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Abstract

Given a W*-algebra 9 with a W*-dynamics 7, we prove the existence of the
perturbed W*-dynamics for a large class of unbounded perturbations. We compute
its Liouvillean. If 7 has a S-KMS state, and the perturbation satisfies some mild
assumptions related to the Golden-Thompson inequality, we prove the existence of a
B-KMS state for the perturbed W*-dynamics. These results extend the well known
constructions due to Araki valid for bounded perturbations.



1 Introduction

1.1 W*-dynamics and KMS states

Let 9t be a W*-algebra equipped with a W*-dynamics (a 1-parameter pointwise o-weakly
continuous group of x-automorphisms) R 3 ¢ — 7¢. The pair (90, 7) is often called a W*-
dynamical system. Let () be a self-adjoint element of 9t. A well known convergent power
series expansion, that can be traced back at least to Schwinger and Dyson, can be used
to define the perturbed W*-dynamics which we denote by R > ¢ — Té. The difference
of the generators of 7 and 7 equals i[Q,-]—in fact, the W*-dynamics 7¢ is uniquely
characterized by this property.

Suppose in addition that 8 > 0 and that 7 possesses a 3-KMS state w. Araki proved
that in this case the dynamics 7¢ also possesses a canonical 3-KMS state wg. More
precisely, if w(A) = (QAQ), where Q is the vector representative of the state w in the
standard positive cone, and L is the so-called Liouvillean of 7, then the vector {1g :=
e ALFQ/2Q) is well defined and the state wg(A) == (Q|AQ0)/[|Q0||? is B-KMS for the
W*-dynamics 7.

The above two constructions play an important role in applications of operator algebras
to quantum statistical physics. Whereas the construction of the perturbed W*-dynamics
7o is relatively easy and not very surprising, the construction of the perturbed KMS state
wq is more subtle and has a far-reaching physical importance. The both constructions,
however, have one technical weakness which restricts the range of their applications: the
perturbation () is assumed to be bounded. In many physical applications the operator ()
is unbounded and is only affiliated to 9.

In this paper we extend the construction of the perturbed W*-dynamics 7o and the
(10, B)-KMS state wg to a large class of unbounded perturbations ) affiliated to 9t. An
application of these results is discussed in [DJ2] and concerns spectral and ergodic theory
of Pauli-Fierz systems.

The proof of the first result—the construction of 7¢—is again relatively simple and
does not involve much more than an application of the Trotter product formula. The
proof of the second result—the construction of wg—is more involved. Its main idea is
the use of the so-called Golden-Thompson inequality. The Golden-Thompson inequality
in its original form says that if A, B are matrices, then

Tret? < Tretel.

Translated into the language of W*-algebras and KMS states, the Golden-Thompson
inequality can be put into the form

190 < lle=*?Q]. (1.1)

In our approach, the Golden-Thompson inequality is used to control the perturbed KMS-
states and gives an upper bound, which combined with a weak convergence argument
enables us to construct {1 for a large class of unbounded Q.



In the literature there exists a different approach to the construction of the perturbed
KMS states for unbounded perturbations, which is restricted to perturbations bounded
from below. One of its versions has been developed by Sakai [Sa2]; another version
(applicable to generalized positive operators which may not have a dense domain) is due to
Donald [Don] (his method is also discussed in monograph [OP]). The Sakai-Donald theory
does not cover perturbations which are unbounded from both sides, and in particular is
not applicable to Pauli-Fierz systems.

The W*-algebraic form (1.1) of the Golden-Thompson inequality was first proven
by Araki [Ar2]. A different proof, based on an application of Uhlmann’s monotonicity
theorem for the relative entropy [Uh], was given in [Don].

1.2 Liouvilleans

The term Liouvillean has become quite popular in the recent literature on algebraic quan-
tum statistical physics. The meaning of this term can vary depending on the author.
Therefore, we would like to devote some space to a discussion of possible meanings of the
term Liouvillean in the context of W*-dynamical systems.

Let (9, 7) be a W*-dynamical system. It is often important to construct a represen-
tation of 91 equipped with a unitary implementation of the W*-dynamics 7. There are
two natural approaches to such construction.

The first approach presupposes that 7 has an invariant normal state w. In the cor-
responding GNS representation this state is represented by a cyclic vector 2. Then it is
easy to see that there exists a unique self-adjoint operator L such that

THA) = el Ae LQ = 0.

The operator L defined this way can be called the {2-Liouvillean of 7.

In the second approach one chooses the so-called standard representation of 99T on a
Hilbert space H. One of the objects that go together with the standard representation is
the so-called positive cone H*. A general theory of standard representations implies that
there exists a unique self-adjoint operator L such that

Tt(A) _ eitLAefitL, eitLH+ C H+.

The operator L defined in this way can be called the standard Liouvillean of 7, or simply
the Liouvillean of 7.

The two setups overlap if the invariant state w is faithful and 2 € H™. In this case the
Q-Liouvillean of 7 coincides with the standard Liouvillean of 7. This fact is important
for applications of W *-algebras to quantum statical physics.

If one is interested in the case of equilibrium, then the first approach to Liouvillean
suffices. In non-equilibrium situations one needs the second approach.

The (standard) Liouvillean encodes in a particularly convenient way the properties
of the dynamics. This has been demonstrated in many places in the recent literature



[BFS, DJ2, JP1, JP2, M]. The Liouvillean is also one of the main technical tools of our
paper.

If L is the Liouvillean for the W*-dynamics 7, then one may ask what is the Liouvillean
for 7. If @ is bounded, then the answer is Ly = L + Q) — JQJ, where J is the modular
conjugation. We will establish the same result for unbounded () under some mild technical
assumptions.

1.3 Organization of the paper

We start our paper with a concise review of some aspects of the theory of W*-algebras.
The choice of topics is motivated by some recent applications of W*-algebras to quantum
statistical mechanics [BFS, DJ1, DJ2, JP1, JP2, M]. Among other things, we will discuss
the two possible definitions of the Liouvillean. For most of the proofs in Section 2 the
reader is referred to the literature, especially [BR1, BR2].

In Section 3 we describe the perturbation theory of W*-dynamics and Liouvilleans.
We describe in particular the case of unbounded perturbations, which goes beyond what
we could find in the literature.

To make our paper more accessible, we have included in Section 4 the proof of the
Uhlmann’s monotonicity theorem [Uh| and Donald’s proof of the Golden-Thompson in-
equality [Don]. A somewhat different presentation of this topic can be found in [OP].

Section 5 contains the perturbation theory of KMS states. The subject naturally
splits into three levels. The most restrictive level concerns analytic perturbations. In this
case the proofs are essentially algebraic and relatively simple. The next level concerns
bounded . This is the case considered by Araki [Arl], see also [KL, BR2, Sal, Si.
Finally, we develop perturbation theory for a class of unbounded (). In all the cases we
prove a number of properties of (), including the Peierls-Bogoliubov and the Golden-
Thompson inequalities. We stress that the Golden-Thompson inequality is at the same
time an important ingredient of our proof of the existence of {2g. We also prove a number
of estimates that can be used to compare the vectors €2 and Qg. Some of these estimates
appear to be new.

We have attempted to make the paper reasonably self-contained so that it can serve
as a brief introduction to some recent works on algebraic quantum statistical physics.
Our presentation is in some respects complementary to the presentation in the standard
literature such as [BR1, BR2, OP]. In particular, we tried to emphasize the use of the
standard representation and the Liouvillean.
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P03A 019 15 financed by a grant of Komitet Badan Naukowych. A part of this work was
done during a visit of the first author at the Aarhus University supported by MaPhySto
funded by the Danish National Research Foundation and during a visit to University of
Montreal. The research of the second author was partly supported by NSERC.



2 General facts about IW*-algebras

In this section we recall some basic definitions and facts about W*-algebras which will
play a role in our paper. For additional information and proofs we refer the reader to
[Sa3, BR1, BR2, StZs, St].

There are two approaches to the theory of W*-algebras: the concrete and the abstract
approach. In the concrete approach one starts with the notion of a concrete W*-algebra
(called also a von Neumann algebra), defined as a %-algebra of bounded operators on a
Hilbert space which equals its own commutant. This is in fact the original definition that
dates back to the works of von Neumann. In the abstract approach, due to Sakai [Sa3],
one defines an abstract W*-algebra as a C'*-algebra that possesses a predual.

These approaches are essentially equivalent: every abstract WW*-algebra can be repre-
sented as a concrete IV *-algebra and every concrete W *-algebra is an abstract W*-algebra.

The concrete approach is historically the first and is used in most monographs, eg.
[BR1, BR2, StZs]. The abstract approach has been developed in [Sa3]. In some respects
the abstract approach is more difficult from the pedagogical point of view—many ba-
sic properties of W*-algebras are more difficult to show starting from Sakai’s definition
than starting from von Neumann’s definition. Nevertheless, one can argue that Sakai’s
approach is conceptually superior: it helps to distinguish the notions that are intrinsic
from the notions that are representation dependent. In our presentation we will stress the
abstract approach.

2.1 Abstract W*-algebras

If X is a Banach space, then )Y is called a predual of X iff X' is the dual of Y

9 is an (abstract) W*-algebra if it is a C*-algebra which possesses a predual. It can
be shown that every W*-algebra 9 possesses a unique predual (up to isomorphism). It
will be denoted by 91,.. Elements of 91, will be called normal functionals on 9.

The topology on 9t generated by the seminorms |w(A)|, w € M., is called the o-weak
topology. The topology on 9t generated by the seminorms |w(A*A)|'/2, w € 9M,, is called
the o-strong topology.

M denotes the set of positive elements of M,. Elements of M satisfying w(1l) =1
are called normal states. The set of normal states is denoted 211,

Let w € M and let N be a W*-subalgebra of M. The support of w with respect to
M is defined as

s7:=sup{P € M : P is an orthogonal projection and w(1 — P) = 0}.
In particular, the support with respect to 9t will be called just the support of w and
denoted s,. The support of w wrt the center of 9t will be called the central support of w

and denoted z,,.



w € M} is called faithful iff s, = 1. A W*-algebra is called separable if it possesses a
faithful state.

Let 90T, 9t be W*-algebras and 7 : 9 — 9T a homomorphism. We say that 7 is normal
iff 7 is o-weakly continuous.

2.2 Concrete W*-algebras

If C C B(H), then the commutant of C will be denoted by C'.

We will say that 90t is a concrete W*-algebra (or a von Neumann algebra) iff Ot C B(H)
for some Hilbert space H and 9" = 9. A concrete W*-algebra in B(#) is a W*-algebra
inside B(H) containing the identity. Every abstract W*-algebra is x-isomorphic to a
concrete W*-algebra.

Let 90t be an abstract W*-algebra and 7 : 9 — B(H) a representation. Then 7(90)
is a concrete W*-algebra iff 7 is normal.

Given an injective normal representation 7w : 9 — B(#H), we will often identify 90t
with 7(90).

2.3 Concrete affiliations

In the following two subsections we recall the concept of operators affiliated to a W*-
algebra. This concept is well-known in the case of concrete W*-algebras, see eg. [BR1].

Let 9t C B(#H) be a concrete W*-algebra. Let A be a closed densely defined operator
on H and D(A) its domain. We say that A is affiliated to 9 iff for all A" € M', A'D(A) C
D(A) and AA' = A’A, on D(A). Let M™ be the set of operators affiliated to 9.

Theorem 2.1 (1) If A is self-adjoint on H, then A is affiliated to M iff all bounded
Borel functions of A belong to M.

2) If A is a closed operator, then A is affiliated to M iff A(1 + A*A)~1/2 ¢ 9.
(2) p ,

2.4 Abstract affiliations

The concept of affiliation can be introduced for abstract W *-algebras in a fashion indepen-
dent of representations. Our definition of an operator affiliated to an abstract W*-algebra
is directly inspired by the definition of the affiliation in the context of C'*-algebras due
originally to Baaj and Jungl [BaJu| and elaborated by Woronowicz [Wo]. We are grateful
to S. L. Woronowicz for a discussion of this issue.

Let 9t be an abstract WW*-algebra. In this subsection we will consider linear operators
acting on M. The domain of an operator A on 9 will be denoted by Dom(A). (We
reserve the notation D(A) to denote the domain of an operator A acting on a Hilbert
space.)



Let A be a linear mapping acting on 9t. We say that A is affiliated to 9 and write
A € M, iff there exists B € M such that |B|| < 1, (1 — BB*)M is o-weakly dense in 9
and, for any C, D € 9,

C € Dom(A) and AC =D <= BC = (1 - BB*)'?D.

If such B exists, then it is unique. We set z(A) := B. In [Wo], z(A) is called the
z-transform of A.

One can show that if A € 9", then Dom(A) is o-weakly dense and A is closed, both
in the norm topology and in the o-weak topology.

Note that every A € 90t may be identified with a linear map on 9t with Dom(A) = M
(given by A(C) = AC) and thus it is an element of 9M"7. The z-transform of A € 9 equals

2(A) = (1 4+ AA*) 124,

The following theorem describes the relationship between abstract and concrete affil-
iations. It shows that in the case of an injective normal representation we can identify
abstract and concrete affiliated operators.

Theorem 2.2 Let m : MM — B(H) be a normal representation preserving the identity.
Then there erists a unique extension of T to a surjective map 7 : I — (M) satisfying

(1+ m(A)m(A)") " m(A) = m(2(A4)),

If m s injective on IM, then its extension on M is injective as well.

2.5 Vector representatives of states
Let 9 C B(#H) be a W*-algebra and Q a vector in H. Then
wa(A) = (Qr(A)Q)

defines a normal positive functional on 9. We say that Q2 is a vector representative of
waq. wq is a state iff 2 is normalized.

The support and the central support of w are also called the support and the central
support of €2 and denoted s and zq respectively. We thus have

Swa = SO, Ly = 7.
The support of 2 wrt the W*-algebra 9 will be denoted sg,. One shows that
Ransg = (M'Q)Y,  Ransp, = (MQ)Y,

where cl stands for the closure.

A vector €2 € H is called cyclic if si, = 1. A vector (2 is called separating if s = 1, or
equivalently, if it is a vector representative of a faithful state.

The following construction, called after Gelfand, Naimark and Segal, associates to
every normal state a normal representation equipped with a cyclic vector.



Theorem 2.3 (The GNS construction) Let w be a normal state. Then there exist a
(unique up to a unitary equivalence) Hilbert space H, a normal representation 7 : I —
B(H) and a cyclic vector Q € H, such that

w(A) = (QlT(A)Q).

The representation w is injective on z,9 and zero on (1 — z,,)IN.

2.6 Automorphisms of IV *-algebras

Let Aut(91) denote the group of x-automorphisms of a W*-algebra 9. We equip Aut(9)
with the following topology: if p, is a net in Aut(9) and p € Aut(9M), then p, — p iff
for all A € M, po(A) — p(A) o-weakly. This topology is called the pointwise o-weak
topology.

A one parameter pointwise o-weakly continuous group R > ¢ — 7° € Aut(9M) is called
W*-dynamics on 9. The pair (9, 7) is called a W*-dynamical system.

Let 9t C B(H) be a concrete W*-algebra and p € Aut(9t). We say that p is imple-
mented by U € U(H), where U(H) denotes the set of unitary operators on H, iff

p(A) = UAU™. (2.2)

Let t — 7' be a W*-dynamics on 9 and ¢ — U(t) € U(H) a strongly continuous group.
We say that 7 is implemented by U(t) iff

TH(A) = U(t) AU (1)". (2.3)

In general, neither x-automorphisms nor W*-dynamics need be implementable. If
they are, the implementation is not unique. In the next subsections we will describe two
situations where there exist distinguished implementations.

2.7 Automorphisms with a fixed invariant state

Let w € M and p € Aut(9). We define p*w € M by p*w(A4) = w(p(A)). We say
that w is p-invariant if w = p*w. The automorphisms that leave w invariant form a group
denoted Aut,, ().

If p € Aut,, (9M), then p(z,) = 7, and p(s,) = s,. Thus p maps 7,9 and (1 — z,)M
into itself, and without loss of generality we may assume that z, = 1. By passing to
the GNS-representation we may assume that 9 C B(H) and that 2 is a cyclic vector
representative of w.

Proposition 2.4 There exists a unique representation

Aut,(9M) 3 p— U%(p) € U(H)



such that

UR(p)Q=Q, U (p)AU(p)* = p(A).
It is continuous if we equip Aut, (9N) with the pointwise o-weak topology and U(H) with
the strong operator topology.

Proof. One just sets
U(p)AQ = p(A)Q, AecMm.

O

U%(p) will be called the Q-implementation of p.

Suppose now that ¢ — 7! is a W*-dynamics that leaves w invariant. Then, by Theorem
2.4, 7 is implemented by a strongly continuous unitary group R > ¢t — U%(7!) € U(H).
The self-adjoint generator of U?(r!) will be denoted L and called the -Liouvillean of
7t (Thus U%(r) = eltL?).

The following fact is a corollary of Proposition 2.4:

Proposition 2.5 The operator L is the unique self-adjoint operator such that

L0 =0, 747" = 11(4), A€M

2.8 The Tomita-Takesaki theory

Let w be a faithful state on 9I. By passing to the GNS representation we may assume
that 9t C B(H) and that w has a vector representative {2 which is cyclic and separating.

The following theorem summarizes the results of the well-known Tomita-Takesaki
theory.

Theorem 2.6 (1) Define the operator Sq with the domain I by
SaAQ = A*QL.

Then Sq s antilinear, closable, has a zero kernel and cokernel. Its closure will be
denoted also Sq. Let Sq = JA}Z/Q be its polar decomposition;

(2) J is an antiunitary involution;
3) Agq is a positive operator satisfying JAqJ = Agt and AqQ = Q;
yimg Q

(4) The map -
(A) = ATTAAY e M, A e,

w

s a W*-dynamics on MM and —log Aq is its Q2-Liouvillean.

The W*-dynamics 7, is called the modular dynamics.
We remark that in [BR1] the modular dynamics is defined by of (4) = A¥AA™ 5o

ol = 1% This definition has its roots in early mathematical works on Tomita-Takesaki

theory and is inconvenient for applications to quantum statistical physics.



2.9 Standard form

One of the central notions of the theory of W*-algebras is the so-called standard form. It
has been introduced by Haagerup [Haal, following the work of Araki [Ar3] and Connes
[Co].

A W*-algebra in a standard form is a quadruple (9, H, J, H "), where H is a Hilbert
space, M C B(H) is a W*-algebra, J is an antiunitary involution on H (that is, J is
antilinear, J? = 1, J* = J) and H" is a self-dual cone in H such that:

(1) JMJ = 9,

(2) JAJ = A* for A in the center of 9;
(3) JU =V for ¥ € Ht;

(4) ATJTAHT C H' for A € M.

If 9 is an abstract W*-algebra, then we will say that (7, H,J, H*') is its standard
representation if 7 : 9t — B(H) is an injective representation and (7w (9M), H, J, H*) is a
standard form.

Theorem 2.7 Let M be a W*-algebra with a faithful state w. Let m : M — B(H)
be the corresponding GNS representation with the cyclic vector 2. Let J be the modular
conjugation obtained by the Tomita- Takesaki theory and Ht := {m(A)Jr(A)Q: A € M}
Then H™ is a self-dual cone and (w,H,J,H") is a standard representation of M. If
(m,H, Ji, H) is another standard representation of M and Q € HY, then H = HF and
Jl - JQ.

Theorem 2.8 Every W*-algebra 9N possesses a standard representation. Moreover, if
(m1, Ha, J1, HY) and (my, Ha, Jo, H3) are two standard representations of M, then there
exists a unique unitary operator W' : H; — Ho such that

W,Tﬁ (A) = Ty (A)W,,
W'HT = H;.
We then automatically have W'.J, = J,W'.

If 90t is separable, then Theorem 2.8 is proven eg. in [BR1]. In this case the existence
part follows from Theorem 2.7.

If 90 is non-separable, the theorem is proven using weights instead of states. The
details can be found in [Haa, St].

2.10 States and automorphisms in the standard representation

In this subsection we fix a W*-algebra in the standard form (9, H, J, H™).
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Theorem 2.9 (1)
HT 20— wq € E)ﬁj

15 a bijection. Its inverse will be denoted
M o>w—sQ, eHT.

(2) If U, & € H", then
17— @* < [lww — wall < 1T — 2[[|T + 2.

(3) If Q € HT, then Q is cyclic < ) is separating < wq is faithful.
(4) For Qe H*, sq = Jsq .

The vector €, € H* will be called the standard vector representative of w.

A unitary operator U on H is called a standard unitary operator iff
(1) UHT =HT,
(2) UMU* = M.

Theorem 2.10

(1) If U is a standard unitary operator, then JU = UJ and UM'U* =
'

(2) There exists a unique unitary representation

Aut(OM) 3 p— U(p) € U(H) (2.4)

satisfying the following conditions:
(a) U(p)AU(p)* = p(A), A € M;
(b) U(p)HT C HT.

(3) The image of (2.4) is the group of standard unitary operators.

(4) (2.4) is continuous if Aut(9M) is equipped with the pointwise o-weak topology and
U(H) with the strong operator topology.

(5) U(p)Qy = Qp-1s, for all w € M.
U(p) will be called the standard implementation of p.
Suppose that ¢ — 7t is a W*-dynamics on 9 and let U(7%) be as in Theorem 2.10.
Then there exists a unique self-adjoint L such that
U(r') = e

The operator L will be called the standard Liouvillean of the W*-dynamics 7, or simply
the Liouvillean of 7.

11



Theorem 2.11 The Liouvillean of T is the unique self-adjoint operator L satisfying
eithH-i- C ?’[+, eitLAe—itL — Tt(A), Ac m,
for allt € R.

The final result we wish to mention follows easily from Theorems 2.9 and 2.10. It
has been a key tool in recent investigations of invariant states of a certain class of W*-
dynamical systems called Pauli-Fierz systems [BFS, DJ2, JP1, JP2, M].

Theorem 2.12 Let 7 be a W*-dynamics and L the corresponding Liouvillean. Then
{we : ® e HM NKerL} = {w e M} 1w is 7" invariant }.

Consequently,

(1) dimKerL =0 < there are no normal T-invariant states.

(2) dimKerL =1 & there exists exactly one normal T-invariant state.

We will not make use of this result in our paper.

2.11 Comparison

In some circumstances the setups of Subsections 2.7 and 2.10 overlap. Recall that in
Subsection 2.7 we have a W*-algebra 91 with a faithful state w. We can assume that
9 C B(H) and that w has a cyclic vector representative 2.

By Theorem 2.7, we can construct J and H* so that (9, H, J, H") is a standard form
and Q € H™T.

Proposition 2.13 Let p € Aut,(9M). Suppose that U € U(H) implements p, that is
p(A) =UAU*, A € M. Then the following conditions are equivalent:

(1) UQ=Q (U= U%(p) is the Q-implementation of p);
(2) UHT =HT (U =U(p) is the standard implementation of p).

Proof. We know from Theorem 2.4 that the Q2-implementation of p exists and is unique.
We also know from Theorem 2.10 that the standard implementation of p exists and is
unique. Hence, it is sufficient to show the implication in one direction.

(2)=(1). The vector U2 determines the state p*w = w. Hence the vectors U, Q
belong to the cone H* and determine the same state. This implies U2 = Q. O

As a corollary, if the invariant state w is faithful, then the concepts of the Q-Liouvillean
and the standard Liouvillean coincide.

12



Proposition 2.14 Let t — 7' be a W*-dynamics on I that leaves invariant a faithful
state w. Suppose that L is a self-adjoint operator such that '(A) = el Ae L. Then the
following conditions are equivalent:

(1) LQ =0 (L = L? is the Q-Liouvillean of T);
(2) ForteR, eLHT C HT (L is the standard Liouvillean of ).

2.12 KMS states

In this subsection we recall basic properties of KMS states. Let (90, 7) be a W*-dynamical
system.

Definition 2.15 Let 3 > 0. w € M is called a (1, 3)-KMS state if for any A, B € M
there exists a function Fu p(z), analytic in the strip {z : 0 < Imz < B}, continuous on its
closure, and satisfying the KMS boundary conditions for t € R:

Fap(t) = w(ATY(B)),
Fag(t+iB) = w(t"(B)A).

Theorem 2.16 Let w be a (1, 3)-KMS state and 5 > 0. Then

1) w is T-invariant.

(

(2) sy = 2y. (In particular, w is faithful on z,9M).

(3) If B e ZU_,?) where 3 is the center of M, then 7'(B) = B.

(4) Let 1, be the modular dynamics on z, 9 generated by w. Then
t o = o,

The Tomita-Takesaki theory and the KMS condition are in a way converse to one
another:

Theorem 2.17 Let w be a faithful state on O and 1, its modular dynamics. Then w is
a (7,,1)-KMS state.

Let (9, H, J,H) be a standard form. We say that Q is a standard (7, 5)-KMS vector
iff it is a standard vector representative of a (7, 3)-KMS state.

Suppose that L is the Liouvillean of 7. The following theorem gives a criterium for
the KMS property expressed in terms of Hilbert spaces.

Theorem 2.18 Let Q) € HT be a unit vector. Then

13



(1) Q is a standard (7, 3)-KMS vector iff MQ C D(e PL/2) and
e P2 AQ = JA*Q, A e M.

(2) If in addition Q is cyclic and Agq is the corresponding modular operator, then
AQ = e_ﬁL.

2.13 Convergence

It is often convenient to reduce the study of W*-dynamics and normal states to the study
of corresponding Liouvilleans and standard vector representatives. In this subsection we
apply this point of view to the convergence properties of W*-dynamics, invariant states
and KMS states.

Theorem 2.19 Assume that (I, H, J,HT) is a W*-algebra in the standard form.

(1) Suppose that 1, is a sequence of W*-dynamics with Liowvilleans L,,, L is a self-adjoint
operator, and L, — L in the strong resolvent sense. Then

Tt(A) = eitLAe—itL
15 a W*-dynamics on 9N and L 1s its Liouvillean.
(2) Assume in addition that w, € M are 1, -invariant and Q,, are their standard vector

representatives. Suppose also that w—lim,, Q, = Q. Then Q € H™ and the functional
wq 18 T-tnvariant.

(3) Assume in addition that w, are (7,, §)-KMS states and that Q # 0. Then wqq| is
a (1, 3)-KMS state.

Proof. (1) Let A € 9. We have s— lim,,_,, eT*f» = ei'f hence
s— lim eltfn Ao 1thn = oltL 4o 1L c 9,
n—oo
Therefore 7 is a W*-dynamics.
Since H* is closed and ei*'»
of 7.
(2) Since H™T is weakly closed, 2 € H*. Moreover, since 2, € D(L,) and L,Q, = 0,
by Proposition A.6, Q@ € D(L) and L) = 0.
(3) Let A € M. Q, are (1,, #)-KMS vectors, hence

exp(—3L,/2)AQ, = JA*Q,.

Since exp(—/L,/2) — exp(—FL/2) in the strong resolvent sense, JA*Q,, — JA*Q) weakly,
and AQ, — AQ weakly, it follows from Proposition A.6 that AQ € D(e #%/?) and

e PL2AQ = JA*Q. (2.5)
Hence Q/]|?]| is a (7, 5)-KMS vector. O

preserve Ht, el’X preserves HT. Hence L is the Liouvillean
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2.14 Analytic elements

Let (9, 7) be a W*-dynamical system. An element A € 9 is called 7-analytic if there
exists a strip I(r) = {z : [Imz| < r} and a function f : I(r) — 90t such that:

(1) f(t) =7(A) for t € R;

(2) I(r)  z = ¢(f(2)) is analytic for all ¢ € IM,.

Under these conditions we write f(z) = 7%(A). A standard argument based on the
uniform boundedness theorem shows that f(z) is actually analytic in the norm of 9.
If r = 0o, then we say that A is 7-entire.

For A € MM and n € N let
ny 3 —nt?_t
A, = <;> /Re r(A)dt.

Theorem 2.20 A, is T-entire and A, /A in the o-strong topology. Thus the T-entire
elements form a o-strongly dense subspace of M. This subspace is denoted by M.

For additional discussion of analytic elements we refer the reader to [BR1].

3 The perturbation theory of W*-dynamics

In this section, given a W*-dynamics 7 and a perturbation (), we construct a perturbed
W*-dynamics 7¢. We also construct the so-called Araki-Dyson expansionals Ef, (¢) which
intertwine these two dynamics. We describe these objects in three cases: for analytic
perturbations, bounded perturbations, and for a large class of unbounded perturbations.
The constructions in the first two cases are well known, see [Ar6, BR2].

3.1 Bounded perturbations

Let (9, 7) be a W*-dynamical system and @ a self-adjoint element of 9t. The following
formula defines the W*-dynamics 7o on 9:

Wm:z?ﬁmtjwmm»W@wMNW%mmr (3.6)

If § is the generator of 7, then the generator of ng has the same domain as ¢ and

equals
0g(A) = 0(A) +i[Q, A].

Let Ef(f) be a one-parameter family of elements of 90 given by

B = 0 [ Q) Qs 57)

n>0
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We will call Ef,(f) the Araki-Dyson expansionals. Whenever there is no danger of confu-
sion we will write Eq(t) for Ef(%).

We remark that integrals in (3.6) and (3.7) converge in o-weak topology and define a
norm-convergent series of bounded operators.

The expansions (3.6) and (3.7) played an important role in the works of Schwinger,
Tomonaga and Dyson on QED. The operators Eg, (t) are closely related to the so-called
Connes cocycles [Co].

Let us list some properties of Araki-Dyson expansionals:

Theorem 3.1 Lett,t;,to € R. Then

1) Eq(t) are unitary elements of 9M;

) o(A) = EG(O)T (A)EL ()~

) EQ (t) — eit(L+Q)e—itL;.

1) Eq(t)™" = Eq(t)" = r'(Eq(-1));
) Eq(ti +t2) = Eq(t1)7" (Eq(t2)).

3.2 Analytic perturbations

In this subsection we assume that (Q is 7-entire. Then 7 extends to C by the formula

B =Y [ Qe @A) s ds, (38)
>0 0<5n < eos1<1
valid for A € 9. Thus M, = M,,.

For r-analytic ), the Araki-Dyson expansionals can be defined for all complex z by

Bp(z) = 3 (i2)” / P(Q) - T (Q)ds - s, (3.9)

n>0 0<5,<...51<1

The series (3.8) and (3.9) converge in norm uniformly for z in compact sets and define
analytic functions with values in 9.

Theorem 3.2 Let z,z1,29 € C. Then
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3.3 Unbounded perturbations

Let (9M,7) be a W*-dynamical system on a Hilbert space H. Let @) be a self-adjoint
operator affiliated to 991. Assume that 7 is implemented by

Tt(A) — eitLAe—itL
for some self-adjoint operator L. We formulate the following assumption on Q:

Assumption 3.A L + Q is essentially self-adjoint on D(L) N D(Q).
Theorem 3.3 Suppose that Assumption 3.A holds and let
Tctg (A) = plt(L+Q) Ao—it(L+Q)
Then t¢ is a W*-dynamics on M.
Proof. Let A € 9. The Trotter product formula (Theorem A.1) yields that

Té(A) =s— lim (eitL/neitQ/n)n A (e*itQ/ne*itL/n)”.

n—00
Since exp(£itQ/n) € M, 75(A) € M. Therefore, 74 is a W*-dynamics. O
Under Assumption 3.A we set

Eq(t) = &Pt Qe 1E, (3.10)

Again, for simplicity we will often write Eq(t) for EG,(¢). By the Trotter product formula
Eq(t) = s— lim exp(itQ/n) exp(it7/™(Q)/n) - - - exp(itr'™=D/"(Q) /n),
n—o00

hence Eq(t) € M.

Theorem 3.4 Suppose that Assumption 3.A holds. Then all the statements of Theorem
3.1 hold.

3.4 Perturbations of Liouvilleans

We continue with the setup of the previous subsection—we consider a W*-algebra 9t C
B(H) with a W*-dynamics 7 implemented by a self-adjoint operator L and assume that
Q is a selfadjoint operator affiliated to 9.
In addition, we suppose that (9, H,J,H") is a standard form and that L is the
Liouvillean of 7.
Define
Lo=L+Q—-JQJ. (3.11)

We set an additional hypothesis:
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Assumption 3.B The operator Lq is essentially self-adjoint on D(L)ND(Q)ND(JQJ).

The main result of this section is:

Theorem 3.5 Assume that Assumptions 3.A and 3.B hold. Then L is the Liouvillian
for mg.
Proof. We have to show that for t € R:
(1) 7H(A) = elfe de~le A e M,
(2) eltleH T C HT.
Clearly,

QT = Je R ] € M. (3.12)
By definition, D(L+Q) D D(L)ND(Q). Therefore, D(L+Q)ND(JQJ) D D(L)ND(Q)N
D(JQJ). Hence, by Hypothesis 3.B, L, is essentially self-adjoint on D(L+Q)ND(JQ.J),
and we can use the Trotter formula (Theorem A.1) to write

eitle  — g _ lim (e(itLJrQ)/nefitJQJ/n)n‘
n—0o00

Therefore, for all A € I,

T(tg (A) — eit(L—I—Q)Ae—it(L—l—Q)

— s— lim (eit(L-l-Q)/ne—itJQJ/n)”A (e—itJQJ/neit(L-i-Q)/n)” (3.13)

n—o00
— eitLQAefitLQ.
This yields (1).
To establish (2), note that since €@ and e*/?/ commute
SHQ-TQT) _ (i@ J,iQ 5
Hence
GllQ—IQ) 2+ = A+
Moreover, .
et C HY.
By definition, D(Q) N D(JQJ) C D(Q + JQJ). Therefore, D(L) N D(Q — JQJ) D

D(L)ND(Q)ND(JQJ). Hence Ly is essentially self-adjoint on D(L) N D(Q — JQJ) and
it follows from Theorem A.1 that

e'Lo — ¢ _ lim (eitL/neit(QfJQJ)/n)n‘
n—oo

This and the fact that H* is a closed set imply (2). O

The following formulas are sometimes useful:

18



Theorem 3.6 (1) Assume that Assumptions 3.A and 3.B hold. Then fort € R,

EQ (t) _ eitLQefit(LfJQJ),
etle = JEo(t)Je " Eg(—t)7".

(2) Assume that Q is T-analytic. Then for z € C,

Eo(z) = eizLQefiz(LfJQJ),

e?le = JEo(2)Je " Eg(—2)7".

4 Relative modular theory and relative entropy

One of the main tools used in our paper is the relative modular theory and relative entropy.

We devote this section to a concise introduction to this subject. Our presentation follows
partly [Ar4, Ar5, Don, Uh, OP].

4.1 Relative modular operator

Let 9 C B(H) be a W*-algebra. Let ®, U € H. Following Araki [Ar5], we define the
operator Sg g on domain MY + (1 — sy,)H by

Sq:,,\p (A\If + @) = S\I;A*(I),

where A € M and O € (1 —sp)H = ML, It is easy to check that Sp .y is a well defined
antilinear closable operator. Its closure will be denoted by the same symbol.
It is useful to note that

MU = {AV : A € M, Asy = A},
and that for A € 9 satisfying Asy = A and O as above we have
So,u(AV +0) = A*0. (4.14)

The positive operator
Agw = Sy uS0,0

will be called the relative modular operator. The following facts are proven in [Ar5]:

Theorem 4.1 (1) KerAgy = Kersjse;
(2) Aropuw = ;‘—quw, A € Ry
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(3) if B belongs to the center of M, then B commutes with Ag y.

In the remaining part of the theorem we assume that (I, H, J,HT) is a standard form
and ®, ¥ € H*. Then

(4) Sow = JAY
(5) Afa¥ = AYyse¥ = s, ®;
(6) JA\P’(I)JA(I),\I/ = AQ,\I/JA\I/,Q)J = SI\I,S@.

The following convergence property of relative modular operators will be useful.

Theorem 4.2 Let (I, H,J,H") be a standard form. Suppose that ¥, ®, € H*, that
As, w, = M in the strong resolvent sense, and that w—lim, ¥,, = ¥, s—lim, sy, = sy
and w—lim, ¢, = ®. Then M = Ag y.

Proof. For A € 9N,
Ay AV, = Jsy, A,
Note that AV, — AV weakly and Jsy, A*®,, — Jsy A*® weakly. Hence, by Proposition
A.6 and remark after it, AV € D(M) and
MAVY = Jsg A*®.

Now let © € (1 —sy)H and ©,, := (1 — sy )O. Since sj, — sy strongly, ©, — ©
strongly. Since Ag, v, 0, =0, © € D(M) and MO = 0. This yields M = Agy. O

4.2 Relative entropy

Let 9 be a W*-algebra. The relative entropy of two functionals ¢, ¢ € 9}, denoted
Ent(¢|¢), is defined as follows. Choose a standard form (7, #, J,H*") of 9 and let ¥, @,
be the standard vector representatives of ¢, ¢. Then

(\If| IOg AQ,W\IJ) if Sy S So
Ent(4]¢) =

—00 otherwise.

The relative entropy was introduced by Araki in fundamental papers [Ar4, Ar5|. In the
above definition we used the sign and ordering convention of [BR2]. The relative entropy
is discussed in detail in the monograph [OP].

We will need the following well-known facts [Ar4, Ar5, OP, Don].

Theorem 4.3 (1)
Ent(v]6) = lim ¢~ (1559 — | ¥]°) (4.15)
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(2) for u, A € RT,
Ent(\o|ug) = AEnt(]6) + (1) (log 1 — log A);
(3)

Ent(y]¢) < ¢ (1)(log ¢(sy) —log (1)),
in particular, if ¢(sy) = (1) then

Ent(¢]¢) < 0;
(4) if Q is a self-adjoint element in the center of M and (1) =1, then
Ent (4¢) +¢(Q) < log ¢(e?),

Proof. (1) Assume first that sy < s¢. Then the statement follows from the spectral
theorem, monotone convergence theorem and the fact that

cal b1y —

lgirglt (" — 1) =logu,
monotonically on the intervals 0 <z <1,z > 1. If 6 ¥ # V¥, then ¥ = ¥ + ¥y, where
Uy #0, ¥y L Uy and ¥y € KerAg y, and one easily shows that the limit in (4.15) is —oo.

Scaling property of Theorem 4.1 yields (2).
We first prove the part (3) under the assumption ¢(sy) = 1(1) = 1. Using

loge <z -1, x>0, (4.16)

we get
log Agw < Agw — 1.
Thus
Ent(¢]g) < A5 Ul — [ ¥[” = ¢(sy) — (1) = 0.

(We used Aclb/fl,\ll =55P = Jsg®).
To extend (3) to arbitrary ¢, ¢, use (2).
To prove (4), note that since e? commutes with Ag g

log Agw + Q — log ¢(e9s,) = log (Aq,,q,eQ/gb(er,p))
The inequality (4.16) yields
log (Aq,,q,eQ/gb(erw)) < Agpwe®?/p(esy) — 1.

Hence
Ent(v10) + (@) — log o(e%sy) < [A75e? T |*/6(e%s,) — 1
o250 /9(e%s,) — 1 =0,
where we used [[e?/%s] ®|| = [|e9/2 Ty, J®|| = [|Je?/ 25, || = [|c?/2s,®|. O
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4.3 Uhlmann’s monotonicity theorem

In this subsection we prove a relative entropy inequality due to Uhlmann [Uh]. Our proof
follows the steps of an argument in [OP] and is based on an interpolation theorem for
self-adjoint operators (Theorem A.7 in the appendix). A different proof can be found in
[PuWo].

Let 9, and 915 be W*-algebras. A map v : MM; — My is called a Schwartz map iff
7(1) = 1 and y(A"4) > 7(A)"v(A).

Theorem 4.4 (Uhlmann’s monotonicity theorem) Let ¢);, ¢; € EIR;,“*, 1=1,2, and
let v : My — My be a Schwartz map such that
g0y < 4y, (4.17)
P20 < 1. (4.18)

Then
Ent(vo[¢2) < Ent(1]1).

The following inequality is a consequence of Uhlmann’s theorem:
Corollary 4.5 Let M C 9 be W*-algebras and 1, ¢ € ML, Then

Entoy(¢]¢) < Ent(¢]y, | ¢]y)-

Proof. The inclusion map v : 91 — 9 is Schwartz and satisfies the conditions of Theorem
4.4 with respect to ¢, ¢ and the restricted states |, qﬁ‘m. a

To prove Uhlmann’s theorem it is convenient to work in the standard representation
and to translate the problem into the language of operators on Hilbert spaces. Hence we
assume that 90U, C B(H;) and that (9, H;, J;, H;") is a standard form. Let y : 99t; — 9N,
be a Schwartz map. Let 1; € EUI:“* satisfy (4.17) and let W, be the standard vector
representatives of ¢;. Set Dy := 9, ¥ + (9, ¥,)+. We define a linear map T : Dy — Hy
by

T(A\Ijl + @1) = ’)/(A)\IJQ
for A € M, and O € (M, ¥;)L. Since y(1) =1, TV, = s,

Lemma 4.6 The map T is well-defined and extends to a contraction from Hi to Hs.
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Proof.

V(AL = va((4)(4))
< 4y (7(A"A)) (4.19)
<y (A°A) = A, |

Hence if (A — B)¥, = 0, then (y(A) — v(B))¥y = 0. Therefore, T is well defined. By
(4.19), T is a contraction. O

Let ®; be the standard vector representative of ¢;. The main step of the proof of
Theorem 4.4 is the following interpolation estimate for the relative modular operator:

Lemma 4.7 For 0 <t <1,

t/2 t/2
AL, ol < JAYLZ 4, 04

Proof. The space D;, defined above, is a core for A}I,/f,q,l. Let A € M with A = Asy,.
For 0y = AV, + ©; € D; we get

A2, T = A, 1(A) W2 = Jsu, 1 (4) s,
AY?y Q= A%, AT, = JA D,
By (4.18)
[ T80, 7(A) @o|* < d2(7(A)7(A)7) < da(7(AAY)) < h1(AAT) = || TA ||,

Hence
1/2 1/2
A2, T < Ay, ull.

By Lemma 4.6, T is a contraction. Hence, by Theorem A.7, for ¢ € [0, 1]
t/2 t/2
1A%, T < 1A% 5, ll
Setting {2, = ¥ we derive the statement. O
Proof of Theorem 4.4. Using Theorem 4.3 (1) and Lemma 4.7 we obtain

. — 2

Ent(tolde) = lim ¢~ (1A% 0, ¥a ~ %))
. — 2

<tim e~ (1A%, 017~ 19 )

= Ent(¢1]¢1).
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5 Perturbation theory of KMS states

In this section, given a (7, 5)-KMS state w and a perturbation @), we describe the construc-
tion of the perturbed S-KMS state wg. We also prove various properties of this state,
including the Peierls-Bogoliubov and the Golden-Thompson inequalities. The Golden-
Thompson inequality plays an important role in our construction.

The construction is performed on three levels: for analytic perturbations, bounded
perturbations and a class of unbounded perturbations. Although the results on the first
two levels are well known, the method of the proof on the second level (bounded pertur-
bations) is new. The result concerning unbounded perturbations are new and they are
the main results of our paper.

5.1 Bounded perturbations

Let (O, H,J,H") be a W*-algebra in the standard form. Let 7 be the W*-dynamics
on M with the standard Liouvillian L. Let w be a faithful (7, 3)-KMS state with the
standard vector representative 2.

Let @ € 9 be self-adjoint and 7 the perturbed W*-dynamics defined by (3.6). By
Theorem 3.5, Lo = L + @ — JQJ is the standard Liouvillean of 7.

The following two theorems summarize the (bounded) perturbation theory of KMS
states developed by Araki.

Theorem 5.1 (1) Q€ D(e #UL+Q)/2) Get

Qg = e BLAQ)/2) wo(A) = (QQ|AQQ)/”QQ”2'

(2) Qo e HT.

(3) Qg is a cyclic and separating vector for IN.
(4) The state wg is a (g, B)-KMS state.

(5) log Aq, = —BLg.

(6)

6) For all self-adjoint Q1,Qs € M,

(201)@: = 20,02 (WQ1)@r = WQ1+Q,-

(7) log Agy,0 = log Ag — BQ.

(8) log Aqq, = log Ag, + BQ.

(9) Ent(w|we) + Sw(Q) = —log [|Q0|*.
(10) Ent(wg|w) — fwe(Q) = log |||
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(11) The Peierls-Bogoliubov inequality holds:
e PIRY/2 < 190

(12) The Golden-Thompson inequality holds:
190]] < [le~?972Q.

(13) Assume that Q,, € M are self-adjoint and Q, — Q strongly. Then Qg, — Qg and
wg, —* wq N norm.

Theorem 5.2 Let

Tﬁ,n:{(ﬁlaaﬁn)eRn /87,2072:]-77”7 /81++ﬁn§/8/2}
Then Q € D(e=P1LQ---e=PLQ) for (B, ..., Bn) € T, the function
Ton 2 (B, Ba) = e Q- e EQQ

1S norm continuous,

sup  [le™EQ o7 Q| < [lQII", (5.20)
(Bry+Br) €T n

and

Qg = f:/ : -/eﬁlLQ e PLQQAB; - - - d,. (5.21)
n=0 Thn

We have separated Theorem 5.2 from the other results of Araki’s theory for several
reasons.

Theorem 5.2 contains the main idea of Araki’s original proof of Theorem 5.1. In fact,
his proof was centered around the expansion (5.21). Our methods are in a certain sense
orthogonal to Araki’s and we do not need Theorem 5.2 to prove Theorem 5.1.

The expansion (5.21) is an additional information about Q¢ which, strictly speaking,
cannot be derived by our methods alone. Hence, for bounded perturbations our method
yields a slightly weaker result then the Araki method. On the other hand, our method is
simpler and easily extends to a large class of unbounded perturbations Q).

Both Araki and our method start with analytic perturbations. In this case, the proofs
of Theorems 5.1 and 5.2 are essentially algebraic and relatively easy. For a general
bounded () one picks a sequence of analytic @), with @), — @ and uses various limit
arguments to establish the theorems. The key difference between the two methods con-
cerns these limit arguments—we use weak limits while Araki uses strong limits. The use
of weak limits leads to some technical simplifications and the method naturally extends
to unbounded perturbations.

Finally, we mention some additional estimates which can be used to compare 2 with
Q.
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Theorem 5.3 (1) || — Q| < (ePI9172 — 1),

(2)

BIQY)/2 = (197 - (2Q0) = A(21Q2%)/2
> (QQq) — 101 = B(Q0]Q0Qq) /2.
(3)
BRIQQ)/2 > IQ]* - ll* > 8(2]Q02%0)/2.

(4)
12 — QII* < B(2QQ)/2 — B(QelQ0Nq) /2.

(5)

192 — Q2 < Bf(1QI [QS2011)/2,

where, for x,y > 0, we set

Ty .
o= { 2

x r=y.

The estimate (1) follows immediately from (5.20) and is of course well-known. The
estimates (2)—(5) appear to be new.

5.2 Analytic perturbations—proofs

In this section we prove Theorem 5.1 for analytic perturbations ) € 9t,. The proofs are
based on the algebraic arguments and are relatively easy.
Proof of Theorem 5.1 in the analytic case (1) For ¢ real,

EQ (t)Q — eit(L—l—Q)e—itLQ — eit(L+Q)Q,

Since Eg(#) has an analytic continuation to an entire function 2 — Eq(2), Q2 € D(e2(L+Q))
for all 2 € C and Eg(2)Q = e*(:+Q)Q). In particular,

Q0 = Eoli3/2)Q. (5.22)
(2) We have
Eq(i/2) = Eq(if/4)r*(Eq(if/4))
= Eq(i8/4)7" (Eq(i/4)").
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Hence, by (5.22),
Qo = Eq(if/4)e P *Eq(i8/4)"Q

= Eq(i3/4)JEq(15/4)02

Therefore, Qg € HT.

(3) Since E(i3/2) is an invertible element of 9, Qg is obviously a cyclic and sepa-
rating vector for 9.

(4) Theorem 3.6 yields

e™al? = JEq(—i8/2)Je M *Eq(-iB/2) 7",
and so MY, = MO C D(e~PLe/2). Moreover, for A € M,
e Mhe2AQG = JEQ(=18/2)Je P PEq(-18/2) " AEq(i6/2)12
= JEq(~i8/2)Eq(iB/2)" A"Eq(~i3/2)~"*Q
= JEo(—iB/2)Eq(—iB/2) ' A*Eq(i3/2)Q = JA*Qy.

(5) By Theorem 3.5, we know that Lg := L + Q — JQ.J is the Liouvillean of 75. By
Theorem 2.18 we know that Aq, = e #Le,
(6) follows from

Eq, (i8/2)Ep, (i8/2) = Ej, 4q,(16/2).
(7) The relation
SaEq(i8/2)"AQ = A*Qg = Sa, 0 AL
implies that
SQQQ - SQEQ(I&/Q)*

Hence

AQ,QQ - S;Z,QQSQ,QQ
— Eq(i8/2) AaEy(i6/2)

= (Eq(iB/2)e PF/?) (e #L/*Eq(i8/2)")
— o~ ALHQ)

where we used Ay = e AL,

(8) follows from (7) if we note that, by (6), (Q2¢)-¢ = 2.

(9) Set Q :=Q + 3 '1og [|Q|I*. Then wq = wg and Q5 := Qo/[Qq||. Using (7) we
get

log AQQ,Q =log A — 5Q,
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which implies

Ent(wlwq) = —Gw(@).
(10) Similarly, using (8) we get

log Ag 6, = log Mg, + 0,

which implies

Ent(wg|w) = Bwo(Q).
(11) Since Ent(w|wg) < 0, (9) yields that

e AIQN)/2 < ||QQ||_

This is the Peierls-Bogoliubov inequality.
(12) Let 91 be the Abelian von Neumann subalgebra of 9t generated by ). Then,

log [ ||* = Ent(wg|w) — Swe(Q)
< Ent(wgly |wly) — Bwo(Q)

5.23
< logw(e™”?) .

= log|le 79/2Q)?,

and so

1920l < [le™?9720.
This is the Golden-Thompson inequality. In the first step of (5.23) we used (10), in the
second—Uhlmann’s estimate of Corollary 4.5 and in the third—Theorem 4.3 (4) with @
replaced by —3Q).

(13) is a general fact which has the same proof for analytic and bounded perturbations.
Its proof is given in the next section. O

We remark that the Golden-Thompson inequality was first proven by Araki [Ar2]. The
proof described in (12) is due to Donald [Don].

5.3 Bounded perturbations—proofs

In this subsection we prove Theorem 5.1. We assume that () is an arbitrary self-adjoint
element of 9. By Theorem 2.20, we can find a sequence @), of self-adjoint 7-analytic
elements such that @, — @ o-strongly. This implies that @, — @ strongly and the
following lemma holds:

Lemma 5.4 (1) L+ Q, — L+ Q in the strong resolvent sense.
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(2) Lo, — Lg in the strong resolvent sense.

Proof of Theorem 5.1. (1) Clearly, lim, e #97/2Q) = ¢=#?/2Q). Hence there exists C
such that for all n
||e—/3Qn/2Q|| < C.

By the Golden-Thompson inequality for analytic perturbations,
190, 1| < [le=P72]].
Hence ||Q2g, || < C. Now by Proposition A.6, Q2 € D(e #(L+@/2) and

w— lim e AA@)/2() = o ALAQ)/2()

n—o0

(2) follows from the analytic case of (2) and the fact that H* is weakly closed.
(3) Let P:=1—sq,. Clearly, P € M, 7,(P) = P and PQq = 0. Set

Q(z) = e #EFQ)Q,

By Proposition A.2, the vector-valued function €(z) is analytic inside the strip 0 < Rez <
(/2 and norm continuous on its closure. Moreover, Q(3/2) = Qg and

eit(L+Q)PQ(it+ 3/2) = eit(LJrQ)Pefit(LJrQ)Q(ﬂ/Q)

Thus, for all real ¢, PQ2(it + $/2) = 0. This implies that P$2(z) = 0 for all z in the strip
0 < Rez < /2. In particular, PQ2(0) = P2 = 0. Since € is a separating vector for 9,
P = 0. Hence sq, = 1 and (g is a separating vector for 9.

(4) follows from the analytic case of (4) and Theorem 2.19.

(5), (7) and (8) follow from their analytic versions and Theorem 4.2.

(6) Let now @1, Q2 be two self-adjoint elements and Q1,, Q2,, the sequences of the
corresponding analytic approximations. Then, by the analytic case of (6)

(QQl,m )Q2,TL = QQl,m+Q2,n .

As n = 00, (2g,,.)Qe. = (01.)q. Weakly, g, . +0,., = Qq.,.+q, Weakly, and so

(QQl,m)Q2 = QQl,erQz' (5'24)

By the arguments of the proof of (1), as m — oo, Qg,,. 40, — Q0,+¢, weakly.

Moreover,

(Qo,..)0 :e*ﬂ(lfi‘Ql,m*JQl,m]+Q2)/ZQQ
I,m 2 1,m

Y
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Qg,,, = Qq, weakly and L + Q1 — JQ1,nJ + Q2 — L+ Q1 — JQ1J + Q2 in the strong
resolvent sense. Hence by Proposition A.6, Qg, € D (e AE+Q1=7Q17+Q2)/2 ap(

5(L+Q1*JQ1J+Q2)/2QQ
1

(Q0.)g, =€ = Q0.+,

(9) and (10) follow from (7) and (8) precisely as in the analytic case.
(11) (The Peierls-Bogoliubov inequality) follows from (9) just as in the analytic case.
(12) lim,, e #9/2Q = ¢ #Q/2Q) implies

Jim [Je 9920 = fle 290 (5.25)
Moreover, w— lim,, 2o, = {2g implies
|2 < limin |2, . (5.26)
By the Golden-Thompson inequality for analytic perturbations,
120,11 < lle=#@"2]. (5.27)
Now (5.25), (5.26) and (5.27) imply the Golden-Thompson inequality:
120]] < [le?92|. (5.28)

(13) Let @, € 9 be an arbitrary sequence of self-adjoint elements which converges
strongly to (. The proof of (1) yields that Qg, — g weakly. Using first the chain rule
and then the Golden-Thompson inequality we get

120,11 = 1120)q. -l < [le™*@D720q].

Hence, limsup,, ||, || < [|©¢]|- Combining this estimate with (5.26) we get [|Qq, || —
I9206]|, and so Qg, — Q¢ in norm. By Theorem 2.9, this implies that wg, — wg in norm.
|

5.4 Perturbative expansion of {2y and the estimates

In this subsection we prove Theorems 5.2 and 5.3. The proof of Theorem 5.2 is based on
the following technical result of Araki.

Theorem 5.5 (1) Set
Sgn :={(21,...,2) : Imz; >0, i=1,...,n, Imz; +---+Imz, < 3/2}.
Then for (z1,...,2,) € Sgn, Q belongs to D(e*LQ,, ---e*1LQ,), the function
Son D (2n, ..., 21) = e lQ, - Q0 (5.29)
is norm continuous on Sg,, analytic on its interior, and

sup [ Q-+ QU < (1Qull - [1Q1]]- (5.30)

(zl,...,zn)ESB,n
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(2) Let Qipn — Qi strongly, QF,, — QF strongly. Then
m—00 7 m—o00

lim e Q-+ €5 Q) Q= Q- - -1 Q. 0, (5.31)

m— o0

uniformly for (z1, ..., z,) in compact subsets of Sa,.

Proof. The proof follows by induction wrt n. For n = 1, the statement follows from the
Proposition A.2 and the KMS condition (Theorem 2.18).
Suppose that the statement is true for n — 1. Set

Q(Zla SRR Zn—l) = Qneizn_lLQn—l e eiZILnga
(21,0, 2nm) = JQie™HEQG - 71 Qr Q.
Consider ® € D(e™#/2) and the function

F(z1, o 2n1) == (P]Q" (21, ..., 2n_1)) -

By the induction assumption, the function F' is continuous on Sg,_i, analytic on its
interior, and satisfies the estimate

[E (21, 2| < (1 IIQu- - 1@l (5.32)

The function
G(Zl, cee Zn—l) = (@|e(_i21—...—iznfl—ﬂ/Z)LQ(zl, . Zn_l))

is also analytic and continuous on the same domain. (Here we used the induction assump-
tion, the assumption ® € D(e /) and Proposition A.2).
For z1,...,2, 1 € R, set s, =21, 83 : =29+ 21, ... S, = 2,1+ ---+21. Then

F(Zla e 7zn71) = (@|JQ’{7‘_52 (Q;) el on (Q:,)Q)
= (Ple 1277 (Qn) - 72 (Q2) Q1)
= G(Zl, ceey anl),

and by the edge of wedge theorem, the functions F' and G coincide on their whole domains.
Thus, by (5.32)

G (21,5 zna)| S (IR@ - (I Qull-

This gives the estimate (5.30) for 2, =i3/2— 2, —--- — z,_1. As a by-product we obtain
also the identity

Q (21, .., 2ny) = e m=BALQ L ), (5.33)
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valid for (z1,...,2,-1) € Sgn_1.

The estimate (5.30) for 0 < Imz, < 3/2—Imz; —---—Imz,_; follows from Proposition
A.2. We can also conclude that the function (5.29) is weakly analytic on the interior of
Spn. Since the weak analyticity is equivalent to the norm analyticity, we have proven
all the statements of (1) except that (5.29) is norm continuous on the whole Ss,. Note
however that if we fix (z1,...,2,-1) € Sgn—1, then by Proposition A.2 the function (5.29)
is norm continuous wrt z, for 0 < Imz, < /2 —Imz; — -+ — Imz,,_;.

Next we turn to the proof of (2) for n. Set

Q2150 20m1) = Qume™ EQnotm - - €15 Q1 m
(21,000 2n1) = JQ’{,me_iElLQ;m x -e_iE"*ILQ;’;_LmQ.
By the uniform boundedness principle, independently of m, we have
1Qim|| <C, i=1,...,n. (5.34)
Now
198 (21, oy zne1) — Q5(21, -+, Zn1) ||
<N Qualllle™ Q3 - - e7 Bt b QL Q2 — T EQS - eT b Q) Q]
QT — @1 HFQs - e EnlQy Q.

The first term on the right goes to zero uniformly on compact subsets of Sg,_1 by the
induction assumption and (5.34) for i = 1. The second term on the right goes to zero
uniformly on compact subsets of S ,—1 by the induction assumption, Lemma A.3 and the
strong convergence ()7, — (7.

By the proof of (1) (see the identity (5.33)), we have for zy,...,2z,—1 € Sg,_1,

Q21 Zne1) — (21, . . 2no1) € D(elTR1mmizn1=6/2)L)
Q*(Zl, ce ey anl) — Q:fn(zl, ey anl)

= e(Tm=miEma =82l Q52 ) = Q2 2n)

Hence,

lim He(iizlimiizn_liﬂ/ml/ (Q(Zl, ceey anl) - Qm(zla sy anl)) H =0

m—o0

uniformly on compact subsets of Sg,_;. By the induction assumption,

lim (|21, ..., 20-1) — (21, .. ., 2p=1)|| =0

m— o0
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uniformly on compact subsets of Sg,_;. Hence, by Proposition A.2

lim eian (Q(Zl, ceey Zn—l) — Qm(Zl, ceey Zn—l)) H =0
m—00
uniformly for 0 < Imz, < 3/2—Imz; —---—1Imz, ; and (z1,..., 2, 1) in compact subsets

of Sg,—1. In particular, the convergence is uniform on compact subsets of Ss,,. This ends
the proof of (2) for n.
It remains to prove the norm continuity part of (1). Let Q;,, € 9, such that Q;,, —
m— o0

Q; strongly and @7,, — @7 strongly. The function
> m—00

C" > (21, y2n) — eiZ"LQnym . -eizlLQLmQ

is entire analytic and in particular, it is norm continuous. By the uniform convergence
on compact subsets of Sg,, proven in (2), and the local compactness of Sg, we conclude
that (5.29) is norm continuous on Sg,. O

Proof of Theorem 5.2. Let ), € 9, be such that @, — @ strongly. Since (g, =
Eg, (i3/2)2, the expansion (3.9) yields that Theorem 5.2 holds for @,,. Moreover,

QQ = W— lim QQn

n—0o0

—we fim 3 [ fo Qe 2lQ, 05, - dp,
n—oo m—0
=T

:i v [eBEQ e Pl QO AS, - - - d B
mO/Tﬁ,m/

The first identity follows from Theorem 5.1 (recall the proof of (1) or use (13)), the second
is obvious, and the third follows from Theorem 5.5. O

Proof of Theorem 5.3. Theorem 5.2 yields (1). By Theorem 5.1 (13) it suffices to
prove (2)—(5) for Q € M.
(2)-(3). Our proof is motivated by [Sa2]. By Theorem 3.2, Q € D(e=*("+9)) for all 2

and
Eq(iz)Q = e *F9Q

is an entire vector-valued function. Set

f(2) = (Qle~**DQ) = (Q[Eq(i2)Q).
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Then f is an entire function, f”(z) > 0 for x € R, and
FO) =7 =1, f(8/2) =(QQ), [(B)=2%?
£100) = =(QI(L + Q)) = —(Q|Q),
B8/2) = —(QUL + Q)Q) = —(QJQJIQq) = —(2|Q0y),
) = =(Qol(L + Q)Q) = —(2JQ ) = —(2|Q@2)

(we used L2 = 0 and (L + Q — JQJ)o = 0). These relations combined with the
mean-value theorem yield (2)—(3).

(4) follows easily from (2).

To prove (5), consider the function

F(z) == 15(Q)Eq (=)L

Since 75(Q) and Eq(2) are uniformly bounded on the strip 0 < Imz < 3/2, F(z) is also
bounded on the this strip. Moreover,

1P < |QQ| if Imz = 0;
z .
| 1Pl if Imz = 5/2.

f(
f(

!

Since 75/%(Q)Qq = e~#12/2Q0 = JQ0q,
[F()] < 1Q%Q%]l  if Imz=45/2.
Hence, by the three-line theorem, for 0 < ¢ < /2,

IE ()] < lQQelI™ /P llQe*/?.

Since

82

Qo — 0= —/ 74 (Q)Eq (it)Qdt,

0

we derive
199 — QI < [ |F(it)||dt
< B QI 1Q01Fds = BF(1Q9, 1|Q0])/2.

O
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5.5 Unbounded perturbations

This subsection contains our main results. It extends the construction of KMS states to
a large class of unbounded perturbations.

Let @ be a self-adjoint operator affiliated to 91 satisfying Assumptions 3.A and 3.B.
Let 79 be the dynamics defined as in Subsection 3.3. Recall that by Theorem 3.5 its

Liouvillean equals
Lo=L+Q—-JQJ.

In order to construct the perturbed KMS state we will need an additional assumption:
Assumption 5.A  [|e7??/2Q|| < co.

Theorem 5.6 Assume 3.A, 3.B and 5.A. Then
(1) Q € D(e PL+A/2) Get

Qg = PR, wg(4) = (2]404) /|2

(2) Qo e HT.

(3) Qg is separating.
(4) wg is a (g, B)-KMS state.

(5) log Aq, = —BLg.

(6) log Agg.0=—BL - 3Q.

(7) Ent(wlwg) = —fw(Q) — log Q]|
(8)

8) The Peierls-Bogoliubov inequality holds

e PIQRD/2 < 190

(9) The Golden-Thompson inequality holds:

190]] < [le~?972Q.

(10) For any 0 < XA < 1, AQ satisfies the assumptions of the theorem, hence Qg is well
defined. Moreover, limy g || — || = 0.

Remark. The formula for relative entropy of (7) requires a comment. Because of As-
sumption 5.A, w(Q-) is finite, where QQ— = 1j_o(Q)Q. Therefore, w(Q) is a finite
number or +oo.

Set

Qn = l[fn,n} (Q)Qa

where 1), ,)(Q) is the spectral projection of @) on the interval [—n, n].
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Lemma 5.7 (1) L+ Q, — L+ Q in the strong resolvent sense.

(2) Lg, — Lg in the strong resolvent sense.

Proof. We prove only (2) (the proof of (1) is similar). Let Dy = D(L)ND(Q)ND(JQJ).
By Assumption 3.B, Lg is essentially self-adjoint on Dy. Moreover, Lo,V — LV,
¥ € Dy. Hence the statement follows from Proposition A.5. O

Proof of Theorem 5.6. Given the approximating sequence (), defined above and
Lemma 2, the parts (1)-(9) follow from Theorem 5.1 in the same way as the analogous
parts of Theorem 5.1 followed from the analytic case of Theorem 5.1.

The only part requiring a separate argument is (10). To prove it, note that L+AQ — L
in the strong resolvent sense as A | 0. This implies that €2yo — €2 weakly as A | 0. Thus,

Q|| < liminf||Qyp|| < li Qvoll < li —BAREZOI = (|0
12 < i in 120l < Hr;;upH xell < Alg;He | =1l

and so |||l — |2 as AL 0. O

5.6 Perturbations of Liouvilleans revisited

In Theorem 3.5 we have shown that Lg is the Liouvillean of 7 by invoking Theorem 2.11
and checking that . . .
TH(A) = etede e etteyt Yt (5.35)

Under the conditions of Theorem 5.6 (recall Proposition 2.14), the second relation in
(5.35) is equivalent to
LoQo = 0. (5.36)

In this section we give an elementary direct proof of (5.36). This verifies that L is the
Liouvillean of 7 without resort to Theorem 2.11.

We consider only the case of analytic perturbations @ € 90,. The extension to
bounded ) and unbounded @ satisfying conditions of Theorem 5.6 is immediate using the
strong resolvent convergence of Liouvilleans and the weak convergence of 3-KMS vectors.

First, the relation

A AQ, = Eg(t +16)Q

and analytic continuation yield that Qg € D(exp(iz(L + Q)) for all z, and so Qg €
D(L + Q) =D(Lg). . .
Since eLOMe= L = M JQJ € M', and e'FJ = Je''t| the Trotter product formula
yields
eit(L+Q) JQJe_it(L+Q) — eitLJQJe—itL — JeitLQe_itLJ.

By analytic continuation, the relation

(MDD JQTe PHHILQ) = (9| J7F2(Q).TQ)
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holds for all @ in a dense domain D = UrsoRanli_, (L + Q). Using
JTP2(Q)JQ = JA2Q0 = QQ,

we derive

(P21 1QI00) = (D|QNQ).
This relation yields
(PEFRRP|(L + Q — JQI)Q) = (PLTA2P|(L + Q)Qq) — (BQQ)

= (®[(L + Q)2) — (?|QQ)
= (B|LQ) = 0.

Since e/U+@)/2D = D is dense in H, LyQg = 0.

A Technical facts

In this appendix we collect some technical facts which have been used throughout the
paper.

A.1 Operators and resolvent convergence

First, we recall the Trotter product formula (see [RS1], Theorem VIIL.31).

Theorem A.1 If A and B are self-adjoint operators and A+ B is essentially self-adjoint
on D(A) N D(B), then
s — lim (eitA/neitB/n)" — oit(A+B)
n—o0

The next proposition follows easily from the spectral theorem and the three-line the-
orem (see also Lemma 4 in [Ar2]).

Proposition A.2 Let H be a self-adjoint operator and Q € D(e’™) for some § > 0. Then
the vector-valued function e Q) is analytic inside the strip 0 < Rez < 6, norm continuous
on its closure and

||ezHQ|| < ||66HQ||R92/6||Q||1—Rez/6‘

Lemma A.3 Let Z be a compact metric space and Z > z +— Q(z) € H a norm continuous
function. Let A, be bounded operators and assume that A, — A strongly. Then

lim [|(A, — A)Q(2)[| =0
n—o0

uniformly on Z.
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Proof. Note first that {Q(z) : z € Z} is a compact subset of H and that by the uniform
boundedness principle C' := sup,, ||A,|| < co. Let € > 0 be given. Then there exists a
finite dimensional projection P such that sup,.,||(1 — P)€(2)|| < €. Since

1(An = Q)| < [[(An = A)P||sup,ez [|2(2)]]
+supy, [|An — Al sup.e [|(1 = P)Q(2)],

we derive limsup,, ||(4, — A)Q2(z)]] < 2Ce.O

The following properties of the strong convergence of functions of self-adjoint operators
are proven eg. in [RS1]:

Proposition A.4 Suppose that H,, H are self-adjoint operators. Then the following

conditions are equivalent:

(1) Let zo & (Uff’:1 a(Hn))CI (for instance, Imzy # 0). Then

s— lim (29 — Hy,) ' = (20 — H) "

n—o0

cl
(2) If f is a bounded continuous function on (Uff’:1 O'(Hn)> , then f(H,) — f(H)
strongly.

If the conditions of above proposition are satisfied we say that H, — H in the strong
resolvent sense.

Proposition A.5 Suppose that H,, H are self-adjoint operators, H is essentially self-
adjoint on D and lim, H,V = HV for ¥ € D. Then H, — H in the strong resolvent
sense.

Proof. Let Imz # 0. Then (2 — H)D =: D, is dense in H. For ¥ € Dy,

(= H)'"W —(2—H,) 'O =(2—H,) "(H-H,)(z— H)"'"¥ - 0.

The following proposition plays an important role in several arguments in our paper.

Proposition A.6 Suppose that H,, H are self-adjoint operators and H, — H in the
strong resolvent sense. Suppose that Q,,Q2 € H such that Q, — Q weakly and ||H,Q,|| <
C. Then Q € D(H), w—lim,, H,),, ezxists and HQ = w— lim,, H,,,.
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Remark. By the uniform boundedness principle, the condition ||H,Q,|| < C can be
replaced by the existence of w— lim H,2,,.
Proof. Since the ball of radius C' is weakly compact, one can find a weakly convergent
subsequence H,, ), . Set ¥ = limy_,o, H,, 2y, .

Let D := |J Ranl_,,(H). Let ® € D and f € C§°(R) such that f(H)® = ®. Then

r>0

® = f(H)® = lim f(H,)®

n—o0
H® = f(H)H® = lim f(H,)H,?,
n—oo
and

(HP[Q) = lim (Hy, f(Hn, ) ®[S20, )

= lim (f (Hy,)®|H,, O,) (A.37)

= (B|D).

Since D is a core for H, Q € D(H) and HQ = ¥
Now assume that w—lim, H,f2 does not exist. Then there exists ® € H and a
subsequence H,, () such that

((®|H,, Q) — (P|HQ)| > € > 0. (A.38)

Again using the weak compactness of the ball of radius C', by passing to a subsubsequence
we can assume that w— limy_,., Hy, () exists. Repeating the arguments of (A.37), we see
that w—limy_, H,, Q = HQ. This contradicts (A.38). O

A.2 An interpolation theorem

Various versions of the following interpolation theorem for linear operators can be found
throughout literature, see e.g. [OP] (where a different proof is outlined) and [RS2].

Theorem A.7 Let Hi,Hy be Hilbert spaces and let H; be a positive (possibly unbounded)
operator on H;. Let Dy be a core of Hy. Let T € B(H1, Ha) with ||T|| = ¢y be such that:
(a) TD; C D(Hs).

(b) For W € Dy, ||HTV| < ¢1||H ||

Then, for any 0 < X\ <1, TD(H}) C D(Hy) and for ¥ € D(HY),

IHTY| < ¢ eyl HY 9. (A.39)
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Proof. Clearly, we may assume that cg = ¢; = 1.
First let us show that TD(H,) C D(H;) and

| H T || < [|H Y|, ¥ e D(H,). (A.40)
Let ¥ € D(H;). Then there exist ¥,, € D such that ¥,, - ¥ and H,V¥,, - H, V. Now
| Ho (T, — TW)|| < [|[Hi (W) — W) |l-

Thus HyTV, is Cauchy, hence convergent. TV, is obviously convergent. Hj is closed.
Hence TWU € D(H,). (A.40) follows by passing to the limit in || HoTW,|| < ||H U, |-
Let ® € D(H,), 2 € Hy and € > 0. For 0 < Rez <1 set

F(z) := (P|H;T(Hy +€) *Q).
F.(z) is a continuous function in the strip 0 < Rez < 1, analytic in its interior, and
|Fe(2)] < [I(Hy + 1)@l |2

For Rez =0
[Fe(2)] < [|]|[]€2]-

For Rez =1, (Hy +¢€)*Q € D(H,), and
|Fe(2)| < ||| HT(Hy +€) *Q
< ||| Hy(Hy + €) Q| < || ]][|€2].
These estimates and the three-line theorem yield that for 0 < A <1
[F (M) < [[@f][[$2]-

Therefore, for Q € H,4,
|H3T(Hy +€) Q| < [192]],

and for ¥ € D(H})

|H) T || = 1%1 |HyT(Hy 4 €)M (H, + )|
< hgl”(H1 + ) ||

= |H T
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