martingale, and X is an (F_t, ~P)-Lévy process with the characteristics (~b, c, ~ν)_H , where ~P = M_T P. We now proceed as in Case I.

Case IV. Suppose that ν is concentrated on (0, ∞),

∫_1 0 xν(dx) < ∞, c = 0, and b < 0, where b is the first characteristic of X with respect to the zero truncation function. The first characteristic b(a) with respect to H_a is given by

b(a) = b + ∫ {0<x≤a} xν(dx). We can find a > 0 such that ν((a, ∞)) > 0 and b(a) + ∫ {0<x≤a} ( e^x − 1 − x ) ν(dx) < 0. We now proceed as in Case I.

Case V. Suppose that ν is concentrated on (0, ∞),

∫_1 0 xν(dx) < ∞, c = 0, and b ≥ 0, where b is the first characteristic of X with respect to the zero truncation function. In this case X is a subordinator (see [22; Theorem 21.5]), and hence, S is increasing.

Case VI. Suppose that ν = 0. In this case the desired statement follows from Girsanov’s theorem.

The cases, where ν is concentrated on (−∞, 0), are considered similarly to Cases II–V. 2 Proof of Theorem 4.7. Part I. Let us first prove that in cases (i), (ii) the model is complete.

In case (i) this is the Black-Scholes-Samuelson model, and its completeness is widely known.

In case (ii) we have, by Itô’s formula (see [14; Ch. I, Theorem 4.57]),

S_t = S_0 + ∫_t 0 e^{Xs}�dX_s + ∑ s≤t ( e^{Xs} − e^{Xs}� − e^{Xs}�ΔX_s )

= S_0 + μ ∫_t 0 e^{Xs}�ds + σ ∫_t 0 e^{Xs}�dN_{λs} + ∑ s≤t e^{Xs}� ( e^{σΔNλs} − 1 − σΔN_{λs} )

= S_0 + μ ∫_t 0 e^{Xs}�ds + ∑ s≤t e^{Xs}� ( e^{σΔNλs} − 1 )

= S_0 + μ ∫_t 0 e^{Xs}�ds + (e^σ − 1) ∫_t 0 e^{Xs}�dN_{λs} = S_0 + (e^σ − 1) ∫_t 0 e^{Xs}� d ( N_{λs} − μ 1 − e^σ s ) , t ≤ T.

(4.11)

In view of Lemma 4.3, there exists a measure ~P ∼ P such that with respect to ~P the process (N_{λt})_{t≤T} is a Poisson process with intensity^μ_{1−eσ} (note that^μ_{1−eσ} < 0 since μσ < 0). Then^μ_{1−eσ} t is the ~P-compensator of N_{λt} , and it is known that any (F_t, ~P)- local martingale M (recall that F_t = F^S_t = F^N_t ) started at zero can be represented as M_t = ∫_t 0 K_s d ( N_{λs} − μ 1 − e^σ s )

(see [14; Ch. III, Theorem 4.37]). Hence, M can also be represented as a stochastic integral with respect to S . Now, it follows from the Second Fundamental Theorem of Asset Pricing (see Proposition A.15) that the model is complete.

Part II. Let us prove that model (4.3) is complete only in cases (i) and (ii). Let ν denote the Lévy measure of the process X . Suppose that the support of ν contains more than one point. The analysis of the proof of Theorem 4.6 shows that in this case one can construct two different measures ~P and ~P^′ that are equivalent to P and such that S is a martingale with respect to both of them. So, in this case the model is not complete.

Suppose now that the Lévy measure of X is concentrated at one point. Then X can be represented as X_t = μt + σB_t + δN_{λt}, t ≤ T, (4.12) where μ, σ, δ ∈ ⋛, λ > 0, B is a Brownian motion, and N is a standard Poisson process that is independent of B . By Itô’s formula (compare with (4.11)),

S_t = S_0 + ∫_t 0 e^{Xs}�d ( μs + σ^2 2 s + σB_s + (e^δ − 1)N_{λs} ) , t ≤ T. (4.13) Using Girsanov’s theorem and Lemma 4.8, we can, for each a ∈ ⋛, b > 0, construct a measure ~P_{ab} ∼ P such that with respect to this measure B is a Brownian motion with the drift a and N is a Poisson process with the intensity b that is independent of B . If μ + σ^2 2 + σa + (e^δ − 1)λb = 0, (4.14) then, in view of (4.13), the process S is an (F_t, ~P_{ab})-local martingale.

Suppose that σ, δ ≠ 0. Then there exist different pairs (a, b) satisfying (4.14) and hence, different equivalent local martingale measures for S . As a result, model (4.3) with X given by (4.12) can be complete only if σ = 0 or δ = 0. But these are exactly cases (i) and (ii). 2

4.3 Exercises

# Exercise 4.9. (On conditional characteristic functions.) Let ξ be a d-dimensional random variable on (Ω, F, P) and G ⊆ F . Suppose that ∀λ ∈ ⋛^d, E ( e^{i⟨λ,ξ⟩} | G ) = Ee^{i⟨λ,ξ⟩}. Prove that ξ is independent of G .

# Exercise 4.10. Prove Lemma 4.2.

(Hint: Use Exercise 4.9.)

∘ Exercise 4.11. Let (X_t)_{t≤T} and ( ~X_t)_{t≤T} be compound Poisson processes with Lévy measures ν and ~ν , respectively. Prove that Law( ~X_t; t ≤ T ) ≪ Law(X_t; t ≤ T ) if and only if ~ν ≪ ν .

∘ Exercise 4.12. Prove the remark following Proposition 4.4.

# Exercise 4.13. (Revealing the drift of a Lévy process.) Let (X_t)_{t≤T} be a Lévy process with the diffusion coefficient c. Let a ≠ 0.

(a) Prove that if c ≠ 0, then Law(X_t + at; t ≤ T ) ∼ Law(X_t; t ≤ T ). (b) Prove that if c = 0, then Law(X_t + at; t ≤ T ) ⊥ Law(X_t; t ≤ T ).

# Exercise 4.14. (Revealing the time scale of a Lévy process.) Let (X_t)_{t≥0} be a Lévy process. Let a > 0 and a ≠ 1.

(a) Prove that if X is a compound Poisson process, then Law(X_{at}; t ≤ T ) ∼ Law(X_t; t ≤ T ).

(b) Prove that if X is not a compound Poisson process, then Law(X_{at}; t ≤ T ) ⊥ Law(X_t; t ≤ T ).

Exercise 4.15. (Singularity of distributions of Lévy processes with different diffusion coefficients.) Let (X_t)_{t≤T} and ( ~X_t)_{t≤T} be two Lévy processes with different diffusion coefficients. Prove that Law( ~X_t; t ≤ T ) ⊥ Law(X_t; t ≤ T ).

(Hint: Use the Lévy-Itô decomposition; see Proposition A.7.)

Exercise 4.16. (Singularity of distributions of different stable processes.) Let (X_t)_{t≤T} and ( ~X_t)_{t≤T} be two stable Lévy processes with different distributions. Prove that Law( ~X_t; t ≤ T ) ⊥ Law(X_t; t ≤ T ).

# Exercise 4.17. (Singularity of distributions of different Lévy processes.) Let (X_t)_{t≥0} and ( ~X_t)_{t≥0} be two Lévy processes with different distributions. Prove that Law( ~X_t; t ≥ 0) ⊥ Law(X_t; t ≥ 0).

∘ Exercise 4.18. Give an example of two Lévy processes (X_t)_{t≤T} and ( ~X_t)_{t≤T} such that neither of the following conditions is satisfied:

Law( ~X_t; t ≤ T ) ≪ Law(X_t; t ≤ T ), Law(X_t; t ≤ T ) ≪ Law( ~X_t; t ≤ T ), Law( ~X_t; t ≤ T ) ⊥ Law(X_t; t ≤ T ).

# Exercise 4.19. Let (X_t)_{t≥0} be an (F_t)-Lévy process and X^1 , X^2 be the processes given by the Lévy-Itô decomposition (see Proposition A.7). Prove that the twodimensional process (X^1, X^2) is an (F_t)-Lévy process.

# Exercise 4.20. Let a > 0 and (X_t)_{t≥0} be an (F_t)-Lévy process with the characteristics (b, c, ν)_{Ha} . Set

X^1_t = ∑ s≤t ΔX_sI(|ΔX_s| > a), X^2_t = X_t − X^1_t , t ≥ 0.

(a) Prove that X^1 and X^2 are independent Lévy processes with the characteristics ( 0, 0, ν|_{{|x|>a}} ) 0 and ( b, c, ν|_{{|x|≤a}} ) Ha , respectively.

(Hint: Use the Lévy-Itô decomposition; see Proposition A.7.) (b) Prove that the two-dimensional process (X^1, X^2) is an (F_t)-Lévy process.

# Exercise 4.21. (No arbitrage for a linear Lévy model.) Let (X_t)_{t≤T} be an (F_t)-Lévy process. Consider a linear Lévy model

S_t = S_0 + X_t, t ≤ T,

where S_0 ∈ ⋛.

(a) Prove that this model does not satisfy the (NFLVR) condition only in the following cases:

(i) S is increasing; (ii) S is decreasing.

(b) Prove that if the (NFLVR) condition is satisfied, then there exists a measure ~P ∼ P such that X is an (F_t, ~P)-martingale and an (F_t, ~P)-Lévy process.

(Hint: Use Proposition A.4.)

*^{Exercise 4.22. (On Lévy martingales.) (a) Let (Xt)t≥0 be an (Ft)-Lévy}

process. Prove that the following conditions are equivalent:

(i) X is an (F_t)-σ -martingale (see Definition A.9); (ii) X is an (F_t)-martingale.

(Hint: Use Propositions A.4 and A.11.)

(b) Let (X_t)_{t≥0} be an (F_t)-Lévy process. Prove that the following conditions are equivalent:

(i) e^X is an (F_t)-σ -martingale; (ii) e^X is an (F_t)-martingale.

(Hint: Use Propositions A.5 and A.11.)

# Exercise 4.23. (Completeness for a linear Lévy model.) Suppose that a linear Lévy model introduced in Exercise 4.21 satisfies the (NFLVR) condition and F_t = F^S_t . Prove that the model is complete only in the following cases:

(i) X_t = μt + σB_t , where B is a Brownian motion and σ ≠ 0; (ii) X_t = μt + σN_{λt} , where N is a standard Poisson process and μσ < 0.

# Exercise 4.24. (Predictable representation property for Lévy processes.) Let (X_t)_{t≥0} be a Lévy process. Suppose that X is a martingale and any (F^X_t )-local martingale started at zero can be represented as a stochastic integral with respect to X . Prove that either X_t = σB_t , where B is a Brownian motion, or X_t = σN_{λt} − σλt, where N is a standard Poisson process.

(Hint: Use Exercise 4.23 and the Second Fundamental Theorem of Asset Pricing; see Proposition A.15.)

Exercise 4.25. (On the condition F_t = F^S_t .) Give an example of an (F_t)- Brownian motion B and an (F_t)-local martingale started at zero that cannot be represented as a stochastic integral with respect to B .

Exercise 4.26. (On the condition F_t = F^S_t .) Give an example of an (F_t)- Brownian motion B such that (F_t) is strictly larger than (F^B_t ), but any (F_t)-local martingale started at zero can be represented as a stochastic integral with respect to B .

An open problem is

Problem 4.27. (Exponential Lévy models with an infinite time horizon.) Consider model (4.3) with an infinite time horizon. In which cases does this model satisfy the (NFLVR) condition?

5 Change of Time for Lévy Processes

5.1 Nice Properties of Time-Changed Exponential Lévy Models

Throughout this section, T is a fixed positive number meaning the time horizon. Let ( Ω, G, (G_t)_{t≥0}, P ) be a filtered probability space and (X_t)_{t≥0} be a (G_t)-Lévy process. Let (τ_t)_{t≤T} be an increasing càdlàg process that is G_0 -adapted (in particular, X and τ are independent; see Lemma 4.2). Consider a time-changed exponential Lévy model for the discounted stock price:

S_t = S_0e^{(X∘τ )t}, t ≤ T, (5.1)

where S_0 > 0. The filtration (F_t)_{t≤T} is an arbitrary filtration such that F^S_t ⊆ F_t ⊆ G_{τt} .

Definition 5.1. A process Z has stationary increments if the distribution of Z_t − Z_s depends only on t − s.

Lemma 5.2. Let (X_t)_{t≥0} be a Lévy process and (τ_t)_{t≤T} be an independent increasing càdlàg process with stationary increments. Then X ∘ τ has stationary increments.

Proof. We can assume that (Ω, F, P) = (Ω_1, F_1, P_1)×(Ω_2, F_2, P_2) and X = X(ω_1), τ = τ (ω_2). Denoting by Φ(λ) the characteristic exponent of X (i.e. Ee^{iλXt} = e^{tΦ(λ)} ), we get, for any s ≤ t, λ ∈ ⋛, Ee^{iλ((X∘τ )t−(X∘τ )s)} = ∫ Ω2 ∫ Ω1 exp { iλ ( X_{τt(ω2)}(ω_1) − X_{τs(ω2)}(ω_1) )} P_1(dω_1)P_2(dω_2) = ∫ Ω2 exp { (τ_t(ω_2) − τ_s(ω_2))Φ(λ) } P_2(dω_2) = Ee^{i(τt−τs)Φ(λ)},

and this quantity depends only on t − s and λ. 2

Lemma 5.3. Let (X_t)_{t≥0} be a Lévy process such that, for any t ≥ 0, EX^2_t < ∞ and EX_t = 0. Let (τ_t)_{t≤T} be an independent increasing càdlàg process such that, for any t ≥ 0, Eτ_t < ∞. Then, for any t ≥ 0, E(X ∘ τ )^2_t < ∞ and E(X ∘ τ )_t = 0. Moreover, the increments of X ∘ τ over disjoint intervals are not correlated.

The proof is Exercise 5.8.

5.2 No Arbitrage and Completeness of Time-Changed Exponential Lévy Models

In the following theorems we exclude the trivial case X ≡ 0.

Theorem 5.4. (No arbitrage.) (a) Model (5.1) does not satisfy the (NFLVR) condition (see Definition A.12) only in the following cases:

(i) S is increasing; (ii) S is decreasing.

(b) Moreover, if the (NFLVR) condition is satisfied, then there exists a measure ~P ∼ P such that S is an (F_t, ~P)-martingale and

Law((X ∘ τ )_t; t ≤ T | ~P) = Law((Z ∘ σ)_t; t ≤ T ),

where Z is a Lévy process and σ is an independent increasing càdlàg process.

5.2. No arbitrage and completeness of time-changed exponential Lévy models 25

Theorem 5.5. (Completeness.) Suppose that model (5.1) satisfies the (NFLVR) condition and F_t = F^S_t . Then the model is complete (see Definition A.14) only in the following cases:

(i) X_t = μt + σB_t , where B is a Brownian motion, σ ≠ 0, and τ is a continuous deterministic function;

(ii) X_t = μt + σN_{λt} , where N is a standard Poisson process, μσ < 0, and τ is a continuous deterministic function.

Proof of Theorem 5.4. (a) The conditions of the theorem imply that X is neither increasing nor decreasing. The analysis of the proof of Theorem 4.6 shows that there exists an (F^X_t )-adapted (G_t, P)-martingale (M_t)_{t≥0} such that, for any u ≥ 0, the process (X_t)_{t≤u} is a (G_t, ~P_u)-Lévy process and (e^{Xt})_{t≤u} is a (G_t, ~P_u)-martingale, where ~P_u = M_uP. Denote

Q = Law(X_t; t ≥ 0), ~Q_u = Law(X_t; t ≥ 0 | ~P_u), u ≥ 0,

R = Law(τ_t; t ≤ T ),

so that Q, ~Q_u are measures on D(⋛_+) and R is a measure on D([0, T ]). Since (X_t)_{t≤u} is a ~P_u -Lévy process and E_{ePu} e^{Xt} = 1 for t ≤ u, we conclude by Proposition A.3 that Ee_{Pu} sup_{t≤u} e^{Xt} < ∞.

Obviously, there exists a measure ~R ∼ R such that the density ρ =^{deR}_{dR} is bounded and ∫

D([0,T ]) ∫ D(R+)

sup_{t≤} τ_T e^{Xt} ~Qτ_T (dX) ~R(dτ ) < ∞. (5.2) (In order to construct such a measure, it is sufficient to consider the density of the form ρ(τ ) = φ(τ_T ), where φ is a bounded rapidly decreasing at infinity function.)

Set ~P = ρ(τ )Mτ_T (X)P. It follows from the equalities

Eρ(τ )Mτ_T (X) = ∫ D([0,T ]) ~ρ(τ ) ∫ D(R+)

Mτ_T (X) Q(dX) R(dτ ) = ∫ D([0,T ]) ρ(τ ) R(dτ ) = 1 and P ( ρ(τ )Mτ_T (X) > 0 ) = ∫ D([0,T ]) I(ρ(τ ) > 0) ∫ D(R+)

I(Mτ_T (X) > 0) Q(dX) R(dτ )

= ∫ D([0,T ]) I(ρ(τ ) > 0) R(dτ ) = 1

that ~P is a probability measure and ~P ∼ P.

Set Y_t = X_{t∧}τ_T . Then

Ee_P sup_{t≥0} e^{Yt} = Ee_P sup_{t≤} τ_T e^{Xt} = ∫ D([0,T ]) ρ(τ ) ∫ D(R+)

sup_{t≤} τ_T e^{Xt}Mτ_T (X) Q(dX) R(dτ )

= ∫ D([0,T ]) ∫ D(R+)

sup_{t≤} τ_T e^{Xt} ~Qτ_T (dX) ~R(dτ ) < ∞ (5.3)

(see (5.2)). For any u ≥ 0, the process (M_te^{Xt} )_{t≤u} is a (G_t, P)-martingale (see [14; Ch. III, Proposition 3.8]). Hence, (M_te^{Xt})_{t≥0} is a (G_t, P)-martingale. Consequently, (M_{t∧}τ_T e^{Yt} )_{t≥0} is a (G_t, P)-martingale. Since ρ(τ ) is bounded and G_0 -measurable, the process (ρ(τ )M_{t∧}τ_T e^{Yt} )_{t≥0} is a (G_t, P)-martingale. Notice that (ρ(τ )M_{t∧}τ_T )_{t≥0} is the density process of ~P with respect to P. Thus, (e^{Yt} )_{t≥0} is a (G_t, ~P)-martingale (see [14; Ch. III, Proposition 3.8]). Combining this with (5.3), we conclude that (e^{Yt} )_{t≥0} is a uniformly integrable (G_t, ~P)-martingale. The theory of martingales ensures that there exists a random variable ξ such that, for any t ≤ T , e^{(Y ∘τ )t} = E_{eP}(ξ | G_{τt}). This implies that the process e^{Y ∘τ} is a (G_{τt} , ~P)-martingale. Obviously, e^{Y ∘τ} = e^{X∘τ} , and hence, e^{X∘τ} is an (F_t, ~P)-martingale.

(b) The analysis of the proof of Theorem 4.6 shows that there exists a Lévy process (Z_t)_{t≥0} such that, for any u ≥ 0,

Law(X_t; t ≤ u | ~P_u) = Law(Z_t; t ≤ u).

Obviously, Law((X ∘ τ )_t; t ≤ T | ~P) = Law((Z ∘ σ)_t; t ≤ T ),

where Z , σ are independent and Law(σ_t; t ≤ T ) = ~R. 2 Proof of Theorem 5.5. Part I. Let us prove that in case (i) the model is complete. Obviously, there exists a measure ~P ∼ P such that X_t = α ~B_t −^{α2}_2 t, where ( ~B_t)_{t≤}τ_T is a Brownian motion with respect to ~P (recall that τ is deterministic).

Let (M_t)_{t≤T} be an (F_t, ~P)-martingale started at zero. Set σ_t = inf{s ≥ 0 : τ_s > t} for t < τ_T and στ_T = T . Then σ is an increasing right-continuous function. The process (M_{σt} )_{t≤}τ_T is an (F_{σt} , ~P)-martingale. Note that F_t = F^S_t = F^X_{τt} = F^{eB}_{τt} , t ≤ T . In view of the continuity of τ , we have F_{σt} = F^{eB}_{τσt} = F^{eB}_t , t ≤ τ_T . Hence, there exists an (F^{eB}_t )-predictable ~B -integrable process (H_t)_{t≤}τ_T such that M_{σt} = ∫_t 0 H_sd ~B_s, t ≤ τ_T . In view of the equality

e^{Xt} = 1 + α ∫_t 0 e^{Xs}d ~B_s, t ≥ 0, we have M_{σt} = 1 αS_0 ∫_t 0 H_ue^{−Xu} d(S_0e^{Xu} ) = ∫_t 0 ~H_ud(S_0e^Xu ), t ≤ τ_T . Using the time-change formula for stochastic integrals (see [21; Ch. V, Proposition 1.5]), we deduce that M_{στt} = ∫_t 0 ~H_{τu} dS_u, t ≤ T. Let [a, b] be an interval of constancy of τ , i.e. τ_a = τ_b . Then F_a = F_b up to P-null sets, and hence, M_a = M_b a.s. Since M is càdlàg, this means that almost all the paths of M are constant over all the intervals of constancy of τ . Hence, M_{στt} = M_t for t ≤ T .

Thus, any (F_t, ~P)-martingale started at zero can be represented as a stochastic integral with respect to S . Then this is also true for all the (F_t, ~P)-local martingales. By the Second Fundamental Theorem of Asset Pricing, the model is complete.

The proof of the completeness for case (ii) is similar.

Part II. Suppose that the model is complete. Assume first that τ is not deterministic. Then there exists r ∈ [0, T ] such that the support of Law(τ_r) contains at least two points a, b. We can choose a sequence of bounded densities ρ_n(τ ) such that they satisfy (5.2) and Law(τ_r | ρ_nR)^w−−−→_{n→∞} δ_a. Here, R = Law(τ_t; t ≤ T ) and δ_a is the Dirac measure at the point a. There also exists a sequence ρ^′_n(τ ) satisfying the same conditions and such that Law(τ_r | ρ^′_nR)^w−−−→_{n→∞} δ_b. If we set ~P_n = ρ_n(τ )Mτ_T (X)P, ~P^′_n = ρ^′_n(τ )Mτ_T (X)P, where M the same as in the previous proof, then (S_t)_{t≤T} is a martingale with respect to all the measures ~P_n , ~P^′_n (see the proof of Theorem 5.4).

There exists a Lévy process (Z_t)_{t≥0} such that, for any u ≥ 0,

Law(X_t; t ≤ u | ~P_u) = Law(Z_t; t ≤ u),

where ~P_u = M_uP. Then

Law((X ∘ τ )_r | ~P_n)^w−−−→_{n→∞} Law(Z_a),

Law((X ∘ τ )_r | ~P^′_n)^w−−−→_{n→∞} Law(Z_b),

which shows that there exists n such that

Law((X ∘ τ )_r | ~P_n) ≠ Law((X ∘ τ )_r | ~P^′_n).

Hence, there exist different equivalent martingale measures for S . By the Second Fundamental Theorem of Asset Pricing, the model is not complete. Thus, τ is a deterministic function.

Now, the arguments used in the proof of Theorem 4.6 show that the model can be complete only if X is a Brownian motion with a drift or a Poisson process with a drift.

Finally, let us prove that τ is continuous. Suppose that there exists r ∈ [0, T ] such that τ_{r−} ≠ τ_r . Then, by considering densities of the form ρ(X_{τr} − X_{τr}�), one can construct different martingale measures for S . 2

5.3 Exercises

Exercise 5.6. Let (X_t)_{t≥0} be a Lévy process and (τ_t)_{t≤T} be an independent increasing càdlàg process, whose increments are stationary in the following sense: if a collection (t^′_0, . . . , t^′_n) is obtained from (t_0, . . . , t_n) by a shift, then Law ( τ_t0_1 − τ_t0 , . . . , τ_t0_n − τ_t0_n�_1 ) = Law ( τ_{t1} − τ_{t0} , . . . , τ_{tn} − τ_{tn}�_1 ). Prove that the increments of X ∘ τ are stationary in the same sense.

# Exercise 5.7. Let (X_t)_{t≥0} be a Lévy process such that, for any t ≥ 0, EX^2_t < ∞ and EX_t = 0. Prove that there exists k ≥ 0 such that EX^2_t = kt, t ≥ 0.

# Exercise 5.8. Prove Lemma 5.3.

(Hint: Use Exercise 5.7.)

∘ Exercise 5.9. Let (X_t)_{t≥0} be a strictly α-stable Lévy process and (τ_t)_{t≤T} be an independent strictly β -stable subordinator. Prove that X ∘ τ is a strictly αβ -stable Lévy process.

(Hint: Use the fact that a Lévy process X is strictly α-stable if and only if for any k, t ≥ 0, X_{kt}^{law}= k^αX_t .)

##Exercise 5.10. Let X be a symmetric Lévy process that belongs to one of the following classes of processes: VG, CGMY, GHYP. Let (τ_t)_{t≤T} be an independent increasing càdlàg process. Prove that X ∘ τ can be represented as X ∘ τ^{law}= B ∘ σ , where B is a Brownian motion and σ is an independent increasing càdlàg process.

Exercise 5.11. (No arbitrage for a time-changed linear Lévy model.) Consider a time-changed linear Lévy model

S_t = S_0 + (X ∘ τ )_t, t ≤ T,

where S_0 ∈ ⋛, and X , τ , (F_t) are the same as in (5.1).

(a) Prove that this model does not satisfy the (NFLVR) condition only in the following cases:

(i) S is increasing; (ii) S is decreasing.

(b) Prove that if the (NFLVR) condition is satisfied, then there exists a measure ~P ∼ P such that S is an (F_t, ~P)-martingale and

Law((X ∘ τ )_t; t ≤ T | ~P) = Law((Z ∘ σ)_t; t ≤ T ),

where Z is a Lévy process and σ is an independent increasing càdlàg process.

(Hint: Use Exercise 4.21.)

Exercise 5.12. (Completeness for a time-changed linear Lévy model.) Suppose that a time-changed linear Lévy model introduced in Exercise 5.11 satisfies the (NFLVR) condition and F_t = F^S_t . Prove that the model is complete only in the following cases:

(i) X_t = μt + σB_t , where B is a Brownian motion, σ ≠ 0, and τ is a continuous deterministic function;

(ii) X_t = μt + σN_{λt} , where N is a standard Poisson process, μσ < 0, and τ is a continuous deterministic function.

Exercise 5.13. Let κ be a Poisson random variable with parameter λ. Let (η_m)^∞_{m=1} be a sequence of independent random variables (that are also independent of κ) with P(η_m = 1) = p, P(η_m = 0) = 1 − p.

Prove that ξ := ∑_κ m=1 η_m has the Poisson distribution with the parameter pλ.

*^{Exercise 5.14. (Filtering the time-change.) Let (Xt)t≥0 be a Lévy process}

with the characteristics (b, c, ν)_H and (τ_t)_{t≤T} be an independent increasing continuous process.

(a) Suppose that ν(⋛) = ∞. Find disjoint sets (A_n)^∞_{n=1} such that ν(A_n) ∈ [1, ∞). Let (η^n_m)^∞_{m,n=1} be independent random variables (that are also independent of (X, τ )) with P(η^n_m = 1) = 1 ν(A_n) , P(η^n_m = 0) = 1 − 1 ν(A_n) . Set κ_n = ∑ t≤T I(Δ(X ∘ τ )_t ∈ A_n), ξ_n = κn∑ m=1 η^n_m. Prove that

τ_T = (a.s.) lim_{N →∞} 1 N N∑ n=1 ξ_n. (b) Suppose that c > 0. Prove that

τ_T = 1 c ( [X ∘ τ ]_T − ∑ s≤T Δ(X ∘ τ )^2_s ) .

(c) Suppose that ν(⋛) < ∞, c = 0, but X is not a compound Poisson process. Then X can be represented as

X_t = γt + ∑ s≤t ΔX_s, t ≤ T.

Prove that τ_T = 1 γ ( (X ∘ τ )_T − ∑ t≤T Δ(X ∘ τ )_t ) . **^{Exercise 5.15. (Conditional law of the time-change.) Let (Xt)t≥0 be a Lévy}

process and (τ_t)_{t≤T} be an independent increasing càdlàg process with independent increments. Set Q_φ = Law(τ_t; t ≤ T | X ∘ τ = φ). Prove that, for a.e. φ (with respect to the measure Law((X ∘ τ )_t; t ≤ T )), the canonical process Z on D([0, T ]) has independent increments with respect to Q_φ .

An open problem is

Problem 5.16. (Time-changed exponential Lévy model with an infinite time horizon). Consider model (5.1) with an infinite time horizon. In which cases does this model satisfy the (NFLVR) condition?

Appendix

A.1 Lévy Processes

Definition A.1. A function f : ⋛ → ⋛_+ is called submultiplicative if there exists a constant a such that, for any x, y ∈ ⋛, we have f(x + y) ≤ af(x)f(y).

Remark. The functions e^x and |x|^α ∨ 1 with α > 0 are submultiplicative (see [22;

Proposition 25.4]. 2

Proposition A.2. Let X be a Lévy process and f(x) be a submultiplicative function. Then the following conditions are equivalent:

(i) Ef(X_t) < ∞ for some t > 0; (ii) Ef(X_t) < ∞ for any t > 0;

(iii) the Lévy measure ν of X satisfies the condition ∫ {|x|>1} f(x)ν(dx) < ∞. For the proof, see [22; Theorem 25.3].

Proposition A.3. Let X be a Lévy process and f be a continuous submultiplicative function increasing to ∞ as x → ∞. Then the following conditions are equivalent:

(i) Ef(|X_t|) < ∞ for some t > 0; (ii) Ef(|X_t|) < ∞ for any t > 0; (iii) Ef ( sup_{s≤t} |X_s| ) < ∞ for some t > 0;

(iv) Ef ( sup_{s≤t} |X_s| ) < ∞ for any t > 0.

For the proof, see [22; Theorem 25.18].

Proposition A.4. (The first moment of a Lévy process.) Let a > 0 and X be a Lévy process with the characteristics (b, c, ν)_{Ha} (H_a is defined in (4.4)). Suppose that ∫ {|x|>a} |x|ν(dx) < ∞. Then, for any t ≥ 0, E|X_t| < ∞ and

EX_t = t ( b + ∫ {|x|>a} xν(dx) ) , t ≥ 0. For the proof, see [22; Example 25.12].

Proposition A.5. (The exponential moment of a Lévy process.) Let a > 0 and X be a Lévy process with the characteristics (b, c, ν)_{Ha} (H_a is defined in (4.4)). Suppose that ∫ {|x|>a} e^xν(dx) < ∞. Then Ee^{Xt} = exp { t [ b + c 2 + ∫ R ( e^x − 1 − H_a(x) ) ν(dx) ]} , t ≥ 0.

A.2. Sigma-martingales 31

For the proof, see [22; Example 25.17].

Proposition A.6. (Lévy processes of finite variation.) Let X be a Lévy process with the characteristics (b, c, ν)_H (H is defined in (3.2)). Then X has finite variation if and only if c = 0 and ∫ R^{|x| ∧ 1 ν(dx) < ∞.} For the proof, see [22; Theorem 21.9].

Proposition A.7. (Lévy-Itô decomposition.) Let (X_t)_{t≥0} be a Lévy process with the characteristics (b, c, ν)_h , where h is a truncation function.

(a) The random measure N(ω, B) := ∑ s≥0 I(ΔX_s ≠ 0, (s, ΔX_s) ∈ B), B ∈ B(⋛_+ × ⋛) is a Poisson random measure with the intensity measure dt × ν(dx).

(b) With probability one the limit

X^1_t := lim_{ε↓0} (∑ s≤t ΔX_sI(|ΔX_s| > ε) − t ∫ {|x|>ε} h(x)ν(dx) ) , t ≥ 0 is defined for all t ≥ 0, and the convergence is uniform in t on every compact interval. If we set X^2 = X − X^1 , then X^1 and X^2 are independent Lévy processes with the characteristics (0, 0, ν)_h and (b, c, 0)_h , respectively.

For the proof, see [22; Theorem 19.2].

A.2 Sigma-Martingales

Proposition A.8. Let (X_t)_{t≤T} be a semimartingale on a filtered probability space ( Ω, F, (F_t)_{t≤T} , P ) . The following conditions are equivalent:

(i) there exists a sequence of predictable sets D_n ⊆ Ω×[0, T ] such that D_n ⊆ D_{n+1} , ⋃ n D_n = Ω × [0, T ], and , for each n, the process ∫_· 0 I_{Dn} dX_s is an (F_t)-martingale;

(ii) there exist an (F_t)-local martingale M and an M -integrable process H such that X_t = X_0 + ∫_t 0 H_sdM_s, t ≤ T. For the proof, see [24; Lemma 5.1].

Definition A.9. A process X that satisfies the equivalent conditions of Proposition A.8 is called a σ -martingale.

This class of processes was introduced by C.S. Chou [4] and M. Émery [9] under the name “semimartingales de la classe Σ_m ” (they defined a σ -martingale as a stochastic integral with respect to a local martingale). F. Delbaen and W. Schachermayer [6] called these processes “σ -martingales”. The description of σ -martingales through predictable sets D_n was proposed by T. Goll and J. Kallsen [11]. For more information on σ -martingales, see also the paper by J. Kallsen [17].

Obviously, any local martingale is a σ -martingale. The reverse is not true. A corresponding example was constructed by M. Émery [9].

32 Appendix

Proposition A.10. (Ansel, Stricker.) A σ -martingale that is bounded below is a local martingale.

For the proof, see [1].

Let (X_t)_{t≤T} be an (F_t)-semimartingale with the characteristics (B, C, ν)_h , where h is a truncation function. Then there exist predictable processes b, c, a transition kernel K(ω, t, dx) from (Ω × [0, T ], P) (here, P stands for the predictable σ -field) to (⋛, B(⋛)), and an increasing predictable process A such that

B_t = ∫_t 0 b_sdA_s, C_t = ∫_t 0 c_sdA_s, ν(ω, dt, dx) = K(ω, t, dx)dA_t(ω) (see [14; Ch. II, Proposition 2.9]).

Proposition A.11. The process X is a σ -martingale if and only if for P × dA-a.e. (ω, t), we have ∫ {|x|>1} |x|K(ω, t, dx) < ∞ and b(ω, t) + ∫ R^{(x − h(x))K(ω, t, dx) = 0.} For the proof, see [16; Lemma 3].

A.3 Fundamental Theorems of Asset Pricing Let ( Ω, F, (F_t)_{t≤T} , P; (S_t)_{t≤T} ) be a model of a financial market. Here, S is an (F_t)- semimartingale. From the financial point of view, S is the discounted price of an asset. Recall that a strategy is a pair (x, H), where x is F_0 -measurable and (H_t)_{t≤T} is an S -integrable process (for the definition of integrability, see, for instance, [24]). The discounted capital of this strategy is the process x + ∫_· 0 H_udS_u .

The following notion of the no free lunch with vanishing risk was introduced by F. Delbaen and W. Schachermayer [5]. It serves as an adequate continuous-time analogue of the no arbitrage condition.

Definition A.12. A sequence of strategies (x^n, H^n) realizes free lunch with vanishing risk if

(i) for each n, x^n = 0;

(ii) for each n, there exists a_n ∈ ⋛ such that P ( ∀t ≤ T, x + ∫_t 0 H_udS_u ≥ a_n ) = 1;

(iii) for each n, ∫_T 0 H^n_u dS_u ≥ − 1 n a.s.;

(iv) there exists δ > 0 such that, for each n, P (∫_T 0 H^n_u dS_u > δ ) > δ. A model satisfies the no free lunch with vanishing risk condition if such a sequence of strategies does not exist. Notation: (NFLVR).

A.3. Fundamental Theorems of Asset Pricing 33

Proposition A.13. (First Fundamental Theorem of Asset Pricing.) A model satisfies the (NFLVR) condition if and only if there exists an equivalent σ -martingale measure, i.e. a measure ~P ∼ P such that S is an (F_t, ~P)-σ -martingale.

Statement (a) was proved by F. Delbaen and W. Schachermayer [6]; compare with Yu.M. Kabanov [16].

Remark. If the process S is nonnegative, then the word “σ -martingale” in the above theorem can be replaced by the word “local martingale”. This follows from Proposition A.10.

Definition A.14. A model is complete if for any bounded F -measurable function f , there exists a strategy (x, H) such that

(i) there exist constants a, b such that P ( ∀t ≤ T, a ≤ x + ∫_t 0 H_udS_u ≤ b ) = 1;

(ii) f = x + ∫_T 0 H_udS_u a.s.

Proposition A.15. (Second Fundamental Theorem of Asset Pricing.) Suppose that a model satisfies the (NFLVR) condition and F = ⋁ t≥0 F_t . Then the following conditions are equivalent:

(i) the model is complete;

(ii) the equivalent σ -martingale measure is unique;

(iii) there exists an equivalent σ -martingale measure ~P such that any (F_t, ~P)-local martingale started at zero can be represented as a stochastic integral with respect to S .

This statement follows from [6; Theorem 5.14]. It can also be derived from [1] or [13; Théorème 11.2]. An explicit proof of the Second Fundamental Theorem of Asset Pricing in this form can be found in [24].

Remark. If the process S is nonnegative, then the word “σ -martingale” in the above theorem can be replaced by the word “local martingale”. This follows from Proposition A.10.

References

[1] J.-P. Ansel, C. Stricker. Couverture des actifs contingents et prix maximum.// Annales de’l Institut Henri Poincaré, 30 (1994), No. 2, p. 303–315.

[2] P.L. Brockett, H.G. Tucker. A conditional dichotomy theorem for stochastic processes with independent increments.// Journal of Multivariate Analysis, 7 (1977), p. 13–27.

[3] P. Carr, H. Geman, D. Madan, M. Yor. Stochastic volatility for Lévy processes.// Prèpublications du Laboratoire de Probabilités & Modèles Aléatoires, 645 (2001).

[4] C.S. Chou. Caractérisation d’une classe de semimartingales.// Lecture Notes in Mathematics, 721 (1979), p. 250–252.

[5] F. Delbaen, W. Schachermayer. A general version of the fundamental theorem of asset pricing.// Mathematische Annalen, 300 (1994), No. 3, p. 463–520.

[6] F. Delbaen, W. Schachermayer. The fundamental theorem of asset pricing for unbounded stochastic processes.// Mathematische Annalen, 312 (1998), No. 2, p. 215–260.

[7] E. Eberlein. Application of generalized hyperbolic Lévy motions to finance. In:

O.E. Barndorff-Nielsen, T. Mikosch, S. Resnick (Eds.) Lévy processes: theory and applications. Birkhäuser, 2001.

[8] E. Eberlein, J. Kallsen, J. Kirsten. Risk management based on stochastic volatility.// Preprint 72, University of Freiburg, 2001.

[9] M. Émery. Compensation de processus a variation finie non localement intégrables.// Lecture Notes in Mathematics, 784 (1980), p. 152–160.

[10] W. Feller. An introduction to probability theory and its applications. John Wiley & Sons, 1971.

[11] T. Goll, J. Kallsen. A complete explicit solution to the log-optimal portfolio problem.// Preprint, 2001.

[12] I.S. Gradshteyn, I.M. Ryzhik. Table of Integrals, Series and Products. Academic Press, New York, 1980.

[13] J. Jacod. Calcul stochastique et problèmes de martingales.// Lecture Notes in Mathematics, 1979, 714 (1979), p. 1–539.

[14] J. Jacod, A.N. Shiryaev. Limit theorems for stochastic processes. Springer- Verlag, 1987.

[15] P. Jakubėnas. On option pricing in certain incomplete markets.// Proceedings of the Steklov Mathematical Institute, 237 (2002).

[16] Yu.M. Kabanov. On the FTAP of Kreps-Delbaen-Schachermayer.// Statistics and Control of Random Processes. The Liptser Festschrift. Proceedings of Steklov Mathematical Institute Seminar. World Scientific, 1997, p. 191–203.

[17] J. Kallsen. σ -localization and σ -martingales.// Preprint, 2002.

[18] R.S. Liptser, A.N. Shiryaev. Theory of martingales. Kluwer Acad. Publ., Dortrecht, 1989.

[19] I. Monroe. Processes that can be embedded in Brownian motion.// The Annals of Probability, 6 (1978), No. 1, p. 42–56.

[20] D.L. Ocone. A symmetry characterization of conditionally independent increment martingales.// Barselona Seminar on Stochastic Analysis, 1993, Progr. Probab., 32, Birkhäuser, Basel, p. 147–167.

[21] D. Revuz, M. Yor. Continuous martingales and Brownian motion. Springer, 1999.

[22] K.-I. Sato. Lévy processes and infinitely divisible distributions.// Cabridge University Press, 1999.

[23] A.N. Shiryaev. Essentials of stochastic finance. World Scientific, 1998.

[24] A.N. Shiryaev, A.S. Cherny. Vector stochastic integrals and the fundamental theorems of asset pricing.// Proceedings of the Steklov Mathematical Institute, 237 (2002), p. 12–56.

[25] M. Winkel. The recovery problem for time-changed Lévy processes.// Research Report 38 (2001), Centre for Mathematical Physics and Stochastics.

[26] M. Yor (appendix written jointly with J. de Sam Lazaro). Sous-espaces denses dans L^1 ou H^1 et représentation des martingales.// Lecture Notes in Mathematics, 649 (1978), p. 265–309.

Solutions of the Exercises

Section 2

Exercise 2.1. If τ is not absolutely continuous, then B ∘ τ cannot be represented as B ∘ τ^{law}= σ • W since ⟨B ∘ τ ⟩ = τ , while ⟨σ • W ⟩ = ∫_· 0 σ^2_s ds.

Exercise 2.2. The process σ • W obviously satisfies condition (iii) of Proposition 3.6.

Section 3

Exercise 3.21. It will suffice to prove the implication (i)⇒(iii). By Itô’s formula, for any λ ∈ ⋛, the process e^{iλBt+ λ22 t}, t ≥ 0 is an (F_t)-local martingale. Being (locally) bounded, it is a martingale. Hence, for any s ≤ t, we have E ( e^{iλ(Bt−Bs)} | F_s ) = e^{−(t−s) λ22} . We now apply Lemma 4.2.

Exercise 3.22. Consider τ_t = inf{s ≥ 0 : B_s = t}. Exercise 3.23. Set N_t = ∫_t 0 H_sdB_s, t ≥ 0. By the Dambis-Dubins-Schwarz theorem, N can be represented as N^{a.s.}= W ∘ ⟨N⟩, where W is a Brownian motion (possibly defined on an enlarged probability space). Then, obviously, M = E(W ) ∘ ⟨N⟩, where E(W )_t = e^{Wt−t/2} . Now, the statement follows from the equality ⟨N⟩_∞ = ∫_∞ 0 H^2_s ds

and the fact that lim_{t→∞} E(B) = 0 a.s.

Exercise 3.24. Fix 0 = t_0 ≤ t_1 ≤ · · · ≤ t_n . Then, using Fubini’s theorem (compare with (3.1)), we get, for any λ_1, . . . , λ_n ∈ ⋛,

E exp { iλ_1((B ∘ τ )_{t1} − (B ∘ τ )_{t0} ) + · · · + iλ_n((B ∘ τ )_{tn} − (B ∘ τ )_{tn}�_1 ) } = E exp { − λ^2_1 2 (τ_{t1} − τ_{t0} ) − · · · − λ^2_n 2 (τ_{tn} − τ_{tn}�_1 ) } . Hence, the multidimensional Laplace transform of ((τ_{t1} − τ_{t0} ), . . . , (τ_{tn} − τ_{tn}�_1 )) is uniquely determined by the distribution of B ∘ τ .

For any random variable (ξ_1, . . . , ξ_n) with positive components, its distribution is uniquely determined by the multidimensional Laplace transform φ(μ_1, . . . , μ_n) = E exp{−μ_1ξ_1 − · · · − μ_nξ_n}, μ_1, . . . , μ_n ∈ ⋛_+. Indeed, E exp{−μ_1ξ_1 − · · · − μ_nξ_n} = Eη^{μ1}_1 . . . η^{μn}_n , where η_k = e^{−ξk} . By the Weierstrass approximation theorem, any continuous function on [0, 1]^n can be uniformly approximated by the linear combinations of the functions having the form x^{μ1}_1 . . . x^{μn}_n . Thus, the distribution of (η_1, . . . , η_n) as well as the distribution of (ξ_1, . . . , ξ_n) are uniquely determined by φ.

Exercise 3.25. Set τ_t = ξI(t ≥ 1), where ξ is a positive random variable with E √ ξ = ∞. Then (B ∘ τ )_t = B_ξI(t ≥ 1). Using Fubini’s theorem, one can verify that E|B_ξ| = √ 2/πE √ ξ = ∞. Furthermore, for any (F^{B∘τ}_t )-stopping time σ , we have either σ < 1 or σ ≥ 1 since F^{B∘τ}_{1−} is trivial. Hence, B ∘ τ is not a local martingale.

Exercise 3.26. Let B be a Brownian motion. Set

X_t = ∫_t 0 ( I(t ≤ 1) + I(t > 1, B_1 > 0) ) dB_s, t ≥ 0. Then X and −X have different distributions, and therefore, X is not an Ocone martingale.

Exercise 3.27. If B is a Brownian motion and τ is an independent increasing continuous process with E √ τ_1 = ∞, then, by Fubini’s theorem, E|B ∘ τ |_1 = √ 2/πE √ τ_1 = ∞.

Exercise 3.28. (a) It will suffice to consider X constructed in the solution of Exercise 3.26 and to take Y = −X .

(b) Since X is an Ocone martingale, it can be represented as X^{law}= B ∘τ , where B is a Brownian motion and τ is an independent increasing continuous process. We have ⟨X⟩^{law}= ⟨B ∘ τ ⟩ = τ (see [21; Ch. V, Proposition 1.5]). Consequently, X^{law}= W ∘ ⟨X⟩, where W is a Brownian motion that is independent of ⟨X⟩. This shows that the distribution of X is uniquely determined by the distribution of ⟨X⟩.

Exercise 3.29. Set Y_t = ∫_t 0 H_sdX_s . Then Y obviously satisfies condition (iii) of Proposition 3.6, and hence, it is an Ocone martingale. Since ⟨Y ⟩ = ⟨X⟩, then, by Exercise 3.28, Y^{law}= X . This leads to the equality (Y, ⟨Y ⟩)^{law}= (X, ⟨X⟩), which is the desired statement.

Exercise 3.30. Without the loss of generality, we may assume that X^{a.s.}= B ∘ τ , where B is a Brownian motion and τ is an independent increasing continuous process. Set S^B_t = sup_{u≤t} B_u and let L^B denote the local time of B at zero. P. Lévy’s theorem states that (S^B − B, S^B)^{law}= (|B|, L^B). (S.1)

Obviously, S = S^B ∘ τ . It follows from Tanaka’s formula (see [21; Ch. VI, Theorem 1.2]) and the time-change formula for stochastic integrals (see [21; Ch. V, Proposition 1.5]) that L = L^B ∘ τ . Furthermore, τ is independent of both (S^B − S, S^B) and (|B|, L^B). Now, the desired result follows from (S.1).

Exercise 3.31. Without the loss of generality, we may assume that X^{a.s.}= B ∘ τ , where B is a Brownian motion and τ is an independent increasing continuous process. Consider the filtration F_t = F^B_t ∨ F^τ_∞ . Then B is an (F_t)-Brownian motion and X is (F_{τt})-adapted (see [21; Ch. V, Proposition 1.4]). Set

M_t = ∫_t 0 H_sdX_s, t ≥ 0 and consider σ_t = inf{s ≥ 0 : τ_s > t}, t ≥ 0 (here, inf ∅ = ∞). We have ∫_∞ 0 ( H_s − H_{στs} I(σ_{τs} < ∞) )_2 d⟨X⟩_s = ∫_∞ 0 ( H_s − H_{στs} I(σ_{τs} < ∞) )_2 dτ_s = ∫_∞ 0 ( H_{σs} − H_{σs} I(σ_s < ∞) )_2 I(σ_s < ∞)ds = 0. In the second equality, we have applied [21; Ch. 0, Proposition 4.9]. Therefore,

M_t = ∫_t 0 H_{στs} I(σ_{τs} < ∞)dX_s = ∫_t 0 H_{στs} I(σ_{τs} < ∞)dB_{τs} = ∫_{τt} 0 H_{σs} I(σ_s < ∞)dB_s, t ≥ 0. In the last equality, we have used [21; Ch. V, Proposition 1.5]. The process

W_t = ∫_t 0 ( H_{σs} I(σ_s < ∞) + I(σ_s = ∞) ) dB_s, t ≥ 0 is a Brownian motion and an (F_t)-local martingale. It follows from Exercise 3.21 and Lemma 4.2 that W is independent of F_0 . In particular, W is independent of τ . Finally, we get M = W ∘ τ^{law}= B ∘ τ = X .

Exercise 3.32. Fix 0 = t_0 ≤ t_1 ≤ · · · ≤ t_n . For any λ_1, . . . λ_n ∈ ⋛, we have

E exp{iλ_1((X ∘ τ )_{t1} − (X ∘ τ )_{t0} ) + · · · + iλ_n((X ∘ τ )_{tn} − (X ∘ τ )_{tn}�_1 )} = E exp{(τ_{t1} − τ_{t0} )Φ(λ_1) + · · · + (τ_{tn} − τ_{tn}�_1 )Φ(λ_n)} = E exp{(τ_{t1} − τ_{t0} )Φ(λ_1)} . . . E exp{(τ_{tn} − τ_{tn}�_1 )Φ(λ_n)},

where Φ(λ) denotes the characteristic exponent of X (i.e Ee^{iλXt} = e^{tΦ(λ)} ).

Exercise 3.33. The proof is similar to the proof of Lemma 3.13. Exercise 3.34. We have ν(dx) dx = ∫_∞ 0 λ √ 2πz exp { − (x − αz)^2 2z } e^{−θz} z dz

= λ √ 2π e^{αx} ∫_∞ 0 1 z^{3/2} exp { − x^2 2z − α^2z 2 − θz } dz

= 2λ √ 2π e^{αx} ∫_∞ 0 exp { − x^2y^2 2 − α^2 2y^2 − θ y^2 } dy = λ |x| e^{αx−√α2+2θ|x|}. In the last equality, we have applied [12; (3.325)].

Exercise 3.35. The proof is similar to the proof of Theorem 3.17. The difference is that instead of Lemma 3.13, we should use Exercise 3.33, and instead of the equality q(x) = ∫_∞ 0 1 √ 2πz e^{− x22z} η(dz), we will have the equality q(x) = ∫_∞ 0 1 √ 2πz exp { − (x − αz)^2 2z } η(dz) = e^{αx} ∫_∞ 0 1 √ 2πz e^{− α2z2} e^{− x22z} η(dz).

Exercise 3.36. Let us prove by the induction the following statement: for any completely monotone function φ and any ψ : (0, ∞) → (0, ∞) with a completely monotone derivative, we have sgn(φ ∘ ψ)^{(n)} = (−1)^n . To this end, write

(φ ∘ ψ)^{(n+1)} = ((φ ∘ ψ)^′)^{(n)} = (ψ^′(φ^′ ∘ ψ))^{(n)} = ψ^{(n+1)}(φ^′ ∘ ψ) + C^1_nψ^{(n)}(φ^′ ∘ ψ)^{(1)} + · · · + C^{n−1}_n ψ^{(2)}(φ^′ ∘ ψ)^{(n−1)} + ψ^{(1)}(φ^′ ∘ ψ)^{(n)}.

We now apply the induction hypothesis to the terms (φ^′ ∘ ψ), . . . , (φ^′ ∘ ψ)^{(n)} .

Exercise 3.37. (a) Let h : ⋛_+ → ⋛ be a continuous function, whose support is compact and does not include 0. Then h(x) can be uniformly approximated by a sequence (h_n), where each h_n(x) has the form ∑_m k=1 a_ke^{−xyk} with a_k ∈ ⋛, y_k > 0.

(In order to see this, it is sufficient to consider the transformation [0, ∞) ∋ x → e^{−x} ∈ [0, 1) and to apply the Weierstrass approximation theorem.) Set g(λ) = ∫_∞ 0 h(x)μ_λ(dx), g_n(λ) = ∫_∞ 0 h_n(x)μ_λ(dx), λ ∈ Λ. Then each g_n is A-measurable, and g is a pointwise limit of g_n . Hence, g is also A-measurable. Now, the proof is easily completed.

(b) In view of (a), the measure

μ := ∫ Λ μ_λν(dλ) is well defined. Obviously, f(x) = ∫_∞ 0 e^{−xy}μ(dy), x > 0. By Proposition 3.16, f is completely monotone.

Exercise 3.38. (a) The function under the integral in (3.4) is positive, and the result follows from Theorem 3.17, Lemma 3.18, and Exercise 3.37.

(b) The result follows from Exercise 3.35, Lemma 3.18, and Exercise 3.37. Exercise 3.39. (i)⇔(ii) This equivalence is a direct consequence of Lemma 3.8 and Exercise 4.22.

(ii)⇔(iii) This equivalence follows from the equality E|B ∘ τ |_t = √ 2/πE √ τ_t and the fact that a Lévy process with the zero mean is a martingale.

(iii)⇔(iv) This equivalence follows from Proposition A.2.

Exercise 3.40. Let ν denote the Lévy measure of B ∘ τ . Using Lemma 3.13 and Proposition A.6, we can write ∫ R^{|x| ∧ 1 ν(dx) =} ∫_∞ 0 ∫ R^{|x| ∧ 1 Qz (dx)η(dz) =} ∫_∞ 0 φ(z)η(dz) < ∞, where Q_z denotes the normal distribution with the zero mean and the variance z . The function φ is strictly positive on (0, ∞) and φ(z) ∼ √ 2z/π as z → 0. This leads to the desired statement.

Section 4

Exercise 4.9. Let η be a G -measurable random variable. Then, for any λ_1, . . . , λ_{d+1} ∈ ⋛, we have

E exp{iλ_1ξ_1 + · · · + iλ_dξ_d + iλ_{d+1}η} = E ( E ( exp{iλ_1ξ_1 + · · · + iλ_dξ_d + iλ_{d+1}η} | G )) = E ( exp{iλ_{d+1}η}E ( exp{iλ_1ξ_1 + · · · + iλ_dξ_d} | G )) = E exp{iλ_{d+1}η}E exp{iλ_1ξ_1 + · · · + iλ_nξ_n}.

Exercise 4.10. Fix t_0 ≤ · · · ≤ t_n ∈ [s, T ]. For any λ_1, . . . , λ_n ∈ ⋛, we have E ( exp{iλ_1(X_{t1} − X_{t0} ) + · · · + iλ_n(X_{tn} − X_{tn}�_1 )} | F_s ) = E ( E ( exp{iλ_1(X_{t1} − X_{t0} ) + · · · + iλ_n(X_{tn} − X_{tn}�_1 )} | F_{tn}�_1 ) | F_s ) = E exp{iλ_n(X_{tn} − X_{tn}�_1 )}E ( exp{iλ_1(X_{t1} − X_{t0} ) + · · · + iλ_{n−1}(X_{tn}�_1 − X_{tn}�_2 )} | F_s ) = · · · = E exp{iλ_1(X_{t1} − X_{t0} )} . . . E exp{iλ_n(X_{tn} − X_{tn}�_1 )}.

We now apply Exercise 4.9.

Exercise 4.11. The “if” part follows from Lemma 4.3. In order to prove the “only if” part, suppose that ~ν is not absolutely continuous with respect to ν . Find A ∈ B(⋛) such that ~ν(A) > 0, while ν(A) = 0. Then P(∃t ≤ T : Δ ~X_t ∈ A) > 0, while P(∃t ≤ T : ΔX_t ∈ A) = 0.

Exercise 4.12. Combining (4.2) with the inequality ∫ {|x|≤1} x^2ν(dx) < ∞, we get ∫ {|x|≤1} |x( √ ρ(x) − 1)|ν(dx) < ∞, and hence, ∫ {|x|≤1} |x(ρ(x) − 1)|ν(dx) < ∞, which is the desired statement.

Exercise 4.13. (a) The proof of this statement follows the same arguments as the proof of Theorem 4.6 in Case III.

(b) This statement follows immediately from Propositions 4.4 and 4.5. Exercise 4.14. (a) The process (X_{at}; t ≤ T ) is a compound Poisson process with the Lévy measure aν . Now, the result follows immediately from Lemma 4.3.

(b) Let X have the characteristics (b, c, ν)_H . Then (X_{at})_{t≤T} has the characteristics (ab, ac, aν)_H . It follows from Proposition 4.5 that the measures Law(X_t; t ≤ T ) and Law(X_{at}; t ≤ T ) are either equivalent or singular. Suppose that they are equivalent. Then it follows from Proposition 4.4 that c = 0 and ν(⋛) < ∞. Hence, X is a compound Poisson process with a nonzero drift. The proof is now easily completed.

Exercise 4.15. Let (b, c, ν)_H and (~b, ~c, ~ν)_H denote the characteristics of X and ~X , respectively. Let Z be the coordinate process on D([0, T ]). Set Q = Law(X_t; t ≤ T ), ~Q = Law( ~X_t; t ≤ T ). By the Lévy-Itô decomposition, with Q-probability one there exists a limit

Z^1_t := lim_{ε↓0} (∑ s≤t ΔZ_sI(|ΔZ_s| > ε) − t ∫ {|x|>ε} H(x)ν(dx) ) , t ≤ T,

and the convergence is uniform in t. With ~Q-probability one there exists a limit

~Z^1_t := lim_{ε↓0} (∑ s≤t ΔZ_sI(|ΔZ_s| > ε) − t ∫ {|x|>ε} H(x)~ν(dx) ) , t ≤ T,

and the convergence is uniform in t.

If the limit lim_{ε↓0} (∫ {|x|>ε} H(x)ν(dx) − ∫ {|x|>ε} H(x)~ν(dx) ) (S.2)

does not exist, then, obviously, ~Q ⊥ Q.

Suppose that limit (S.2) exists and equals γ . Then the process ( ~Z^1_t )_{t≤T} is well defined Q-a.s. and equals (Z^1_t − γt)_{t≤T} . Set ~Z^2 = Z − ~Z^1 . Then ~Z^2 is a Q-Lévy process with the characteristics (b + γ, c, 0)_H . Let (S_n) be a sequence of partitions of [0, T ] with d(S_n) → 0. We can extract a subsequence (S^′_n) such that ∑ s_i∈S0_n ( ~Z^2_{si} − ~Z^2_{si}�_1 )^{2 Q-a.s.}−−−→_{n→∞} cT.

On the other hand, ~Z^2 is a ~Q-Lévy process with the characteristics (~b, ~c, 0)_H . Hence, we can extract a subsequence (S^{′′}_n) from (S^′_n) such that ∑ s_i∈S00_n ( ~Z^2_{si} − ~Z^2_{si}�_1 )^{2 eQ-a.s.}−−−→_{n→∞} ~cT.

Consequently, ~Q ⊥ Q.

Exercise 4.16. Let α and ~α denote the indices of stability of X and ~X , respectively.

If α = ~α = 2, then the statement is proved by considering the quadratic variation of X and ~X (compare with the solution of Exercise 4.15).

If α = 2 and ~α < 2, then the paths of X are continuous, while the paths of ~X are not continuous.

Now, suppose that α, ~α ∈ (0, 2). In this case the Lévy measures of X and ~X have the form ν(dx) dx = m_1I(x < 0) |x|^α + m_2I(x > 0) |x|^α , ~ν(dx) dx = ~m_1I(x < 0) |x|^{eα} + ~m_2I(x > 0) |x|^{eα} , respectively. If m_1 > 0 and ~m_1 = 0, then X a.s. has infinitely many positive jumps, while ~X has no positive jumps. In a similar way, we consider the cases m_1 = 0, ~m_1 > 0; m_2 > 0, ~m_2 = 0; m_2 = 0, ~m_2 > 0.

The remaining case is ~ν ∼ ν . By Proposition 4.5, in this case the measures Law(X_t; t ≤ T ) and Law( ~X_t; t ≤ T ) are either equivalent or singular. Suppose that they are equivalent. Taking into account condition (iii) of Proposition 4.4, we conclude that ν = ~ν . Hence, X and ~X differ by a drift. We now apply Exercise 4.13.

Exercise 4.17. Since the processes X and ~X have different distributions, the random variables X_1 and ~X_1 have different distributions. Find A ∈ B(⋛) such that p ≠ ~p, where p := P(X_1 ∈ A), ~p := P( ~X_1 ∈ A). Then 1 N N∑ n=1 I(X_n − X_{n−1} ∈ A)^{a.s.}−−−→_{N →∞} p, while 1 N N∑ n=1 I( ~X_n − ~X_{n−1} ∈ A)^{a.s.}−−−→_{N →∞} ~p. Exercise 4.18. It is sufficient to consider two compound Poisson processes with the Lévy measures ν and ~ν , respectively, such that neither of the following conditions is satisfied: ~ν ≪ ν, ν ≪ ~ν, ~ν ⊥ ν. Exercise 4.19. For ε > 0, we set

Y^ε_t = ∑ s≤t ΔX_sI(|ΔX_s| > ε) − t ∫ {|x|>ε} h(x)ν(dx), t ≥ 0 and Z^ε = X − Y^ε . It follows from Lemma 4.2 that, for any s ≤ t and any ε > 0, the random variable (Y^ε_t − Y^ε_s , Z^ε_t − Z^ε_s ) is independent of F_s . In order to complete the proof, note that Y^ε_t − Y^ε_s^{a.s.}−→_{ε↓0} X^1_t − X^1_s , Z^ε_t − Z^ε_s^{a.s.}−→_{ε↓0} X^2_t − X^2_s .

Exercise 4.20. (a) Let Z^1 and Z^2 denote the processes given by the Lévy-Itô decomposition of X , i.e.

Z^1_t := lim_{ε↓0} (∑ s≤t ΔX_sI(|ΔX_s| > ε) − t ∫ {|x|>ε} H_a(x)ν(dx) ) , t ≥ 0 and Z^2 = X − Z^1 . Since Z^2 is continuous, we have

X^1_t = ∑ s≤t ΔZ^1_s I(|ΔZ^1_s | > a), t ≥ 0.

It follows from Proposition A.7 (a) that X^1 is a compound Poisson process with the Lévy measure ν|_{{|x|>a}} . Furthermore, for any ε > 0, the process X^1 is independent of the process

Y^ε_t := ∑ s≤t ΔZ^1_s I(ε < |ΔZ^1_s | ≤ a) − t ∫ {|x|>ε} H_a(x)ν(dx) = ∑ s≤t ΔX_sI(|ΔX_s| > ε) − t ∫ {|x|>ε} H_a(x)ν(dx) − X^1_t , t ≥ 0.

Consequently, X^1 is also independent of Y := Z^1 −X^1 . As X^1 and Y are functionals of Z^1 and since Z^1 is independent of Z^2 , we conclude that X^1 , Y , and Z^2 are independent.

It follows from Proposition A.7 (a) that, for each ε > 0, Y^ε is a Lévy process. Hence, Y = lim_{ε↓0} Y^ε is a Lévy process. Consequently, Y + Z^2 is a Lévy process. Obviously, Y + Z^2 = X^2 . We already know that X^1 and X^2 are independent and X^1 has the characteristics ( 0, 0, ν|_{{|x|>a}} ) 0 . It has the same characteristics with respect to H_a since ∫ {|x|>a} Ha(x)ν(dx) = 0. Now, we conclude that X

2 has the characteristics ( b, c, ν|_{{|x|≤a}} ) Ha . (b) This is a consequence of Lemma 4.2.

Exercise 4.21. The proof is similar to the proof of Theorem 4.6. The only difference is that Proposition A.4 should be used instead of Proposition A.5.

Exercise 4.22. (a) Suppose that X is an (F_t)-σ -martingale. Let (b, c, ν)_H be the characteristics of X . Then its semimartingale characteristics (B, C, ν)_H are given by B_t = bt, C_t = ct, ν(dt, dx) = dtν(dx). It follows from Proposition A.11 that ∫ {|x|>1} |x|ν(dx) < ∞ and b + ∫ {|x|>1} xν(dx) = 0. By Proposition A.4, for any t ≥ 0, we have E|X_t| < ∞ and EX_t = 0. Now, the proof is easily completed.

(b) Suppose that X is an (F_t)-semimartingale. Let (b, c, ν)_H be the characteristics of X . Then the third characteristic ν of the semimartingale e^X is given by

ν(ω, dt, dx) = dtK(ω, t, dx), where K(ω, t, ·) is the image of ν under the map ⋛ ∋ x −→ e^{Xt}�^{(ω)}(e^x − 1) ∈ ⋛. Using Proposition A.11, we deduce that ∫ {|x|>1} |e^x − 1|ν(dx) < ∞.

It follows from Proposition A.5 that Ee^{Xt} = e^{αt} with some α ∈ ⋛.

The process M_t = e^{Xt−αt} is an (F_t)-martingale. By Itô’s formula,

e^{Xt} = e^{αt}M_t = 1 + ∫_t 0 αe^{αs}M_{s−}ds + ∫_t 0 e^{αs}dM_s, t ≤ T. Since the integrand e^{αs} is bounded, the process ∫_· 0 e^{αs}dM_s is a local martingale.

By Proposition A.10, e^X is a local martingale. Therefore, ∫_· 0 αe^{αs}M_{s−}ds is a local martingale. But this is an increasing process. As a result, α = 0. This completes the proof.

Exercise 4.23. The proof is similar to the proof of Theorem 4.7.

Exercise 4.24. This is an immediate consequence of Exercise 4.23 and the Second Fundamental Theorem of Asset Pricing.

Exercise 4.25. Let B, W be two independent Brownian motions. Consider F_t = F^{B,W}_t . Then B is an (F_t)-Brownian motion and W is an (F_t)-martingale. Suppose that W can be represented as ∫_· 0 H_sdB_s . Then we would have ⟨W ⟩_t = ⟨ W, ∫_· 0 H_sdB_s ⟩ t = ∫_t 0 H_sd⟨W, B⟩_s = 0, t ≥ 0.

Exercise 4.26. Let W be a Brownian motion. Consider B = ∫_· 0 sgn W_sdW_s and F_t = F^W_t . Then F^B_t is strictly smaller that F_t (see [21; Ch. VI, Corollary 2.2]). On the other hand, any (F_t)-local martingale M started at zero can be represented as

M_t = ∫_t 0 H_sdW_s = ∫_t 0 H_s sgn W_sdB_s, t ≥ 0. Section 5

Exercise 5.6. Using Fubini’s theorem (compare with the proof of Lemma 5.2), for any 0 ≤ t_0 ≤ · · · ≤ t_n and λ_1, . . . , λ_n ∈ ⋛, we get

E exp{iλ_1((X ∘ τ )_{t1} − (X ∘ τ )_{t0} ) + · · · + iλ_n((X ∘ τ )_{tn} − (X ∘ τ )_{tn}�_1 )} = E exp{(τ_{t1} − τ_{t0} )Φ(λ_1) + · · · + (τ_{tn} − τ_{tn}�_1 )Φ(λ_n)},

where Φ is the characteristic exponent of X . The last quantity does not change under the shifts of the collection (t_0, . . . , t_n).

Exercise 5.7. Obviously, for any t ≥ 0 and any n ∈ ▲, we have EX^2_{nt} = nEX^2_t . Hence, for any t ∈ ⋚_+ , EX^2_t = tEX^2_1 . Using the monotonicity of the function φ(t) = EX^2_t , we complete the proof.

Exercise 5.8. We can assume that (Ω, F, P) = (Ω_1, F_1, P_1) × (Ω_2, F_2, P_2) and X = X(ω_1), τ = τ (ω_2). Then, for any t ≥ 0, we have

E(X ∘ τ )^2_t = ∫ Ω2 ∫ Ω1 X^2_{τt(ω2)}(ω_1)P_1(dω_1)P_2(dω_2) = ∫ Ω2 kτ_t(ω_2) = kEτ_t < ∞,

where k is given by Exercise 5.7. The other statements are proved similarly.

Exercise 5.9. For any k, t ≥ 0, we have

X_{τkt}^{law}= X_kβ_{τt}^{law}= k^{αβ}X_{τt} .

Exercise 5.10. This is an immediate consequence of Example 3.14, Corollary 3.20, and Exercise 3.38.

Exercise 5.11. The proof is similar to the proof of Theorem 5.4. Exercise 5.12. The proof is similar to the proof of Theorem 5.5. Exercise 5.13. Without the loss of generality, we may assume that η_m = I(U_m ≤ p), where (U_m)^∞_{m=1} are independent uniformly distributed on [0, 1] random variables that are also independent of κ. Set

X_t = κ∑ m=1 I(U_m ≤ t), t ≤ 1 and let (N_t)_{t≤1} be a Poisson process with the intensity λ. Then X_1^{law}= N_1 , and, for any 0 = t_0 ≤ · · · ≤ t_n = 1, k ∈ ▲, we have Law(X_{t1} − X_{t0} , . . . , X_{tn} − X_{tn}�_1 | X_1 = k) = Law(N_{t1} − N_{t0} , . . . , N_{tn} − N_{tn}�_1 | N_1 = k) (see [22; Proposition 3.3]). Consequently, Law(X_t; t ≤ 1) = Law(N_t; t ≤ 1). Now, note that ξ = X_p^{law}= N_p .

Exercise 5.14. (a) Suppose first that τ_T is a degenerate random variable. Then it follows from Proposition A.7 (a) that κ_1, κ_2, . . . are independent Poisson random variables with the parameters τ_T ν(A_1), τ_T ν(A_2), . . . . By Exercise 5.13, ξ_1, ξ_2, . . . are independent Poisson random variables with the parameter τ_T . The result follows from the strong law of large numbers.

Now, let τ_T be arbitrary. We can assume that (Ω, F, P) = (Ω_1, F_1, P_1) × (Ω_2, F_2, P_2) × (Ω_3, F_3, P_3) and X = X(ω_1), τ = τ (ω_2), η^n_m = η^n_m(ω_3). Then P ( lim_{N →∞} 1 N N∑ n=1 ξ_n = τ_T )

= ∫ Ω2 ∫ Ω1×Ω3 I ( lim_{N →∞} 1 N N∑ n=1 κn(ω_1,ω_2,ω_3) ∑ m=1 η^n_m(ω_3) = τ_T (ω_2) ) P_1 × P_3(dω_1, dω_3)P_2(dω_2),

and the result follows from the above argument for a degenerate τ_T .

(b) We have [X]_t = ct + ∑ s≤t ΔX^2_s , t ≥ 0

(see [14; Ch. I, Theorem 4.52]). Using [14; Ch. I, Theorem 4.47] and keeping in mind that τ is continuous, we deduce that [X ∘ τ ]_T = ([X] ∘ τ )_T . Hence,

[X ∘ τ ]_T = cτ_T + ∑ s≤τ_T ΔX^2_s = cτ_T + ∑ s≤T Δ(X ∘ τ )^2_s.

(c) This statement is obvious.

Exercise 5.15. For a random process Y and times s ≤ t, we set F^Y_{[s,t]} =

σ(Y_r − Y_s; r ∈ [s, t]). Fix 0 = t_0 ≤ · · · ≤ t_n = T . For any λ_1, . . . , λ_n ∈ ⋛, we have E ( exp{iλ_1(τ_{t1} − τ_{t0} ) + · · · + iλ_n(τ_{tn} − τ_{tn}�_1 )} | F^{X∘τ}_T ) = E [ E ( exp{iλ_1(τ_{t1} − τ_{t0} ) + · · · + iλ_n(τ_{tn} − τ_{tn}�_1 )} | F^{X∘τ}_{[0,t1]} ∨ F^{X∘τ}_{[t1,T ]} ∨ F^τ_{[t1,T ]} ) | F^{X∘τ}_T ] = E [ exp{iλ_2(τ_{t2} − τ_{t1} ) + · · · + iλ_n(τ_{tn} − τ_{tn}�_1 )} E ( exp{iλ_1(τ_{t1} − τ_{t0} )} | F^{X∘τ}_{[0,t1]} ∨ F^{X∘τ}_{[t1,T ]} ∨ F^τ_{[t1,T ]} ) | F^{X∘τ}_T ] = E [ exp{iλ_2(τ_{t2} − τ_{t1} ) + · · · + iλ_n(τ_{tn} − τ_{tn}�_1 )}E ( exp{iλ_1(τ_{t1} − τ_{t0} )} | F^{X∘τ}_{[0,t1]} ) | F^{X∘τ}_T ] = E ( exp{iλ_1(τ_{t1} − τ_{t0} )} | F^{X∘τ}_T ) E ( exp{iλ_2(τ_{t2} − τ_{t1} ) + · · · + iλ_n(τ_{tn} − τ_{tn}�_1 )} | F^{X∘τ}_T ) = · · · = E ( exp{iλ_1(τ_{t1} − τ_{t0} )} | F^{X∘τ}_T ) . . . E ( exp{iλ_n(τ_{tn} − τ_{tn}�_1 )} | F^{X∘τ}_T ) . In the third equality we have used the following fact: if ξ is an integrable ran-

dom variable and A, B are σ -fields such that σ(ξ) ∨ A is independent of B , then E(ξ | A ∨ B) = E(ξ | A).