On the relative distribution of eigenvalues of
exceptional Hecke operators and automorphic
Laplacians

Erik Balslev and Alexei Venkov
Department of Mathematical Sciences,
and MaPhySto*

University of Aarhus, Denmark

*MaPhySto — A Network in Mathematical Physics and Stochastics, funded by The
Danish National Research Foundation



Contents
Introduction 3
1 Hecke exceptional operators U(2),U(2)* and their squares 5

2 The involution J: z — —Z and the exceptional Hecke opera-

tors 12
3 The trace formula for odd functions and the Weyl law 17
4 More advanced trace formula 30
A Transformation of the domain of integration 43
References 53



Introduction

In [1] we considered character perturbations of the automorphic Laplacian
A = A(To, x) for the Hecke group I'g(N) with primitive character y. We
assume that N = 4N, or N = 4N3, where N, and N3 are products of distinct
primes and Ny, = 2 mod 4, N3 = 3 mod 4. In these cases we are dealing
with regular perturbations of A, which allows for a rigorous analysis of the
problem of stability of embedded eigenvalues. We introduce a character
perturbation of the form aM + o2N, where the first order term M is a first
order differential operator and N a multiplication operator. In order to prove
instability of an embedded eigenvalue A\ we prove that the Phillips-Sarnak
integral I(®,\) = (M®, E) # 0 for a common eigenfunction ® of A with
eigenvalue \ and the Hecke operators, where F is a generalized eigenfunction
with eigenvalue . We consider only odd eigenfunctions, since (M®, E') = 0
for ® even. We proved in [1| that I(®,\) # 0 for each such eigenfunction
under the following condition on the eigenvalue A\ = i + 72 of A and the
eigenvalues p(q) of the exceptional Hecke operators U(q), ¢ | N, with the
common eigenfunction ®. The operators U(q) are unitary ([1] Theorem 4.1)
so the eigenvalues p(q) lie on the unit circle. The main result about the
Phillips-Sarnak integral follows from [1](7.23), (7.24). It states that [(®, \) #
0 if and only if p(2) # 2 and p(q) # ¢/, where the ¢, are real parameters
of the perturbation, ¢, # 0. In [1] Lemma 4.3 it is stated that p(q) = +1,
which gives rise only to the exceptional sequences 7,2 = @n and r,, =
logqn, neZ,q| N, q>2ife, =+1. This Lemma, however, is not correct.
The eigenvalues of U(g) may lie anywhere on the unit circle. For ¢ > 2
we can obtain p(q) # ¢ /e, by choosing g, # +1. For ¢ = 2 we might
a priori have e* = p,(2) for all eigenvalues \, = i + 72 or for no such
An. It is a delicate problem to establish that e*™ # p,(2) at least for a
certain proportion of the eigenvalues A,. That is the subject of the present
paper. We shall prove that asymptotically at least i of all eigenvalues of
Aoad, counted with multiplicity, satisfy the condition €2’ # p,(2), where
A = 1+ 12 and p,(2) are eigenvalues of U(2) with the same eigenvector ®
(Theorem 6).

Assume further that the dimensions of odd eigenspaces are bounded,
dim(N(Aoaa — A\n)) < m for all A\,. Then asymptotically at least ﬁ of
all odd eigenfunctions turn into resonance functions under this perturbation,
and in that sense the Weyl law is violated under the perturbation aM +a*N
at a = 0.

The proof that e*™ #£ p,(2) = ¢ for at least i of all eigenvalues is
based on the Weyl law (Theorem 5) for a certain operator 7" introduced in
§4, combining A, U(2) and U(2)* and measuring the average distance of 2"
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from €. In order to prove this Weyl law we first establish the Weyl law for
Apdd (Theorem 4). The main term coming from the identity is z—:*lg. The
remaining terms are proved to be of smaller order as € | 0. Then the Weyl
law follows from a Tauberian theorem.

To prove these results we derive a version of the Selberg trace formula
involving the exceptional Hecke operators U(2),U(2)* on the Hilbert space
of (I', x)-automorphic odd functions. Because of this specific restriction,
this version of the Selberg trace formula was not considered before (as far
as we know). But some terms in this formula were calculated before (see
12, 3, 4, 5, 6]). Anyway we make the derivation of the trace formula self-
contained.

We would like to thank Fredrik Stromberg for pointing out to us the
mistake in the proof of Lemma 4.3 in [1].

We also express our thanks for the hospitality of [.LH.E.S during the month
of June 2003.



1 Hecke exceptional operators U(2),U(2)" and
their squares

We have

(*)

Recall our discrete group I' = I'g(N) where N = 4N, or N = 4Nj3 (see [1]).
We can see that U(2)*U(2)f = U(2)U(2)*f = f. We identify linear-fractional
maps with corresponding elements of PSL(2,R). We denote U = U(2),
U* = U(2)* and we have the following correspondence, where all matrices
are taken mod =+ 1:

For U:
1
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We have 4 sets of elements of PSL(2, R) on the right hand sides of (1.1)—
(1.4) which we denote by Py, Py, Ps, Py.

Lemma 1. For j =1,2,3,4, 'P; =T'P;I'.

Proof. This follows from the definition of Hecke operators. But since we start
with the definition of U, U* by (*) we can recall the argument. Let ¢ be a
continuous function of compact support in H, then for

fol2) =D x()e(r2)

yel

we have f,(702) = x(70)f,(2), where vy € I" and x is a real primitive char-
acter on To(N), x(70) = x(7 "), (see [1]). If we denote by T; one of the
operators U, U*, U?, U*?, then

Tifo(002) = X(W)Tifo(2)  and  Tife(2) = > x(7) Y elyp2).

~yel’ pGPj

From that follows

D XD e(pwz) =Y x| e(p2)

~vel peEP; ~vel pEP;
=> x(1) > (107p2) (1.5)
vyel pGPj

Since (1.5) holds for all functions ¢ of this type, the statement of Lemma 1
follows. O

We will study now the sets I'P; and their conjugacy classes by conjugation
from I' like {fyp}r = {717p7;1 ‘ M€ F}? v E Fu pE P]7 .7 = 17 27374'
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Lemma 2. There are no parabolic classes {yp}r in each IT'P;, j =1,2,3,4.
Proof. We have to check that tr(yp) # 2 (mod +1). Take

a b
7_(]\[0 d)EF,

ad — Nbc = 1. Since N = 4N, or 4N3, a and d are odd integers, and the
lemma follows. 0

The next result is well known.
Lemma 3.
(1) There are at most finitely many elliptic classes {yp}r inI'P;, j = 1,2, 3,4.
(2) There are infinitely many hyperbolic classes in I'P;, j =1,2,3,4.
It is obvious that the unity e € I'is not in I'P = U?Zl I'P;. We will study
now the centralizers I',, of yp in I'. By definition
Lp={n el |nyw=9pn}

foryel,pe P, j=1,2,34
It is clear that I',, is a subgroup of I' and it is known that each I',, is a
cyclic group and possibly trivial, I, = {e} for some p.

Lemma 4. A hyperbolic element of PSL(2,R) commutes only with the iden-
tity and with hyperbolic elements.

Proof. We check this using the language of linear fractional transformations.
Any hyperbolic transformation is conjugated in PSL(2,R) to a transforma-
tion of the type

22— XNz, A>1, zeH

Assume that
az+b
cz+d

z —

b

d) € PSL(2,R) commutes with the above transfor-

corresponding to <Z
mation, so that

aNz4+b  yaz+b
ceNz+d ez +d

This implies that @ # 0, b = ¢ = 0, d = a™ !, so that the transformation

forall z e H

defined by <Z Z) is hyperbolic or the identity. O
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Similarly we have

Lemma 5. A parabolic element of PSL(2, R) commutes only with the identity
and with parabolic elements.

Also a simple check shows

Lemma 6. There are no elliptic classes in T'.
From Lemmas 3-5 follows

Theorem 1.

(1) Any elliptic class {yp}r, v € I, p € P;, j = 1,2,3,4, has only trivial
centralizer I, = {e}.

(2) For a hyperbolic class {yp}, vp € I'P;, we have the alternatives
(a) Typ = {e}
(b) T, is generated by a hyperbolic element in I.

We will study in more detail hyperbolic classes in I'P; and characterize
their centralizers.
From the proof of Lemma 4 follows

Lemma 7. The hyperbolic elements of PSL(2,R) commute with each other
if and only if they have the same fized points as linear fractional transforma-
tions.

Let

o a; b
gl_(Ncl dl)er

be a hyperbolic element. Then we have ¢; # 0. The equation
two solutions

a1z+b1 —

o =2 has

al—dlﬂ: (a1+d1)2—4
= 1.
2N01 ( 6>

21,2

Since N = 4Ny or N = 4N3, then a; and d; are odd integers (recall a;d; —
Nbyc; = 1), a; + d; is an even integer and (a; + dy)? is divisible by 4. From
this follows that for any hyperbolic element ~y of T' the integer (tr~y)? —4 can
not be the square of an integer.



We consider now a hyperbolic element

[ a2 bg
ga = (02 dz) cl'P.

It has two fixed points as transformation of H

(lg—dg:t (a2+d2)2—4
202

(1.7)

t12 =

The problem is how for given g» to find g; with the same fixed points z; o =
t12. Since /(a; + dy)? — 4 is always irrational we have

a; — d; as — ds

2N01 n 202
(ar+di)? 4 (ag +do)® — 4 (18)
4N2¢2 4¢3

It will work, of course, if (as + d2)? — 4 is an integer and it is not a square,
which is not necessarily true for all hyperbolic elements of I'P. We will try
to solve the system of equations (1.8). From (1.8) follows

a1d1 —1 . a2d2—1

N2 G
1.
_ (19)
NCl N Co
From (1.8), (1.9) follows
—d
a; = d1 -+ NCl e 2
; = (1.10)
bl = Ncl—Z
Co
Let
a b
9= (Nc d) €l
_ (o B
p_(75)€R
then

ay by [a b\ [fa B\ [ ax+by af + bo (1.11)
co dy) \Nc d)\yv 6] \Nca+dy NcB+dd '
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ag—da ba

Since in (1.10) we have the ratios 2= 2

we can multiply the matrix (1.11)

by v/2 in the case i = 1,2 or by 2 in the case i = 3,4, not changing these
ratios but getting ratios of integers.
We have in the first case i = 1,2

\/§(a2 - d2)
V2ey (1.12)

ay :d1+NCl

V2b,
\/502

and v2(ay — dy), v/2by, V/2¢, € Z. In the second case i = 3,4

bl :N01

Nao —
a; = dl + Nclw
2 (1.13)
by = Nc 2—172
1=Na 9%
and 2(ay — ds), 2b9,2¢5 € Z. In the first case we assume that
NCl = 2]€1\/§CQ, kl S/ (114)
and we will have that
far b\ [(di+ 2]€1\/§(CL2 —dy) 2k1v/2b;
g = = (1.15)
NCl d1 2]{31\/502 d1

is an integer matrix with the left lower matrix element divisible by N. We
have to prove now that there exist d, k; € Z with the property that det g; =
1. That means we have to prove the existence of integer solutions of the
equation

d% + 2k1d1\/§(a2 - dg) - 4]{3% . 2b202 =1 (116)
or the equation
mi — k3 - 2[(ag + do)® — 4] =1 (1.17)

where m; = d; + ki \/5(&2 — dg). This is Pell’s equation which has infinitely
many integer solutions in mq, ky; € Z for given as, dy if 2[(as + al2)2 — 4] is not
the square of an integer (recall that V2as,v/2dy are integers). Notice that
this is a square if and only if |v/2(ay + dy)| = 3. If |v2(ay + dy)| # 3, we
can always find a matrix g; with 27 o = ¢; 2, which belongs to the centralizer
I, of a given hyperbolic yp. If on the contrary |v/2(ag + da)| = 3 so that
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2[(ay + dy)? — 4] = 1, there is no such matrix g, so the centralizer of yp is
{e}.

In the case i = 3,4 we obtain a similar result, using (1.13). This leads to
the equation

m3 — 4k3[(as + dy)* — 4] =1

in the integers msy, k3. Recall that 2as,2dy are given integers in that case.
This equation has integer solutions if and only if 4[(ay + d2)? — 4] is not the
square of an integer, that is if 2|as+ds| # 5. In this case the centralizer I',, of
vp is non-trivial and generated by a hyperbolic element of I". If 2|as+ds| = 5,
Ly ={e}.

We have proved

Theorem 2. For a hyperbolic class {yp}r in T'P from (2) of Theorem 1 the
alternative (a) occurs when \/2[tryp| = 3 for p € P,, i = 1,2 and when
2ltryp| = 5 for p € Py, i = 3,4. In those cases the fived points of yp in H
are rational points. The norms of the classes {yp}r are 2 in case 1 and 4 in
case 2. For other values of tr(yp) alternative (b) holds.

We shall see later that there are only finitely many classes {yp}r from
Theorem 2.
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2 The involution J: z — —Zz and the excep-
tional Hecke operators

Let g € PSL(2, R),

g= (‘C’ Z) (mod 4 1).

Then it is easy to see that JgJ acts on H as the matrix

§= (_“C _db) (mod =+ 1).

It is convenient now to introduce an isomorphic model of H. This model is
well known. We consider the set of positive definite symmetric matrices

1

y+a?y” xy‘l)
z(x,y) = _ . 2.1
(z,9) ( 2y~ y! (2.1)
where y > 0, z € R. We define the action of g € PSL(2, R) on such matrices

by

gz(x,y) = glz(z,y)]g' (2:2)

where ¢’ is the transpose of g and the product on the right of (2.2) is the
usual product of matrices. It is easy to see that the set H = {z(z,y)} with
the action (2.2) has the structure of a symmetric space and is isomorphic to
H. The isomorphism is given by the map

2(x,y) — z =x +1y.

This model H of the hyperbolic plane has the following useful property,
which can not be seen in the case of H. The reflection J in the model H is
given by

J= ((1) _01) (mod + 1) (2.3)

ie. it is an element in GL(2,R)/(£F), where E is the identity matrix.
It therefore makes sense to consider the products Jg,g¢J in PGL(2,R) for
g € PSL(2,R).

We shall study now the relative conjugacy classes {gJ}s under conjuga-
tion by elements from PSL(2,R) = G. We have obviously GJ = GJG, so
we can consider the conjugation ¢,g.Jg; ', g1 € G, for fixed g € G. From the
point of view of the trace formula there is an important alternative for the
relative conjugacy classes:

12



(1) tr(gJ) #0
(2) tr(gJ) =0 (see [2] §6.5)
The fixed points of gJ: H — H are determined by the equation

—az+b
=z
—cz+d
b—az = —clz|® +dz.

For z = z + iy we have the system
b—ar = dv — c|z|?
dy = ay.
In the case (1) tr(gJ) =d —a (mod = 1) # 0 we have
y=0
b—ax = dx — cz?

Therefore we obtain for ¢ =0, z = -

a+d
For ¢ # 0 the fixed points are
Z12 = t12
a+d (a+d)? b
= + _Z
2¢ 4c? c
d —d)?2+4
_atd (a—d)?+ (2.4)
2c 2c

where we use det g = 1.
In the case (2) tr(¢gJ) = d —a = 0 we have a one-parameter family of
fixed points z given by the equation

oz —a(z+2)+b=0 (2.5)
where z =z +iy, 2=o —1y,y >0, z € R.

Consider now ¢gJ,g € G where J is given by (2.3) with the property
tr(gJ) # 0. There exists g; € G such that

gi(gl)gyt = <€)\ _g_1> (mod £1) , A>1 (2.6)

By definition the norm N(gJ) = \2.
Similar to Lemma 4 we have
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Lemma 8. An element gJ from (2.6) with tr(gJ) # 0 commutes in PSL(2, R)
only with the identity and with hyperbolic elements.

We will specify later exactly which hyperbolic elements commute with g.J
from Lemma 8. From Lemma 1 follows

Lemma 9. For j =1,2,3,4, 'P,I' =TF;JI.

Lemma 10. For any v € I', p € P;, j = 1,2,3,4 we have tr(ypJ) # 0,
where J is given by (2.3).

Proof. This follows directly from (1.1)—(1.4) and the fact that for any

a b
<Nc d) el
a and d are odd integers, N = 4Ny or N = 4Nj. O

Similar to Lemma 7 we have

Lemma 11. An element gJ from Lemma 8 commutes with a hyperbolic
element g, if and only if they have the same fized points.

We will modify now the proof of Theorem 2 for the case

go = (“2 _bZ) eTPJ (2.7)
_d2

Co
The fixed points of g, are (see (2.4))

as + do i (ay — d9)? +4
202 202

(2.8)

t12 =

Now, for given g we have to find g; € I', hyperbolic, with the same fixed
points z12 = t12. Since y/(a; +dy)? — 4 is always irrational we have (see

(1.8))
a; — d1 N as + d2
2Ney  2c

(a1 4+ di)> —4  (ay—dy)* 44 (2.9)

4N2c3 B 4¢3

and similarly to (1.9)
a1d1 —1 . 1-— a2d2
N2 G
2.1
A (210)
NCl N Co
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That gives the matrix

azt+ds  —Nciby
g = aq bl _ d1 + NCl . s (211)
N01 d1 NCl d1
We take now g, € I'P;J where j = 1,2. In that case we have similarly to
(1.12)

2(as +d
V2¢,
(2.12)
V2b,
b1 = NCl (—].)
V2¢y

and v/2(ay + ds), v/2¢a, v/2by € Z. Similar to (1.14) we have
Ney =260V2¢, , k€7 (2.13)

where

g = <d1 + 2/'?1\/5(@2 + ds) —2/€1\/§b2)
L=

21/ ey d (2.14)

is an integer matrix with 2s;v/2c, divisible by N. Similar to (1.16), (1.17)
we have

d% + 2/{1d1\/§(a2 + dg) + 4/‘6% . 2b202 =1 (215)
or
mi —2x7((ag — d)® +4) =1 (2.16)

where m; = di + rk1v2(ag + ds).
If go € I'P;J and j = 3,4, we have

2 d
a; = dl + qu
ol 2 (2.17)
by = —Ncyo—
! “ 202
N01 = 2/*{,2 . 202 s Ko € Z (218)

where

g1 =

(d1 + 2/{2 . 2((1,2 + dg) —2/{2 . 2b2) (2 19>

2/432 . 202 d1
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is an integer matrix with 2k, - 2¢5 divisible by N. Since det g; = 1, we have
d3 + 2kady - 2(ay + dy) + 4K - 4byey = 1 (2.20)
or
m2 — 4k3((ay — do)* +4) = 1 (2.21)
where
my = dy + Ko - 2(ay + da)

We can always solve the equations (2.16), (2.21) if 2((ay — d2)* +4) (or
4((ag — do)?* 4+ 4) in the second case) is not an integer squared. This holds if

and only if v2tr(yp) # £1 for p € P;, j = 1,2 and 2tr(yp) # £3, p € P;,
j =34
We have proved

Theorem 3. For a relative conjugacy class {ypJ}r, v € I', we have

(a) If V2|tr(yp)| = 1 for j = 1,2 and 2|tr(yp)| = 3 for j = 3,4, then the
centralizer ', of ypJ in T is {e}.

(b) If V2ltr(yp)| # 1 for j = 1,2 and 2|tr(yp)| # 3 for j = 3,4, then T, is
a cyclic group generated by a hyperbolic element.
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3 The trace formula for odd functions and the
Weyl law

We recall now the definition of the Eisenstein series (non-holomorphic) for
' =Ty(N), N =4N, or N = 4N3, which correspond to open cusps for the
real primitive character x (see [1] (2.1)). For the definitions we introduced
elements g; in PSL(2,R). We now parametrize these elements by the divisors
d| N, d>0. We have

_ [ v 0 -1 _

where S, is the stabilizer of the cusp at oo.
For each open cusp é we define the Eisenstein series

Eg(z,5) = Ea(z,5,T,x) = Y y*(9."72)x(7), (3.1)
yELG\I

where Res > 1, x(7) = x(7). Let us calculate y*(g;'v2). Let

a b
7_<Nc h)EF,

' = (Vi )

z=ux+1y € H. We have with N = dmy

and we have

907 = <—d\/777dai JmaNe —d\/'erb*Jr \/m_dh)
y*(57192) = y{(—dy/ga + aNe)z — dy/ab + v/ah}?
+ (—dyo + iNOHy?
= y*|ma| *[{(Nec — ad)x — db+ h}* + (Nc — ad)?]~* (3.2)

We notice that (3.2) is unchanged when (d, z, b, ¢) is replaced by (—d, —z, —b, —c).
It follows that

E_4(—%,s) = Eq(z, s) (3.3)
Lemma 12. The cusps é and ’71 are equivalent, d | N,

Eq(z,8) = E_4(z,8) = Eq(Jz,5). (3.4)
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Proof. We want to find a matrix

(]\‘;‘7 g) € Ty(N),

where N = 4N; or N = 4N3 with ad — N3+ = 1, such that

(& 5) () -3

This yields the equation

6% — (Bd + ymg)d + Bydmg +1 =0 (3.5)
with the solutions
5 Bd+ama  (Bd—ma)? -4 (3.6)
2 2
Here (3d — ymq)* — 4 is the square of an integer if and only if
Bd —ymg = £2 (3.7)

From that follows a = 4, since « is a solution of the same equation (3.5).
Since N = dmg = 4p1 - - - pr, where the p; are distinct primes, we have the
following cases:

(1) d=2d, mg=2m), (d',m!) = 1. Then (3.7) yields
pd — yml, = £1 (3.8)
The equation (3.8) has integer solutions /3, and by (3.6) 6 = Bd’ 4+ ~ym/,.
(2) d=2d,2|d, (d,mg) =1. Then by (3.7), v must be even, v = 27/, and
Bd —~'mg = +1. (3.9)
The equation (3.9) has integer solutions 3,4, and by (3.6) 6 = Bd'++'mg.

(3) mgq =2ml, 2| m/, (d,m!) = 1. This is similar to (2), exchanging d with
mg and 3 with ~.

1

Hence 5 and are equivalent, and it follows that Fy(z,s) = E_4(z,s).

-1
d
Together with (3.3) this proves the Lemma. O
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We recall that the involution J: z — —Z acts on the space of all contin-
uous (I, x)-automorphic functions and splits this space into the sum of even
and odd functions given by

f(Jz) = f(2) f(Jz) = =f(2) (3.10)

The operator J commutes with the automorphic Laplacian A(T", y) and
with all Hecke operators. The Hilbert space H = H(I", x) according to (3.10)
decomposes into an orthogonal sum of two subspaces H = Hoqqa D Heven-
From Lemma 12 follows

Lemma 13. Let D(A) be the domain of definition of A(T,x) in H and
Aoda = AT, X)|paynt,aa- Then the operator Agaq has discrete spectrum as
a selfadjoint operator in Hoqq.

Let Noga(A) be the distribution function of eigenvalues of Ayqq. We will
prove now the Weyl law

F
Nowa) ~ Py L (3.11)
8m
where p(F') is the area (du-area) of the fundamental domain F' of I'. The
proof is an extension of the proof from [2] and [7]. We have a preliminary
trace formula on the space of odd functions

S helyy) = Jim / S ) (ke(u(z,72)) = kelu(z, 7T 2))dpu(2) (3.12)

Y —o0
~yel'

where {);} is the set of all eigenvalues of A,qq and Fy is the cut-off funda-
mental domain of I in H (see (3.32)), Fy — F as Y — oo. Here u is the
distance function

12
u(z,2') = =27 f |
vy
The test function h.(\) is given by
heN) =ht+r)=e=" | >0 (3.13)
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and k.(u) is the corresponding Selberg transform of h.()), given by

el = 5 [ e oy
he(\) = /: Mg (u)du , A=i+r?
Q:(e" + e = 2) = g.(u) (3.14)
Q.= [
We have
/F ) %ZF X(V)ke(u(z,72))dp(z) = {%: x(7) /F ' ke(u(z,v2))du(z)  (3.15)

where {7} is the conjugacy class in I with representative -,

= v (3.16)

USIRAN

I, is the centralizer of v in I', and I', \ I" is the left co-set. We have

F/ T F7, where F7 is a fundamental domain of Iy in H.

In analogy we have

| vkt o) = 3 x6) [ kel T2)dutz) (317

N
v€er {vJir Ey

where {vJ}r is the relative conjugacy class in I'J by conjugation of T,

= ) yYA—F" (3.18)

I, is the centralizer of v/ in I', F” is a fundamental domain of I, ; in H.
We consider first the sum given by (3.15). It is well known that the sum over
all conjugacy classes {y}r in (3.15) splits into {e}r, {h}r, {p}r, identity,
hyperbolic, parabolic classes (I" has no elliptic classes). Also the sum over all
parabolic classes splits into two sums according to the character y (x = 1,
X = —1) (see [1]). The contribution from {e}r is equal to

/er(u(z,z))du(z):N(FY) /Oor-(tanhﬂr)hg(i+r2)dr (3.19)

)
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n(Fy) —— p(F) (3.20)

Y —oco

The contribution from all hyperbolic classes to (3.15) is equal to

{h} ke 1 Y —oo

where v = h¥ is a positive integer power of a primitive hyperbolic element h,

N(h) is the norm of h,

1 & '
g-(u) = %/ e‘”“hg(i + 7?)dr (3.22)

Let a(T", x) be the number of open cusps for F' relative to x, and b(T, x) the
number of closed cusps of F'. Then the contribution from all of the parabolic
conjugacy classes to (3.15) is equal to

he(3)
4
(14 ir)dr (3.23)

a(T, ) [9:(0) log V" — g.(0) log 2 +
1 [o¢] 1 9 I‘V
~ 5 7ooh€(4+r)r

— (T, x)g-(0) log 2 + o(1)

Y —oco

where I'(s) the Euler function and o(1) means o(1) —— 0.

Y —o00 Y —o0

Now we consider the sum given by (3.17). In order to calculate the right
hand side of (3.17) we have to seperate two different cases for the conjugacy
classes {yJ}r, v €T (asin § 2)

Yoy ey 20
{vJir {vJir {vJir
tr(yJ)#0  tr(vJ)=0

There is a significant difference between the classes {~v.J}r and {ypJ}r,v € T,
€ P;, 5 =1,2,3,4. We shall make use of the following results about these
classes

Lemma 14.

(1) For any {vJ}r with the property tr(yJ) # 0 the centralizer I',; in I of
vJ is generated by a hyperbolic element h = h(vJ).

(2) There are classes {vJ}r, v €T, tr(yJ) =0.
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Proof. (1) It is sufficient to show that I',; contains a hyperbolic element.
Then from the discreteness of I' follows that I',; is a cyclic group, gen-
erated by a hyperbolic element. We have vJvJ € ' if v € I'. Clearly
(vJyJ)yJ = ~vJ(yJvyJ). Similar to (2.6) we have

_ A 0
nOart = (3 _a) od £1) L As1

Then

_ A0
gi(v Iy T)gt = (0 )\2) (mod +1)

is a hyperbolic element.

(2) This follows from the definition of T
U

Remark. We shall see later that there are at most finitely many classes
{vJ}r from (2) of Lemma 14.
From the proof of (1) of Lemma 14 follows

Lemma 15. For any {yJ}r with tr(v.J) # 0 we have
N(h(yJ])) < N*(7J).

From the definition of the group I' = I'y(N), N = 4N, or N = 4N3, and
(2.6) follows

Lemma 16. Let v € T' and {yJ}r be such that tr(yJ) # 0. Then 7y is a
hyperbolic element and N(vJ) = N(v).

The following is well known.
Lemma 17. The series

i Z % , v hyperbolic primitive
= o N
vir

15 absolutely convergent for Res > 1, where the sum is taken over all hyper-
bolic conjugacy classes in I.

We will now calculate the contribution to (3.24) from classes with tr(v.J) =

0.
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Lemma 18. Let v € I and tr(yJ) = 0, then the centralizer I'y; of vJ in T
is either trivial I ; = {e} or I'y; is a cyclic hyperbolic group.

Proof. The element ~.J is conjugated by g € G to ((1) _01) (mod +1). Let

b . . "
g1 = <Z d) € G. We consider the commutation condition

—a2+b_ az+b
—cz+d  cz+d

(3.25)

which is supposed to be valid for all z € H. From this follows that g; is a
hyperbolic element or g; = e or ¢; is elliptic with tr(g;) = 0. Then the result
follows from Lemma 6 and the discreteness of T'. O

We will calculate now in a little more detail the sum in (3.17) since it is
not so much known as the sum (3.15). We start from the sum in (3.24) with
tr(vJ) # 0. Any 4/J in I'J is an odd positive integer power of a primitive
element v.J. Let us denote by h(y.J) € I' the generator of I ;. Let F,; be a
fundamental domain of I, ; in H. If g(vJ) € G brings h(v.J) to the diagonal

form (())\ )\91) similar to (2.6), then we take as F.,; the following domain

gy Fyy={z=re¥ € H|1<r < N(h(1J)),0 < ¢ < 7} (3.26)

Then the part of (3.17) with the condition tr(v.J) # 0 is equal to

S a0 [ hlule ) duce)

{+J}r F;J
tr(vJ)#£0
Y [ el ) dn(a) + o)
(vJir k=1 %) Y —o0
tr(vJ)#0
Z Z 2k 1/ dT/ |Z+N( J)Zk_lz|2> + o(1)
2o 20 o\ NG R )T
N
tr(yJ)#0
) D
03 [x(v)%‘l log N (h(7)
{yJir k=1
tr(yJ)#0
2/'7r/2 dg@ " <‘eig0+N<,YJ)2k—1€—igo|2> N (1)
€ . o
o sin®p sin o - N(ryJ)2k1 Y00
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-y [xm%* log N(h(~.]))

{vJ}r k=1
tr(vJ)#£0

(NG = NG| + o)

Y —oco

= - Q:(N(vJ)? ' + N(yJ)' 2" - 2)
=Y log N (h 1
> XOP s NROIN TN e w gy )
{vJIr k=1
tr(yJ)#0

_ e 2k—1 9:((2k — 1) log N(vJ))

= > ) x( log N(h(1 1)) . eire ¢ gy e + o)
{yJir k=1
tr(yJ)#0

(3.27)

where the summation in > is only taken over primitive relative classes and
N is the norm.

We consider now the situation when tr(yJ) = 0 and I',; is a hyperbolic
cyclic group. Denote by h(y.J) the generator of I',;. Then we have

> a0 [ heluleT2)duce)

{vJir Y
tr(yJ)=0
I, s nontrivial

= > X(’V)/F ke(u(z,vJ2))dp(z) + o(1)

{17} 7 Yoo
tr(yJ)=0
T"5 s nontrivial

NGD) g 7
- Y ) / I [T 92 4tz 02)) + (1)

r sin v
(e 0 2 —00

tr(yJ)=0
T'y s nontrivial

- X xleeNo) [ e (A2) 1 o)

Tt sin® ¢ sin® ¢ Y00

tr(yJ)=0
T' s nontrivial
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log N(h(vyJ
S () S CAGEA ) SRR (3.28)
{vJ}r Y —o0
tr(yJ)=0
T' s nontrivial

The calculation is similar to (3.27). We shall see later that the sum in
(3.28) contains only finitely many terms, at most.

Finally we have to calculate the contribution to (3.24) from classes with
tr(vJ) = 0 and trivial centralizer I',; = {e}. We have to find the asymptotics
of

> a0 [ ket e Y e (329

{vJ3ir Fy
tr(vJ)=0
F'yJ:{e}
where
= |J vBA=JVF (3.30)
v €T \I' vy el

We recall that I' = T'g(N), N = 4Ny or N = 4N3 and F' = Fy(N), a
fundamental domain of I' in H. We introduce I'(1) to be the modular group
and F (1) to be a fundamental domain of I'(1) in H. For the purpose of
calculation let us take

Fl)={:€Hz=a+iy|2°+y*">1,0<z<iora®+y*>13 <z <0}
Then we take
F(1)={2zeFly<Y} , Y>1 (3.31)

We have

YEL(1)/To(N)
and we now define Fy by
Fr=FRN= | @ (3.32)
Y€l'(1)/To(N)

From that follows the continuation of (3.30)

U~vr= U B (3.33)
)

v'el ~ver(1
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In the sum (3.29) we will first consider the term with v = e

/F e(u(z, 72)du(2) (3.34)

We define two sets ; C H, j = 1,2. By definition

W=HY)={:€Hz=x+iy|ly>Y}
QQZQQ<Y):{Z: ;—,1 ‘ ZIEQl<Y)}

1
o2 12
={z+iy| 2"+ (y — 57) < y2
From (3.30)—(3.33) follows
FlCcH\QUQ =Q (3.35)

We will not calculate here explicitly the integral (3.34), but we will cal-
culate the divergent term and we will estimate the remainder term for the
purpose of proving the Weyl law.

We define now

Q4:Q4(Y):{ZEH,z:x+iy|%gng} (3.36)
We can see that
UY)cC F/ (3.37)
This follows from (3.30)—(3.33) and the fact that

1 :
maxIm(yz) < — | z=zxz+1y
)
fa b (3.38)
V= (C d) e I'(1)
c#0

We will prove now that the only divergent part of (3.34) for Y — oo is
given by

/Q - ke(u(z, Jz))du(z) (3.39)

which is equal to

00 Y 1 Y 00
2/ da;/ d—gkg(%) = —/ @/ Eell) gy
0 1y Y Y 2 1y Y Jo Vi
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1
= 5 2logY - ga(o)
= ge(o) 1OgY

We will estimate now the rest of the integral (3.34) given by

/F k(= J2)dn(z)

v \Qa(Y)

From (3.14), (3.22), (3.13) follows

1 [ 1
g-(u) = —/ e D gy = L /e e/t

u)du
k.(e’ +e7 —2) :——/
( \/6u+6 U _ U _ v

() = g (u)

From (3.42) follows that k.(t) > 0, ¢t > 0. Therefore

/ ko (ulz, J2))du(z) < / e (ulz, J2))dp(z) = T
F\Qu(Y) Q3(Y)\Qa(Y)

(3.40)

(3.41)

(3.42)

(3.43)

forall Y > 1, € > 0 by (3.35). We will calculate now the right hand side of

(3.43). We have

1/Y d [ee)
T :2/ —g/ ko (422 do
0 Y= Jy/1/yv -1 v
1 1/Y 00
l/yY 1) Vi
/ ‘”/
(r-1)

= —g.(0)log2 + /OOO log(t+4)k (D) gy

Vi

(3.44)

For the purpose of estimations of integrals (3.44) is good enough, but we can
also transform (3.44) to integrals with the h. function. It was done in [2]

§6.5. We have
o0 k.(t) 1 /°° “ log(t + 4)
log(t + 4 dt = —— dQ.(w —————=dt
/0 # ) t m™Jo Q:() 0 Vivw—t
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1 ! 1
— ;gE(O) log2/0 7\/5 - _tdt
1 [ ! dr
+ ;/0 Qg(w)dw/O (wW+4/7)VTV1—T

1 [ 1
— 21 2 e 0 - 5 . : d
082000+~ [ Q) w0 — s
:2log2g5(0)+/ ge(u) tanh(u/4)du (3.45)
0

Similarly we obtain (cf. Appendix Lemma A.3) as the main term of the
asymptotics of (3.29)

| etz T2)dut) = 0.00) oy
Q4(Y)

and the remaining terms given by

/ ke(u(z, J2))du(=) = Th

e HQs(Y)\Qu(Y))

and

see (4.34), (4.36).

Lemma 19. The number of classes {yJ}r, tr(yJ) = 0, Iy, nontrivial, is
finate.

Proof. We can derive a formula similar to (3.12) for a trivial character x.
Then we can repeat the calculation of the contributions from all classes to
(3.12). Instead of (3.28) we get

@ > logN(h(vJ)) + o(1) (3.46)

{vJ}r Yoo
tr(vJ)=0
T'y s nontrivial
For any fixed Y > 1 and trivial character x the integral in (3.12) is finite.
From that follows that the sum in (3.46) is finite, which can happen only if
we have finitely many terms in the sum. O

We denote by a(I', 1) = a(I") the number of all pairwise inequivalent open
cusps of F' relative to x and set m(I') = #{vJ}r, tr(yJ) =0, I',; = {e}.
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Lemma 20.
(1) a(l') = m(I')
(2) al,x) = Y x()

{vJir
tr(yJ)=0
FWJ:{E}

Proof. Similar to the proof of Lemma 19. We compare the coefficients of the
log Y terms in (3.12) (1) for trivial x (2) for the primitive nontrivial character
coming from the {v}r and {v.J}r classes. O

Theorem 4. The Weyl law (see (3.11)) is valid.

Proof. To prove the theorem we have to see the asymptotics of each term in
(3.12) when € — 40 and then apply a Tauberian theorem. Similar to [2] we
have

F) [~ F) 1
M/ r(tanh7r)he (2 +r?)dr = ph) 1 + O(1)

A J_ 4T e 40

Z Z N(ﬁ)glz) I_Og]\/‘]\{}i;l)k/z ge(klog N(h)) = o(1)

{hr k=1 o (3.47)

96(0) = O(ﬁ)

e—+0
* 1 2 I’ . [loge|
he(3 +7 )F(l +ir)dr = 0(7)
-0 e—+0
We have also
/ ge(u) tanh(%)du = o(1) (3.48)
0 e—0

Applying Lemmas 15, 16, 17 we have (see (3.27))

5 SN g N ) S e e = ol1) (349

{nJ}r k=1 e=+0
tr(yJ)#0

Finally, using (3.43) and Lemmas 19, 20, we obtain from (3.12)

> he(N) = / e~ dNyaa(N)
”( ) 1 [loge|
=—— -4+ 0= 3.50
O Lo 050
and from that follows (3.11) and Theorem 4. O
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4 More advanced trace formula

We introduce three functions

( 2) _ e—e(iw?)

4 cos(rlog 2)6’56“’2) (4.1)
2 cos(2r log 2)675&”2)

ha
ha(N) = ha(§ +17)
ha(§ +17)

All these functions depend on a parameter ¢ > 0 similar to (3.13). For
each h;(\) we denote by k; the corresponding Selberg transform from (3.14),
7 =1,2,3. We introduce also

Ki(z,2,T',x) = ZX u(z,72")) (4.2)

yel

where « runs over the whole group I' = T'o(N), N = 4Ny, N = 4N3 and x is

. o . _ 12
our real primitive character and u(z, 2’) = |zy—z/|

We denote also by K;(I', x) = K the corresponding integral operator in
the Hilbert space H(I") = Lo(F, du) with the kernel given by (4.2). We will
study now the operator

T=(4+U*2) + U)K, — (U2)+U*(2)K, + Ks (4.3)
on the space of odd functions Heqq (see the above Lemma 13). We have
K; = hi(A(T,x)), j = 1,2,3. UQ)K; = K;U(2), U (2)K; = K;U"(2),
KjHodd C Hodd7 U(2)Hodd C Hodd, U*<2)Hodd C Hoaqa and hence

THoaa C Hoda- (4.4)

From Lemma 12 follows that A(T", x) has only discrete spectrum in Hogq N
D(A(T, x)). From Theorem 4.2 [1] follows that there exists a common ba-
sis of eigenfunctions of A(T',x), U(2), U*(2) in Hoqq.- Let us denote by
{v;i(2, T, x)}32, the orthonormal basis of common eigenfunctions in Hoqa. If

AT, x)vi(2) = A\jui(2) A=A x) v;i(2) = v(z, T, x)

and

U(2)v;(2) = vjv;(2) v; =v;(I', x)
)\jER IJJ‘EC ‘I/j|21 yj:ei"j ﬁjGR
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then U*(2)v; = e "iv; and we have

T’Uj _ [(4+ 62@'77]- + 6—2inj)h1()\j) _ (einj + e—inj)hQ()\,) + hg()\)}

= [(44 ¥ + e72) — (" + e~ - 4cos(r;log 2) + 2 cos(2r; log 2)] e~
(4.5)
where A; = ; 4 77. We can continue (4.5)
T'U]‘ — (einj + efl'nj _ 2i7’j _ 27i7’j)267€>\jvj
= (2cosn; — 2 cos(r; log 2))%e v, (4.6)

We denote w; = cosn;—cos(r;log2). It is not difficult to see that the operator
T is of trace class on Hyqq and its spectral trace is equal to

T =4 wle (4.7)
j=1

Using the trace formula we can calculate the matrix trace of 7" and obtain
the asymptotics as ¢ — +0. Then we apply the Tauberian theorem to get
information on a bound for w;.

From (1.4), (4.2), (4.3) it follows that the kernel 7'(z, 2) of the operator
T (as an integral operator) on the space of odd functions H,qq is given by

T(z,7) = %(T(z, 2 —=T(z,J2"))
=23 XNk (ulz,72)) — ka(u(z, 7))

4 % ; ; X k1 (u(z,9p2")) — ka(u(z, 79T 2"))]

v 323 X (ule ) koI
_ %ze; ; XV [ka(w(z,vp2")) = ka(u(z, ypJ2))]

2 ze; ; (z,7p7")) = ka(u(z,vpJ2"))]

Lo ;x (2,72")) — ks(u(z,~J2))]
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From (4.7), (4.8) we can construct a trace formula similar to (3.12),

A

42@0?6‘”” = lim T(z,2)du(z) (4.9)
j=1

Y —o0 Fy

where the A\; were explained above (4.5). The right hand side of (4.8) is a
sum of six automorphic kernels according to the decomposition (4.3). We

~

denote them as Tj(z,2'), j = 1,2,...,6, starting from
Tl(za Z,) =2 Z X(’Y)[kl (U(Z, /YZ,)) — ki (U(Z, ’YJZ,))]
~el’
and so on finishing by
. 1
To(2,2) = 5 D x(ks(u(z,72) = ks(u(z,7J2))).
~yel’
It is not difficult to see that for each j = 1,...,6 there exists a finite limit
Jn [ B = [ Teame) -ne @)
—JFy F

for any fixed € > 0. We have to find an asymptotics (or bound) for all I;(¢),
e — +0. We did that in § 3 for I; (see (3.50)). We have

Ii(e) = ) é+0('k’%) (4.11)

e—+40

The next integral we will consider is Ig(e) since it is close to the previous
case. The contribution from the identity similar to (3.12), (3.13) is equal to

% /OO r(tanh Fr)hg(i + 7?)dr (4.12)

[e o]

We will estimate this integral when ¢ — 40. We have

/ r(tanh7r)hs(3 + r*)dr = 4/ r(tanh 7rr)(e*T 1082 1 6_2’“%2)6_(1”2)%7“
—00 0

(4.13)

Since

/ r(1 — tanh7r)hs(1 + r*)dr = O(1)
0

e—+40

32



we have to evaluate
o

o 1
/ r(2cos(2rlog2))e " =dr = / t(2 cos(2ﬁ log 2))e " dt
0
VeE

2log?2

e Jo
= 2/0015 - e d(sin(<=2log 2))
e Jo Ve
1 /OO i(t e ") sin(-=21og 2)dt
Velog2 J, dt Ve
=0() (4.14)

e—+40

From (4.14) follows that (4.12) is O(ﬁ), which is smaller than the leading
e—+0
term in (4.11). To see the contribution from hyperbolic elements similar to

(3.21), (3.47) we have to find

1 .
g3(u) / e_“"“hg(i + r2)dr

:% N

]_ _ (u—210g2)2 _ (u+2log 2)2 €
4e

= 2\/71-_5[6 Ie +e ]6_4 (415)

The worst that could happen is if there exists {h}r (see the second line
in (3.47)) with the property

klog N(h) = 2log2 (4.16)

which gives us instead of o(1) the estimate O(%) coming from the g3(2log 2)
e—~+0 e—+0

term (we know that at most finitely many {h}r have the same norm). We

have then that the contribution from hyperbolic classes to the integral Ig is

bounded by O(ﬁ) which again is smaller than the leading term in (4.11).

e—+0

The contribution from parabolic classes to I is estimated in complete analogy

to the previous case of I; and is estimated by O(%@)

e—+0
The estimations of contributions from the {v.J}r classes also proceed in

analogy to the previous case with obvious change. For example in (3.43) we
estimate in numerical value

/ ke, J2))|dp(z) < / ka(ulz, J2)ldu(z)  (4.17)
FI\Qu(Y)

v Q3(Y)\Q4(Y)

and in (3.49) we will get instead of o(1) the estimate O(%) using the argu-

e—~+0 e—+0
ment similar to the one in the proof of (4.15). Finally we obtain
loge
1(e) = 0t (4.13)
e—+

33



We are going to evaluate now the remaining four integrals Iy, I3, I4, I5.
From the point of view of the trace formula there is no substantial difference
between these cases. We will consider in more detail the case I; and then
explain the differences with other cases. We have for a fixed ¢ > 0

I = Le
YIEEO i X(7) [k1(u(z,vpz)) — k1(u(z,vpJ 2))| dp(z)
— 4 Jim {>"xy Z/F (2 1p2)) ()

_ZX Z . ki(u(z,vpJz))du(z )}

= tim { 370 [k ap)dnt)
{vp}r By
- /w kl(ﬂ(z,vaZ))du(Z)} (4.19)

{ypJyr /By

where {vp}r, {7ypJ}r are relative conjugacy classes with I' conjugation (see
§ 1, § 2). Similar to (3.16), (3.18) we have

P= | AFy =) YRy (4.20)

Y €lyp\I’ v €l \I

where I, T',,; are centralizers of yp and yp.J in I'. We have F}” v P

FyP7 — ) where F7P, F/ are fundamental domains of Ly, Doypyin
Y —o0

H. We have to see now the contribution to (4.19) from different conjugacy
classes. From Lemma 2 we know there is no parabolic classes {yp} in each
I'P;, 7 = 1,2,3,4. From Lemma 3 follows that there are at most finitely
many elhpmc classes {yp}r in I'P;, j = 1,2,3,4. Let the elliptic class {yp}r
have order d, then it is not difﬁcult to see that the contribution to the trace
is

X(7) / > exp(—2mr/d)

2sinf ) 1+ exp(—27r)

h(t+r?)dr (4.21)

where for I, I3 we have h = hy and for Iy, I5 we have h = hy. From (4.1)
follows that in all cases the contribution from all elliptic classes is given by

O(1). From the first sum in (4.19) we have to evalute now only contributions
e—+0
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from hyperbolic classes since there is no contribution from the identity in
all these cases. According to Theorem 2 we have hyperbolic classes of two
different types. We will consider first the case when I',, is non-trivial cyclic
group generated by a hyperbolic element h(yp) € T'. We have infinitely
many such classes and the total contribution can be calculated very similar
o (3.21)

> X o N R s 9o N (p) + o)
{7p}r Yoo

{vp} hyperbolic
I'YP non-trivial

(4.22)

where again g = ¢y for I, I3 and g = ¢ for Iy, I5. It is known that the

series (4.22) is absolutely convergent. We can take the limit Y — oo and

then evaluate (4.22) by o(1) for I, I3 and O( =) for I, Is. To complete the
e—+0 s +0

study of the first sum in (4.19) we have to consider hyperbolic classes with

trivial I",,. We have F}¥ =T (see Appendix) and we will consider the more

general situation assuming p € P;, j = 1,2,3,4. Then

/F (u(zp2))dn(2) = /  k(u(z0)du:) (4.23)

Y

A0 2—X\2z
0 )\l yA> 1 u(z,az) = ‘yz’/\\Q‘.

Similar to (3.40) the main term of asymptotics of (4.23) for Y — oo is given

by
/ dx / k(e d‘g A (4.24)
1Y

(see Appendix Lemma A.4). We have

00 Y , d
A:2/ daz/ ka(l+ )2
0 %% vy

= 2(log(Y) — log(1/Y)) /oo dth(a(l +t°))

0

where g € PSL(2,R), a = gypg~! =

= 410gY/ k(a(l+t%))dt
0

~ 2logV
a1

(2log \) (4.25)
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where a = (A — 1)? and g(u) is the Selberg transform of k(t) (see (3.14)).
For k = k; or ks we have

g(2log ) = O( (4.26)

If h(()j )(F) is the number of classes {yp}r, p € P;, with trivial centralizer

I',, = {e}, we can prove similar to Lemma 20 that each h(()j) < 00, and the
total divergent term from the first sum of (4.19) is equal to

( 3 X(y))\%l/)\)Q log Y g(21og \) (4.27)

{7p}r
Lyp={e}
per

where the sum in (4.27) consists of h(()j) terms, A = A(yp). We have from
Theorem 2

(a) tr(yp) = A+ A= Fifpe Por P
(b) tr(yp) =A+A'=2ifpe Pyor Py.

From that follows in case (a) A = /2 and in case (b) A = 2, so it is indepen-
dent of . We can rewrite (4.27)

(2log Y)g(2log ) > ox(1) . A=V2orAa=2  (4.28)
{7p}r

Lyp={e}
pEPj

1
A— 1/

Now we have to see the divergent terms in the second sum of (4.19). From
Lemma 10 follows that there is no term in this sum with tr(ypJ) = 0. We
have to split this sum according to

oo+ ) (4.29)

{wJ}r {wJ}r
[, pg non-trivial T’y trivial

The first sum in (4.29) is transforming similar to (3.27) with g = g(¢) where

g = g1 or g = go. It is absolutely convergent, has a finite limit as Y — oo
and is estimated by O(%) And we have to calculate the asymptotics as

e—0
Y — oo of the second sum in (4.29). We have FJ?’ = I'Y. and

J

k(e 0T 2)dn() = [ k(e B2))dutz) (4:30)

v gy

36



where ¢g* € PSL(2,R),

% x—1 _ A
B =g"vpJg —(O _Al),

The main term of asymptotics for Y — oo of (4.30) is given by

/ dz //Y ‘Z*ﬁj;‘Q b _ 2(log(Y) — log(1/Y)) /0 mk(62x2+d2)dx
(4.31)

b* = (A + 5)?%, d* = (A — §)% From Theorem 3 follows that A — A™! = % in
cases j = 1,2 and A — A™' = 2 if j = 3,4. That means A = V2 in cases (1),
(2) and A = 2 in cases (3), (4). The integral (4.31) is equal to

4logY/ k(b*2® + d*)dx = -2logYg(2log\) (4.32)
0

A
14+ A2
where ¢ is the Selberg transform of k from (3.14). Again for k = k; or ko we
have (4.26). If hi) (I') is the number of classes {ypJ}r, p € P; with trivial
centralizer I',,; = {e}, similar to Lemma 20 we can prove that each h < 00

and the total divergent term from the second sum of (4.19) is equal to (more
general p € Fj)

(2logY)g(2log A)- jv > x() A=+v2o0r =2 (4.33)

{vpJ}r
“/pJ:{e
pEPj

r

where the sum in (4.33) consists of hgj ) terms. From the existence of a finite
limit (4.10) we obtain that the divergent terms (4.28) and (4.33) coincide
(not only for primitive character x but also for x = 1). We have proved the
following

Lemma 21. We have (the notation explained in (4.27), (4.33))
(1) b (1) = 35" (T)

2) Y x()=3> x(

{vpJ}r {v}r
pGPj pEPj

(3) 3h(T) = 5h{(T)
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(4)3 Y, x()=5> x(v

{vpJ}r {v}r
pEPj pEPj

The cases (1), (2) apply when j = 1,2 and the cases (3), (4) apply when
j=34.

To complete now the evaluation of terms in (4.19) (more general p €
P;) we first have to evaluate the second terms in the right hand sides of
(4.25), (4.32) for ¢ — 0, and this is done by (4.26). Secondly we have to
evaluate the differences between (4.23), (4.24), and between (4.30), (4.31). In
both of these last cases we have for the domain of integration (see Appendix
Lemmas A.4 and A.5) for some ¢ > 1

1 1 1
Y { H z= iy | — < <Y}U{0< <l > 1}
gy czeflz=atiy| <y Y x| >y e
(4.34)

It follows then, that we have to evaluate the following integrals

1/Y dy 00 5
/ — / drk(a(l+ %)) (4.35)
/ey Y —o0 Y
1/cY d 00
/ —2/ dok(a(l + 22)) (4.36)
0 Y= Jy/1/yv -1 v

where ¢ > 1 is a constant (independent of Y, €, but generally different for ~yp,
ypd), a = (A — A71)? (see (4.25)), and the integrals

/UY dy/ dak(d® + 517)) (4.37)

1/cY y

1/cY d 5
/ il / dok(@ + Z12)) (4.38)
0 Y™ Jy/1/yy -1 v

b=XA+ A1 d=X— X" (see (4.31)).

It is easy to see (by calculation, similar to (4.25), (4.32)) that the inte-
grals (4.35), (4.37) are independent of Y and up to a multiplicative constant
they are equal to g(2log\), which is estimated in (4.26). We consider now
(4.36). By obvious change of variables we reduce it to (up to a multiplicative
constant)

[ = [ s [T 2
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= —log(a)g(2log \) + /OO logy\/]{;yT)ady (4.39)

We only have to estimate

& k
/ logy ) dy

VY —a
/ d@))
/ _a y /w_
w)logy
d d
/ ¢ ym\/r
* logy
- 4
W/a 2w =
—1 /°° log((w — a)y + a)
= — de/ dy
Ay N e
Vydy
= (I 2log \) + d
(oga)g(2log )+ [ Qe /¢IT A
= (loga)g(2log \) + / Qw w—i-\/@
e —e
=l 2log \) + d
(loga)g(2log A) + jébgAg(u)euﬁeu—-Zk( A= 1/ (e — eut) ™
1 2log ) + [ i i 4.40
= (oapg2log ) + [ ) p oyt (440
We have g = ¢ or ¢g» and
1 1 2
91(5) -~ .___pu /456—5/4
2V Ve (4.41)
1 2 2 '
_ ,—¢c/4 —(u—log2)*/4e —(u+log2)®/4e
g(e) =e \/7r_€(6 +e )

From (4.40), (4.41) follows that the integral (4.39) is estimated by O(ﬁ),
e — +0.

The last integral (4.38) can be easily reduced to the sum of g(2log ) and
[ log(t+4) \/k(tidt (up to multiple constant coefficients) which is estimated
as before by O<\/E)7 e — +0.

We have proved the following

Lemma 22. There are estimates I; = 1;(¢) = O(
(see (4.8), (4.10)).

%)eﬁ+oj—2345
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From (4.11), (4.18), Lemma 22 follows

Theorem 5. For the trace of the operator T (see (4.7)) we have the following
asymptotics, € — +0

(F 1./
T = 4Zweej:_) _+O(|0ge|)

2 € Ve
We have by (3.50) and Theorem 5 with w; = cos(n;) — cos(r; log2),
L w(F) 1 (|log5|)
N =7 240 4.42

; ‘ 81 ¢ i NG (442)
S F) 1 1
Y Wl = w1, O(—' Oge') (4.43)
p 8t ¢ NG

The smallest number of terms with w; # 0 is obtained if |w;| = 2 for all
J with w; # 0. Assume that this holds and that

#{j 1<) < X,wf=4} 1
— 4.44
Then we shall see that (4.43) holds.
By a Tauberian theorem (4.42) implies (Theorem 4)
F
#{\ <A}~ ( ))\as)\—>oo (4.45)

where A\ < g <<\, <--- and )\j is repeated according to multiplicity.
Let ji, < jr, < -+ < Jg, < --- be the values of j such that wf-k = 4. Then
(4.44) implies

#{)\jk < )‘} 1

and hence by (4.45)

VP VR BLCER

Then
S - )1 p(F)1
2 63_4 N~ ( i -
Zw]e Ze kslo 4 81 ¢ 8w €
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in agreement with (4.42). The same proof shows that we cannot have

4 1<j<X,0?=4) 1
l- .f j -
g X <1

so the minimal number of j with w; # 0 is given by (4.44).
We have proved

Theorem 6.

AN SA w #0F 1
1 f k Jk >
M <A T

(4.46)

where \; 1s repeated according to multiplicity.

Thus, for at least i of the eigenvalues \; = i + r]z of the automorphic
Laplacian with odd eigenfunction ®; the corresponding eigenvalue e* of the
exceptional Hecke operator U(2) satisfies w; # 0 or e 2 27,

We now consider the other exceptional Hecke operators U(q) for ¢ > 2,
g | N, N = 4N, or N = 4N3. Here we have to establish the condition

1T

pi(q) # qaqj, where p;(q) is the eigenvalue of U(q) corresponding to the
eigenvector ®;. The parameters ¢, are any real numbers. We now assume
that ¢, # 1 for all ¢ | N, ¢ > 2. Then we obtain from [1] (7.23), (7.24) and
Theorem 6

Theorem 7. Let the forms w(z) be defined as in [1] Theorem 6.2 and assume
that e, # +1 forl = 2,..., k. Then for at least i of the eigenvalues \; of
Aoaa(T', x) (in the sense of Theorem 6) with eigenfunctions ®; the Philips-
Sarnak integral 1;(®;) # 0, where 1;(®;) is given by [1] (7.2).

As a consequence, for each A; in the sequence of Theorem 7 at least one
eigenvector ® in the eigenspace N(Aoqa(L, X)) — A; turns into a resonance
function under perturbation by the form w(z), and the total dimension of
the eigenspace is reduced by at least one (cf. [1] Theorem 5.8).

For each eigenvalue \j, with w;, # 0 there is at least one eigenfunction P
with eigenvalue A;, such that ® turns into a resonance function under per-
turbation. Let {(fl}fil be an orthonormal sequence of all such eigenfunctions
with increasing eigenvalues \;.

Theorem 8. Assume that dim{N(Acaa — Aj)} < m for all eigenvalues A;.
Then

= < A
g N S 20} 1
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Proof. The minimal number of eigenfunctions ®; with eigenvalues )\; < A
occurs if all eigenfunctions ®;, with w;, # 0 are distributed with m in each m-
dimensional eigenspace of A,qq(I", x). Then each such eigenspace contributes
at least one ®@;, and the result follows from Theorem 7. O
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A Transformation of the domain of integration
of k.(u(z,Jz)) by g € PSL(2,Q)

In (3.29)—(3.34) it was shown that Fy} = FY = U, er, 7Fy (1), where I'y is
the modular group with fundamental domain F'(1) and Fy (1) = {z € F(1) |
y <Y}, Then

/ ke(u(z, J2))du(z) = / ke(u(z, Jz))du(z) (A.1)
By FY
Let HY)={2 € H|y>Y} = (Zl Zl) € I'y, and for ¢; # 0 let
1
c(e, QYIC%) be the circle with center (£, QYIC%) and radius 2)}6%, touching R
at ¢+, with interior CO(Z—i, 7).
1

If ey =0, v(H(Y)) = H(Y). We now prove that for ¢; # 0, v(H(Y)) =
CO(x, L), We have

c1’ 2Yc§

(CL1.§L’ + bl)(Cll’ —+ dl) —+ CL101Y2 —+ 1Y

— .r,—i_'l /
(crx 4+ dp)? + 3Y? Y

Y(r +1iY) =

Since y(00) = &, y(H(Y)) is a circle C°(%, R) with radius R to be deter-
mined by the equation

(x/_%)2+y/2_2Ry/:0
1

implying

d d
(—z — 22+ Y2 =2RYP|(x + —)? 4+ Y?
C1 C1
which gives
1
S 2Ye}

From this we obtain

Lemma A.1.

1
2Y ¢?

H\F)=HY)U|J CO(%, )

yerl’
c1#0
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Proof. No point in Fy (1) is mapped by v € I'y to a point of F/(1) \ Fy(1),
and hence H(Y) C H \ TY.. Therefore, v(Hy) = C°(%, L) ¢ H\TY for

cr’ 2Yc%

v €TI'1, ¢ # 0, and the Lemma follows. O

In order to estimate the integrals in (3.29) we also need to calculate for
v € Io(NV)

/FW ko(u(z,vJz))du(z) (A.2)

in the case where tr(yJ) = 0 and the centralizer I',; = {e}. Again we have
F}’ = FO, and if g € PSL(2, Q) such that

g(vD)gt =,

we have

By Lemma A.1
H\ gy = g(H\TY)
—gHM) U | g

vel't
c17#0

aq 1
¢ 2Y e

)

In order to estimate the integral (A.2) we therefore need to calculate g(H (Y))
and g(C°(%, L)) for ¢; # 0. The set g(H(Y)) is given by the proof of

cy? 2Yc%

Lemma A.1 to be C%(%, 57—) if ¢ # 0, where g = (Z b), and it is H(Ya?)

2Y c2 d
if c=0.
Let v = (zl Zl) € I', o # 0 and set 7 = ¢&. The equation of
1 a1
c(e, QYIC%) is
1 1
— )2 _ 2 _ 2
<x Tl) _'_(y 2Y01) 2Y01)
or
‘Y’ =2 ! 2 A4
rrHy = r1x+Y—6%y—T1 (A.4)

We have two cases:
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(1) 2 = —2. Then g(£) = 00, s0 g(C°(£, 531z)) = H(Yp), Yo to be deter-

c1 cy’ 2Yc
mined.

(2) @ # —2 Then g(2) = g(r,) = 222 s

cri+d?

(CO(01 2;C1>> - CO(Z:EIFZ’R)’

R to be determined.

We have

(az +b)(cx + d) + acy® + iy

g(w +1iy) = (cx + d)? + *y?

=z +1y (A.5)

(1) @ = —< Then by (A.5)

Cc1

Y
=Y
(cx + d)? + y? 0
or
1
N2 a2 d\2 _
=Py = 2 =
so by (A.4)
2
Yo=v3.
c

(2) a# - d . We determine the radius R of the circle
CO(e55. B) = 9(C 1, 50)).

where C(r1, 35— ) is given by equation (A.4). The equation of CO(%, R)
1

with 2’ and ' given by (A.5) is

(ZL‘/ o ar1+b)2 + y/2 — 2Ry/

cri1+d
or
+b 2
{(a:c +b)(cx +d) + acy® — Z:ll — [(cz + d)* + Py’ } +y?

= 2Ry{(cz + d)* + *y*}
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Using (A.4) this reduces to

2
ac A,y o c c ad + bc
2yl — 9Rry{2° .
Squaring and using (A.4) again, we get
c? : 2c 1 d—ocry

(Y22 (ery + d)Zy * Yci(ery + d) e Ycier, + P
2

2Ry{%y + 2¢c(ery + d)x + d* — CQT%} (A.6)
G

Equating coefficients of 3%, zy and y, we get that (A.6) holds if and only
if

R 1 1 1 1
Y (ery +d)?2 2Y (cap +dep)?
We have proved
Lemma A.2. Let
a b
o= (4 1) ersie.)
¢ # 0. Then with
! bl
Y (Cl dl) S Fla
r = %7
1 ar; +b 1 1 c2
RNy O S U e e A S W PPV
\ Ty ¢’ 2Y¢c? yg cry +d’ 2Y (cay + dey)? c2
1
c17#£0
rl;é_—d
where

In particular,

9(C°(=2,572)) = C°(0, vy

? 2Y (cai—+decr)?
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fora;éO,Z—i:—Q.

g(H(Y)) = C%(0, 37z)

) 2Y ¢?

for a = 0.
In order to estimate (A.3) we apply Lemma A.2 to

o= (0 ) ersiz o),

where g(v0J)g~! = J,

We solve the equation g(voJ)g~' = J or
apa + Ncob —bpa —apb [ a D
apc + Negd —boc —apd) \—c —d
or the two pairs of dependent equations

((lo — 1)(I+N00b: 0 —boa,— ((l0+ ].)b: 0
(ap+1)c+ Negd =0 —boc — (ag — 1)d =0

Case 1: by # 0, ¢y # 0, so ag # 1. We find

g= (™ =T ) ceq\{o)

c ap—1

%. Then d = d* = %

Let e = (1 — ag, bp) and choose ¢ = ¢* 2,

so ¢* and d* are integers with (¢*,d*) = 1.
Case 2: bg =0, cg #0, a9 = —1. We find ¢* =1, d* = 0.
Case 3: by # 0, co =0, ap = —1. We find

c*=2,d" = b if by is odd, a* = 0.

c=1,d = %0 if by is even, a* = 0.
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Case 4: by =0, ¢g # 0, ag = 1. Weﬁndc*:—%,d*:l, b=0.
Case 5: by # 0, ¢ =0, ag = 1. We find ¢ = 0, and choose d* =1,

1 =h
* 2
v~ 7)),

* *

Applying Lemma A.2 to g* = (a

o d*)’ we obtain

Lemma A.3. Let

. ap by
Yo = (NCO do) S FO(N)

and g*(70J)g*t = J, where
g = (‘C’I Z) € PSL(2,Q)
with ¢ and d* integers, (c*,d*) = 1. Then
L peuws it = [kt )

where

1
{y\%<y<Y}Cg*FQ,C{y|0<y<Y}\CO(O,2—YC),CZ1,

and
c=(c*ay + d*c))?,
b*
i a*’
(ar,c1) = 1 for a* £,
c =1 for by even and ¢ =4 for by odd, if a* = 0.

a1

Proof. Let v € I'1, c1 # 0, 1y = & # —4 . Since (c¢*,d*) = 1, min(c*a; +

C
£ 2 11 _ 1
dcy)® = 1, max 53 Catd ) — 2y

¢y = £c¢* and H(Ycigg) = H(Y). Clearly, ¢ = (c*a; + d*c;)* with & = -
for a* #0. In case 3 a* =0, c = ¢** = 1,4.
In case 2 ¢* =1, d* = 0. If;—i;é—ﬁz(),thenal;é(). For a; = 0 we

c*

* .
Alsom ‘é—j = —f—* in the cases 1,3,4, so

have ¢ = c*a; + d*c; = 1. Now ¢y is determined by ‘é—j = —Ccl—: =0, so a; = 0.
Then ¢y =1, by = —1, 80 ¢y = c* =1, and H(ch—gg) = H(Y). In case 5 ¢g* is
translation by _Tbo, and the Lemma is proved. O

48



In order to estimate the analogous integrals from section 4 we consider
now %opP, 7o S PO(N)’ b = DP1,P2,P3, P4, F’yop = {6} Let

. ap by
Yo = <NCO dO) GPO(N)a

we shall find

g= (‘C’ Z) € PSL(2, Q)

9(vp)g~" = (3 )\01)'

such that

(I) ~op1 with

S
— [ V2 sqrt2 =0.1
b1 (0 \/é ) ) q 9
By Theorem 2, I, = {e} iff vV2tr(yop1) = 3. Then A+ \~! =
A=+2or % We have

W gy 4 byy/2
= V2 A8

S

With A = v/2 we get the dependent equations in ¢ and d
(ap — 1)c+ Negd =0
(CL(]q + 2b0)C + (NC(]q + 2d0 — 1)d =0 (Ag)
(1,0+N60q+2d0 =3

(I1)

1 1
P = V2a0 + ﬁqbo Ebo ¢=0,—N
V2Ncy + %qdo %do ’ ’

By Theorem 2, I, ,, = {e} iff tr(vyop2) = % With A = /2 solution

of A\ 4+ X1 = % we get the dependent equations in ¢ and d

b00+ (do - ].)d =0
(2—dy)c+ (2Ney + qdo)d =0 |, ¢=0,—N (A.10)
2a0+qb0+d0:3
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(111)

1 1
_( 3% 5900+ 2b _
ops (%Nco LyNeo+2dy) 0 1 0,1,2,3

By Theorem 2, tr(yops) = 2 iff Ty, = {e}. With A\ = 2 solution of
A+ A= g we obtain the dependent equations for ¢ and d
(ap — 1)c+ Nepd =0
(qap +4by)c+ (4 —ap)d=0 , ¢=0,1,2,3 (A.11)
Qag +QNCO —|—4d0 =95

2a0 + gbo  3bo N 3N
= =0,—,—N,——
YoP4 (2NCQ +Qd0 % ) q ) ) 2

By Theorem 2, tr(vyops) = 2 iff T, = {e}. With A\ = 2 solution of
A2t = g we obtain the dependent equations

boc + (do —1)d =0
(2a0 + gbo — %)c + (2Nco + qdo)d = 0 (A.12)
4(1,0 + 2qb0 + do = 5

In all the cases I-IV we solve the equations (A.9)—(A.12) in the same way

as we solved the second set of equations (A.7). Similarly to Lemma A.3 we
obtain from Lemma A.2

Lemma A.4. Let vy € [o(N) and V2 tr(yop;) = 3 fori = 1,2, 2tr(yop;) =5
fori=3,4. ThenT.,, = {e} and FJ** = FQ. Let g* be defined as in I-1V
such that

*( ) x—1 )\Z 0
g \"oPi)g - 0 )\Z—l ’
where \; = /2 fori=1,2 and \; = 2 for i = 3,4. Then
o betutzop) = [ ka2 dute)
R oy

where

{zeH |+ <Imez<Y}Cg ) C{zeH|0<y<Y}I\C0,5) , c>1

2Y ¢
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and

c=(c*ay +d*c;)?
b*
o —— fora®#0
a

&1
c>1fora*=0

0 —1
with I',,7 = {e}. By Theorem 3 this holds iff /2 tr(yop;J) = 1 for i = 1,2
and 2 tr(yop;JJ) = 3 for i = 3,4. We find

()

_ A0
Q(WOPiJ)Q t= (O )\—1) .

We finally consider yop;J, 70 € To(N), p = p1,pa, 03,04, J = (1 0 )

such that

<= —(aoJ + bog)
J= N2 V2 . ¢=0,1.

With the solution A = /2 of A — A7 = 12 we get the dependent
equations fpr ¢ and d

Sl

(ap+1)c+ Negd =0
—(apq + 2by + 1)c — apd = 0 (A.13)
agp — (Negg + 2dg) = 1

(1I)
V2ag + Lyoby  —Lbo 1
J= V2 V2 L q=0,—N , tr(yopa]) = —
YoP2 (\/§NC(]+ %qdo _\}§d0 q (’70]72 ) \/§

With A = v/2 solution of A — A\~ = % we get the two equations in ¢
and d

—bQC — (do + 1)d =0
2a0+’)/0b—d0: 1
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(111)

1
500 qa0+2l)0 _ _ 9
70p3<] - <1NC qNC(] +2d0 ) ) q= 07 17273 ) tr(VOP?,J) —
_ 3
2

With A\ = 2 solution of A — A™! = 2 we get the equations in ¢ and d

(ap+1)c+ Ncod =0
—(qap + 4by)c — (ap — 2)d =0 (A.15)
ap — (QNCO + 4d0) =3
(IV)

2a0 + qby —%bo) 0= 0 N 3N

ot = (e, i TNy

With A = 2 solution of A — A™" = 2 we get the equations in ¢ and d
boC-'- (—do + )d =0
(do+4)c+ (4Ncy + 2qdo)d =0 (A.16)
4(1,0 + 2qb0 - do =3
In all cases [-IV we solve the equations (A.13)-(A.16) in the same way
as the equations (A.7) and (A.9)-(A.12). Then we obtain from Lemma A.2

Lemma A.5. Let vy € To(N) and 2 tr(yopiJ) = 1 fori = 1,2, 2tr(yopiJ) =
3 fori=3,4. Then T, = {e}, and FJ"’ = F2. Let g* € PSL(2,Q) be
defined as in I-IV such that

“ — A 0
g (vopi)g* T = (0 _)\il) :

where \; = /2 fori=1,2 and \; =2 fori=3,4. Then
[ bt aopT () = [ a2 du)
R ’ry

where

{z

%<y<Y}Cg*F)0/C{Z|O<y<Y}\C’O(O,2+/C) , ¢>1
and

c=(c'a; +d*c)?

aq b*

— =—— fora®#0
a

6]
c>1fora*=0
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