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Abstract

Shot noise Cox processes constitute a large class of Cox and Poisson cluster
processes in R?, including Neyman-Scott, Poisson-Gamma, and shot noise G
Cox processes. It is demonstrated that due to the structure of such models,
a number of useful and general results can easily be established. The focus is
on the probabilistic aspects with a view to statistical applications, particularly
results for summary statistics, reduced Palm distributions, simulation with or
without edge effects, conditional simulation of the intensity function, and local

and global Markov properties.
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1. Introduction

Cox process models constitute one of the most important and applicable classes
of point process models for aggregated or clustered point patterns caused by e.g. an
(usually unobserved) environmental random heterogeneity, and they play a major role
in stochastic geometry and spatial statistics, see e.g. [14, 15, 47] the references therein.
Briefly, a Cox process is the natural extension of a Poisson process, considering the
intensity measure of the Poisson process as a realisation of a random measure. When a
Cox process X is defined on the d-dimensional Eucledian space R? it is usually specified
by a random field Z(&) > 0, € € R?, so that the conditional distribution of X given

Z is a Poisson point process on R? with intensity function Z. Many recent papers
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6,7, 8,9, 10, 12, 19, 26, 35, 50] deal with simulation-based inference for new flexible
model classes of such Cox processes, cf. the surveys [34, 38].
This paper is concerned with shot noise Cox processes (SNCP), i.e. when Z is of

the form

Z() = Z%’k(cjaf) (1)

where k(c;, ) is a kernel (i.e. a density function for a continuous d-dimensional random
variable) and the (cj,v;) € R? x (0, 00) are the points of a Poisson point process ® on
R? x (0,00); further details and conditions are given in Section 2. This is a rich class
of Cox process models which includes Neyman-Scott processes [39], Poisson-gamma
processes [50], and shot noise G Cox processes [8] as special cases, cf. Section 2. As
discussed in more detail in Sections 2 and 4, SNCPs can also be viewed as a large class
of Poisson cluster processes.

The focus in the paper is on the probabilistic aspects of SNCPs with a view to
statistical applications, and the aim is both to give a unified and self-contained expo-
sition and to present a number of new results. Particularly, we demonstrate that the
structure of SNCPs allow us easily to establish various useful and general results.

The paper is organised as follows. Section 2 provides some background material.
Section 3 concerns results for the summary statistics and the reduced Palm distribu-
tions of a SNCP. The latter turn out to be of a particular simple form. Section 4
studies different simulation algorithms for simulation of a SNCP within a bounded
window W, and for conditional simulation of ® given the restriction of a SNCP within
W. In particular the role of edge effects is discussed. Finally, Section 5 deals with local
and global Markov properties of SNCPs when the kernel has a bounded support, and

the similarities and differences to usual Gibbs or Markov point processes are clarified.

2. Conditions and examples

This section provides some background material, conditions, and examples used
throughout the text.

We require that the Poisson point process ® is specified by a locally finite diffuse
intensity measure ¢, i.e. ((D) is defined for Borel sets D C R? x (0,0), ((D) < oo
whenever D is bounded, and ¢({(c,7)}) = 0 for all (¢,7) € R? x (0, 00). Moreover, Z is
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assumed to be almost surely locally integrable, i.e. with probability one, [ Z(£)d¢ < oo
for bounded Borel sets B C R?. These restrictions become convenient for establishing
the results in Sections 3—4. As verified later in Proposition 1, the intensity function

p(&) =EZ(€) of X is given by

p@z/wmaa@w 2)

provided the integral is finite for all £ € R? — in turn this condition implies that Z is
almost surely locally integrable.

It is often convenient to view a SNCP as a cluster process, meaning that X|® is
distributed as the superposition | ; X of independent Poisson processes X, (cj,vj) €
®, where X; has intensity function ~y;k(c;,-). The point process C of ¢;’s is countable
but not necessarily locally finite (this is exemplified in Example 3 below). However,
for any bounded B C R?, with probability one Xz = X N B is finite, and so only finite
many X; has points in B. We refer to C as the centre process and to X; as the cluster
with centre c;, intensity v;, and dispersion density k(c;,-). In the literature the centre
points are also called parent or mother points and the clusters for offspring or daughter
points.

Often in applications ( is of the form

am=/AWD@um (3)

where x is a locally finite measure on (0,00). This is equivalent to assume that the
distribution of ® is invariant under translations of C in R?, and it implies that C is

independent of the point process of cluster-intensities. By (2),

masz@awfwuw) (4)

provided the integrals are finite. If furthermore k(c,&) = k(¢ — ¢) is invariant under
translations in R? (where we abuse the notation and let k(-) denote a density function
for a continuous d-dimensional random variable), we have that Z and hence X is
stationary, i.e. their distributions are invariant under translations in R?. For short we

refer to this as the stationary case of a SNCP. Note that the intensity then reduces to

p= / ydx(7v)
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provided the integral is finite. Finally, if also k(&) = k(||£]|) is isotropic (where we

again abuse the notation), the distribution of X is invariant under motions in R?.

Example 1. In the stationary case of a SNCP where y is concentrated at the pa-
rameter a (i.e. x((0,00)) = x({a}) > 0), we have a Neyman-Scott process [39] with
intensity p = ak, where k = x({a}) is the intensity of the centre process, see e.g. [47].

Two mathematically tractable models are

(I) a Matérn cluster process [27, 28] where

k(&) = 1lIgll < ]/ (war)

is the uniform density on the ball b(0,7) in R? with centre 0 and radius r > 0,
and

wg =72 T(1 + d/2)
is the volume of b(0,1);

(II) a Thomas process [49] where

k(€) = exp(=[[€]I*/ (20%))/ (2m®) /2

is the density for d independent normally distributed variables with mean 0 and

variance w? > 0.

In both cases k is isotropic. We refer to the kernels in (I) and (II) several times in the

sequel.

Example 2. Suppose that ( is of the form (3) where k = x((0, 00)) < co. Then C is a
stationary Poisson process with intensity x and the cluster-intensities are independent
of C and i.i.d. with distribution @ = x/k. A Neyman-Scott process is clearly a special

case of this model.

Example 3. A shot noise G Cox process [8] is a SNCP with ¢ of the form (3) where

X is absolutely continuous with respect to Lebesgue measure with density

fror(7) = k7 Lexp(—m9)/T(1—a), ~>0. (5)

Here “G” refers to that
pa(B) =Y v1le; € B]
J
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is a so-called G-measure on the Borel o-algebra in R?, see [8] or [38]. Further x > 0,
a < 1,and 7 > 0 are parameters with 7 > 0 if & < 0. These restrictions are equivalent
to local finiteness of (.

The intensity function exists only for 7 # 0. Then

p(€) = k7 / ke, €)de

which reduces to p = k7* in the stationary case.

The distribution of ® depends much on « as described below.

The case a < 0: Then @ is a special case of the marked Poisson process in Example 2,
i.e. C is a stationary Poisson process with intensity —x7%/c, the -y; are i.i.d. and
independent of C, and each +; is gamma distributed with shape parameter —a and
inverse scale parameter 7.

The case 0 < a < 1: The situation is now less simple as C is not locally finite,
since [ frar(7)dy = 00. As {(c,7) € ® : ¢ € A} and {(¢,7) € ® : ¢ € B} are
independent for disjoint Borel sets A, B C R?, we can for simplicity assume that C is
concentrated on a bounded Borel set B with Lebesgue measure |B|. Then the -y; define
an inhomogeneous Poisson process on (0, 00) with intensity function |B|fx q,r, the ¢;
are i.i.d. and independent of the ;, and each c¢; is uniformly distributed on B.

For a = 0, we have a Poisson-gamma process as g is a so-called gamma-measure

[14, 50].

3. Summary statistics

In this section we exploit the form (1) of Z and the so-called Slivnyak-Mecke theorem
to establish different useful results for the summary statistics of a SNCP X. As is
custom in point process theory, we abuse notation and write e.g. X \n = X \ {n} when
we delete a point 5 from X, and X U ¢ = X U {¢} when we add a point £ € R? to X.

The following lemma presents the Slivnyak-Mecke theorem in terms of ® and X |®,
respectively. The lemma follows from Theorem 3.1 in [29] which also states that the
Poisson processes ® and X |® are uniquely characterised by the equations (6) and (7).
For the point process X, we let R? be equipped with the usual Borel o-algebra, Ny
denotes the set of locally finite subsets of R¢, Ni¢ is equipped with the usual o-algebra
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N generated by the sets Fp, = {r € Ni : card(zp) = n} for n = 0,1,... and
bounded Borel sets B C R?, and Ny¢ x R? is the corresponding product o-algebra. For
the point process ® on R? x (0, 00), we define the corresponding o-algebras in a similar
way.
Lemma 1. We have that
E S £\ () (en) = [ B )i ) (©)
(c;v)e®
for nonnegative measurable functions f, and
B| 5 hn\6.9]] = [ Z©EnCx, oleiie 7
£ex

for nonnegative measurable functions h.

3.1. First and second order characteristics

Expressions for the product moments E[Z(&;) - -+ Z(§,)] can easily be obtained by

combining (1) and (6). Below we concentrate on the two first moments, i.e. the intensity

function p(§) = EZ (&) and the pair correlation function g(&,m) = B[Z(£)Z(n)]/1p(&)p(n)]
(provided the means exist, and taking 0/0 = 0). These two functions are the funda-
mental characteristics or summary statistics of the first and second order properties
for a spatial point process, see e.g. [47]. Moreover, Ripley’s K-function [41, 42] for
the stationary case and its extension [3] for the nonstationary case can be obtained by

integrating the pair correlation function.

Proposition 1. The intensity function exists and is given by

p(€) = / k(e )¢ (e, ) ®)

provided the integral is finite for all ¢ € R?. Furthermore, the pair correlation function

exrists and is given by

9(&m) =1+ B n)/(p(€)p(n)) (9)

provided the integral
Bl = [ 27k(e (e, )

is finite for all £,m € R,
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Proof. The first result follows immediately from (1) and (6).
Suppose that 5(&,n) < oo for all £,7 € RE. Then by (8) and Jensen’s inequality,
p(€)% < B(£,€) < 00, 50 p(€) < oo for all £ € RY. Using (6) twice we obtain that

EY " F(@\{(ej,7), (o)} (5575 (ersme)
ik

=//W@mwM¢wmmm«wm>

for nonnegative measurable functions f. Combining this with (6) and (8), we see that

E[Z(6)Z()]

_EZVJ (¢j, )vrk(cr,m) +EZ7] (cj, §)k(cj,m)
J#k

:1//7Maa¢Mdmmq@vmadvv+/Q%@@w@mmaaw
= p(&)p(n) + B, n)
whereby (9) is verified.

Thus g > 1, in accordance with the usual interpretation that g > 1 indicates
aggregation of the points in X, see e.g. [38, 48]. Roughly speaking Proposition 1
implies that the first and second order properties of a SNCP depend only on the choice

of kernel! This is exemplified below.

Example 4. Suppose that k(c,§) = k(£ — ¢) and consider first a stationary Neyman-
Scott process (Example 1). By (8) and (9),

p=ak, g(&n) =1+¢p&—n)/k, (10)

& = [ k(e + md

is the density for the difference between two independent points which each have density

where

k. For a Thomas process this reduces to

p(€) = (4mw?®) " exp (= [1€117/ (4w?))

while expressions for a Matérn cluster process can be found in [46, 47].
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Consider next a stationary shot noise G Cox process with 7 # 0 (Example 3). Then

1—
p=nr1% g(&n) =1+T.(+O;¢(£—n)- (11)

The class {(p,g) : & > 0, > 0} obtained from (10) and the class {(p,g) : & > 0, <
1,7 > 0} obtained from (11) both agree with {(p,1 4+ ayp) : p > 0,a > 0}, so for any
given kernel k we cannot distinguish between these classes. For instance, imagine that
we have obtained nonparametric estimates p and ¢, using only the assumption that
X is a stationary point process, see e.g. [37, 48]. Then we cannot distinguish between

whether (p, g) fits a Neyman-Scott process or a shot noise G Cox process.

3.2. Reduced Palm distributions and further results for summary statistics

We now establish a very simple description of the reduced Palm distributions of a
SNCP which e.g. makes it very easy to simulate from these distributions by the methods
in Section 4. Related results for infinite divisible point processes can be found in [1, 22]
and [29] (Theorem 6.1).

Suppose that X is a SNCP with intensity function p. For & € R?, let Pé denote
the reduced Palm distribution at the point £&. The reduced Palm distributions are for

Lebesgue almost all £ € R? with p(¢) > 0 uniquely defined by the equations,

ESh(X\66) = / / (e, €)dP () pl€)de (12)

£eX

for nonnegative measurable functions h, cf. [14, 47].
Proposition 2. For p(§) > 0, let
Ze(n) = vek(ce,m), n€RY,
where (ce,ve) s a random variable with distribution
Pl(ec:7) € D) = [ k(e d0() /o) (13)

for Lebesgue sets D C R? x (0,00). Assume that X¢|(ve,ce) is a Poisson process with
intensity function Z¢, and (ve,ce, Xe) is independent of (®,X). Then for Lebesgue
almost all £ € RY with p(€) > 0,

Pi{(F)=P(XUX;€F), FEeMNg. (14)
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Proof. The reduced Palm distributions are for Lebesgue almost all £ with p(&) > 0

uniquely characterised by the equations

EY 1€ 4,(X\ONB=0 = [ PilFroe)de (15)

fex

for bounded Borel sets A, B C R?, where Fpo={x € Ni¢: 2N B =0} This follows
from the following facts. It is well known that Nj¢ is generated by the events Fg o for
bounded Borel sets B € R?. Hence the class of sets Fp o x A for bounded Borel sets
A, B C R?, generates the product o-algebra on Ni; x R?. This class is closed under
intersection, so (15) and standard measure theoretical methods imply (12).

Now, for bounded Borel sets A, B C R?,

EY 1€ A (X \)NB =

fex
:E(E(%{l[geA,(X\f)ﬂB:VJ]‘@))

_IE/ ;@yk exp( /(Cg):@ >d§
S X e (], X )i

:/A/IEyk(c,f) exp <—/B(CWI)€¢U(M)
:/A/'yk:(c,f)exp<—/ 7k(0,n)dn>dC(077)d5

erxp( / Zykcndn)

(e,v)EDP

v'k(c, n)dn> d¢(e,v)d¢

_ / P(X.N B = 0)p(€)d¢ x P(X N B = )
A
= [ PUxuxhNB = )p(ie

using (7) to obtain the second identity, and (6) for the fourth identity. Hence the Pg’
given by (14) for p(§) > 0 satisfy (15), and so they are reduced Palm distributions.

By (14) we can view Pé as the distribution of a Cox process with random intensity
function Zé(n) =Z(n) + Z¢(n). If ¢ is of the form (3), then (4) and (13) imply that
7Ye and c¢ are independent with P(ye € A) o« [, vdx(7) for Borel sets A C (0,00) and
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P(cc € B) x [k B ¢)dc for Borel sets B C R?. In the stationary case with intensity
p > 0, the reduced Palm distributions exist for all £ € R?, since we can take v¢ = o,
ce = ¢+ &, and X¢ = X + &, so that Pé(F) =PXUXo+¢ eF).

For the rest of this section we consider the stationary case with intensity p > 0.
Apart from the summary statistics mentioned in Section 3.1, one usually consider the
empty space function F(r) = P(dist(0,X) < r) and the nearest-neighbour function
G(r) = Pi(dist(0, X U X) <), where r > 0 and

dist(4, B) = inf{||{ —nl| : £ € A,n € B}

denotes the shortest distance between two sets A, B C R? (we set dist(A4, B) = oo if A
or B is empty). In general no simple expressions seem available for these two summary
statistics, but they can at least by approximated by simulations using Proposition 2
and the methods in Section 4. However, the so-called J-function introduced in [25] and
defined by J(r) = (1 - G(r))/(1 — F(r)) for F(r) < 1, may be calculated by numerical

methods due to the following result.

Corollary 1. For a stationary SNCP with intensity p > 0,

- % / / vk(e) exp < - /b o 7k(n)dn> dedx(y), for all + > 0.

Proof. By definition of J and Proposition 2,

J(r) = P((X U Xo)Nb(0,7) =0)/P(X Nb0,r) =0) = P(XoNb0,r) =0)

> [ [ - exp< lnlgrvk(n—c‘)dn>dcdx(v)

whereby the result follows.

Corollary 1 extends the results in [25] for Neyman-Scott processes. It follows that

J(0) =1 and J(r) < 1 is nonincreasing for r > 0 with

lim J(r) = /vexp(—v)dx(v)/p-

r—00

If the kernel has finite range R, i.e. k(§) = 0 for ||¢]| > R, then J(r) is constant for
r>2R.
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4. Simulation and easy constructions of shot noise Cox processes

Although SNCPs are tractable for mathematical analysis, at least when compared
to many other types of point process models, simulation is needed for performing
statistical inference, cf. [7, 8, 9, 10, 11, 38, 50]. In this section we describe various
simulation algorithms for both the restriction Xy of X to a bounded Borel set W C R?
with volume |W| > 0, and for ® given Xyy.

We shall several times exploit the following lemma.

Lemma 2. Consider X = Uj X as a cluster process, cf. Section 2, but suppose only
that for all ¢ € R?, k(c,-) is a nonnegative Lebesgue integrable function. That is ® is a
Poisson process with intensity measure ¢ as usual, and conditional on ®, the clusters
X, are independent Poisson processes, and X; associated to (c;j,v;) € ® has intensity

function v;k(c;,-). Let B CR? be a given Borel set, and define
®p = {(c;j,7;) € ®: X; N B #0},

pute) =1-exp (=7 [ Ke.gdc),
B
and
(D) = [ paleacten)
D
for Borel sets D C R x (0,00). Then

(1) ps(c,7) is the probability that a cluster associated to (c,7y) € ® has at least one
point falling in B;

(ii) ®p and ® \ ®p are Poisson processes with intensity measures (g and ¢ — (g,
respectively, and (®g,{X; : (¢j,7;) € ®r}) and (2\ P, {X; : (¢j,7;) € P\ ®B})

are independent;

(iii) conditional on ®p, the clusters X; with (cj,7v;) € ®p are independent, and X;
is distributed as a Poisson process with intensity function & — ~y;k(cj,&) when

we have conditioned on that this Poisson process has at least one point in B;

iv) conditional on ® g, the point processes X ;N B with (c;,7y;) € ®p are independent,
J 7> Vi

and X; N B is distributed as a Poisson process with intensity function { —
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vik(cj,§)1[E € B] when we have conditioned on that this Poisson process is

nonempty;

(v) conditional on ® \ ®p, the clusters X; with (cj,v;) € ®\ ®p are independent,
and X; is a Poisson process with intensity function & — v;k(c;,§)1[¢ & B).

Proof. (i), (iii), and (v) follow immediately from the description of X as a cluster
process. Since ®p is obtained by independent thinning of ® with retention probability

pp we obtain immediately (ii). Similarly, (iii) implies immediately (iv).

4.1. Simulation of SNCPs with edge effects and truncation

Simulation of Xy is most easily done by applying Lemma 2. Edge effects play a

role, as Xy is a Cox process with random intensity measure

Zw(€) = 1[€ € W]Z(&) = Y _1[6 € W];k(c;, ) (16)

j
which depends on all those centres ¢; € C with k(cj,£) > 0 for some £ € W. We
consider an extended bounded region Wy, 2 W so that points in a cluster X; with
centre ¢; & Wex fall in W with a negligible probability, cf. (i) in Lemma 2. Moreover,
as exemplified in Example 5 below, only finite many (c;,7v;) € ® with ¢; € Wex are

used in the simulations.

Example 5. Consider again Example 3 in the case 0 < a < 1. Then C N Wy is
infinite. Defining q(t) = ((Wext X [t,00)) for t > 0, then ¢ is a strictly decreasing

function which maps (0, 00) onto (0, 00), and we can write

{{e,7) €P:ce CNWext} = {(c1,71), (c2,72), ...}

where ¢(v1) < g(72) < ... are the points of a unit rate Poisson process on (0, cc). For

simulation and inference, one approximates Zy, by

J
Zw (&) =Y vik(c;,€)
j=1

1

where J < 00 is a “cut off”. For a discussion on how ¢~ and the tail sum Ej>J Vi

can be evaluated, see [8, 50].
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Returning to our general setting of a SNCP, we let the cut off be determined by
ignoring those (c¢j,v;) € ® with v; < €, where € > 0 is a user-specified parameter
(we include here the case € = 0 which means no truncation at all). Then X is
approximated by [J{X; "W : (¢j,7;) € ®N (Wexs X (€,00))} in the simulations, where
we first simulate the Poisson process ® N (Weyxt X (€,00)), and next the associated
independent processes X; "W, where by (iv) in Lemma 2, X; N is a Poisson process
with intensity function £ — v;k(cj,€)1[¢ € W]. In order to evaluate the error of the

approximation it is convenient to consider a function k%™ : R? x R? — (0, 00) so that
(C1) k™ (c,€) > k(c,&) if € € W, and k{™(c,§) = 0 if £ ¢ W

(C2) we can easily calculate the integral
a0 = [ K gde ce .
w

We illustrate this in Example 6 below.

Proposition 3. Let

M = Z 1ic; & Wext or vj < e]card(X; N W)
J

be the number of missing points when we have made a simulation of Xw by ignoring

those clusters X; with cj  Wex or v; < €. Then
BM < [ 1fe ¢ Wess o7 7 < ehyaff™(©)dC(c: )
Proof. By (6),

EM =EE[M|®] =E)  1[c; & Wexs or v; < €] /W v;k(cj, €)de
J

= [1le# Wewor 2 [ e dedc(er)
w
whereby (C1) implies the result.

Example 6. Let W = b(0, R) and Weyxs = b(0, R+7), and consider the stationary case
of a SNCP where the kernel k(c, &) = k(£ — ¢) is given by either the uniform kernel (I)
or the Gaussian kernel (II) in Example 1. In case (I) X; "W = 0 whenever ¢; & Wext,

so it is only the truncation of the v; which play a role for the error done when making
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simulations with e > 0. Setting k{?™ (¢, £) = sup, ¢y k(c,n) for £ € W, (C1)—(C2) are
satisfied: for s = ||c|[| > 0, in case (I)
ar(s) = afem(c) = (R/r)"1[s < R+ 1],
while in case (II)
arr(s) = alP™(c) = [wde/(Qﬂ'wQ)d/Q] exp [ — 1[s > R](s — R)2/(2w2)].
Thus in case (I)
BM < wa(R(R+ 1)/ [ 2dx()
0

while in case (II) by making a shift to polar coordinates

EM < ad//l[s > R+rory<eyarr(s)dsdx(y)

where

oq = 2xY?0(d/2)

is the surface area of b(0,1). These integrals may easily be determined by numerical

methods when x has a density like e.g. (5).

4.2. Simulation of SNCPs without edge effects and truncation

Recently Brix and Kendall [11] showed how edge effects and truncation can be
avoided when making simulation of a SNCP (which they call a Cox Poisson cluster
process). This section provides a short and easy description of their method using
Lemma 2.

The idea is to obtain a simulation of X by independent thinning of the nonempty

clusters in a Cox process X {}Vom with random intensity function

Zy™(6) = Z%k%’m(cj,ﬁ) (18)

where ko™ satisfies (C1)—(C2). By (C1), (16), and (18), X49™ dominates Xy in the
sense that Z{P™ > Zy. Let X{°™, (¢;,7;) € ®, denote the clusters of X9°™, and let
(I)%‘(}m = {(Cj,’)/j) cd: X]giom 75 @}

By (i)-(ii) in Lemma 2, ®{™ is a Poisson process on R? x (0, 00) with intensity measure

dom () = /D pIE™ (e, 7)d( (e, )
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where

e =1-exw (= [ k(e de) = 1- exp(-aifn(o)
Finally, assume that

(C3)
dom = / pie™ (e, )dC (e, ) < oo

and we can easily calculate B{2™ (at least by numerical methods).

This means that @%ﬁm is almost surely finite, and we can make perfect simulations of

Xw as follows, cf. Proposition 4 below.
Perfect simulation algorithm for SNCPs:
(a) generate the Poisson process ®8™ = {(c1,m),..., (cn,YN)};
(b) for each j =1,..., N generate
(i) X;-lom which is distributed as a conditional Poisson process with intensity
function v; k9™ (c;,-) given that it is nonempty;
(ii) X} which is an independent thinning of X§°™ with retention probabilities
k(cj, &) /K™ (cj, €) for € € Xom;
(¢) return {J; X;.

The generation of the Poisson process 0™ in (a) is rather straightforward for the
specific examples of SNCPs considered in this paper, cf. [11] and Example 7 below.
For the loop in (b) it is implicit that the generation of processes in (i)—(ii) is independent
of previous generations. The generation of X]‘-iom in (i) will be straightforward in our
examples where k3™ (c, ¢) = sup,ew k(c,n)1[{ € W] is constant for £ € W when

c = ¢;j is fixed.
Proposition 4. The output in (c) above follows the same distribution as Xy .

Proof. We consider X9°™ = [J; X{°™ as a cluster process (including the empty
clusters!) where conditional on ® the clusters are independent Poisson processes so

that X]‘-10m associated to (cj,7;) € ® has intensity function v;k%™(¢j,+). By (iv) in
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Lemma 2 we have correctly generated the nonempty clusters in (i) of the algorithm. If
we are making an independent thinning of each of the empty or nonempty clusters X ]‘-lom
in the same way as in (ii) of the algorithm (thinning an empty X;-lom simply means
that X} = ), we obtain that each X given (c;,7;) € ® is a Poisson process with
intensity function { — 1[¢ € W]y;k(c;,§), and all these clusters X are conditionally
independent given ®. Hence | f X J’ and Xy are identically distributed. Of course we
need here only to consider the union of nonempty X]'-, so the output in (c) and Xw

are identically distributed.

Example 7. Let the situation be as in Example 6.
In case (I) the centres of ®{o™ are contained in b(0,R + r), pio™(c,y) = 1 —

exp(—y(R/r)?) for |lc| < R +r, and

g =t ) [ 1= oxp (= 2R/ axio)

In case (II) pio™(c,v) = 1 —exp(—vyarr(|c]])) is also a radically symmetric function of

¢ which decays fast to zero, and

If x is concentrated at @ and k = x({a}) as in Example 1, we have a Matérn cluster
process in case (I) and a Thomas process in case (II). For the Matérn cluster process,

the centres in @™ form a homogeneous Poisson process on b(0, R + r) with rate
B™ = kwy(R +1)*[1 —exp (— a(R/r)")].
For the Thomas process,

om o awg R4 1s>R 2
Bgv :nad/o sdl{l—exp<—mexp<—%(s—}2) >>}ds

is finite and easily determined by numerical integration. We can first generate N ~

po(B4P™) and next the N i.i.d. centres cj, where the direction of ¢; is uniformly

distributed and independent of s; = ||c;||, and s; has a density proportional to
s¥7H1 —ex —Mex —M(S—R)2 s>0
P (2mw?)d/2 b 2w? ’

(each s; can be generated by e.g. rejection sampling [43]).
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Consider a shot noise G Cox process with parameter («, 7, k) as in Example 3. Then

in case (I),
Bi™ = kwa(R + 1) [(r + (R/m))* = 7*]/a if a <0
and
d o0
dom %/0 [1—exp (= (R/r)%™y)]y > exp(—my)dy if0<a<l.

And in case (II),

=it [ e (- @ (- 5 ))

sT Ly Lexp(—7y)dsdy.

In all cases ,B%?m is finite, and it is known or can be determined by numerical integration.

Finally, (I>%I9m is a finite inhomogeneous Poisson process with intensity function (c,7y) —
(1 — exp(—ya$2™(c))) fx.a.r(7), and we can generate this along similar lines as above

for the Thomas process.

4.3. Conditional simulation

Suppose we have observed a finite point configuration Xy = z, and let

F(21®) = exp (|W| -/ Z(&)d£> Iz (20)

fex

denote the density of Xy given ® with respect to the unit rate Poisson on W. For
simplicity we assume in this section that ¢ has support D = Wey X (€,00) where
Wext 2 W, e > 0, and 0 < ((D) < co. Then ® given Xy = x is a finite point
process on D with unnormalised density m(¢|x) = f(z|¢) with respect to the marginal
distribution of ®, where the normalising constant is the “likelihood” L(z) = Ef(z|®).
A closed form expression of L(z) is in general unknown. Thus simulation from 7(-|z)
is needed for making prediction of ® as well as for performing likelihood and Bayesian
inference based on MCMC methods, see e.g. [4, 7, 23, 24, 26, 38, 50].

We can use the Metropolis-Hastings algorithm in [18] for conditional simulation.
Briefly, suppose ¢ = {(c1,7),---,(cn,7n)} (with w(p|z) > 0) is the current state of
the Metropolis-Hastings chain. Then we make either a birth or a death proposal, each

with probability 1/2. If a birth is proposed, we generate a point (¢, y) with distribution
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¢/¢(D), and with probability min{1,r(¢, (c,7))}, where

_ (¢ U (e, 7)]x)¢(D)
T(¢7 (C, ’Y) - 7T(¢|.’L')(TL + 1) ’

we let ¢ U (¢,y) be the next state of the chain, and we retain ¢ otherwise. If a

death is proposed, we let ® \ (¢;,7;) be the next state of the chain with probability
(l/n) min{]-: 1/7“(¢ \ (Civ’)/i)) (Ci;')/i))}; P = ]-7 R L (We set 1/T(¢ \ (Ci,’)/i), (Ci;’)/i)) =0
if m(¢\ (¢i,7vi)) =0), and we retain ¢ otherwise. By (1) and (20),

f@UEND) ([ (e,
o= (=0 [ meo) g(lJrZ(c,m)eﬂjk(Cj,&)) 2y

where the integral can easily be calculated for the uniform kernel (I) and the Gaussian
kernel (IT) (Example 1) if e.g. W is rectangular.

Alternative and more complicated algorithms using auxiliary techniques or by run-
ning a spatial birth-death process have been proposed [26, 50]. The Metropolis-
Hastings algorithm described above is proposed because of its simplicity and since
its theoretical properties are well-understood (see [31] for definitions of the following
concepts): It is reversible with invariant (unnormalised) density 7(-|z); this follows
along similar lines as in [18], noticing that m(¢|z) > 0 implies that 7 (¢ U (¢,v)|z) > 0
(however, (¢ U (¢,y)|z) > 0 does not imply that w(¢|z) > 0, since e.g. w(Blz) = 0
when x # (). Further, it is irreducible and aperiodic on the support

0, ={¢ C D :card(¢) < oo, m(¢p|z) > 0}

= {¢ C D : card(¢) < oo, for each ¢ € x exists (c,v) € ¢ with k(c,§) > 0}

(basically because if w(¢|z) > 0 and 7(¢'|x) > 0 then w(¢p U ¢'|z) > 0 and the
Metropolis-Hastings chain can move from ¢ to ¢ U ¢’ to ¢', and it can stay at ¢).
Furthermore, Proposition 5 below states that under weak conditions on the kernel, the
chain is geometrical ergodic. For example, the conditions are satisfied for the uniform
and Gaussian kernels (I)—(II) considered in Example 6. Furthermore, we have that

with probability one, f(c ) ED:k(e,£)>0 d¢(e,v) > 0 for all £ € Xy .

Proposition 5. Let ¢ = {z1,...,xm} # 0 so that f(c EDk(esi)>0 d¢(c,y) >0, i =
1,...,m. Assume there exist strictly positive constants 6,0}, so that for all ¢ € Wy

and i =1,...,m we have that [, k(c,€)d¢ > & and if k(c,x;) > 0 then 8} < k(c,z;) <

0. Then the Metropolis-Hastings chain is geometrical ergodic.
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Proof. The corresponding result and proof in [17] do not immediately apply since

they rely much on the assumption that 7(-|z) is locally stable, that is

(@ U (¢, 7)|x) < Mn(|x) (22)

for some constant A and all ¢ U (c,7v) € Qp with (¢,v) € ¢. This is not satisfied in
our case, since m()|z) = 0. However, we start by verifying that (22) holds whenever
¢ € Q,. Next we show that for any integer N, {¢ € Q, : card(¢) < N} is a so-called
small set for the chain. Thereby geometric ergodicity follows along similar lines as in

the proof of Proposition 3.3. in [17].

Let ¢ € Qg, and set 6’ = min{d,...,d),} and 6" = max{d7,...,0,,}. By (21),

m

W((ZS U (C, ’7)|£L’) < exp(—76) H 76;/ + €d’

m(¢|z) o€ (23)

because of the conditions on the kernel and since v; > € > 0. The upper bound in (23)
is a bounded function of v > € which attains its maximum at either the solution to the

equation

m 6;,
Z Yo + e 0

i=1

or, if there is no such solution, at the limit v = e. Thus w(¢ U (¢,7)|z)/m(¢|z) is
bounded from above by a constant M. Furthermore, it is bounded from below by

exp(—y0"|W]).

Since ¢(D) > 0 and f(c D k(ezr)>0 d¢(e,y) > 0, i = 1,...,m, there exists a
C,-Ti)>07’Yi<L dC(C,’Y) > 07 7/ =
1,...,m, and exp(—L§"|W|)((D) < 1. Let m' > max{m,M{(D) — 1} be an inte-
ger. Then, if N > card(¢) and P!(¢, F) denotes the transition probability for the

constant L > € so that ((Wex % (¢,L)) > 0, f(c )eD:k(

Metropolis-Hastings chain when it starts in ¢ € Q, and after ¢-steps belongs to an
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event F' C Q,,

’

[§ exp(=L&"|W[)¢(D)]™
(card(¢) + 1) - - - (card(¢p) + m')
1
" card(¢) + m'] - 2[1 + m]
1 MC(D) N —card(¢)
[5 C2(m! + 1)]

PN (¢, F) >

X

X (24)

/(Cly“/1)€D171<L /(Cmfﬂm')GDWm’ <L

{1, ), (o)) € FJEEEI . SECne )

corresponding to first adding (c1,71),..., (Cm/, V) to ¢, next deleting the points

in ¢, and finally making no changes when N — card(¢) births are proposed. Hence
PN (¢ F) > € Q(F) where

e - (1)’"” [exp(=L&" (D)™ m" {1 ) MC(D)} N
~\3 (N+1)---(N+m') (N+m')! m + 1

is a strictly positive constant and Q(F') denotes the integral (24). Note that Q is a
finite nonzero measure, since if we set z; = x,, for j > m,

Q) > /D : --/D 1[k(cj, ) > 0,7 < L, j=1,...,m’] dcé?l;;l) dg(?(%};;m’)

is strictly positive. Thus {¢ € Q, : card(¢) < N} is a small set.

5. Markov properties of shot noise Cox processes

The investigation of Markov properties of SNCPs provides deeper understanding
and is relevant to the considerations of edge effects.

Throughout Sections 5.1- 5.3 we assume that X is a SNCP with uniformly bounded
clusters, i.e. the kernel k(c, -) has support contained in b(c, ) where r > 0 is a parameter
which does not depend on ¢ € R?. For example, the uniform kernel (I) (but not the
Gaussian kernel (IT)) in Example 1 clearly satisfies this condition. For B C R?, we set

Bg, = U b(n,r) = {n € R? : dist(n, B) < r},
neB
and call A C B a maximal connected component of B if Ag, is a connected set, but
(AUn)g, is not for any n € B\ A. Moreover, we let C'(B) denote the set of maximal

connected components of B.
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It is intuitively clear that the connected components in C'(X) are conditional inde-
pendent in some sense, since offspring in different components have different parents,
and the parents generating nonempty clusters is a Poisson process. This intuition is
to some extend made precise in Sections 5.1 and 5.3. The connection to usual Gibbs
or Markov point processes [16, 40, 44, 45, 47] and to nearest-neighbour Markov point

processes [2] is discussed in Sections 5.1 and 5.2.

5.1. Local Markov properties

This section extends the results in [5, 8] concerning the nearest-neighbour Markov
property (in the sense of [2]) for finite Neyman-Scott and shot noise G Cox processes to
the general case of the restriction Xy of the SNCP X to a bounded Borel set W C R?.

We need first to introduce some notation. By (20) Xw is almost surely finite with

density

fw () = E{exp <|W| - /W Z(g)dg) II Z(§)] for finite  C W

[

with respect to the unit rate Poisson process IIyyy on W (indeed this is true for any
Cox process X with random intensity function Z). Clearly fw is hereditary, i.e. for
finite point configurations  C W and points £ € W \ z, we have that fu (z) > 0 if
fw(z U > 0. The Papangelou conditional intensity [20] is defined by

Aw (z,8) = fw(z U &)/ fw(x)

taking 0/0 = 0.

In general Xy is not a Markov process in the usual Ripley-Kelly [44] sense, since
Aw (2, &) will depend on points n € z \ b(§, R) for any R less than half the diameter of
W, cf. [5]. However, as shown after Proposition 6 below, Ay (z, ) depends only on z
through ye, i.e. the subset y C « with yU¢ € C(zU¢). Thus Xw is a nearest-neighbour
Markov process in the sense of Baddeley and Mgller [2].

Before stating Proposition 6 we need to introduce some further notation and a

lemma. For nonempty finite point configurations x C W, define

W= Y ] [ (— RC £)d£> [] vke.&)dcer)  (25)

i {al, i} j=1 gcai
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where the first sum is over ¢ = 1, ..., card(z) and the second sum is over all unordered

1

partitions of # into nonempty point configurations #',...,z* (it will be apparent from

the proof of Proposition 6 that z',..., 2% correspond to the nonempty X;nW).

Lemma 3. We have that

(i— 1)\W|/ / )dIy (21) ... dy (2f) = / > h(z',...,2")dDw (z)

(&1ssm?)

for any integer i > 1 and any measurable function h(x',...,z%) > 0, where the sum is

over all ordered partitions of x into i nonempty point configurations.

Proof. This follows immediately from the expansion

eIl
| // 1[{z1,...,2,} € Fldz; -+ dz
n. w w

where F' is any event for finite point configurations contained in W, and where the

n=0

term for n = 0 is read as 1[} € F].

Proposition 6. The density of Xy is given by
fw@) =cw [[ ¥w() (26)

with normalising constant

cw = exp <|W| - /pw(c, 7)d¢(c, 7))

and where the product in (26) is set equal to one if v = ().

Proof. Since neither the proof of the related result in Theorem 1 in [5] nor the
modified proof given in Section 4.2.2 in [8] immediately extend to the present more
general situation, we give here another (and simpler) proof.

By (ii) in Lemma 2,
P =0) = Paw =) =exp (= [pwlendcten) = War  (2)
whereby (26) is verified for z = (). Hence we need only to check that

P(Xw € F)/P(Xy = 0) = ¢V / I owydiw() (28)
yel(z)
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for any event F' of finite point configurations contained in W and with § ¢ F. By (iv)
in Lemma 2, conditional on ®w, X; N W associated to (¢j,7;) € ®w has density
Q(c; ) (#7) = exp <|W| =% /W (¢, € > [ I vik(esn € :|/PW(Cj>'7j)
g€

with respect to Iy . Hence, combining (27) with (ii) and (iv) in Lemma 2, the left
hand side in (28) is equal to

Zi—ll//---//l[a:l#@,...,xi#@,xlu...UxiEF]Hq(C].m)(a:j)
i=1 j=1

Ay (z")d¢w (c1,71) - - - Ay (2*)dCw (i, 72)

:i%//---//l[ml#@,...,mi#@,mlu...UmiEF]

Hexp<|W| %/ k(s € dg)“'[w N ]

{ex?

dllw (1‘1)(1((61,’)/1) T dHW(ml)dC(Ch’yl)

It is straightforwardly verified that this is equal to the right hand side in (28), using
first Lemma 3 and next the fact that []..,; vk(c;,§) = 0 whenever (z;)e, is not a

connected set.

It follows from (26) that

W(mag) = >‘W(y£7§) ‘IIW Ye Uf H ‘IIW (29)
z2€C (ye)

This verifies the claim above that Xy is a nearest-neighbour Markov point process.
Densities of a similar form as in (26) but for various kind of lattice and point process
models have been considered in several papers [5, 13, 32, 33, 36]. Using a terminology
similar to that in [36], we may call a finite point process with a density of the product

form (26) a Markov connected component point process.

5.2. Integral and differential characterisations

There are many equivalent ways of defining or characterising a Gibbs or Markov
point process X on R%, cf. [16, 40, 44, 45]. Below we first briefly present the integral

and differential equations in [16, 40], which are most convenient for our purpose. We
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next show how these equations can be extended to SNCPs provided the random set
Xg, has bounded connected components.

Suppose that E is a so-called energy function, i.e. a real measurable function defined
for all finite z C R? (we have for simplicity excluded the case where E(x) = oo; this case
is of interest when dealing with so-called hard core processes, but it is not of relevance
for the present paper). Furthermore, assume E has finite range of interaction R > 0,
i.e. for all finite z C R? and points £ € R? \ z, E(x) — E(z U ¢) depends only on z
through = N b(¢, R). Then for any locally finite point configuration 2 C R? and any
point ¢ € R? \ z, define

Az, &) = exp[E(x N b(¢,R)) — E((x Nb(E, R)) UL

Finally, assume that F is stable in the sense of Ruelle [45], i.e. there exists a constant
K > 0 so that E(z) > —Kcard(z) for all finite z C RY. Then X is a Gibbs point
process with energy function FE if and only if
B HE\EQ) = [ AT ORCE e (30)
fex
for nonnegative measurable functions h. From the integral equation (30) follows that
p(€) = EX(X,€) is an intensity function for X, and for Lebesgue almost all £ with
p(&) > 0, the reduced Palm distribution 135! for X is absolutely continuous with respect
to the distribution P for X, and we have the differential equation
Cl—Isfé(ﬂf) = \(,9), (31)
dpP
cf. (12).
Remarkably, although the SNCP X is in general not a Gibbs process in the sense
above, it satisfies both (30) and (31) with (X, X) replaced by (X, \) where

A(X, ) = E[Z(£)]X].

Indeed this is true for any Cox process specified by a random intensity function Z,

since by (7) and basic properties for conditional mean values,

ES h(X\€8) = EE{ S R(X 5,5)‘2] - E/ E(h(X,£)|2)Z(€)d

§eX fex

- / E[h(X, €) Z(€))dé = / E{E[Z(¢)| X]h(X, €)}de.
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In addition, for a SNCP X with bounded connected components, we have the following

extension of (29) for bounded regions W to the “infinite volume” R?.

Proposition 7. Suppose that with probability one any y € C(X) is finite, and let Y
denote the y C X with yU& € C(XUE). Then for Lebesque almost all & with p(§) > 0,
with probability one,
AX,€) = lim e, (X ND(E9),6) = ¥ (Yeue)/ [ (33)
z€C(Ye)

where U = Uya is given by (25) with W replaced by R?.

Proof. With probability one, the Poisson process X|® has no atoms, so £ ¢ X.
Since X is locally finite, only finite many y € C(X) has dist(y,£) < 2r, and Y¢ is
the union of such y, so Y; is finite almost surely. Consequently, with probability one,
Ye C b(&, s—r) for all sufficiently large 5. As Wy o) (2) = ¥(x) for finite z C b(&, s—7),
we obtain that the second identity in (33) is satisfied almost surely, cf. (29).

By (30) with (X,)) replaced by (X,)), repeating the arguments at the beginning
of the proof of Proposition 2, the first identity in (33) follows if for any bounded Borel
sets A, B C R?,

EZ1[§€A,(X\g)mB:@]:/A { XnBlEY: v/ [[ (= } (34)

gex 2€C(Y)

By (7)

EZl[geA,(X\g)ﬁB:(b]:]E]E{Zl[geA,(X\g)ﬂB:(b]‘cb}

eXx £eX

:E/Az(g) [X N B = 0]d¢ = / 1[X N B =0))d¢

so let us consider the latter mean value for an arbitrary fixed £ € A and write X, =

Xi(e,s)s fs = foe,s), and Iy = Tl 5). Then

E(Z(§)1[X N B = 0])

= lim E(Z(§)1[X; N B =0,Y: Cb(&, s —1)])

§—00

~ fim IE/ Z(E)1[z N B = 0,ye C b(&, s — )] (35)

exp (|b<f,s>| - " Z(n)dn) I] Z(am. ()

nex
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using the monotone convergence theorem and the facts that B is bounded and Y% is
finite almost surely to obtain the first equality, and the definition of X as a Cox process
for the next equality, where y¢ denotes the y C o with y U ¢ € C(z U§). By Fubini’s
theorem we can interchange the order of the expectation and integration in (35), and
B 2@ e (069l - [ znan) [1200] = e09) = 0. 01.(0)
b(Es) nes
where ye C b(§,s — r) implies that
Ao(@, ) = ¥(yeue)/ [[ (=
2€C (ye)
If (Y5)e denotes the y C X with yUg € C(XUE), then (Ys)e = Ye for (Ys)e C b(E,s—r),

and so
E(Z(1[X N B =10))

= lim [ 1z N B =0,ye Cb(&,s —7r)]As(z,€) fs(x)dILy(x)

§—>00

:limE{ [X,NB =0, (V) € b(e,s — 0o/ [ ¥ }

e z€C(Ye)
:E{ X NBle(:ug)/ [[ v }
z€C(Ye)

using again the monotone convergence theorem. Thereby (34) is verified.

The condition that the connected components in C(X) are almost surely finite can
be rephrased as the condition that the balls b(¢,7), € € X, do not percolate. This is
clearly the case if the balls b(c;,2r), ¢; € C, do not percolate. Some results are known
when C is a stationary Poisson process: for d = 1 there is no percolation (Theorem
3.1 in [30]), but for d > 2 only some rather wide bounds are known for the “critical
density” of C (see e.g. Theorem 3.10 in [30]). We refrain from a further discussion of

percolation in the present paper.

5.3. Global Markov properties

A global Markov property for nearest-neighbour Markov point processes can be
established for Xy when W C R? is a bounded Borel set, cf. [21, 33]. Corollary 2
below establishes a related result for the “infinite volume”, i.e. a global Markov property

for both Xy and Xyye, where W¢ = R\ W.



Shot noise Cox processes 27

We start by establishing a slightly more general result, where D(-) read as “distri-

»

bution of -7 and D(+|---) as “conditional distribution of - given ---”. Since we deal

with the “infinite volume”, the proof is different from that in [21].

Proposition 8. Let B C R? be a given Borel set, let C = Cg(X) denote the union of
those y € C(X) with dist(y, B) < r, and assume that C is finite almost surely. Then

DX\ C|C) =D(Y \ (Bgr U Ca2r)) (36)
where Y is independent of X and D(Y) = D(X).

Proof. The proof is rather trivial if C' = (), so let us assume that C' # (. Below
we recursively define X(Y) as the union of clusters in X with offspring in U(®) = By,
X as the union of clusters in X with offspring in U™ X&)r but no offspring in
U© X3) as the union of clusters in X with offspring in U®) Xe(922)r but no offspring
in U® y UM, ete. Clearly, with probability one, since C is finite and nonempty,

= UL, X where 1 < T < 00, X0 # @ for i = 1,...,1, and XU+D) = 0.
Furthermore, we let X(©) = X \ (BgrUCg2r), and let ®; C & be the process of centres
and intensities corresponding to the nonempty clusters for X, i = 0,1,2,...,1.
Thereby X = U X® and & = ngo ®; where in each union the I + 1 sets are
disjoint point processes.

Case i = 1: Using a notation as in Lemma 2, if p1 = ppw, (& = (go = pi(
(meaning that ¢; is the measure defined by ¢1(D) = [}, pi(c,7)d¢(c,) for Borel sets
D C R* x (0,00)), and ®; = &0y, then X |<I>1 is the union of independent clusters
with a distribution as in (iii) in Lemma 2 (with B = U(®)). Furthermore, set U(}) =
XU, G =0=-p)¢ ® =@\ &, and X; = X \ XU, Then by (i) in Lemma 2,
&, |(®,, X (M) is a Poisson process with intensity measure ¢, and by (v) in Lemma 2,
X,|(®1, XM, &) is the union of independent clusters where the cluster associated to
(¢cj,vj) € ®) is a Poisson process with intensity function & — v;k(c;,€)1[¢ & U©].

Case i > 2: We consider only this case as long as X~ # (. Conditional on

Ty = (81, XD, .. &y, X)), set

i—2
Vv, = Ut-b \ U U(J’),
j=0

and use (i)-(iii) in Lemma 2 with p; = py;, ¢ = pi(;_;, and & = ®y; to conclude
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that X(|(T;, ®;) is the union of independent clusters with a distribution as in (iii)
in Lemma 2 (with B = V;). Set U = XU, ¢ = (1 —p)Gi1, ®; = @\ U\, &,
and X; = X\ U;Zl X, By (i) and (v) in Lemma 2, ®;|(T;, ®;, X(") is a Poisson
process with intensity measure C;, and le |(T;, ®;, XD, <I>;) is the union of independent
clusters where the cluster associated to (c;,v;) € ®; is a Poisson process with intensity
function & — v;k(c;, €)1[€ € V;]. Note that ¢; = [H] (1= pj)]¢, where

i

[T - pyteo) =exw (= /U 0 6)ic)

j=1

as the sets U©) V5, ..., V; are disjoint and UQ UV, U...UV; = U’ L U@, Note also
that the first time we obtain that X = ), then I =i — 1 and

I
Vo= JUY =Bs, UXE), U...UXE), = Bgr UCaay.
J=0
Case i = 0: It follows now that ®q|(®;, X1 ... &;, X)) is a Poisson process with

intensity measure (y = po(, where

I

i) = [10 = piten) =exp (=

j=1

ke, ).

Vo

and XO|(®y, ®,, XV, ..., ®;, XD) is the union of independent clusters where the
cluster associated to (cj,7v;) € ®o is a Poisson process with intensity function £ —

vik(cj, €)1[€ & Vo]. By definition of C, X \ C' = X \ Vo = X 50
DX\ C|®, XV, ... &, XDy =D(XO|®,Vy) = D(Y \ Vo), (37)

whereby (36) follows.

The condition in Proposition 8 that C' is almost surely finite is satisfied if e.g. B is
bounded and X has almost surely no infinite connected components. The proof above
depend on having a finite C' or equivalently a finite I (this was used in (37) to obtain
a well-defined conditional distribution). Intuitively, due to the strong independence
properties in a cluster process, one may propose that Proposition 8 remains true
without this restriction. Possibly this can be established by a limit argument, but

we do not attempt to verify this here.
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Corollary 2. Let OW denote the boundary of a given bounded Borel set W C R?, and
assume that C = Caw (X) is finite almost surely. Then Xw and Xwe. are conditionally

independent given C, and

D(Xw \ CIC) = D(Yw \ (Caar UOWey,)) (38)

and

D(Xwe\C|C) =D(Ywe \ (Cazr UWg;,)). (39)

Proof. We have that X4 and Xp are independent for Borel sets A, B C R? with
dist(4, B) > 2r, as D(X4|Z) = D(Xal|Za,,) and D(X|Z) = D(XB|ZpB,,) where
Zag, =1Z(&) 1€ € Ag,} and Zp,, = {Z(£) : £ € Bg,} are independent. Thus Yy \
(OW) gy and Yyye \ (OW) g, are independent since dist (W \ (OW ) gy, W\ (OW ) ) > 27
Hence, since C' and Y are independent, conditional on C, we have that Yy \ (CUOW ),
and Ywe \ (C'UOW)g, are independent. The results follow then immediately from
Proposition 8 with B = dW.

By (38)-(39) the conditional distribution of Xy \ C given C' depends only on C
through C N W, and the conditional distribution of Xy \ C' given C' depends only on
C through C'\ W. We call C the splitting set, C "W the inner splitting set, and C'\ W
the outer splitting set for W. It seems plausible to claim that these splitting sets are
minimal, i.e. that for example C N W is the smallest random closed set A C W with
the property that D(Xw|A, X4, Xwe) = D(Xw|A4, Xa) (note that C = X¢). We shall

not attempt to verify this here.
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