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Abstract

A classical result, due to Lamperti, establishes a one-to-one correspon-
dence between a class of strictly positive Markov processes that are self-
similar, and the class of one-dimensional Levy processes. This correspon-
dence is obtained by suitably time-changing the exponential of the Lévy
process. In this paper we generalise Lamperti’s result to processes in n
dimensions. For the representation we obtain, it is essential that the same
time-change be applied to all coordinates of the processes involved. Also
for the statement of the main result we need the proper concept of self-
similarity in higher dimensions, referred to as multi-self-similarity in the
paper.

The special case where the Lévy process € is standard Brownian motion
in n dimensions is studied in detail. There are also specific comments on
the case where £ is an n-dimensional compound Poisson process with drift.

Finally, we present some results concerning moment sequences, ob-
tained by studying the multi-self-similar processes that correspond to n-
dimensional subordinators.
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1. Introduction and main results

Consider (B, + vu), , a one-dimensional Brownian motion (BM) with drift v >
0 started at 0. Lamperti’s [15] representation of (exp (B, + vu)),s, as

exp (B, + vu) = R}? PR (=3 () (1.1)

where (Rﬁ”))m is a Bessel process (BES) of index v or ‘dimension’ 2v + 2
started at 1, has proved a powerful tool in the study of the exponential func-
tional () dv exp2 (B, + vv)), s, Which plays an important role for a number of
questions in mathematical finance (e.g. Dufresne [6], Geman and Yor [7]; see
also the collection of papers: Yor [21]), studies of hyperbolic Brownian motion
(e.g. Gruet [8], Ikeda and Matsumoto [10]) and Brownian motion in random me-
dia (e.g. Hu, Shi and Yor [9], Comtet and Monthus [3], Comtet, Monthus and Yor
[4] and Kawazu and Tanaka [13]).
Lamperti’s original representation is not (1.1) but the squared version
2
exp2 (B, +vu) = R(j?dv exp2(By+10) (u>0) (1.2)
where S = R’ is a squared Bessel process (BESQ) of ‘dimension’ 2v + 2, i.e. S
satisfies the SDE
dSy = (2v + 2) dt + 24/.S; dW; (1.3)

with W a standard BM(1). Here the point of the representation (1.2) rather
than (1.1) is that R® is the diffusion with the self-similarity (or semi-stability)
property used by Lamperti [15] in his main result, Theorem 4.1, part of which
may informally be stated as follows: any 1-self-similar strictly positive and ‘nice’
Markov process is a time-change of the exponential of a Lévy process; see (1.5)
below.

For the discussion of (1.1) and (1.2) we assumed that the Brownian motion
B should have drift ¥ > 0 which ensures that R,gy)and S; are well defined for all
t > 0. Throughout the paper we shall work under conditions so that the random
time-changes we consider map the time axis [0, 00| onto itself. Note however that
Lamperti’s Theorem 4.1 in [15] in particular contains a version of (1.2) also when
v < 0 but with S; defined only up to the finite killing time [5° dv exp 2 (B, + vv).
Our main result, Theorem 1.2, should generalise similarly, but we do not pursue
this generalisation here.

In a recent paper, studying some concrete examples of multidimensional dif-
fusions, Jacobsen [12] found an n-dimensional analogy to (1.2) when the one-
dimensional Brownian motion with drift is replaced by an n-dimensional Gaus-
sian Lévy process G = (G'),,.,, (Brownian motion in n dimensions with some
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drift vector and some covariance matrix) and R®™” is replaced by a certain n-
dimensional diffusion S = (S*),.,,, , referred to as the multi-self-similar diffusion
below (see (1.17) for the precise definition of S), and the same time change is ap-
plied to all coordinates. More precisely, (1.2) in its n-dimensional form becomes

}Ou dv exp Gy (U = O> (14)

exp Gl =

provided G is such that the one-dimensional scaled Brownian motion G := Y, G

has drift > 0, a condition equivalent to the requirement that [;°dv exp G, = oo
a.s., cf. (1.9) below.

Since Lamperti’s representation (1.2) holds with Brownian motion with drift

replaced by any one-dimensional Lévy process ¢ such that [°dv exp&, = oo

a.s. with the resulting counterpart of R®* 4 1-self-similar Markov process X, i.e.

exXp Eu = Xfou dv exp &y (15)

it seemed natural to search for a general version of (1.4), where G is replaced by an
n-dimensional Lévy process § = (§'),.,.,, and S is replaced by an n-dimensional
Markov process, self-similar in a suitable sense. Note that the representation is
required to hold coordinatewise with the same time-change used on all coordinates.

Notation. Below, R, denotes the open interval |0, 0c0] while Ry is the interval
[0,00[. If Y is a process starting from a given state y, Yy = y a.s., we write Y® to
emphasize the starting value. If £ is a Lévy process in n dimensions it is always
understood that & = 0 = (0,...,0) a.s. and if a € R, @ := £ + a is the same
Lévy process started from a, but always defined on the same probability space as
€. If X is a Markov process, then X*) denotes X starting from the given state
x, with X@® defined on some probability space — only in special cases (such as
(1.10) below) is there a natural construction of all X for x arbitrary on the
same probability space. Conversely, if (X (‘”))er for a state space FE, is a family

of processes (on the same or different probability spaces), with X (@) starting at
x, and each X®) enjoying the Markov property with the same Markov transition

semigroup, we shall say that (X (x)) . is a Markovian family. In particular, if

X @) is for fixed  a Lévy process such that the convolution semigroup is the same

for all x, we shall say that (X (‘”)) B or R is a Lévy family. For the coordinate
z€R™ or ’_f_

processes of £ and X@ | where a = (a;), z = (;), we write £%(%) and X%
respectively.

In order to formulate the multidimensional Lamperti representation we need
the appropriate concept of self-similarity for n-dimensional processes. In the liter-
ature (e.g. Kiu [14], Definition 1, Sato [19], Definition 13.4) one often sees just a



verbatim copy of the basic definition in dimension one, i.e. an R™-valued Markov
process X = (X') is a-self-similar if for every ¢ > 0 and every initial state z it

holds that (2/c®) (d) [ ()
(Cath c )tzo pt (ch )tZO' (16)

For our purposes this is however not the correct concept and instead we require
(corresponding to the case a = 1) the following definition that appears to be new:

Definition 1.1. An n-dimensional Markov family (X (:”)) - with state space
TERY

R is multi-self-similar if for all scaling factors ¢; > 0 and all initial states x = (x;)
it holds that oo @ (o)
(CiX’; o )1§i§n,t20 - (XCt )t207 (1.7)

where ¢ = [[} ¢;.

If (X (w)) - is multi-self-similar we shall also refer to each member of the
TERy
family as a multi-self-similar process.

The important difference with (1.6) is of course that we permit different scal-
ings of each coordinate processes. Taking all ¢; = ¢y > 0 we see that if (1.7) holds,
then X@ is 1/n-self-similar in the traditional sense, cf. (1.6).

Definition 1.1 corresponds to the case of 1-multi-self-similarity. A natural
generalisation is to call a Markov family (X (w)) - a-multi-self-similar (where

TRy

a = ()<<, With all o; > 0) if

Oti i, x%/c?Z x
€ X >) @ (x$) (1.8)

1<i<n >0

This definition connects with Definition 1.1 in a simple manner: if (Y(y)) is

multi-self-similar in the sense of Definition 1.1, then the family (f/(y)) defined by

- i(v )\
Yyiow) = [V (yl ) is a-multi-self-similar.

Our main result is now the following:
Theorem 1.2. (The multidimensional Lamperti representation).

(a) Let £ = (£'),<;<,, be an n-dimensional Lévy process starting from 0, right-
continuous with left limits and satisfying

/Oo dv exp &, = 00 a.s. (1.9)
0



where € 1= Y& Let x = (1;) € R’ and define implicitly the n-dimensional
process X@ by

XL e (igouzo. G
0 v

where a; = logx; and @ = >_7 a;. Then the family (X (x)) - is strongly Marko-
TERY

vian and has the multi-self-similarity property (1.7), with each process X *) right-
continuous with left limits and initial state x. Furthermore it holds that

o0 1
/ ds — = 00 a.s. (1.11)
0 A%

where Z(?) = I X6 5 = 17 ;.
(b) If conversely (X (x)) g 18 @ strong Markov family with each X @) right-
TERy

continuous with left limits, that satisfies the multi-self-similarity property (1.7)
and is such that (1.11) holds for some, and then automatically for all initial states

x € R? with z = [[} x;, then the processes {@ = (5’7(‘“))1<,< , where £ = q
for all a, defined implicitly by a; = log x; and o
i,(a;) _ i,(z4) :
gf(fdm/zgz) = log X, (1<i<n,t>0)

form a Lévy family (5 (“)) can

The proof of the theorem is given in Section 2 below, where we also discuss
some further properties of the multi-self-similar processes, that are extensions of
results from Bertoin and Yor [2]. One such result (see Proposition 1 in [2]) is

Theorem 1.3. Assume that £ is an n-dimensional subordinator with Lévy expo-
nent ® (p), ie.

Eexp — (p, &) =exp—u® (p) (p = (p:); € RY). (1.12)

Then for every p € Rf} there exists a probability measure p, on Ry such that
E][ (") " = [ ppldzyee (2 0)
i=1

where X (1) is the multi-self-similar process starting from 1 = (1, ..., 1) determined
by (1.10) using & itself. The probability p, is characterized by its integral moments,

/wakpp(dx) —o(p)P(p+1)---(p+(k—1), (k=12..) (113

where we write j = (j,...,7) € R™.



Notation. In (1.12), (-, -) denotes the Euclidean scalar product.

Theorem 1.3 permits the following generalisation that, as will be shown in
Section 2, is obtained quite easily from Theorem 1.3 itself and Theorem 1.2:

Corollary 1.4. Let ¢ € R, and let { be an n-dimensional subordinator with
Lévy exponent ® (p). Then the equation

exp & = (Q)X}Ou (1<i<n,u>0)

dv exp{q,&v)

defines a process ‘DX with initial state 1, which is a-multi-self-similar in the
sense defined in (1.8) with o; = %. Furthermore, for every p € R{} there exists a
probability p,, on Ry such that

o i\ P o —tx
E]] ((q)Xt) = /0 ppq(dz) e, (t=0).
i=1
The probability p, , is characterized by its integral moments,

/Ooofr'“pp,q(dx) =0()®(p+q)-- P+ (k-1)q), (k=12,..). (114

Finally it also holds for any p,q € Rjj that the sequence
k!
Q(p+q) - (p+kg)

is the sequence of moments for a probability measure on Ry and that this proba-
bility is unique provided ® (p) > 0.

(k=1,2,..) (1.15)

Corollary 1.4 in particular exhibits two types of moment sequences for proba-
bilities on Ry. While our arguments are probabilistic, Berg and Duran [1] obtain
similar results by analytic methods.

In Section 3 we focus on £ = G being Gaussian, cf. (1.4) above and in particular
study in depth the case where £ = B is BM(n), standard Brownian motion in n
dimensions:

Theorem 1.5. In the standard Brownian case, the multidimensional Lamperti
representation
exp B], = SZf”dvexpB (1<i<n,u>0)
0 v

holds with the n-dimensional diffusion S = (S*) with initial state 1 described as
follows: define (C),;, .o s the Gaussian process independent of B such that
B, =1iB,+C!.

v n
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Then there is a 2-dimensional Bessel process (R,), -, starting from 1 such that S
admits the skew-product representation

. 2 .
Si = (Ra)" exp ((J% fo"f“dm/Rg) . (1.16)

The initial values 0 for B and 1 for S were omitted from the notation used in
the theorem. Of course we write B = Y7 B'.

For S still the diffusion in Theorem 1.5, we also in Section 3 derive some
explicit formulas for the transition semigroup, using known results on BES and
BESQ processes.

In the case of a general Gaussian Lévy process G starting at 0 with drift vector
v = (Vi),<i<, and covariance matrix I' = (I'y;), , ;,, (possibly singular, but # 0),
the diffusion S = (S?) determined by (1.4) starts at 1 and satisfies the SDE

RANIEC Si L
S} = ——2+"dt +,|——dB;" 1.17
' Dt Zig (L17)
where Z\; = T[], S’ and B' = (Bm)gign is n-dimensional Brownian with

drift 0, covariance I'. This result was shown in Jacobsen [12] and prompted the
investigation that led to the present paper. Note that (1.9) holds for £ = G if and
only if » = Y 7v; > 0, and that (1.3) corresponds to the 1-dimensional special
case of (1.17) where G is Brownian motion with drift 2 and variance 4 (=T for
n=1).

In view of its importance we shall briefly indicate the direct argument that
leads from the diffusion S solving (1.17), to the Brownian motion G, cf. Theorem
1.2(b): trusting that when v > 0 all S} are strictly positive (as may be argued by
showing that Z = [[7; S* is a one-dimensional diffusion and then verifying that
Z; > 0 always), take logarithms in (1.17) and use Itd’s formula to arrive at

72 1
dlog S} = —-dt +
g t Zt /Zt
from which it is clear that a time-change through ( Jyds1 /Zs)t>0 leads from S to
G. -

The multi-self-similarity property of the diffusion S is also argued easily: take
c; > 0, define S} = ¢;S) for 1 <4 <n, t > 0 and verify from (1.17) that

dBy,

i i+ 20 Si ;
45— eV T gy | /R | 2L gpra,
i iy




where ¢ =[], ¢; and Z\Z- = [l 57

To supplement the treatment of continuous processes in Section 3, we finally
consider in Section 4 the simplest case with jumps, i.e. £ is an n-dimensional
compound Poisson process with drift in which case the process X obtained by the

Lamperti representation becomes a piecewise deterministic Markov process in the
sense of M. Davis [5].

2. The multi-self-similarity property; proofs of Theorems
1.2, 1.3 and Corollary 1.4

Suppose that (X (:”)) is a right-continuous left limit Markov family which has
the multi-self-similarity property (1.7). Taking ¢; = x; in (1.7) and scaling t by
c =z =[]} x; we see that

1 o,
(—Xi’f“’) @ xw, (2.1)

% 1<i<n,t>0

a fact we shall use frequently below.
A second useful consequence of (1.7) is that if P, (z,-) denotes the transition
function for X,
Pt(xa') :]P)(Xert € '|Xs :$),

then for, say, any bounded and measurable f : R} — R,
L Pedy) f) = [ Py (Ldy) £ (@) (2:2)
R R7Y

where (2;y;);, denotes the vector with coordinates z;y;, 1 < i@ < n. Thus the
transition function P; (x,-) is completely determined from the transitions P; (1, -)
from the state 1. Furthermore, if f(y) depends on y only through the product
[Ty, ie. f(y) =g (I1y:), we may write the integral on the right of (2.2) as

) — (1)
= [ Adp) 9() (2:3)
R
where Z(M) = [[" X*® as usual, and P, (z,dj) is the well understood transition

function for the one-dimensional 1-semi-stable Markov process Z resulting from
the one-dimensional Lamperti representation of the Lévy process £ = 3" &%, cf. the



discussion of the agglomeration property in Corollary 2.1 below. But then for any
general f as in (2.2),

[ i 1) = B[e(0 (507 )

— /R Pt(ZdZ)E[f(Xt(x))‘Z(z) }
_ /R+I5t(z,d,§)E[f(( X 0) )| 28! = /]
= [ P i B[r (i) )20 = 2] 29)

Thus, in general, the transition function for X may be found from the knowl-
edge of the transition functions from state 1 in the one-dimensional case and an
understanding of the conditional law of X1 given Z{! for all s.

Note that by Dynkin’s criterion (see e.g. Pitman and Rogers [16]) the dis-
cussion leading to (2.3) shows that Z = [[f X* is in fact a Markov process with
respect to the filtration generated by X.

We proceed now with the proofs of the main results, beginning with

Proof of Theorem 1.2. (a) [From £ to X]. Note first that because (1.9) is
assumed to hold, also

/OOO dv exp (éf‘)) = e /OOO dv exp (EU) = 00 a.s.,

i.e. (1.10) determines X ® uniquely from £ through time-substitution with the
strictly increasing and continuous additive functional

:/udv exp (é’()
0

In particular X ® is therefore cadlag and strong Markov.

Note next that all the processes X @) for x arbitrary are defined on the same
probability space, viz. the space where ¢ and all the £ are defined.

Let (]—"5) denote the filtration generated by ¢ and introduce the F5-stopping

times determining the inverse of A®,

Hta) = inf{u >0: Aﬁf) > t} = inf{u >0: Aﬁ;” = t}
and finally write Qt = (a) Of course

X0 = exp et (1 <i<n,t>0) (2.5)



and X@ is G\ -adapted.
From the identity AZZ =t it follows that 2 Ht 9 = = exp §(a()a) = l/Z(z), ie.

HY =
0

Since a.s. A@ increases from 0 to oo, so does the inverse H® and (1.11) follows.
To prove the multi-self-similar property for X, we shall in fact show the path-
wise identity

between processes for arbltrary choices of x = (x;) € R" and ¢; > 0 with ¢ =[] ¢;.
But obviously

Hta) = inf {u : ea/ dv exp &, = t} = H;.-a,
0
writing H as short for H(® | and therefore by (2.5), since z = €%, z; = e%,
X = g exp ﬁft/z.
Using this expression with z; replaced by x;/¢; we also get

yb(mife) Li
Xyt = (C exp &y, (/c)>

1

Thus (2.6) follows and the multi-self-similar property is proved.
It remains to show that all the processes X(®) share the same transition func-
tion. More specifically, defining the Markov kernels

Pi(z,) =P (X" €
we claim that for all s,¢ > 0 and all x,
P(XZ e |6, X7 =y)=P(y.).
But

X, (x’) = ex = ex (f]
i Pf 1 P§H< Vi1,

where
Ht(a)—i—u

H, = inf{uz():/

H®

- 1nf{u>0 exp( (a)>/ dv exp <§ @y f_HEa)):s} (2.7)

10

dv exp €@ = s}



where under the integral we may obviously write £ instead of £@. Using that £
is strong Markov and Lévy we see that the conditional law of Xt(ffl, given Qt(“)

X =y, is the same as the conditional law of
? (az) 7 _ 1 o z,(xl) 1
(eXp (f e + (th(a)JrHS €H§a)))>1<i<n = (Xt U )1§z‘§n

and here, referring to (2.7), using that exp <£_1(;()“)> = Zt(z) and recalling that &
t
itself corresponds to XM it follows that

<(U )1<7,<n ‘gta)’ X(x) ) < Xs(/l)Hyz

Thus

P (X e-|g, xi7 =y) = P(( Xs/(IHy) < )
(y)e.)

as desired, using the multi-self-similar property for the last equality.
(b) [From X to &]. With (X (“")) can @ multi-self-similar and strong Markov
TERY

family, consider X@ for an arbitrary initial state x. From (2.1) it follows that
7@ = X% (@) satisfies

(; Zﬁi)) @ () (2.8)

where Z(1) = [1" X»®)_ In particular the law of Z(*) depends only on z, not on
the individual z;.

Note that (2.8) also shows that if (1.11) holds for some z > 0, it holds for all
z.

(2.8) shows the R, -valued process Z to be 1-self-similar, hence by Lamperti’s
original result [15] there exists a one-dimensional Lévy process £ such that

exp L@ (fz) o exp E® (u>0) (2.9)

where @ = logz, €@ = £ + a.
Letting A@ = [*dv exp £@ and arguing as in the proof of (a), one finds that

the inverse

Ht(a) = inf {u >0: Aq(f) = t}

_ t
Ht(a) :/ ds
0

11

satisfies
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Therefore (1.11) implies that lim, ., A® = co a.s.
Now define the n-dimensional process £(® = (ﬁi (ai)) , where a; = log x;, by

exp{fj(‘“) = Xi"gf) (1<i<mnu>0),

Uu

in particular, see (2.9),
g(a) — Zéiv(ai)‘
i=1

Introducing (G¢) to be the filtration generated by X (), we note that for each
u, A is a G,-stopping time and that £ is F,-adapted, where F, =G, ,@. We
can therefore complete the proof by showing that for allu > 0, h > 0 it hol&s that
§u ih — £l s independent of F, with a law that depends on a,u and h through h
only. We shall achieve this by identifying the conditional joint law of

(i)
(exp <§z (ai) fz (a; )) — XAnggh (2 10)
u+h <i<n X;E:)Z) .

1<i<n

given G @, X;’ng) =1z7, 1 <i < n for an arbitrary 2° = (z7) € R’}.

First note that
A= 4@ 4 g {t >0: / dS/Z(Z) = h}
u-+h u A(a) +s

so by the strong Markov property for X(*) the conditional law from (2.10) is that
of

with 7 the stopping time for X *°) given by
t
7= inf {t >0: [ ds/7E) = h}
0

where of course ZG°) = [[T X i’(‘”?), 2° =TI} «¢. (The reader is reminded that
X %) is just the name for a process with the relevant distribution, viz. that of the
multi-self-similar process X starting at z°. X @) is not an object defined on the
probability space where X @) and £@ are defined).

To prepare for the use of the multi-self-similar property of X in our argument,
we now observe that by an elementary calculation

T =27 (2.12)

12



where

/ . / ¢ / 1 (2°)
7' = inf tZO:/d8/<—OZZoS/>:h .
0 z

Inserting (2.12) into (2.11) and using (2.1) we finally see that the conditional law

(o]

from (2.10) is the marginal law of Xg) where 7° is the stopping time for X

given by
tO
7° = inf {to >0: / dso/ZS(})) = h} .
0
Since the result neither depends on F, nor a nor u, the proof is complete. [ |

An easy consequence of Theorem 1.2 is the following agglomeration property
of the multi-self-similar processes.

Corollary 2.1. Suppose that (X (x)) - is an m-dimensional Markov family,
TERY

multi-self-similar in the sense of Definition 1.1 and defined in terms of one n-
dimensional Lévy process € as in (1.10). Let

{1,...,%}: U Ik;
k=1

where the I}, are non-empty and disjoint and define for y, € Ry, 1 < k < n and
arbitrary r; € Ry such that [[;, x; = y for all k,

Iy,

Then (Y(y)) is a multi-self-similar strong Markov family with values in R" .
yER" +

Note. Of course Y = (Yk’(y’“))1<k< with y = (yi) . That the definition (2.13)

is unambiguous is clear from (2.6) and also from the first line of the proof.

Proof.  Using (1.10) we find

k,(yx) _ k, (by)
, 5 = exp (1,

fo dv exp 771(16) (77 )
where n® = 5+ b with b = (b) given by by = Y°;, a; (so that b = a), and where
n= (7]’“) is the n/-dimensional Lévy process given by n* = ¥, &' (so that 77 = &).
Now use Theorem 1.2(a). |

The special case of Corollary 2.1 with ¢ Gaussian was given in Jacobsen [12].
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If we take n’ =1, I; = {1,...,n} we see that if X is n-dimensional multi-
self-similar Markov with all X* > 0, then Z = [[ X" > 0 is one-dimensional

1-self-similar: (th(z/ C)) @ (Zc(f )) for all ¢ > 0.
t>0 t>0
Remark 1. Corollary 2.1 states that our multi-self-similar processes have a mul-
tiplicative agglomeration property, which is deduced easily from the (trivial) ad-
ditive agglomeration property of Lévy processes. More precisely we shall say
that a class L of laws of processes where the members of the class must corre-

spond to processes in different dimensions, has the additive, resp. multiplicative,

. (d)
agglomeration property if for all U = (U'),.,,, € L of dimension n > 2 and

all disjoint partitionings {1,...,n} = UZ/:l I, with the I, # (), it holds that
- . d
U= (Uk) (6) L where

1<k<n/

ik — Sier, U (additive case)
| Iier, U° (multiplicative case).

An instance of a class of non-Lévy processes with the additive agglomeration prop-
erty is provided by the family of multivariate Jacobi diffusions in Jacobsen [12],
Example 5. Taking the exponential of each coordinate of such a diffusion (without
a time-change) yields a class of diffusions with the multiplicative agglomeration
property, that is not multi-self-similar.

Returning to the proofs of the main results, we next give
Proof of Theorem 1.3. Consider for x € R} the functional

<H xp> /Ooo ds I (X;?(ﬂ“'))*pf1 : (2.14)
=1 1

(This random variable is not only finite but has a finite expectation as will be
argued below). By (2.1) the law of (2.14) equals the law of

n ; o0 n Z,(l) —pi—l
(H b ) /0 ds [] (xiXS/Z )
=1 1
0o n . —pi—1
= ds TT (x=0) " 2.15
| as I1(x:) (2.15)
But for t > 0, the Markov property for X implies that the conditional distri-

bution of " n
Vi = <H (XZ’(”)W> Jas I ()™ (2.16)

i=1

14



given (Xél)) XV = z is precisely the law of (2.14). Since by (2.15) that

0<s<t’

law depends neither on x nor t, we deduce that V; is independent of (X §1))0< -
S8

with a law the same as that of (2.15). Consequently
B[ [T(x:0) " = B[] (xi°
i (0) (x

_ BN [ s TT () 7!
= EJ] (X)) E/O dsllj(xs )" (2ar)

whether the expectations are finite or not.
Now, with H; = [1ds1/Z") we have X*®) = exp &y, and hence

)) —Pi ]E‘/t

I
I

E/Oo ds H (X;’(l))_pi_l - E/Oo st €xp (_ <p7 §Hs>)
0 1 0

_ /0°° duE exp (— (p, &)

1
= 3o (2.18)

in particular the expectation is finite. We have shown that (2.17) may be written
o0 n . —pi—1 1 n ; —Pi

E/ ds [T (X2 " = —E]J (x™ 2.19

e R 1)

with both expectations finite: that on the left is < 1/®(p) by (2.18).
Differentiating with respect to ¢ in (2.19) gives

L i (1) Pl L 0 1 [ i (1)) P
—E X =———F X .
H( t ) ®(p) Ot II[( t )
Again by (2.19) the expression on the left equals
—®(p+ 1)[@/ ds H (X;',(l))*mfz ’
t 1

and repeated differentiation now yields the formula

or_ i (1)\ —Pi
B I ()

1
—pi—k—1

= (RGO +RE [ ds IT (x:0) | (2.20)
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valid for £ = 0,1,.... From this it follows in particular that ¢t — E[[} (Xti’(l))_pi
is a completely monotone function of ¢, hence by Bernstein’s theorem there is a
probability p, on Ry such that

o0

Eﬁ (X,f’(l))ipi :/0 pp(dz) e . (2.21)

Finally, the formula (1.13) for the moments of p, follows from (2.20) (for ¢t = 0)
and (2.18). |

Remark 2. Writing (F;) for the filtration generated by X*) we see from the fact

that V; given by (2.16) is independent of F; with a law equal to that of (2.15),
and from (2.18) that

E [ | ds H (xaw)™ \ft]

1

t 2 i, —pi—1 L i, —Ppi
:/0 dsH(Xs(l)) " +H(Xt M) )

defines a uniformly integrable F;-martingale. The same fact follows using a time-
change on the exponential functional Lévy martingale

E

7 aveso—p.616.]
0

; 1

= /0 dv exp — (p, &) + W exp — (p, &u) -

Remark 3. Note that by (2.19), (2.20) may be written

ak n ; —p; n ; —pi—k
AEII ()" =0 emem+1)-e@+k-DE[] ()
1

1

or, see (2.21),

/Ooo pp(dz) e = (p) @ (p+1)---®(p+k—1) /OOO Ppric(dz) e

which implies that p,1x < p, with Radon-Nikodym derivative

dppyic, \ ak

i, VTG E D S k=1)
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Proof of Corollary 1.4. It suffices to apply Theorem 1.3 to the n-dimensional
subordinator £ defined by B '

& = &,
which, by the Lamperti representation, has the associated multi-self-similar pro-
cess (X Z) defined implicitly by

1<i<n
exp (6:€2) = X 4y cxplacsy

Defining (WX} = (f(f)l/% we then have

n

[+l

i=1

and since the Lévy exponent ® of € is given by @ (p) = ® ((pig;),) formula (1.14)
follows since pj, 4 is obviously equal to p(p,/q4,). and, for j € N,

(3

z Pi . ) .
® ((;) +J> =0 ((pi +ja);) =2 (p+ja)-
It remains to establish (1.15). To this end, let ¢ be a one-dimensional subordi-
nator with Lévy exponent ¢.. Then, letting a > 0 and defining I, = [ du e Cu,
where e, is independent of ¢ and exponential at rate a, it holds that
k!

B = o M @t 2 @) @t w (R (2.22)

To see this, write the expectation as

0 o) o) k k
E([a)k — k!/o duy / dus / duy, E exp <— jzl Cuj> H Lieg>uy)-  (2.23)
u1 u = j=1

k—1
But here (writing uy = 0),
k .
> (k1= 3) (G = Gur) ) Lewsue)

j=1

k k
E exp <_ > Cu]) I Leasu) = Eexp <—
Jj=1 j=1
k
— ook H exp (_ (uj - ujfl) ¢ (k +1-— ]))
j=1

and since uy = S.F (u; — u;_1) it is now easy to perform the integrations in (2.23)
and arrive at (2.22).

17



To proceed, consider an arbitrary n-dimensional subordinator n with Lévy
exponent ®,. Applying the preceding to the one-dimensional subordinator (g, n)
shows that

k!
(a+ @, (q) (a+ P, (2)) - - (a+ Py (kq))

defines a moment sequence. Applying this with a = ®(p) and &, = ¢ (p+ ) —
® (p) (which is the Lévy exponent for the Esscher transform of ¢ determined by
the local change of measure

AP s
dP | 7S

=exp (— (p, &) +ud (p))

for any v > 0) finally shows (1.15) to be a sequence (my),~, of moments. That

this sequence determines a unique probability on Ry if ® (p) > 0 follows from the

k
simple observation that the power series > 77 mkhk—T <> (ﬁ) converges for
0<h<®(p). |

3. The case with ¢ standard Brownian motion

3.1. Some facts about Bessel processes

In this subsection we gather the notation and results we need about Bessel pro-
cesses. As already mentioned in the introduction, the Bessel process with index
v (denoted BES(v)) occurs in the one-dimensional Lamperti representation of
Brownian motion with drift v > 0 as, see (1.1)

exp (By +vu) = RI(:()”) (3.1)

where "
AW = / dv exp2 (B, + vv).
0

We shall call d = 2 (1 + v) the ‘dimension’ of the Bessel process. Thus R*) is an
R, -valued diffusion with infinitesimal generator L£” given by

2v+1
2z

LV f(w) = 3f"(x) + fl@) (feCiRy).

For any v > 0 we denote by P the law on C (Ry, R,) of R when starting
from a. We write (R,),, for the canonical process on C'(Ry, Ry ) and we denote
by R; = 0 {Rs; 0 < s <t} for t > 0 the canonical filtration.

18



From the Cameron-Martin relationship between the laws of (B, + vu),-, and
(Bu)ys0: we deduce by time-changing and with the help of (3.1) that

. Ri\" vi ot o1
B

a denoting the initial state: Rg = a a.s. under both probabilities
The following formula, which expresses negative moments of a Bessel process
will also be useful:

Y

(Ri)%] _ Ftb) /01/2t dr efrrbfl (1 . QtT)V_b (33)

for b € C with Reb > 0 (see e.g. Yor [20], Proposition 6.4 or Yor [21], p.67).
3.2. A proof of Theorem 1.5, and a characteristic function determining

the semigroup of the multi-self-similar diffusion defined by stan-
dard Brownian motion

With B = (Bk)1<k< a standard BM(n)-process and B = .7 B*, from the one-

dimensional Lamperti representation
€xp Bu = Zfou dv exp By

with Z a 1-selt-similar diffusion, we deduce by e.g. writing It6’s formula for exp B
and time-changing with the inverse of ( Jo' dv exp Bv) g7 OF just using (1.2) for

v =0, that Z satisfies
2
(7) 0 @ ((B)), . (3.4

with R a 2-dimensional Bessel process starting from 1. In the sequel, just use the
notation R; = ,/Za for all t.

Note. In this subsection we label the coordinates of a process ¥ rather than ?,
since below ¢ will denote the complex unit.

We next consider the orthogonal decomposition of B with respect to B, i.e.

we define the process C' = (C’“) epe by

Bf=iB,+Cf (t>0,1<k<n). (3.5)
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Then C' is a mean 0, n-dimensional Gaussian Lévy process, independent of B,
where the covariance matrix for its increments is given by

1-4Ht (k=0
k k ¢ N _ ko] _ n ’
E {(Cs'i‘t o CS) (Cs-i-t - CS)} =E |:Ct Ct} - { ( —%t) (k 7£ g) ) (36)
By (1.10) in Theorem 1.2, the multi-self-similar diffusion S = S®) = (Sk)
starting from 1, determined by B satisfies

Siu do oxp B, = XD By, (3.7)

and hence by time-changing and using (3.4)

2

k __ n k
Si = (R"Tt) oxXp (C% f””“dm/Rg)

0
which establishes (1.16) and completes the proof of Theorem 1.5.

Using some of the results from Subsection 3.1, we can now give an explicit

formula for the characteristic function of (log Sf)1<k< . Since Sy = 1 this gives

the characteristic function for the transition probabilities P, (1,-) from state 1 of
the diffusion S which, by the discussion at the beginning of Section 2, is enough to
determine the transition probabilities from any state, see (2.2). Furthermore (use
(2.4) with x = 1), P, (1, ) is determined by the law of Z; (the transition probabil-
ity from the state 1 for the product process Z = [[y_, S¥), which is known from

2
(3.4) as that of (Rm /4) , and the conditional law of S; given Z;. In Proposition 3.1
below we describe this conditional law together with the characteristic function
for the transition probabilities of (log S k)k .

We begin by deriving a first expression for the characteristic function of (log Sf) .
Let A = (M) <<, € R", write A=31M\ and T =" and use that C' is indepen-
dent of R to obtain,

E[ﬁ exp (i)\klogSf)] — ELli[l (Sf)”’“]

i . [ (Rr)™ exp (_ (2 /OT dh R%) Pn (A))] (3.8)

where

on () = E(éAkC{f)Q

— (1 _ %) (kz: -5 Y Am) : (3.9)

1<k,k'<n,k#k’
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With the help of the absolute continuity relationship (3.2) (for a = 1) we can
write the last term in (3.8) as

Rn () [(RT)m%—un(A)]

with

Now we apply (3.3) with v = 1, (A) and b = v (N) — i
vy (M) +i2) and obtain,

N Lgl <Sf)iﬂ (i

which is the first expression for the desired characteristic function. An alternative
way of writing this is obtained by observing that since 7 C*¥ = 0 (which implies
©n (A) = @, (A + 1) for any ¢ € R) we may as well write A in the form 6 + ¢1 for
0 = (01),<pe, With @ = 376 = 0 and thus arrive at

T -

3>

(whence v — b =

1—2Tr>i%
r

(1 —27r))z ™ <

1-— QTT)iC

r

r(1—277))" ()(

F l/n — ZC

(3.10)

The form (3.10) of the characteristic function allows the following partial in-
version of the Fourier transform: introducing

e — ﬁ (Stk)wk
k=1

and writing Z; = [];_, Sf as before, (3.10) becomes when taking the gamma value
to the left

A 0o 1 . Z.
B[ (2)] [~ dpatn@ies < / dr 3@ —xElHP( ) ]

T

(1—2Tr))z"® <1 = QTT)”

r

which, essentially by Fourier inversion with ¢ varying freely, allows us to identify
the measures

00 Z
o dr x2"(O)-1¢ ’”E[Hﬁg)f( t)]
0 x
1—2Tr>
- .

f — /oﬁ dr e; (r(l— QTT))%V"(G) f (
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Changing the order of integration in the first integral and then making the sub-

stitution x = yZ; there, together with the substitution @ = % in the second

integral leads to the identity

/ dyf( ) (2 (yz)2" 0]
—s/(2Ts+1)
/ de() 3n®-1__0 @)1
(2Ts—|—1)””

This being true for, say all bounded Borel functions f, allows us to identify the
two integrands, i.e. we have the formula

o—s/(2Ts+1)

EH( ) Z, 3vn(0) e 8%t —

s >0) (3.11)

valid for all § € R™ with § = 0. But the expression on the right of (3.11) may
be recognized as the Laplace transform for the transition probability of a squared
Bessel process: if Q° denotes the law of a BESQ(§)-process X° of ‘dimension’
d =2 (v + 1) starting from = > 0, then, see e.g. Revuz and Yor [18], Chapter XI,

o 1 Hx
) *MX, - - _ > O t/ > 0
Q5 (e t ) 2t 1 1)% exp < 2t + 1) (n>0,t">0)

and thus, if ¢ (-, -) denotes the transition density
¢ (z,2') d’ = Q2 (Xg € da'),

(3.11) implies that for all bounded Borel functions g,

B (2) g(Z) = [ dzap® (1,2) 9 (2) (3.12)
where 6, (0) = 2 (v, (0) + 1) . But either from (3.4) or (3.12) for # = 0 (in which
case 1Y) = 1, v, (A) = 0) we know that

P(Z; € dz) = ¢7 (1, 2) dz, (3.13)

hence (3.12) shows that

1
_ (L3 ) (3.14)
T
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Finally, letting A = (\;) € R" and using (3.14) wih 6; = Ay — L\, where as usual
A = 37 \i, we obtain the conditional characteristic function for (10g Sf)k ,

" . n () 5
E lH ( ) 2 2, = ] %7(12) L svn(N) g (3.15)

Pt g (1,2)

We summarise our findings in the following result, where (3.16) is obtained from
(3.15) inserting the known explicit forms for the ¢ (see e.g. Revuz and Yor [18],
Chapter XI) and (3.17) follows taking expectations in (3.15), using (2.1), (3.13)
and the explicit form of ¢3. Recall that T = "Zt

Proposition 3.1. For S the multi-self-similar diffusion starting from 1, deter-
mined by the multidimensional Lamperti representation of n-dimensional stan-
dard Brownian motion as in (3.7), it holds for any t > 0 that Z; = [[}_, SF has

density qim (1,-) and that the characteristic function of (log Sf)k given Zy = z

— ( ”}0”) (‘2{) (3.16)

for all z > 0 and all X = (\),<;<, € R". Finally, the transition probabilities
P, (z,-) for S are determined by

[ Pwdy) TL )™ = 2 ﬁ (“)

+ k=1
for x € R, A € R", writing z = [[};_; .

is given by the expression

|1 (st)" 1=

k=1

dzew AL, () (4V/2E) 2
(3.17)

Ry

Note that from (3.16) it follows that if A = 0, then the characteristic function
of (log S — < log Zt)k given Z; = z is R-valued, i.e. for any p = (), € R™ it
holds that the conditional law of

1
Z g (log Sk — — log Zt)

k=1

given Z; = z is symmetric (around 0) for any z > 0.

3.3. The two-dimensional case

We note that the contents of Theorem 1.5 in the case n = 2 are clearly related to
the conformal invariance of planar Brownian motion. Indeed, first starting with
B! +iB? a C-valued standard Brownian motion and noting the fact that

Bu=25(BL+B2), v=125(B.-B)
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are two independent standard Brownian motions, we get

exp Bl = exp (% (Bi + BS) + % (Bi - BS)) = exp (L (Bu + %)) ;
exp B2 = exp (% (Btlt + BS) — % (Bi — Bz)) = exp ( (By — %))

so that
S} = \/Zexp (%%) , S = \/Zexp (—%%)

with u = [5 dh Zih and (\/Z) @ (R%)po as in (3.4) above a process indepen-

t>0

S 5

dent of ~.
Another equivalent presentation of the process (S*, S?) is that

Li :=log S} +ilogS; (t>0)
is a conformal martingale. More precisely it may be written as
Ly = gfot dh1/S} 52 (t=0)

with ¢ a standard two-dimensional Brownian motion.

3.4. A change of variables

In Subsection 3.2, we explained how the law of the process (Sf)1<k< 0 could

be expressed in terms of that of

(R /tdh 1)
ty 0 R%L >0

where Ry = ,/Z« is a two-dimensional Bessel process starting from 1. In the

present Subsection 3.4, we show how to compute the law of (Stk)kt’ in terms of

)

that of (Rt, [y ds R?)t>0 via the definition and study of the process

t
VE= [ Zpdst (1<k<nt20), (3.18)
0

where as before 2\, s = Z/S¥ = [T St

In the sequel, rather than developing some tedious computations, we shall
refer to the following (implicit) description of the multidimensional marginals of
(Rt, f(f ds Rﬁ)t>0 , which, thanks to the Markov property of R, may be reduced to

the description of the one-time t-marginals; this may be done via the following
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formula, which should be attributed to Lévy (see e.g. Pitman and Yor [17] and
Yor [20] for many further developments): for a = a+ i3, a >0, € Rand b >0

one has
b ot
E" lexp <—aRt2 — —/ ds Ri)]
2 Jo

= (cosh (bt) + 2?(1 sinh (bt)>_1 exp <_

r2b 1 + 22 coth (bt)
2 coth (bt) 4 2

) . (3.19)
Here is now the description of the process (Yk)k:

Proposition 3.2. i) The processes Y* and Z satisfy the equations

dYF = Ldt +\/Z,dBF, dZ, =3 dV} =2dt +\/Z,dB,. (3.20)
k=1

ii) The vector-valued process (Y’“) satisties
1<k<

N t
Yi=1t+1(z - —%t)+0’“(/0 dsZs> (1<k<n,t>0) (3.21)

where the process (C’fj) is distributed as (C’fj)
1<k<n,u>0
(3.5) and (3.6)), and is independent of Z.

(see formulas
1<k<n,u>0

Proof. (i) As a particular case of (1.17) we have

and (3.20) now follows from It6’s formula.
(i) (3.21) follows from (3.20), once we use the decomposition of (Bk)k in terms

of B and (Ck)k ,see (3.5). Then conditioning on B or Z (these two processes have

the same filtration), we may express the vector-valued process ( o2, dCf) Lpe
SRS

evaluated at time ¢, as (C’ff) evaluated at u = [j ds Z,.
With the help of formulas (3.19) and (3.21) we are now able to write down
the joint characteristic function for (Ytk)k . We consider for § € R", writing A; as

short for i ds Z,,

S|

(0,Y:) = 30t +

1
2

(Z2e—-1-%)+(0,Ca,). (3.22)
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The Gaussian variable <0, C’u> is centered and has variance

E [<9, éu>2] _ (kz”:l oLy ekek/> w= o (0)u, (3.23)

kK kK

cf. (3.9). Thus from (3.22) and (3.23) we obtain
_ _ t
E[expi (0,Y;)] = exp (i%@t) E {exp (z% (Zt —-1- %t) — 3¥n (9)/ ds Zs)]
0

and, since Z, = R2,, we obtain
4

RSN

_ 0 nt/4
E[expi(0,Y;)] = exp (i%&t) E [exp (2 (R%Tt -1- %t) - QQORT()/ ds R?)]
0

which can be computed with the help of formula (3.19). |

4. The case with ¢ compound Poisson

While in Section 3 we treated the most important case of the multivariate Lam-
perti representation when the Lévy process £ is continuous, viz. £ standard Brow-
nian motion, we in this section shall focus on the simplest situation where £ has
jumps, i.e. we shall assume that ¢ is an n-dimensional compound Poisson pro-
cess with drift. The one-dimensional case (with no drift) was treated briefly by
Lamperti [15], the example p. 218.

The compound Poisson process with drift (starting at 0) is given by

Ny
(=1

where 5 = (8i);<,<, is the drift vector, N = (N,),~, is a homogeneous Poisson
process with intensity x > 0, and (Ne) >, 1s a sequence of iid random variables
with values in R™\0, independent of N. Thus in particular, writing 7 for the
distribution of the 7, the Lévy measure for ¢ is the bounded measure v = k7 on
R™\0.

In order to proceed we need (1.9) to hold as will be assumed from now on. Note
however that since £ = Y7, ¢ is a one-dimensional compound Poisson process
with drift 3 = 37, 4" and Lévy measure  the restriction to R\0 of the measure
o (v), where o : R"\0 — R is the transformation o (y) = >, v;, it follows that
if Eny is well defined (i.e. E(n; V0) < 0o or —E (m; A 0) < 00), then (1.9) holds if
and only if

B+ kEm > 0.
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Consider now the multi-self-similar Markov family (X (‘”)) g determined by
TERY
the Lamperti representation,

’L,(:EZ)

[Mdv expe® — P &, (4.1)
0 v

see Theorem 1.2, where we remind the reader that fg(ai) = gi +a; with a; = log x;.
It is clear from (4.1) and the structure of £, that the Markov process X ®) is

piecewise deterministic in the sense of M. Davis [5] — we shall refer to (X (x)) o
TERL

as a PDMP-family. In particular X @ for any z has finitely many jumps on finite
time intervals and all randomness for X ®) is contained in the jump times and the
nature of the jumps.

From M. Davis [5] or Jacobsen [11] it is known that a general class of PDMP-

families is obtained by considering families (X' (“")) of piecewise continuous pro-
x
cesses

Xt(x) = gbt_Tz\?t (YM) (4‘2)
of the following form: 0 = Ty < T; < --- < oo are the jump times for X@)
N, = max {E T, < t} is the number of jumps on [0, ¢] , while Yo=zand Y, = XT@
(defined only if T < oo) for £ > 1 denotes the state reached by X at the time of
the £’th jump. A structure sufficient for (f( (‘”))x to be a strong Markov family is
then that the ¢, (y) (apart from being continuous in ¢) must satisfy the semigroup

property
Gers () = ¢ (05 (¥)), o (y) =y (4.3)

while for the marked point process (Tg, ffg) . it should hold that (for £ = 0,1,...),

~ t—T; ~
P (Tpy > t|Ge) = exp | — / dsq (o, (Y, 4.4
(T > 1160) exp( [ g (0 g))) (14)
on the set (Tg < oo) for ¢t > Tg, while
P (Y/é+1 S ‘géy Té+1) =P (@bﬂm_:ﬁe (Y/é) ) ) (4.5)
on the set (Tg+1 < oo); in (4.4) and (4.5), G, is the o-algebra generated by
(Tg/,i/é/)1<z/<z; in (4.4), ¢ (y) is the intensity for a jump to occur from state v,
and in (4.5), p is a Markov kernel on the state space with p (y, -) the distribution
of the destination for a jump from state y.

In the one result of this section that we shall now present, we show that the
PDMP-family determined by (4.1) has the structure described by (4.2), (4.3),
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(4.4) and (4.5), and we identify ¢,q and p. In the statement of the proposition
T, denotes the time of the £’th jump of X® (which is a.s. finite for any ¢) and

Y, = X%) the state reached by that jump.

Proposition 4.1. The PDMP-family (X(x)) . determined by (4.1) from &, the
TERY

compound Poisson process with drift, has the form (4.2) for any x € R, with the
bt (y) = (04 (y))1<i<p satisfying (4.3) and given by, writing z = [T;-, ¥,

oy yi(1+§t)ﬁi/5 if 340,
1 (v) { peso (1) itF-0, (4.6)

and the distribution of (Ty,Yy),, given by (4.4) and (4.5) with Yy = x and

p(y,-) = the law of (yie’]i) (4.8)

1<i<n

Proof. From Theorem 1.2 we know (X (w)) to be a strong Markov family
and by the strong Markov property it therefore suffices to consider, for a given
arbitrary initial state x, the behaviour of X on the interval [0,7;] only. But
then, if 71 is the time of the first jump for £, by (4.1) we have

T, = /OTI dv exp €@
and since on [0, 71[, £ is deterministic, &, = (u, therefore also
T = F(n), (4.9)
X7 = exp (a; + Biu) (t <T,u=F"! (t))

with F' the function

F(u):/oudvexp((_l—i—ﬁv) :{ e‘i% <Zi1;_1) igig’

Consequently ¢!(x) = exp (a; + 5;F ' (t)) proving (4.6) (since € = [[} x;) and
(4.3) may then be verified directly. (4.7) follows from (4.9) since P (13 > u) = e™"*.
Finally (4.8) is clear from the identities

AX%(;M-) — Aexp fi,l(ai) = exp gz‘,(gi) (eni _ 1) _ Xé:l(fi) (eni _ 1) 7

T1
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where we use the standard notation A to denote jump sizes. [ |

With (X (‘”)) the PDMP-family described in Proposition 4.1, it follows from
the general theoafy for piecewise deterministic Markov processes, M. Davis [5] or
Jacobsen [11], that the infinitesimal generator has the form, writing z = [}, z;,
2 = Iz v,

Af@) =Y Bo,p @+ [ wn) [f (e)ee) - £ ).
i=1 A\i z JR™\0 =t=n

Note that for 3 < 0, ¢! (x) is strictly positive (as it has to be) only for ¢ <
—2z/f3, hence for (4.4) to make sense we must have that the first jump for X®
occurs before time —z/3 with probability 1. That this is indeed the case follows
from the observation that f; /" dsq (¢s (z)) = oo with ¢ as in (4.6) and ¢ given
by (4.7).

From the multiplicative agglomeration property (or from the one-dimensional
Lamperti representation of Z(*) = [[", X*@)) we know that the product pro-
cesses (Z (Z))Z€R+ also form a PDMP-family. The semigroup v, (z) of functions

determining the deterministic behaviour of this family is quite simple, viz.

n

¢t(2):H¢i(xi):Z+Bt

=1

so that Z(*) is always piecewise linear, and if 8 = 0 it is seen that Z(¥) is a Markov
chain (piecewise constant) with state space R.

As a final comment and curiosity we mention that if the Lévy measure v for
¢ is such that v{y : X", y; # 0} = 0 (which for n > 2 is entirely possible with a
non-degenerate v), then € =0 and Z®) is trivial, Zt(z) =2+ [it.
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