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1 Introduction

In this article we consider a family of d-dimensional di�usion processes de�ned by the
following stochastic di�erential equations

dXt = b(Xt; �)dt+ "�(Xt; �)dwt; t 2 [0; 1]; " 2 (0; 1]; (1)

X0 = x0;

where (�; �) 2 ��� � ��� with �� and �� being open bounded convex subsets of Rp

and Rq, respectively. Further, x0 and " are known constants, b is an Rd-valued function
de�ned on Rd � ���, � is an Rd 
Rr-valued function de�ned on Rd � ���, and w is an
r-dimensional standard Wiener process. We assume that the drift b and the di�usion
coeÆcient � are known apart from the parameters � and �. The type of data considered
in this paper is discrete observations of X at n regularly spaced time points tk = k=n
on the �xed interval [0; 1], that is, (Xtk)0�k�n. We are interested in estimating � and �
based on these observations. The type of asymptotics considered is when " goes to 0 and
n goes to 1 simultaneously.

In case the whole path X = fXt ; t 2 [0; 1]g is observed, parametric inference for
di�usion type processes with small noises is well developed. The �rst order asymptotic
statistical theory has been studied mainly by Kutoyants [21, 22]. As for higher order
asymptotics, Yoshida [33] showed the validity of asymptotic expansions for statistical es-
timators by means of Malliavin calculus with truncation; see also Yoshida [36, 37, 38],
Dermoune and Kutoyants [5], Sakamoto and Yoshida [24], and Uchida and Yoshida [29].
In recent years, also the more realistic case of parametric estimation for discretely ob-
served di�usion processes has been studied by many researchers, see Dacunha-Castelle
and Florens-Zmirou [4], Florens-Zmirou [6], Yoshida [35], Genon-Catalot and Jacod [8],
Bibby and S�rensen [2, 3], Hansen and Scheinkman [12], Kessler [16, 17], S�rensen [26],
Kessler and S�rensen [18], Jacobsen [15] and H. S�rensen [25].

Although small di�usion asymptotics have many applications, (for applications in
mathematical �nance, see Yoshida [34], Kim and Kunitomo [19], Takahashi [28], Kunitomo
and Takahashi [20], Uchida and Yoshida [30]), there is very little work about small noise
asymptotics for estimation for di�usion processes from discrete time observations. Genon-
Catalot [7] and Laredo [23] studied the eÆcient estimation of drift parameters of a di�usion
process with small noise from discrete observations under the assumptions that di�usion
coeÆcients are known and the asymptotics is when " ! 0 and n ! 1. S�rensen [27]
presented martingale estimation function for discretely observed di�usion processes with
small noise, and he showed consistency and asymptotic normality of the estimators of
drift and di�usion coeÆcient parameters when " ! 0 and n is �xed. Taking account
of the above three papers, our goal is to obtain a consistent, asymptotically normal and
asymptotically eÆcient estimator of (�; �) in our setting.

This article is organized as follows. In section 2, we introduce a contrast function
based on a Gaussian approximation to the transition density and state several preliminary
lemmas. Section 3 presents our main result about the consistency, asymptotic normality
and asymptotic eÆciency of the minimum contrast estimator obtained from the contrast
function constructed in Section 2. Section 4 is devoted to proving the results stated in
the previous sections.
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2 The contrast function and preliminary lemmas

We �rst describe the notation and assumptions used in this article.
Suppose that the parameter and the parameter space can be decomposed as follows:

� = (�; �) and � = �� � ��. Let �0; �0 and �0 denote the true values of �; � and �,
respectively. Let X0

t be the solution of the ordinary di�erential equation corresponding
to " = 0, i.e. dX0

t = b(X0
t ; �0)dt, X

0
0 = x0. For a matrix A, jAj2 = tr(AA�), where

\*" indicates the transpose. We denote by �C1
" (Rd ��;Rm) the space of all functions f

satisfying the following two conditions: (i) f(x; �) is anRm-valued function onRd�� that
is smooth in (x; �), (ii) for jnj � 0; j�j � 0 there exists C > 0 such that sup�2� jÆ�@nf j �
C(1 + jxj)C for all x. Here n = (n1; � � � ; nd) and � = (�1; � � � ; �l) are multi-indices,
l = dim(�), jnj = n1 + � � � + nd, j�j = �1 + � � � + �l, @

n = @n11 � � �@ndd , @i = @=@xi,
i = 1; � � � ; d, Æ� = Æ�11 � � � Æ�ll , Æj = @=@�j , j = 1; � � � ; l. Note that � and Æ depend on �.
For example, � = (�1; � � � ; �p), Æj = @=@�j for ���.

In this article, we make the following assumptions.

[A1] Equation (1) has a non-exploding strong solution on [0; 1].

[A2] For all m > 0, suptE[jXtjm] <1.

[A3] b(x; �) 2 �C1
" (Rd � ���;R

d), �(x; �) 2 �C1
" (Rd � ���;R

d 
Rr).

[A4] infx;� det[��
�](x; �) > 0, [���]�1(x; �) 2 �C1

" (Rd � ���;R
d 
Rd).

[A5] � 6= �0 ) b(X0
t ; �) 6= b(X0

t ; �0), � 6= �0 ) ���(X0
t ; �) 6= ���(X0

t ; �0).

Remark 1 For [A1], there are several well-known types of suÆcient conditions for the
existence and uniqueness of a solution of the equation (1). For more details, see Ikeda
and Watanabe [14] Chapter IV.

Moreover, we consider the following assumptions for " and n.

[B1] lim"!0;n!1("n)�1 = 0.

[B2] lim"!0;n!1("
p
n)�1 <1.

Let P� be the law of the solution of (1), and L� the in�nitesimal generator of the
di�usion (1):

L�f(x) =
dX

i=1

bi(x; �)@if(x) +
1

2
"2

dX
i;j=1

[���]i;j(x; �)@i@jf(x):

In order to construct the contrast function, it is natural to consider a Gaussian approx-
imation to the transition density in the same way as in Kessler [16]. Using Lemma 1 in
Florens-Zmirou [6], we obtain the following contrast function.

U";n(�) =
nX

k=1

flog det �k�1(�) + "�2nP �
k (�)�k�1(�)�1Pk(�)g;
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where Pk(�) = Xtk�Xtk�1�
1

n
b(Xtk�1 ; �), �k(�) = [���](Xtk ; �). Let R denote a function

(0; 1] � Rd ! R for which there exists a constant C such that R(a; x) � a(1 + jxj)C
for all a; x. We de�ne Gn

k = �(ws; s � tk), B
i
k(�0; �) = bi(Xtk ; �0) � bi(Xtk ; �), and

B(x; �0; �) = b(x; �0)� b(x; �). Moreover, in order to formulate the preliminary lemmas
given later, we prepare several functions and notation as follows. For Lemma 4, we de�ne

U1(�; �0; �) =
Z 1

0
B�(X0

s ; �0; �)[��
�]�1(X0

s ; �)B(X
0
s ; �0; �)ds;

U2(�; �; �0) =
Z 1

0
log det[���](X0

s ; �)ds

+
Z 1

0
tr
h
[���](X0

s ; �0)[��
�]�1(X0

s ; �)
i
ds

+M2
Z 1

0
B�(X0

s ; �0; �)[��
�]�1(X0

s ; �)B(X
0
s ; �0; �)ds;

where M = lim"!0;n!1("
p
n)�1. Note that U2 is only well-de�ned under assumption

[B2]. For Lemma 5, let

C";n(�0) =

0
B@ "2

�
@2

@�i@�j
U";n(�0)

�
1�i;j�p

" 1p
n

�
@2

@�i@�j
U";n(�0)

�
1�i�p;1�j�q

" 1p
n

�
@2

@�i@�j
U";n(�0)

�
1�i�q;1�j�p

1
n

�
@2

@�i@�j
U";n(�0)

�
1�i;j�q

1
CA ;

I(�0) =

0
@
�
I i;jb (�0)

�
1�i;j�p 0

0 (I i;j� (�0))1�i;j�q

1
A ;

where

I i;jb (�0) =
Z 1

0

 
@

@�i

b(X0
s ; �0)

!�
[���]�1(X0

s ; �0)

 
@

@�j

b(X0
s ; �0)

!
ds;

I i;j� (�0) =
1

2

Z 1

0
tr

" 
@

@�i
[���]

!
[���]�1

 
@

@�j
[���]

!
[���]�1(X0

s ; �0)

#
ds:

For Lemma 6, de�ne

�";n =

0
B@ �"

�
@
@�i

U";n(�0)
�
1�i�p

� 1p
n

�
@
@�j

U";n(�0)
�
1�j�q

1
CA :

Lemma 1 Suppose that [A1]{[A3] hold true. Then
(i)

E�0 [P
i
k(�)jGn

k�1] =
1

n
Bi

k�1(�0; �) +R
�
1

n2
; Xtk�1

�
:

(ii)

E�0 [P
i1
k (�)P

i2
k (�)jGn

k�1] =
"2

n
�i1i2
k�1(�0) +

1

n2
Bi1

k�1B
i2
k�1(�0; �)

+R

 
"2

n2
; Xtk�1

!
+R

�
1

n3
; Xtk�1

�
:
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(iii)

E�0 [P
i1
k (�)P

i2
k (�)P

i3
k (�)jGn

k�1] =
"2

n2
f�i1i2

k�1(�0)B
i3
k�1(�0; �) + �i1i3

k�1(�0)B
i2
k�1(�0; �)

+�i2i3
k�1(�0)B

i1
k�1(�0; �)g

+
1

n3
Bi1

k�1B
i2
k�1B

i3
k�1(�0; �)

+R

 
"4

n2
; Xtk�1

!
+R

 
"2

n3
; Xtk�1

!
+R

�
1

n4
; Xtk�1

�
:

(iv)

E�0

2
4 4Y
j=1

P
ij
k (�)jGn

k�1

3
5 =

"4

n2

n
�i1i2
k�1�

i3i4
k�1(�0) + �i1i3

k�1�
i2i4
k�1(�0) + �i1i4

k�1�
i2i3
k�1(�0)

o

+
"2

n3

n
�i1i2
k�1(�0)B

i3
k�1B

i4
k�1(�0; �) + �i1i3

k�1(�0)B
i2
k�1B

i4
k�1(�0; �)

+�i1i4
k�1(�0)B

i2
k�1B

i3
k�1(�0; �) + �i2i3

k�1(�0)B
i1
k�1B

i4
k�1(�0; �)

+�i2i4
k�1(�0)B

i1
k�1B

i3
k�1(�0; �) + �i3i4

k�1(�0)B
i1
k�1B

i2
k�1(�0; �)

o
+

1

n4
Bi1

k�1B
i2
k�1B

i3
k�1B

i4
k�1(�0; �)

+R

 
"4

n3
; Xtk�1

!
+R

 
"2

n4
; Xtk�1

!
+R

�
1

n5
; Xtk�1

�
:

Lemma 2 Let f 2 �C1
" (Rd � ��;R). Assume [A1]{[A3]. Then, under P�0,

(i)
1

n

nX
k=1

f(Xtk�1 ; �)!
Z 1

0
f(X0

s ; �)ds

as "! 0 and n!1, uniformly in � 2 ��, and
(ii)

nX
k=1

f(Xtk�1 ; �)P
i
k(�0)! 0

as "! 0 and n!1, uniformly in � 2 ��.

Lemma 3 Let f 2 �C1
" (Rd � ��;R). Assume [A1]{[A3] and [B1]. Then, under P�0,

(i)

"�2
nX

k=1

f(Xtk�1 ; �)P
i
kP

j
k (�0) !

Z 1

0
f(X0

s ; �)[��
�]ij(X0

s ; �0)ds

as "! 0 and n!1, uniformly in � 2 ��. Moreover, if [B2] holds true, then, under P�0,
(ii)

"�2
nX

k=1

f(Xtk�1 ; �)P
i
kP

j
k (�) !

Z 1

0
f(X0

s ; �)[��
�]ij(X0

s ; �0)ds

+M2
Z 1

0
f(X0

s ; �)B
iBj(X0

s ; �0; �)ds
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as "! 0 and n!1, uniformly in � 2 ��, where M = lim"!0;n!1("
p
n)�1.

Lemma 4 Assume [A1]{[A4]. Then, under P�0, as "! 0 and n!1,
(i)

sup
�2��

���"2fU";n(�; �)� U";n(�0; �)g � U1(�; �0; �)
���! 0:

(ii) Moreover, suppose that [B2] holds true. Then, under P�0, as "! 0 and n!1,

sup
�2��

����1nU";n(�; �)� U2(�; �; �0)
����! 0:

Lemma 5 Assume [A1]{[A4] and [B2]. Then, under P�0, as "! 0 and n!1,
(i)

C";n(�0)! 2I(�0);

(ii)

sup
j�j��";n

jC";n(�0 + �)� C";n(�0)j ! 0;

where �";n ! 0.

Lemma 6 Assume [A1]{[A4] and [B2]. Then

�";n ! N (0; 4I(�0))

in distribution, under P�0, as "! 0 and n!1.

3 The main result

Let �̂";n = (�̂";n; �̂";n) be a minimum contrast estimator de�ned by

U";n(�̂";n) = inf
�2��

U";n(�): (2)

Our main theorem is as follows.

Theorem 1 Assume [A1]{[A5] and [B2]. Then,

�̂";n ! �0

in P�0-probability as "! 0 and n!1. Moreover, if �0 2 � and I(�0) is positive de�nite,

 
"�1(�̂";n � �0)p
n(�̂";n � �0)

!
! N

�
0; I(�0)

�1�

in distribution, under P�0, as "! 0 and n!1.
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Remark 2 (i) Let P �;�
n be the restriction of P�;� to Fn = �(Xtk : 0 � k � n). In

the same way as in Gobet [9, 10], under regularity conditions, we can obtain the Local
Asymptotic Normality for the likelihoods as follows: For every u 2 Rp and v 2 Rq, under
P�0,

log

0
B@dP

�0+"u;�0+
vp
n

n

dP �0;�0
n

1
CA ((Xtk)0�k�n))!

 
u

v

!�
N � 1

2

 
u

v

!�
I(�0)

 
u

v

!

in distribution as " ! 0 and n ! 1, where N is a centered Gaussian variable with
covariance matrix I(�0). For details, see Uchida [31]. If I(�0) is non-singular, it follows
from minimax theorems that I(�0)

�1 gives the lower bound for the asymptotic variance of
regular estimators. This together with Theorem 1 shows that the estimator given by (2)
is asymptotically eÆcient.

(ii) It is worth mentioning that the estimators of the drift and di�usion coeÆcient
parameters in Theorem 1 are asymptotically independent.

(iii) Note also that when ("
p
n)�1 ! 0 the rate of convergence is di�erent for drift

and di�usion coeÆcient parameters. The estimator of the di�usion coeÆcient parame-
ter converges more quickly than the estimator of the drift parameter because it utilizes
information about the di�usion coeÆcient in the �ne-structure of the continuous sample
path.

When �(x; �) = �(x), Theorem 1 holds under slightly weaken conditions. Let C1
" (Rd;Rd


Rr) be the set of all functions f of class C1(Rd;Rd
Rr) such that f and all of its deriva-
tives have polynomial growth. Instead of assumptions [A3]{[A5], we suppose the following
assumptions.

[A3'] b(x; �) 2 �C1
" (Rd � ���;R

d), �(x) 2 C1
" (Rd;Rd 
Rr).

[A4'] infx det[��
�](x) > 0, [���]�1(x) 2 C1

" (Rd;Rd 
Rd).

[A5'] � 6= �0 ) b(X0
t ; �) 6= b(X0

t ; �0).

Set ~Ib(�0) =
�
~I i;jb (�0)

�
1�i;j�p and

~I i;jb (�0) =
R 1
0

�
@
@�i

b(X0
s ; �0)

��
[���]�1(X0

s )
�

@
@�j

b(X0
s ; �0)

�
ds:

We consider the following contrast function:

~U";n(�) = "�2n
nX

k=1

P �
k (�)[��

�]�1(Xtk�1)Pk(�);

and let �̂";n be a minimum contrast estimator de�ned by

~U";n(�̂";n) = inf
�2���

~U";n(�):

Corollary 1 Suppose �(x; �) = �(x), and assume [A1], [A2], [A3']{[A5'] and [B1].
Then,

�̂";n ! �0

in P�0-probability as " ! 0 and n ! 1. Moreover, if �0 2 �� and ~Ib(�0) is positive
de�nite,

"�1(�̂";n � �0)! N
�
0; ~Ib(�0)

�1�
in distribution, under P�0, as "! 0 and n!1.
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4 Proofs

Proof of Lemma 1. In the same way as Lemma 7 in Kessler [16], we prove Lemma 1.
Let �j(x; y) =

Qj
l=1(y

il � xil).
(i)

E�0 [�1(Xtk�1 ; Xtk)jGn
k�1] = �1(Xtk�1 ; Xtk�1) +

1

n
L�0�1(Xtk�1 ; Xtk�1)

+
Z 1

n

0

Z u1

0
E[L2

�0
�1(Xtk�1 ; Xtk�1+u2)jGn

k�1]du2du1

=
1

n
bi1(Xtk�1 ; �0) +R

�
1

n2
; Xtk�1

�
:

Thus, one has

E�0[P
i1
k (�)jGn

k�1] = E�0 [�1(Xtk�1 ; Xtk)jGn
k�1]�

1

n
bi1(Xtk�1 ; �)

=
1

n
Bi1

k�1(�0; �) +R
�
1

n2
; Xtk�1

�
:

(ii)

E�0[�2(Xtk�1 ; Xtk)jGn
k�1] = �2(Xtk�1 ; Xtk�1) +

1

n
L�0�2(Xtk�1 ; Xtk�1)

+
1

2n2
L2
�0
�2(Xtk�1 ; Xtk�1)

+
Z 1

n

0

Z u1

0

Z u2

0
E�0 [L

3
�0
�2(Xtk�1 ; Xtk�1+u3)jGn

k�1]du3du2du1

=
"2

n
�i1i2
k�1(�0) +

1

n2
bi1bi2(Xtk�1 ; �0)

+R

 
"2

n2
; Xtk�1

!
+R

�
1

n3
; Xtk�1

�
:

Thus, if �i(x; y) = (yi � xi), one has

E�0[P
i1
k P

i2
k (�)jGn

k�1] = E�0 [�2(Xtk�1 ; Xtk)jGn
k�1]

�E�0 [�
i1(Xtk�1 ; Xtk)jGn

k�1]
1

n
bi2(Xtk�1 ; �)

�E�0 [�
i2(Xtk�1 ; Xtk)jGn

k�1]
1

n
bi1(Xtk�1 ; �)

+
1

n2
bi1bi2(Xtk�1 ; �)

=
"2

n
�i1i2
k�1(�0) +

1

n2
bi1bi2(Xtk�1 ; �0) +R

 
"2

n2
; Xtk�1

!
+R

�
1

n3
; Xtk�1

�

�
�
1

n
bi1(Xtk�1 ; �0) +R

�
1

n2
; Xtk�1

��
1

n
bi2(Xtk�1 ; �)
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�
�
1

n
bi2(Xtk�1 ; �0) +R

�
1

n2
; Xtk�1

��
1

n
bi1(Xtk�1 ; �)

+
1

n2
bi1bi2(Xtk�1 ; �)

=
"2

n
�i1i2
k�1(�0) +

1

n2
Bi1

k�1B
i2
k�1(�0; �)

+R

 
"2

n2
; Xtk�1

!
+R

�
1

n3
; Xtk�1

�
:

(iii)

E�0[�3(Xtk�1 ; Xtk)jGn
k�1] =

3X
l=0

1

l!nl
Ll
�0
�3(Xtk�1 ; Xtk�1)

+
Z 1

n

0

Z u1

0

Z u2

0

Z u3

0
E�0 [L

4
�0
�3(Xtk�1 ; Xtk�1+u4)jGn

k�1]du4du3du2du1

=
"2

n2

n
�i1i2
k�1(�0)b

i3(Xtk�1 ; �0) + �i1i3
k�1(�0)b

i2(Xtk�1 ; �0)

+�i2i3
k�1(�0)b

i1(Xtk�1 ; �0)
o

+
1

n3
bi1bi2bi3(Xtk�1 ; �0)

+R

 
"4

n2
; Xtk�1

!
+R

 
"2

n3
; Xtk�1

!
+R

�
1

n4
; Xtk�1

�
:

If �ij(x; y) = (yi � xi)(yj � xj), one has

P i1
k P

i2
k P

i3
k (�) = �3(Xtk�1 ; Xtk)

��i1i3(Xtk�1 ; Xtk)
1

n
bi2(Xtk�1 ; �)

��i2i3(Xtk�1 ; Xtk)
1

n
bi1(Xtk�1 ; �)

+�i3(Xtk�1 ; Xtk)
1

n2
bi1bi2(Xtk�1 ; �)

�P i1
k P

i2
k (�)

1

n
bi3(Xtk�1 ; �):

Thus,

E�0 [P
i1
k P

i2
k P

i3
k (�)jGn

k�1] = E�0 [�3(Xtk�1 ; Xtk)jGn
k�1]

� "2

n2
�i1i3
k�1(�0)b

i2(Xtk�1 ; �)�
1

n3
bi1bi3(Xtk�1 ; �)b

i2(Xtk�1 ; �0)

� "2

n2
�i2i3
k�1(�0)b

i1(Xtk�1 ; �)�
1

n3
bi2bi3(Xtk�1 ; �)b

i1(Xtk�1 ; �0)

+
1

n3
bi1bi2(Xtk�1 ; �)b

i3(Xtk�1 ; �0)� "2

n2
�i1i2
k�1(�0)b

i3(Xtk�1 ; �)

� 1

n3
Bi1

k�1B
i2
k�1(�; �0)b

i3(Xtk�1 ; �)

9



+R

 
"2

n3
; Xtk�1

!
+R

�
1

n4
; Xtk�1

�

=
"2

n2

n
�i1i2
k�1(�0)B

i3
k�1(�0; �) + �i1i3

k�1(�0)B
i2
k�1(�0; �)

+ �i2i3
k�1(�0)B

i1
k�1(�0; �)

o
+

1

n3
Bi1

k�1B
i2
k�1B

i3
k�1(�0; �)

+R

 
"4

n2
; Xtk�1

!
+R

 
"2

n3
; Xtk�1

!
+R

�
1

n4
; Xtk�1

�
:

(iv)

E�0 [�4(Xtk�1 ; Xtk)jGn
k�1] =

"4

n2

n
�i1i2
k�1�

i3i4
k�1(�0) + �i1i3

k�1�
i2i4
k�1(�0) + �i1i4

k�1�
i2i3
k�1(�0)

o

+
"2

n3

n
�i1i2
k�1(�0)b

i3bi4(Xtk�1 ; �0)

+�i1i3
k�1(�0)b

i2bi4(Xtk�1 ; �0)

+�i1i4
k�1(�0)b

i2bi3(Xtk�1 ; �0)

+�i2i3
k�1(�0)b

i1bi4(Xtk�1 ; �0)

+�i2i4
k�1(�0)b

i1bi3(Xtk�1 ; �0)

+�i3i4
k�1(�0)b

i1bi2(Xtk�1 ; �0)
o

+
1

n4
bi1bi2bi3bi4(Xtk�1 ; �0)

+R

 
"4

n3
; Xtk�1

!
+R

 
"2

n4
; Xtk�1

!
+R

�
1

n5
; Xtk�1

�
:

If �i1i2i3(x; y) = (yi1 � xi1)(yi2 � xi2)(yi3 � xi3), one has

E�0 [P
i1
k P

i2
k P

i3
k P

i4
k (�)jGn

k�1] = E�0 [�4(Xtk�1 ; Xtk)jGn
k�1]

�E�0 [�
i1i2i4(Xtk�1 ; Xtk)jGn

k�1]
1

n
bi3(Xtk�1 ; �)

�E�0 [�
i1i3i4(Xtk�1 ; Xtk)jGn

k�1]
1

n
bi2(Xtk�1 ; �)

�E�0 [�
i2i3i4(Xtk�1 ; Xtk)jGn

k�1]
1

n
bi1(Xtk�1 ; �)

+E�0 [�
i1i4(Xtk�1 ; Xtk)jGn

k�1]
1

n2
bi2bi3(Xtk�1 ; �)

+E�0 [�
i2i4(Xtk�1 ; Xtk)jGn

k�1]
1

n2
bi1bi3(Xtk�1 ; �)

+E�0 [�
i3i4(Xtk�1 ; Xtk)jGn

k�1]
1

n2
bi1bi2(Xtk�1 ; �)

�E�0 [�
i4(Xtk�1 ; Xtk)jGn

k�1]
1

n3
bi1bi2bi3(Xtk�1 ; �)

10



�E�0 [P
i1
k P

i2
k P

i3
k (�)jGn

k�1]
1

n
bi4(Xtk�1 ; �)

=
"4

n2

n
�i1i2
k�1�

i3i4
k�1(�0) + �i1i3

k�1�
i2i4
k�1(�0) + �i1i4

k�1�
i2i3
k�1(�0)

o

+
"2

n3

n
�i1i2
k�1(�0)B

i3
k�1(�0; �)b

i4(Xtk�1 ; �0)

��i1i2
k�1(�0)B

i3
k�1(�0; �)b

i4(Xtk�1 ; �)

+�i1i3
k�1(�0)B

i2
k�1(�0; �)b

i4(Xtk�1 ; �0)

��i1i3
k�1(�0)B

i2
k�1(�0; �)b

i4(Xtk�1 ; �)

+�i1i4
k�1(�0)B

i3
k�1(�0; �)b

i2(Xtk�1 ; �0)

��i1i4
k�1(�0)b

i2(Xtk�1 ; �)b
i3(Xtk�1 ; �0)

+�i1i4
k�1(�0)b

i2(Xtk�1 ; �)b
i3(Xtk�1 ; �)

+�i2i3
k�1(�0)B

i1
k�1(�0; �)b

i4(Xtk�1 ; �0)

��i2i3
k�1(�0)B

i1
k�1(�0; �)b

i4(Xtk�1 ; �)

+�i2i4
k�1(�0)B

i3
k�1(�0; �)b

i1(Xtk�1 ; �0)

��i2i4
k�1(�0)b

i1(Xtk�1 ; �)b
i3(Xtk�1 ; �0)

+�i2i4
k�1(�0)b

i1(Xtk�1 ; �)b
i3(Xtk�1 ; �)

+�i3i4
k�1(�0)B

i2
k�1(�0; �)b

i1(Xtk�1 ; �0)

��i3i4
k�1(�0)b

i1(Xtk�1 ; �)b
i2(Xtk�1 ; �0)

+�i3i4
k�1(�0)b

i1(Xtk�1 ; �)b
i2(Xtk�1 ; �)

o
+

1

n4

n
bi1bi2bi3bi4(Xtk�1 ; �0)

�bi1bi2bi4(Xtk�1 ; �0)b
i3(Xtk�1 ; �)

�bi1bi3bi4(Xtk�1 ; �0)b
i2(Xtk�1 ; �)

�bi2bi3bi4(Xtk�1 ; �0)b
i1(Xtk�1 ; �)

+bi1bi4(Xtk�1 ; �0)b
i2bi3(Xtk�1 ; �)

+bi2bi4(Xtk�1 ; �0)b
i1bi3(Xtk�1 ; �)

+bi3bi4(Xtk�1 ; �0)b
i1bi2(Xtk�1 ; �)

�bi4(Xtk�1 ; �0)b
i1bi2bi3(Xtk�1 ; �)

�Bi1
k�1B

i2
k�1B

i3
k�1(�0; �)b

i4(Xtk�1 ; �)
o

+R

 
"4

n3
; Xtk�1

!
+R

 
"2

n4
; Xtk�1

!
+R

�
1

n5
; Xtk�1

�
:

Proof of Lemma 2. (i) In view of Theorem B in Genon-Catalot [7] (cf. Theorem 1.3
in Azencott [1]), supt�1 jf(Xt; �)� f(X0

t ; �)j = op(1) for all �. Thus, under P�0 , as "! 0
and n!1, one has

1

n

nX
k=1

f(Xtk�1 ; �)!
Z 1

0
f(X0

s ; �)ds:

11



Moreover, it follows from the assumption on f and [A2] that

sup
";n

E�0

"
sup
�

����� @@�
 
1

n

nX
k=1

f(Xtk�1 ; �)

!�����
#
<1:

Therefore, the family of distributions of
1

n

nX
k=1

f(Xtk�1; �) on the Banach space C( ��) with

sup-norm is tight.
(ii) Let �ik(�) = f(Xtk�1; �)P

i
k(�0). From Lemmas 1 and 2{(i), under P�0, as " ! 0 and

n!1, one has
nX

k=1

E[�ik(�)jGn
k�1] =

nX
k=1

R
�
1

n2
; Xtk�1

�
! 0;

nX
k=1

E[(�ik(�))
2jGn

k�1] =
nX

k=1

(
R

 
"2

n
;Xtk�1

!
+R

�
1

n3
; Xtk�1

�)
! 0:

It follows from Lemma 9 in Genon-Catalot and Jacod [8] that
Pn

k=1 �
i
k(�) ! 0 in P�0-

probability as " ! 0 and n ! 1. From now on, let C be a generic positive constant
independent of ", n and other variables in some cases (see Yoshida [35] or Kessler [16]).
Moreover we may write Cm if it depends on an integer m. In order to prove the tightness
of
Pn

k=1 �
i
k(�), it is enough to show the following inequalities (cf. Theorem 20 in Appendix

I of Ibragimov and Has'minskii [13] or Lemma 3.1 of Yoshida [32]):

E�0

2
4 nX

k=1

�ik(�)

!2l
3
5 � C; (3)

E�0

2
4 nX

k=1

�ik(�2)�
nX

k=1

�ik(�1)

!2l
3
5 � Cj�2 � �1j2l; (4)

for �; �1; �2 2 ��, where l > (p + q)=2. We de�ne Ai
k;1(�), A

i
k;2(�) and Ai

k;3(�) by

�ik(�) = f(Xtk�1 ; �)
Z tk

tk�1

bi(Xs; �0)ds

+"f(Xtk�1; �)
Z tk

tk�1

rX
j=1

�ij(Xs; �0)dw
j
s

� 1

n
f(Xtk�1 ; �)b

i(Xtk�1 ; �0)

=: Ai
k;1(�) + Ai

k;2(�)� Ai
k;3(�):

E�0

2
4
�����
nX

k=1

Ai
k;1(�)

�����
2l
3
5 � n2l�1

nX
k=1

E�0

2
4 Z tk

tk�1

jf(Xtk�1; �)b
i(Xs; �0)jds

!2l
3
5

� n2l�1
nX

k=1

E�0

2
64
8<
:
 Z tk

tk�1

jf(Xtk�1; �)b
i(Xs; �0)j2lds

! 1

2l
 Z tk

tk�1

ds

!1� 1

2l

9=
;
2l
3
75

12



=
nX

k=1

E�0

"Z tk

tk�1

jf(Xtk�1; �)b
i(Xs; �0)j2lds

#

=
nX

k=1

Z tk

tk�1

E�0

h
jf(Xtk�1; �)j2lE�0 [jbi(Xs; �0)j2ljGn

k�1]
i
ds

� n � 1
n
� C;

where the last estimate is based on Lemma 6 of Kessler [16].

E�0

2
4
�����
nX

k=1

Ai
k;2(�)

�����
2l
3
5 � C2l"

2lE�0

2
4 nX

k=1

Z tk

tk�1

f(Xtk�1 ; �)
2[���]ii(Xs; �0)ds

!l
3
5

� C2l"
2lnl�1

nX
k=1

E�0

2
4 Z tk

tk�1

f(Xtk�1 ; �)
2[���]ii(Xs; �0)ds

!l
3
5

� C2l"
2lnl�1

�
1

n

�l�1

�
nX

k=1

Z tk

tk�1

E�0 [f(Xtk�1 ; �)
2lE�0 [[��

�]ii(Xs; �0))
ljGn

k�1]ds

� C2l"
2lC;

where the �rst estimate is based on the Burkholder-Davis-Gundy inequality.

E�0

2
4
�����
nX

k=1

Ai
k;3(�)

�����
2l
3
5 � 1

n

nX
k=1

E�0 [jf(Xtk�1; �)b
i(Xtk�1 ; �0)j2l]

� C:

Therefore, we deduce the inequality (3). For the inequality (4), we �rst obtain

E�0

2
4 nX

k=1

fAi
k;1(�2)� Ai

k;1(�1)g
!2l
3
5

� n2l�1
nX

k=1

E�0

2
4
 Z tk

tk�1

ff(Xtk�1; �2)� f(Xtk�1 ; �1)gbi(Xs; �0)ds

!2l
3
5

� n2l�1
nX

k=1

E�0

2
64
0
@Z tk

tk�1

8<
:

p+qX
j=1

Z 1

0

@

@�j
f(Xtk�1; �1 + u(�2 � �1))du(�2 � �1)

j

9=
; bi(Xs; �0)ds

1
A
2l
3
75

� n2l�1
�
1

n

�2l�1 nX
k=1

E�0

2
64Z tk

tk�1

8<
:

p+qX
j=1

Z 1

0

@

@�j
f(Xtk�1 ; �1 + u(�2 � �1))du(�2 � �1)

j

9=
;

2l

�(bi(Xs; �0))
2lds

i

�
nX

k=1

Z tk

tk�1

E�0

2
64
0
@p+qX

j=1

Z 1

0

@

@�j
f(Xtk�1; �1 + u(�2 � �1))du(�2 � �1)

j

1
A
2l

13



�E�0 [(b
i(Xs; �0))

2ljGn
k�1]

i
ds

� n
1

n
C

0
@p+qX

j=1

(�2 � �1)
j

1
A
2l

� C

0
@(p+ q)

p+qX
j=1

[(�2 � �1)
j]2

1
A
l

� Cj�2 � �1j2l:
Next one has

E�0

2
4
 

nX
k=1

fAi
k;2(�2)� Ai

k;2(�1)g
!2l
3
5

� E�0

2
4
 

nX
k=1

Z tk

tk�1

ff(Xtk�1; �2)� f(Xtk�1; �1)g2[���]ii(Xs; �0)ds

!l
3
5

� nl�1
nX

k=1

E�0

2
4
 Z tk

tk�1

ff(Xtk�1; �2)� f(Xtk�1; �1)g2[���]ii(Xs; �0)ds

!l
3
5

� nl�1
�
1

n

�l�1 nX
k=1

E�0

"Z tk

tk�1

ff(Xtk�1 ; �2)� f(Xtk�1 ; �1)g2l([���]ii(Xs; �0))
lds

#

�
nX

k=1

Z tk

tk�1

E�0

h
ff(Xtk�1 ; �2)� f(Xtk�1 ; �1)g2lE�0 [([��

�]ii(Xs; �0))
ljGn

k�1]
i
ds

�
nX

k=1

Z tk

tk�1

E�0

2
64
0
@p+qX
j=1

Z 1

0

@

@�j
f(Xtk�1 ; �1 + u(�2 � �1))du(�2 � �1)

j

1
A
2l

�E�0 [([��
�]ii(Xs; �0))

ljGn
k�1]

i
ds

� n
1

n
C

0
@p+qX

j=1

(�2 � �1)
j

1
A
2l

:

Finally, it follows that

E�0

2
4
 

nX
k=1

fAi
k;3(�2)� Ai

k;3(�1)g
!2l
3
5

� 1

n

nX
k=1

E�0 [(ff(Xtk�1; �2)� f(Xtk�1; �1)gbi(Xtk�1 ; �0))
2l]

� 1

n

nX
k=1

E�0

2
64
0
@p+qX
j=1

Z 1

0

@

@�j
f(Xtk�1 ; �1 + u(�2 � �1))du(�2 � �1)

jbi(Xtk�1 ; �0)

1
A
2l
3
75

� n
1

n
C

0
@p+qX
j=1

(�2 � �1)
j

1
A
2l

;

which completes the proof.
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Proof of Lemma 3. (i) From Lemma 1, one has

nX
k=1

E�0 ["
�2f(Xtk�1; �)P

i
kP

j
k (�0)jGn

k�1] =
1

n

nX
k=1

f(Xtk�1 ; �)[��
�]ij(Xtk�1 ; �0)

+
nX

k=1

(
R
�
1

n2
; Xtk�1

�
+R

 
"�2

n3
; Xtk�1

!)
;

nX
k=1

E�0["
�4f(Xtk�1 ; �)

2(P i
kP

j
k (�0))

2jGn
k�1] =

nX
k=1

(
R
�
1

n2
; Xtk�1

�
+R

 
"�2

n4
; Xtk�1

!

+R

 
"�4

n5
; Xtk�1

!)
:

From Lemma 2{(i) and [B1], under P�0, as "! 0 and n!1, one has

nX
k=1

E�0["
�2f(Xtk�1; �)P

i
kP

j
k (�0)jGn

k�1] !
Z 1

0
f(X0

s ; �)[��
�]ij(X0

s ; �0)ds;

nX
k=1

E�0 ["
�4f(Xtk�1 ; �)

2(P i
kP

j
k (�0))

2jGn
k�1] ! 0:

Thus, it follows from Lemma 9 in Genon-Catalot and Jacod [8] that under P�0 , as "! 0
and n!1, one has

"�2
nX

k=1

f(Xtk�1 ; �)P
i
kP

j
k (�0)!

Z 1

0
f(X0

s ; �)[��
�]ij(X0

s ; �0)ds:

For tightness of the family of distributions of "�2
Pn

k=1 f(Xtk�1; �)P i
kP

j
k (�0), we use that

sup
";n

E�0

"
sup
�

�����"�2
nX

k=1

@

@�
f(Xtk�1 ; �)P

i
kP

j
k (�0)

�����
#

� sup
";n

E�0

"
"�2

2
sup
�

nX
k=1

����� @@�f(Xtk�1 ; �)

�����E�0

h
(P i

k(�0))
2 + (P j

k (�0))
2
���Gn

k�1]
i#

� 1

2
sup
";n

E�0

"
nX

k=1

sup
�

����� @@�f(Xtk�1 ; �)

�����
�
1

n

�
[���]ii(Xtk�1 ; �0) + [���]ij(Xtk�1 ; �0)

�

+R
�
1

n2
; Xtk�1

�
+R

 
"�2

n3
; Xtk�1

!)#

� C sup
";n

1

("n)2

< 1;

where the last estimate is based on lim"!0;n!1("n)�1 = 0. This completes the proof.
(ii) Noting that

P i
kP

j
k (�) = P i

kP
j
k (�0) +

1

n
P i
k(�0)B

j
k�1(�0; �) +

1

n
P j
k (�0)B

i
k�1(�0; �)

+
1

n2
Bi

k�1B
j
k�1(�0; �);
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it follows from Lemmas 2 and 3-(i) and [B2] that under P�0 , as "! 0 and n!1,

"�2
nX

k=1

f(Xtk�1 ; �)P
i
kP

j
k (�)

= "�2
nX

k=1

f(Xtk�1 ; �)P
i
kP

j
k (�0) +

1

n2
"�2

nX
k=1

f(Xtk�1 ; �)B
i
k�1B

j
k�1(�0; �)

+
1

n
"�2

nX
k=1

f(Xtk�1 ; �)
n
P i
k(�0)B

j
k�1(�0; �) + P j

k (�0)B
i
k�1(�0; �)

o

!
Z 1

0
f(X0

s ; �)[��
�]ij(X0

s ; �0)ds+M2
Z 1

0
f(X0

s ; �)B
iBj(X0

s ; �0; �)ds

uniformly in � 2 ��, where M = lim"!0;n!1("
p
n)�1. This completes the proof.

Proof of Lemma 4. (i) A simple computation yields

"2fU";n(�; �)� U";n(�0; �)g = n
nX

k=1

(Pk(�)� Pk(�0))
���1k�1(�)(Pk(�) + Pk(�0))

=
nX

k=1

(b(Xtk�1 ; �)� b(Xtk�1 ; �0))
���1k�1(�)

�
�
2
�
Xtk �Xtk�1 �

1

n
b(Xtk�1 ; �0)

�

+
1

n
fb(Xtk�1 ; �0)� b(Xtk�1 ; �)g

�
:

From Lemma 2, under P�0, as "! 0 and n!1, one has

"2fU";n(�; �)� U";n(�0; �)g ! U1(�; �0; �)

uniformly in � 2 ��. This completes the proof.
(ii)It follows from Lemmas 2{(i) and 3-(ii) that under P�0, as "! 0 and n!1,

1

n
U";n(�; �)! U2(�; �; �0)

uniformly in � 2 ��. This completes the proof.

Proof of Lemma 5. We �rst consider the uniform convergence of C";n(�). An easy
computation implies

"2
@2

@�i@�j

U";n(�) = �2
nX

k=1

 
@2

@�i@�j

b(Xtk�1 ; �)

!�
��1k�1(�)

�
Pk(�0) +

1

n
B(Xtk�1 ; �0; �)

�

+2
1

n

nX
k=1

 
@

@�i

b(Xtk�1 ; �)

!�
��1k�1(�)

 
@

@�j

b(Xtk�1 ; �)

!
;

"
1p
n

@2

@�i@�j
U";n(�) = "�1

1p
n
(�2)

nX
k=1

 
@

@�i

b(Xtk�1 ; �)

!�
@

@�j
(��1k�1(�))
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�
�
Pk(�0) +

1

n
B(Xtk�1 ; �0; �)

�
;

1

n

@2

@�i@�j
U";n(�) =

1

n

nX
k=1

 
@2

@�i@�j
log det �k�1(�)

!

+"�2
nX

k=1

Pk(�)
�
 

@2

@�i@�j
��1k�1(�)

!
Pk(�):

From Lemma 2, under P�0, as "! 0 and n!1, one has

"2
@2

@�i@�j

U";n(�) ! �2
Z 1

0

 
@2

@�i@�j

b(X0
s ; �)

!�
[���]�1(X0

s ; �)B(X
0
s ; �0; �)ds (5)

+2
Z 1

0

 
@

@�i

b(X0
s ; �)

!�
[���]�1(X0

s ; �)

 
@

@�j

b(X0
s ; �)

!
ds;

"
1p
n

@2

@�i@�j
U";n(�) ! �2M

Z 1

0

 
@

@�i

b(X0
s ; �)

!�  
@

@�j
[���]�1(X0

s ; �)

!
B(X0

s ; �0; �)ds;(6)

1

n

@2

@�i@�j
U";n(�) !

Z 1

0

@2

@�i@�j
log det[���](X0

s ; �)ds (7)

+
Z 1

0
tr

"
[���](X0

s ; �0)

 
@2

@�i@�j
[���]�1(X0

s ; �)

!#
ds

+M2
Z 1

0
tr

"
BB�(X0

s ; �0; �)

 
@2

@�i@�j
[���]�1(X0

s ; �)

!#
ds

uniformly in � 2 ��.
Now (i) follows from (5), (6) and (7). Next, by the assumptions [A3] and [A4], the

limits of (5), (6) and (7) are continuous with respect to �, which completes the proof of
(ii).

Proof of Lemma 6. We set

�" @

@�i

U";n(�0) = 2"�1
nX

k=1

 
@

@�i

b(Xtk�1 ; �0)

!�
��1k�1(�0)Pk(�0)

=
nX

k=1

2"�1
dX

l1=1

" 
@

@�i

b(Xtk�1 ; �0)

!�
��1k�1(�0)

#l1
P l1
k (�0)

=:
nX

k=1

�ik(�0);

� 1p
n

@

@�j
U";n(�0) = � 1p

n

nX
k=1

@

@�j
log det �k�1(�0)

�"�2pn
nX

k=1

Pk(�0)
� @

@�j
��1k�1(�0)Pk(�0)

= �
nX

k=1

1p
n

@

@�j
log det �k�1(�0)
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�
nX

k=1

"�2
p
n

dX
l1;l2=1

 
@

@�j
��1k�1(�0)

!l1l2

P l1
k P

l2
k (�0)

=:
nX

k=1

�jk(�0):

In view of Theorems 3.2 and 3.4 of Hall and Heyde [11], it is suÆcient to show that under
P�0, as "! 0 and n!1, one has

nX
k=1

E�0 [�
i
k(�0)jGn

k�1]! 0 (8)

nX
k=1

E�0 [�
j
k(�0)jGn

k�1]! 0 (9)

nX
k=1

E�0 [�
i1
k �

i2
k (�0)jGn

k�1]! 4I i1i2b (�0) (10)

nX
k=1

E�0 [�
j1
k �

j2
k (�0)jGn

k�1]! 4Ij1j2� (�0) (11)

nX
k=1

E�0 [�
i
k�

j
k(�0)jGn

k�1]! 0 (12)

nX
k=1

E�0 [(�
i
k(�0))

4jGn
k�1]! 0 (13)

nX
k=1

E�0 [(�
j
k(�0))

4jGn
k�1]! 0: (14)

Proof of (8). It follows from Lemma 1{(i) that we obtain

nX
k=1

E�0 [�
i
k(�0)jGn

k�1] =
nX

k=1

R

 
"�1

n2
; Xtk�1

!
! 0

in P�0-probability as "! 0 and n!1.
Proof of (9). By Lemma 1{(ii), one has

nX
k=1

E�0 [�
j
k(�0)jGn

k�1] =
nX

k=1

(
� 1p

n

@

@�j
log det �k�1(�0)� 1p

n
tr

"
�k�1(�0)

 
@

@�j
��1k�1(�0)

!#

+R

 
1

n
p
n
;Xtk�1

!
+R

 
"�2

n2
p
n
;Xtk�1

!)

=
nX

k=1

(
R

 
1

n
p
n
;Xtk�1

!
+R

 
"�2

n2
p
n
;Xtk�1

!)

! 0

in P�0-probability as "! 0 and n!1.
Proof of (10). From Lemma 1{(ii), we have

nX
k=1

E�0 [�
i1
k �

i2
k (�0)jGn

k�1]
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= 4"�2
nX

k=1

dX
l1;l2=1

" 
@

@�i1

b(Xtk�1 ; �0)

!�
��1k�1(�0)

#l1 " 
@

@�i2

b(Xtk�1 ; �0))

!�
��1k�1(�0)

#l2

�E�0 [P
l1
k P

l2
k (�0)jGn

k�1]

= 4
1

n

nX
k=1

@

@�i1

b(Xtk�1 ; �0)
���1k�1(�0)

@

@�i2

b(Xtk�1 ; �0)

+
nX

k=1

(
R
�
1

n2
; Xtk�1

�
+R

 
"�2

n3
; Xtk�1

!)

! 4I i1i2b (�0)

in P�0-probability as "! 0 and n!1.
Proof of (11). Using Lemma 1{(ii) and (iv), one has

nX
k=1

E�0[�
j1
k �

j2
k (�0)jGn

k�1]

=
nX

k=1

(
1

n

 
@

@�j1
log det �k�1(�0)

! 
@

@�j2
log det �k�1(�0)

!

+"�2
@

@�j1
log det �k�1(�0)

dX
l3;l4=1

 
@

@�j2
��1k�1(�0)

!l3l4

E�0 [P
l3
k P

l4
k (�0)jGn

k�1]

+"�2
@

@�j2
log det �k�1(�0)

dX
l1;l2=1

 
@

@�j1
��1k�1(�0)

!l1l2

E�0 [P
l1
k P

l2
k (�0)jGn

k�1]

+"�4n
dX

l1;l2=1

dX
l3;l4=1

 
@

@�j1
��1k�1(�0)

!l1l2
 

@

@�j2
��1k�1(�0)

!l3l4

E�0 [P
l1
k P

l2
k P

l3
k P

l4
k (�0)jGn

k�1]

9=
;

=
1

n

nX
k=1

(
tr

"
@

@�j1
�k�1(�0)�

�1
k�1(�0)

#
tr

"
@

@�j2
�k�1(�0)�

�1
k�1(�0)

#

�tr
"

@

@�j1
�k�1(�0)��1k�1(�0)

#
tr

"
@

@�j2
�k�1(�0)��1k�1(�0)

#

�tr
"

@

@�j2
�k�1(�0)��1k�1(�0)

#
tr

"
@

@�j1
�k�1(�0)��1k�1(�0)

#

+tr

" 
@

@�j1
�k�1(�0)

!
��1k�1(�0)

#
tr

" 
@

@�j2
�k�1(�0)

!
��1k�1(�0)

#

+2tr

" 
@

@�j1
�k�1(�0)

!
��1k�1(�0)

 
@

@�j2
�k�1(�0)

!
��1k�1(�0)

#)

+
nX

k=1

(
R
�
1

n2
; Xtk�1

�
+R

 
"�2

n3
; Xtk�1

!
+R

 
"�4

n5
; Xtk�1

!)

! 4Ij1j2� (�0)

in P�0-probability as "! 0 and n!1.
Proof of (12). By Lemma 1{(i) and (iii), we obtain

nX
k=1

E�0[�
i
k�

j
k(�0)jGn

k�1]
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= �2 1

"
p
n

nX
k=1

dX
l1=1

" 
@

@�i

b(Xtk�1 ; �0)

!�
��1k�1(�0)

#l1
@

@�j
log det �k�1(�0)E�0 [P

l1
k (�0)jGn

k�1]

�2"�3pn
nX

k=1

dX
l1;l2;l3=1

" 
@

@�i

b(Xtk�1 ; �0)

!�
��1k�1(�0)

#l1  
@

@�j
��1k�1(�0)

!l2l3

�E�0 [P
l1
k P

l2
k P

l3
k (�0)jGn

k�1]

=
nX

k=1

R

 
1

"n2
p
n
;Xtk�1

!

+
nX

k=1

(
R

 
"

n
p
n
;Xtk�1

!
+R

 
"�1

n2
p
n
;Xtk�1

!
+R

 
"�3

n3
p
n
;Xtk�1

!)

! 0

in P�0-probability as "! 0 and n!1.
Proof of (13). Using Lemma 1{(iv), one has

nX
k=1

E�0[(�
i
k(�0))

4jGn
k�1]

= 16"�4
nX

k=1

dX
l1;l2;l3;l4=1

" 
@

@�i

b(Xtk�1 ; �0)

!�
��1k�1(�0)

#l1 " 
@

@�i

b(Xtk�1 ; �0)

!�
��1k�1(�0)

#l2

�
" 

@

@�i

b(Xtk�1 ; �0)

!�
��1k�1(�0)

#l3 " 
@

@�i

b(Xtk�1 ; �0)

!�
��1k�1(�0)

#l4

�E�0 [P
l1
k P

l2
k P

l3
k P

l4
k (�0)jGn

k�1]

=
nX

k=1

(
R
�
1

n2
; Xtk�1

�
+R

 
"�2

n4
; Xtk�1

!
+R

 
"�4

n5
; Xtk�1

!)

! 0

in P�0-probability as "! 0 and n!1.
Proof of (14). We �rst obtain several estimates as follows:

(�jk(�0))
4 � 23

2
4 1

n2

 
@

@�j
log det �k�1(�0)

!4

+"�8n2(2d)3
dX

l1l2=1

2
4
 

@

@�j
��1k�1(�0)

!l1l2
3
5
4

(P l1
k P

l2
k (�0))

4

3
75 ;

E�0 [(P
l1
k P

l2
k )

4(�0)jGn
k�1] � 33

n
E�0 [(�

l1�l2)4(Xtk�1 ; Xtk)jGn
k�1]

+
1

n4
(bl1(Xtk�1 ; �0))

4E�0 [(�
l2)4(Xtk�1 ; Xtk)jGn

k�1]

+
1

n4
(bl2(Xtk�1 ; �0))

4E�0 [(P
l1
k )

4(�0)jGn
k�1]

�
:

In the same way as the proof of Lemma 1, we have

E�0 [�8(Xtk�1 ; Xtk)jGn
k�1] = R

 
"8

n4
; Xtk�1

!
+R

 
"6

n5
; Xtk�1

!
+R

 
"4

n6
; Xtk�1

!
(15)

20



+R

 
"2

n7
; Xtk�1

!
+R

�
1

n8
; Xtk�1

�
:

It then follows form (15) and Lemma 1{(iv) that

E�0 [(P
l1
k P

l2
k )

4(�0)jGn
k�1] = R

 
"8

n4
; Xtk�1

!
+R

 
"6

n5
; Xtk�1

!
+R

 
"4

n6
; Xtk�1

!

+R

 
"2

n7
; Xtk�1

!
+R

�
1

n8
; Xtk�1

�
:

Thus, one has

nX
k=1

E�0 [(�
j
k(�0))

4jGn
k�1] �

nX
k=1

(
R
�
1

n2
; Xtk�1

�
+R

 
"�2

n3
; Xtk�1

!
+R

 
"�4

n4
; Xtk�1

!

+R

 
"�6

n5
; Xtk�1

!
+R

 
"�8

n6
; Xtk�1

!)

! 0

in P�0-probability as "! 0 and n!1. This completes the proof.

Proof of Theorem 1. First of all, in order to prove consistency of �̂";n, we note that

in view of the compactness of ��, there exists a subsequence ("k; nk) such that �̂"k;nk goes
to a limit �1 = (�1; �1) 2 ��.

Next, it follows from Lemma 4-(i) and the continuity of U1(�; �0; �) with respect to
(�; �) that under P�0, as "k ! 0 and nk !1, one has

"2kU"k;nk(�̂"k;nk ; �̂"k;nk)� "2kU"k;nk(�0; �̂"k;nk)! U1(�1; �0; �1): (16)

From the de�nition of the minimum contrast estimator �̂";n and �0 2 ���,

"2kU"k;nk(�̂"k;nk ; �̂"k;nk)� "2kU"k;nk(�0; �̂"k;nk) � 0: (17)

By (16), (17), [A4] and [A5], we obtain �1 = �0. We now have deduced that any
convergent subsequence of �̂";n goes to �0. Thus, we complete the proof of the consistency
of �̂";n.

For the consistency of �̂";n, using Lemma 4-(ii) and the continuity of U2(�; �; �0) with
respect to (�; �), under P�0 , one has

1

nk
U"k;nk(�̂"k;nk; �̂"k;nk)! U2(�0; �1; �0) (18)

as "k ! 0 and nk ! 1, where we note that �"k;nk tends to �0 by the previous proof.

Moreover, in view of the de�nition of �̂";n and �0 2 ���,

1

nk
U"k;nk(�̂"k;nk; �̂"k;nk) �

1

nk
U"k;nk(�̂"k;nk ; �0): (19)
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It follows from (18) and (19) that U2(�0; �1; �0) � U2(�0; �0; �0). Moreover, by a version
of Lemma 17 in Genon-Catalot and Jacod [8], one has

log det[���](X0
t ; �0) + d � log det[���](X0

t ; �1) + tr
h
[���](X0

t ; �0)[��
�]�1(X0

t ; �1)
i

with equality i� [���](X0
t ; �1) = [���](X0

t ; �0). Hence U2(�0; �1; �0) � U2(�0; �0; �0).
Thus [A5] together with the above inequalities for U2 implies �1 = �0. Therefore, by not-
ing that any convergent subsequence of �̂";n tends to �0, we �nish proving the consistency

of �̂";n.

Finally we prove the asymptotic normality of �̂";n. Let B(�0; �) = f� : j�� �0j � �g. It
follows from �0 2 � that for suÆciently small � > 0, B(�0; �) � �. By Taylor's formula,
one has, if �̂";n 2 B(�0; �),

D";nS";n = �";n;

where D";n =
R 1
0 C";n

�
�0 + u(�̂";n � �0)

�
du and S";n = ("�1(�̂";n � �0)

�;
p
n(�̂";n � �0)

�)�.

It follows from the consistency of �̂";n that for suÆciently small � > 0,

P�0 [�̂";n 2 �] � P�0[j�̂";n � �0j < �]! 1

as " ! 0 and n ! 1. Moreover, by the consistency of �̂";n, there exists a sequence

fB(�0; �";n)g such that �";n ! 0 and P�0 [�̂";n 2 B(�0; �";n)] ! 1 as " ! 0 and n ! 1.
Since we obtain

P�0[�̂";n 2 �c [ B(�0; �";n)
c] � P�0[�̂";n 2 �c] + P�0 [�̂";n 2 B(�0; �";n)

c]! 0

as " ! 0 and n ! 1, one has 1f�̂";n2�c[B(�0;�";n)cg ! 0 in P�0-probability as " ! 0 and

n!1. By Lemma 5-(ii), letting Rn = D";n � C";n(�0),

jR";nj � 1f�̂";n2�\B(�0;�";n)g � sup
�2B(�0;�";n)

jC";n(�)� C";n(�0)j ! 0

in P�0-probability as "! 0 and n!1. Thus, under P�0 , as "! 0 and n!1, one has
R";n ! 0. Using Lemma 5-(i), D";n ! 2I(�0) in P�0-probability as "! 0 and n!1.

Let �(�) be the limit of C";n(�) as "! 0 and n!1. For details of �(�), see (5), (6)
and (7) in proof of Lemma 5. Note that �(�) is continuous with respect to �. Since I(�0)
is positive de�nite, there exists a positive constant C such that infjxj=1 jI(�0)xj > 2C. For
such C > 0, there exist N1(C) > 0 and N2(C) > 0 such that for any " < N1(C) (" > 0)
and n > N2(C), and for any Æ 2 [0; 1], B(�0; �";n) � � and j�(�0 + Æ�";n)� �(�0)j < C=2,
where �";n ! 0 as "! 0 and n!1. For such C > 0, let C";n be the set de�ned by

C";n =
(
sup
�2��

jC";n(�)� �(�)j < C

2
; �̂";n 2 B(�0; �";n)

)
:

For any " < N1(C) (" > 0) and n > N2(C), and for any jÆj < 1, one has, on C";n,
sup
jxj=1

j(�Dn + �(�0))xj � sup
jxj=1

j(�Dn + �(�0 + Æ�";n))xj+ sup
jxj=1

j(�(�0)� �(�0 + Æ�";n))xj

� sup
j���0j<�";n

jC";n(�)� �(�)j+ C

2

< C:
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Hence, for any " < N1(C) (" > 0) and n > N2(C), we obtain, on C";n,

inf
jxj=1

jD";nxj � inf
jxj=1

j�(�0)xj � sup
jxj=1

j(�D";n + �(�0))xj
> C:

Let D";n = fD";n is invertibleg. It then follows that for any " < N1(C) (" > 0) and
n > N2(C), P�0 [D";n] � P�0 [C";n]. Since it follows from (5), (6) and (7) that under [B2],
P�0[C";n]! 1 as "! 0 and n!1, one has P�0[D";n]! 1 as "! 0 and n!1.

Let E";n = f�̂";n 2 �g \ D";n, and E";n = D";n on E";n and E";n = Jp+q on Ec";n, where
Jp+q is the (p+ q)� (p+ q) identity matrix. Note that P�0[E";n]! 1 as "! 0 and n!1.
Since jE";n � 2I(�0)j1E";n � jD";n � 2I(�0)j and 1E";n ! 1 in P�0-probability as "! 0 and
n ! 1, one has E";n ! 2I(�0) in P�0-probability as " ! 0 and n ! 1. Noting that
S";n1E";n = E�1

";nD";nS";n1E";n = E�1
";n�";n1E";n and by Lemma 6, S";n1En ! N(0; I(�0)

�1) in
distribution as " ! 0 and n ! 1. And, again using the fact that under P�0 , as " ! 0
and n!1, 1E";n ! 1, we complete the proof.

Proof of Corollary 1. When �(x; �) = �(x), it is easy to show that Lemmas 4{(i),
5, 6 hold under the assumptions [A1],[A2],[A3'],[A4'] and [B1]. In the same way as the
proof of Theorem 1, we deduce the result.
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