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Abstract

Often, the statistical analysis of the shape of a random planar
curve is based on a model for a polygonal approximation to the curve.
In the present paper, we describe instead the curve as a continuous
stochastic deformation of a template curve. The advantage of this
continuous approach is that the parameters in the model do not re-
late to a particular polygonal approximation. A somewhat similar
approach has been used in Kent et al. (1996), who describe the lim-
iting behaviour of a model with a first-order Markov property as the
landmarks on the curve become closely spaced, see also Grenander
(1993). The model studied in the present paper is an extension of
this model. Our model possesses a second-order Markov property. Its
geometrical characteristics are studied in some detail and an explicit
expression for the covariance function is derived. The model is applied
to the boundaries of profiles of cell nuclei from a benign tumour and
a malignant tumour. It turns out that the model with the second-
order Markov property is the most appropriate, and that it is indeed
possible to distinguish between the two samples.

1 Introduction

In the grading of malignancy of cancer tissue, many morphological parame-
ters may be used. At low magnification the architecture of the cellular tissue
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may be considered while on a medium scale of magnification the variation in
cell nuclear size is an important feature. At high magnification the shape,
size and colour of each single nuclei are studied. Stereological techniques
may be used to determine the size of nuclei, cf. e.g. Sgrensen (1991) and
Jensen (1998). The remaining parameters are, however, usually subjectively
estimated by the pathologists without using any quantitative methods. The
pathologists” opinions may differ, and particularly in the cases where the
malignancy is in an intermediate stage this leads to different grading. In
order to make precise diagnoses there is therefore a need for supplementary
methods, which may objectively quantify important features at each scale of
magnification. This paper presents a method of describing stochastic changes
of the shape of solid objects in the plane with no obvious landmarks. The
method is applied to nuclear profiles, obtained by sectioning normal tissue
and cancer tissue from the human skin.

The basic idea is to model an observed planar curve F = {F(t) : 0 <
t < T}, which is the boundary of a solid object, as a stochastic deformation
of a non-random closed template curve C = {¢(t) : 0 <t < T}. One of the
stochastic geometry models considered takes the form

F(t)=c(t) + X(tw(t), 0<t<T,

where w(?) is the inner unit normal vector to C at ¢(t), cf. Figure 1. Note
that X (t) is the signed distance between F(¢) and ¢(¢), and may therefore
be regarded as a residual. The challenge is to model the residual process
{X({t):0<t<T}.

We will assume that the residual process is distributed as
{TX:1(t)T):0<t<T},

where the distribution of the 'normalized’ process {X;(¢) : 0 < ¢ < 1} belongs
to a parametrized class P = {FP; : § € O} of distributions of cyclic and
stationary stochastic processes with zero mean. Since the curves considered
are closed, the residual process should be cyclic. In the application, the
residual process is assumed to be Gaussian with zero mean and with a second-
order Markov property. Recall that a Gaussian process {X(¢)} with zero
mean is stationary if and only if the covariance between X(t) and X(s)
depends on (¢,s) through s <t only. Stationarity is a natural requirement
when the object has no obvious landmarks and hence no reference point.
Note that under translations, rotations and rescaling in the plane, the
normalized process {X;(¢) : 0 < ¢ < 1} remains unchanged. Therefore, this



Figure 1: The observed curve is a realisation of a stochastic deformation of
a template.

process describes the stochastic changes in curve shape of the observed curve
F relative to the template curve C, and the changes can be quantified by es-
timating the parameter of the distribution Py of the normalized process. One
of the major advantages of this continuous type model is its independence
from the need to specify the number of landmarks.

The idea of describing objects such as potatoes, cells, hands or leaves
as deformations of a template has been advocated by Ulf Grenander. His
work on pattern theory has been collected in Grenander (1993). In the
above mentioned examples the template is a closed polygon, representing the
outline of a typical object. Grenander and Manbeck (1993) use a discretized
ellipse with fixed eccentricity as template in an application concerning defect
detection in potatoes. In order to determine whether an object has the shape
of a potato, the angles of the edges of the discretized object are compared with
the angles of the edges of the template. In our model a similar comparison
naturally occurs when we consider the derivative of the residual process.

In Rue and Syversveen (1998), a procedure for identifying cells in a digital
image is developed. Their prior model is an example of a stochastic geometry
model. The template curve C is a circle with a radius r, and the residual
process

{X(t):0<t<2mr =T}

is a cyclic and stationary Gaussian process with zero mean, variance r’c?



and correlation function
(h) = e~ T cos(4nh/T), 0<h<T/2,
PR = T ), T/2<h<T,

where o > 0.

Kent et al. (1996) consider multivariate normal models for edges and
vertices of a closed polygonal outline in the plane. The inverse covariance
matrix is a circular matrix with a first-order Markov property. They describe
the limiting behaviour when the vertices become closely spaced. We extend
this approach to the case where the inverse covariance matrix is a circular
matrix with a second-order Markov property. This turns out to be a better
choice for our purpose. The general second-order model, described in the
Appendix of the present paper, contains as a special case a second-order
model suggested by Grenander (1993).

Kass et al. (1988) provide through the theory of snakes a way of perform-
ing boundary detection in an image. A snake is a curve in an image which
minimizes a certain energy functional. In our set-up F is the snake while
C can be regarded as a template snake. A very first choice of the energy
functional could take the form

T
B = [ (@X(0 48X 4 Biage ()1, 0,8 >0. (1)
0
The first term represents an external constraint energy, which forces the snake
to have a shape similar to the template snake. The next term represents an
internal energy and makes the snake smooth. The last term connects the
snake to the image. A simple image energy functional could be

Eimage(t) = SI(F(t)), 0<t<T,

where [(x) is the intensity of the image at the position x. Depending on the
sign of § the snake is attracted to either black or white pixels. This approach
is very similar to a Bayesian algorithm for object detection with the first-
order Markov model described in Section 4.1 below as the prior model.

In Section 2 the data is described, and an ellipse is fitted to each of the
objects. In Section 3 the stochastic geometry models are presented, and some
geometrical characteristics of the residual process are explored under these
models. In Section 4 we consider first- and second-order Markov models for
the residual process, and they are fitted to the data in Section 5. Finally in
Section 6 we discuss further properties of the models considered in Section 4
and consider topics for future work.



2 The data

The data set consists of 27 nuclear profiles from a malignant tumour and 27
nuclear profiles from a benign tumour of the human skin. The silhouettes
were drawn by hand directly from the microscope screen. The data have
previously been analysed with respect to size and variability of size in Jensen
and Sgrensen (1991) and Sgrensen (1991).

By visual inspection the nuclear profiles were smoothed and rescaled such
that an area of approximately 75,000 pixels was obtained for each profile, cf.
Figure 2. As may be seen from Figure 2, nuclear profiles from the malignant
tumour appear to be less smooth than those from the benign tumour.
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Figure 2: The nuclear profiles after scaling and smoothing. The upper panel
is from the malignant tumour while the lower is from the benign tumour.

Prior to any analysis it is necessary to identify the boundary of each
nuclear profile and to generate an ordered list of pixels on the boundary and
their positions. We will now describe the algorithm we used for this job. A
boundary pixel is a profile pixel having as one of its 8 neighbours a pixel
from outside the profile. The algorithm starts at one of the boundary pixels
and searches for another in the directions shown in Figure 3. Having found a



boundary pixel in direction ¢, say, the algorithm proceeds as follows. If a new
boundary pixel is found in direction 7, then direction ¢ is maintained as the
search direction. Otherwise direction (i4+1 mod 16) is applied, and if it leads
to a boundary pixel, it is the new search direction. Otherwise direction (-1
mod 16) is applied etc., cf. Figure 3. This procedure led to around 350-400
ordered boundary pixels for each profile.
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Figure 3: The 16 search directions and an example of the algorithm.

As a first analysis we fitted an ellipse to each of the profiles, using n = 50
(approximately) equidistant points (z1, ... ,,) € R?"on the boundary of the
profile. Let C =C(a,b,0,x0,y0) be an ellipse with semi-axes a, b, orientation
6 and center (o, o), and denote by ¢;(a,b, 8, xo,yo) the point on C closest to
xi, 1 =1,...,n, cf. Figure 4. The fitted ellipse was then determined as that
having parameter values (a,b, 8, g, yo) that minimizes

Z |x2 @ci(av bv 07 Lo, y0)|27

=1

where | - | is Euclidean norm. The minimum can be found by standard
numerical recipes. We also experimented with values of n larger than 50 and
observed only minor changes in the estimated parameter values.

In Figure 5 we have plotted the ratio between the minor axis and the
major axis of the fitted ellipses of the profiles. It is clear, that even though
the ratios of the benign tumour profiles appear to have a wider range, there
is no significant difference between the two samples. Therefore, a study of



Figure 4: The fitted ellipse minimizes the sum of squares of the indicated
distances. Left: An initial fit. Right: The fitted ellipse.

the residual process is needed in order to describe the difference in shape of
the two samples.
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Figure 5: The ratio between the minor axis and the major axis of the fitted
ellipses of the profiles. The upper points are from the profiles from the
malignant tumour while the lower points are from the profiles from the benign
tumour.

3 Stochastic geometry models for
random curves

When modelling featureless objects using templates some of the frequently
posed questions concern the choice, matching and number of landmarks. We
propose a model where the observed curve F is matched to the template
curve C by a perpendicular projection. A continuous type description makes
it possible to study how the parameters of the finite-dimensional distributions



depend on the number of landmarks. There are several ways of choosing the
landmarks. In Model I below we parametrize C by arc length, which in
the application corresponds to choosing the landmarks equidistantly on C.
In Model II we take the reverse approach and parametrize F by arc length.
Thinking of F as a deformation of C, Model I is perhaps the most appropriate.
One disadvantage of Model I is, however, that curve segments from F which
are close to being perpendicular to C are undersampled. This is obviously
not the case for Model 1I.

3.1 Modell

The observed curve F = {F(t) € R* : 0 < ¢ < T} is assumed to be a
realization of a stochastic process

F(t)=e(t) + X(Hw(t), 0<t<T. (2)

Here, C = {c(¢t) € R? : 0 < ¢t < T} is a non-random closed (¢(0) = (7))
smooth curve in the plane parametrized by arc length. Furthermore, w(?) is
the inner unit normal vector to C at ¢(¢),0 <t < T, and

(X()eR:0< L <TY

is a real-valued cyclic and stationary stochastic process with zero mean. The
process { X (¢)} models the deviations between the observed curve F and the
expected curve C. We will call {X(¢)} the residual process.

Note that the construction (2) puts some restrictions on how ’'wild’ the
random curve F may look. Thus, each point ¢(t) € C generates exactly
one point on the random curve, positioned on the line ¢(¢) + span{w(t)}. In
particular, if C is a circle with center e and radius r and X(¢) < r, then
F will be the boundary of a random set which is star-shaped relative to e.
In Figure 6, an example of a curve, which cannot be generated by (2), is
shown.

The model is closed under translations and rotations in R% Under such
transformations, the curve C will be translated and rotated correspondingly,
while X () is unaffected. The model is also closed under scale transformations

in R?

(x,y) = a(z,y) = (ax,0y), o >0.



Figure 6: An example of a curve, which cannot be generated by (2).

Thus, parametrizing the rescaled curve aC by arc length and letting ¢, (¢) =
ac(t/a), we have

aC ={c,(t): 0 <t <aT}.

Furthermore, if we likewise define F, and X,, but let w,(t) = w(t/a), the
equation for the scale-transformed process becomes

Fo(t) =co(t) + Xo(t) -walt), 0<t<T,,
where T, = oT".

The features of the model (2) which are invariant under changes in loca-
tion, orientation and scale are thus the shape of C and the distribution of the
process

X\(t) = X(T)/T, 0<t<L.

The latter process will be called the normalized residual process.

In order to analyze the model (2) we need to find, for selected values of
t € [0,7], the point F(t) on the line ¢(t) + span{w(?)}. If the fluctuations
of F(t) around c(t) are not too large, then F'(t) is expected to be the point
on ¢(t) + span{w(?)} which is nearest to ¢(¢). In Figure 7, an example of too
large fluctuations is shown.

The process {X(¢)} and its derivatives (if they exist) contain interesting
geometric information about the difference between the random curve F\(t)
and its expectation c(t).



Figure 7: The fluctuations of F(¢) around c(t) are large.

Proposition 1 Suppose that X(t) is differentiable. Let C be orientated anti-
clockwise. Furthermore, let ®p(t) and ®c(t) be the angles that F'(t) and (1)

make with a fived axis, vespectively. Then,
X'(1) = tan W(1)(1 Swe()X (1)), (3)

where W(1) = ®p(t) ©0e(t) and re(t) is the curvature of C at c(1).

Proof. Using that

) = F(t)+ F'(t)({ <t) + op(t &)
c(t) = e(t)+ c’(t)(tN<:>t) + oc(tN &)
we find that
XX = (X(1)?)
— m X(tN)2 & X(t)?

it {<:>t
= 2< F(t)&ct), F'(t) &d(t) >,
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where < -,- > is Euclidean inner procuct. Therefore,

X'(t) = < %,F’(ﬂ &d(t) >
© Hhoed) (t))(:)c(t>,F'(t) > (4)
C Fnedy PO,
- < Txm ey O
where at (x) we have used that ¢(t) L F(t) <e(t).
Since C is parametrized by arc length, |¢/(1)] = 1 and

d(t) = (cos e (t),sin Pe(t)).
It follows that
A"(t) = ®L(t)(esin (1), cos (1)) = ke (t)w(t).

Using that

= (cos @p(t),sin Pp(t))

we therefore find
F(t)&e(t) F'(t)

STX(® CE)

>= sin(CI)F(t) =00 (t))

On the other hand,

o )
< T

and rewriting the left-hand side of (5)
F'(t) 1

>= cos(Pp(t) &Pc(t)) (5)

< d(t), ) > = m(< dt),d(t) >+ < (), F'(t) &d(t) >)
1 "
= |F’(t)|(1(:)< (1), F(t) <elt) >)
1
= 0] (1 ©re(t)X(1)),
(3) follows immediately. O

11



Note that if the variance of X(¢) is small then ®p(t) < ®c(t) is also
expected to be small and

X/(t) ~ (I)F(t) @q)c(t)

can be approximated by the process of angular differences. These differences
have been considered in a discrete set-up by Grenander and Manbeck (1993).
If X(¢) is twice differentiable, then under the same assumption

X"(t) m @R(t) ©0L(t) = [F'(t)|kp(t) ©re(t) ~ kp(t) Ske(l).

3.2 Model I1

As an altervative, we may take a reverse approach and parametrize F by
arc length. The idea is then to construct F from a residual process {X(¢) :
0 <t < T} such that X(¢) is the signed distance from F(t) to C and the
parameter ¢ represents arc length on F. It is evidently also necessary in order
to start the construction to specify a point ¢ € C such that F'(0) has signed
distance X (0) to C.

Notice that it is not always possible to construct F in this way. As
a simple example, suppose that C is a circle of radius r. Then, to avoid
pathological cases we must assume X () < r. Furthermore, for small € > 0,
we also need

(Xt +¢) & X(1)] < e

cf. Figure 8. In particular, if X (¢) is differentiable, then | X'(¢)| < 1.
Note that as under Model I, the 'shape features’ of Model II are the shape
of C and the distribution of the normalized process { X (Tt)/T :0 <t < 1}.
Similarly to the case where C is parametrized by arc length, the process
X'(t) can be approximated by the process of angular differences.

Proposition 2 Suppose that X (1) is differentiable. Let C be orientated anti-
clockwise. Furthermore, let ®p(t) and ®c(t) be the angles that F'(t) and (1)
make with a fired axis, respectively. Then,

X'(t) = sin W(t),

where U(t) = Op(t) <Pe(t).

12



Figure 8: Illustration of the condition on X ().

Proof. Since F is parametrized by arc length, |F'(¢)] = 1 and
F'(t) = (cos @p(t),sin Pp(t)).
Using that

(1) = (cos D (t),sin ®e (1)) L w(t)

we see that
w(t) = (esin e (1), cos Pe(t)).

The proposition now follows from (4). O

4 Statistical inference

We will assume that the normalized residual process {Xi(¢) : 0 < ¢t < 1}
has a distribution belonging to a parametrized class of cyclic and stationary
Gaussian processes with zero mean. In what follows we will omit the index
1 which should not cause any confusion.

There are as many choices of classes of Gaussian processes as there are
parametrized classes of covariance functions. We will here concentrate on
classes, having the property that the finite-dimensional (multivariate normal)
distributions have a simple parametric form.

13



4.1 First-order Markov model

One such class which has been suggested, among others, by Grenander (1993,
p. 476) and Kent et al. (1996) has the property that the finite-dimensional
distributions have a first-order Markov property, approximately.

This class is characterized by the fact that X (¢) has zero mean, variance

72 and correlation function
h=1/2)6 4 —(h=1/2)¢
€¢/2 + e—¢/2 ’

0<h<1l, o¢>0.
(6)
Note that the correlation p(h) is always positive and it is a decreasing function

on the interval [0,1/2]. Note also that p(h) = p(1 <h) which is a general
property of cyclic and stationary processes on [0, 1]. The minimal correlation

p(h) = p(X(1), X(L + 1)) =

18

2
p(1/2) = €¢/2 _I_ €_¢/2

and can range from 0 to 1, cf. Figure 9.
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Figure 9: Correlation functions for the first-order Markov model for different

values of ¢.

In the proposition below, it is shown that the finite-dimensional distribu-
tions of {X(¢)} have a first-order Markov property, approximately. One of

14



the reasons why this result is important is that then the finite-dimensional

distributions have a simple form, approximately, and from the corresponding

likelihood functions it is easy to estimate the parameters of the model.
Recall that a multivariate normally distributed random vector

(Xoy- ., Xu1) ~ Na(0,5) (7)

is said to be Markov with respect to a graph with vertices {0,1,... ;n <1}
if fore,7 € {0,1,... ,n &1}

Here, ¢ ¢ j indicates that ¢ and j are not neighbours in the graph and the
right-hand side of (8) indicates that X; and X; are conditionally independent
given the remaining coordinates, cf. Lauritzen (1996). Furthermore, it can
be shown that the conditional independence in (8) is valid if and only if
(X71Y);; = 0, cf. Lauritzen (1996, p. 129). The random vector (7) is said to
have a first-order Markov property if it is Markov with respect to the cyclic
graph, which is given by

1~71=73<1,741 mod n. (9)

We are now ready to formulate the proposition. For a n x n circular
matrix {b;;}7;, we use the notation circl (ag,a1) if

(273} Z:]
bij=qa;1 1=j<1,7+1 modn

0 otherwise.

Proposition 3 Let {X(t)} be a cyclic and stationary Gaussian process with
zero mean, variance 7% and correlation function (6). Furthermore, let {X (1)}
be the cyclic Gaussian process defined by

X0 = (X 1), X (1,0) ~ N, (0.5,),

ti=1/n,i=0,... ,n<1, with linear interpolation between t; and t;11, and
with XM(0) = XU(1). Here, %, is the reqular n x n matriz with inverse

Y1 = circl (a/n + 26n,&6n), «,3 > 0. (10)

15



Then, X™ is first-order Markov and { X" (1)} converges weakly to {X(t)}.
The 1-1 correspondence between (1%, ¢) and («, 3) is

e®/2 + e~ /2

¢2 = 04/5 Tt = 2¢5(€¢/2 (:)e—wz)'

A proof of Proposition 3 may be found in Grenander (1993, p. 476-480). It
follows immediately from the form of ¥-' that X () is first-order Markov.
It can be shown, using Lauritzen (1996, (5.11)), that

(X (1), X1 (1) XA A{X (1), X (#5)})

1 1=7
= m 1= <1,754+ 1 modn
0 otherwise.

The parameters 7% and ¢ contain, under the model given in Proposition 3,
the information about the deviation of the random curve shape from C, cf.
Section 3. The parameter 72
regulates the smoothness of the random curve. The smaller the value of ¢,
the smoother the curve, cf. Figure 10.

is a measure of the overall difference while ¢

Estimation of the parameters (72, ¢) or equivalently («,3) can be done
by an approximate likelihood analysis. Let

X, = (X(to), .o s X(taer)).

Then, because of Proposition 3, we can approximate the distribution of X,
with that of X and use the simpler approximate likelihood

1

Lu(0,8) = (27) ™ 2det(S7)* exp(es] X7 X, ),
where ¥-! is given by (10). Denoting the eigenvalues of ¥ ! by A1 =
0,...,n <1, we get the log likelihood

n 1 e | R
l(co, B) = <:>§log(27r) + 3 > log(Ni) <:>§Xn2n X,
=0

The actual form of the eigenvalues is given in the Appendix. The maximum

of l,(e, 3) can be found by standard numerical methods. Usually, it will be

16



logT*=3.0 logT*=4.5 log7°’=6.0
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Figure 10: Simulations from the first-order Markov model for different values
of ¢ and 72, We have simulated from Model I, cf. Section 3.1, with C taken
to be an ellipse.

a good idea to estimate o and 3 for a collection of values of n and as a model
check investigate whether the estimation is stable. Given that the model is
suitable it appears to be a good idea to base the estimation on an n as large
as possible.

Note that
1! 172! X(t)eX(ti-1)
Xylx, = a— X(t;)? — ‘ ‘ 2
i o S X+ D)

= aYn + ﬁZna

say. The sufficient statistics (Y, Z,) have a nice geometrical interpretation.
Thus, Y, is a discrete measure of the distance between the observed and the
expected curve while 7, compares local orientation,

where U; = &5, &, and ¢p and ., are the angles that the line segments
F(t;) & F(t;—1) and ¢(t;) &c(ti—1) make with a fixed axis, respectively. Fur-
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thermore, f=tan or sin, depending on whether X (¢) has been constructed
using Model T or IT of Section 3. Note also the connection between X ¥ -1 X,
and the sum of the external and internal energy from the theory of snakes,

cf. (1).

4.2 Second-order Markov model

In Grenander (1993, p. 484) a model class with an approximate second-order
Markov property is suggested. This class is characterized by the fact that
{X(?)} has mean zero, variance 7% and correlation function

,O(h) — (¢2¢3 + ¢1¢4)¢1(h)¢3(h) + (@Z)z@/)g <:>¢1@/J4)77/)2(h)@/)4(h)

Y1)y + P3Py ’
>0, 0<h<I,

(11)

where we use the notation

dn(h) = cos((h 1/2))  a(h) = sin((h &1/2)
o) = cosh(i(h 1/2)) (k) = sinh(p(h <1/2))
i =i(1),i=1,...,4.
The explicit form of the correlation function is not given in Grenander (1993),
but can be derived from the spectral density of X(¢), as demonstrated in the
Appendix. Note that the correlation function only depends on .
In Grenander (1993, p. 484), it is mentioned that the finite-dimensional

distributions of X(¢) have a second-order Markov property, approximately.
Recall that a multivariate normally distributed random vector

(X0, Xpo1) ~ N,(0, %)
has a second-order Markov property if it is Markov with respect to the second-
order cyclic graph, which is given by
i~y er=782 751,54+ 1,74+ 2 mod n.
The result by Grenander is formulated in the proposition below. For a n x n

n—1

circular matrix {b;;}7;2, we use the notation circl (ag, a1, as) if

(273} Z:]
P 1=j3<1,5+1 modn
Y ey i=je2,5+2modn

0 otherwise.
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Figure 11: Correlation functions for the second-order Markov model for dif-
ferent values of .

Proposition 4 Let {X(t)} be a cyclic and stationary Gaussian process with
zero mean, variance 7° and correlation function (11). Furthermore, let
X0 (1) be constructed as in Proposition 3, but with

Zgl = circl (Oé/n + 6’)/713, <:>47n377n3)7 a,y > 0. (12)

Then, X = (X®™(ty),..., X™(t,_y) is second-order Markov and {X™ (1)}
converges weakly to { X (¢)}. Here, the 1-1 correspondence between (7%,1) and
(c, ) is
2 _ i P1aPy + P3Py

200 (Pa1P3)? + (P1304)?

The correlation structure of X, from which the second-order Markov

dpt =aly T

property follows, is given by
(X (1), XU (1) | XN LX) (1), X (25)})

1 i=j

T i=Jelj+1lmodn
¢Wﬁ3/z i =7&2,7+2modn
0 otherwise.
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2

As in the first order case the parameter 77 is a measure of the overall differ-

ence, while 1 regulates the smoothness of curve, cf. Figure 12.

logT*=3.5 logT*=4.5 log7°’=5.8

4 3\ N ,/\/;/

logy=3.5 bo¢ g
g J J { iy

\\:,: — N\ & A - - 2l

//’/ T N - \\ —
logy=3.0 | \ Y
o

S ~ ~ — N
- ~N S T ™ ST
logy=2.0 | ) )

A g N\ AN /

Figure 12: Simulations from the second-order Markov model for different
values of ¢ and 72. We have simulated from Model I, cf. Section 3.1, with C
equal to an ellipse.

Similarly to the first-order case we can estimate the parameters by an
approximate likelihood analysis. In this case

1= 1 X(4) ©2X (o) + X(ti—g)
XNX, = a= ) X)) +y— . - .
o an; (Z) ”n;( (1/n)?

= oY, +V,.

)2

V., can be interpreted geometrically as a discrete measure of the change in
local orientation

LS ) e f (W)
D IO E

n —

where f and W; are defined as in the first-order case.
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5 The application

For each nuclear profile we calculated the boundary length T and considered
the n = 50 points

(F(Tto), ..., F(Tt,_1)), ti=ijn, i=0,...,n&l,

collected (approximately) equidistantly on the boundary of the nuclear pro-
file. For C we chose the ellipse from Section 2. This is the set-up in Model
IT, cf. Section 3.2. The reason for preferring Model II to Model 1 was that
Model II was expected to be a more sensitive tool for distinguishing between
the profiles from the malignant and the benign tumour.

Now consider the corresponding n observations from the normalized resid-
ual process

X, = (X(Tto), ..., X(Ttu_)))T, ti=ifn, i=0,...,nel

In Section 4, we have presented two models for the normalized residual pro-
cess. Our initial model was a general second-order Markov model

My : X, ~ N,(0,%,),
where
Yot = circl(a/n + 26n 4 6yn°, &8n ©4yn’ yn®), a >0, B,v>0,

see also the Appendix. For all the profiles, we estimated the covariance
matrix, using the ellipses fitted in Section 2. For some of the profiles, the
ellipse and the covariance were also estimated simultaneously. The ellipses
fitted in this way did only differ slightly from those determined in Section 2.

To see whether the first- or second-order Markov model from Section 4
could be used we investigated the two hypotheses

Hyi:~v=0 Hy: (=0,

with corresponding models My and M,. Let L; be the maximized likelihood
under the model M;. We then tested whether M;,: = 1,2, was a reasonable
simplification of My by performing the usual likelihood ratio test

2log(Li/Lo) ~ v*(1).
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The test probabilities for H; lay in the range 0%-1%, and for H, in the range
95%-100%. Hence the second-order Markov model with 5 = 0 described in
Section 4.2 was the most appropriate. Since the nuclear profiles look like the
ones simulated in Figure 12 this was of course not surprising.

Figure 13 shows the estimators of («,v) under the model M,. Note that
it is possible to distinguish between the two samples.

rTTT “‘“““\““““‘\“““‘“\“““‘\““““‘\
,W3.5j & ’ ..
-14.0 o ) e f

“Io ¥ Fyo

—W5.0;@ o <y Q- ]

logy

esl 2 ]
15.5 -

—4 =3 -2 —1 0 1
loga

Figure 13: The estimators of («,~) under the model M;. The white nuclei
are from the malignant tumour while the black nuclei are from the benign
tumour.

To verify that the estimators do not depend on the number n of land-
marks, we fitted the model for landmark numbers between 30 and 90. From
Figure 14 it is clear, that the estimation is stable.
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Figure 14: The estimators of log 7% and log 1 for different numbers of land-
marks.

6 Discussion

The smoothness of the sample paths of the residual process is an important
topic when constructing realistic models. It follows from (16) in the Appendix
below that the processes considered in Sections 4.1 and 4.2 have a spectral
density of the form

(a+ B(2rs)H)™! s=0,1,... (13)
(a+~(2ms)*)~t s=0,1,..., (14)

respectively. Since (13) decreases as 1/s® and (14) decreases as 1/s* the
sample paths of the first type of process are continuous, while the sample
paths of the second type are continuously differentiable, c¢f. Cramer and
Leadbetter (1967, p. 181). For each nuclear profile it seems natural to
assume that the observed curve F is differentiable, and since the expected
curve C is infinitely often differentiable the model from Section 4.2 appear
to be the most appropriate in our application, also from the point of view of
smoothness.

The model presented in 2 dimensions has a natural extension to 3 dimen-
sions. An observed surface F = {F(t):t € Q C R?} is again assumed to be
a stochastic deformation of an expected surface C = {c(t) : t € Q C R?*}, so
that

F(t)=c(t)+ X(t)w(t), te€QCR>
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As in 2 dimensions w(t) represents an outer unit normal vector to C at ¢(t).
Suppose we observe

Xp = (X(to)seo o  X(tuer))s £ €Q, i=0,... ,n&l

A natural model would then be to let X,, have a multivariate distribution
with zero mean and a covariance matrix with entries

cov(X(t:), X(t;)) = m*p(de(ti; ).

Here, dc¢(t;,t;) is the distance on the surface between ¢(t;) and ¢(¢;). The
difficult part is to find an appropriate correlation function. In this paper we
have considered two possibilities as described in Section 4.1 and Section 4.2.

Another and much more simple approach would be to remain in 2 di-
mensions by placing a random plane through the center of the nucleus. An
analysis similar to the one described in the present paper could then be
carried out.

Consider again the normalized residual process {Xi(¢) : 0 < t < 1}.
Instead of having zero mean a mean value of the residual process given by
either

pi(t) = aq cos(b6mt +wy), 0<t<1,
or
p2(t) = agcos(8mt +wy), 0<1t<1,

or a sum of u(t) and uz(t) would allow for a systematic variation from the
shape of an ellipse. Still modelling the correlation structure by the second-
order Markov property it might be even more easy to distinguish between
the two samples.
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Appendix

In this appendix we will derive the explicit form (11) of the correlation func-
tion for the second-order model. We will use an approach such that we at
the same time derive p(h) for the first-order model, cf. (6).

Thus, consider the matrix

Yo =circl(a/n + 208n + 6yn°, &6n 40’ yn®), o >0, 3,7 >0.

For v = (vg, ... ,v,-1) € R” we have that
n—1 n—1 n—1
vX " = a/n Z v? + fBn Z(UZ Svi_1)? +n° Z(UZ 20,1 +vi_g)?,
1=0 1=0 1=0

where v_y = v, and v_y = v,_5. Therefore, X! is positive definite. Note
that v = 0 is the case treated in Proposition 3 and 3 = 0 is the case treated
in Proposition 4.

Since Y71 is circular we have that X, is also circular. The eigenvalues of

-1 are given by, cf. Anderson (1958, p. 280, 282),

As = (a/n+20n + 6’yn3) &(Bn + 4’yn3)2 cos(2mws/n) + ’yn32 cos(4ms/n),

with corresponding orthonormal (complex) eigenvectors us, s = 0,...,n <1,
where

(us)l _ e?wlsi/n/ﬁ7 [ = 07 R ) =],
Note that ug = (1,...,1)/y/n. Let

Uo
A = diag(Xo, ..., Apo1) and U =

Up—1

Then, we have for [ =0,1,... ,n <1 that

—_

—x = 1 _
(Zn)o = (UATTT )10 =Y —=(UAT")1,
5=0
_ ”Z_:l e2misi/n _ ! cos(27rl3/n)‘ (15)

= nA nAs

3




Now, we will study a sequence X (1) of cyclic Gaussian processes, con-
structed as in Propositions 3 and 4. Thus, let

(X0, -+ s Xpmo1)) ~ Nu(0,X,)
and define a continuous process { X (1):0 <t <1} by
XMWG/m)y=X,; j=0,....,nel,
with linear interpolation in between, and with X (0) = X{(1). Using
(15), we find the following expression for the covariance between X (0) and

X0 ([nh]/n),0 < h <1,

Cov(X((0), X1 ([nh]/n)) = Cov( X0, X)) = 3 COS(Q?L[ZSL]S/”)'

s=0

Assuming that at least one of the parameters g and v is positive, we obtain,
using dominated convergence,

cos(2mhs)

lim ov( (0), ([nh]/n)) ‘|‘ Z o+ B(27s)2 + y(2ms) (16)
By construction X(”)(t), 0 <t <1, is given by
XM(t) = Xogugy + n(t Snt]/n)(Xnarn) € Xa)-
Hence we have
(X)) & Xuquayl = n(h < nh)/n)|[ Xugas) SXagum|
< |Xn([nh]+1) @Xn([nh])|
and
E(Xn(uin) ©Xa@)?) = E(Xax ©X00)?)
= 2(VarX,o ©Cov(X,1, X0))
nol =2 cos(2ms/n)
= 2 —_— -
(SZ:% n\, <:>§J nAs )
— 0 for n — oo. (17)
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From (16) and (17) it is clear that the limiting covariance function is given
by the Fourier series

s cos(2mhs)
o( Z a+ [(27s)? + y(2ms)t

0<h<1.

In order to find an explicit expression of o(h) note that in the sense of
generalized functions and the theory of distributions

ac(h) <pBc"(h) +v0™(h) = 1+2 i cos(2mhs)

s=1

= Z cos(2mhs) = Z s,

§=—00 §=—00

where d; denotes the d-function at s. Therefore, o(h) is the solution of a
homogeneous linear differential equation with constant coefficients, cf. Hirsch
and Smale (1974, p. 138). In general, o(h) is thus a linear combination
of exponential and trigonometric functions depending on the roots of the
characteristic polynomial

a &0y +y' =0.

We will for simplicity only consider the two cases previously mentioned, 5 >
0,vy=0and 0 =0,y > 0.
Before treating these two cases, it is convenient to change the interval

from [0, 1] to [<1/2,1/2]. Thus, let
o.(h)=c(h+1/2), el/2<h<1)/2.

The function o.(h) is the solution to the same homogeneous linear differential
equation,

ao.(h) &Bo (k) +y0."(h) = 0. (18)

First consider the case 8 > 0,7 = 0. With ¢* = o/3 the solution of (18)
is given by, cf. Hirsch and Smale (1974, p. 139),

o.(h) = c1e® 4 e, /2 <h<1/2
From o(h) = o(1 <h),0 < h <1, it follows that
o.(h) = o.(&h), el/2 <h<1/2,
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and hence we have ¢; = ¢ = ¢. Using that the first Fourier coefficient is
given by 1/« we can find ¢ from the equation

1/a = 2/01/2 o.(h)dh, (19)

and we obtain the form (6) of p(h), stated in the main text, and the corre-
spondence between (72, ¢) and («, ) given in Proposition 3.

Now consider the case 3 = 0,7 > 0. Again, using o.(h) = o.(<h) and
letting 49* = «/~, the solution of (18) is given by, cf. Hirsch and Smale
(1974, p. 139)

o.(h) = ey (e¥" + 7Y cos(h) + cx(e?" e sin(vh), ©1/2 < h < 1/2.

The constants ¢; and ¢z can be found from (19) and o.(1/2) = 0, and we
obtain the explicit form (11) of p(k) and the correspondence between (77, )
and («,7) given in Proposition 4.

References
Anderson, T.W. (1958). The Statistical Analysis of Time Series. John Wiley
and Sons, New York.

Cramer, H and Leadbetter, M.R. (1967). Stationary and Related Stochastic
Processes. Wiley, New York.

Grenander, U. (1993). General Pattern Theory. Oxford University Press,
Oxford.

Grenander, U. and Manbeck, K.M. (1993). A stochastic model for defect
detection in potatoes. J. Comp. Graph. Statist. 2, 131-151.

Hirsch, M.W. and Smale, S. (1974). Differential Equations, Dynamical Sys-

tems and Linear Algebra. Academic Press, San Diego.
Jensen, E.B.V. (1998). Local Stereology. World Scientific, Singapore.

Jensen, E.B. and Sgrensen, F.B. (1991). A note on stereological estimation
of the volume-weighted second moment of particle volume. J. Microsc. 164,

21-27.

Kass, M., Witkin, A., Terzopoulos, D. (1988). Snakes: Active Contour Mod-
els. International Journal of Computer Vision 1, 321-331.

28



Kent, J.T., Mardia, K.V. and Walder, A.N. (1996). Conditional cyclic
Markov random fields. Adv. Appl. Probab. (SGSA) 28, 1-12.

Lauritzen, S.L. (1996). Graphical Models. Oxford University Press, Oxford.

Rue, H. and Syversveen, A.R. (1998). Bayesian object recognition with Bad-
deley’s Delta Loss. Adv. Appl. Prob. (SGSA) 30, 64-84.

Sgrensen, F.B. (1991). Stereological estimation of mean and variance of nu-
clear volume from vertical sections. J. Microsc. 162, 203-229.

29



