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Abstract This primer provides a self-contained exposition of the
case where spatial birth-and-death processes are used for perfect
simulation of locally stable point processes. Particularly, a simple
dominating coupling from the past (CFTP) algorithm and the CFTP
algorithms introduced in Kendall (1998), Kendall & Mgller (2000),
and Fernandez, Ferrari & Garcia (2000) are studied. Some empirical
results for the algorithms are discussed.
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1 Introduction

One of the most exciting and important recent developments in
Markov chain Monte Carlo (MCMC) is perfect or exact simulation.
Following the seminal work by Propp & Wilson (1996) many new
perfect simulation ideas have appeared, particularly for spatial point
processes, cf. the survey in Moller (2001); see also Wilson’s web site
(http://dimacs.rutgers.edu/~dwilson/exact.html). The aims of this
paper are to review and compare the performance of some perfect
simulation algorithms which apply on a rather general class of point
processes, viz. locally stable point processes.

We focus on algorithms based on dominated (or horizontal) cou-
pling from the past (CFTP) using spatial birth-and-death processes;
alternative and efficient perfect samplers have been developed for
some special models, see Mgller (2001) and the references therein.
In Kendall & Mpgller (2000) dominated CFTP is treated in a general



context and applied on locally stable point processes using either spa-
tial birth-and-death processes or a Metropolis-Hastings algorithm.
In this paper we give an alternative and self-contained exposition of
the case where spatial birth-and-death processes are used. A spatial
birth-and-death process is a continuous time Markov process where
each transition consists in either adding a new point to the process
(a birth) or deleting an existing point from the process (a death).
Background material on spatial birth-and-death processes can be
found in Preston (1977) and Mgller (1989), but it is not needed in
the present paper. Extensions of the algorithms considered in this
paper are given in Berthelsen & Mgller (2001b) using spatial jump
processes. Another extension which is not treated in this paper, is
Wilson’s (2000a) read-once version of CFTP. This algorithm applies
also on locally stable point processes, and it drastically reduces the
storage requirements.

The paper is organized as follows. Section 2 describes the setting
for spatial point processes used in this paper, and it is explained
what is meant by local stability. Section 3 specifies a coupling con-
struction which is underlying the perfect samplers considered later.
Section 4 discusses a very simple perfect simulation algorithm, and
we show that it is too slow for practical purposes. Section 5 describes
a more efficient algorithm based on so-called upper and lower pro-
cesses (Kendall 1998, Kendall & Mgller 2000). Section 6 describes an
alternative algorithm using so-called clans of ancestors (Ferndndez
et al. 2000). Section 7 discusses some empirical findings for: the var-
ious perfect simulation algorithms.

2 Background

Throughout this paper we consider a fairly general setting for a
spatial point process x defined on a space S, equipped with a o-
algebra B which contains all singleton sets, and a diffuse probability
measure \, i.e. {{} € B and A({¢}) =0 for all £ € S. For simplicity
we assume Y to be a finite subset of S, though everything in the
sequel easily extend to the case where x is allowed to have multiple
points and A is not necessarily diffuse.

The state space of x is the set of all finite point configurations
2 = U2 {r € S : n(x) = i}, where n(z) denotes the number
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of points in x; for ©+ = 0 we have the empty point configuration
x = (). We equip {2 with the smallest o-algebra making the map-
pings ng(r) = n(r N B) measurable for all B € B. Further, v de-
notes a Poisson point process on S with intensity measure S\, where
f > 0 is a parameter. In other words, if y follows v, then n(y) is
Poisson distributed with mean /3, and conditionally on n(x) = 1,
the 7 points in y are independent and each point has distribution A.
Specifically one may think of S = [0, 1]? as the unit square, B as the
Borel sets, and A as the uniform distribution, in which case v is a
standard Poisson process. However, our general setting covers many
other cases, including situations where x can be interpret as a mul-
titype or marked point process, see e.g. Baddeley & Moller (1989)
and van Lieshout (2000) .

We assume that the distribution of x is specified by an unnor-
malized density ¢ with respect to v, so that ¢ is non-increasing in
the following sense:

plrUf) < ¢p(x) forallze Sand e S\ (1)

(we abuse the notation and write zU¢ for zU{&}, x\n for 2\ {n}, etc.,
when z € 2, £ € S\ z, n € x). This condition implies integrability
of ¢ with respect to v. Particularly, (1) is needed for the perfect
simulation algorithms considered in this paper.

For a moment consider any unnormalized density ¢ with respect
to v. Local stability of ¢ means that for some constant K > 0 and
all z € 2 and all £ € S\ z,

P(xU§) < Ko(x) (2)

(Ruelle 1969). This is a basic assumption in many papers: for exam-
ple, Geyer (1999) establishes geometric ergodicity of a birth-death
type Metropolis-Hastings algorithm for locally stable point processes
(Geyer & Mpgller 1994); and Kendall & Mgller (2000) show that it is
a sufficient condition for applying dominated CFTP based on spa-
tial birth-and-death processes and Metropolis-Hastings algorithms.
Local stability is in fact a rather weak condition satisfied by most
models considered in the statistical literature on spatial point pro-
cesses, cf. the discussion in Kendall & Mgller (2000). The concept of
local stability is extended in Berthelsen & Mgller (2001b) to cases
where the dominating measure v is not necessary a Poisson process.
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As K can be absorbed into the parameter 8 we may without loss
of generality set K = 1 in (2), whereby (1) is obtained. Below we
consider just two examples where (1) is satisfied.

Ezample 1: Suppose that ) is the uniform distribution on S = [0, 1]?
and

d(x) = v (3)
taking 0° = 1, where sp(v) = 3, 1, 1[[[{ —7|| < R] is the number
of R-close pairs of points in z, and where 0 < v < 1 and R > 0

are parameters. This specifies a Strauss process on the unit square
(Strauss 1975, Kelly & Ripley 1976). Clearly, ¢ is locally stable.

FExample 2: Let S and A be specified as in Example 1, but let now

¢() = )

where U, = Uge,ball(§, R) is the union of closed balls with centers
¢ € x and of radius R, where R > 0 and v > 0 are parameters.
This is an area interaction point process (Widom & Rowlinson 1970,
Baddeley & van Lieshout 1995). The process is said to be attractive
for v > 1, and repulsive for v < 1, since

o(x U E) /() = 7 A Taue ) (4)

is increasing (y > 1) or decreasing (7 < 1) in . It follows from (4)
that (1) holds in the attractive case, but not in the repulsive case.

If v < 1 we therefore redefine v as a Poisson process with intensity
measure (3/ VWRZ))\, and redefine ¢ by

¢(ZL’) — ,yn(w)wR27)\(Um) )

Then (1) is satisfied.

3 Coupling construction

Below we construct two time-stationary and reversible spatial birth-
and-death processes X = {X,:t € R} and D = {D, : t € R} with
equilibrium distributions given by X; ~ ¢ (with respect to v) and



D; ~ v. The two processes are coupled so that D dominates X in
the sense that
Xt g -Dt for all t € IR. (5)

This is obtained by letting (D, X) be a continuous time Markov
processes with the following types of transitions: either a new point
is added to both D and X, or a birth happens in D but not in X, or
a point in X is deleted from both D and X, or a point in D but not
in X is deleted. The coupling construction is underlying the perfect
samplers in Sections 4— 6.

We first specify how D; can be generated forwards in time ¢ > 0.
For any x € (2 and t > 0, if we condition on that D, = z, and 7 is
the waiting time for the next transition in D after time ¢, then

e 7 is exponentially distributed with mean 1/(3 + n(x));

e with probability 5/(f+ n(x)) a birth happens in D at time ¢+ 7:
draw a point &, ~ A and set D;,, = x U¢&,, — for later
use in the coupling construction, generate also a “mark” R;,, ~
Uniform|0, 1];

e clse a death happens in D at time ¢ + 7:
draw randomly uniformly a point 7., from = and set Dy, =

T\ Ner-

Furthermore, the conditional distributions of 7, the event of a birth
or death, and the generation of either (£, R;;,) or n are assumed to
be mutually independent and independent of the previous history
given D, = x. In other words, a birth of a new point in D happens
with rate § and follows the distribution A, each point in D dies with
rate 1, and births and deaths in D are independent events.

It is easily verified that {D, : ¢ > 0} is reversible with invariant
distribution v, and all the marks associated to the birth times are
mutually independent and independent of { D, : ¢ > 0}. Hence we can
easily start in equilibrium Dy ~ v, and by reversibility, D; is easily
generated backwards in time ¢ < 0 together with the associated
marks for (forwards) births D, = D;_ U &, where t— refers to the
situation just before time ¢. Moreover, it is not hard to verify that
D is non-explosive and () is an ergodic atom at which D regenerates,
see Fig. 1.
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Fig. 1. Upper curve: the dominating spatial birth-and-death process D; lower curve:
the spatial birth-and-death process X. The horizontal axis is time and the vertical line
corresponds to the state space 2 with () placed at the bottom. Each time D; = (), the
jump process (D, X) regenerates.

We show next how X; can be coupled to D; forwards in time
t€R. Forz € 2 and £ € S\ z, define

b(x,€) = ¢p(z U )/ () (6)

(setting 0/0 = 0). By (1), b < 1, and fb is a so-called Papan-
gelou conditionally intensity (Kallenberg 1984). Consider a cycle
of D given by {D; : m; <t < 7} where 77 and 7, are two suc-
cessive times at which D enters ), i.e. D, # 0, D,, = (, and
7 =inf{t > 7 : D, # (0, D, = 0} (with probability one, D enters
() infinite often, and —co < 77 < 7 < 00). Then set X, = () and
construct X, forwards in time ¢ € (7, 72), according to the following
rules:

Dt:th :>Xt:Xt7
X, U if R, < b(X,_
Di=D,_ U&= X, = ! & i t—' (Xi-, &)
X otherwise

Dt:Dt,\’r]t :>Xt:Xt7\77t-

Using this coupling construction for all cycles of D, (5) is obviously
satisfied.

It follows immediately from the coupling construction that X is a
spatial birth-and-death process with birth rate $b and death rate 1.
As ¢ satisfies the detailed balance condition ¢(x)b(x, &) = ¢(x U &),
we obtain that X is reversible with invariant (unnormalized) density
¢. Hence, since (D, X) is time-stationary, X; follows ¢ for any fixed
time ¢ € R.



In the case where ¢(z) = a™® with 0 < a < 1, we have that
(D, X) is reversible, X and {D;\ X, : t € R} are independent spatial
birth-and-death processes, and for any fixed time ¢ € IR, X; and
D, \ X, are independent Poisson processes with intensity measures
afA and (1 — a)BA, respectively. However, it is easily checked that
(D, X) is in general not reversible, and apart from the Poisson case
above, it seems complicated to obtain a closed form expression for
the equilibrium distribution of (D, X).

4 The simple dominated CFTP algorithm

A jump in D happens when D; # D, , in which case ¢ is called a
jump time. In order to generate a simulation of Xy ~ ¢ we need
only to consider the jump chain (or embedded Markov chain) of
{D; : t < 0}, its associated marks for forwards births, and the states
of X when {D, : t < 0} jumps. This is described in detail below.

Let ..., Z_5,Z_1,Zy denote the jump chain of {D, : t < 0} so
that Zy = Dy ~ v. This can be generated backwards in time together
with the associated marks for forwards births as follows. For ¢ =
0,—1,-2,...,

e with probability 3/(8 + n(Z;)) make a backwards birth:
draw n; ~ A and set Z; | = Z; Un;

e clse make a backwards death:
draw randomly uniformly &; € Z;, set Z; 1 = Z;\ &;, and generate
the associated mark R; ~ Uniform[0,1] for the forwards birth
Zi=Z;i U

Furthermore, let
Tg = 1nf{2 € NU : Z,Z' = @}

and define recursively Y 7, ,..., Y}, setting Y 7, = () and using the
rules

Yioaug it R <b(Yi-1,&)

Yy otherwise

(7)

Zi=Zi\n = Y, =Yi\n (8)

Zi=2i1U¢& = Yz‘:{



fori = -Ty+1,...,0. Let --- < 75 < 71 < 79 denote the jump
times of D before time 0. Then (X;_.,..., X)) and (Y.g,...,Y))
follow the same distribution. Especially, Yy ~ ¢, since X, = Xj
almost surely. This suggests the following perfect sampler.

The simple dominated CFTP algorithm

1. Generate backwards Z, ..., Z_g,, starting with Z; ~ v, and gen-
erate the associated marks R; for forwards births Z; = Z;_ U &;

2. set Y_r, = 0 and construct Y_z;11,...,Yp as in (7)—(8);

3. return Yy ~ ¢; see Fig. 2.

'ZONI/

/JY—/_W-YONE

T T T T T T T T T T L ]

—To 0

Fig. 2. Illustration of the simple dominated CFTP algorithm.

Proposition: The mean number of steps involved in the backwards
construction of the simple dominated CFTP algorithm is bounded
from below by

ETy > exp(f) —1/2. (9)

Proof: Let Zy,Zs,... denote the jump chain of {D; : t > 0}. Set
My =n(Z)fori € Z, Ty =Ty, Ty = inf{i € Ny : M; = 0},
L =inf{i € N: M; 7+ =0}, and Ly = Ty + T if My # 0 and
Ly = L otherwise. By time-stationarity,

]ELO 2 EL = ]_/7'('0, (]_0)

where 7 denotes the invariant probability density function of M. By
reversibility, T;” and T, are identically distributed, so

2IET, = E(Ty +1y") = IE(Lo1[M, # 0]). (11)



Further,
IE(Lo1[My = 0]) = moIE(Lo| My = 0) = mEL = 1. (12)

Combining (10)—(12) we obtain that

ETy > (1/m —1)/2.
Finally, by detailed balance of M,

B/ (B+i) =min(i+1)/(B+i+1)
so by induction
T =mB(B+i+1)/(i+ 1), i€ Ny,

whereby 1/m = 2 exp(/3), and so (9) follows.

Remark: Since IET} is at least exponentially growing in (3, the sim-
ple dominated CF'TP algorithm is infeasible for real applications of
interest. For instance, if 3 = 100, then IETy > €% —1/2 ~ 2.7x 103,

5 Upper and lower processes

A much faster perfect simulation algorithm is given in Kendall &
Moller (2000), using upper and lower processes U/ = {U;, ce Ug}
and L7 = {L;, ..., L]} which are started at times j = 0, —1, -2, ....
For each j, the upper and lower processes are constructed as follows.
Initially set Uj = Z; and L;: =0.Fori=j+1,...,0,if 2 = Z; 4,
w=U! |, and [ = L] |, use the rules

u U & if Rz S amax(ua la gl)

Zi=zU& = Ul = .
U otherwise

j Vg it Ry < amin(u, 1,
[ otherwise,

where
Omax (U, [, §) = max{b(z,&) : | C o Cu} (15)
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and
Omin (4, 1, €) = min{b(x, ) : | C x C u}. (16)

Notice that U’, L7, U7~', L7~, ... are coupled by the same R;,&;,n;
for i > j.
The construction in (13)—-(16) ensures the sandwiching property
Licy,cuvicz, j<i<o, (17)
the funneling property
clcuicul, j<j<i<o, (18)
and the coalescence property
LI=U = L,=U) forj<i<i <O, (19)

see Fig. 3. The sandwiching property explains why the U’ and L’ are

[y
T T T hd T T T b T b4 T -1

~T, 8 —4 —9 0

Fig. 3. Illustration of sandwiching, funnelling, and coalescence properties for Tp = 12
and j = —2, —4, -8 in (17)—(19).

called upper and lower processes: they bound the “target process” Y.
The definitions (15)—(16) seem natural as they provide the minimal
upper and maximal lower processes so that (17) is satisfied for all
possible realizations of the marks R;. By (17) and (19), once a pair of
upper and lower processes have coalesced, they stay in coalescence,
and at time O they are equal to Yy ~ ¢.
The time
T =inf{j € Ny:U;” = L;7}

is called the true coalescence time for upper and lower processes. The
funneling property (18) suggests that instead of searching for T it
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may be advantageous to search for a larger coalescence time. There-
fore, consider any sequence of (possibly random) integers ...j, <
J1 < 0 such that limy_, jr = —00, and let

Ty = inf{—ji : U3 = L3’}

be the first time that Ug = Lg = Y, when pairs of upper and lower
processes are started at times j = 71, jo,.... Further, let

Tin =inf{i € No: Z_;N Zy =0}

be the time just before the first point in Zy is born. For —T;, <
j <0, we have that U] 2 Z; N Zy # 0 and L{ N Z; = 0, so clearly

Towin < T < Ty < T (20)

For efficiency reasons a doubling scheme is usually used (Propp &
Wilson 1996, Wilson 2000b), i.e. j, = —2* n, where n € IN is chosen
by the user; then we write T;, for Ty;;. Typically in applications
T, < Ty, cf. Section 7. Taking (20) into account, we propose to
replace n by T, in the doubling scheme; then we write T, for T, ;.
See also the empirical results in Section 7.

Given a sequence of (possibly random) integers ...js < j; < 0
such that limy_, jr = —00, we have the following perfect sampler,
where we set j, = 0.

The dominated CFTP algorithm based on upper and lower processes

1. Generate Z; ~ v; , .

2. repeat the following steps 3.—4. for k = 1,2, ... until UJ* = L{;

3. generate backwards Z;, | _1,...,Z;, and generate the associated
marks R; ~ Uniform[0,1] each time Z; \ Z; 1 # 0, ji <1 < jp_1;

4. generate forwards (Uj¥, L), ..., (Ug", Lg*) as in (13)—(14);

i o
5. return U, %) ~ ¢.

The calculation of ayax and oy, is particular simple in the fol-

lowing cases. A point processes is attractive respectively repulsive
if

b(z,&) < b(y,§) whenever zCy, ¢y, (21)
b(x,&) > b(y,&) whenever x Cy,&&y. (22)
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For the Strauss and area interaction point processes (Examples 1
and 2), either (21) or (22) is satisfied. In the attractive case (21),
Omax (4, 1, &) = b(u, &) and amin(u, [, £) = b(1, £), while in the repulsive
case (22), amax(u,1,€) = b(1,€) and amin(u,,&) = b(u, £). Note that
it is only in the attractive case that U’ and L’ are individual Markov
chains.

It other situations it may be quite time consuming to calcu-
late max and amin by (15) and (16). For instance, if b(z,&) =
ba(x,&)br(x,€) factorizes into two terms, where b, (z,&) < K, is in-
creasing in z, b,(z,&) < K, is decreasing in x, and K, K, < 1, it may
be convenient to redefine oy, and apin by

Omax (U 1, €) = ba(u, )br(1,€)  and  amin(u, 1, §) = ba(l,€)br (u, ).

Since (17)—(19) are satisfied with this choice of ayay and iy, the
algorithm still works.

Ezample 1 (continued): Perfect simulations of different Strauss pro-
cesses with v = 1 (the Poisson case), v = 0.5, and v = 0 are shown
in Fig. 4, using the same dominating process (and associated marks)
in all three cases. Due to the thinning procedure in the algorithm,
the point pattern with v = 1 contains the two others. The point
pattern with v = 0 does not contain the point pattern with v = 0.5,
because the Strauss process is repulsive.

+— +— +—
B+t o + 4+
+ N . + + N + N +
+ + + + + +
+ + +
+ o+ + + ot + +
T + " + o, + 4 I T ++
+i++ +++ o4t i L ++ L+ . + o4+
T + tow + T +
H + + + + +
+ + +i+ + + n + + + + + +
L. S + + + L. + T
+ = + +
+ + + + + +
+ o + + 7t + Tt
+ + + + +
+ + +
e + +++ . b+ e + + 7 ++ + + + +
+ oy + +
ot i 4t + 4 Lt +

Fig. 4. Simulation of a Strauss process on S = [0,1]?, when 8 = 100, R = 0.05, and
v=1,0.5,0 (from left to right).
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6 Clan of ancestors

In this section we consider an alternative algorithm due to Fernandez
et al. (2000). For simplicity we assume that S is a metric space and
¢ has finite range of interaction, i.e. there exists an R < oo such
that for any « € 2 and £ € S\z, b(z, &) = b(x Nball(§, R),§), where
ball(¢, R) denotes the ball with center £ and radius R. This is fulfilled
in Examples 1 and 2.

In order to understand the following definitions it may be useful
to consider Fig. 5 and to keep in mind how the simple dominated
CFTP algorithm (Section 4) works. For £ € U;<¢Z;, let I(§) be the
time at which & was born, i.e. I(§) =i if £ =&, in (7). We call

an' (§) = Zig-1 N ball(¢, R)

the first generation of ancestors of &, define recursively the jth gen-
eration of ancestors of £ by

an/ (&) = Upeani-1an' (n), j=2,3,...,

and call an(§) = Ujenan’ (€) the ancestors of £. If 1(£) = i, then
Y; 1 Nball(§, R) C an(§), so the ancestors of & = &; are the only
points in Z which are needed in (7) in order to determine whether
or not &; € Y;. Hence Yy depends only on Z through Zo = C(Zy)UZ,,
where

C(Zo) = Ugezyan(§)

is called the clan of ancestors of Z,. Finally, let
Te=inf{ie Ny: Z_;NZcz=0}

specify the time interval in which the points in Z. are living. Then
Te < Tp, and Y} is unaffected if we set Y_7,, = ) and generate
Y; forwards in time ¢ > —T as usual, but considering only the
transitions in Z_g,, N Z¢, ..., Zo N Zc.

The dominated CFTP algorithm based on the clan of ancestors

1. Generate backwards %y, ..., Z_g., i.e. starting with Z, ~ v;

2. set Y_7,, = () and generate forwards Y_r41,..., Yy as in (7)— (8),
but so that Y;;; = Y; is unchanged whenever Z;,\NZs = Z;NZ¢x
is unchanged;
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3. return Yy ~ ¢.

It is not hard to see that T" < T, so
T <T <Ty. (23)

Note that T¢ depends only on b through R, and no monotonicity
properties such as (21) and (22) are required. The algorithm can eas-
ily be modified to perfect Metropolis-Hastings simulation of locally
stable point processes (Kendall & Mgller 2000), and to perfect Gibbs
sampling of the Widom & Rowlinson (1970) model (Haggstrom, van
Lieshout & Mgller 1999) and related models (Georgii 2000). The case
of the Widom-Rowlinson model turns out to be particular simple.

[
_TC

Fig. 5. Example of a clan of ancestors when S is a line segment. The points in D agree
with the midpoints of the vertical edges of the rectangles. Each horizontal edge of a
rectangle shows the life time of the corresponding point in D. The vertical edges are
all of length R. Shaded rectangles represent members of the clan.

7 Empirical findings

In this section we present some empirical findings for the dominated
CFEFTP algorithm based on upper and lower processes (Section 5)
and the clan algorithm (Section 6), respectively. The algorithms are
applied on a Strauss process defined on the unit square with g = 100
and R > 0 (Example 1). Note that as the interaction parameter ~y
increases, the interaction /repulsion between the points in the Strauss
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process decreases. Below we consider three values of v: v = 0 (a so-
called hard core process), v = 0.5, and v = 1 (a Poisson process on
the unit square with rate 5 = 100).

First we consider the algorithm based on upper and lower pro-
cesses, using the doubling scheme with either n = 1 or n replaced
by Timin- Recall that T7 and T, denote the corresponding coalescence
times, cf. Section 5. The number of steps involved in the backward-
forwards construction in the two cases are given by

N=T1+(1+24+4+...+T) =301 -1
and
Nmin ET* + (Tmin+2Tmin+4Tmin+---+T>k) — ST* _Tmina

respectively. It makes sense to compare N; and Ny, because the
“basic algorithm” is the same in the two cases.

The left plot in Fig. 6 shows how the means IEN; and IENy;,
depend on R > 0 when v = 0. Each mean is estimated by the
empirical average based on 500 independent runs of the algorithm.
For all values of R in the plot, IEN,;, < IEN;, but the difference
decreases as R increases. Based on this and other results (not shown
here) we prefer to replace n by Ty, in the doubling scheme.

1076

10mM
A

1075 5*10"3

10mM

1073 1073

0.0 0.05 0.10 0.0 0.05 0.10 0.15

Fig. 6. Various mean values related to the CFTP algorithms, where each mean is
estimated from 500 independent runs. Left plot: IEN; (full line) and IENmin (dotted
line) versus R. Right plot: IET¢ (full line) and IET. when v = 0 (upper dotted line)
and v = 0.5 (lower dotted line) versus R.
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Next we compare the dominated CFTP algorithm based on upper
and lower processes and the clan algorithm. As these algorithms are
not immediately comparable, there is little sense in comparing the
number of steps involved in the backwards-forwards construction in
the two algorithms. Instead we just consider the means IET, and
[ET¢ for R > 0 and either v = 0 or v = 0.5, though this is of course
not telling the whole story about which algorithm is the fastest.

The right plot in Fig. 6 shows IET, and IET versus R when v = 0
and v = 0.5, respectively. Note that T~ does not depend on ~, and
each mean in the plot is estimated by the empirical average based
on 500 independent runs of the algorithm. All means in the plot are
much smaller than IETy > ¢'% —1/2, cf. (9). As expected the means
agree as R tends to 0, and IET, decreases as 7 increases. For both
v =0 and v = 0.5, it is only for rather small values of v that IET} is
larger than IET. The picture changes as v tends to 1, since in the
limit 7, agrees with Ty;, which is smaller than T, cf. (20) and (23).
Furthermore, as R increases, IET, becomes much smaller than I[ET.

We have also investigated empirically how IET and IET, depend
on (3, and obtained similar conclusions as above. Further empirical
results for the Strauss process and other locally stable point processes
can be found in Berthelsen & Mgller (2001a).

Finally, all things considered our conclusion is that the domi-
nated CFTP algorithm based on upper and lower processes using
the doubling scheme with n replaced by 1., seems to be the best
choice.
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