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Abstract

In this paper we study the bijection, introduced by Bercovici and Pata in [BP2], between
the classes of infinitely divisible probability measures in classical and in free probability.
We prove certain algebraic and topological properties of that bijection (in the present paper
denoted A), and those properties are then used to show, in particular, that A maps the class
of classically selfdecomposable probability measures onto the natural free counterpart, that
we define here. Further, we study Lévy processes in free probability and use the properties
of A to construct stochastic integrals w.r.t. such processes. In particular, we derive the free
analogue of the integral representation of selfdecomposable random variables.

Keywords: Free additive convolution, free and classical infinite divisibility, free selfdecom-
posability, free Lévy processes, free stochastic integrals, free OU processes.

Contents

1 Introduction 2

2 Preliminaries 4
2.1 Selfdecomposability in classical probability . . . . . . .. ... .. ... .. 4
2.2 Free Independence . . . . . . . . .. ... 7
2.3  Free additive convolution and the Voiculescu transform . . .. . ... ... 7
2.4 Infinite Divisibility w.r.t. Free Additive Convolution . . . . . . . . . .. .. 10
2.5 Unbounded operators affiliated with a W*-probability space . . . .. . .. 12

MSC2000: Primary 46L54; Secondary 60G51, 60G52.

*Department of Mathematical Sciences, Arhus University, Denmark.

tMaPhySto - Centre for Mathematical Physics and Stochastics, funded by The Danish National Re-
search Foundation.

!Department of Mathematics and Computer Science, SDU Odense University, Denmark.



3 The Bercovici-Pata Bijection 16

4 Selfdecomposability in Free Probability 25
5 Free Lévy Processes 30
6 Free Stochastic Integrals and H-selfdecomposable Variates 34

1 Introduction

The concept of selfdecomposability of probability measures is due to Paul Lévy. In the
present paper we study a free analogue of selfdecomposability, i.e. a selfdecomposability
concept formulated in the theory of non-commutative probability and free independence.
In that theory, free independence, which was introduced by Voiculescu in 1982 (see [Vol]),
plays a role somewhat similar to that of independence in classical probability.

Voiculescu’s pioneering papers has led to an extensive body of work, cf. the papers cited
below and references given in those. For survey material, see [VDN], [Vo4], [Bi2] and
[HP1]. In particular, close analogies as well as intriguing differences between infinite
divisibility in the classical and in the non-commutative sense have been uncovered, as we
shall indicate.

The origin of the idea of free independence came from Voiculescu’s study of the free
group von Neumann factors, in which free independence may be naturally encountered.
Voiculescu later discovered that free independence also appears in the study of the asymp-
totic behaviour of independent large (Gaussian) random matrices. The starting point of
the latter approach to free independence is Wigner’s semi-circle law, which occurs as a
limiting distribution of eigenvalue distributions of large selfadjoint random matrices with
complex entries. This law plays in the theory of free probability the same role as the nor-
mal or Gaussian law in classical probability. Wigner’s approach was through the study of
the asymptotic behaviour of the mean values E{tr,[(X(™)P]}, where (X™)? is the p-th
power of the n x n random matrix X ™, and tr, is the normalized trace on the set M, (C)
of complex n x n matrices. Voiculescu took the broader view of looking at mean values
of the form
E{trn(Xi(?)Xi(;) T Xi(:))}’

where the Xi(n) are independent n x n random matrices, with ¢ ranging over a finite set
{1,2,...,7}. Under suitable conditions these moments will, as in the case r = 1, converge
and determine a limit object, and free independence expresses how the independence
of Xl(n),XQ(n), ., X\ is reflected in properties of that object (see Voiculescu’s original
paper [Vo3] for the precise formulation). Since in general the matrices do not commute,
free independence constitutes a truly 'non-commutative’ probabilistic concept. However,
the most general and concise way to define free independence is through operator algebra
theory, and this links the theory of free independence more closely to quantum mechanics.



We refer, in passing, to recent related work on random matrices: See [HP2], [Th], [Ge],
[Si], [HT1], [HT2] and references given there.

Of key importance to the theory of classical infinite divisibility is the Lévy-Khintchine
formula for the logarithm of the characteristic function of an element of the class ID(x)
of infinitely divisible laws. There is a similar formula for free infinite divisibility, and
the two Lévy-Khintchine formulae are linked, in a natural way, by a bijection A - that
we shall refer to as the Bercovici - Pata bijection - between the elements of ID(x) and
the elements of the free counterpart JD(H) of ID(x). In particular, under this bijection
the Gaussian law corresponds to the Wigner (or semi-circle) law, and, as was shown by
Bercovici and Pata in [BP2|, the class $(x) of stable laws corresponds to the class 8(H)
of free stable laws.

In this paper we establish some basic properties of A. Further, we introduce a concept
of free selfdecomposability, defined in operator algebraic terms, and show, using those
properties, that - with L(x) denoting the class of selfdecomposable laws in the classical
sense - the subclass A(L(x)) of ID(H) corresponds exactly to free selfdecomposability.

Infinite divisibility is intimately connected to the concept of Lévy processes, i.e. stochastic
processes with independent and identically distributed increments. A recent account of
the theory of infinite divisibility and Lévy processes is given by Sato in [Sal]; see also
[Bel],[Be2],[Be3],[LeG] and [BMR] for more specialised aspects. The properties of A,
that we derive, also provide the possibility to translate from classical Lévy processes to
free counterparts of those processes. We begin an investigation of this. In particular we
establish the existence of stochastic integrals (of functions) w.r.t. free Lévy processes, and
we use this to prove the free analogue of the integral representation of selfdecomposable
random variables (cf. [Wo] and [JV]). We mention, in that connection, the paper [BiS]
by Biane and Speicher, in which they establish stochastic integration (of processes) w.r.t.
the free Brownian motion.

The paper is organized as follows: In section 2 we provide background material from
classical probability, free probability and from operator theory. Subsection 2.1 is a short
summary of the basic theory of selfdecomposability in classical probability. In Subsec-
tion 2.2 we introduce the notion of free independence, and in Subsection 2.3 we summarize
the basic results on free additive convolution and the main tool thereof: the Voiculescu
transform. In Subsection 2.4 we introduce the concept of free infinite divisibility and the
free version of the Lévy-Khintchine formula. In the first part of the main body of the
paper (Sections 3-4), the exposition is based on the analytical function tools described in
Subsections 2.3-2.4. In particular, this avoids stating the results in terms of unbounded
operators. However, the last two sections of the paper (Sections 5-6) deal with free Lévy
processes, which are, by definition, processes of, in general, unbounded operators. Conse-
quently, we give, in Subsection 2.5, a short account of the theory of unbounded operators
affiliated with a finite von Neumann algebra.

In Section 3 we introduce the Bercovici-Pata bijection A, and study its basic properties.
We prove that A is a homomorphism, in the sense that it preserves the affine structure
on the set ID(x). We prove also that A is a homeomorphism w.r.t. weak convergence of
probability measures. These properties of A form the key tools for the results derived



in the following sections. In Section 4 we define selfdecomposability in free probability,
and prove that this notion implies free infinite divisibility. Subsequently then, we prove
that free selfdecomposability corresponds exactly to classical selfdecomposability via the
mapping A. In Section 5, we introduce the notion of Lévy processes in free probability,
and we show how the mapping A gives rise, in a natural way, to a one to one (in law)
correspondence between classical and free Lévy processes. Finally, in Section 6, we use the
properties of A to carry over the construction of stochastic integrals of continuous func-
tions w.r.t. classical Lévy processes to a corresponding integral w.r.t. free Lévy processes.
We then prove that the integral representation of a classically selfdecomposable random
variable also holds, verbatim, in the free case. We end by mentioning the connection to
Ornstein-Uhlenbeck type processes.

Acknowledgement. It is a pleasure to express our gratitude to Uffe Haagerup for many
enlightening discussions.

2 Preliminaries

The present section briefly reviews relevant background material on classical selfdecom-
posability, free independence and operator theory.

2.1 Selfdecomposability in classical probability

Denoting, for the classical case, the classes of Gaussian, stable, selfdecomposable and
infinitely divisible laws by G(x), 8(x), £(x) and IJD(x) we have the hierarchy

G(x) C 8(*) C L(*) C ID(x). (2.1)

Briefly, the stable laws are those that occur as limiting distributions for n — oo of affine
transformations of sums X; + - - - + X,, of independent identically distributed random
variables (subject to the assumption of uniform asymptotic neglibility). Dropping the
assumption of identical distribution one arrives at the class L(x). Finally, the class ID(x)
of all infinitely divisible distributions consists of the limiting laws for sums of independent
random variables of the form X,,; +---+ X, (again subject to the assumption of uniform
asymptotic neglibility). An alternative characterisation of selfdecomposability says that
(the distribution of) a random variable Y is selfdecomposable if and only if for all ¢ in
10, 1] the characteristic function f of Y (i.e. the Fourier transform of the distribution of
Y') can be factorised as

f(C) = f(CC)fC(C)7 (2'2)

for some characteristic function f. (which then, as can be proved, necessarily corresponds
to an infinitely divisible random variable Y;). In other words, considering Y. as indepen-
dent of Y we have a representation in law

S i o



This latter formulation makes the idea of selfdecomposability of immediate appeal from
the viewpoint of mathematical modeling. Yet another key characterisation is given by
the following result which was first proved by Wolfe in [Wo] and later generalized and
strengthened by Jurek and Verwaat ([JV], cf. also Jurek and Mason, [JM, Theorem 3.6.6]):
A random variable Y has law in L(x) if and only if Y has a representation of the form

Y %/ et dX,, (2.3)
0

where X, is a Lévy process satisfying E{log(1 4+ |X;|)} < oo. The process X = (X;)i>o is
termed the background driving Lévy process or the BDLP corresponding to Y.

We mention next how the selfdecomposable measures on R are characterized in terms of
their Lévy-Khintchine representation. Recall that a probability measure p on R (with
the Borel o-algebra) is infinitely divisible if and only if its characteristic function f, has
a representation (the Lévy-Khintchine representation) of the form:

G )1Lt2 o(dt), (ucR), (2.4)

log f.(u) = iyu +/ T1xe) P

R

where 7 is a real constant and o is a finite measure on R. In that case, the pair (v, o) is
uniquely determined.

2.1 Definition. Let p be an infinitely divisible probability measure on R, and let
and o be, respectively, the (uniquely determined) real constant and finite measure on R
appearing in (2.4). We say then that the pair (v, o) is the generating pair for p.

In the literature, there are several alternative ways of writing the above representation.
In recent literature, the following version seems to be preferred (see e.g. [Sal]):

log fu(u) = iy'u — Tau® + /R (e — 1 —iutli_y11(t)) p(dt), (u€R), (2.5)

where v/ is a real constant, a is a non-negative constant and p is a measure on R satisfying
the conditions:

p({0}) =0 and /R min{1, 2} p(dt) < oo,

i.e. pis a Lévy measure. The relationship between the two representations (2.4) and (2.5)
is the following:

a = o({0}),

1+¢2
pldt) = —;

Laygo () o(de),

;o 1
v =7+ [Rt(l[—1,1](t) — m) p(dt).
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Now, it follows from [Sal, Corollary 15.11] that a probability measure p on R is x-
selfdecomposable if and only if its Lévy measure is of the form:

E(t
plat) = 1)
1]
where k: R — R is a non-negative function which is increasing on | — 0o, 0] and decreasing
on |0, col.

In this paper we shall use mostly the representation (2.4). We have included the repre-
sentation (2.5) too, since some of the results we refer to in Section 6 are formulated in
terms of that representation.

The class of classically selfdecomposable distributions is wide and includes many special
cases of theoretical and applied interest. Among the probability laws on the positive
half-line, all those which are convolutions of gamma distributions and limit laws of such
convolutions are selfdecomposable. This group of distributions is referred to as generalised
gamma convolutions and have been extensively studied by Bondesson in [Bo]. (It is note-
worthy, in the present context, that Bondesson uses Pick functions, which are essentially
Cauchy transforms, as a main tool in his investigations). An important class of gener-
alized Gamma convolutions are the generalized inverse Gaussian distributions: Assume
that A in R and 7, ¢ in [0, oo[ satisfy the conditions: A <0 =460 >0, A =0= 7,0 >0
and A > 0 = v > 0. Then the generalized inverse Gaussian distribution GIG(\,J,~) is
the distribution on R, with density (w.r.t. Lebesgue measure) given by

g(t; N\, 6,7) = Mt’\_l exp{ — (0% 1 +%)}, t>0

B 2K,(5v) 2 ’ ’
where K, is the modified Bessel function of the third kind and with index A. For all
A, 0,7 (subject to the above restrictions) GIG(A,d, ) is selfdecomposable, and it is not
stable unless A = —% and v = 0. For special choices of the parameters, one obtains
the gamma distributions (and hence the exponential and y? distributions), the inverse
Gaussian distributions, the reciprocal inverse Gaussian distributions! and the reciprocal
gamma distributions. As concerns distributions on the whole real line, a particularly
important group of examples are the marginal laws of subordinated Brownian motion
with drift, when the subordinator process is generated by one of the generalised gamma
convolutions. The induced selfdecomposability of the marginals follows from a recent

result due to Sato (cf. [Sa2]).

There is a very extensive literature on the theory and applications of stable laws. A
standard reference for the theoretical properties is [ST], but see also [Fe] and [BMR].
In comparison, work on selfdecomposability has up till recently been somewhat limited.
However, a comprehensive account of the theoretical aspects of selfdecomposability, and
indeed of infinite divisibility in general, is now available in [Sal]. Applications of selfde-
composability are discussed, inter alia, in [BRT], [Ba], [BS1] and [BS2].

the inverse Gaussian distributions and the reciprocal inverse Gaussian distributions are, respectively,
the first and the last passage time distributions to a constant level by Brownian motion with drift.



2.2 Free Independence

Free probability is the term given to the combination of the concept of free independence
with non-commutative probability (see [Vo4]). Non-commutative probability is a field of
study of probabilistic structures arising out of quantum mechanics. It is not necessary for
present, purposes to delineate the field further. However, we do need the precise definition
of free independence.

Let H be a (complex) Hilbert space and let B(H) denote the vector space of continuous
linear mappings (or operators) a: H — H. Consider further a state on B(H), i.e. a
positive linear functional 7: B(H) — C such that 7(1) = 1, where 1 is the identity
mapping on H?. Given any selfadjoint operator a in B(H), the spectrum sp(a) is contained
in R, and there exists a unique probability measure p, on R, concentrated on sp(a),
satisfying that

r(f(a) = /R F(Opalde), (2.6)

for all bounded Borel functions f on R. The measure f, is called the (spectral) distribution
of a w.r.t. 7, and we shall also use the notation L{a} (the law of a) for s,.

We say that operators ay, ..., a, in B(H) are freely independent with respect to 7 if they sat-
isfy the following condition: For any p in N and 4y, ..., 4, in {1, ...,r} with i; # is, ..., 0, 1 #
ip, We have that

7(Q1(ai,) - - - Qplai,)) = 0,

for all polynomials )1, ..., @, in one variable such that
T(Ql(ail)) == T(Qp(aip)) =0.

The relevance of this definition should be evident from the connection to the study of
random matrices mentioned in the Introduction. In several respects, free independence

is conceptually similar to classical independence. For example, if a;,as, ... ,a, are freely
independent operators and k£ € {1,2,...,r — 1}, then any polynomial in ay,...,a; is
freely independent of any polynomial in agyq,... ,a,.

2.3 Free additive convolution and the Voiculescu transform

From a probabilistic point of view, free additive convolution may be considered merely
as a new type of convolution on the set of probability measures on R. Let a and b
be selfadjoint operators in B(H) and note that a + b is selfadjoint too. Denote then
the (spectral) distributions of a, b and a + b by g, pp and pigyp. If @ and b are freely
independent, it is not hard to see that the moments of j4y, (and hence pgyp itself) is

2In quantum physics, 7 is of the form 7(a) = tr(pa), where p is a trace class selfadjoint operator
on H with trace 1, that expresses the state of a quantum system, and a would be an observable, i.e. a
selfadjoint operator on JH, the mean value of the outcome of observing a being 7(a) = tr{pa}.

7



uniquely determined by pu, and p,. Hence we may write p, B 1 instead of ji445, and we
say that ji, B 1y, is the free additive’ convolution of p, and u.

Since the distribution p, of a selfadjoint operator a in B(H) is a compactly supported
probability measure on R, the definition of free additive convolution, stated above, works
at most for all compactly supported probability measures on R. On the other hand, given
any two compactly supported probability measures p; and ps on R, it follows from a free
product construction (see [VDN]), that it is always possible to find a Hilbert space X,
a state 7 on B(H) and free operators a, b in B(H), such that a and b have distributions
i1 and po respectively. Thus, the operation H introduced above is, in fact, defined on
all compactly supported probability measures on R. To extend this operation to all
probability measures on R, one needs to consider unbounded selfadjoint operators in a
Hilbert space, and then to proceed with a construction similar to that described above.
We postpone a detailed discussion of this matter to Subsection 2.5 (see Remark 2.13),
since, for our present purposes, it is possible to study free additive convolution by virtue
of the Voiculescu transform, which we introduce next (in fact, one may even define free
additive convolution in terms of the Voiculescu transform; see [Vo4]).

By C* (respectively C) we denote the set of complex numbers with strictly positive
(respectively strictly negative) imaginary part.

Let p be a probability measure on R, and consider its Cauchy (or Stieltjes) transform
G,: Ct — C~ given by:

Gulz) = / L), (zech).

z—1

Then define the mapping F,: Ct — C* by:

FH(Z) = GM(Z)’ (Z S (C+)7

and note that F), is analytic on C*. It was proved by Bercovici and Voiculescu in [BV,
Proposition 5.4 and Corollary 5.5] that there exist positive numbers 7 and M, such that
F), has an (analytic) right inverse F), ' defined on the region

,am i={z € C| |Re(2)| < nlm(z), Im(z) > M}.

In other words, there exists an open subset G, s of C* such that F), is injective on G,
and such that F,(G,m) =, p.m-

Now the Voiculescu transform ¢, of p is defined by

u(z) = F ' (2) — 2,

on any region of the form , , 5s, where F " is defined. It follows from [BV, Corollary 5.3]
that Tm(F;'(z)) < Im(2) and hence Im(¢,(2)) < 0 for all z in , , .

3The reason for the term additive is that there exists another convolution operation called free multi-
plicative convolution, which arises naturally out of the non-commutative setting (i.e. the non-commutative
multiplication of operators). In the present paper we do not consider free multiplicative convolution.



The Voiculescu transform ¢, should be viewed as a modification of Voiculescu’s R-
transform (see e.g. [VDN]), since we have the correspondence:

The key property of the Voiculescu transform is the following important result, which
shows that the Voiculescu transform can be viewed as the free analogue of the classical
cumulant function (the logarithm of the characteristic function)*. The result was first
proved by Voiculescu for probability measures p with compact support, and then by
Maassen in the case where p has variance. Finally Bercovici and Voiculescu proved the

general case.

2.2 Theorem. ([Vo2],[Ma|,[BV]) Let p; and ps be probability measures on R, and
consider their free additive convolution py B py. Then

Ppur B (2) = d)m(z) + Ops (2),

for all z in any region , , n»r, where all three functions are defined.

2.3 Remark. We shall need the fact that a probability measure on R is uniquely deter-
mined by its Voiculescu transform. To see this, suppose p and p' are probability measure
on R, such that ¢, = ¢,/, on a region , , 5s. It follows then that also F}, = F}, on some
open subset of C*, and hence (by analytic continuation), F), = F), on all of C*. Con-
sequently p and g’ have the same Cauchy (or Stieltjes) transform, and by the Stieltjes
Inversion Formula (cf. e.g. [Ch, page 90]), this means that p = '

In [BV, Proposition 5.6], Bercovici and Voiculescu proved the following characterization
of Voiculescu transforms:

2.4 Theorem. ([BV]) Let ¢ be an analytic function defined on a region , , v, for some
positive numbers n and M. Then the following assertions are equivalent:

(i) There exists a probability measure p on R, such that ¢(z) = ¢,(z) for all z in a
domain , , py, where M' > M.

(ii) There exists a number M' greater than or equal to M, such that

(a) Im(é(2)) <0 for all z in, ,pp.
(b) ¢(2)/2 =0, as |z] = 00, 2 €, mr.

(c) For any positive integer n and any points zy,... ,z, in, v, the n X n matrix

Zj — Zk

Zj + d)(zj) — 2k — m 1<j,k<n

b

is positive definite.

“see also Remark 4.3 below.



Recall that a sequence (0,) of finite measures on R is said to converge weakly to a finite
measure o on R, if

/Rf(t) on(dt) — /Rf(t) o(dt), asmn — oo, (2.7)

for any bounded continuous function f: R — C. In that case, we write 0, — 0, as
n — oo.

2.5 Remark. For later use we note, that since the convergence in (2.7) is w.r.t. a metric,
it follows immediately from the above definition, that o, — o if and only if any subse-
quence (o,/) has a subsequence (o,,) which converges weakly to . This follows also from
the fact, that weak convergence can be viewed as convergence w.r.t. a certain metric on
the set of bounded measures on R (the Lévy metric).

The relationship between weak convergence of probability measures and the Voiculescu
transform was settled in [BV, Proposition 5.7] and [BP1, Proposition 1]:

2.6 Proposition. ([BV],[BP1]) Let (u,) be a sequence of probability measures on R.
Then the following assertions are equivalent:

(a) The sequence (p,) converges weakly to a probability measure ;i on R.

(b) There exist positive numbers n and M, and a function ¢, such that all the functions
¢, ¢, are defined on , , v, and such that

(bl) ¢, (2) — ¢( ), as n — oo, uniformly on compact subsets of , , u,

‘ Du, (2)

) sup

‘—>0 as |z| 00,2 €, M
neN

(c) There exist positive numbers n and M, such that all the functions ¢, are defined
on , , n, and such that

(c1) limy, 0o d)un(' ) exists for all y in [M, oo].
‘d)ﬂn

) sup

‘—>O as y — oo.
neN

If the conditions (a),(b) and (c) are satisfied, then ¢ = ¢, on , , u

2.4 Infinite Divisibility w.r.t. Free Additive Convolution

In this subsection we recall the definition and some basic facts about infinite divisibility
w.r.t. free additive convolution. In complete analogy with the classical case, a probability
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measure 4 on R is H-infinitely divisible, if for any n in N there exists a probability measure
in on R, such that

:U/:HnEE/LnEE"'EE,U’nI-

vV
n terms

It was proved in [Pa] that the class ID () of B-infinitely divisible probability measures
on R is closed w.r.t. weak convergence. For the corresponding classical result, see [GK,
§17, Theorem 3]. As in classical probability, B-infinitely divisible probability measures
are characterized as those probability measures that have a (free) Lévy-Khintchine rep-
resentation:

2.7 Theorem. ([Vo2],[Ma|,[BV]) Let p be a probability measure on R. Then p is B-
infinitely, if and only if there exist a finite measure o on R and a real constant vy, such
that

o) = v+ [ T atar (28)
_ 7+/R(zit+#) v(d), (z€Ch), (2.9)

where v(dt) = (1 + t*)o(dt).
Moreover, for a H-infinitely divisible probability measure p on R, the real constant v and

the finite measure o, described above, are uniquely determined.

Proof. Note first that (2.9) follows from (2.8) and the elementary formula:

1+tz 1 t

= + _
(z—=t)(1+¢t) z—t 141t

The equivalence between H-infinite divisibility and the existence of a representation in
the form (2.8) was proved (in the general case) by Voiculescu and Bercovici in [BV,
Theorem 5.10]. They proved first that p is H-infinitely divisible, if and only if ¢, has an
extension to a function of the form: ¢: C* — C~ UR, i.e. a Pick function multiplied by —1.
Equation (2.8) (and its uniqueness) then follows from the existence (and uniqueness) of
the integral representation of Pick functions (cf. [Do, Chapter 2, Theorem I]). Compared
to the general integral representation for Pick functions, just referred to, there is a linear
term missing on the right hand side of (2.8), but this corresponds to the fact that @ — 0
as y — oo, if ¢ is a Voiculescu transform (cf. Theorem 2.4 above). ]

2.8 Definition. Let p be a H-infinitely divisible probability measure on R, and let -~y
and o be, respectively, the (uniquely determined) real constant and finite measure on R
appearing in (2.8). We say then that the pair (v, o) is the free generating pair for p.

The next result, due to Bercovici and Pata, is the free analogue of Khintchine’s character-

ization of classically infinitely divisible probability measures. It plays an important role
in Section 4.
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2.9 Definition. Let (k,),en be a sequence of positive integers, and let
A=A{py; |neN, je{l,2,... ky}},

be an array of probability measures on R. We say then that A is a null array, if the
following condition is fulfilled:

Ve > 0: 7}13)10 max i (R\ [—€,€]) = 0.
2.10 Theorem. ([BP3]) Let {p,; | n €N, j € {1,2,...,k,}} be a null-array of prob-
ability measures on R, and let (c,)n,en be a sequence of real numbers. If the probability
measures fi, = 0., B pin1 B pino B - - - B p,,, converge weakly, as n — oo, to a probability
measure i, on R, then p has to be H-infinitely divisible.

We recall, finally, the definition of H-stable probability measures: For a probability mea-
sure i on R, we denote by T'(u) the type of p, i.e. the class of probability measures on R
given by:

T(pn) = {¢(p) | ¥: R — R is an increasing affine transformation}.

Exactly as in classical probability theory, a probability measure p on R is called H-stable,
if the class T'(u) is closed under H. We denote by S(H) the class of H-stable probability
measures on R.

As was noted in [BV, Section 7|, E-stability implies E-infinite divisibility, i.e. we have the
inclusion: §(H) C ID(H), just as in the classical case.

2.5 Unbounded operators affiliated with a W*-probability space

In this subsection, we give, for the readers convenience, a brief account of the theory
of closed, densely defined operators affiliated with a finite von Neumann algebra. We
start by introducing von Neumann algebras. For a detailed introduction to von Neumann
algebras, we refer to [KR], but also the paper [Ne], referred to below, has a nice short
introduction to that subject. For background material on unbounded operators, see [Rul].

Let H be a Hilbert space, and consider, as in Subsection 2.3, the vector space B(H) of
bounded (or continuous) operators a: H — H. Recall that composition of operators con-
stitutes a multiplication on B(H), and that the adjoint operation a — a* is an involution
on B(H) (i.e. (a*)* = a). Altogether B(H) is a x-algebra’. For any subset 8 of B(H), we
denote by 8’ the commutant of 8, i.e.

8 ={be B(H) | by = yb for all y in 8}.

A wvon Neumann algebra acting on H is a subalgebra of B(JH), which contains the multi-
plicative unit 1 of B(¥H), and which is closed under the adjoint operation and closed in

5Throughout this subsection, the * refers to the adjoint operation and not to classical convolution.
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the weak operator topology (see [KR, Definition 5.1.1]). By von Neumann’s fundamental
double commutant theorem, a von Neumann algebra may also be characterized as a sub-
set A of B(H), which is closed under the adjoint operation and equals the commutant of
its commutant: A" = A.

A trace (or tracial state) on a von Neumann algebra A is a positive linear functional
7: A — C, satisfying that 7(1) = 1 and that 7(ab) = 7(ba) for all a,bin A. We say that 7
is a normal trace on A, if, in addition, 7 is continuous w.r.t. the weak operator topology.
We say that 7 is faithful, if 7(a*a) > 0 for any non-zero operator a in A.

Throughout this paper, we shall use the terminology W*-probability space for a pair (A, 1),
where A is a von Neumann algebra acting on a Hilbert space J{, and 7: A — Cis a faithful
normal tracial state on A. In the remaining part of this subsection, (A, 7) denotes a W*-
probability space acting on the Hilbert space H.

By a linear operator in H, we shall mean a (not necessarily bounded) linear operator
a: D(a) — H, defined on a subspace D(a) of H. For an operator a in H, we say that

e a is densely defined, if D(a) is dense in K,

e a is closed, if the graph G(a) = {(h,ah) | h € D(a)} of a is a closed subspace of
H e K,

e a is preclosed, if the norm closure G(a) is the graph of a (uniquely determined)
operator, denoted [a], in 3,

e a is affiliated with A, if au = ua for any unitary operator u in the commutant A’'.

If a is bounded, «a is affiliated with A if and only if a € A. In general, a selfadjoint
operator a in H is affiliated with A if and only if f(a) € A for any bounded Borel function
f: R — C (here f(a) is defined in terms of spectral theory). As in the bounded case, if
a is a selfadjoint operator affiliated with A, there exists a unique probability measure g,
on R, concentrated on the spectrum sp(a), and satisfying that

/R F(t) paldt) = 7(f(a)).

for any bounded Borel function f: R — C. We call p, the (spectral) distribution of a,
and we shall denote it also by L{a}. Unless a is bounded, sp(a) is an unbounded subset
of R and, in general, y, is not compactly supported.

By A we denote the set of closed, densely defined operators in I, which are affiliated with
A. In general, dealing with unbounded operators is somewhat unpleasant, compared to
the bounded case, since one needs constantly to take the domains into account. However,
the following two important propositions allow us to deal with operators in A in a quite
relaxed manner.

2.11 Proposition. (cf. [Ne]) Let (A,7) be a W*-probability space. If a,b € A, then
a+ b and ab are densely defined, preclosed operators affiliated with A, and their closures
[a + b] and [ab] belong to A. Furthermore, a* € A.
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By virtue of the proposition above, the adjoint operation may be restricted to an involution
on A, and we may define operations, the strong sum and the strong product, on A, as
follows:

(a,b) = [a+b], and (a,b) — [ab], (a,b€ A).

2.12 Proposition. (cf. [Ne]) Let (A, ) be a W*-probability space. Equipped with the
adjoint operation and the strong sum and product, A is a x-algebra.

The effect of the above proposition is, that w.r.t. the adjoint operation and the strong sum
and product, we can manipulate with operators in A, without worrying about domains
etc. So, for example, we have rules like

[[a 4+ b]c] = [[ac] + [be]], [a+b]" =[a* +b*], [ab]" = [b*a"],

for operators a,b,c in A. Note, in particular, that the strong sum of two selfadjoint
operators in A is again a selfadjoint operator. In the following, we shall omit the brackets
in the notation for the strong sum and product, and it will be understood that all sums
and products are formed in the strong sense.

2.13 Remark. If a;,as ... ,a, are selfadjoint operators in A, we say that ai,ay, ... ,a,
are freely independent if, for any bounded Borel functions fi, fo,..., f.: R = R, the
bounded operators fi(a), fo(az), ..., fr(a,) in A are freely independent in the sense de-
fined in Subsection 2.2. Given any two probability measures p; and po on R, it follows
from a free product construction (see [VDN]), that one can always find a W*-probability
space (A, 7) and selfadjoint operators a and b affiliated with A, such that p; = L{a} and
pe = L{b}. As noted above, for such operators a + b is again a selfadjoint operator in A,
and, as was proved in [BV, Theorem 4.6], the (spectral) distribution L{a + b} depends
only on p; and py. We may thus define the free additive convolution gy B po of py and
o to be L{a + b}.

Next, we shall equip A with a topology; the so called measure topology, which was
introduced by Nelson in [Ne]. For any positive numbers ¢, §, we denote by N(e,d) the set
of operators a in A, for which there exists an orthogonal projection p in A, satisfying that

p(H) € D(a), |lap]|<e and 7(p)>1-4. (2.10)

2.14 Definition. Let (A, T) be a W*-probability space. The measure topology on A, is
the topology on A for which the sets N(¢,d), €,d > 0, form a neighbourhood basis for 0.

It is clear from the definition of the sets N (e, d) that the measure topology satisfies the
first axiom of countability. In particular, all convergence statements can be expressed in
terms of sequences rather than nets.

2.15 Proposition. (cf. [Ne]) Let (A,7) be a W*-probability space and consider the
x-algebra A. We then have
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(i) Scalar-multiplication, the adjoint operation and strong sum and product are all

continuous operations w.r.t. the measure topology. Thus, A is a topological -
algebra w.r.t. the measure topology.

(ii) The measure topology on A is a complete Hausdorff topology.

We shall note, next, that the measure topology on A is, in fact, the topology for conver-
gence in probability. Recall first, that for a closed, densely defined operator a in JH, we
put |a| = (a*a)'/?. In particular, if a € A, then |a] is a selfadjoint operator in A (see [KR,
Theorem 6.1.11}), and we may consider the probability measure £{|a|} on R.

2.16 Definition. Let (A,7) be a W*-probability space and let a and a,, n € N, be
operators in A. We say then that a,, — a in probability, as n — oo, if |a, — a| — 0 in
distribution, i.e. if £{|a, — a|} — o weakly.

If ¢ and a,, n € N, are selfadjoint operators in A, then, as noted above, a,, —a is selfadjoint
for each n, and L{|a, — a|} is the transformation of L{a, — a} by the mapping t — |¢|,
t € R. In this case, it follows thus that a, — a in probability, if and only if a,, — a — 0
in distribution, i.e. if and only if L{a, — a} — & weakly.

From the definition of L{|a, — a|}, it follows immediately that we have the following
characterization of convergence in probability:

2.17 Lemma. Let (A, T) be a W*-probability space and let a and a,,, n € N, be operators
in A. Then a, — a in probability, if and only if

Ve > 0: 7[1jeof(Jan — al)] =0, asn — oco.

2.18 Proposition. (cf. [Te]) Let (A, ) be a W*-probability space. Then for any posi-
tive numbers €,d, we have

N(e,0) = {a € A| 7[1jcf(lal)] <6}, (2.11)

where N(e,8) is defined via (2.10). In particular, a sequence a, in A converges, in the
measure topology, to an operator a in A, if and only if a,, — a in probability.

Proof. The last statement of the proposition follows immediately from formula (2.11)
and Lemma 2.17. To prove (2.11), note first that by considering the polar decomposition
of an operator a in A (cf. [KR, Theorem 6.1.11]), it follows that N(e,8) = {a € A |
la| € N(e,d)}. From this, the inclusion D in (2.11) follows easily. Regarding the reverse
inclusion, suppose a € N(¢,d), and let p be a projection in A, such that (2.10) is satisfied
with a replaced by |a|. Then, using spectral theory, it can be shown that the ranges of
the projections p and 1jc »((|a|) only have 0 in common. This implies that 7[1)c o((|al)] <
7(1 — p) < . We refer to [Te] for further details. ]

Finally, we shall need the fact that convergence in probability implies convergence in
distribution, also in the non-commutative setting. The key point in the proof given below
is that weak convergence can be expressed in terms of the Cauchy transform (cf. [Ma,
Theorem 2.5]).
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2.19 Proposition. Let (a,) be a sequence of selfadjoint operators affiliated with a W*-
probability space (A,T), and assume that a, converges in probability, as n — oo, to
a selfadjoint operator a affiliated with (A,7). Then a, — a in distribution too, i.e.
L{a,} = L{a}, as n — oo.

Proof. Let z,y be real numbers such that y > 0, and put z = x + iy. Then define the
function f,: R — C by

1 1
(1) = = —, (teR),
f:(8) = 7— T (t e R)
and note that f, is continuous and bounded with sup,cg |f.(¢)] = y'. Thus, we may

consider the bounded operators f,(a,), f.(a) € A. Note then that (using strong products
and sums),

f-(an) — f.(a) = (a, — 21) ' — (a — 21) !
= (a, — 21) *((a — 21) = (a, — 21))(a — 21) " (2.12)
= (a, —21) *(a —a,)(a —21)"".
Now, given any positive numbers €, J, we may choose N in N, such that a, —a € N(e,0),
whenever n > N. Moreover, since ||f,(a,)|], | f-(a)]] < y~', we have that f,(a,), f.(a) €
N(y~',0). Using then the rule: N(ei,d;)N (e, d2) C N(er€9,8; + d2), which holds for
all €1, €, in |0, 00[ and 01,0y in [0, 00 (see [Ne, Formula 177]), it follows from (2.12) that
fo(ay)— f.(a) € N(ey=2,6), whenever n > N. We may thus conclude that f,(a,) — f.(a)
in the measure topology, i.e. that L{|f.(a,) — f.(a)|} = &, as n — oco. Using now the
Cauchy-Schwarz inequality for 7, it follows that

r(7-an) = @) < 71elan) = L)1) = [ £{] ulan) = Sla] ) 0,

0

as n — oo, since supp(L{|f.(a,) — f.(a)|}) C [0,2y7!] for all n, and since ¢ — 2 is a
continuous bounded function on [0, 2y 1.

Finally, let G,, and G denote the Cauchy transforms for £{a,} and L{a} respectively.
From what we have established above, it follows then that

Gn(z) = _T(fz(an)) — _T(fz(a)) = G(Z)a as n — 090,

for any complex number z = x + iy for which y > 0. By [Ma, Theorem 2.5|, this means
that L{a,} — L{a}, as desired. ]

3 The Bercovici-Pata Bijection

The bijection to be defined next was introduced by Bercovici and Pata in [BP2].

3.1 Definition. By the Bercovici-Pata bijection A: ID(x) — ID(H) we denote the map-
ping defined as follows: Let p be a measure in JD(x), and consider its generating pair
(7,0) (see Definition 2.1). Then A(u) is the measure in ID(H) that has (vy,0) as free
generating pair (see Definition 2.8).
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Since the *-infinitely divisible (respectively H-infinitely divisible) probability measures
on R are exactly those measures that have a (unique) Lévy-Khintchine representation
(respectively free Lévy-Khintchine representation), it follows immediately that A is a
(well-defined) bijection between JD(x) and ID(H). In this section we shall study some
algebraic and topological properties of A.

Let v be a measure on R Then for any constant ¢ in R\ {0}, we denote by D.v the
measure on R given by:

D.v(B) =v(c 'B),

for any Borel set B. Moreover, we put Dyv = dy; the Dirac measure at 0. Thus, using
integration terminology, we have D.v(dt) = v(c™'dt), whenever ¢ # 0.

The following lemma is contained (implicitly) in [Fe, Section XVIL8]. Since the lemma
plays an important role in the proof of Theorem 3.5 below, and for the sake of complete-
ness, we include a proof.

3.2 Lemma. Let i be a x-infinitely divisible probability measure on R with Lévy-
Khintchine representation given by:

log f.(u) = iyu + /

; ut \ 1+ 12
(ewt -1 w )L o(dt)
R

142 2

. iut wt 1
—wu—l—é(e _1_1+t2>t_2 v(dt), (ueR),

where v is a real constant, o is a finite measure on R and (1 + t*)o(dt) = v(dt). Then for
any c in R the Lévy-Khintchine representation for D.u is given by:

. ut 1
log fouulu) = ipeu+ & [ (e = 1= 2) 2 Dt

R 1+
iut \ 2+ 2 (3-1)
_ s ut
_zpcu+/R(e _1_1+t2> v D.o(dt), (u€R),
where
t
L= 1—&) [ —1 o).
pe= e cl1 =) [ T ot

Proof. We note first that the second equality in (3.1) follows from the first by a standard
calculation. To prove the first equality in (3.1), note that for any u in R,

log fp.,u(u) = log ( [y €™ Dep(dt)) = log ( fo e p(dt)) = log fu(cu)
— in(cu) +/R (ei(cu)t 1 Zl(cu)t>i (),

12/ 12

and that

: ut N\ 1 , iu(ct) 1
2 tut 1 — v - Dc dt) = 2/ iu(ct) _ 1 — dt
¢ é (e 1+ t2) 12 vldt) = R (6 1+ (ct)2) (ct)? v{dt)
tcut

_ /R (eicut —1— T (e (ct)2>t12 v(dt).
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Therefore,

log fp.u(u) — 02/

R

. cut , reut 1
_ g jcut 1 _ Leu )_(zcut_1_7>:|_ dt
wcu—l—/R [(e T e T+ )] e v(dt)

:iu(*yc—i—c/R (1+t(ct)2 — 1—it2)t12 V(dt))

= ip.u,

i wt N\ 1
("= 1= 1)@ Devtat)

where p. is a constant (not depending on u). Since

t t (1—c)3

1+ ()2 1+ 1+ (c))(1+2)

we find that

B (1—c)t? 1 B ) t
po=nere [ (Grmmasm) s v = e+l =) [ s ol

and this completes the proof. [

Our next objective is to prove the free analogue of Lemma 3.2. We start with the following

3.3 Lemma. Let y be a probability measure on R, and let n and M be positive numbers
such that the Voiculescu transform ¢,, is defined on , ,  (see Subsection 2.3). Then for
any constant ¢ in R\ {0}, ¢p,, is defined on |c|, ypr =, n,|cjm, and

(i) if ¢ > 0, then ¢p.,(2) = co,(c™'2) for all z in ¢, ,ur,

(ii) ife <0, then ¢p,,(2) = cp,(c™'Z) for all z in |c|, -

In particular, for a constant ¢ in [—1, 1], the domain of ¢p,, contains the domain of ¢,,.

Proof. (i) This is a special case of [BV, Lemma 7.1].
(ii) Note first that by virtue of (i), it suffices to prove (ii) in the case ¢ = —1.

We start by noting that the Cauchy transform G, (see Subsection 2.3) is actually well-
defined for all z in C\ R (even for all z outside supp(y)), and that G, (Z) = G,(z), for all
such z. Similarly, F), is defined for all z in C\ R, and F,(z) = F,(%), for such z.

Note next that for any z in C\ R, Gp_,,(2) = —G.(—2), and consequently

FD—IH(Z) = _Fu(_Z) = _Fu(_z)-

Now, since —, , s = , 5, it follows from the equation above, that Fp_,, has a right
inverse on , , s, given by Fg_llu(z) = —F,1(=%), for all z in , ; »y. Consequently, for z in

, n,M, We have

Op_u(2) = Fpl,(2) — 2= —F, 1 (=%) =2 = =(F,'(-7) - (-2)) = —u(-2),

as desired. n
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3.4 Lemma. Let u be a H-infinitely divisible probability measure on R with free Levy-
Khintchine representation given by:

o) =7+ [ T oti =+ [

<z = R

1 / .
(m‘i‘m) l/(dt), (ZEC ),

where v is a real constant, o is a finite measure on R and v(dt) = (1 +t*)o(dt). Then for
any c in R, the free Lévy-Khintchine representation for D.u is given by:

1 t
_ 2
Ppou(2) = pe+c /R(z—t—i_ 1—|—t2> D.v(dt)

1+tz\ /2 +t2
= Pec Dc dt,
oot [ (555) (F55) Deotat

where
t
=yc+c(l—¢) | ——— :
pe = ve + ¢ c)/R1 (D)2 o(dt)

Proof. Note first that the second equality in (3.2) follows easily from the first one by a
standard calculation.

We start by proving the first equality in (3.2) in the case where ¢ > 0. Note for this, that

by Lemma 3.3,
1 t
_ ~1,) _
Poale) et 2 =t C/R (c—lz 1T
2

c ct
= dt).
CVJF/R(z—ctJFHt?) v(dt)

) v(dt)

Note next that

CQ/R(zit - liﬁ) Dev(dt) :CQ/R (z_lct * 1+C;ct)2> v(dt)
- /R (zict * 1+C(it)2) v(dt)-

From the two calculations above, it follows that

1 t ct At
2
— +——| D =cy+ — =
Pooulz) — e /R (z -t 1+ t2) ov(dt) = ey /R <1 +t2 1+ (ct)Q) v(dt) = pe:

where p, is a constant (not depending on z). Using then the equality:

ct At c(1—c?)t

1+ 1+(ct)2 (1+2)(1+ (ct)?)

it follows that

Pe = C +/R ( (1 — )t v(dt) = vye+ (1 — 02)/R

1+ 2)(1+ (ct)?)

T o(dt). (3.3)
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This completes the proof in the case ¢ > 0.

[t remains to consider the case where ¢ € | — 00, 0]. Note here that the case ¢ = 0 follows
trivially. We proceed to the case ¢ = —1. By Lemma 3.3, we get that

b0-ue) =8B = =1~ [ (S + 1) via

=i 1
N _f)/_/R(—zl—t—i_ 1it2> v{di)
= _%L/]R ¢ —1(—t) 1 +_(t—t)2) (i)

1 ;
= — — ) D_yv(dt
7+/R(Z—t+1+t2> w(dt),

where we have used that v is real. The above calculation shows that the lemma holds for
¢ = —1. Finally, for general ¢ in | — 0o, 0[, note that D,y = D, D_qp1, and therefore, by
virtue of the cases ¢ = —1 and ¢ > 0, it follows that

1 t
(z—t 1 +t2> DigD-rv(di)

bou2) = pe-t1c [

R

1 t
— pot "\ Dt
p+c/ﬂ§(z—t+1+t2) v(®),

where (cf. (3.3)),

_ (1 — eyt _ 1=
pe= i+ [ Gt s -0 =0+ [ i a1

— el _CQ)ATL;@)? o (dt).

This concludes the proof. [ ]

3.5 Theorem. The Bercovici-Pata bijection A: ID(x) — ID(H), has the following (al-
gebraic) properties:

(1) If py, po € ID(x), then A(pq * po) = A(pr) B A(po).
(ii) If p € ID(x) and ¢ € R, then A(D.u) = D.A(p).

(iii) For any constant ¢ in R, we have A(d.) = 4.

Proof. (i) For j in {1,2}, let (v;,0;) be the generating pair for u; (so that v; is a real
constant and o; is a finite measure on R). Then since

IOg fln * 42 (’LL) = IOg fMl (’LL) + IOg fu2 (’LL),
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it follows readily that the generating pair for yq * s is (71 + 72, 01 + 09). Similarly, since
the free generating pair for A(y;) is (v, 0;), and since

DA )EA(2) (2) = DA (2) + Da(un) (2),

it follows that the free generating pair for A () B A(u2) is (71 + 72, 01+ 02). By definition
of A, it follows thus that A(u; * po) = A(pq) B A(uz), as desired.

(ii) Suppose p has generating pair (7, 0). Then (v, o) is the free generating pair for A(pu).
Now, by Lemma 3.2, the generating pair for Dy is (p., Cfitt; - D.o(dt)), where
t
5 o(dt).

pC:fchrc(l—cQ)/RW

According to Lemma 3.4, that same pair is also the free generating pair for D.(A(u)).
Hence, by definition of A, A(D.u) = D.(A(p)), as desired.

(iii) This follows from the fact that both the generating pair and the free generating pair
for o, is (c,0). ]

3.6 Corollary. The bijection A: ID(x) — ID(H) is invariant under affine transforma-
tions, i.e. if p € ID(x) and ¢ : R — R is an affine transformation, then

A () = D(A(w)-

Proof. Let 1¢p: R — R be an affine transformation, i.e. ¢)(t) = ¢t + d, (¢t € R), for some
constants ¢,d in R. Then for a probability measure pu on R, ¥(u) = Dy * 64, and also
Y(p) = Do B §g. Assume now that g € ID(x). Then by Theorem 3.5,

as desired. ]

As a consequence of the corollary above, we get a short proof of the following result, which
was proved by Bercovici and Pata in [BP2].

3.7 Corollary. ([BP2]) The bijection A: ID(x) — ID(H) maps the x-stable probability
measures on R onto the H-stable probability measures on R.

Proof. Assume that p is a x-stable probability measure on R, and let ¢;,¢: R — R
be increasing affine transformations on R. Then )y (p1) * 1)o(p) = tP3(p), for yet another
increasing affine transformation ¢3: R — R. Now by Corollary 3.6 and Theorem 3.5(i),

r(A(p) B 2 (M) = Ahr (1) B A2 (1) = A(¢hr (1) * a(p))
= A(¢s(n) = ¢3(A(p)),
which shows that A(p) is B-stable.
The same line of argument shows that p is x-stable, if A(u) is H-stable. [

We end this section by studying some topological properties of A. The key result is the
following theorem, which is the free analogue of a result due to B.V. Gnedenko (cf. [GK,
§19, Theorem 1]).
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3.8 Theorem. Let p be a measure in ID(H), and let (u,) be a sequence of measures in
ID(8). For each n, let (vy,,0,) be the free generating pair for yu,, and let (v,0) be the
free generating pair for pi. Then the following two conditions are equivalent:

(i) ftn = p, as n — o0.

(ii) v — v and 0, > 0, as n — 0o.
Proof. (i) = (i): Assume that (ii) holds. By Theorem 2.6 it is sufficient to show that

(a) ¢u,(ty) = ¢(iy), as n — oo, for all y in ]0, oof.
‘d)ﬂn

‘—>O as y — 00.
nEN

1+tzy

. t € R, is continuous

Regarding (a), note that for any y in ]0, oo[, the function ¢
and bounded. Therefore, by the assumptions in (ii),

1+ tiy 1+ tuy

bunliv) =+ [ T outat) — 9+ [ T alat) = o)

n—00

Turning then to (b), note that for n in N and y in |0, 00|,
. 1+
o) 2, [ 10
y y y(iy — )
Since the sequence (7,) is, in particular, bounded, it suffices thus to show that

1+
sup ‘ / kil dt)‘ 0, asy— oo. (3.4)
neN Zy - t

For this, note first that since o, — o, as n — oo, and since o(R) < oo, it follows by
standard techniques that the family {o,, | n € N} is tight (cf. [Br, Corollary 8.11]).
Note next, that for any ¢ in R and any y in ]0, oo,

‘ 1‘+ tiy ‘ < 1 N |t] .

Yy — 1) = Y2 + )12 " (2 + 12)172

From this estimate it follows that

1+ twy
y€[l,00[,teR y(zy - t)

and that for any N in N and y in [1, o],

1+ tiy N+1
sup ‘ - ‘ < .
te[~N,N] y(iy —t) Y
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From the two estimates above, it follows that for any N in N, and any y in [1, 00, we
have

1+t N+1
up| / 1 @] < Y sup (SN, N)) + 2 sup on ([N, NJ)
neN Zy _‘t Y neN neN (3 5)

N+1
i sup 0, (R) + 2 - sup o, ([— N, N]°).
Y neN neN

Now, given € in ]0,00[ we may, since {0, | n € N} is tight, choose N in N, such that
sup,en 0n ([N, N|¢) < £. Moreover, since 0, — o and o(R) < 0o, the sequence {7, (R) |
n € N} is, in particular, bounded, and hence, for the chosen N, we may subsequently

choose yy in [1, 00, such that E sup,ey 0n(R) < §. Using then the estimate in (3.5), it

follows that
1
‘ / + tiy ou(dt)] <
nGN Zy - t

whenever y > yo. This verifies (3.4).

(i) = (ii): Suppose that u, ~ p, as n — co. Then by Theorem 2.6, there exists a number
M in 0, 0], such that

(c) Yy € [M,00[: ¢, (1y) = ¢,(iy), as n — oo.
‘d)ﬂn

‘—>0 as y — oo.
nEN

We show first that the family {0, | » € N} is conditionally compact w.r.t. weak conver-
gence, i.e. that any subsequence (o,/) has a subsequence (o,~), which converges weakly
to some finite measure o* on R. By [GK, §9, Theorem 3 bis], it suffices, for this, to show
that {0, | n € N} is tight, and that {0,(R) | n € N} is bounded. The key step in the
argument is the following observation: For any n in N and any y in ]0, co[, we have,

1+ twy

~Ime,, (iy) :—Im(%Jr é - an(dt))

1+ tiy 1+t
=1 L(dt) ) = —— o,(dt).
m</ﬂw’y—t 7l )> y/RyZHZU( )

We show now that {0, | n € N} is tight. For fixed y in ]0, 0o, note that

2
{teR||t| >y} C{teR y12ft22§},

so that, for any n in N,

L(y)‘
Y

o ({tER | [t > y}) < 24% () = 21m(¢’“nT(iy)) <9

Combining this estimate with (d), it follows immediately that {0, | n € N} is tight.
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We show next that the sequence {0, (R) | n € N} is bounded. For this, note first that
with M as in (c), there exists a constant c in ]0, oo[, such that

M(1+t%)
C —_—
- M24¢2
It follows then, by (3.6), that for any n in N,

for all ¢ in R.

o (R) < M(1+t?)

= Jo M2y on(dt) = —Img,, (iM),

and therefore by (c),

limsupo,(R) <limsup{ —c¢ " -Img¢,, (iM)} = —c ' - Im¢,(iM) < oo,

n—00 n—00

which shows that {0, (R) | n € N} is bounded.

Having established that the family {o,, | n € N} is conditionally compact, recall next from
Remark 2.5, that in order to show that o, — o, it suffices to show that any subsequence
(0n) has a subsequence, which converges weakly to 0. A similar argument works, of
course, to show that 7, — 7. So consider any subsequence (7,/,0,) of the sequence of
generating pairs. Since {0, | n € N} is conditionally compact, there is a subsequence (n”)
of (n'), such that the sequence (o,~) is weakly convergent to some finite measure o* on

R. Since the function ¢ — % is continuous and bounded for any y in ]0, 00|, we know
then that

t

1+t 1+t
/ ,+ Y O (dt) —> + iy o*(dt),
R W—1 n—oo Jp 1Y —1

for any y in |0, 00[. At the same time, we know from (c) that

1+ tiy . ;
Yot + /R iy —t Un”(dt) - d)ﬂnu (Zy) r:o ¢H(Zy) 0T /R Yy — t

for any y in [M,o00[. From these observations, it follows that the sequence (7,~) must
converge to some real number +v*; which then has to satisfy the identity:

1+ tiy , 1+ tiy
¥ *(dt) = = dt
v [T o = (i) = v+ [ T o),

for all y in [M, co[. By uniqueness of the free Lévy-Khintchine representation (cf. Theo-
rem 2.7) and uniqueness of analytic continuation, it follows that we must have o* = o and
v* = . We have thus verified the existence of a subsequence (7,7, 0,7) which converges
(coordinate-wise) to (7, 0), and that was our objective. ]

As an immediate consequence of Theorem 3.8 and the corresponding result in classical

probability, we get the following

3.9 Corollary. The Bercovici-Pata bijection A: ID(x) — ID(H) is a homeomorphism
w.r.t. weak convergence. In other words, if ji is a measure in ID(x) and (u,,) is a sequence
of measures in ID(x), then p, ~ p, as n — oo, if and only if A(u,) ~ A(p), as n — oo.
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Proof. Let (v, 0) be the generating pair for 2 and, for each n, let (v,, 0,,) be the generating
pair for .

Assume first that p, — pu. Then by [GK, §19, Theorem 1], 7, — v and o, — 0. Since
(Vn,on) (respectively (v,0)) is the free generating pair for A(u,) (respectively A(p)), it
follows then from Theorem 3.8 that A(,) — A(gu).

The same argument applies to the converse implication. [ ]

4 Selfdecomposability in Free Probability

Recall from Subsection 2.1 that a probability measure g on R is x-selfdecomposable if
and only if any (classical) random variable Y with distribution p has, for any ¢ in |0, 1], a

decomposition in law of the form: YV Loy + Y., where Y, is a random variable, which is
independent of Y. In view of this definition of x-selfdecomposability, the natural definition
of the free counterpart must be as follows: pu is H-selfdecomposable if any selfadjoint
operator y with (spectral) distribution p admits, for any ¢ in |0, 1], a decomposition in law

of the form: y 4 cy + 1., where y,. is a selfadjoint operator, which is freely independent of
y. If ;4 has unbounded support, the selfadjoint operator y would have to be unbounded.
We prefer, at this point, to avoid dealing with unbounded operators, and instead to
define H-selfdecomposability in terms of the measures themselves, rather than in terms
of corresponding operators. However, our definition of H-selfdecomposability, to be given
next, is equivalent to the algebraic formulation stated above. Note that with the notation
used in Section 3, a probability measure p on R is x-selfdecomposable if and only if it
has, for any ¢ in 0, 1], a decomposition of the form: = D.pu * p., for some probability
measure [, on R.

4.1 Definition. Let y be a probability measure on R. We say then that p is selfdecom-
posable w.r.t. free additive convolution (or just H-selfdecomposable), if for any ¢ in |0, 1]
there exists a probability measure p. on R, such that

= D.p B p,. (4.1)

By L(H) we denote the class of H-selfdecomposable probability measures on R.

Note that for a probability measure 4 on R and a constant ¢ in ]0, 1, there can be only
one probability measure p., such that y = D.u H p.. Indeed, choose positive numbers
n and M, such that all three Voiculescu transforms ¢,, ¢p,, and ¢, are defined on the
region , , ar. Then by Theorem 2.2, ¢, is uniquely determined on , , s, and hence, by
Remark 2.3, u. is uniquely determined too.

4.2 Remark. Let p be a probability measure on R. It follows then from Theorem 2.2,
Lemma 3.3 and Remark 2.3, that p is H-selfdecomposable if and only if there exists, for
each ¢ in |0, 1], a probability measure p. on R, such that

6u(2) = cdulc'2) + du.(2),
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for all z in a region , , as.

4.3 Remark. (Free cumulant transform) Besides the Voiculescu transform and the
R-transform, a third variant, which we denote here by %), has been studied by, in partic-
ular, Nica and Speicher (cf. e.g. [Ni]). For a probability measure ;2 on R, %), is given by
the equation:

Cu(2) = 2R(2) = 26,(3),

and is thus defined on a region of the form , }vp for suitable positive numbers n and M.
Of course the transformation p — %, has a property similar to that of the Voiculescu
transform stated in Theorem 2.2. In fact, %), resembles more closely the classical cumulant
function than the Voiculescu transform and the R-transform do. In particular, w.r.t.
dilation it behaves exactly as the classical cumulant function, i.e.

Coulz) = Culc2), (4.2)

for any probability measure p on R, and any positive constant ¢. This follows easily from
Lemma 3.3. As a consequence of (4.2), it follows, as in Remark 4.2, that a probability
measure g on R is H-selfdecomposable, if and only if there exists, for any ¢ in |0, 1[, a
probability measure p. on R, such that

Cu(2) = Cu(c2) +6,.(2).

In terms of the function %, the condition for H-selfdecomposability is, thus, exactly
the same as the condition for *-selfdecomposability expressed in terms of the (classical)
cumulant function (cf. (2.2)). We note finally that the free Lévy-Khintchine representation
of ¢, takes the form:

22 +tz tz 22
ulz) 72+A1—t2 o(dt) 77’+/R(1+t2+1—tz> v(dt),

where v,0 and v are the same as in Theorem 2.7. Thus, in analogy with the classical
case, the free Lévy-Khintchine representation of %), includes a linear term, rather than a
constant one.

4.4 Lemma. Let y1 be a H-selfdecomposable probability measure on R, let ¢ be a number
in ]0, 1, and let u, be the probability measure on R determined by the equation:

p= DB pe.

Let n and M be positive numbers, such that ¢, is defined on , , ;. Then ¢, is defined
on , ,n as well.

Proof. Choose positive numbers 7' and M’ such that , ,» v C, , » and such that ¢, and
¢, are both defined on , ;v pp. For z in , .y p, we then have (cf. Lemma 3.3):

ou(2) = chulc'2) + by (2).
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Recalling the definition of the Voiculescu transform, the above equation means that

Fu_l(z) —z=cou(c'2) + Fu_cl(z) -z, (z€,y.m),

so that
Fﬂ_cl(z) = Fu_l(z) —cpu(c'2), (2 €, yumr)

Now put ¢(z) = F,'(2) — chu(c"2) and note that ¢ is defined and holomorphic on all
of , ym (cf. Lemma 3.3), and that

FHC(¢(Z)) =z, (Z S ) T]’,M’)- (43)
We note next that ¢ takes values in C*. Indeed, since F), is defined on C*, we have that
Im(F, *(z)) > 0, for any z in , , )y and furthermore, for all such z, Im(¢,(c "2)) <0, as
noted in Subsection 2.3.

Now, since F),, is defined and holomorphic on all of C*, both sides of (4.3) are holomorphic
on , ;. Since , ,ap has an accumulation point in , , a7, it follows, by uniqueness of
analytic continuation, that the equality in (4.3) actually holds for all z in , ,, »;. Thus, F),,

has a right inverse on , , as, which means that ¢, is defined on , , s, as desired. [ ]

4.5 Lemma. Let p1 be a B-selfdecomposable probability measure on R, and let (c,) be
a sequence of numbers in ]0,1[. For each n, let u., be the probability measure on R
satisfying

po=De,pH pe,.
Then, if ¢, — 1 as n — 0o, we have ji., ~ &y, as n — 00.

Proof. Choose positive numbers 1 and M, such that ¢, is defined on , , »;. Note then
that, by Lemma 4.4, ¢, is also defined on , , 5 for each n in N and, moreover,

Pu.. (2) = du(2) — cnqﬁu(c;lz), (z €, yum, nE€N). (4.4)

Assume now that ¢, — 1 as n — oo. From (4.4) and continuity of ¢, it is then straight-
forward that ¢, (2) = 0 = ¢5,(2), as n — oo, uniformly on compact subsets of , , rs.
Note furthermore that

sup
neN

sl ) _ i)

— 0, as|z| > o0, z€, 4,
neN Cn

since ¢”T(Z) — 0 as |z] = o0, 2z €, ,u, and since ¢, > 1 for all n. It follows thus from

Proposition 2.6 that p, — dg, for n — oo, as desired. [ |

4.6 Theorem. Let p be a probability measure on R. If u is H-selfdecomposable, then
is H-infinitely divisible.
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Proof. Assume that p is H-selfdecomposable. Then by successive applications of (4.1),
we get for any ¢ in ]0,1[ and any n in N that

= DmpB Dan-rpp. H Den—2p. B+ B D.p. 8 pe. (4.5)
The idea now is to show that for a suitable choice of ¢ = ¢,, the probability measures:
DC%M: DCQ*IMCMDCZ’zlu’Cna"' 7Dcnucnaucn7 (n € N)7 (46)

form a null-array (cf. Theorem 2.10). Note for this, that for any choice of ¢, in 0, 1], we
have that

Dy pre,(R\ [=€, €]) < prc, (R [—¢, €]),

for any 7 in N and any € in ]0, 00[. Therefore, in order that the probability measures in
(4.6) form a null-array, it suffices to choose ¢, in such a way that

chﬂlég and uch>6g, as n — 0o.

We claim that this will be the case if we put (for example)

1
chn=e Vi, (neN). (4.7)
To see this, note that with the above choice of ¢,, we have:
¢, —+1 and ¢, =0, asn— oo.

Thus, it follows immediately from Lemma 4.5, that ., ~» &, as n — oo. Moreover, if
we choose a (classical) real valued random variable X with distribution p, then, for each
n, Denpi is the distribution of ¢ X. Now, cp X — 0, almost surely, as n — oo, and this
implies that ¢} X — 0, in distribution, as n — oo.

We have verified, that if we choose ¢, according to (4.7), then the probability measures in
(4.6) form a null-array. Hence by (4.5) (with ¢ = ¢,) and Theorem 2.10, u is E-infinitely
divisible. [

4.7 Proposition. Let y be a H-selfdecomposable probability measure on R, let ¢ be a
number in |0, 1[ and let u. be the probability measure on R satisfying the condition:

p= Dep B pic.
Then p. is H-infinitely divisible.
Proof. As noted in the proof of Theorem 4.6, for any d in |0, 1] and any n in N we have
p=Dgnpp 8B Dgn-1ppqg B Dgn—2p1q B -+ - H Dgpg B pig,

where /14 is defined by the case n = 1. Using now the above equation with d = ¢'/", we
get for each n in N that

Depu 8 pe = p1 = Dept B D iy ftersn B Deotnzy/nfoasn BB Dayapioasn B proasm.  (4.8)
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From this it follows that
e = D yn—1y/nprrsn B D on—2ympiorsn B+ B Daynpiam B pam, (n € N). (4.9)

Indeed, by taking Voiculescu transforms in (4.8) and using Theorem 2.2, it follows that
the Voiculescu transforms of the right and left hand sides of (4.9) coincide on some region
, p,m- By Remark 2.3, this implies the validity of (4.9).

By (4.9) and Theorem 2.10, it remains now to show that the probability measures:

Dc(n—l)/n,ucl/n, Dc(n—Z)/nllzcl/n, ey Dcl/nllzcl/n, Het/n,

form a null-array. Since ¢//™ € |0, 1[ for any j in {1,2,...,n — 1}, this is the case if and
only if f1,1/n — 0y, as n — co. But since ¢'/® — 1, as n — 0o, Lemma 4.5 guarantees the
validity of the latter assertion. [ |

4.8 Theorem. Let 11 be a x-selfdecomposable probability measure on R and let (fic)ccjo i
be the family of probability measures on R defined by the equation:

o= Dep* pi.
Then, for any ¢ in |0, 1], we have the decomposition:
A(M) = DCA(M) H A(:U’c)' (410)

Consequently, a probability measure p on R is x-selfdecomposable, if and only if A(pu)
is B-selfdecomposable, and thus the bijection A: ID(x) — ID(H) maps the class L(x)
of x-selfdecomposable probability measures onto the class L(H) of H-selfdecomposable
probability measures.

Proof. For any c¢ in |0, 1], the measures D.u and p. are both x-infinitely divisible (see
Subsection 2.1), and hence, by (i) and (ii) of Theorem 3.5,

A(p) = AMDepu prc) = DA () B A(pae).
Since this holds for all ¢ in ]0, 1], it follows that A(u) is B-selfdecomposable.

Assume conversely that u' is a H-selfdecomposable probability measure on R, and let
(14.)ce10,11 be the family of probability measures on R defined by:

p' = Do B puy,.

By Theorem 4.6 and Proposition 4.7, 1/, .. € ID(H), so we may consider the *-infinitely
divisible probability measures p := A~'(y') and p. := A7'(ul). Then by (i) and (ii) of
Theorem 3.5,

p=A" () = AN (Do) 8B pg) = A7 (DA (i) B Ape))
= AN (A(Dep # fre)) = Dejt * .
Since this holds for any ¢ in 0, 1], p is *-selfdecomposable. [

The corollary below can be proved directly, by using, for example, [BV, Corollary 7.2].
However, by using the corresponding classical result as well as Theorem 4.8 and Corol-
lary 3.7, we can argue without doing any computations.
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4.9 Corollary. Let p be a H-stable probability measure on R. Then p is necessarily
H-selfdecomposable.

Proof. Since p is H-stable, p is also H-infinitely divisible, so we may consider the *-
infinitely divisible probability measure p/ = A~'(u). By Corollary 3.7, u' is *-stable,
and since *-stability implies x-selfdecomposability (cf. [Sal, Example 15.2]), ' is also
x-selfdecomposable. Hence, by Theorem 4.8, u = A(y') is E-selfdecomposable. [

To summarize, we note that it follows from Theorem 4.6 and Corollary 4.9 that we have
the following free counterpart to the hierarchy (2.1):

§(B) c 8(H) c L(A) c ID(H), (4.11)

where §(H) denotes the class of semi-circle distributions. Furthermore, the Bercovici-Pata
bijection A maps each of the classes of probability measures in (2.1) onto the corresponding
free class in (4.11).

5 Free Lévy Processes

In this section we introduce and study some basic properties of Lévy processes in Free
Probability. We start by recalling the definition of classical Lévy processes.

5.1 Definition. A real valued stochastic process (X;);>o, defined on a probability space
(Q,F, P), is called a Lévy process, if it satisfies the following conditions:

(i) whenever n € Nand 0 <ty <t <---<t,, the increments
KXig, Xy — Xy, Xy — Xy, Xy, — Xy,
are independent random variables.
(ii) X, = 0, almost surely.
(iii) for any s,t in [0, oo[, the distribution of X;;; — X, does not depend on s.

(iv) (X;) is stochastically continuous, i.e. for any s in [0, 0o[ and any positive €, we have:
limt*)() P(|Xs+t — X5| > 6) = 0.

(v) for almost all w in €2, the sample path ¢ — X;(w) is right continuous (in ¢ > 0) and
has left limits (in ¢ > 0).

If a stochastic process (X;)i>o satisfies conditions (i)-(iv) in the definition above, we say
that (X;) is a Lévy process in law. If (X;) satisfies conditions (i), (ii), (iv) and (v)
(respectively (i), (ii) and (iv)) it is called an additive process (respectively an additive
process in law). Any Lévy process in law (X;) has a modification which is a Lévy process,
i.e. there exists a Lévy process (Y;), defined on the same probability space as (X;), and
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such that X; = Y; with probability one, for all ¢£. Similarly any additive process in law
has a modification which is a genuine additive process. These assertions can be found in
[Sal, Theorem 11.5].

Note that condition (iv) is equivalent to the condition that X, — X; — 0 in distribution,
as t — 0. Note also that under the assumption of (ii) and (iii), this condition is equivalent
to saying that X; — 0 in distribution, as £ 0.

We turn now to the non-commutative setting. Let (A, 7) be a W*-probability space acting
on a Hilbert space H (cf. Subsection 2.5). By a (stochastic) process affiliated with A, we
shall simply mean a family (Z;);c[0,00] Of selfadjoint operators in A, which is indexed by the
non-negative reals. For such a process (Z;), we let p; denote the (spectral) distribution
of Zy, i.e. py = L{Z;}. We refer to the family () of probability measures on R as the
family of marginal distributions of (Z;). Moreover, if s,t € [0, 00, such that s < ¢, then,
as was noted in Subsection 2.5, Z, — Z, is, again, a selfadjoint operator in A, and we
may consider its distribution p,, = L{Z;, — Z,}. We refer to the family (/15)0<s<: as the
family of increment distributions of (Z).

5.2 Definition. A free Lévy process (in law), affiliated with a W*-probability space
(A,7), is a process (Z;);>o of selfadjoint operators in A, which satisfies the following
conditions:

(i) whenever n € Nand 0 <ty <t <---<t,, the increments
Zt07 Ztl - Ztoa th - Ztla s 7Ztn - Ztnfla
are freely independent random variables.
(i) Zo = 0.
iii) for any s,t in [0, oo[, the (spectral) distribution of Z,,; — Z; does not depend on s.
+

iv) for any s in [0,00|, Zsy; — Z5s — 0 in distribution, as ¢ — 0, i.e. the spectral
(iv) +

distributions L{Z;,; — Zs} converge weakly to dy, as t — 0.

Note that under the assumption of (ii) and (iii) in the definition above, condition (iv) is
equivalent to saying that Z, — 0 in distribution, as ¢ 0.

5.3 Remark. (Free additive processes I) A process (Z;) of selfadjoint operators in A,
which satisfies conditions (i), (ii) and (iv) of Definition 5.2, is called a free additive process
(in law). Given such a process (Z;), let, as above, pus = L{Z,} and ps, = L{Z, — Z},
whenever 0 < s < t. It follows then that whenever 0 < r < s < t, we have

Hs = Hr & Hr.s and Hrt = Hrs i Hs ts (51)
and furthermore

st 55, as t—0, (5.2)
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for any s in [0, oof.

Conversely, given any family {p; |t > 0} U {us, | 0 < s < t} of probability measures on
R, such that (5.1) and (5.2) are satisfied, there exists a free additive process (in law) (Z;)
affiliated with a W*-probability space (A, 7), such that ps = L{Z,} and p,, = L{Z,— Z,},
whenever 0 < s < t. In fact, for any families (;) and (5,) satisfying condition (5.1), there
exists a process (Z;) affiliated with some W*-probability space (A, 7), such that conditions
(i) and (ii) in Definition 5.2 are satisfied, and such that p, = L{Z,} and p,, = L{Z,— Z,}.
This was noted in [Bil] and [Vo4]. Note that with the notation introduced above, the
free Lévy processes (in law) are exactly those free additive processes (in law), for which
st = p—s for all s, ¢ such that 0 < s < ¢. In this case the condition (5.1) simplifies to

pe = ps B, (0<s<t). (5.3)

In particular, for any family (y,;) of probability measures on R, such that (5.3) is satisfied,
and such that u; — &y as t N\, 0, there exists a free Lévy process (in law) (7Z;), such that
My = L{Zt} for all ¢.

Consider now a free Lévy process (Z;);>o, with marginal distributions (). As for (clas-
sical) Lévy processes, it follows then, that each p, is necessarily H-infinitely divisible.
Indeed, for any n in N we have: Z; = Z?:1(th/n — Z(j—1)t/n), and thus, in view of condi-
tions (i) and (iii) in Definition 5.2, p; = py/, B - -B 1y (n terms). From the observation
just made, it follows that the Bercovici-Pata bijection A: ID(x) — ID(H) gives rise to a
correspondence between classical and free Lévy processes:

5.4 Proposition. Let (Z;)i>o be a free Lévy process (in law) affiliated with a W*-
probability space (A, 1), and with marginal distributions (p;). Then there exists a (clas-
sical) Lévy process (X)i>o, with marginal distributions (A~ (u)).

Conversely, for any (classical) Lévy process (X;) with marginal distributions (), there
exists a free Lévy process (in law) (Z;) with marginal distributions (A(j)).

Proof. Consider a free Lévy process (in law) (Z;) with marginal distributions (p;). Then,
as noted above, y, € ID(H) for all ¢, and hence we may define p; = A~ (), ¢ > 0. Then,
whenever 0 < s < t,

py = A7 (s B pre—s) = A7 (ps) # AT (pms) = il # g1y

Hence, by the Kolmogorov Extension Theorem, there exists a (classical) stochastic process
(X;) (defined on some probability space (2, F, P)), with marginal distributions (y;}), and
which satisfies conditions (i)-(iii) of Definition 5.1. Regarding condition (iv), note that
since (Z;) is a free Lévy process, u; ~ &g as t N\, 0, and hence, by continuity of A~ (cf.
Corollary 3.9),

py = A" () = A7H(8o) = b, as 0.

Thus, (X;) is a (classical) Lévy process in law, and hence we can find a modification of
(X;) which is a genuine Lévy process.
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The second statement of the proposition follows by a similar argument, using A rather
than A~!, and that the marginal distributions of a classical Lévy process are necessarily
x-infinitely divisible. Furthermore, we have to call upon the existence statement for free
Lévy processes (in law) in Remark 5.3. ]

5.5 Remark. (Free additive processes IT) Though our main objective in this section
are free Lévy processes, we mention, for completeness, that the Bercovici-Pata bijection A
also gives rise to a correspondence between classical and free additive processes (in law).
Thus, to any classical additive process (in law), with corresponding marginal distributions
(t) and increment distributions (154)o<s<t, there corresponds a free additive process (in
law), with marginal distributions (A(x,)) and increment distributions (A(fss))o<s<s- And
vice versa.

This follows by the same method as used in the proof of Proposition 5.4 above, once
it has been established that for a free additive process (in law) (Z;), the distributions
w = L{Z,} and psy = L{Z, — Zs;}, 0 < s < t, are necessarily B-infinitely divisible
(for the corresponding classical result, see [Sal, Theorem 9.1]). The key to this result
is Theorem 2.10, together with the fact that (Z;) is actually uniformly stochastically
continuous on compact intervals, in the following sense: For any compact interval [0, ]
in [0, 00[, and for any positive numbers ¢, p, there exists a positive number ¢ such that
pst(R\ [—€,€]) < p, for any s,t in [0, b], for which s < ¢ < s+ 4. As in the classical case,
this follows from condition (iv) in Definition 5.2, by a standard compactness argument
(see [Sal, Lemma 9.6]). Now for any ¢ in [0, c0] and any n in N, we have (cf. (5.1)),

e = Ho,t/n Bty ot/n B g3t B B i 1)em,e- (5.4)

Since (Z;) is uniformly stochastically continuous on [0,¢], it follows that the family
{uG-1ymjtm | m € N, 1 < j < n}is a null-array, and hence, by Theorem 2.10, (5.4)
implies that p, is H-infinitely divisible. Applying then this fact to the free additive
process (in law) (Z; — Zs)i>s, it follows that also p,, is B-infinitely divisible whenever
0<s<t.

5.6 Remark. (An alternative concept of free Lévy processes) For a classical Lévy
process (X;), condition (iii) in Definition 5.1 is equivalent to the condition that whenever
0 < s < t, the conditional distribution Prob(X; | X,) depends only on ¢ — s. Conditional
probabilities in free probability were studied by Biane in [Bil], and he noted, in particular,
that in the free case, the condition just stated is not equivalent to condition (iii) in Defi-
nition 5.2. Consequently, in free probability there are two classes of stochastic processes,
that may naturally be called Lévy processes: The ones we defined in Definition 5.2 and
the ones for which condition (iii) in Definition 5.2 is replaced by the condition on the
conditional distributions, mentioned above. In [Bil] these two types of processes were
denoted FALI1 respectively FAL2. We should mention, here, that in [Bil], the assumption
of stochastic continuity (condition (iv) in Definition 5.2) was not included in the defini-
tions of neither FAL1 nor FAL2. We have included that condition, primarily because it is
crucial for the definition of the stochastic integral to be constructed in the next section.
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6 Free Stochastic Integrals and H-selfdecomposable
Variates

As mentioned in Subsection 2.1, a (classical) random variable Y has distribution in £(x)
if and only if it has a representation in law of the form

Y %/ et dX,, (6.1)
0

where (X});>0 is a (classical) Lévy process, satisfying the condition Ellog(1 + |X;|)] < oo.
The main aim of this section is to establish a similar correspondence between selfadjoint
operators with (spectral) distribution in £(H) and free Lévy processes (in law).

The stochastic integral appearing in (6.1) is the limit, in probability, as R — oo, of the
stochastic integrals fORf(t) dX, i.e. we have

R 00
/ et dX, > / e dX, asR— oo,
0 0

(the convergence actually holds almost surely; see Proposition 6.3 below). The stochastic

integral fOR e ! dX; is, in turn, defined as the limit of approximating Riemann sums.
More precisely, consider a compact interval [A, B] in [0,00[, and for each n in N, let
Dy, = {tno,tn1,--- ,tnn} be a subdivision of [A, B, i.e.

A=ty <tp1 < <tp,=DB.
Assume that

lim max (tm]’ - tn,j—l) =0. (62)

n—oo j=1,2,...,n
Moreover, for each n, choose intermediate points:
tfa] S [tn7j_17tnyj]’ ] = 1727"' , 1. (63)

Then, for any continuous function f: [A, B] — R, the Riemann sums
Sn = Z f(tf,]) : (th,j - th,j—l)?
7j=1

converge in probability, as n — oo, to a random variable S. Moreover, this random
variable S does not depend on the choice of subdivisions D,, (satisfying (6.2)), nor on the
choice of intermediate points tf:j. Hence, it makes sense to call S the stochastic integral

of f over [A, B] w.r.t. (X;), and we denote S by ff f(t) dX;.

The construction just sketched depends, of course, heavily on the stochastic continuity of
the Lévy process in law (X;) (condition (iv) in Definition 5.1). A proof of the assertions
made above can be found in [Lu, Theorem 6.2.3]. We show next how the above construc-
tion carries over, via the Bercovici-Pata bijection, to a corresponding stochastic integral
w.r.t. free Lévy processes (in law).
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6.1 Theorem. Let (Z;) be a free Lévy process (in law), affiliated with a W*-probability
space (A, 7). Then for any compact interval [A B] in [0, 00] and any continuous function

f:[A, B] = R, the stochastic integral fA t) dZ, exists as the limit in probability (see
Definition 2.16) of approximating R1emann sums. More precisely, there exists a (unique)
selfadjoint operator T affiliated with (A, T), such that for any sequence (Dy)nen of sub-
divisions of [A, B], satisfying (6.2), and for any choice of intermediate points tf:j, as in
(6.3), the corresponding Riemann sums

T - Zf Ztnj Ztn,j_l)a

converge in probability to T as n — oco. We call T the stochastic integral of f over [A, B]
w.r.t. (Z;), and denote it by fA t) dZ,.

In the proof below, we shall use the notation:
r r
R PGS R and jEEIMJ'::UIEB“'BHMr,

for probability measures py, ..., u, on R.

Proof of Theorem 6.1. Let (D,)nen be a sequence of subdivisions of [A, B] satisfying
(6.2), let t#’j be a family of intermediate points as in (6.3), and consider, for each n, the
corresponding Riemann sum:

T, = Zf Zy,; — Zy,,_,) € A

We show that (7},) is a Cauchy sequence w.r.t. convergence in probability or, equivalently,
w.r.t. the measure topology (see Subsection 2.5). Given any n,m in N, we form the
subdivision

A =35y <51 < < Spmm) = B,

which consists of the points in D,, U D,, (so that p(n,m) < n + m). Then, for each j in
{1,2,...,p(n,m)}, we choose (in the obvious way) sf,j in {tf:k |k=1,2,...,n} and s*
in {t" x| E=1,2,...,m} such that

m,j

p(n,m) p(n,m)
T, = Z f(S#,J) ’ (Zsj - Zsj—l) and T, = Z f(sfz,j) ) (Zsj - Zsj—l)'
j=1 j=1
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Let (p;) denote the family of marginal distributions of (Z;), and then consider a classical
Lévy process (X;) with marginal distributions (A~!(s)) (cf. Proposition 5.4). For each
n, form the Riemann sum

Sp = Zf thj - th,j—l)7

corresponding to the same D,, and t as above. Then for any n,m in N, we have also

that

n,j

M)

so that (by Theorem 3.5),

AE{Sn = Sm}) = ( Fls )= (s Hsi=sim1

: L{ Z (F6t) 10680 (2, = 2,.))
— L{T, ~ T},

We know from the classical theory (cf. [Lu, Theorem 6.2.3]), that (S,) is a Cauchy se-
quence w.r.t. convergence in probability, i.e. that £{S, — S,,} — &, as n,m — oco. By
continuity of A, it follows thus that also

LAT, — T,,} = AL{S, — Sm}) = A(6) = o, asn,m — oo.

By Proposition 2.18, this means that (7},) is a Cauchy sequence w.r.t. the measure topol-
ogy, and since A is complete in the measure topology (Proposition 2.15), there exists an
operator T in A, such that T,, — T in the measure topology, i.e. in probability. Since T},
is selfadjoint for each n (see Subsection 2.5) and since the adjoint operation is continuous
w.r.t. the measure topology (Proposition 2.15), T is necessarily a selfadjoint operator.

It remains to show that the operator T, found above, does not depend on the choice
of subdivisions (D,,) or intermediate points t#’j. Suppose thus that (7,) and (7)) are
two sequences of Riemann sums of the kind considered above. Then by the argument
given above, there exist operators 7" and 7" in A, such that T, — T and T/ — T" in
probability. Furthermore, if we consider the “mixed sequence” Ty, Ty, T3, Ty, ..., then the
corresponding sequence of subdivisions also satisfies (6.2), and hence this mixed sequence
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also converges in probability to an operator 7" in A. Since the mixed sequence has
subsequences converging, in probability, to 7" and 1" respectively, and since the measure
topology is a Hausdorff topology (cf. Proposition 2.15), we may thus conclude that T =
T" =T', as desired. [

The stochastic integral f 4 f(t) dZ,, introduced above, extends to continuous functions

f:]A,B] — C in the usual way (the result being non-selfadjoint in general). From

the construction of f 1 f(t) dZ; as the limit of approximating Riemann sums, it follows
immediately that Whenever 0< A< B<CC, we have

[ @) dzy= [T f(t) dZ, + [5 f(t) dZ,

for any continuous function f: [A,C] — C. Another consequence of the construction,
given in the proof above, is the following correspondence between stochastic integrals
w.r.t. classical and free Lévy processes (in law).

6.2 Corollary. Let (X;) be a classical Lévy process with marginal distributions (p), and
let (Z;) be a corresponding free Lévy process (in law) with marginal distributions (A(u))
(cf. Proposition 5.4). Then for any compact interva] [A B] in [0, 00[ and any continuous
function f: [A,B] — R, the distributions L{ [, f(t) dX;} and L{[} f(t) dZ;} are -
infinitely divisible respectively B-infinitely divisible and, moreover

LSS dzd = A[R{ [} (1) dXi}].

Proof. Let (D,)nen be a sequence of subdivisions of [A, B] satisfying (6.2), let tf:j be
a family of intermediate points as in (6.3), and consider, for each n, the corresponding
Riemann sums:

S_Zf _&ﬁ&mgde_Zf Ly = Zt )

Since convergence in probability implies convergence in distribution (Proposition 2. 19) i
follows from [Lu Theorem 6.2.3] and Theorem 6.1 above, that £{S,} ~ L{fA t) dX;}
and L{T,} > L{fA t) dZ;}. Since ID(x) and ID(H) are closed w.r.t. weak conver-
gence (as noted in Subsection 2.4), it follows thus that L{fA t) dX;} € ID(x) and
L{fA t) dZ;} € ID(H). Moreover, by Theorem 3.5, L{T,,} = A(L{S,}), for each n in
N, and hence the last assertion follows by continuity of A. [

We determine next under which conditions the stochastic integral fooo e~ dZ, makes sense

as the limit of fOR et dZ;, for R — oo. Again, the result we obtain is derived by virtue of
the mapping A and the following corresponding classical result:

6.3 Proposition. ([JV]) Let (X;) be a classical Lévy process defined on some proba-
bility space (2, F, P), and let (y,0) be the generating pair for the x-infinitely divisible
probability measure L{X}. Tben the following conditions are equivalent:

1) Jay 1aplog(L +1t]) o(dt) < oco.
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(ii) fOR et dX; converges almost surely, as R — oo.

(iii) fOR et dX; converges in distribution, as R — oo.

(iv) Eflog(1 + |X;])] < oo.

Proof. This was proved in [JV, Theorem 3.6.6]. We note, though, that in [JV], the measure
o in condition (i) is replaced by the Lévy measure p appearing in the alternative Lévy-
Khintchine representation (2.5) for L{X;}. However, since p(dt) = lyz - Ir\f0y (t) o(dt),
it is clear that the integrals [o., , log(1 + [t[) p(dt) and [, log(1 + [¢t[) o(dt) are

finite simultaneously. [ |

6.4 Proposition. Let (Z;) be a free Lévy process (in law) affiliated with a W*-probability
space (A, T), and let (,0) be the free generating pair for the B-infinitely divisible prob-
ability measure L{Z,}. Then the following statements are equivalent:

(i) fR\}_1,1[10g(1 + [t]) o(dt) < oo.
(ii) fOR e~t dZ, converges in probability, as R — oo.

(iii) fOR et dZ, converges in distribution, as R — oo.

Proof. Let () be the family of marginal distributions of (Z;) and consider then a classical
Lévy process (X;) with marginal distributions (A="(p;)) (cf. Proposition 5.4). By the
definition of A, it follows then that (v, o) is the generating pair for the x-infinitely divisible
probability measure L{ X }.

(i) = (ii): Assume that (i) holds. Then condition (i) in Proposition 6.3 is satisfied for

the classical Lévy process (X;). Hence by (ii) of that proposition, fOR e ' dX; converges
almost surely, and hence in probability, as R — oo. Consider now any increasing sequence
(R,,) of positive numbers, such that R, / oo, as n — oco. Then for any m,n in N such
that m > n, we have by Corollary 6.2

O et az, - [ et az) = o [ et dz,y = Aled [ et ax,)]

= A[L{ [ et dX, — [ et dX;}].

(6.4)

Since the sequence (fOR” et dX;)nen is a Cauchy sequence with respect to convergence in
probability, it follows thus, by continuity of A, that so is the sequence (fOR” et dZ;) nen-
Hence, by Proposition 2.15, there exists a selfadjoint operator W affiliated with (A, 1),
such that fOR” e ' dZ; — W in probability. It remains to argue that W does not depend
on the sequence (R,). This follows, for example, as in the proof of Theorem 6.1, by
considering, for two given sequences (R,) and (R],), a third increasing sequence (RI'),
containing infinitely many elements from both of the original sequences.

(i) = (i): Assume that (ii) holds. It follows then by (6.4) and continuity of A~' that
for any increasing sequence (R,), as above, (fOR” e~! dX;) is a Cauchy sequence w.r.t.
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convergence in probability. We deduce that (iii) of Proposition 6.3 is satisfied for (X;),
and hence so is (i) of that proposition. By definition of (X;), this means exactly that (i)
of Proposition 6.4 is satisfied for (Z;).

(ii) = (iii): This follows from Proposition 2.19.

(iii)=-(i): Suppose (iii) holds, and note that the limit distribution is necessarily H-
infinitely divisible. Now by Corollary 6.2 and continuity of A~!, condition (iii) of Propo-
sition 6.3 is satisfied for (X;), and hence so is (i) of that proposition. This means, again,
that (i) in Proposition 6.4 is satisfied for (Z;). |

If (Z;) is a free Lévy process (in law) affiliated with (A, 7), such that (i) of Proposition 6.4
is satisfied, then we denote by fooo et dZ, the selfadjoint operator affiliated with (A, 7),

to which fUR e™' dZ, converges, in probability, as R — co. We note that L{ ;" e™" dZ;}
is H-infinitely divisible, and that Corollary 6.2 and Proposition 2.19 yield the following
relation:

L{ [ et dZy = A[L{ [[Tet dX,}], (6.5)

where (X;) is a classical Lévy process corresponding to (Z;) as in Proposition 5.4.

6.5 Theorem. Let y be a selfadjoint operator affiliated with a W *-probability space
(A, 7). Then the distribution of y is H-selfdecomposable if and only if y has a represen-
tation in law in the form:

Y g/ et dz,, (6.6)
0

for some free Lévy process (in law) (Z;) affiliated with some W*-probability space (B, 1),
and satisfying condition (i) of Proposition 6.4.

Proof. Put u = L{y}. Suppose first that u is B-selfdecomposable and put p' = A~ (u).
Then, by Theorem 4.8, 1’ is *-selfdecomposable, and hence by the classical version of
this theorem (cf. [JV, Theorem 3.2]), there exists a classical Lévy process (X;) defined on
some probability space (2, F, P), such that condition (i) in Proposition 6.3 is satisfied,
and such that A~ () = L{[;" e™" dX,}. Let (Z;) be a free Lévy process (in law) affiliated
with some W*- probab1l1ty space (B, 1), and corresponding to (X;) as in Proposition 5.4.
Then, by definition of A, condition (i) in Proposition 6.4 is satisfied for (Z;) and, by
formula (6.5), L{[;"e™" dZ;} = p.

Assume, conversely, that there exists a free Lévy process (in law) (Z;) affiliated with some
W*-probability space (B, ), such that condition (i) of Proposition 6.4 is satisfied, and
such that = L{ ;" e™" dZ,}. Then consider a classical Lévy process (X;) defined on some
probability space (Q, F, P), and corresponding to (Z;) as in Proposition 5.4. Condition
(i) in Proposition 6.3 is then satisfied for (X;) and, by (6.5), A~*(u) = L{[; e ™" dX;}.
Thus, by the classical version of this theorem, A="(p) is *—selfdecomposable and hence p
is H-selfdecomposable. [ |

6.6 Remark. (Free OU processes.) Let y be a selfadjoint operator affiliated with
some W*-probability space (A, 7), and assume that there exists a free Lévy process (in
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law) (Z;) affiliated with some W*-probability space (B,), such that condition (i) of

Proposition 6.4 is satisfied, and such that y 4 fooo e~ dZ,. Note then, that for any
positive numbers s, A, we have

/ et dZ, = / e N dZy, = / e N dZy + / e N dZy,
0 0 S 0
00 s
—e / e M dZy(s11) + / e ' dz,
0 0

where we have introduced integration w.r.t. the processes V; = Zy, and Wy = Z(14),
t > 0. The rules of transformation for stochastic integrals, used above, are easily verified
by considering the integrals as limits of Riemann sums. That same point of view, together
with the fact that (Z;) has freely independent stationary increments (conditions (i) and
(iii) in Definition 5.2), implies, furthermore, that [~ e dZ)(s1s 4 [ e dZy 4 Y.
Note also that the two terms in the last expression of (6.7) are freely independent. Thus,
(6.7) shows, that for any positive numbers s, A\, we have a decomposition in the form:

(6.7)

y < e My(\, s) + u(), s), where y(),s) and u(),s) are freely independent, and where
y(\, s) 4 y. In particular, we have verified, directly, that £{y} is H-selfdecomposable.
Moreover, if we choose a selfadjoint operator Y, affiliated with (B,1), which is freely
independent of (Z;), and such that L{Yy} = L{y} (extend (B, ) if necessary), then the

expression:
As
Y, = e MY, —i—/ et dZ;, (s>0),
0

defines an operator valued stochastic process (Y;) affiliated with (B, 1)), satisfying that

Y, £ y for all s. If we replace (Z;) above by a classical Lévy process (X;), satisfying
condition (i) in Proposition 6.3, and let Y be a (classical) random variable, which is
independent of (X;), then the corresponding process (Yj) is a solution to the stochastic
differential equation:

dY, = —\Y; ds + dX,,

and (Y5) is said to be a process of Ornstein-Uhlenbeck type or an OU process, for short
(cf. [BS1],[BS2] and references given there).
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