A new application of random matrices:
Ext(C* 4(F3)) is not a group
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Abstract

In the process of developing the theory of free probability and free entropy,
Voiculescu introduced in 1991 a random matrix model for a free semicircular sys-
tem. Since then, random matrices have played a key role in von Neumann algebra
theory (cf. [V8], [V9]). The main result of this paper is the following extension of
Voiculescu’s random matrix result: Let (an), e ,X,gn)) be a system of r stochas-
tically independent n x n Gaussian self-adjoint random matrices as in Voiculescu’s
random matrix paper [V5], and let (z1,...,z,) be a semi-circular system in a C*-
probability space. Then for every polynomial p in r non-commuting variables

lim Hp(an) (W),..., X" )| = llp(z1, ..., 2|,

n—o0
for almost all w in the underlying probability space. We use the result to show that
the Ext-invariant for the reduced C*-algebra of the free group on 2 generators is
not a group but only a semi-group. This problem has been open since Anderson in
1978 found the first example of a C*-algebra A for which Ext(A) is not a group.

1 Introduction.

A random matrix X is a matrix whose entries are real or complex random variables on
a probability space (2, F, P). As in [T], we denote by SGRM(n, c?) the class of complex
self-adjoint n x n random matrices

X = (Xy)im0;

for which (Xj);, (ﬂReXU)Kj, (\/§ImXZ-j)Kj are n? independent identically distributed
(i.i.d.) Gaussian random variables with mean value 0 and variance o2. In the terminology
of Mehta’s book [Me], X is a Gaussian unitary ensemble (GUE). In the following we put
0% = L which is the normalization used in Voiculescu’s random matrix paper [V5]. We

shall need the following basic definitions from free probability theory (cf. [V3]):
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a) A C*-probability space is a pair (B, 7) consisting of a unital C*-algebra B and a
state 7 on B.

b) A family of elements (a;);c; in a C*-probability space (B, 7) is free if for all n € N
and all polynomials py,...,p, € C[X], one has

7(pi(ai,) - - palai,)) =0,
whenever iy # ig, 92 # i3, ... ,in—1 7# ip and @(pk(a;,)) =0for k=1,...,n.

¢) A family (z;);er of elements in a C*-probability space (B, 7) is a semicircular family,
if (x;)ier is a free family, x; = zf for all i € I and

k . .
T(xf) = i /2 4 —2dt = ﬁ(k;/Q)a if k is even,
o) 0, if  is odd,

forallk e Nand e I.

We can now formulate Voiculescu’s random matrix result from [V5]: Let, for each n € N,
(Xi(”))iel be a family of independent random matrices from the class SGRM(n, %), and
let (z;)ier be a semicircular family in a C*-probability space (B, 7). Then for all p € N
and all ¢1,...,%, € I, we have

nh_)r{.lo E{tr, (Xi(ln) . -Xi(:))} = T7(Ti, -+~ Ti,), (1.1)
where tr, is the normalized trace on M, (C), i.e., tr, = %Trn, where Tr,(A) is the sum
of the diagonal elements of A. Furthermore, E denotes expectation (or integration) w.r.t.
the probability measure P.

The special case |I| = 1 is Wigner’s semi-circle law (cf. [Wi]|, [Me]). The strong law
corresponding to (1.1) also holds, i.e.,

Tim tr, (X (@) - X[ (W) = 7(wi, -5, (1.2)
for almost all w € Q (cf. [Ar] for the case |I| = 1 and [HP], [T, Cor. 3.9] for the general
case). Voiculescu’s result is actually more general than the one quoted above. It also
involves sequences of non random diagonal matrices. We will, however, only consider the
case, where there are no diagonal matrices. The main result of this paper is that the
strong version (1.2) of Voiculescu’s random matrix result also holds for the operator norm
in the following sense:

Theorem A. Letr € N and, foreachn € N, let (Xl(”), . ,X,gn)) be a set of r independent
random matrices from the class SGRM(n, L). Let further (z1,...,,) be a semicircular
system in a C*-probability space (B, 1) with a faithful state 7. Then there is a P-null set
N C Q such that for all w € Q\N and all polynomials p in r non-commuting variables,
we have

lim [p(X" @), ..., XO@)]| = lp@i, ... 2)] (1.3)

n—o0



The proof of Theorem A is given in Section 7. The special case
Jim X[ @)]| = [loa]] = 2
is well known (cf. [BY], [Ba, Thm. 2.12] or [HT1, Thm. 3.1]).
From Theorem A above, it is not hard to obtain the following result (cf. section 8).

Theorem B. Let r € NU {oo}, r > 2, let F, denote the free group on r generators,
and let \: F, — B((*(F,)) be the left regular representation of F,. Then there exists a
sequence of unitary representations m,: F, — M,(C) such that for all hy,..., hy, € F,
and ¢y, ...,c, € C:

lim ‘ Z Cjﬂn(hj)
j=1

n—o0

- [ e

The invariant Ext(A) for separable unital C*-algebras A was introduced by Brown, Dou-
glas and Fillmore in 1973 (cf. [BDF1], [BDF2]). Ext(A) is the set of equivalence classes
[r] of one-to-one x-homomorphisms 7: A — C(H), where C(H) = B(H)/K(H) is the
Calkin algebra for the Hilbert space H = ¢?(N). The equivalence relation is defined as
follows:

m o~ 1y <= Ju € U(B(K)) Va € A: ma(a) = p(u)mi(a)p(u),

where U(B(H)) denotes the unitary group of B(H) and p: B(H) — C(H) is the quotient
map. Since H & H ~ H, the map (m,m) — 7 & 7y defines a natural semi-group
structure on Ext(A). By Choi and Effros [CE], Ext(A) is a group for every separable
unital nuclear C*-algebra and by Voiculescu [V2], Ext(A) is a unital semi-group for all
separable unital C*-algebras A. Anderson [An| provided in 1978 the first example of
a unital C*-algebra A for which Ext(A) is not a group. The C*-algebra A in [An] is
generated by the reduced C*-algebra C*,(F2) of the free group F» on 2 generators and a
projection p € B(¢%(Fy)). Since then, it has been an open problem whether Ext(C* ,(F3))
is a group. In [V6, Sect. 5.14], Voiculescu shows that if one could prove Theorem B, then
it would follow that Ext(C} (F;)) is not a group for any r > 2. Hence we have

Corollary 1. Let r € NU{oco}, r > 2. Then Ext(C%,(F,)) is not a group.

The problem of proving Corollary 1 has been considered by a number of mathematicians;
see [V6, Section 5.11] for a more detailed discussion.

In Section 9 we extend Theorem A (resp. Theorem B) to polynomials (resp. linear com-
binations) with coefficients in an arbitrary unital exact C*-algebra. The first of these two
results is used to provide new proofs of two key results from our previous paper [HT2]:
“Random matrices and K-theory for exact C*-algebras”. Moreover, we use the second



result to make an exact computation of the constants C(r), r € N, introduced by Junge
and Pisier [JP] in connection with their proof of

B(H) @ B(H) # B(H) @ B(H).

Specifically, we prove the following
Corollary 2. Let r € N, r > 2 and let C(r) be the infimum of all real numbers C > 0

with the following property: There exists a sequence of natural numbers (n(m))y,en and

a sequence of r-tuples (u{™, ..., u™)men of n(m) x n(m) unitary matrices, such that

| ™ gl

whenever m,m’ € N and m # m'. Then C(r) = 2\/r — 1.

<,

Pisier proved in [P3] that C(r) < 2y/r — 1 and Valette proved subsequently in [V] that
C(r) = 2y/r — 1, when r is of the form » = p + 1 for an odd prime number p.

We end section 9 by using Theorem A to prove the following result on powers of “circular”

random matrices (cf. Section 9):

Corollary 3. Let Y be a random matrix in the class GRM(n, %), i.e., the entries of Y

are i.i.d. complex Gaussian random variables with density z > %e’”‘z‘z, z € C. Then for
every p € N and almost all w € €,

i [ = (L)

n—00

Note that for p =1, Corollary 3 follows from Geman’s result [Ge].

In the remainder of this introduction, we sketch the main steps in the proof of Theorem
A. Throughout the paper, we denote by Ag, the real vector space of self-adjoint elements
in a C*-algebra A. In Section 2 we prove the following “linearization trick”:

Let A, B be unital C*-algebras, and let x1,...,x, and y,...,y, be operators in Ag, and
Bga, respectively. Assume that for all m € N and all matrices ay, . .., a, in M;,(C)s,, we
have

sp(ag@1s+ >0 1 a; @) Csplao®@La+ >, a; ® 3;),

where sp(T') denotes the spectrum of an operator T, and where 14 and 1g denote the
units of A and B, respectively. Then there exists a unital x-homomorphism

O: C*(xy, ..., xr14) = C*(y1y .o o, Yry 1),
such that ®(z;) = vy;, i = 1,...,r. In particular,
1pCy1s -yl < o, 2]

4



for every polynomium p in r non-commuting variables.

The linearization trick allows us to conclude (see Section 7):

Lemma 1. In order to prove Theorem A, it is sufficient to prove the following: With
(Xl(”), e X,gn)) and (xy,...,2,) as in Theorem A, one has for all m € N, all matrices
ag, .- ., in M, (C)s, and all e > 0 that

sp(ao L, + Y4 ® Xi(n) (W)) Csplag®1g+7_1a; ® x,) +]—¢¢l,
eventually as n — oo, for almost all w € Q, and where 1,, denotes the unit of M, (C).

In the rest of this section, (X\™,..., X™) and (z1,...,2,) are defined as in Theorem A.
Moreover we let ay, ..., a, € M;,(C)s, and put

r
s = ao®13+2ai®xi
=1

Sy = a®l,+Y a®X"”, neN

=1

It was proved by Lehner in [Le] that Voiculescu’s R-transform of s with amalgamation
over M,,(C) is given by

Ry(2) = ag+ Y a;za;, =z € My(C). (1.4)
i=1
For A € M,,(C), we let ImX denote the self-adjoint matrix ImA = (A — A\*), and we put
O = {X € M,,(C) | ImA\ is positive definite}.
From (1.4) one gets (cf. Section 6) that the matrix-valued Stieltjes transform of s,
G(N) = (idn @ 7T) [(A® 15 — 5)7'] € M,,(C),

is defined for all A € O, and satisfies the matrix equation
> aiG(NaG(A) + (a0 — NG(A) +1,, =0. (1.5)
i=1

For A € O, we let H,()) denote the M,,(C)-valued random variable
H,(\) = (idy, ® tr,) [(A® 1, = S,) 7],
and we put
Gul) = B{H,(0)} € Mn(©).

Then the following analogy to (1.5) holds (cf. Section 3):

5



Lemma 2 (Master equation). For all A € O and n € N:

r

]E{ 3" aHy (N aHa(N) + (ag — N Ha(A) + 1m} = 0. (1.6)

=1

The proof of (1.6) is completely different from the proof of (1.5). It is based on the simple

observation that the density of the standard Gaussian distribution, p(z) = ﬁ-ﬂe“’ﬂ/ 2

satisfies the first order differential equation ¢'(x) + xp(x) = 0. In the special case of a
single SGRM(n, =) random matrix (i.e., 7 =m = 1 and ay = 0,a; = 1), equation (1.6)
occurs in a recent paper by Pastur (cf. [Pas, Formula (2.25)]). Next we use the so-called
“Gaussian Poincaré inequality” (cf. Section 4) to estimate the norm of the difference

r

]E{ Z aiHn()\)aiHn()\)} — Z a;B{ H,, () }a; B{ H,, (\) },

i=1 1=1
and we obtain thereby (cf. Section 4):
Lemma 3 (Master inequality). For all A € O and all n € N, we have

H zr:aiGn()\)az‘Gn()\) — (ao — AN)Gr(N) + lmH < %H(Im)\)1“4, (1.7)

— 3 ro 22
where C' = m?|| Y7_ a?||".

In Section 5, we deduce from (1.5) and (1.7) that
4C

1Gu(3) = GO < 5 (K =+ A ()] (1.8)

where C' is as above and K = ||ag|| + 4> ._, ||a;||. The estimate (1.8) implies that for
every ¢ € C®(R,R):

E{ (trm ® tra)9(Sa) } = (trm @ 7)(9(s)) + O (55), (1.9)

for n — oo (cf. Section 6). Moreover, a second application of the Gaussian Poincaré
inequality yields that

V{ (trn, @ tr,,)0(Sn) } < %E{ (trm © tr,)(¢'(Sn)?) ), (1.10)

where V denotes the variance. Let now 1 be a C'*-function with values in [0, 1], such
that ¢ vanishes on a neighbourhood of the spectrum sp(s) of s, and such that ¢ is 1 on
the complement of sp(s) +] — ¢, ].

By applying (1.9) and (1.10) to ¢ = ¢ — 1, one gets
E{ (tr,, ® tr,)e(S,)} = O(n?),
V{(trm ®tr,)1(S)} = O(n ),

6



and by a standard application of the Borel-Cantelli lemma, this implies that
(b1 ® t1)1(S (w)) = O(n ™),

for almost all w € Q. But the number of eigenvalues of S, (w) outside sp(s) + | —¢,¢] is
dominated by mn(tr,, ® tr,)1¥(S,(w)), which is O(n~'/3) for n — co. Being an integer,
this number must therefore vanish eventually as n — oo, which shows that for almost all
w €,

sp(Sn(w)) S sp(s) +1]—¢,¢],

eventually as n — oo, and Theorem A now follows from Lemma 1.

2 A linearization Trick.

Throughout this section we consider two unital C*-algebras A and B and self-adjoint
elements x1,...,x. € A, y1,...,y, € B. We put

Ao =C*(Ly,21,...,2,) and By=C"(1g,y1,..., ).

Note that since zy,...,x, and yy,... ,y, are self-adjoint, the complex linear spaces

r r

E:Span(C{]-.Aaxla--- 7xrazi:1 1'12} and F:SpanC{l'Bayla"' 7yrazi:1 y7,2}
are both operator systems.

2.1 Lemma. Assume that ug: F — F' is a unital completely positive (linear) mapping,
such that

wo () = yi, i=1,2,...,r,
and
o (3oisy 77) = Do, ¥i-
Then there exists a surjective x-homomorphism u: Ay — By, such that

Uy = ’LL|E

Proof. The proof is inspired by Pisier’s proof of [P2, Prop. 1.7]. We may assume that B is
a unital sub-algebra of B(H) for some Hilbert space H. Combining Stinespring’s theorem
([Pau, Theorem 4.1]) with Arveson’s extension theorem ([Pau, Corollary 6.6]), it follows
then that there exists a Hilbert space X containing H, and a unital *-homomorphism
m: A — B(X), such that

up(r) = pr(zr)p (v € E),

where p is the orthogonal projection of X onto H. Note, in particular, that

7



(a) uo(la) = pr(la)p = p = 1),
(b) yi = wo(w;) =pr(z)p, 1 =1,...,r,

(c) Yoy ui =uo( Xy 7)) = 2oiy p(xi)’p.

From (b) and (c), it follows that p commutes with 7(z;) for all 7 in {1,2,... ,r}. Indeed,
using (b) and (c), we find that

,
Zm a)pr (x;)p Zyz > pr(:)’p,
=1

so that
> (@) (s — p)(a:)p = 0.
i=1

Thus, putting b; = (1g) — p)7(z;)p, @ = 1,...,r, we have that »_;
by =---=0b, =0. Hence, for each 7 in {1,2,... r} we have

[p, m(73)] = pr(ws) — 7(i)p = pr(w:) (Lpe) — p) — (Lsx) — p)w(wi)p = b; — by =0,

as desired. Since 7 is a unital x-homomorphism, we may conclude, further, that p com-
mutes with all elements of the C*-algebra 7(A,).

= 0, so that

zlz

Now define the mapping u: Ay — B(H) by

u(a) = pr(a)p, (a € Ap).
Clearly u(a*) = wu(a)* for all a in Ay, and, using (a) above, u(ly) = ug(ly) = 1s.
Furthermore, since p commutes with 7(Ag), we find for any a,b in Ay that
u(ab) = pr(ab)p = pr(a)m(b)p = pr(a)pm(b)p = u(a)u(b).

Thus, u: Ay — B(H) is a unital x-homomorphism, which extends ug, and u(Ag) is a
C*-sub-algebra of B(H). It remains to note that u(Ay) is generated, as a C*-algebra, by

the set u({la,z1,...,2:}) = {1s,91,... ,¥r}, s0 that u(Ag) = C*(1p,y1,...,y:) = Bo,
as desired. [ |

For any element ¢ of a C*-algebra €, we denote by sp(c) the spectrum of ¢, i.e.,
sp(c) = {X € C | ¢ — Al¢ is not invertible}.

2.2 Theorem. Assume that the self-adjoint elements x1,... ,x, € A and y1,... ,y. € B
satisfy the property:

Vm € N Vag,aq, ... ,a, € My(C)g
(2.1)
sp(a0 @ Lo+ Y1 a; @ x;) 2sp(ao @ 1s+ Y0 a; ® ys).

Then there exists a unique surjective unital x-homomorphism ¢: Ay — By, such that

o) = yi, 1=1,2,...,m



Before the proof of Theorem 2.2, we make a few observations:

2.3 Remark. (1) In connection with condition (2.1) above, let V' be a subspace of
M,,(C) containing the unit 1,,. Then the condition:

Yag,ai,...,a, € V:
(2.2)
sp(ao ®1a+ Y1 a;®z;) Dsplag®@1g+ > a; @ y;)
is equivalent to the condition:
Yag,a1,...,a, € V:
(2.3)

ap®@1s+ > a; ®x; is invertible => ag ® 15 + Y., a; @ y; is invertible.
Indeed, it is clear that (2.2) implies (2.3), and the reverse implication follows by replacing,
for any complex number A, the matrix ag € V by ag — A1,, € V.

(2) Let H, and H, be Hilbert spaces and consider the Hilbert space direct sum H =
H, ® H,. Consider further the operator R in B(H) given in matrix form as

=2 ul)
z ]-'B(f}fQ))

where x € B(H,),y € B(Hz, Hy) and z € B(H;,Hy). Then R is invertible in B(KH) if
and only if z — yz is invertible in B(H,).

This follows immediately by writing

(I y ) _ (193(9{1) y ) . (I —yz 0 ) . <18(9{1) 0 )
2 1y 0 lsge 0 lspe) R SV

where the first and last matrix on the right hand side are invertible with inverses given
by:

—1 -1
(193(9{1) y ) _ (193(9{1) —y ) and <193(9{1) 0 ) _ <18(9{1) 0 )
0 lswe 0 Iswe S X! =z e/

Proof of Theorem 2.2. By Lemma 2.1, our objective is to prove the existence of a unital

completely positive map ug: E — F, satisfying that wo(z;) = y;, @ = 1,2,...,r and
T2y N 2

Step |. We show first that the assumption (2.1) is equivalent to the seemingly stronger

condition:

vm € N Vag,a4, ... ,a, € M, (C):
(2.4)
sp(ao @1a+ >0 a; @ ;) Dsp(ao@1s+ Y1 a; ® y;).

Indeed, let ag, a1, . .. ,a, be arbitrary matrices in M,,(C) and consider then the self-adjoint
matrices g, @1, . .. ,d, in My, (C) given by:

- 0 a; .
ai_(ai 0)’ 1=0,1,...,m.

9



Note then that

B ~ B 0 as@Lla+30  af @,
a0®lﬂ+;az®xl_<a0®1./4+2;:1ai®xi 0

o 0 ]._,4 . a0®lﬂ—|—z::1ai®xi 0
S \1a O 0 ag®@1a+ 3 0f @x;)

Therefore, ao®14+ ,_, 4;@x; is invertible in My, (A) if and only if ap®@14+> ., a;Qx;
is invertible in M,,(A), and similarly, of course, ag ® 1 + > .._, @; ® y; is invertible in
My, (B) if and only if 4y @ 15 + >, a; ® y; is invertible in M,,(B). It follows that

r r
ag ® 1,4+ Z a; ® x; is invertible <— aqy @14 + Z a; ® x; is invertible
i=1 1=1

— a1z + Z a; ® y; is invertible
i=1

<— ay®1g + Z a; ® y; is invertible,
i=1

where the second implication follows from the assumption (2.1). Since the argument

above holds for arbitrary matrices ag, ay, . . .
that condition (2.4) is satisfied.

,a, in M,,(C), it follows from Remark 2.3(1)

Step Il. We prove next that the assumption (2.1) implies the condition:

Vm € N Vay,aq, ...

y Gy Qg1 € Mm((c) :

sp(ao @ 1a+Y ;i ® T+ a1 ® Y 27) (2.5)

Using Remark 2.3(1), we have to show, given m in N and ag, ay, . . .
invertibility of ap @ 14+ > :_, a; @ T; + a1 @ D i,

Dsp(ao®@1s+ 30 4, @y + a1 @ Y0, y2).

r

, Apy1 in M, (C), that

x? in M,,(A) implies invertibility of

a @14+ 14, Y + a1 ®@>.:_, y? in M,,(B). For this, consider the matrices:

Qo ®1A _]-m X 11 —1m®l'2 _1m®xr
a®lyg+a,n@r 1,01, O
S = a2 ® ]-A + Ar41 ® T ]-m ® ]-.A - M(T—I—l)m(‘A)
ar®lﬂ+ar+1®xr O 1m®1./4
and
ap ® 1g -1, @y -1,®y -1, ®y,
a®@lg+a1 @y 1, 1s O
T=]0®lg+a11 @y 1, ®1s € M11ym(B).
a, @1y +a,11 Yy @ 1,13

10



By Remark 2.3(2), invertibility of S in M41ym(A) is equivalent to invertibility of

Qo ®1A —|—Z::1(].m ®£UZ) . (az- ®1A +Clr+1 ®$z)
=a®la+Y, 0, ®Ti+a,411 @Y a7

in My, (A). Similarly, T" is invertible in M, ;1),,(B) if and only if
G ®1p+ 370 @i @Y+ a1 ® o0, Y7

is invertible in M, (B). It remains, thus, to show that invertibility of S implies that of T'.
This, however, follows immediately from Step I, since we may write S and 7" in the form:

S:b0®1ﬂ+zbi®xi and T:b0®13+zbi®yia

i=1 i=1
for suitable matrices by, b1, ... , b, in M, 41y, (C); namely
a 0 0 --- 0
a1 ]-m O
bO = ) ]-m
a, O 1,
and
0 0 -1, 0 0
0
b; = (py1 O ) 1=1,2, T
0
0
For i in {1,2,...,r}, the (possible) non-zero entries in b; are at positions (1,7 + 1) and

(1+1,1). This concludes Step II.

Step Ill. We show, finally, the existence of a unital completely positive mapping uy: E —
F, satisfying that ug(z;) = y;, 1 =1,2,...,r and uo(}_;_, 2?) =Y, y7.

Using Step Il in the case m = 1, it follows that for any complex numbers ay, ai, ... ,a,41,
we have that

sp(aola + iy aiw; + ar1 Yooy 22) Dsplaole + iy aiyi + arg1 3 oiy y2).  (2.6)

If ag,ay,...,a,41 are real numbers, then the operators
1 r r 9 d 1 r r 9
aola + 30 Qi + ar1 D, T an aols + > i) QiYi + Qr1 Do, Y

11



are self-adjoint, since x1,... ,x, and yq, ... ,y, are self-adjoint. Hence (2.6) implies that

Vao,... y Ayl € R:

(2.7)

|aola + Y0 aiw + arr Yoiy 22| > [Jaols + D0, asyi + ar iy 2

Let £’ and F' denote, respectively, the R-linear span of {14,21,..., 2,y ;_, 27} and
{]-‘Ba Yty oo 5 Yry 2221 y7,2}
roo2

E' =spang{la,z1,... ,2p, > .27} and F' = spang{ls, y1,...,yr, 2 iy Y7 }.

It follows then from (2.7) that there is a (well-defined) R-linear mapping ugy: E' — F'

satisfying that uf(1a) = 1, up(x;) = v;, i =1,2,...,r and ug(d;_, 27) = S yi. For

an arbitrary element z in E, note that Re(z) = 3(z+2*) € E' and Im(z) = 3 (z—12*) € E.
Hence, we may define a mapping uy: £ — F by setting:

ug(z) = ug(Re(x)) + iug(Im(z)), (x € E).
It is straightforward, then, to check that ug is a C-linear mapping from E onto F', which

extends uy.

Finally, it follows immediately from Step II that for all m in N, the mapping idz,, ) ® ug
preserves positivity. In other words, ug is a completely positive mapping. This concludes
the proof. [

In Section 7, we shall need the following strengthening of Theorem 2.2:

2.4 Theorem. Assume that the self adjoint elements z,...,x, € A, y1,...,y. € B
satisfy the property

Vm € NVag,...,a, € M, (Q +iQ)s, :

2.8
sp(ao@1a+ > a; @) Dsplag®@ 1+ Di, a; @ y;). (2:8)

Then there exists a unique surjective unital x-homomorphism ¢: Ay — By such that
o) =y, i=1,...,r.

Proof. By Theorem 2.2, it suffices to prove that condition (2.8) is equivalent to condition
(2.1) of that theorem. Clearly (2.1) = (2.8). It remains to be proved that (2.8) = (2.1).
Let dy (K, L) denote the Hausdorff distance between two subsets K, L of C:

dy (K, L) = max { supd(z, L), supd(y, K)} (2.9)

zeEK yeEL
For normal operators A, B in M,,(C) or B(H) (H a Hilbert space) one has
du(sp(A),sp(B)) < [|A - B (2.10)

(cf. [Da, Prop. 2.1]). Assume now that (2.8) is satisfied, let m € N, by, ..., b, € M, (C)
and let £ > 0.
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Since M, (Q + 1Q)s, is dense in M,,(C)s,, we can choose ay, ..., a, € My, (Q +iQ)s, such
that

"
lao = boll + Y lla; = billlJasil| < e

=1

and

lao = boll + Y lla; = billllyill < e.

P
Hence, by (2.10),

d (3p(a0 ® 1+ Y0 0; @ 3;),5p(bo @ 1+ Y b; @ 7)) < ¢
and

du(sp(ao @ 1+ 377 1a; @ 4i),sp(bo @ 1+ 30 i ®y;)) <e.
By these two inequalities and (2.8) we get

sp(ao QL+ 4, ® yz) +]—¢¢
splao @1+ 31 a; @1;) +]— &, €]
sp(bo ® 14 >0 b; ® x;) + | — 2¢, 22].

sp(bo ® 14> b ® yi)

N 1N 1N

Since sp(bp ® 1 + > i, b; ® y;) is compact and ¢ > 0 is arbitrary, it follows that
sp(bo®@1+ 31 b ®y;) Csplbo®@1+ 31 b ®a;),

for all m € N and all by, ...,b, € M;,(C)s,, i.e. (2.1) holds. This completes the proof of
Theorem 2.4. [ ]

3 The master equation.

Let 3 be a Hilbert space. For T' € B(H) we let ImT" denote the self adjoint operator
ImT = &(T — T*). We say that a matrix 7" in M,,(C)s, is positive definite if all its
eigenvalues are strictly positive, and we denote by Apax(7) and Apin(7') the largest and
smallest eigenvalues of T', respectively.

3.1 Lemma. (i) Let H be a Hilbert space and let T be an operator in B(H), such
that the imaginary part ImT satisfies one of the two conditions:

ImT > elgq or  ImT < —elggy),

for some ¢ in ]0,00[. Then T is invertible and | T~'|| < .

13



(ii)) Let T' be a matrix in M,,(C) and assume that ImT is positive definite. Then T is
invertible and ||T || < ||(ImT) 1.

Proof. Note first that (ii) is a special case of (i). Indeed, since ImT is self-adjoint, we
have that Im7" > Apin(Im7T)1,,. Since ImT is positive definite, Ayin(Im7") > 0, and hence
(i) applies. Thus, T is invertible and, furthermore,

1

TY < —m—

= Amax (IMT) 1) = ||(ImT) |,

since (Im7")~" is positive.

To prove (i), note first that by replacing, if necessary, T" by —T, it suffices to consider the
case where Im7T" > elgg¢). Let || - || and (-, -) denote, respectively, the norm and the inner
product on H. Then, for any unit vector £ in H, we have

IT€|? = [|T€||]1? > (TE, ) = [(Re(T)E, &) +i(ImTE, E)|° > (ImT€, €)* > 2|[¢ 1%,

where we used that (Re(7)&, &), (ImTE, €) € R. Note further, for any unit vector £ in
that

ITEN1* > (T, )1 = KTE O > *lI¢]I”.

Altogether, we have verified that || T¢|| > ¢||¢|| and that ||T*¢|| > ¢||€|| for any (unit) vector
¢ in H, and by [Pe, Prop. 3.2.6] this implies that 7" is invertible and that |77 < 1.
]

3.2 Lemma. Let A be a unital C*-algebra and denote by GL(A) the group of invertible
elements of A. Let, further, A: I — GL(A) be a mapping from an open interval I in R
into GL(A), and assume that A is differentiable, in the sense that

(A(t) — A(to))

AI (to) = lim

t—to t — tO

-1

exists in the operator norm, for any to in I. Then the mapping t — A(t)~' is also

differentiable and

d

SAWT =AW AWAR T, (e D).

Proof. The lemma is well known. For the reader’s convenience we include a proof. For
any t,ty in I, we have

- t—ltoA(t)l(
1

= —A(t)™! (t — (A(t) - A(lto)))z‘l(to)_1

s —A(to) A () Altn)

t—to

Alto) — A(t)) A(to) !

where the limit is taken in the operator norm, and we use that the mapping B + B~! is
a homeomorphism of GL(A) w.r.t. the operator norm. ]
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3.3 Lemma. Let o be a positive number, let N be a positive integer and let vy,... ,vn
be N independent identically distributed real valued random variables with distribution
N(0,0%), defined on the same probability space (2,5, P). Consider, further, a finite
dimensional vector space E and a C'-mapping:

(z1,...,25) = F(zy,...,on): RY = E,
satisfying that F' and all its first order partial derivatives g—fl, e 8050—1; are polynomially

bounded. For any j in {1,2,...,N}, we then have

E{5F (.. o 1w)} = PE{ 2 (s o)},

where E denotes expectation w.r.t. P.

Proof. Clearly it is sufficient to treat the case £’ = C. The joint distribution of vy, ..., vx
is given by the density function

o(z,...,x5) = (216%) 72 exp (5% Sy ?), (1,...,2x5) ERN,
Since
dp 1
a—xj(xl’ CeTN) = —;xjgo(xl, Ce TN,

we get by partial integration in the variable z;,

E{V]F(/‘Ylaany)} = /N F(xla"'7:UN):UJ'()0(:U17"'7xN)dx17"'7 de
R

0
= —02/ F(xl,...,xN)—(’O(ajl,...,a:N)dxl,...,de
RN a.’L'J
oF
= 0'2/ a—(l'l,...,l’N)QO(l'l,...,.iUN)d.iUl,...,d.ﬁUN
RN OZj

OF
= 0—2E{a—xj(fyla"'77N)}‘ =

Let r and n be positive integers. In the following we denote by &, ,, the real vector space
(M, (C)sa)". Note that &, , is a Euclidean space with inner product (:,-), given by

(A1,...,A), (By,... B)), = Trn(ZAij), (A1,... A, (B, ..., By) € Ern),
7=1
and with norm given by
1AL A2 = Tra (32 42) = DA s (A, A € €.
j=1 j=1

Finally, we shall denote by S;(€,,) the unit sphere of &, , w.r.t. || - ||..
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3.4 Remark. Let r,n be positive integers, and consider the linear isomorphism ¥, be-
tween M, (C)s, and R"* given by

Wo((art)1<hi<n) = ((are)1<k<ns (V2Re(ar))1<her<ns (V2Im(a))1<e<i<n), (3.1)

for (ag)i<ki<n in Mp(C)sa. We denote, further, by ¥ the natural extension of ¥, to a
linear isomorphism between &, , and R™:

(A, .. A) = (To(A), .., To(A), (A, A, € My(C)a).

We shall identify &, , with R™” via the isomorphism W. Note that under this identification,
the norm || ||, on &, corresponds to the usual Euclidean norm on R . In other words,
U is an isometry.

Consider next independent random matrices an), ., XM from SGRM(n, +) as defined

in the introduction. Then X = (X™, ..., X{™) is a random variable taking values in

€,n, 50 that Y = ¥(X) is a random variable taking values in R . From the definition of
SGRM(n, %) and the fact that Xf"), e ,X,gn) are independent, it is easily seen that the

distribution of Y on R™ is the product measure = @ v ® --- ® v (rn? terms), where
v is the Gaussian distribution with mean 0 and variance =.

In the following, we consider a given family ay,... ,a, of matrices in M,,(C)s,, and, for

each n in N, a family an), .., X" of independent random matrices in SGRM(n, <).

Furthermore, we consider the following random variable with values in M,,(C) ® M, (C):

Sp=a®l,+ Y a;® X", (3.2)

=1

3.5 Lemma. For each n in N, let S, be as above. For any matrix A\ in M,,(C), for
which Im\ is positive definite, we define a random variable with values in M,,(C) by (cf.
Lemma 3.1),

H,(\) = (idy, ® tr,) [A® 1, — S,) 7'
Then, for any j in {1,2,... 7}, we have

E{ H,(\)a;H,(\)} = E{ (id,, ® tr,,) [1, © X7) - (A @1, — S,) ] }.

Proof. Let X be a fixed matrix in M,,(C), such that ImA is positive definite. Consider the
canonical isomorphism ¥: &, — R’""2, introduced in Remark 3.4, and then define the
mappings F': &,, — M,,(C)® M, (C) and F: R™ — M,,(C)® M, (C) by (cf. Lemma 3.1

F(Ul,. .. ,U,) = ()‘®]-n — Qo ®1n — Z;:l a; ®Ui)_17 (Ul, oL Up € Mn((c)sa)a

and

F=FoU !
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Note then that
1

(A®1,-8,) " =FXM, ... X)),

where Y = U(X™ ..., X{™) is a random variable taking values in R"™, and the distri-
bution of Y equals that of a tuple (vi,...,7m2) of rn? independent identically N (0, %)—
distributed real-valued random variables.

Now, let j in {1,2,...,r} be fixed, and then define

X=X, A<k <n),

]kl_\/_Re( ;n)k,la (1<k<l<n),
Z0 =V2m(XM), 1<k <i<n).

J

Note that ((X](Z),k)lgkgna (Yj(,Z?z)lgkdgna (Z]('j;c),l)lﬁkdﬁn) = \IIO(X](”)), where W, is the map-
ping defined in (3.1) of Remark 3.4. Note also that the standard orthonormal basis for
R corresponds, via Uy, to the following orthonormal basis for M,,(C)s,:

61(:127 (1 <k<n)
) _ 1 (M) (l<pel< -
Te ﬁ(ek,l +€l,k) (I1<k<l<n), (3.3)

glgn):T(e,(cl)—egk)) (1<k<l<n).
In other words, ((X](,T,Lc{k)lgkgn, (Yj,z,l)lgkdgn, (Z]('gc),z)lgkdén) are the coefficients of X](n)
w.r.t. the orthonormal basis set out in (3.3).

Combining, now, the above observations with Lemma 3.3, it follows that

1 d n)\ — n —1

1 d ) — . B
TE(5 Oen-si—m e} -B Get-s),

1 rd )y — . ~
EE{E‘tzo(A(gln_Sn_ta]®g]i,l)) 1} :E{Z](',k),l' (A@ln—sn) 1},

for all values of k,l in {1,2,...,n} such that £ < . On the other hand, it follows from
Lemma 3.2 that for any vector v in M, (C)s,,

| A®1L, =S, —ta;©0) " =(A®1,—5,) (4; @) (A®1, - S,) ",

and we obtain, thus, the identities:
E{X](’;;)k-(A®1n—sn)*1}:%E{(A@@ln—sn) Haj @ e )(A®1, — S,) '} (3.4)
E(Y - (A @1 =) '} = 2E{(A@ 1, = 5,)7'(a;® f{)) (A ® 1, — Su) 7'} (3.5)
E{Z), - (A®1,~S,) ) = E{(A®1, ~ $,) " (¢; @ ¢ (A ®1, — S,) "'} (3.6)
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for all relevant values of k,[, k < [. Note next that for k£ < [, we have

(X )iy = %(Yy(k)l +iZ530),

Xy(n Lk :%( jik Ingz)
= 5(f ;5 —igd)),
= L (7 +ig)),

and combining this with (3.5)-(3.6), it follows that

- 1
E{(X;")s- (A @1y = 5,) '} = ~E{(A® 1~ 50) 7 (0, @ €} A ® 1, — 5.) '},
(3.7)
and that

n — ]_ _ n —
E{(X;)is (A®1, = 5,) 7} = E{(A®@ 1y = 5) oy @ ) A @ 1, = S,) '},
(3.8)
for all k,1, k < . Taking also (3.4) into account, it follows that (3.7) actually holds for

all k,lin {1,2,... ,n}. By adding the equation (3.7) for all values of k,[ and by recalling
that

Xg(n): Z (X](n))k,lel(:l)a
1<k,l<n

we conclude that

E{ (1, ® X" )(A®1 - S}

LS B, ed)et, - s)@ed)) e, - 5)).
nlgklgn

(3.9)
To calculate the right hand side of (3.9), we write

A®1i—=S) "= Y Fup®eu,

1<u,v<n

where, forallu,vin {1,2,... ,n}, F,,: @ = M,,(C) is an M,,(C)-valued random variable.
Recall, then, that for any &, [, u,v in {1,2,... ,n},

(n) n ek,v, lfl = u,
6kl - € — .

’ 0, if [ # u.
For any fixed u,v in {1,2,... ,n}, it follows, thus, that

(Fuu-a;)®1,, ifu=uwv,

) (3.10)
0, if u # v.

Y L ® el (Fuw ® ) (a; @ ef}) = {

1<k,I<n

18



Adding the equation (3.10) for all values of u,v in {1,2,...,n}, it follows that

Z (1m ®6kl)()‘®1 — Sn)” (aj®elk) (Xet Fuuaj) ® L.

1<k,I<n

Note here that

Y Fiu=n-idy@tr,[A®1, = S)7"] =n- Hy(N),

so that
S @) M@, — 82)7 0y ® e}) = nHy(Na; @ 1,.
1<k,l<n
Combining this with (3.9), we find that
E{(1,® X" A©1, - S.)"'} = E{(H.(\)a; ® L,)A® 1, — S,) "'} (3.11)

Applying, finally, id,, ® tr, to both sides of (3.11), we conclude that

E{idy, ® t1, [(Ln ® X\")A® 1, — S,) 7]} = E{H,(\)a; - idyy, @ tr, [(A ® 1, — S,) 7] }
=E{H,(\)a;H,(\)},

which is the desired formula. [

3.6 Theorem. (Master equation) Let, for each n in N, S,, be the random matrix
introduced in (3.2), and let A be a matrix in M,,(C) such that Im(\) is positive definite.
Then with

H,(\) = (idy ® t1,) [(A® 1, — S,) ]

(cf. Lemma 3.1), we have the formula

r

]E{ 3w Hy (N aHo (V) + (ag — NV Ho (V) + 1m} — 0, (3.12)

=1

as an M,,(C)-valued expectation.

Proof. By application of Lemma 3.5, we find that

B{ 3" asHu(NasHa (N } = > aB{ Ha (N Ha(M)}

J=1 J=1

:iajﬂs{idm@@trn[ n® XA @1, ~S,) ']}

— XT:E{ idy, ® tr,[(a; ® 1,) (1, @ XJ(_"))()\ ®1, - S,)7"]}

j=1

_Z]E{ld ® tra[(a; ® X[ ) (A ® 1, - S,) ]}

j=1
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Moreover,

E{agH,(\)} = E{ao(id, @ tr,)(A®1, —S,)™")}
= E{(id, ®tr,)((ag®1,)(A®1, — S,) '}

Hence,

r

]E{ aoH,(\) + Zaan()\)aan()\)}

= E{id, ® tr, [Sp(A® 1, — S,) ']}

=E{idn ®tr, [(A®1, —(A® 1L, = 5,))(A®1, — S,) ']}
=E{id, @ tr,[A®1,)(A®1, - S,)"' -1, ®1,]}
=E{\,()) —1n},

from which (3.12) follows readily. ]

4 Variance estimates.

Let K be a positive integer. Then we denote by || - || the usual Euclidean norm C¥ | i.e.,

(G Gl = (G + -+ 1D (Gsee (e €C).

Furthermore, we denote by || - [|2;1, the Hilbert-Schmidt norm on Mg (C), i.e.,

T ome, = (Tri (TN, (T € Mk(C)).

We shall also, occasionally, consider the norm || - ||o4, given by:

/2

1Tl = (brae(T°T))* = K127

2, Trg » (T € Mk(C)).

4.1 Proposition. (Gaussian Poincaré inequality) Let N be a positive integer and
equip RY with the probability measure = v @ v ® --- ® v (N terms), where v is the
Gaussian distribution on R with mean 0 and variance 1. Let f: RN — C be a C*-function,
such that E{|f|?} < co. Then with V{f} = E{|f — E{f}|*}, we have

V{f} < E{|lgrad(f)[|*}.

Proof. See [Cn, Theorem 2.1]. n

The Gaussian Poincaré inequality is a folklore result which goes back to the 30’s (cf. Beck-
ner [Be]). It was rediscovered by Chernoff [Cf] in 1981 in the case N = 1 and by Chen
[Cn] in 1982 for general N. The original proof as well as Chernoff’s proof is based on
an expansion of f in Hermite polynomials (or tensor products of Hermite polynomials in
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the case N > 2). Chen gives in [Cn] a self-contained proof which does not rely on Her-
mite polynomials. In a preliminary version of this paper, we proved the slightly weaker
inequality: V{f} < %E{ngadf“z} using the method of proof of [P1, Lemma 4.7]. We
wish to thank Gilles Pisier for bringing the papers by Bechner, Chernoff and Chen to our
attention.

4.2 Corollary. Let N € N, and let Z,, ..., Zx be N i.i.d. real Gaussian random variables
with mean zero and variance o? and let f: RY — C be a C'-function, such that f and
grad(f) are both polynomially bounded. Then

V{f(Z,.... Z5)} < o®B{||(gradf)(Zy, ..., Zn)|I*}.

Proof. In the case o = 1, this is an immediate consequence of Proposition 4.1. In the
general case, put Y; =17;, j =1,..., N, and define g € C*(R") by

9(y) = floy),  (yeRY). (4.1)
Then
(gradg)(y) = o(gradf)(oy),  (y €RY). (4.2)
Since Yi,...,Yy are independent standard Gaussian distributed random variables, we
have from Proposition 4.1 that
V{g(Y1,...,Yn)} < E{|(gradg)(Ys,..., Yu)I*}. (4.3)

Since Z; = 0Yj, j =1,...,N, it follows from (4.1), (4.2), and (4.3) that
V{f(Zi,....Zx)} < E{|(gradf)(Z1,..., Zx)|’}. =

4.3 Remark. Consider the canonical isomorphism ¥: &,, — R™ introduced in Re-
mark 3.4. Consider, further, independent random matrices an), e ,Xﬁn) from SGRM(n, %)
Then X = (X, ..., X!") is a random variable taking values in &,,, so that Y = ¥(X)
is a random variable taking Values in R™ . As mentioned in Remark 3.4, it is easily seen
that the distribution of Y on R™” is the product measure y = v ® v®---Qu (rn’? terms)
where v is the Gaussian distribution with mean 0 and variance =. Now, let f: R™ — C

be a C'-function, such that f and gradf are both golynomlally bounded, and consider,
further, the C'-function f: &,, — C given by f = f o W. T Since ¥ is a linear isometry
(i.e., an orthogonal transformation), it follows from Corollary 4.2 that

V{f(X)} < ]E{ngadf )2 (4.4)

4.4 Lemma. Let m,n be positive integers, and assume that ay,... ,a, € M;,(C)s and
wy, ..., w, € M,(C). Then

[Swon

(Xl

< m'/?
2, Trm ®@Try

2
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Proof. We find that
1201 @i @ willy oy, o, < 2ici lai © willz e,
=i laillam,, - [Jwill2,
< (Zr Nl ) (s il ) 2
= (Tra (S a2) " - (20 w3 )

1/2 1/2
<m0 a7 (2 il )
Note, in particular, that if wy, ... ,w, € M,(C)s,, then Lemma 4.4 provides the estimate:

HZ;ZI a; ® wiHQ’“m@mn < ml/? (Z;"ZIHQZ.HZ)I/? . H(wl’ . ,w,«)He.

4.5 Theorem. (Master inequality) Let A be a matrix in M,,(C) such that Im(\) is
positive definite. Consider, further, the random matrix H,(\) introduced in Theorem 3.6
and put

G(N) = E{ H,(N)} € My (C).

Then
|32 GG + (a0~ NG + 1| < Sl amO) ",
where C'=m?|| 377, aZ||*.
Proof. We put
K,(A) = Hy(A) = Gu (V) = Hy(A) — E{ H, (V) }.
Then, by Theorem 3.6, we have
]E{ > a,.Kn(A)a,.Kn(A)}
=E{ > ai(Ha(d) = Gu(N))ai (Ha(N) = Gu() |
- E{ > aan()\)alHn()\)} = aGa(N)aiGi()
= (= (a0~ VE{Ha(V} = 1n) = 3" a:Gu(NaiGa()

= — ( Z a;iGr(N)aiGr(A) + (a0 — A)Gn(A) + 1m>'

=1
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Hence, we can make the following estimates

H Z aiGa(NiGa(N) + (0 = N)Ga(N) + 1| = ||E{ iaixnmaimm}\\

< | S wraaste, )}

sm{\\iaimmai 0]}

Note here that since ay, ... ,a, are self-adjoint, the mapping v — >_._, a;va;: M,,(C) —
M,,(C) is completely positive. Therefore, it attains its norm at the unit 1,,, and the norm
is || >27_, a?||. Using this in the estimates above, we find that

i=1 "

E{ | K0}

r
2
<| 2
— a‘z 2,T‘I‘m Y
=1

where the last inequality uses that the operator norm of a matrix is always dominated
by the Hilbert-Schmidt norm. It remains to estimate E{||K,(\)||5y, }. For this, let
H, ;k(A), (1 < j,k <n) denote the entries of H,()), i.e.,

| D 0 G G) + (a~ NG + L. <| St
: . (4.5)

B{ |5, ()

m

H,(N) =Y Hyji(Ne(m, j, k), (4.6)

Gk=1

where e(m, 7, k), (1 < j,k < m) are the usual m x m matrix units. Let, correspondingly,
K, jk(\) denote the entries of K, (). Then K, ;x(\) = Hy jx(A) — E{H, ;x(\)}, for all
j, k, so that V{H, ;r(\)} = E{| K jx(N)|?}. It follows, thus, that

E{ || KM 3, b =B > [Kass(VF} = > V{Hux(N)}- (4.7)
Note further that by (4.6)
H, jx(\) = Trp(e(m, k, ) Ha(N))
=m - try,(e(m, k, §) - (idy, ® tr,) [A® 1, — Sp) ')
=m - tr, @ tr,[(e(m, j,k) ®1,)(A®@1, — S,)7'].

For any j, k in {1,2,...,m}, consider, next, the mapping f, x: €., — C given by:

r

fn,j,k(vla s 7U1“) =m: (trm ® trn) [(e(m, ka]) ® ln)()‘ ® ]-n — Qo & ]-n - Zi:l a; X Ui)il]a
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for all vy, ... ,v, in M,(C)s,. Note then that

Hyik(A) = fajn(XM 0 X)),

for all j, k. Using now the “concentration estimate” (4.4) in Remark 4.3, it follows that
for all j, k,

1 , \
V{Hnju N} < —B{ [lgradfoiu(X7, .. X012 (4.8)

For fixed j,k in {1,2,... ,m} and v = (vy,... ,v,) in &, ,, note that gradf, ;(v) is the
vector in &, ,, characterized by the property that

d
(grad fo;x(v), w), = | fogr(v +tw),
t=0
for any vector w = (wq,...,w,) in &, ,. It follows, thus, that
ngadfn -k(v)H2 = nax Kgradfn & w> ‘ max d frik(v+ tw) ’
7 ¢ wesy( 7> weS1 (Ern) dt‘ E

(4.9)

Let v = (v1,...,vy) be a fixed vector in €, ,, and put ¥ =ay®1, +>.._ a; ® v;. Let,
further, w = (wy,... ,w,) be a fixed vector in Si(E,,). It follows then by Lemma 3.2
that
d
| sl 1e)

= E‘ m - (try, ® tr,) [(e(m, b, ) @ 1,)(A® L, —ap @1, — Y1 a; ® (v; + th-))_l]
t=0

=m- (tr, ® try,) [(e(ma k. j)®1,) i

5| Peb-mel - T o wrm) ]

t=0

=m - (try ® tr,) [(e(m, b, ) ®1,) A1, - %) (X, a0 w)(Ao1, —%) ']
(4.10)

Using next the Cauchy-Schwartz inequality for Tr,, ® Tr,,, we find that
m2‘(trm ® tr,) [e(m, k, j) @1, - (A®1, — Z)_l Claow)(Ael, - Z)_l] ‘2
1 - _
= 5 |(Trm @ Tra) [e(m, £, ) @ 1 - (A @1, — ) (X gow)(Ael, -%) ][

—112

1 | L
< lletm, i k) @ Ll o, (@10 = 8) (T, @ wi) A @1, — %)

—112

1 - T
— (el -5 (L aew) (e, - x)

(4.11)
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Note here that
(el - (T aew) Aol —2) " by o

<A@t =) P 12 @ © will, g g, [ @1 =)
< S a @ willyg, o, - 1)) 1,
where the last inequality uses Lemma 3.1 and the fact that ¥ is self-adjoint:
(@1, —2) 7| < [[mA @1, —2) 7| = (A @ 1,)) || = || mX) |
a?||'"*

Note further that by Lemma 4.4, |37 a; ® willame,om, < m'?||3i_ a2| ", since
w = (w,...,w,) € S (En). We conclude, thus, that
e —14
[0t -2 (Ehiaow) Aol =) "y, on, < IS al]- | (m) [
(4.12)
Combining now formulas (4.10)-(4.12), it follows that for any j, & in {1,2,...,m}, any
vector v = (vy,...,v,) in €., and any unit vector w = (wy, ... ,w,) in &, ,, we have that
d
iy st ]| < 2] )

and hence, by (4.9),

lrad s )]} < S a?l] - | (tm(x) 7|

Note that this estimate holds at any point v = (vy,...,v,) in &,,. Using this in conjunc-
tion with (4.8), we may, thus, conclude that

V{H,N} < SIS e - | m() ™)

for any j, &k in {1,2...,m}, and hence, by (4.7)

E{ 1K) 30, } < T IS o] -l o) (4.13)
Inserting, finally, (4.13) into (4.5), we find that

4

Y

Hi:aiGn(A)aiGn(A)wL(ag—)\) N+ <5 S a2 || (m()

and this is the desired estimate [

4.6 Lemma. Let N be a positive integer, let I be an open interval in R, and let t —
a(t): I — My(C)s, be a C'-function. Consider further a function ¢ in C'(R). Then the
function t — try[p(a(t))] is C'-function on I, and

%trN [o(a(t)] = trn[¢'(a(t) - ' ()]
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Proof. This is well known. For the reader’s convenience we include a proof: Note first
that for any k& in N,

Hence, by the trace property try(zy) = try(yz), we get

d

E(trN(a(t)k) = try (ka(t)*d'(t)).
Therefore

Sirn(p(a(t)) = trx( (alt))a (1)

for all polynomials p € C[X]. The general case o € C'(I) follows easily from this by
choosing a sequence of polynomials p,, € C[X], such that p, — ¢ and p], — ¢" uniformly
on compact subsets of I, as n — oo. [ ]

4.7 Proposition. Let ag,ay,... ,a, be matrices in M,,(C)s, and put as in (3.1)

S. = ap ®1n+2ai®X§").

=1

Let, further, ¢: R — C be a C'-function with compact support, and consider the random
matrices ¢(S,) and ¢'(S,) obtained by applying the spectral mapping associated to the
self-adjoint (random) matrix S,. We then have:

V{(tm @ (5]} < 5| D a2 B (6 @ ) [ (ST

Proof. Consider the mappings g: €,, = My (C)sa and f: €., — C given by

r
gv,...,v) =a®1, + Zai ® v;, (v1, ..., € Mp(Csa),
i=1
and

for, . v) = (trm @ try) [@(g(vr, ... 00)], (v1,... v € Mp(Cga),

Note then that S, = g(X\™, ..., X™) and that (tr, ® tr,)[e(S,)] = F(X™, ..., XM,
Note also that f is a bounded function on M, (C)s,, and, by Lemma 4.6, it has bounded
continuous partial derivatives. Hence, we obtain from (4.4) in Remark 4.3 that

V{ (tr, ® tr,)[0(S0)]} < %E{ |gradf(x(™,. .. ,X§n>)H§}. (4.14)
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Recall next that for any v in &, ,, gradf(v) is the vector in &, ,, characterized by the
property that

(gradf(v) w> = —‘ f(v+ tw),
t=0
for any vector w = (wq,... ,w,) in &, ,. It follows, thus, that
ngadf(v)H2 = nax Kgradf ,w), ‘ 4 f(v+ tw) 2, (4.15)
¢ wesy( w651 em) dt‘ .
at any point v = (vy,...,v,) of &.,. Now, let v = (v,...,v,) be a fixed point in &, ,

and let w = (wy, ... ,w,) be a fixed point in S,(&,,). By Lemma 4.6, we have then that
(trm @ tr,) [p(g(v + tw))]

= (trn @ 1) [ (90)) - 1 (0 + 1w)]

dt ‘t:O
= (01 ® 1) [ (9(0)) - X1y 03 @ w].
Using then the Cauchy-Schwartz inequality for Tr,, ® Tr,, we find that

2 2

d r
\a\ Fo+ 1) = = |(Te @ T [/ (9(0)) - Ty 01 @ ]
t=0
—1 o r
T nZm? H | H;Trmm&rn ' sz‘:l a; ® wiH;,T&rme@T&rn'

Note here that

= Tr,n @ Try [|¢'[*(9(v))] = mn - try, @ tr, [P (9(v))],

12 ()|

and that, by Lemma 4.4,

r 2 r
1325 i @ willy g, e, < 220

since w is a unit vector w.r.t. || - [|.. We find, thus, that

d 2 1,
G S| < IS © [l P e)]
t=0

Since this estimate holds for any unit vector w in &, ,, we conclude, using (4.15), that

1
gradf (v)||” < ~ || at v ® tra [l (g (0)],

for any point v in &, ,. Combining this with (4.14), we obtain the desired estimate. ]
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5 Estimation of ||G,(\) — G())].

5.1 Lemma. For each n in N, let X,, be a random matrix in SGRM(n, =). Then

log(2n)
E{IX} <242/, (neN). (5.1)
In particular, it follows that
E{ X1} < 4, (5.2)

for all n in N.

Proof. In [HT1, Proof of Lemma 3.3] it was proved that for any n in N and any positive
number ¢, we have

E{ Tr,(exp(tX,))} < nexp (2t + % ) (5.3)

Let Amax(Xn) and Apin(X,) denote the largest and smallest eigenvalue of X, as functions
of w e Q. Then

exp(t|| X,||) = max{exp(tAmax(Xn)), eXp(—tAmin (Xn)) }
< exp(tAmax(Xn)) + exp(—tAmin(Xn)) < T, (exp(tX,) + exp(—tX,)).
Using this in connection with Jensen’s inequality, we find that

exp (B{I1X1}) < B exp(tlXal)} < B{ Tra(exp(t o)} + B{Tra(exp (=t}
= 2E{ Tr,,(exp(tX,)) }, |

where the last equality is due to the fact that —X,, € SGRM(n, %) too. Combining (5.3)
and (5.4) we obtain the estimate

exp (LE{|| X, ||}) < 2nexp (2t + L),
and hence, after taking logarithms and dividing by ¢,

log(2n) t
— 4+ 2+ —. .
+2+ - (5.5)

This estimate holds for all positive numbers ¢. As a function of ¢, the right hand side
of (5.5) attains its minimal value at to = y/2nlog(2n) and the minimal value is 2 +

log(2n)/2n. Combining this with (5.5) we obtain (5.1). The estimate (5.2) follows,
subsequently, by noting that the function ¢ — log(t)/t (¢ > 0) attains its maximal value
at t = e, and thus 2 + 24/log(t)/t < 2+ 2,/1/e =~ 3.21 for all positive numbers ¢. n

In the following we consider a fixed positive integer m and fixed self-adjoint matrices
ag, ... ,a, in My (C)s,. We consider further, for each positive integer n, independent
random matrices Xl(n), XM SGRM(n, 1). As in sections 3 and 4, we define

E{I X1} <

Sn =ag + Zai ®Xl(n)

=1
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and, for any matrix A in M,,(C) such that Im()) is positive definite, we put
Hy(A) = (idm @ trn) [(A @ 1n = 8n) 7],
and
Gn(A) = E{H, (A)}.

5.2 Proposition. Let A be a matrix in M,,(C) such that Im(\) is positive definite. Then
Gn()) is invertible and

|G )7 < (I K| (Tm) ™

Y

where K = ||ao|| + 43, [|aill-
Proof. We note first that

Im(A®1, - S,)7")
_ L
2

= %(()\ ®1, — Sn)fl(()\* ®1l,-S,)—-(A®1, — Sn))()\* ®1, — Sn)—l)
= —(A®1,—5,) " (Im\)®1,) N ®1, —S,) "

(A®1,—S,) "= (M ®1, -5, ")

From this it follows that —Im((A®1, — S,,) 1) is positive definite at any w in , and the
inverse is given by

(—Im(A®1,—S) ™)) =\ oL, —S)(Im\) ' ®1,) A1, — S,).
In particular, it follows that
0<(~Im((A®1, —S,) ) <[A@L, = S| mn) | - 1,, ® 1,,,

and this implies that

1

> -1, ®1,.
[A @ L, — S| (TmA) ]

~Im(A®1, — S,)™")

Since the slice map id,, ® tr,, is positive, we have, thus, established that

1 1
IA® 15 = Sull | (ImA) =] (AT {15 1)1 (TmA) =]

—ImH, ()
so that

1 1
~ImGy () = E(-Im ()2 e iy e

29



Note here that the function t — W is convex, so applying Jensen’s inequality to the

random variable ||S,,||, yvields the estimate

1 1
E{ (Al + ||5n||)2} = AT+ B{IS. 77"

where
E{1Sa 1} < B llaoll + 3 llasll - 1X1} = llaoll + 3~ llaall - B{IXN} < laoll + 43
=1 =1 =1

by application of Lemma 5.1. Putting K =43, ||a;||, we may, thus, conclude that

1 L
(ImA) M| (A + K)>

By Lemma 3.1, this implies that G, (\) is invertible and that

1G] < (I + K)? - || (Ima) ™!

b

as desired. [
5.3 Corollary. Let A be a matrix in M,,(C) such that ImX is positive definite. Then
5

[0+ D2 G as + Gu) ™ = A < S0+ A () (5:6)
=1

where, as before, C'=m?|| Y I_, a?||* and K = ||ao|| +4>__, ||ai|-

=1"

Proof. Note that
@+ 3 aiGn (N + Gu(N) ' = A = (D aGa(NaiGa(N) + (@ — NGn(X) + 1) Gu(3)
i=1 i=1

Hence, (5.6) follows by combining Theorem 4.5 with Proposition 5.2. ]

In addition to the given matrices ay,...,a, in M, (C)s,, we consider next, as replace-

ment for the random matrices an), ., XM free self-adjoint operators ... 2, in

some C*-probability space (B, 7). We assume that xy, ..., z, are identically semi-circular
distributed, such that 7(z;) = 0 and 7(z?) = 1 for all 7. Then put

s:a0®13+2ai®xiEMm(C)®B. (5.7)
i—1

Consider, further, the subset O of M,,(C), given by

O ={\ € M,,(C) | Im(A) is positive definite} = {\ € M,,(C) | Apin(ImA) > 0} (5.8)
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and for each positive number ¢, put
Qs ={A €O [[(ImA)7"] <6} ={N€ O] Apn(ImA) > 5} (5.9)

Note that O and Oy are open subsets of M,,(C).

If A € O, then it follows from Lemma 3.1 that A® 15 — s is invertible, since s is self-adjoint.
Hence, for each A in O, we may define

G\ =idp,@7[(A®1s —s)7'].

As in the proof of Lemma 5.2, it follows that G()\) is invertible for any A in O. Indeed,
for A in O, we have

Im(A®1s —s)7")
1
= 5(()\ Q1lg — 8)71(()\* Q1lg — S) — ()\ Q1lg — S))()\* 1y — 8)71)
=-(A®1lg —s) "(Im(\) @ 1g)(\* @ 1g — )71,
which shows that —Im((A ® 13 — s) ') is positive definite and that
0<(-Im(A®1p — s)*l))f1 =AM ®1lg—5)((Im)\) '@13) (A @13 — s)
< r®1s — s’ ImA) | - 1 ® Ls.

Consequently,

1
> :
~ e ls —s|Pl(ImA) ]

~Im((A®@1g —s)7") 1, ®1s,

so that

1
> :
~ e ls — s|[|(TmA) =]

—ImG(\) 1.

By Lemma 3.1, this implies that G(\) is invertible and that

el < (@1 = s)[|ama .

The following lemma shows that the estimate (5.6) in Corollary 5.3 becomes an exact
equation, when G, () is replaced by G(A).

5.4 Lemma. With O and G()) defined as above, we have that
a+ Y aiG(\a; +GA) =),
i=1
for all A in O.
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Proof. We start by recalling the definition of the R-transform R, of (the distribution of)
s with amalgamation over M,,(C): It can be shown (cf. [V7]) that the expression

G\ =idp, @ T[(A®1s —5)7'],
gives rise to a well-defined and bijective mapping on a region of the form
Us = {\ € M,,(C) | A is invertible and ||A\7'|| <4},

where § is a (suitably small) positive number. Denoting by G{~" the inverse of the
mapping A — G(A\) (A € Us), the R-transform R, of s with amalgamation over M,,(C) is
defined as

Ri(p) =G (p)—p ", (peGU)).

In [Le] it was proved that

Rs(p) = ap + zr:aipai,
i=1
so that
ENp) = a+ Y apat (e GAL)),
i=1
and hence
ag + Zal Ja, +GA) T =), (A e Uy). (5.10)

Note now that by Lemma 3.1, the set Oy, defined in (5.9), is a subset of Us, and hence
(5.10) holds, in particular, for A in Q5. Since Oy is an open, non-empty subset of O
(defined in (5.8)) and since O is a non-empty connected (even convex) subset of M,,(C),
it follows, then, from the principle of uniqueness of analytic continuation (for analytical
functions in m? complex variables) that formula (5.10) actually holds for all A in O, as
desired. [ |

For n in N and A in the set O (defined in (5.8)), we introduce, further, the following
notation:

An(>\) = a0+zr:aiGn()\)ai+Gn()\)_1, (511)
1

e(A) = T = Amin(ImA), (5.12)

0, = {AeO0| S(K+|])% < il (5.13)

where, as before, C' = —m3|| Soi_ a?||* and K = ||ag|| + 4> ;_, [la;||. Note that O, is an
open subset of M,,(C), since the mapping A — £(\) is continuous on O. With the above
notation we have the following
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5.5 Lemma. For any positive integer n and any matrix A in Q! we have
A
ImA, () > ylm. (5.14)

In particular, A,(\) € O. Moreover
ao + Z a;G(A,(\)a; + G(A, (V) 't = ag + Z a;Gn(N)a; + G, (\) 1, (5.15)
i=1

for any A in O),.

Proof. Note that the right hand side of (5.15) is nothing else than A, ()). Therefore,
(5.15) follows from Lemma 5.4, once we have established that A,(\) € O for all A in O),.
This, in turn, is an immediate consequence of (5.14). It suffices, thus, to verify (5.14).
Note, first, that for any A in O, we have by Corollary 5.3 that

JimAu () = A < 400 = A = |

ay + iaiGn(A)ai G =
i=1

C
n2

n

< SE + AN

In particular, ImA,, (A) — ImA > — 5 (K + ||A]])26(X) ~°1,,, and since, also, ImA > £(A)1,,,
by definition of £(\), we conclude that

TmA,(A) = ImA + (ImA,(A) — TmA) > (2(A) — S(K + [A)2%e(A) ), (5.16)

for any A in O. Assume now that A € O,. Then (K + ||A])%c(A\)™° < 3e()), and
inserting this in (5.16), we find that

ImA, () > %S(A)lm,
as desired. ]

5.6 Proposition. Let n be a positive integer. Then with G, G,, and O/, as defined above,
we have that

for all X in O,.
Proof. Note first that the functions A — G, () and A — G(A,(A)) are both analytical
functions (of m? complex variables) defined on O/, and taking values in M,,(C). Applying

the principle of uniqueness of analytic continuation, it suffices, thus, to prove the following
two assertions:

(a) The set O is an open connected subset of M, (C).
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(b) The formula G(A,(\)) = G, (A) holds for all A in some open, non-empty subset O/
of O).

Proof of (a): We have already noted that O/, is open. Consider the subset I,, of R given
by:

I, = {t €]0,00[| (K + 1)t % < i},

with C'and K as above. Note that since the function ¢ — (K +¢)*¢~% (¢ > 0) is continuous
and strictly decreasing, I, has the form: I, = |t,, 00[, where ¢, is uniquely determined
by the equation: (K + ¢)*7% = L. Note, further, that for any ¢ in I,,, itl,, € 0, and
hence the set

9, = {itl,, | t € I},

is an arc-wise connected subset of O/.. To prove (a), it suffices, then, to show that any A in
0! is connected to some point in J,, via a continuous curve +,, which is entirely contained
in O),. So let A from O/, be given, and note that 0 < £(\) = Apin(ImA) < ||A]]. Thus,

¢ 2 6 - C 2_(\)=6 _ 1

G + e < S+ e < L,
and therefore ¢(\) € I, and ie(\)1,, € J,,. Now, let vyx: [0,1] — M,,(C) be the straight
line from ie(\)1,, to A, i.e.,

() = (- i, + 80, (t€ 0,1).
We show that v,(t) € O/, for all ¢ in [0, 1]. Note, for this, that
Imyy(t) = (1 — t)e(N\)1,, + tIm, (t €]0,1]),

so obviously v,(t) € O for all ¢ in [0, 1]. Furthermore, if 0 < ry < ry < --- < 1y, denote
the eigenvalues of Im()), then, for each ¢ in [0,1], (1 — t)e(A) +tr; (j =1,2,...,m) are
the eigenvalues of Imv,(¢). In particular, since r; = (), e(7a(t)) = Amin(Imya(2)) = ()
for all ¢ in [0, 1]. Note also that

@I < (1 =8)e(A) + AL < (1= DA+ ¢l Al = (1AL,

for all ¢ in [0, 1]. Altogether, we conclude that

C K+ 0 )etn() " <

n? n

¢

2

(K +[IAD*= (V) ° <

)

DN =

and hence v,(t) € O], for all ¢ in [0, 1], as desired.
Proof of (b): Consider, for the moment, a fixed matrix A from O, and put ( = G,()\)
and v = G(A,(\)). Then Lemma 5.5 asserts that
Qo + Zaivai + ’U_1 = Qo + Zaigai + C_l,
i=1 i=1
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so that

U(Zaivai +U*1)C = U(Zaicai + Cl)C-
i=1 i=1
and hence
Zvai(v —Q)a;¢ =v—C.
i=1
In particular, it follows that

(NI Meall®) llo = €I > o = €Il (5.17)
=1

Note here that by Lemma 3.1,

Il = 1GaV] = ||idi ® tra [(A @ 1, = Sn) 7] ||

5.18
< et s < ) = 2 o

Similarly, it follows that

- _ 2
[l = 1GA) < [[(Aa(V) @15 — 5) || < [[(TmAL (X)) 7] < o) (5.19)
where the last inequality follows from (5.14) in Lemma 5.5. Combining (5.17)-(5.19), it
follows that

<5(i)2 Z ||ai||2) o=l > [l —]|- (5.20)

This estimate holds for all A in O. If A satisfies, in addition, that # S lall? < 1,
then (5.20) implies that ( = v, i.e., G, (\) = G(A,(A)). Thus, if we put

0" ={)e 0, |0 > V25, alP),

we have established that G, (\) = G(A,(\)) for all A in Q). Since £()) is a continuous
function of A, O! is clearly an open subset of O], and it remains to check that O} is
non-empty. Note, however, that for any positive number ¢, the matrix itl,, is in O and
it satisfies that ||itl,,|| = £(itl,,) = t. From this, it follows easily that itl,, € O” for all
sufficiently large positive numbers ¢. This concludes the proof of (b) and hence the proof

of Proposition 5.6. [ |

5.7 Theorem. Let r,m be positive integers, let ay,... ,a, be self-adjoint matrices in
M,,(C) and, for each positive integer n, let an), ..., X™ be independent random ma-
trices in SGRM(n, %) Consider, further, free self-adjoint identically semi-circular dis-
tributed operators xi, ... ,x, in some C*-probability space (B, 7), and normalized such
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that 7(x;) = 0 and 7(z?) = 1 for all i. Then put as in (3.2) and (5.7):
5 = a0®13+2ai®xi € M,(C)®B
i=1

Sn = a®l,+Y a;® X" € My(C) ® My(C), (n€N),

i=1
and for A in O = {\ € M,,(C) | Im(\) is positive definite} define

Gn(N) = E{(id,®tr,)[A®1,—S,)""]}
G\ = (([dpon)|[A®ls—s)].

Then, for any A in O and any positive integer n, we have
Ac 2 —1||7
160 = G| < (K + A2 ) (5.21)

where €' = m?*| Y20_ a?||? and K = fao| +4 Y, [lai]

zlz

Proof. Let n in N be fixed, and assume, first, that A is in the set O/, defined in (5.13).
Then, by Proposition 5.6, we have

1G. () = G = [[G(A () = GO
= ||lid,, ® T[ AN @1z —s) = (A@1ls —s5)7]
<A @15 —5)"' = (A@1s —5)7'.

Note here that
AN @1z —5) ' —(A®1lg —s5) "= (A, (\) @15 — s)*l(()\ - AN ® ln)()\ ®1lg —s) 1,
and therefore, taking Lemma 3.1 into account,

G2 () = G| < (AN @1z — )7 - [A = AV - [ @15 — 5)7Y|
< O AL QY] [ = A O] - | Amn) 7.

Now, ||(ImA) || = 1/e(X) (cf. (5.12)) and hence, by (5.14) in Lemma 5.5, ||(ImA,, (X)) ] <
2/e(\) = 2||(ImA)~Y|. Furthermore, by (5.11) and Corollary 5.3,

1A () = A =

r C
a0+ Y aiGa(Nas + Ga(N) ™! = A|| < (1 + I ()~
=1

Thus, we conclude that
2C T
|G (N) = G| < — (K + A1) (tmA) ],
which shows, in particular, that (5.21) holds for all A in O,.
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Assume, next, that A € O\ O/, so that

C c 1
— (K A+ D[ (Tm) )" = SE+ DN = 5. (5.22)
By application of Lemma 3.1, it follows that
GV < |Ae1s —s) 7t < [|(ImA) ! (5.23)

and similarly we find that

Hldm ®trn[()\®l — Sl ]H < H (ImA)~

at all points w in ). Hence, after integrating w.r.t. w and using Jensen’s inequality,
1Ga (M) < E{lidn ® tr, [A®@ 1, — S,) ||} < [|@mA) 7. (5.24)
Combining (5.22)-(5.24), we find that

G0N = G| < 2](an) " = 3 -4l tm) = | < 25 (4 A7 ()

117
",

verifying that (5.21) holds for A in O\ O}, too. ]

6 The spectrum of 5,.

Let r,m € N, let ag, ...,a, € M, ((C)Sa and for each n € N, let Xl(n), ..., X™ be r indepen-
dent random matnces in SGRM(n, ). Let, further, z1,...,2, be a semi-circular family
in a C*-probability space (B, 1), and define S,,, s, G,,(\) and G(A) as in Theorem 5.7.

6.1 Lemma. For A € C with Im\ > 0, put

9n(A) = E{ (tr,, ® tr,,)[(A(1n @ 15) — S,) ']} (6.1)
and
g(A) = (tr, @ 7) [(ALpn — 5) 7' (6.2)
Then
02(0) — 9] < 5 (K + ) (1m) (63

where C', K are the constants defined in Theorem 5.7.

Proof. This is immediate from Theorem 5.7 because

gn(A) = tr, (Gr(Aly,))
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and
g(A) =tr,(G(A\l,)). =
Let Prob(R) denote the set of Borel probability measures on R. We equip Prob(R)

with the weak*-topology given by Cy(R), i.e., a net (iq)aca in Prob(R) converges in
w*-topology to p € Prob(R), if and only if

lim(/gpdua> :/godu
a R R
for all ¢ € Cp(R).

Since S,, and s are self-adjoint, there are, by Riesz’ representation theorem, unique prob-
ability measures p,, n =1,2,... and g on R, such that

/R odin = E{ (ttn ® tra)p(Sn)} (6.4)

/R pdu = (trm ®7)o(s) (6.5)

for all ¢ € Cy(R). Note that u is compactly supported while p,, in general, is not
compactly supported.

6.2 Theorem. Let S, and s be given by (3.2) and (5.7), and let C' = Tm?|| S1_, a?|?
and K = ||ag|| + 4> _, ||lai||. Then for all p € C°(R,R);

E{ (trm, ® tr,)9(Sn) } = (trm @ T)(s) + Ry, (6.6)
where
Rul < 3155 [ 10+ DPO@I(K +2-+1a)do (6.7)

and D = L. In particular R,, = O(-5) for n — oo.

Proof. Let g,, g, fin, pt be as in (6.1), (6.2), (6.4) and (6.5). Then for any complex number
A, such that Im(\) > 0, we have

gn(A) = /RAixdun(a:) (6.8)

o) = [ 5T (6.9

Hence g, and g are the Stieltjes transforms (or Cauchy transforms, in the terminology of
[VDN]) of 1, and g in the half plane ImA > 0. Hence, by the inverse Stieltjes transform,

oy, = lim (— %Im(gn(x +iy)) dx)

y—0t
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where the limit is taken in the weak*-topology on Prob(R). In particular, for all ¢ in
(R, R):

: 1 :
[Rgo(x) dpn(z) = yll)I(I]L [— ;Im(/}gw(x)gn(x +1iy) dx)] (6.10)
In the same way we get for ¢ € C°(R,R):
/gp(m) dup(z) = lim - —Im/ g(x +iy) dx] (6.11)
R y~>0+

In the rest of the proof, n € N is fixed, and we put h(\) = g,(A) — g(\). Then by (6.10)
and (6.11)

‘/ x) dpy (z /(,0(1:) du(x) —l1msup‘/ h(x + iy) dx‘ (6.12)
R y—0t

For ImA > 0 and p € N, put

IL,(\) = ! )/ooh()\—i—t)t”letdt. (6.13)

(P_l! 0

Note that I,(\) is well defined because, by (6.8) and (6.9), h(A) is uniformly bounded in
any half-plane of the form ImA > ¢, where ¢ > 0. Also, it is easy to check that I,()) is
an analytic function of A, and its first derivative is given by

LX) = ﬁ /000 R'(A+ )t te t dt (6.14)

where ' = 9. We claim that
L(A) =1 (N) = h()) (6.15)
LY=L = L), p>2 (6.16)

Indeed, by (6.14) and partial integration we get
I(\) = [h()\+t)e_t];°+/ h(XA+t)e " dt
0

= —h(N) + L),

which proves (6.15) and in the same way we get for p > 2,

1 [o¢]
() ) / WO+ 0Pt dt

- _ﬁ /OOO hA+t)((p— 1)t —t e " dt

= —L (M) + L, (N),
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which proves (6.16). Assume now that ¢ € C®°(R,R) and that y > 0. Then, by (6.15)
and partial integration, we have

/Rgo(x)h(ncﬂLiy) dr = /Rgp(x)fl(nc—i-iy) dx—/cp(x)]{(x—i—iy) dz

R

= [e@n@rinder [ G@ne+ipd

- /R(u + D)) (x) - Ii(x +iy) dr,

where D = %. Using (6.16), we can continue to perform partial integrations, and after p
steps, we obtain

Lw(x)h(x +iy) dz = /((1 + DYp)(2) - I(z + iy) .

R

Hence by (6.12) we have for all p € N:

‘/ x) dp, (z /Rgo(x) dp(x ‘ —hmsup‘/ (1 + D)) (z) - I(z +iy) dz|. (6.17)

m y_>0+
Next, we use (6.3) to show that for p = 8 and Im\ > 0 one has

40K + 2+ |\)?

[Is(A)] < YRS (6.18)

To prove (6.18), we apply Cauchy’s integral theorem to the function
1 7T.—%
F(z) = ﬁh()\ +2)z'e7?,

which is analytic in the half-plane Imz > —ImA. Hence for r > 0

/ F(z)dz+/ F(z)dz+/ Fz)dz =0
[0,r] [ryr+ir] [r+ir,0]

where [, §] denotes the line segment connecting o and /3 in C oriented from « to 3. Put
M(A) = sup {|h(w)| | Imw > ImA}.

Then by (6.8) and (6.9), M(\) < < o0o. Hence

[TmA| >\|

‘ / F(z) dz‘ <
[ryr+ir]

M)

IN

(|A] + 27")77" e T

— 0, for r — oc.
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Therefore,

1 o0

L()\) = 7 h(A+t)tTe ' dt

= lim F(z)dz
r—00 [O,T‘}

= lim F(z)dz
r=00 J[0,r+ir]
1 [ .

= o A+ (14 1)t) (1 4 1)t)Te= D41 4 1) dt. (6.19)
- JO

By (6.3),
40 2 7
h(w)] < S (K + [w])*(Imw) 7T, Tmw > 0.

Inserting this in (6.19) we get

|MM|S4C/mm4MH¢%cﬁNeW%t

7'n? (ImA 4+ ¢)7

200 [ 2

< o (K + [\ +V2t) e " dt
4C

= o —— (K +|A])? + 2V2(K + |A]) +4)
4C

<

< s EF+2)

This proves (6.18). Now, combining (6.17) and (6.18), we have

\/ 2) dpin(s —Awwwuﬂ

. N2
= 315771211;1331)/\ (1+ D)%) ()| (K +2+ |z +iy])" dz
2
(1+D)® K+2 d
3157rn2/‘ + D)%) (x)| (K + 2+ |a])” dz
for all ¢ € C°(R R). Together with (6.4) and (6.5) this proves Theorem 6.2. n

6.3 Lemma. Let S, and s be given by (3.2) and (5.7), and let o: R — R be a C*°-
function which is constant outside a compact subset of R. Assume further, that

supp () Nsp(s) = 0. (6.20)

Then
E{ (trm, @ tr,)o(Sn)} = O(3), for n, — 0o (6.21)
V{(tr,, ® try)p(Sy)} = O(%),  forn— oo (6.22)



where V is the absolute variance of a complex random variable (cf. Section 4). Moreover
(trym ® trn)o(Sp(w)) = O(n~3) (6.23)
for almost all w in the underlying probability space €.

Proof. By the assumptions, ¢ = 1 + ¢, for some ¢ in C2°(R,R) and some constant ¢ in
R. By Theorem 6.2

E{ (trm ® tr,)0(Sn) } = (trm @ 7)00(s) + O(35), for n — oo,
and hence also
E{ (trm @ try)@(Sn) } = (tr, @ 7)(s) + O(35), for n — oo.

But since ¢ vanishes on sp(s), we have ¢(s) = 0. This proves (6.21). Moreover, applying
Proposition 4.7 to ¢ € C°(R), we have

"E{ (60 ® tra) (¢/(S0))2). (6.24)

1 r
V{ (10 ® ) (S)} < —| >t

By (6.20), ¢ = ¢' also vanishes on sp(s). Hence, by Theorem 6.2
B (it ® ) WS} = O(),  asm oo,
Therefore, by (6.24)
V{ (tr,, ® trn)w(S’n)} = O(#), as n — oo.

Since ¢(Sn) = ¥(Sn) + cLinn, V{ (tr, ® t1,)0(Sy) } = V{(tr,n ® tr,)1(S,)}. This proves
(6.22). Now put

Zn = (try, @ try,)e(Sy)
Q, = {weQ||Z(w)] > n 31,

By (6.21) and (6.22)
E{|Z.]’} = |E{Z.}|* + V{Z,} = O (%), for n — oo.
Hence

P(Q,) = / dP(w) < / 07, ()| dP(w) < i¥PE{|Z,2} = O *?),  (6.25)

for n — oo. In particular Y P(€,) < oo. Therefore, by the Borel-Cantelli lemma
(see e.g. [Bre]), w ¢ ©Q, eventually, as n — oo, for almost all w € €, i.e., |Z,(w)| < n~*/3
eventually, as n — oo, for almost all w € Q. This proves (6.23). [
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6.4 Theorem. Let m € N and let ay, . ..,a, € M;;,(C)sa, S, and s be as in Theorem 5.7.
Then for any € > 0 and for almost all w € €2,

sp(Sn(w)) S sp(s) + ] —¢,¢],
eventually as n — oo.
Proof. Put
K = sp(s)+ [— ,%]
F = {teR|d(sp(s)) >e}.

N[

Then K is compact, F' is closed and K N F = (). Hence there exists ¢ € C*(R), such
that 0 < o <1, p(t) =0 for t € K and p(t) =1 for t € F (cf. [F, (8.18) p. 237]). Since
C\F is a bounded set, ¢ satisfies the requirements of lemma 6.3. Hence by (6.23), there
exists a P-null set N C €, such that for all w € Q\N:

(trpm ® tr,)o(Sy(w)) = O(n™43), as n — 00.
Since ¢ > 1p, it follows that
(try, @ tr,)1p(S,(w)) = O(n™3), as n — 0.

But for fixed w € Q\N, the number of eigenvalues (counted with multiplicity) of the
matrix S, (w) in the set F is equal to mn(tr,, ® tr,)1x(S,(w)), which is O(n='/%) as
n — oo. However, for each n € N the above number is an integer. Hence, the number of
eigenvalues of S, (w) in F is zero eventually as n — oo. This shows that

$p(Sn(w)) € C\F = sp(s) + ] — &,¢]

eventually as n — oo, when w € Q\N. ]

7 Proof of the main Theorem.

Throughout this section, r € N U {oo}, and, for each n in N, we let (X-(n));f:1 denote

a finite or countable set of independent random matrices from SGRM(n, 1), defined on
the same probability space (2, F, P). In addition, we let (z;)_; denote a corresponding
semi-circular family in a C*-probability space (B, ), where 7 is a faithful state on B.
Furthermore, as in [VDN], we let C{(X;)/_,) denote the algebra of all polynomials in r
non-commuting variables. Note that C({(X;)!_,) is a unital -algebra, with the x-operation

given by:

ik,1 19

for ¢in C, k in N and iy, 14, ... ,4 in {1,2,... 7}, when r is finite, and in N when r = oc.
The purpose of this section is to conclude the proof of the main theorem (Theorem 7.1
below) by combining the results of the previous sections.
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7.1 Theorem. Let r be in NU {oco}. Then there exists a P-null-set N C Q, such that
for all p in C((X;)I_,) and all w in Q \ N, we have

lim {|p((X” @)z || = [l (i) ||

n—0o0
We start by proving the following

7.2 Lemma. Assume that r € N. Then there exists a P-null set N; C €2, such that for
all p in C((X;)7_,) and all w in Q\N;:

lim inf ||p(X{” (@), ..., X (W))[| = lIp@1, -, 7)) (7.1)

n—00

Proof. We first prove that for each p in C(Xy,...,X,), there exists a P-null-set N(p),
depending on p, such that (7.1) holds for all w in Q \ N(p). This assertion is actually a
special case of [T, Prop. 4.5], but for the readers convenience, we include a more direct
proof: Consider first a fixed p € C(X1,...,X,). Let k € N and put ¢ = (p*p)*. By [T,
Cor. 3.9] or [HP],

lim tr, (q(Xl(n) (w), ...

n—o0

.

S

=
£

N—r

N—r

o
I

T(q(xl, . ,xr)), (7.2)

for almost all w € Q. For s > 1, Z € M,(C) and z € B, put ||Z||, = tr,(|Z]*)"/* and
|z|ls = 7(|2]*)"/*. Then (7.2) can be rewritten as

. n n 2% 2%

K [ (EP) - X)) 2 = a0 2 3)

for w € Q\N(p), where N(p) is a P-null-set. Since N is a countable set, we can assume

that N(p) does not depend on k£ € N. For every bounded Borel function f on a probability
space, one has

[flloo = Lm || f]lp, (7.4)
p—00
(cf. [F, Exercise 7, p. 179]). Put a = p(z1,...,2,), and let T: D — C(D) be the
Gelfand transform of the Abelian C*-algebra D generated by a*a and 15, and let u be the
probability measure on D corresponding to Tip. Since 7 is faithful, supp(u) = D. Hence,
IT'(a*a)||le = [|T'(a*a)||sup = |la*a|l. Applying then (7.4) to the function f = I'(a*a), we
find that

1/2 1/2

lall = lla"all p

= lim ||a*al|,/* = lim ||a||z. (7.5)
p—00 p—00

Let € > 0. By (7.5), we can choose k in N, such that

Ip(x1, .o 2|2k > ||p(21, -0 2 || — €.

Since || Z||s < || Z|| for all s > 1 and all Z € M, (C), we have by (7.3)

liminf |[p(X " (W), ..., XP ()| > p(@1, .-, 2) |2 > [[p(@1,- - 20)]| — 2,

n—oo
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for all w € Q\N(p), and since N(p) does not depend on ¢, it follows that (7.1) holds
for all w € Q\N(p). Now put N = {J,cp N(p), where P is the set of non-commutative
polynomials with rational coefficients. Then N’ is again a null set, and (7.1) holds for all
p € Pand allw e Q\N'.

By [Ba, Thm. 2.12] or [HT1, Thm. 3.1], limy_e0 || X™(w)|| = 2, i = 1,...,r, for almost
all w € €. In particular

sup | XM (W) < 00, i=1,...,r, (7.6)

neN

for almost all w € Q. Let N” C Q be the set of w € Q for which (7.6) fails for some
i€ {l,...,r}. Then Ny = N'U N" is a null set, and a simple approximation argument
shows that (7.1) holds for all p in C(X4,...,X,), when w € Q\NN;. ]

In order to complete the proof of Theorem 7.1, we have to prove

7.3 Proposition. Assume that r € N. Then there is a P-null set Ny C €2, such that for
all polynomials p in r non-commuting variables and all w € Q\ Ny,

lim sup [[p(X " (@), ..., X)) || < llper, )l
n—oo

The proof of Proposition 7.3 relies on Theorem 6.4 combined with the linearization trick
in the form of Theorem 2.4. Following the notation of [BK] we put

HMn((C) — {(Zn)zoZI ‘ Zn S Mn((c)7 SuanN“Zn“ < OO}

and

> M (C) = {(Z,)32, | Zn € Mo(C), lim, s Z, || = 0},

and we let C denote the quotient C*-algebra

e= HMn((C)/ Y M, (C). (7.7)

Moreover, we let p : [, M,(C) — € denote the quotient map. By [RLL, Lemma 6.13],
the quotient norm in € is given by

lp((Zu)7) || = limsup [|Za ], (7.8)

for (Z,)5, € [[ Mn(C).

Let m € N. Then we can identify M,,(C) ® € with [[, Mpn(C) / Y Mpp(C), where
I, Mpn(C) and ), My, (C) are defined as [], M,(C) and > M,(C), but with
Zy € My, (C) instead of Z, € M,(C). Moreover, for (Z,)72, € [[,, Mmn(C), we have,
again by [RLL, Lemma 6.13],

[ (idm © p) ((Zn)p21) || = limsup || Z,,||. (7.9)

n—o0
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7.4 Lemma. Let m € N and let Z = (Z,)32, € [, Mun(C), such that each Z, is
normal. Then for all k € N

o0

sp((id ® p)(2)) € |J sp(Z

Proof. Assume \ € Cis not in the closure of [ J7~, sp(Z,). Then there exists an ¢ > 0, such
that d(A,sp(Z,)) > ¢ foralln > k. Since Z, is normal, it follows that [|(ALy, —Z,) || < £
for all n > k. Now put

)0, if1<n<k-1,
Y Ol — Z0)~Y, W0 > k.
Then y = (yn)22 € [1, mn((C), and one checks easily that Ay, ()ee — (idn ® p)(Z)

is invertible in M,,(C) ® IL, Mun(C) / >, My, (C) with inverse (id,, ® p)y. Hence
A ¢ sp((idm ® p)(Z))-

Proof of Proposition 7.3 and Theorem 7.1. Assume first that r € N. Put

Qo ={we| suanNHXi(”)(w)H <oo, i=1,...,1}.

By (7.6), Q\Qp is a P-null set. For every w € €2y, we define

W) ee= HMn((C)/ Y M, (C)

by
yiw) = p((X@))2y), i=1m (7.10)
Then for every non-commutative polynomial p € C(Xy,...,X,) and every w in Qq, we
get by (7.8) that
[p(y1 (@), yr(w) H——lnnsupHp( (w), ..., XM (w)]. (7.11)

Let j € N and ag,ay,...,a, € M;,(C)sa. Then by Theorem 6.4 there exists a null set
N(m,j,agp,...,a,), such that for

sp(ao @ 1, + 31 a; @ XM (W) Csplag@1s + Y0 ® ;) + =330
eventually, as n — oo, for all w € Q\N(m, j, ag, ...,a,). Let No = JN(m,J,ag,...,a),
where the union is taken over all m,j € N and ay,...,a, € M,(Q + iQ)sa. ThlS is a

countable union. Hence Ny is again a P-null set, and by Lemma 7.4

sp(ao ®1, + > a; ® yi(w)) Csplag®@1s+ D1 a; @ x;) + [_%, ﬂ,
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for all w € Qy\ Ny, all m,j € N and all ao,...,a, € M,(Q + iQ)s,. Taking intersection
over j € N on the right hand side, we get

sp(a0 ® 1, + Y0710 @ yi(w)) Csp(a0 @1z + Y7 0 @ xy),
for w € Qy\Ng, m € N and ay, ..., a, € M,(Q +iQ)s,. Hence, by Theorem 2.4,

PG W), .y @) < llp(a, ..zl
for all p € C(X1,...,X,) and all w € Qy\ Ny, which, by (7.11), implies that

limsup [|[p(X (" (w),..., X (@) || < llper, ...,
n—oo

forall p € C(Xy,...,X,) and all w € Qy\Ny. This proves Proposition 7.3, which, together
with Lemma 7.2, proves Theorem 7.1 in the case r € N. The case r = oo follows from the
case r € N, because C((X;)2,) = U2 C((X;)I_,). ]

8 Ext(C:,(F,)) is not a group.

We start this section by translating Theorem 7.1 into a corresponding result, where the
self-adjoint Gaussian random matrices are replaced by random unitary matrices and the
semi-circular system is replaced by a free family of Haar-unitaries.

Define C!'-functions ¢: R — R and : R — C by

-, if t< -2
o(t)=1q [ivVE—s2ds, if —2<t<2, (8.1)
, if t>2.
and
Y(t) = e*®, (t € R). (8.2)

Let p be the standard semi-circle distribution on R:
1
du(t) = % V 4 — 2. 1[,2,2] (t) dt,

and let ¢(u) denote the push-forward measure of p by ¢, i.e., p(u)(B) = u(e ' (B)) for
any Borel subset B of R. Since ¢'(t) = v4 —t2 - 1[_59(t) for all t in R, it follows that
©(p) is the uniform distribution on [—m, 7|, and, hence, ¥ (1) is the Haar measure on the
unit circle T in C.

The following lemma is a simple application of Voiculescu’s results in [V3].

8.1 Lemma. Letr € NU{oo} and let (x;)!_, be a semi-circular system in a C*-probability
space (B, 1), where 7 is a faithful state on B. Let 1): R — T be the function defined in
(8.2), and then put

ul:w(xz), (221,,’[“)
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Then there is a (surjective) x-isomorphism ®: C* (F,) — C*((u;)i_,), such that

@(A(gl)) = Uy, (221, ,T‘),

where gi,... ,g, are the generators of the free group F,, and \: F, — B((*(F,)) is the
left regular representation of F, on (*(F,).

Proof. Recall that C%(F}) is, by definition, the C*-algebra in B(¢*(F},)) generated by
Ag1),... s M(gr). Let e denote the unit in F, and let 6, € ¢*(F,) denote the indicator
function for {e}. Recall, then, that the vector state n = (-, d.): B(¢*(F},)) — C, corre-
sponding to ., is faithful on C} ,(F,). We recall, further, from [V3] that A(g1), ..., A(gr)
are x-free operators w.r.t. 7, and that each A(g;) is a Haar unitary, i.e.,

1, if n=0,

n(A(g:)") = {0, if neZz\/{0}.

Now, since (x;)i_, are free self-adjoint operators in (B, ), (u;)i_, are x-free unitaries in
(B, 7), and since, as noted above, 1(u) is the Haar measure on T, all the u;’s are Haar
unitaries as well. Thus, the x-distribution of (A(g;))i_; w.r.t. 7 (in the sense of [V3]) equals
that of (u;)7_; w.r.t. 7. Since n and 7 are both faithful, the existence of a *-isomorhism
®, with the properties set out in the lemma, follows from [V3, Remark 1.8]. [

Let r € NU {o0o}. As in Theorem 7.1, we consider next, for each n in N, independent
random matrices (Xi(”));-":1 in SGRM(n, +). We then define, for each n, random unitary

n x n matrices (U™)7_,, by setting

UM (w) = (XM (W), (i=1,2,...,1), (8.3)

7 7

where 1: R — T is the function defined in (8.2). Consider, further, the (free) generators
(g:)i_; of F,.. Then, by the universal property of a free group, there exists, for each n in
N and each w in 2, a unique group homomorphism:

7Tn,w: Fr — u(n) = u(Mn ((C))7
satisfying
Tow(g) = UMW),  (i=1,2,...,r). (8.4)

8.2 Theorem. Let r € N U {oo} and let, for each n in N, (Ui(n));-":1 be the random

unitaries given by (8.3). Let, further, for each n in N and each w in Q, m,,: F, — U(n)
be the group homomorphism given by (8.4).

Then there exists a P-null set N C Q, such that for all w in Q \ N and all functions
f: F, — C with finite support, we have

Tim [ 3 fmn)| = | 3 sm)
YEF, yeF,
where, as above, \ is the left regular representation of F, on (*(F}).
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Proof. In the proof we shall need the following simple observation: If aq,... ,as, by,... ,bs

are 2s operators on a Hilbert space X, such that ||a;|],||b;|] < 1 for all i in {1,2,...,s},
then
laras -« - ag — biby -+ byl <D [la; — bill. (8.5)
i=1

We shall need, further, that for any positive ¢ there exists a polynomial ¢ in one variable,
such that

g <1, (e[=33]), (8.6)
and

[p(t) —q(t) <e,  (t€[-3,3]). (8.7)

Indeed, by Weierstrass’ approximation theorem, we may choose a polynomial ¢y in one
variable, such that

V() =) <e/2,  (te[=3,3]). (8-8)

Then put ¢ = (1 +¢/2) g and note that since |¢(¢)] = 1 for all ¢ in R, it follows from
(8.8) that (8.6) holds. Furthermore,

() —q(t)] < 5la(H) < 5, (te[=3,3]),

which, combined with (8.8), shows that (8.7) holds.

After these pre;))arations, we start by proving the theorem in the case r € N. For each
nin N, let Xl(n ..., X™ be independent random matrices in SGRM(n, ) defined on

(2,5, P), and define the random unitaries U™, U™ asin (8.3). Then let N be a P-
null set as in the main theorem (Theorem 7.1). By considering, for each i in {1,2,... 7},
the polynomial p(X7,..., X,) = Xj, it follows then from the main theorem that

lim HXZ-(n)(w)H =2,

n— o0
for all w in Q \ N. In particular, for each w in Q \ N, there exists an n, in N, such that
HXi(n)(w)H <3, whenever n > n, and i € {1,2,...,r}.

Considering, then, the polynomial ¢ introduced above, it follows from (8.6) and (8.7) that
for all win Q\ N, we have

Hq(Xi(n)(w)) | <1, whenever n > n, and i € {1,2,...,r}, (8.9)
and

HU.(”) (w) — q(X.(")(w))H <e, whenever n > n, and i € {1,2,...,r}. (8.10)

) )
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Next, if v € F, \ {e}, then v can be written (unambiguesly) as a reduced word: v =

Y172 Vs where f}/] € {gla gz,---,9r, gl_la 92_17 s 79;1} for each .] in {17 27 s 78}7 and
where s = || is the length of the reduced word for v. It follows then, by (8.4), that
Tnw(Y) = aras - - - as, where

;= Tnw(v;) € {UM (W), ..., UM (w), UM (W), ... .UM W)Y, (1=1,2,...,5).

Combining now (8.5), (8.9) and (8.10), it follows that for any ~ in F, \ {e}, there exists
a polynomial p, in C(Xj,...,X,), such that

|70 (7) —pv(an)(w), L XM (W) | < e, whenever n > n,, and w € Q\ V.

(8.11)
Now, let {x1,...,x,} be a semi-circular system in a C*-probability space (B, 7), and put
w; = Y(x;), © = 1,2,...,r. Then, by Lemma 8.1, there is a surjective x-isomorphism

O: Cry(Fr) = C*(uy, ... ,u,), such that (®oN)(g;) =u;, ¢ =1,2,...,r. Since ||z;]| < 3,
i=1,2,...,r, the arguments that lead to (8.11) show also that for any v in F, \ {e},

(@0 M) () = py(@1,. -z || < Ile, (8.12)

where p, is the same polynomial as in (8.11). Note that (8.11) and (8.12) also hold in the
case v = e, if we put p(Xy,...,X,) =1, and |e| = 0.

Consider now an arbitrary function f: F, — C with finite support, and then define the
polynomial p in C{(X7, ..., X,), by: p= ZveFr f(7)py. Then, for any w in 2\ N and any
n > ng,, we have

| > ) = (X @) XD @) < (1@ l)e (813)

and

H Y @) (@oN)() =@,y < (Z £ (7)] - |7|)5, (8.14)

YEF, veF,

Taking also Theorem 7.1 into account, we may, on the basis of (8.13) and (8.14), conclude
that for any w in Q \ N, we have

<2e( 3110l ).

yeF,

lim sup
n—oo

| S romen]| = || 32 760 @00

Since £ > 0 is arbitrary, it follows that for any w in Q \ N,

lim | 3 Fmn)| = || 2 £0)- @0 NG| = | 32 s0rm)

n—o0

b

where the last equation follows from the fact that ® is a x-isomorphism. This proves
Theorem 8.2 in the case where r € N. The case r = oo follows by trivial modifications of
the above argument. [
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8.3 Remark. The distributions of the random unitaries U™, ..., U{™ in Theorem 8.2
are quite complicated. For instance, it is easily seen that for all n in N,

P{weQ| UMW) =-1,}) >o0.

It would be interesting to know whether Theorem 8.2 also holds, if, for each n in N,
Ul(n), ceey U,Sn) are replaced be stochastically independent random unitaries Vl(”), ceey V;(”),
which are all distributed according to the normalized Haar measure on U(n).

8.4 Corollary. For any r in NU {oco}, the C*-algebra C* ,(F,) has a unital embedding

into the quotient C*-algebra
e =T M.(C) /ZMn(C),

introduced in Section 7. In particular, C},,(F) is an MF-algebra in the sense of Blackadar
and Kirchberg (cf. [BK]).

Proof. This follows immediately from Theorem 8.2 and formula (7.8). In fact, one only
needs the existence of one w in €2 for which the convergence in Theorem 8.2 holds! |

We remark that Corollary 8.4 could also have been proved, directly, from the main theorem
(Theorem 7.1) together with Lemma 8.1.

8.5 Corollary. For any r in {2,3,...} U {oc}, the semi-group Ext(C% (F})) is not a
group.

Proof. In Section 5.14 of Voiculescu’s paper [V6], it is proved that Ext(C} (F})) cannot
be a group, if there exists a sequence (7, ),en of unitary representations m,: F, — U(n),
with the property that

lim || 3 s@)m0)|| = || 2 £6)A0)

for any function f: F, — C with finite support.

, (8.15)

For any r € {2,3,... }U{oo}, the existence of such a sequence (7, ),en follows immediately
from Theorem 8.2, by considering one single w from the sure event 2\ N appearing in
that theorem. [ |

8.6 Remark. Let us briefly outline Voiculescu’s argument in [V7] for the fact that (8.15)
implies Corollary 8.5. It is obtained by combining the following two results of Rosenberg
[Ro] and Voiculescu [V6], respectively:

(i) If T is a discrete countable non-amenable group, then C% ,(T') is not quasi-diagonal

([Ro]).

(ii) A separable unital C*-algebra A is quasi-diagonal if and only if there exists a se-
quence of natural numbers (ng)reny and a sequence (pg)ren of completely positive
unital maps ¢y : A — M, (C), such that limy_, ||¢x(a)|| = ||a|| and limy_, ||¢r(ab)—
vr(a)er(d)|| =0 for all a,b € A ([V6]).
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Let A be a separable unital C*-algebra. Then, as mentioned in the introduction, Ext(A)
is the set of equivalence classes [7] of one-to-one unital x-homomorphisms 7 of A into
the Calkin algebra C(H) = B(H)/K(H) over a separable infinite dimensional Hilbert
space H. Two such x-homomorphisms are equivalent if they are equal up to a unitary
transformation of 3. Ext(A) has a natural semi-group structure and [r] is invertible in
Ext(A) if and only if 7 has a unital completely positive lifting: ¢: A — B(H) (cf. [Arv]).
Let now A = C% ,(F,), where r € {2,3,...} U {oco}. Moreover, let m,: F, — U,, n € N,
be a sequence of unitary representations satisfying (8.15) and let H be the Hilbert space
H =P, ,C". Clearly, [[, M,(C)/>, M,(C) embeds naturally into Calkin algebra
C(H) = B(H)/K(H). Hence, there exists a one-to-one x-homomorphism 7: A — C(H),
such that

m1(h) 0
m(A(h)) = p ma(h) :
0 g
for all h € F, (here p denotes the quotient map from B(H) to C(H)). Assume [r] is
invertible in Ext(A). Then 7 has a unital completely positive lifting p: A — B(H).
Put ¢,(a) = ppp(a)p,, a € A, where p, € B(H) is the orthogonal projection onto the

component C* of H. Then each ¢, is a unital completely positive map from A to M, (C),
and it is easy to check that

lim lpa(MB) ~ ma (W =0, (heF).
From this it follows that
Tim flpn(a)[| = [laf and  lim {lpn(ab) — pn(a)en(b)]| = 0, (a,b € A)

so by (ii), A = C}4(F,) is quasi-diagonal. But since F) is not amenable for r > 2, this
contradicts (i). Hence [r] is not invertible in Ext(A).

8.7 Remark. let A be a separable unital C*-algebra and let 7: A — C(H) = B(H)/K(H)
be a one-to-one *-homomorphism. Then 7 gives rise to an extension of A by the com-
pact operators K = K(H), i.e., a C*-algebra B together with a short exact sequence of
*_homomorphisms

0-KSBL A

Specifically, with p: B(H) — C(H) the quotient map, B = p~'(7(A)), ¢ is the inclusion
map of X into B and ¢ = 77" o p. Let now A = C/y(F,), let m: A — C(H) be the
one-to-one unital *-homomorphism from Remark 8.6, and let B be the compact extension
of A constructed above. We then have

a) A= Cr,(F,) is an exact C*-algebra, but the compact extension B of A is not exact.

b) A = C!4(F,) is not quasi-diagonal but the compact extension B of A is quasi-
diagonal.
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To prove a), note that C% (F,) is exact by [DH, Cor. 3.12] or [Ki2, p. 453, 1. 1-3].
Assume B is also exact. Then, in particular, B is locally reflexive (cf. [Ki2]). Hence by
the lifting theorem in [EH] and the nuclearity of X, the identity map A — A has a unital
completely positive lifting p: A — B. If we consider ¢ as a map from A to B(H), it
is a unital completely positive lifting of 7: A — C(H), which contradicts that [r] is not
invertible in Ext(A). To prove b), note that by Rosenberg’s result, quoted in (i) above,
Ct 4(F}) is not quasi-diagonal. On the other hand, by the definition of 7 in Remark 8.6,
every € B is a compact perturbation of an operator of the form

Y1 0
y = Y2
0

where y,, € M,,(C), n € N. Hence B is quasi-diagonal.

9 Other applications.
Recall that a C*-algebra A is called exact if, for every pair (B, J) consisting of a C*-algebra

B and closed two-sided ideal J in B, the sequence

0-ARI—-ARB—->A®(B/J) —0 (9.1)

min min min

is exact (cf. [Kil]). In generalization of the construction described in the paragraph
preceding Lemma 7.4, we may, for any sequence (A,)2, of C*-algebras, define two C*-
algebras

HAn = {(an)fbo:l | ap € -Ana SuanNHan“ < OO}

S A = {03 | an € Ay, Timgeflan | = 0}

The latter C*-algebra is a closed two-sided ideal in the first, and the norm in the quotient
C*-algebra [[, A,/ >, Ax is given by

lo((zn)iz) || = lim sup [l (9.2)

where p is the quotient map (cf. [RLL, lemma 6.13]) . In the following we let A denote
an exact C*-algebra. By (9.1) we have the following natural identification of C*-algebras

Ao ([[M© /3 M(©) = (A0 [[M(©) /(4 & 3 Ma(©)).

min min min
Moreover, we have (without assuming exactness) the following natural identification

A® D M(C) =) M,(A)

min
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and the natural inclusion

If dim(A) < oo, the inclusion becomes an identity, but in general the inclusion is proper.
Altogether we have for all exact C*-algebras A a natural inclusion

A® ([[M0)/ Yo Ma(©) € [T Mu(A) /3 Ma(A). (93)

min

Similarly, if n; < no < n3 < ---, are natural numbers, then
A® (HMM((C)/ > Mkn((C)> c [ Mn, (A)/ 3" M, (A). (9.4)
k k k &

After these preparations we can now prove the following generalizations of Theorems 7.1
and 8.2.

9.1 Theorem. Let (Q,F, P), N, (X~(n));-":1 and (x;)7_, be as in Theorem 7.1, and let A

(3
be a unital exact C*-algebra. Then for all polynomials p in r non-commuting variables

and with coefficients in A (i.e., p is in the algebraic tensor product A @ C{(X;)I_,)), and
allw € Q\N,

anmW%mgwmwzm«m%meMthy (9.5)

n— 00

Proof. We consider only the case r € N. The case r = oo is proved similarly. By
Theorem 7.1 we can for each w € Q\N define a unital embedding 7, of C*(z1, ... ,z,,15)
into [[,, M»(C)/ >, M,(C), such that

To(@) = p(XP(W)2), i=1,...r

where p: [[, M,(C) =[], M,(C)/ >, M,(C) is the quotient map. Since A is exact, we
can, by (9.3), consider id4 ® 7, as a unital embedding of A @i, C*(21,. .. ,z,,13) into
IL, Mn(A)/ >, My(A), for which

(idA®7rw)(a®x,~):ﬁ((a®Xi(n)(w))oo ), i=1,...,r,

n=1

where p: [[, Mn(A) = [1,, Mn(A)/ > M,(A) is the quotient map. Hence, for every p in
AR C(Xy,...,X,),

(ida ® m) (p(z1, - 2)) = (X (W), ..., XM (@))2).

By (9.2) it follows that for all w € Q/N, and every p in A @ C(X,...,X,),

1) gy = 00 [P XLV, K@),
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Consider now a fixed w € Q\N. Put

a = limianp(Xl(n)(w), . aX(n)(w))HMn(_A)’

r
n— 00

and choose natural numbers n; < ny < n3z < ---, such that
— 1 (k) (ng)
a_;}l,noloHP(Xl (wW)y..., X, (w))HMn(A).

By Theorem 7.1 there is a unital embedding 7/, of C*(zy,...,z,,15) into the quotient
[, M, (C)/ >, M,,(C), such that

(@) = o (X (W), i=1,...,m
where p': [], My, (C) — [1, Mn,(C)/ >, My, (C) is the quotient map. Using (9.4) in-
stead of (9.3), we get, as above, that
Ip(z1, - ) | ABminC* (@1, e 1) = liirisogp Hp(Xl(n’“)(w), . ,Xﬁ”k)(w)) HMn(A)
= «

= timinf [p(X{" (@), ..., XD @)[[,, 0

r
n—00

This completes the proof of (9.5). [

9.2 Theorem. Let (2, F, P), (Ui(n));-":l, Tnw, A and N be as in Theorem 8.2. Then for
every unital exact C*-algebra A, every function f: F, — A with finite support (i.e. f is
in the algebraic tensor product A ® CF, ), and for every w € Q\N

lim || 37 7(7) ®””’w(7)“Mn(A> =3 rmerm)| .

A®minC=,(F,
YEF, YEF, DminCrea(lr)

Proof. This follows from Theorem 8.2 in the same way as Theorem 9.1 follows from
Theorem 7.1, so we leave the details of the proof to the reader. [ ]

In Corollary 9.3 below we use Theorem 9.1 to give new proofs of two key results from
our previous paper [HT2]. As in [HT2] we denote by GRM(n,n,c?) or GRM(n, c?) the
class of n x n random matrices y = (y;;)1<ij<n, Whose entries y;;, 1 < i,j < n, are n?
i.i.d. complex Gaussian random variables with density (wo?) !exp(—|z|*/0?), z € C. It
is elementary to check that Y is in GRM(n, 0?) if and only if Y = %(Xl +1X5) where

]' * _L _ *
Xlzﬁ(YH/), Xz—iﬂ(y Y*)

are two stochastically independent self-adjoint random matrices from the class SGRM(n, o2).

9.3 Corollary. [HT2, Thm. 4.5 and Thm. 8.7] Let H, X be Hilbert spaces, let ¢ > 0, let
r € N and let ay,...,a, € B(H,K) such that

r r

* k

H E a;a;|| <c and H E a;a;
i=1 i=1
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and such that {aja; | i,j =1,...,7}U{lg@q} generates an exact C*-algebra A C B(JH).
Assume further that Yl(”), ceey V™ are stochastically independent random matrices from

the class GRM(n, %), and put S, =3, ai®Yi(n). Then for almost all w in the underlying
probability space (2,

lim sup max {sp(S,, w)} < (Ve+1) (9.6)

n— 00

If, furthermore, ¢ > 1 and Y, afa; = clg(gq), then

lim inf min {sp(S,(w)*Sn(w))} > (Ve — 1) (9.7)

n—o0

Proof. By the comments preceding Corollary 9.3, we can write

1
v = —_(xW™ 4ix{™), i=1,...r
7 \/5 2i—1 2t ) ’ >

where X™ ..., X{" are independent self-adjoint random matrices from SGRM(n, ).
Hence S S, is a second order polynomial in (Xf"), o ,Xén)) with coefficient in the exact
unital C*-algebra A generated by {aja; | i,7 = ,7} U {1z} Hence, by Theorem

9.1, there is a P-null set N in the underlying probablhty space (2, F, P) such that

hm 1S5 (w) Sp(w)]| = H( ai®yi)*(iai®yi)

1=

Y

where y; = %(x%,l +ixy;) and (21, ..., X9, ) is any semicircular system in a C*-probability
space (B, 7) with 7 faithful. Hence, in the terminology of [V3], (y1,...,y,) is a circular
system with the normalization 7(yfy;) = 1, i = 1,...,r. By [V3], a concrete model for
such a circular system is

ézz 1+€27,7 ’izl,...,T
where /1, ..., /5, are the creation operators on the full Fock space
T=TL)=Colale

over a Hilbert space L of dimension 27, and 7 is the vector state given by the unit vector
1 € CC T(L). Moreover, 7 is a faithful trace on the C*-algebra B = C*(y1, . .., Yor, Ln(7(2)))-
The creation operators /1, ..., {5, satisfy

1 i
au=9° 7
0, ifs#j.
Hence, we get

r r r

Zai®yi: (Zai@)ﬁgi_l) + (Zai®€§i) =z 4+ w,

=1 =1 =1
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where

:(Zafai>®lg3(g) and ww* —(Zal >®193
i=1

Hence

r 1 r 1
Hzaz'@)yz‘ 2+Hzazﬂf F< Vet
i=1 1=1

This proves (9.5). If, furthermore, ¢ > 1 and Y. | aja; = ¢ - 1y, then 2"z = cl ggn(m)
and, as before, ||w|| < 1. Thus, for all £ € H® T, ||2£]| = /c||£]| and ||wé]| < ||€]|. Hence

Ve=Dll < Iz +w)él < (Ve+ DIEL (€€ HT),

r
< Jlall+ ol < || D af
=1

which is equivalent to
(Ve — 1) 1pgeem) < (2 +w)*(z + w) < (Ve + 1) 1ggcam),.
Hence
—2Vclgaier) < (2 +w) (2 +w) — (¢ + 1)lseer) < 2vVcls@en,

and therefore
|(z + w)*(z + w) = (c+ 1)1ppaen]|| < 2ve. (9.8)

Since S}S, is a second order polynomial in (Xf"), . ,Xé")) with coefficients in A, the

r

same holds for S S,, — (¢ + 1)1, (a). Hence, by Theorem 9.1 and (9.8),

Jim [[S,(w)"Sa(w) = (e + Dlar ]| = H( az®yz) (X;ai@yi)—(cﬂ)lmmm\\

< 2/
Therefore, lim inf,,_,, min{sp(S,(w)*S,(w))} > (¢ + 1) — 2y/c, which proves (9.7). |

9.4 Remark. The condition that {aja; | i,j = 1,...,7} U {lgg} generates an exact
C*-algebra is essential for Corollary 9.3 and hence also for Theorem 9.1. Both (9.6) and
(9.7) are false in the general non-exact case (cf. [HT2, Prop. 4.9] and [HT3)).

We turn, next, to a result about the constants C(r), r € N, introduced by Junge and
Pisier in connection with their proof of

B(H) ® B(H) # B(H) @ B(H). (9.9)

max min
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9.5 Definition. [JP]Forr € N, let C(r) denote the infimum of all C' € R, for which there
exists a sequence of natural numbers (n(m))°_, and a sequence of r-tuples of n(m) xn(m)
unitary matrices

such that for all m,m' € N, m # m/
3 0
i=1

is the unitary matrix obtained by complex conjugation of the entries of u

| <C, (9.10)

(m')

!
where @;" (')

To obtain (9.9), Junge and Pisier proved that lim, @ = 0. Subsequently, Pisier [P3]
proved that C(r) > 2y/r — 1 for all r > 2. Moreover, using Ramanujan graphs, Valette

[V] proved that C(r) = 2y/r — 1, when r = p + 1 for an odd prime number p. From
Theorem 9.2 we obtain

9.6 Corollary. C(r) =2/r—1forallr e N, r > 2.

Proof. Let r > 2, and let gy,..., g, be the free generators of F,. and let A denote the left
regular representation of F,. on (?(F,). Recall from [P3, Formulas (4) and (7)] that

H Z Agi) ® vi
i—1

for all unitaries vy,...,v,. on a Hilbert space H. Let C' > 2v/r — 1. We will construct

natural numbers (n(m))%°_; and r-tuples of n(m) x n(m) unitary matrices

—o0/r—1 (9.11)

(ugm)’ e 7“1("771))2:1

such that (9.10) holds for m, m’ € N, m # m/. Note that by symmetry it is sufficient to
check (9.10) for m' < m. Put first

n(l)=1 and ugl) == =1,

r

Proceeding by induction, let M € N and assume that we have found n(m) € N and
r-tuples of n(m) x m(n) unitaries (ugm), . ,u,(«m)) for 2 < m < M, such that (9.10) holds
for 1 <m' <m < M. By (9.11),

IS Mgy @a™|| =2vir=T,
=1

for m =1,2,..., M. Applying Theorem 9.2 to the exact C*-algebras A, = My (C),
m' =1,..., M, we have

fim H Z”n,w (g) @ w™)
=1

n— 00

‘:2\/r—1<C, (m' =1,2,..., M),
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where m,,: F, — U(n) are the group homomorphisms given by (8.4). Hence, we can
choose n € N such that

,
HZWn,w(gi)@)aEm') <C, m=1,...,M.
i=1

Put n(M + 1) = n and uEMH) = Tnw(gi), i = 1,...,7. Then (9.10) is satisfied for all
m,m' for which 1 <m' < m < M + 1. Hence, by induction, we get the desired sequence
of numbers n(m) and r-tuples of n(m) x n(m) unitary matrices. ]

We close this section with an application of Theorem 7.1 to powers of random matrices:

9.7 Corollary. Let for each n € N'Y, be a random matrix in the class GRM(n, %), ie.,

the entries of Y, are n? i.i.d. complex Gaussian variables with density %e’”‘ZP, z € C

Then for all p € N

lim [Va(w)?] = (u)

n—00 pP

for almost all w in the underlying probability space 2.

Proof. By the remarks preceding Corollary 9.3, we have

= (S ixp) )|

where, for each n € N, an), XQ(n) are two independent random matrices from SGRM(n, +).
Hence, by Theorem 7.1, we have for almost all w € €Q:

lim []Yy, (w)?[] = [ly"1],
n—00
where y = %(ml + izy), and {z1, 22} is a semicircular system in a C*-probability space

(B, 7) with 7 faithful. Hence, y is a circular element in B with the standard normalization
7(y*y) = 1. By [La, Proposition 4.1], we therefore have [|y?|| = ((p + 1)?!/p?)>. m

9.8 Remark. For p = 1, Corollary 9.7 is just the complex version of Geman’s result
[Ge] for square matrices (see [Ba, Thm. 2.16] or [HT1, Thm. 7.1]), but for p > 2 the
result is new. In [We, Example 1, p.125], Wegmann proved that the empirical eigenvalue
distribution of (Y;?)*Y? converges almost surely to a probability measure j, on R with

_ (p+ 1"
max(supp(p)) = »

This implies that for all £ > 0, the number of eigenvalues of (Y?)*Y?, which are larger
than (p + 1)?™!/pP + ¢, grows slower than n, as n — oo (almost surely). Corollary 9.7
shows that this number is, in fact, eventually 0 as n — oo (almost surely).
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