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Preface

These notes were compiled for a Concentrated Advanced Course at the University
of Copenhagen in the framework of the MaPhySto program. Part of the material was
also used for advanced courses at the Technical University of Berlin. These lectures
were designed to introduce advanced students with a good background in probability
theory but not necessarily in physics to problems in disordered systems of statistical

mechanics. This is a difficult, but in my opinion, important task in many respects.

Statistical mechanics is a now more than hundred years old branch of physics that
has been remarkably successful. As a subject of mathematics, or more particularly
a “branch of probability theory”, it is much younger. After early work in the 50’s
by Kac, Lee and Yang, and Montroll, it essentially started to exist with the early
works of Dobrushin in ’62 and a first textbook manifestation is the by now classi-
cal monograph of Ruelle [Rul]. This book provides an axiomatic formulation of a
subject called the theory of lattice gases or equivalently lattice spin systems. Fur-
ther and partly more complete textbooks dealing with the fundamental theory are
two books by Preston’s [Pr1,Pr2] and Ruelle’s monograph in the Encyclopedia of
Mathematics [Ru2]. Over the last 30 years this subject has been blooming and there
is an enormously rich literature compiled. Nonetheless, considered as a mathemat-
ical subject, it is still far from a satisfactory state. Apart from the basic Gibbsian
framework in the axiomatic formulation of Dobrushin, Lanford and Ruelle, it consists
by and large of a number of techniques (correlation inequalities, cluster expansion-
s, Pirogov-Sinai theory, Dobrushin uniqueness, FK-representations, renormalization
group, etc.) that work for some models and some sets of parameters. Many of the
physically most interesting phenomena (critical exponents, etc.) are well beyond the
reach of todays mathematics. The reason for this situation is rather simple: the
models people in statistical mechanics are interested in come from physics, and they
tend to be extremely varied and hard to analyse. Unlike classical probability theory
that by and large evolved around the concept of independent random variables and
enriched its scope by slowly adding more complexity, the interesting models in sta-

tistical mechanics involve extremely complex random fields and their analysis has to
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go frequently in a case by case fashion. For this reason, there is not, and maybe can-
not be, a reasonable comprehensive textbook that would acquaint the student with
the whole of mathematical statistical mechanics. There are some modern texts that
cover some of the area. Georgii’s text [Gel] is a comprehensive introduction to the
general theory of Gibbs measures; however nothing of the heavy machinery needed
to investigate specific models like expansions, Pirogov-Sinai theory, et. is covered.
Simon’s book [Sim] also emphasizes the more basic aspects of the theory, contains
however an introduction to expansion methods. Another useful introductory text
is Sinai’s small book [Sin], which is quite complementary to the other two with an

emphasis on expansions and Pirogov-Sinai theory.

If the situation concerning statistical mechanics is not satisfactory, it is dramati-
cally worse in the now growing field of disordered systems, or random spin systems,
to be more specific. An attempt to cover the state of the art in 1984 was made in J.
Frohlich’s Les Houches lecture notes [F|. They still can be read with profit today, and,
one is afraid to say that many of the most important issues mentioned there remain
wide open today. Still, 15 years have passed, and some very important steps have
been taken in the meantime. A more recent text is the slim book by Ch. Newman,
covering his ETH course [N]. It focuses on two items: percolation methods, and the
spin glass problem. It is a very useful book, but neither comprehensive, nor really
introductory. A collection of partly review papers is the volume issued by the author
and P. Picco in 1998 [BP].

In these notes I try to fill some of these gaps, albeit again from a biased point of
view. I will give an introduction to the statistical mechanics of disordered systems
that essentially assumes no prior knowledge of statistical mechanics. To that end, the
first part of these notes gives a self-contained introduction to the Gibbsian formalism.
It emphasizes, as do these notes in general, the fundamental question of infinite
volume Gibbs measures and the associated existence and (non)-uniqueness problems.
Thus I will present the two basic tools for tackling this problem: the Dobrushin
uniqueness condition, and the Peierls argument. This leaves out, regrettably, high

and low temperature expansions, and the Pirogov-Sinai theory, but their inclusion
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would have largely exceeded the scope of these notes. Moreover, I felt that in such
an introductory course it might be better to avoid methods that are considered

technically very difficult.

The second part of the notes deals with disordered spin systems on the lattice
with short range interactions. It begins with a comprehensive introduction to the
formalism of random Gibbs measures and metastates. Then I discuss the extensions
and limitations of the two methods introduced in the first section. The bulk of this
part is devoted to the random field Ising model and the question how uniqueness
and non-uniqueness can be analysed in this case. Again, I will fall short of providing
the full renormalization proof of non-uniqueness in three dimensions, since it relies
heavily on expansions. I hope to give rather convincing, though incomplete arguments
based on concentration of measure ideas. On the other hand, I will give a full
proof of uniqueness in d = 2 due to Aizenman and Wehr. In the process, we are
introduced to applications of correlation inequalities, notably the FKG-inequalities.
This covers most of the interesting results in the field, with the notable exception
of long-range spin glasses which again would require technically heavy expansions
techniques. Another, per se interesting subject I decided to leave out are results on
short-range spin glasses. The reason is two-fold: first, there are no solid genuinely low-
temperature results available, with the sole exception of some very general results on
basic properties of Gibbs measures that follow essentially from ergodic considerations.
In that sense they are somewhat orthogonal to the more constructive spirit of these
notes. But most importantly, they are rather easily accessible in Newman’s ETH-

lectures [N].

Thus genuine spin glass models are treated only in the context of mean field
theory, and this makes up the rest of these notes. I will basically treat two classes
of models: Gaussian processes on the hypercube, and models of the Hopfield type. I
will go to great length to explain in all detail the case of the random energy model
(REM) which will give us an idea how a complete solution of such models could
look like. Much less space will be devoted to the Sherrington-Kirkpatrick model and

its p-spin counterparts, first since an exposition by M. Talagrand [T2000] is now



6 Preface

available, and second because the state of our knowledge is both limited and under
active development. Finally I turn to non-Gaussian models, and notably the Hopfield
model. Although there exists a rather extensive account in [BP] covering the state of
the art in 1997, I will try to give a more accessible account that takes into account

some of the more recent developments.
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Gentz, M. Jacobson, I. Kurkova, M. Lowe, Tomasz Schreiber, and, especially, A.C.D.
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many new ideas and so much enthusiasm into this field.
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1. A survey of the Gibbsian formalism for lattice spin systems

We begin this lecture with a brief survey of the basic formalism of the statistical
mechanics of lattice spin systems, or lattice gases. The literature on this subject
is well developed and the interested student can find in depth material for further
reading in [Gel,Sim,Sin,Pr1,Pr2,] and the classical monographs by Ruelle [Rul,Ru2].
A nice short introduction with a somewhat particular aim in view is also given in the
first sections of the paper [VEFS]. Here we will be rather sketchy, but try to emphasize
some issues and concepts that will become particularly relevant a) for the discussion
of disordered systems and b) for the discussion of mean field models (which do not

exactly fall into the general framework we develop here).

1.1. Spin systems and Gibbs measures.

The idea of the spin system was born at about 1920 in an attempt to understand
the phenomenon of ferromagnetism3. At that time it was understood that ferromag-
netism should be due to the alignment of the elementary magnetic moments (“spins”)
of the (iron) atoms that persists even after an external field is turned off. The phe-
nomenon is temperature dependent: if one heats the material, the coherent alignment
is lost. It was understood that the magnetic moments should exert an “attractive”
(“ferromagnetic”) interaction among each others which however is rather short range.
The question was then how such a short range interaction could sustain the observed
very long range coherent behaviour of the material, and why such an effect should
depend on the temperature. In this situation, Lenz had an extraordinarily conse-
quential idea: to invent a model that would simplify the ferromagnetic system to its
most rudimentary features and to apply the formalism of statistical mechanics to it.
The idea behind this was that the particular phenomenon that was not understood
should have to do with the collective behaviour of the many microscopic elements

in the system and should be independent of the precise details of these and their

3To be historically correct, we should mention that the idea of a spin model goes back to Weiss
[We] in 1907 following P. Curie’s discovery of the critical Tempeature (Curie temperature) for
ferromagnetic order in 1895. This gave rise to what is now called the Curie-Weiss, or “mean-field”,
model for ferromagnetism. Although this model also had a considerable impact (see Section 3 of
these note!), it is deemed more a mathematical toy model compared to the “realistic” Ising spin
system.
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interaction. Lenz gave the analysis of this model as a subject of a Ph.D. thesis to his
student Ernst Ising* (1900-1998) who published his findings on the one-dimensional
model in 1923 [Is]. Nonwithstanding the fact that he found (correctly) no sign of
ferromagnetism and conjectured (wrongly®) that the same was true in higher dimen-
sions and that therefore the model could not explain the phenomenon, the model
invented by Lenz was destined to become, under the name of “Ising’s model” one of
the most investigated and successful models in the history of statistical mechanics,

and more general to what is now know as the theory of lattice spin systems.

The simplifications proposed by Lenz were dramatic: He assumed the atoms placed
on the sites of a regular lattice Z? and represented by the simplest possible spin
variables taking only the two values +1. Spins would interact only if they were at
neighbouring sites on the lattice, and this interaction would favour such spins to take
on the same values. In addition, there can be an external magnetic field A favouring
globally either the plus or the minus-sign. This interaction can be introduced via a

Hamiltonian function H that assigns to a spin-configuration o = {0;};c7a the energy

H(o)=— Z oio; —h Z o; (1.1)

i,jezd =y
[[i—jll1=1

Of course this formula makes no sense, as the sums do not converge, and should
be given a sensible interpretation. One would immediately like to argue that this
problem results from the fact that we are looking at a spin-configuration on an infinite
lattice, and that since in nature all magnets consist of a finite, albeit very large,
number of atoms, we should always consider finite sets A C Z<¢ and spin configurations
oa = {0i}ica and compute the energy of such a configuration by restricting the sums
in (1.1) to run over the set A only. This touches on an important fundamental issue
of statistical mechanics that we will have occasion to discuss repeatedly in these
lectures. It is tempting to formulate this as an (informal) axiom of the approach of

statistical mechanics:

4 An account of the life of Ising can be found in [Ko] and is definitely worth reading.

5Tsing’s assertion that his one-dimensional result would hold true equally in higher dimension
should serve as a warning against hasty generalizations. In statistical mechanics, new phenomena
tend to appear where one would not always expect them.
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A system composed of a very large number of degrees of freedom can be well ap-

proximated by an infinite system.

We will have to see how to interpret this statement and what its limitations are
later. I would ask you to accept this for the moment and take it as an excuse for the
otherwise seemingly unreasonable struggle we will enter to describe infinite systems.

We will return to this shortly.

The basic axiom of statistical mechanics is now that the (equilibrium) properties
of a system shall be described by specifying a probability measure on the space
of configurations, in our case {—1, +1}Zd. The particular choice of the probability
measure to choose is the subject of the foundations of statistical mechanics and this
text is not the place to elaborate on this®. We will therefore accept as another axiom
that the proper measure to choose is the Gibbs measure which formally is given by

1 — o
o d0) = e~ p(do) (1.2)

where Z3 is a normalizing constant and p is the uniform measure on the configuration
space. Again this expression makes no sense as it is written for the infinite system,

but would make perfect sense if we replaced Z¢ by a finite set A everywhere”

We will now see how to obtain a sensible version of (1.2) in the infinite-volume
setting. We start with the “a priori” measure p that is supposed to describe the
non-interacting system. In finite volumes, the uniform measure on the finite space

{—1,+1}" can be seen alternatively as the product Bernoulli measure

palon =sp) =[] piloi = s:) (1.3)

1EA

6 An philosophical discussion on the conceptual basis of the probabilistic foundations of statistical
mechanics can be found in the recent book [Gul].

"Here we are touching a crucial point. The problem with a finite-volume description is that it
appears to be unable to reflect the very phenomenon we want to describe, namely the existence of
several phases, i.e. the persistence of magnetized states after the magnetic field has been turned
off. The argument was brought forward that a single formula could not possibly describe different
physical states at the same time. The question is indeed quite intricate and a full understanding will
require to consider the dynamical aspects of the problem. On the level of the equilibrium theory, the
issue is however, as we will see, solved precisely and elegantly by the adoption of the infinite-volume
axiom.
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where p;(0; = +1) = p;(0; = —1) = 1/2. Now it is of course a standard construction
to extend this to infinite-volume. First we make {—1, —|—1}Zd into a measure space by
equipping it with the product topology of the discrete topology on {—1,+1}. The
corresponding sigma-algebra F is then just the product sigma-algebra. The measure
p is then defined by specifying that for all cylinder events A, (i.e. events that for

some finite set A C Z? depend only on the values of the variables o; with i € A,

p(Ar) = pa(Aa) (1.4)

with pa defined in (1.3). With this we have set up an a-priori probability space
(S, F,p) describing a system of non-interacting spins. It is worth noting that this
set-up is not totally innocent and reflects a certain physical attitude towards our
problem. Namely, the choice to consider the system as truly infinite and to use
the product topology implies that we consider the individual degrees of freedom,
or finite collections of them, as the main physical observables whose behaviour is
to be measured. While this is rather natural, it should not be forgotten that this
has important implications in the interpretation of the infinite-volume results as
asymptotic results for large systems that may not in all cases be the most desirable

onesS .

To continue the interpretation of (1.2), one might now be tempted to specify again
the measure pg by prescribing the finite dimensional marginals, e.g. by specifying
that ug a(doa) = ZE,}\ exp(—BHa(op))pa(doy), with Hp(oa) the restriction of (1.1)
to the finite volume A. The problem with this, however, are the compatibility con-
ditions that are required for such a set measures to specify a measure on (S,F);
Kolmogorov’s theorem would require that for A C A, ug a(Ar) = pg,ar(An). While
in the case of the non-interacting system, this is trivially checked, this will not hold in
the interacting case (Exercise 1.1: Check explicitly that the compatibility conditions
do not hold in the case where A,A’ consist of 1 resp. 2 points!). Since there appears

no other feasible way how one could specify marginal measures, we need some better

8For instance, it might be that one is interested in collections of variables that are composed
of enormously many local variables. It may then be that an appropriate description requires inter-
mediate divergent (“mesoscopic”) scales in between the “macroscopic” volume and the microscopic
degrees of freedom. This would require a slightly different approach to the problem.
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idea. Actually, there is not so much choice: if we cannot fix marginals, we should
fix conditional distributions. This now seems quite natural from the point of view
of the theory of Markov processes, but was only realized in 1968-69 by Roland L.
Dobrushin [D1] (and shortly after that by O. Lanford and D. Ruelle [LR]), and is now
seen as one the cornerstones of the foundation of modern mathematical statistical
mechanics. To understand this construction, we have to return to (1.1) and give an
new interpretation to this formal expression. The Hamiltonian should measure the
energy of a configuration; this makes no sense in infinite-volume, but what we could
ask, is what is the energy of an infinite-volume configuration within a finite-volume
A. A natural definition of this quantity is
Hp(o) = — Z 00 — hZO’i (1.5)
1l 1 eh
This differs from the simple restriction of (1.1) to A by a term 2ZHZ-E>,‘{1¢:AI 0i0;j
which represents the interaction of the spins in A with those outside of it; as we see,
it actually involves only spins at the boundary of A. The notion of finite-volume
restriction given by (1.5) has the nice feature that it is compatible under iteration:
if A’ D A, then
(Har)y (0) = Ha(0) (1.6)

(1.5) will furnish our standard interpretation of a Hamiltonian function H; we
will always consider it as a function from the pairs consisting of finite subsets of Z<
and configurations in S to the real numbers that maps (A,0) — Hx (o). This allows
to define, for any fixed configuration of spins n € S and finite subset A C Z<, a
probability measure

1

n _
pp(don) =
! Z5,n

e PHA(onm8e)) p (dory) (1.7)

(Note: We will change our point of view slightly a bit later on when we formalize
this discussion. At the moment it is convenient to consider (1.7) as specifying finite-

volume measures).

(1.7) defines a much richer class of measures than just the marginals. The idea

now is that these should be the family of conditional probabilities of some measures
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pp defined on the infinite-volume space. The point is that they satisfy automatically
the compatibility conditions required for conditional probabilities (see below), and
so have a chance to be conditional probabilities of some infinite-volume measure.
Dobrushin’s idea was to start from this observation to define the notion of the infinite-

volume Gibbs measure, i.e. as the proper definition for the formal expression (1.2):

A probability measure pg on (S,F) is a Gibbs measure for the Hamiltonian H
and inverse temperature (3, if and only if its conditional distributions (conditioned on

configurations in the complement of any finite set A) are given by (1.7).
Two immediate questions pose themselves:
(i) Does such a measure exist?
(i) If it exist, is it uniquely specified?

We will see soon that there is a large class of systems for which existence of such
a measure can be shown. That means that Dobrushin’s formalism is meaningful
and defines a rich theory. The second question makes all the charm of the Gibbsian
formalism: There are situations when the infinite-volume measure is not uniquely
specified and when several infinite-volume measures exist for the same Hamiltonian
and the same temperature®. This observation will furnish the explanation for strik-
ingly different behaviour of the ferromagnet at high and low temperatures: if d > 2,
the temperature is low, and h = 0, there will be measures describing a state with
positive magnetization and one with negative magnetization, and the system will

have to be in either of them.

Before we continue the investigation of these two questions in the Ising model, we

will provide a more general and more formal set up of the preceding discussion.

9This could be phrased as saying that the one (meaningless) formula (1.2) defines several (mean-
ingful) Gibbs measures. This resolves the (serious) dispute in the first half of the 20th century on
the question whether statistical mechanics could possibly account for phase transitions. See the
very amusing citations in the prologue of a recent Thesis [Uel]
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1.2 Regular interactions.

1.2.1. Some topological background.

We will now describe the general framework of spin systems with regular interac-
tions. Our setting will always be lattice systems and our lattice will always be Z2.
A will always denote a finite subset of Z%. Spins will take values in a set Sy which
will always be a complete separable metric space. One could develop the theory in
this generality, but to avoid discussions that are not the main concern of the present
lectures, I will assume almost always that Sy is a finite set. We equip Sy with its
sigma-algebra generated by the open sets in the metric topology (resp. the discrete
topology in the finite case), Fp, to obtain a measure space (Sp, Fp). To complete the
description of the single-spin space, we add a probability measure pg, the so-called

a-priori distribution of the spin. This gives a single-site probability space (So, Fo, po)-

As discussed in the previous paragraph, we first want to furnish the setting for
infinitely many non-interacting spins. To do this we consider the infinite-product
space

S =8t (1.8)

which we turn into a complete separable space by equipping it with the product
topology. This is done by saying that the open sets are generated by the balls B (o)
defined as

Bea(o) = {a' €S| rznea/zdai —oj] < e} (1.9)

where 0 € S, A C Z¢, and ¢ € R.. The product topology of a metric space is
metrizable, and S is a complete separable metric space if Sy is. The Borel sigma-

algebra of S, F, is the product sigma-algebra
F=FL° (1.10)

An important fact is Tychonov’s theorem:

Theorem 1.1: If Sy is a compact then the space S equipped with the product

topology is compact.
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We will use the notation Sy, = Sé‘ and Fp = .7:6\ for finite-volume configuration
space and the sigma-algebra of local events. Note that we identify F, C F with the
sub-sigma-algebra of events depending only on the co-ordinates o;,7 € A. We will
call an event that is measurable with respect to F, for some finite A a local event, or
a cylinder event. A sequence of volumes Ay C Ay C --- C A, C --- C Z% of volumes
with the property that for any finite A’ C Z¢9, there exists n such that A’ C A,, will
be called an increasing and absorbing sequence. The corresponding family of sigma-

d
algebras Fj, then forms a filtration of the sigma-algebra F. Similarly, Sy = sf \A

and Fp. = .T()Z d\A. A special role will be played later by the so-called “tail sigma-
algebra” F* = NjczaFpe. The events in F* will be called tail-events or non-local

events.

We will refer to various spaces of (real valued) functions on § in the sequel. In the
physical terminology, such functions are sometimes referred to as observables. The
largest space one usually considers is B(S,F), the space of bounded, measurable
functions. (Recall that a function f from a measure space S into the real numbers
is called measurable, if for any Borel set B C B(R), the set A= {0 : f(0) € B} is

contained in F).

Correspondingly, we write B(S, ) for bounded functions measurable with re-
spect to Fj, i.e. depending only on the values of the spins in A. Functions that are

in some B(S, Fy) are called local or cylinder functions; we denote their space by
Bloc(s) = UACZdB(Sa fA) (].].].)

A slight enlargement of the space of local functions are the so-called quasi-local func-
tions, Bqi(S); this is the closure of the set of local functions under uniform conver-
gence. Quasi-local functions are characterized by the property that

lim sup |f(o)— f(o')|=0 (1.12)

ATZd o',o"ES

— !
o'Afo'A

In the same way one introduces the spaces of continuous, local continuous and

quasi-local continuous functions, C(S), Cioc(S), and Cq(S).
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The reader should be warned that in general (i.e. under the hypothesis that Sy
is just a complete separable metric space), neither are all quasi-local functions con-
tinuous nor all continuous functions quasi-local (see e.g. [VEFS] for nice examples).

However, under stronger hypothesis on Sy, the different spaces acquire relations:
Lemma 1.2:
(i) If Sy is compact, then C(S) = Cq(S) C Bq(S).
(ii) If Sp is discrete , then Bqy(S) = Cq(S) C C(S).
(113) If Sy is finite, then C(S) = Bu(S) = Cq(S).
Proof. Left as Exercise 2. {

Remark. Since we are mostly interested in finite-spin spaces, quasi-locality will be

the essential aspect of continuity in the product topology.

We can now turn to the space M;(S,F) of probability measures on (S, F) and
its topological structure. There are several possibilities to equip this space with a
topology. The most convenient and commonly used one is that of weak convergence

with respect to continuous functions. This topology is generated by the open balls

Bpo(w) = {1 € My(S, F)||ulf) - u(f)| < €} (1.13)

where f € C(S),e € Ry,u € My(S,F). The main advantage of this topology is
that it turns M;(S,F) into a complete separable metric space, and moreover, if
Sp is compact, then M;(S,F) is compact. (Exercise: Prove this using Tychonov’s

theorem.)
1.2.2. Interactions, local specifications, Gibbs measures.

We can now define a very large class of Hamiltonians for which the Gibbsian theory

can be set up. We begin by defining the concept of an interaction.

Definition 1.3:  An interaction is a family ® = {® s} s7a where D4 € B(S, Fa).
If all ®4 € C(S, Fa), the interaction is called continuous.
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An interaction is called regular, if for all x € 72, there exists a constant c, such

that

D ®allee S e < o0 (1.14)
A>d«zx

Remark. What we call ‘regular’ interaction is called ‘absolutely summable’ interac-
tion in Georgii’s book [Gel]. In most of the standard literature one finds the stronger

condition that

112[]] = sup > [P alles < o0 (1.15)
EEZdABw

With this definition the set of all regular interactions equipped with the norm ||| - |||
forms a Banach space, By, while the weaker condition we use makes the set of regular
interactions only into a Fréchet space [Gel]. In the case of translation invariant
interactions, both conditions coincide. However, in the case of random systems the
stronger condition (1.15) would introduce some unnatural restrictions on the class of

admissible interactions.

Remark. Unbounded interactions occur naturally in two settings: in the case of
non-compact state space (e.g. “Gaussian models”) or as so called “hard-core” exclu-
sions to describe models in which certain configurations are forbidden (e.g. so called
“subshifts of finite type”). While some of such models can be treated quite well, they

require special work and we will not discuss them here.

From a regular interaction one now constructs a Hamiltonian by setting, for all

finite volumes A C Z¢,

Hy(o)=— ) ®a(o) (1.16)

ANA#£D
If ® is in By, Hy is even guaranteed to satisfy the bound

|Halloo < CJA] (1.17)

for some C < oco. Moreover, it is easy to check that H, is a quasi-local function, and

if ® is continuous, even a continuous quasi-local function, for any finite A.
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The Hamiltonians defined in this way have all the nice properties of the Ising
Hamiltonian defined in Section 1.1, and we can proceed to use them to construct
Gibbs measures. We begin with the definition of what we will now call local specifi-

cations:

Definition 1.4: A local specification for ® is a family of probability kernels
{Mx?ﬁ}Ach such that

(i) for all A and all A € F, u&?ﬁ(/l) is a Fa--measurable function.
(i) For anyn € S, u} 4 is a probability measure on (S, F).

(ii3) For any pair of volumes A, A" with A C A’ and any measurable function f

/“X!,g(da’)uxgc’UIAI)(dU)f((UA,UA'\A,UA'c)) = /ux,,ﬁ(da’)f((aA,,nA,c))
(1.18)

The most important point is that local specifications satisfy compatibility condi-
tions analogous to conditional expectations. Given a regular interaction, we can now

construct local specifications for the Gibbs measures to come.

Lemma 1.5:  If ® is a reqular interaction, then the formula
e—BHA((oA,m4¢))

[ #ratas@) = [ontao) =5 =g onm) 19)

defines a local specification, called the Gibbs specification for the interaction ® at

inverse temperature (3.
Proof. Left as an exercise. The crucial point is that we have (1.6).{

We will use a shorthand notation for relations like (1.18) and symbolize this equa-

tion by

Lemma 1.5 shows that local specifications are “conditional expectations waiting
for a measure”; thus nothing is more natural than to define infinite-volume Gibbs

measures as follows:
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Definition 1.6: Let {“5\3,3} be a local specification. A measure g is called
compatible with this local specification, if and only if, for all A C Z2 and all A € F,

ng (A|Fae) = u{s(A), g —as. (1.21)

A measure ug that is compatible with the local specification for the regular interac-
tion ® and a priori measure p at inverse temperature 3 is called a Gibbs measure

corresponding to ® and p at inverse temperature 3.

Remark. Note that by construction Gibbs measure inherit a remarkable property:
their conditional distributions given F. exist for all n, and not only for p-almost all 7,
as is usually required of conditional distributions. On the other hand, this observation
also hints towards possible generalizations of the constructions beyond the context
of regular interactions by weakening the requirement that local specifications be
defined for all n € S. The associated concepts of weaker notions of Gibbs measures

are currently under active debate, see e.g. [MMR,DS].

Theorem 1.7: A probability measure pg is a Gibbs measure for ®,p, 3, if and
only if, for all A C 72,

Haty)s = iig (1.22)

Proof. Obviously, (1.22) holds if /JE\?g is the conditional probability for uz. We only
have to show the converse. But for any A, and any A € F,

pe(A) =Ky, pp (A|Fae) (1.23)

Inserting this in the right hand side of (1.22) and comparing with the left hand side
yields
u$5(A) = g (A|Fac), g —as. (1.24)

This proves the theorem.{

Eq. (1.22) are called the DLR equations after Dobrushin, Lanford and Ruelle, to

whom this construction is due. We have now achieved a rigorous definition of what
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the symbolic expression (1.2) is supposed to mean. Of course this should be completed
by an observation saying that such Gibbs measures exist in typical situations. This

will turn out to be rather easy.

Theorem 1.8: Let ® be a continuous reqular interaction and NS\‘)g be a correspond-
ing local specification. Let A, be and increasing and absorbing sequence of finite
volumes. If for some n € S, the sequence /“LX" s of measures converges weakly to

some probability measure v, then v is a Gibbs measure w.r.t. to @, p, 5.

Proof. Let f be a continuous function. By hypothesis, we have that

pp, g(f) = v(f), asntoo (1.25)

On the other hand, for all A,, D A,

ul b)) =l 5(F) (1.26)

We would like to assert that an,ﬁ/‘X?ﬁ( f) converges to Vug\'?ﬁ( f), since this would
immediately imply that v satisfies the DLR equations (1.22) and hence is a Gibbs
measure. To be able to make this assertion, we would need to know that ug?ﬁ( f)is
a continuous function. The property of a specification to map continuous functions

to continuous functions is called the Feller property.

Lemma 1.9:  The local specifications of a continuous reqular interaction have the

Feller property.

Proof. We must show that if 7, — 7, then u"5(f) — u} 5(f). A rather simple

consideration shows that since f is continuous, this property follows if

Hp(oA,Mn,ae) = Ha(on, nAc) (1.27)

But H, is by assumption a uniformly convergent sum of continuous functions, so it

is itself continuous. Then (1.27) is immediate. <
The proof of Theorem 1.8 is now obvious.

Remark. Local specifications have even nicer properties than Feller. In particular,

they are “quasi-local”, in the sense that they map local functions into quasi-local
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functions. This is expanded on in [vEFS]. Exercise: Prove the quasi-locality of local
specifications. This gives also occasion to fill in the details in the proof of Lemma
1.9.

The constructive criterion of Theorem 1.8 gives us now a cheap existence result:

Corollary 1.10: Assume that Sy is compact and ® is reqular and continuous.

Then there exists at least one Gibbs measure for any 0 < 8 < 00.

Proof. By Tychonov’s theorem S is compact. The set of probability measures on
a compact space is compact with respect to the weak topology, and so any sequence
/‘Xm 5 must have convergent subsequences. Any one of them provides a Gibbs measure
by Theorem 1.8. {

Remark. There are models with non-compact state space for which no Gibbs mea-

sure exists.

Theorem 1.8 is of absolutely central importance in the theory of Gibbs measures, s-
ince it gives a way how to construct infinite-volume Gibbs measures. Physicists would
view this even as the definition of infinite-volume Gibbs measures (and we will have
to return to this attitude later when we discuss mean field models). The procedure
of taking increasing sequences of finite-volume measures is called the passing to the
“thermodynamic limit”. It is instructive to compare the physical “approximation”
statement contained in the DLR equations and in the weak limit construction. The
DLR equations can be interpreted in the sense that if we consider a physical finite
system, when we apply “boundary conditions'® and weigh these with the infinite-
volume measure pg, then the finite-volume measure within A will look exactly like
the infinite-volume measure ps g. On the other hand, the constructive criterion of
Theorem 1.7 means that there are suitable configurations n and suitable volumes A,
such that if we fix boundary conditions 7, the finite-volume measure looks, for large

A, very much like a infinite-volume Gibbs state v. Now it is experimentally not very

10Tn the formal discussion we fixed configurations in the entire complement of A. Of course for
models with short range interactions, like the Ising model, the inside of a volume A depends only
on the configuration on a layer of width one around A. Thus it is physically feasible to emulate the
effect of the exterior of A by just boundary conditions.
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feasible to apply boundary conditions weighted according to some Gibbs measure,
while the second alternative seems a bit more realistic. But here difficulties will arise
if the dependence on the boundary conditions and on the volumes is too dramatic.
There will be no serious problems in simple systems, but we will have occasion to
discuss to what extent the Gibbs measures as defined above are the suitable objects

to approximately describe real physical situations.

Let us note that there is a different approach that characterizes Gibbs measures in
terms of a wariational principle. Such characterizations always carry a philosophical
appeal as they appear to justify the particular choice of Gibbs measures as principle
objects of interest. Excellent references are again [Gel] or [Sim], but also [Isr|, and the
recent lecture notes by Ch. Pfister [Pf]. Although several important notions linking
statistical mechanics, thermodynamics and the theory of large deviations arise in this

context, I will not pursue this theme here.

1.3. Structure of Gibbs measures; phase transitions.

In the previous section we have established the concept of infinite-volume Gibbs
measures and established the existence of such measures for a large class of systems.
The next natural question is to understand the circumstances under which for a
given interaction and a given temperature there exists a unique Gibbs measure, and
when this is not the case. We have already seen that the possibility that the local
specifications might be compatible with several Gibbs measures is precisely providing
for the possibility to describe phase transitions in this framework, and therefore this
will be the case that we shall be most interested in. Nonetheless, it is important to
understand under what conditions one must expect uniqueness. For this reason we

start our discussion with some results on uniqueness conditions.

1.3.1. High temperatures. The Dobrushin uniqueness criterion.

In a certain sense one should expect that as a rule a local specification is com-
patible only with one Gibbs measure. But there are specific interactions (or specific
values of the parameters of an interaction) where this rule is violated. However,

there are general conditions that preclude this degenerate situation; vaguely, these
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conditions say that GH is “small”; in this case one can see the Gibbs measure as a
weak perturbation of the a priori measure p. There are several ways of establishing
such conditions. Possibly the most elegant one is due to Dobrushin, and we will not
resist the temptation to present it here. Our treatment follows closely that given in

Simon’s book [Si] where the interested reader may find more material.

Let us introduce the total variation distance of two measures v, i by

lv — pll =2 sup |v(A) — p(A)] (1.28)
AcF

Theorem 1.11:  Let NS\'?g be a local specification. Set, for x,y € 7.2,

Hy,s = Fy,p ‘ (1.29)

1
Poy =7  SUD ‘
v mn .,
zF£zMz="3

If supycya ZmEZd Pz,y < 1, then the local specification is compatible with at most one

Gibbs measure.

Proof. For a continuous function f we define its variation at x

6z(f)=sup |f(n)— f(n")] (1.30)

n,n' ,
vz;éac Nz=",

and the total variation

Af) =) 6a(f) (1.31)

z€Z4
We define the set of functions of finite total variation 7 = {f € C(S)|A(f) < oco}. It
is easy to check that this set is a dense subset of C(S). The idea of the proof is

i) Show that A is a semi-norm and A(f) =0 = f = const..

ii) Construct a contraction T with respect to A so that any solution of the DLR

equations is T-invariant.

Then, it holds that for any solution of the DLR equations, u(f) = u(Tf) =
u(T™f) — ¢(f), independent of which one we choose. But the value on continuous

functions determines p, so all solutions of the DLR equations are identical.
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To simplify notation we drop the reference to 3 in the course of the proof. Let us
first establish (ii). We construct the map T. Let z1,zs,...,Zy,... be an enumeration

of all points in Z% (this implies that z,, must disappear to infinity as n 1 co). Set
Tf = liTm u(ml) . u(mZ(f) (1.32)

For any continuous function, the limit in (1.32) exists in norm. (Exercise! Hint:
Check the convergence first on loal functions!). This implies that T maps continuous

functions to continuous functions, which is a crucial property we will use.

It is obvious by construction that if u satisfies the DLR-equation w.r.t. the speci-

fication ug\'), then
w(Tf) = u(f) (1.33)

It remains to show that T is a contraction w.r.t. A, if sup,cza Y owezd Poy S < 1.
In fact we will show that under this hypothesis, A(Tf) < aA(f), for any continuous
function f. We look at §,(uy(f)). Obviously, 6, (us(f)) =0. Now let z # y. Then

Suliy(F) = sup  |u2(f) — 7 (£)]

n,n' ,
vz;émT’Z:T’z

= sup ‘/f(o'yanyc)/J'Z(do-y) —/f(oy,n;c)uZ(dffy)

n,m’

P
+ [ £y (wytdoy) — (0| (1.34)
<&(f)+ sup  |f(m)—F()| sup  sup |u7(A) — u7 (A)
n,m’ , n,m’ ,.AEf

Yty Nz =0 VataMz=",

1 /
=0:(f) + 3 ‘ fha — Hy || 0y (f)
::5m(f)4"9zg6y(f)

Lemma 1.12:  Under the hypothesis sup,c;p Y wezdPay <, for alln €N,

AW BN <ad b+ 30 8y(f) (1.35)

i>n+1
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Proof. By induction. For n = 0 (1.35) is just the definition of A. Assume that
(1.34) holds for n. Then from (1.33)

A(lu’() 'UI(mr)L'UIl'nJrl < aZ(S ’UImnnI»l Z 51‘] ’UIl'nJrl
j>n+1

< az l‘z ‘I’ pmi,$n+15$n+1 (f)]

+ Z ) + Paj zn i Ozn+1(f)] (1.36)
j>n+2
= CYZ 5m, (f) + Z pwi,$n+16$n+1 (f) + Z 5mj (f)
i=1 i=1 j2n+2
n+1
i=1 j>n+2

so that (1.34) holds for n + 1. This proves the Lemma.<)

Passing to the limit n 1 co yields the desired estimate

A(Tf) < aA(f) (1.37)

It remains to be proven that A(f) = 0 implies that f = const.. In fact we will
show that A(f) > sup(f) — inf(f). Now, since f is continuous, for any € > 0 there

exists a finite A and a configurations w™,w™ with wj{c = wj. such that

sup(f) < f(w™) +e

(1.38)
inf(f) > f(w™) -
But, using a simple telescopic expansion,
Flwh) = flw™) £ 6(f) < A(f) (1.39)

Thus, sup(f) — inf(f) < A(f) + 2¢, for all € which implies the claimed bound. This
concludes the proof of the theorem. {<
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For Gibbs specifications with respect to regular interactions, the uniqueness crite-

rion in Dobrushin’s theorem becomes

sup Y (|4 = 1)[[@4(0)]loo < 87" (1.40)

Thus it always applies if the temperature 3~! is sufficiently “high”.

Exercise: Compute the bound on the temperature for which Dobrushin’s criterion

applies in the Ising model (1.1).

The techniques of the Dobrushin uniqueness theorem can be pushed farther to get
more information about the unique Gibbs measure; in particular it allows to prove
decay of correlations. Since this is not of immediate concern for us, we will not go
into this. The interested reader is referred to the very clear exposition in Simon’s
book [Si].

1.3.2. Low temperatures. The Peierls argument.

Having established a condition for uniqueness, it is natural to seek for situations
where uniqueness does not hold. As we mentioned earlier, this possibility was dis-
believed for a long time and the solid establishment of the fact that such situations
occur in reasonable models like the Ising model was one of the triumphs of statistical

mechanics.

Contrary to the very general uniqueness criterion, situations with coexisting Gibbs
measures are much more evasive and require a case by case study of the respective
interactions. There exist a number of tools to investigate this problem in many
situations, the most powerful being what is called the Pirogov-Sinai theory, but
even in its most recent developments it is far from being able to give a reasonably
complete answer for a class of interactions as large as, e.g. the regular interactions!!.

An exposition of this theory in any detail goes beyond the scope of these notes.

The basis of most methods to prove the existence of multiple Gibbs states is the
Peierls argument. We will explain this in the context it was originally derived, the
Ising model, and discuss extensions later.

11 Of course it would be unreasonable to expect such a theory in any general form to exist.
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The basic intuition for the large 8 (low temperature) behaviour of the Ising model
is that the Gibbs measure should in this case strongly favour configurations with
minimal H. If h # 0, one sees that there is a unique such configuration, o; = sign (h),
whereas for h = 0 there are two degenerate minima, o; = +1 and o; = —1. It is
a natural idea to characterize a configuration by its deviation from such an optimal
one. This leads to the concept of the contour. We denote by < 4,7 > an edge of the
lattice Z¢ and by < ij >* the corresponding dual plaguette, i.e. the unique d — 1
dimensional facet that cuts the edge in the middle. We set

F(O’) = {< ij >* 0,05 = —1} (1.41)

I'(0) forms a surface in R%. The following properties are immediate from the defini-

tion:

Lemma 1.13: Let T' be the surface defined above, and let OI' denote its d — 2-

dimensional boundary.

(i) OT'(o) = 0 for all o € S. Note that T'(c) may have unbounded connected compo-

nents.

(ii) Let T be a surface in the dual lattice such that OT = 0. Then there are exactly two
configurations, o and —o, such that I'(c) =T'(—0o) =T.

Any G can be decomposed into its connected components ;. A connected com-
ponent ; is called a contour. For any o, any contour +; satisfies 0v;(c) = 0. That

is, each contour is either a closed or unbounded surface.

The following theorem goes back to Peierls [Pei]. Its rigorous version is due to
Dobrushin [D2] and Griffiths [Gri].

Theorem 1.14: Let ug be a Gibbs measure for the Ising model (1.1) with h = 0
and p the symmetric product measure defined in (1.3). Assume that d > 2. Then
there is Bq < 0o such that B > By

(1.42)

DN | =

ua [Ever(a):OEint’y] <

(we write v € I for “y is a connected component of I'”.)
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The proof of this theorem is almost immediate from the following

Lemma 1.15: Let pg be a Gibbs measure for the Ising model (1.1) with h = 0.
Let v be a finite contour. Then

usly € D(e)] < e~ (1.43)

Proof. We present the proof again as an application of the DLR construction. Recall
that v is finite and thus closed. We will denote by ‘™ and y°“! the layer of sites in
7.2 adjacent to v to the interior of v and the exterior of v (the interiour and exteriour

boundary of the contour).

" | ®E ®E ® ® = = = plusrwlon
.- inus
.- region

A contour (solid line) and itsinteriour (red dots)
and exteriour (blue dots) boundary

Apparently we have
pg [y CT(0)] = pg [0qout = +1,0.in = —1] + pg [0qout = —1,0.m = +1]  (1.44)
Now the DLR-equations give

pg [oyour = +1,00in = —1] = pglojene = +1]ute. slogm = —1] (1.45)
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But 1
Hint v,8 [o-’Yi" = _1]

i oy yin P(Tyin = — 1) im0 Fine ryims =i Hont)
int (y)\v*™

EU ) o " ) e_/BHint (v) (Uint (7)\7in707in,+170ut)

in int (y)\vim

—Blvl 7(=1) B
e Z (ﬂ\yinP(Uv’" =—1) (1.46)
ﬁ § :1. in s out 93 Gyin )
EU’,Yin € Evihiaey ! in‘;/: (M\yin

(=1)
< =281 Zing M\

— =281l

Note that in the last line we used the symmetry of H, under the global change
o; — —o; to replace the ratio of the two partition functions with spin-flip related
boundary conditions by one. In the presence of h # 0, this would not have been

possible. The second term in (1.44) is treated in the same way. Thus (1.43) follows.
¢

Proof of Theorem 1.14 . The proof of the Theorem now follows just by the

trivial estimate
Hp [HVGP(U):OEintv] < Z pusly € T'(0)] (1.47)
Y€ (o):0€int

and by (roughly) counting the number of contours of area k that enclose the origin:
#{7:0 € inty, |y| = k} < ChEY/ (4~ (1.48)

where Cj is some dimension dependent constant (e.g. it is immediate to see that
Cg S 3)Th11$
1 [3yer(oyocing] < Y kYD k@AY (1.49)
k=2d

so choosing 3 a little larger than %ln Cy we get the claimed estimate. <

Theorem 1.14 brings us very close to showing the existence of at least two Gibbs
states. Intuitively, it implies that, with probability greater than 1/2, the spin at the

origin has the same sign as “the spins at infinity” which in turn could be plus one or
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minus one. Most importantly, the spin in the origin is correlated to those at infinity,
establishing the existence of long-rang correlation. Making these somewhat vague
statements precise will give occasion to learn a little more about properties of Gibbs

states.

Notice first that Theorem 1.14 does not imply that there are no infinite contours
with positive probability. We will show, however, that ug can be decomposed into
Gibbs measures containing infinite contours with probability zero and one, respec-

tively.

This leads us to the definition of the important concept of extremal Gibbs measures

or “pure states”.

By the characterization of Gibbs measures through the DLR-equations it is obvious
that with any two Gibbs measures pg, /J,,@ for the same local specification, their convex
combinations pug + (1 — p)ug, p € [0,1], are also Gibbs measures. Thus the set of
Gibbs measures for a local specification forms a closed convex set. One calls the

extremal points of this set extremal Gibbs measures or pure states'?
The following gives an important characterization of extremal Gibbs measures.

Proposition 1.16: A Gibbs measure ug is extremal if and only if it is trivial on

the tail sigma-field F*, i.e. if for all A € F*, pg(A) € {0,1}.
To prove this lemma, we need two important observations:

The first says that a Gibbs measure for a given specification is characterized by

its value on the tail sigma-field.

Proposition 1.17: Let ug and vg be two Gibbs measures for the same specification.

If for all A € F*, vg(A) = ug(A), then vg = ug.

Proof. Again we use the DLR equations. Let f be any local function. Since for any

12The name pure state is sometimes reserved to translation invariant extremal Gibbs measures.
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ua(f) = g (S () (1.50)
vg(f) = vg (Mg,)A(f»

the lemma follows if lim y 1,4 /Jg,)/\( f) is measurable with respect to F*. But by defini-
tion, u(ﬁ'?A( f) is measurable with respect to ., and so lim 44 u(ﬁ")A( f) is measurable
with respect to NpyzaFac, i.e. Fho &

The second observation is

Lemma 1.18: Let p be a Gibbs measure, and A € F* with u(A) > 0. Then the

conditioned measure u(-|.A) is also a Gibbs measure for the same specification.

Proof. We again consider a local function f. Then

_ u(fTy)
S (F1L0) ) (f) (1.51)
u(A) u(A)

= u(uy (H)|4)
for any A, so u(-|.A) satisfies the DLR-equations.{

Now we can prove proposition 1.16: Assume that p is trivial on the tail field and

p=npu + (1 —p)u”, for p € (0,1). Then for any A € F*, by Lemma 1.17,
pu'(A) + (1 - p)u"(A) € {0,1} (1.52)

But this can only hold if u'(A) = u”’(A) € {0, 1}, so, in particular, v = p.

To prove the converse, assume that p is not trivial on the tail field. Then then
there exists A € F* with p(A) =p € (0,1). So, by Lemma 1.18

p=pp(-|A) + (1 —p)u(-|A°) (1.53)

and, by Lemma 1.18, u(-|A) and u(:|.A°) are Gibbs measures, so p is not extremal.
This concludes the proof of the proposition.{
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Tail field triviality is equivalent to a certain uniform decay of correlations which

is a common alternative characterization of extremal Gibbs measures:

Corollary 1.19: A Gibbs measure u is trivial on the tail sigma-field if and only
if, for all A € F,

lim sup |[u(AUB)— u(A)u(B)|=0 (1.54)
ATZ4 B Fye

We can now return to the investigation of the phase structure of the Ising model.
We define the event & = {I'(0) contains no infinite contour}. Clearly this is a tail
event. Therefore, by Lemma 1.18, if 4 is any Gibbs measure, then pu(-|U) is also a
Gibbs measure, provided u(U) > 0. But it is easy to see that such u exist: Take the
local specifications with boundary conditions either n = +1 or n = —1. They are

supported on U, and so any weak limit u* of these sequences satisfies u*(U) = 1.

Theorem 1.20:  Consider the Ising model for parameters where the conclusion of

Theorem 1.14 hold. Then there exist (at least) two extremal Gibbs measures u; and

pg satisfying ut (o) = —p~ (9) > 0.

Proof. We know that there exists a Gibbs measure with pg(/) = 1. Now on U,
the set of points x € Z¢ that is not surrounded by a contour (the exterior of the
contour) is connected and the spin configuration on this set is constant either +1
or —1. Clearly the value of the spin on the exterior is a function of the tail sigma-
algebra, so if ug is extremal it takes either one or the other value with probability

one. Let us denote these measures by uéz. Then

(1.55)

N | —

,LLE(O'() =-1)= “E (Elvep(a) :0 € int 7) <

which implies the theorem.<>

On a qualitative level we have now solved Ising’s problem: The Ising model in
dimension two and more has a unique Gibbs state with decaying correlations at
high temperatures, while at low temperature there are at least two extremal one

that exhibit spontaneous magnetization. Thus the observed phenomenon of a phase
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transition in ferromagnets is reproduced by this simple system with short range

interaction.

I have said earlier that the Peierls argument is the basis of most proofs of the exis-
tence of multiple Gibbs states. This is true in the sense that whenever one will prove
such a fact, one will want to introduce some notion of contours that characterizes
a locally unlikely configuration; one will then want to conclude that “typical” con-
figurations do no contain large regions where configurations are atypical, and finally
one will want to use that there are several choices for configurations not containing
large undesirable regions. What is lacking then is an argument showing that these
“good” regions are equally likely; on a more technical level, this corresponds to being
able to pass from the one-but-last line in (1.46) to the last one. In the Ising model
we were helped by the spin flip symmetry of the problem. This should be consid-
ered accidental, as should be the fact that the ratio of the two partition function
appearing in (1.45) equals one. In fact, they equal one because the parameter h was
chosen equal to zero. In a situation without symmetry one should expect that there
will be some value of h (or other parameters of the model) for which the ratio of the
partition function is close enough to one for all . This is a subtle issue and at the
heart of what is called the Pirogov—Sinai theory [PS,Z1,7Z2] which in rather general
situations allows to establish criteria for the existence of phase-coexistence in lattice

spin models. I will not be able to cover this theory in these lectures.
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2. Disordered Systems. Generalities and Lattice models.

We will now begin our discussion of disordered systems. In this first part, we will
mainly concentrate on disordered systems that are in some sense perturbations of
translation invariant systems. From a physical point of view, it is obviously essential
to understand the effect of such perturbations, since the hypothesis of perfect lat-
tice symmetry can hardly be expected to be verified in a system consisting of 1023
constituents. Impurities and imperfections are omnipresent, and for the results of
statistical mechanics to be applicable, they must show some robustness against per-
turbations. The basic questions are thus: what properties of the translation invariant

system are only mildly affected by what types of weak perturbations?

The perturbations we will study here are to model “impurities” and other poorly
controlled effects. We will assume them to be “spatially random”. In most cases,
very simple assumptions on the type of randomness are made, and as these introduce
already serious difficulties, no attempts towards great generality are at present rea-
sonable. In fact, the status of the field is that of a few, not overly well understood,
simple examples. Nonetheless, it has emerged that a proper probabilistic setup is

useful, and we will to some degree insist on this point.

2.1.Random Gibbs measures and metastates.

We will now give a general definition of disordered lattice spin systems. This will
not be as general as possible, as we allow disorder only in the interactions, but not
in the lattice structure or the spin spaces. Thus as in Section I we consider a lattice
74, a single site spin space (So, Fo, V) and the corresponding a priori product space
(S,F,v). As a new ingredient, we add a (rich enough) probability space (€2, B,P)
where ) will always be assumed to be a Polish space. On this probability space we

construct a random interaction as follows:

Definition 2.1: A random interaction ® is a family {® 4} 474 of random variables
on (Q, B,P) taking values in B(S,Fa), i.e. measurable maps 4 : Q> w — Pylw| €

B(S,F4). A random interaction is called regular, if, for P-almost all w, for any
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x € 72, there erists a finite constant c[w)], such that

Y l2allle < elw] < 00 (2.1)

A>dz
A regular random interaction is called continuous if for each A C A, &4 is jointly

continuous in the variables n and w.

In the present section we discuss only regular random interactions. Some of the
most interesting physical systems do correspond to irregular random interactions. In
particular, many real spin glasses have a non-absolutely summable interaction, called

the RKKY-interaction. See [FZ1-2,Z] for some rigorous results.

Remark. In most examples of interest one assumes that the random interaction has

the property that ® 4 and ®p are independent, if AN B = ().

Given a random interaction, it is straightforward to define random finite-volume
Hamiltonians Hy[w], as in the deterministic case. Note that for regular random
interactions, H is a random variable taking values in the space By (S), i.e. the
mapping w — Hj[w] is measurable. If moreover the ® 4 are continuous functions of

w, then the local Hamiltonians are also continuous functions of w.

Random local specifications u&?ﬂ [w] are again defined in complete analogy to the

deterministic case, i.e.

Wy w](do) = o+

—BHp[w](oa,mac
ZI BHNIAMA) p,\ (dop) Sy (dope) (2.2)

The important point is that the maps w — ux)ﬁ[w] are again measurable in all

appropriate senses. In particular:
Lemma 2.2: Let ® be a reqular random interaction. Then

(i) for all A C Z% and A € F, u(ﬁ'?A(A) is measurable function w.r.t. the product

sigma-algebra Fpc x B.

(i) For P-almost all w, for alln € S, u&",)ﬁ [w](do) is a probability measure on S.

(i3i) For almost all w, the family {ug)A [w]}A e is a local specification for the interac-
’ C

tion ®[w| and inverse temperature (3.
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(iv) If ® is a continuous regular random interactions, then for any finite A, u& Alw] s

jointly continuous in n and w.

We now feel ready to define random infinite-volume Gibbs measures. The following

is surely reasonable:

Definition 2.3: A measurable map pg : Q@ — M;(S,F) is called a random

Gibbs measure for the reqular random interaction ® at inverse temperature 3, if, for

almost all w, pglw] is compatible with the local specification {u(ﬁ')A[w]}A a for this
’ C

interaction.

The natural question concerns the existence of such random Gibbs measures. One
would expect that again for compact state space, the same argument as in the de-
terministic situation should work. Now it is indeed obvious that for almost all w,
any sequence ug, A, [w] taken along an increasing and absorbing sequence of volumes
possesses limit points, and therefore, there exist convergent subsequences A, such
that ug, A ] [w] converges and the limit is a Gibbs measure for the interaction ®[w].
The non-trivial issue provoked by the fact that the subsequence A, [w]| must in general
depend on the realization of the disorder is, whether the measures obtained by this

construction depend on w in a measurable way?

This question may first sound like some irrelevant mathematical sophistication,
and indeed this problem was mostly disregarded in the literature. To my knowledge
this problem was first discussed in a paper by van Enter and Griffiths [vEG] and
studied in more detail by Aizenman and Wehr [AW1], but it is the merit of Ch.
Newman and D. Stein [NS1,NS2,N] to have brought the intrinsic physical relevance of
this issue to light. Needless to say the issue arises only when limits along deterministic
subsequences cannot be constructed, and this could be feared mainly in very strongly

disordered systems such as spin-glasses that we will discuss in later sections.

In more pragmatic terms, the construction of infinite-volume Gibbs measures via
limits along random subsequences can be criticised by its lack of actual approximative
power. An infinite-volume Gibbs measure is supposed to approximate reasonably a

very large system under controlled conditions. If however this approximation is only
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valid for certain very special finite volumes that depend on the specific realization
of the disorder, while for other volumes the system is described by other measures,
knowledge of just what are the infinite-volume measures is surely not enough, if

nothing is known about the relevant subsequences.

As far as proving the existence of random Gibbs measures is concerned, there is a
rather simple way out of the random subsequence problem. This goes by extending
the local specifications to probability measures Kg7 A on Q xS in such a way that the
marginal distribution of Kg’ A on £ is simply P, while the conditional distribution,

given B, is u(ﬁ’g\ [w].

Theorem 2.4: Let ® be a continuous regular random interaction. Let K é)A be

the corresponding measure defined as above. Then

(i) If for some increasing and absorbing sequence, A,,, and somen € S the weak limit
limp1oo Kj \ = Kj exists, then its conditional distribution K5(-|B x S) given B

is a random Gibbs measure for the interaction P.

(i) If S is compact, then there exist increasing and absorbing sequences A,, such that

the hypothesis of (i) is satisfied.

Proof. The proof of this theorem is rather instructive. Let f € C(S,F) be a

continuous function. We must show that

K3(/1B x S)[w] = K3(u§Aw)()|B x 8)[e] (23)

Let Bx, £ € N be a filtration of the sigma-algebra B where Bj is generated by
the interaction potentials ® 4 with A C A with Ax some increasing and absorbing
sequence of volumes. Note that

KJ(f1B x 8)lw] = lim lim K7, (f[By x S)le] (2.4
Let us denote by Bg|w] the set of all w’ € © that have the same projection to By as

w, more formally

Bilw] = {w’' € Q|VacB,wea W' € A} (2.5)
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But for any fixed A and n large enough,
Pldw’ 1™ 1o — Pldw 16 101 (48 10!
L pagh, 10 = [ Pl 0 (s0)
= [, P ) () (26)

+/Bk[w] Plds g, [w'] (“g?A[W'](f) u(ﬁ)A[w](f))

The first term in the last expression converges to K "(u(ﬁng\[ 1(f)|1B x S)[w], while
for the last we observe that due to the continuity of the local specifications in w,

uniformly in n,

[ P ) (A1) ~ Al ](f))‘
By, [w] (2.7)

< supsup |\ W)(f) — EALI()| L0,
w'€BL[w]NES

as k 7 oo. This proves the Theorem.<>

Theorem 2.4 appears to solve our problems concerning the proper Gibbsian set-up
for random systems. We understand what a random infinite-volume Gibbs measure
is and we can prove their existence in reasonable generality. Moreover, there is a
constructive procedure that allows us to obtain such measures through a procedure
of taking infinite-volume limits. However, upon closer inspection, the construction is
not quite as satisfactory as it seems. The unsatisfactory point lies actually hidden in
equation (2.4) that tells us what conditioning on B actually amounts to. In all the
examples of interest, the space 2 will itself be some infinite product space 2 = Q%d
and will be equipped with the product topology. The filtration By will then consist
of the Borel-field of Qé\’“ for some increasing and absorbing sequence of finite volumes
Ag. That is, the measures K j(-|Bj, x S) are actually averages of Gibbs measures over
the values of the random interactions outside a finite region Ax, and so their limit
still contains an averaging over the realization of the disorder “at infinity”. This
manifests itself in the fact that the measures K j(-|B x S) will often be mixed states.
In particular, this state will not actually describe the result of the observations of

one sample of the material at given conditions, but rather the average over many
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samples that have been prepared to look alike locally. This is clearly not a very

physical situation.

While we have come to understand that it may not be realistic to construct a
state that predicts the outcome of observations on a single (infinite) sample, it would
already be more satisfactory to obtain a probability distribution for these predic-
tions (i.e. a random probability measure) rather than just a mean prediction (and
average over probability measures). This led Aizenman and Wehr [AW1] and more
emphatically Newman and Stein [NS1] to an extension of the preceding construction
to a measure-valued setting. That is, rather than to consider measures on the space
2 x S, they introduced measures ICZ, A on the space Q x M;(S), defined in such a
way that the marginal distribution of ICZ, A on 2 is again [P, while the conditional dis-

tribution, given B, is 5u(") the Dirac-measure concentrated on the corresponding
B8,A

[w]’
local specification. We will introduce the symbolic notation

n
’Cﬁ,A =P x 5%(37&[“}] (2.8)

One has the following analogue of Theorem 2.4:

Theorem 2.5: Let ® be a continuous regular random interaction. Let K é)A be

the corresponding measure defined as above. Then

(i) If for some increasing and absorbing sequence, A,,, and some n € S the weak limit
limppoo K o = K} exzists, then its conditional distribution Kj(-|B x S) given B
is a probability distribution on M (S) that, for almost all w, gives full measure to
the set of infinite-volume Gibbs measures corresponding to the interaction ®[w] at

inverse temperature (3. Moreover,
Kg(-|B x S) = ICZ(MB x S) (2.9)
(i) If S is compact, then there exist increasing and absorbing sequences A,, such that
the hypothesis of (i) is satisfied for any 7.

Remark. The conditional measure

K= KI(-|B x S) (2.10)
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is called the Aizenman-Wehr metastate (following the suggestion of Newman and
Stein [NS1]).

Proof. A proof of this theorem can be found in [N]. Here I will give a simple proof
following [AW1]. Note that the assertion (i) will follow if for any bounded continuous
function f:S — R, and any finite A C Z¢, we can show that

E [ K (dulB x 8)(w) [u(h) ~ u (10| =0 (2.11)

But the left hand side clearly equals

[ Kt o) [uir) — (w3 21010 (212)

Now u(g) is trivially a continuous function of p if g is continuous. By Lemma
1.9, ug, Alw](f) is continuous in f whenever ®[w] is regular and continuous, i.e. for
almost all w. Thus, both u(f) and u (MZ,A[W](f)> are continuous in y, and hence
the integrand in (2.11) is a bounded continuous function of x4 and w. But then, by
definition, the left-hand side of (2.12) is given by the limit

tim [ 1)y (dp,dw) |u(f) = s (1] 5[01(0))

ntoo

— lim E ‘ugm [W]I(f) = uja, W] (ﬂZ,AM(f)) ‘

ntToo

(2.13)

But the first term in the last line is equal to zero as soon as n is so large that A C A,

which implies that (2.11) holds. Assertion (ii) follows by compactness. {

At this stage the reader may rightly hold his breath and ask the question whether
all this abstract formalism is really necessary, or whether in reasonable situations,
we will not get away without all of this? To answer this question, we need to look at

specific results, and above all, at examples.

2.2. Remarks on uniqueness conditions.

As in the case of deterministic interactions, having established existence of Gibbs
states, the next basic question is that of uniqueness. As in the deterministic case,

uniqueness conditions can be formulated in a rather general setting that amounts to
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say that the interaction is “weak” enough. Indeed, Theorem 1.10 can of course be ap-
plied directly for any given realization of the disorder. However, a simple application
of such a criterion will not capture any of the particularities of a disordered system,
and will therefore give no or just bad answers in most interesting examples. The
simple reason for this lies in the fact that the criterion of Theorem 1.10 is formulated
in terms of a supremum over y € Z¢%; in a translation invariant situation, this is not
bothersome. However, in a random system, we will often find that while for most
points y the condition will be satisfied, there may exist rare random points where it
is false. Extensions of Dobrushin’s criteria have been developed by van den Berg and
Maes [vdBM] and are further developed by Gielis [Gi]. I will not pursue them here.
Uniqueness for weak interactions in the class of regular interactions can be proven
with the help of cluster expansion techniques rather easily. The best results in this
direction are due to A. Klein and Masooman [KM], although the basic ideas go back
to Berretti [Be].

It should be pointed out that the really interesting problems in high-temperature
disordered systems concern the case on non-regular interactions. The most interesting
work here is that of Frohlich and Zegarlinski [FZ1,FZ2] who prove uniqueness (in a

weak sense) for mean zero square integrable interactions in the Ising case.

2.3. Phase transitions.

Of course, the most interesting questions in disordered systems concern again the
case of non-uniqueness of Gibbs measures, i.e. phase transitions. Already in the
case of deterministic models we have seen that there is no real general theory for
the classification of the extremal Gibbs states in the low-temperature regime; in the
case of disordered systems the situation is considerably worse. Basically, one should

distinguish between two situations:
(1) Random perturbations of a deterministic model (whose phase structure is known).
(2) Fully disordered models.

Of course, this distinction is a bit vague. Nonetheless, we say that we are in
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situation (1) if we can represent the Hamiltonian in the form
H[w](o) = HO(0) + eHV[w](o) (2.14)

where H(® is a non-random Hamiltonian (corresponding to a regular interaction)
and HW is a random Hamiltonian corresponding to a regular random interaction. e
plays the role of a small parameter. The main question is then whether the phase
diagram of H is a continuous deformation of that of H(®) or not. In particular, if
H(©) has a first order phase transition in some parameter, will the same be true for

H if € is small enough?

There are situations when this question can be answered rather easily; they occur
when the different extremal states of H(®) are related by a symmetry group and
if for any realisation of the disorder, this symmetry is respected by the random

perturbation HM[w]. The classical example of this situation is the

Dilute Ising Model: The Hamiltonian of this model is given by
Hlwl(o) =~ Y Jij[w]oio; (2.15)
li—j|=1
where J;; are i.i.d. random variables taking the values'® 0 and 1 with probability e
and 1 — ¢, respectively. It is very easy to see that the Peierls argument (Theorem

1.14) applies with just minor modifications, as was observed in [ARS].

Theorem 2.6: Let pg be a Gibbs measure for the dilute Ising model defined by
(2.15) and assume that d > 2. Then there exists ¢g > 0, such that for all € < €,
there exists B = B(e) < oo, such that for B > [(e),

1
P |:,Uﬁ[(U] [37€F(a):06int’y] < §:| >0 (216)

Proof. Define the random contour energy E(7) by
B = Y gy (2.17)
<ij>*evy

13The precise distribution of the Jij plays of course no réle for the arguments that follow; it is
enough to have EJij = Jo >0, and var(J;;) < Jo.
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Repeating the proof of Lemma 1.15 mutatis mutandis, one gets immediately the

analog

Lemma 2.7: Let pg be a Gibbs measure for the dilute Ising model defined by
(2.15). Let 7y be a finite contour. Then

uslwl [y € T(0)] < e 2PEIO) (2.18)

But by the law of large numbers, for large v, E(v) will tend to be proportional to
|v]; indeed we have that

PIEO) =i = ( ] ) - gelet-o (219)

(for z|vy| integer). Now define the event

A= {Ei'y:OEint'y : E(’Y) < |’Y|/2} (220)
Then by (2.19), it is an easy exercise to show that

PIA< ) PIE(Y) < |vl/2]

~v:0€inty
< § : e—|'y|(%ln%—%ln2)
~v:0€inty (221)
oo
< Z Céce—k(%ln%—%lnz)
k=2d

S C’ded

if € is sufficiently small so that the sum converges. But if w € A€,

pal3ver(o)oeinty] < Z pslw] [y € I'(0)] < Z el (2.22)

~v:0€inty ~:0€inty
which is smaller than 1/2 if § is large enough. Thus for such 3, the event considered
in (2.16) holds with probability at least 1 — Cqe?. Of course the 1/2 in the definition
of A can be replaced by an e-dependent value to improve on the admissible values of

(B. This proves the theorem. <
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From Theorem 2.6 one can now deduce the existence of at least two distinct random

Gibbs states in the dilute Ising model with weak dilution.

Corollary 2.8: In the dilute Ising model, for any d > 2, there exists €9 > 0, such
that for all € < €, there exists B(e) > 0, such that for all B > [((€), with probability

one, there exist at least two extremal random Gibbs states.

Proof. Theorem 2.6 implies, by the arguments put forward in Section 1.3.2, that
there exists at least two extremal Gibbs states with positive probability. However, the
number of extremal Gibbs measures for a given random interaction (with sufficient
ergodic properties which are trivially satisfied here) is an almost sure constant([N],

Proposition 4.4.).$

Of course the Peierls approach indicated here is not giving optimal results (but has
the advantage of clarity and robustness). It is known that the maximal e for which
B(e) is finite is the critical percolation probability for bond percolation. This has
been proven first by Georgii [Gel] in d = 2 and in more generality in [ACCN]. The
latter paper also obtains precise results on the dependence of 3(¢€) on €. These results
are all based on some profound facts from percolation theory which is a subject we

will not exploit in these notes.

The situation when the random perturbation respects the symmetries of the unper-
turbed interaction for any realization of the disorder must be considered exceptional.
In general, the perturbation H(!)[w] will break all symmetries of the model for typical
w and thus will render the Peierls argument useless. The simplest example of such

models is the random field Ising model, whose Hamiltonian is

Hlw](o) = — Z 0i0j — eZhi[w]ai (2.23)

li—j|=1 i

with h; a family of i.i.d. random variables (say of mean zero and variance one). In the
1980’s the question of in which dimensions this model would or would not exhibit a
first order phase transition was among the most vividly discussed issues in the theory
of disordered systems, both on the level of theoretical and experimental physics. The

problem was solved at the end of the decade in two rigorous papers by Bricmont and
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Kupiainen [BK] (who proved the existence of a phase transition in d > 3 for small ¢)
and Aizenman and Wehr [AW1] (who showed the uniqueness of the Gibbs state in

d = 2 for all temperatures).

Most of the heat of the debate arose from the fact that two competing heuristic
theories making different predictions on the critical value of the dimension for which
a phase transition would occur co-existed. There appeared to be no other way but a
rigorous mathematical proof to allow people to chose between the different heuristic

considerations!4.

This little piece of history is rather instructive and should warn
people against too firm trust in speculative heuristic theories. Disordered systems,

more than others, tend to elude common intuition.

The issue of the RFIM being one of the first occurrences where profound prob-
abilistic thinking has entered the field, I will devote the following section to the
analysis of this model (although we will fall short from giving the full proof of the
results in [BK]).

2.4. The random field Ising model.

2.4.1. The Imry—Ma argument.

The earliest attempt to address the question of the phase transition in the RFIM
goes back to Imry and Ma [IM] and is nothing but an attempt to extend the beautiful
and simple Peierls argument to a situation with symmetry breaking randomness. Let
us recall that the Peierls argument in its essence relies on the observation that in order
to deform one ground state (+) in the interior of a contour 7 to another ground state
(-) costs a “surface energy” 2|v|, while by symmetry, the “bulk energies” of the two
ground states are the same. Since the number of contours of a given length L is only
of order C¥, the Boltzmann-factors e 28L suppress such deformations sufficiently
to make their existence unlikely, if § is large enough. What goes wrong with the
argument in the RFIM is the fact that the bulk energies of the two ground states are
~ 147; is interesting to recall that three previous papers [Ch,FFS,] that reached the same conclu-
sions as [BK] but failed to give fully rigorous proofs ([Ch] and [FFS] considered a somewhat artificial

modified model and the proof in [I] worked only a zero temperature) were not considered sufficiently
convincing evidence to close the debate.
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no longer the same. Indeed, if all o; in int v take the value +1, then the random field

term gives a contribution

Bouik(7) = +€ Y hilw] (2.24)
i€int y

while it is equal to minus the same quantity if all o; equal —1. Thus deforming the
plus state to the minus state within v produces, in addition to the surface energy
term a bulk term of order 2¢_,; . . hi[w] which can take on any sign. Note that
even when the random fields h; are uniformly bounded, this contribution is bounded
uniformly only by 2¢|int 7| in absolute value and thus can be considerably bigger in
modulus than the surface term, no matter how small € is, if |y| is sufficiently large.
Now Imry and Ma argued that the uniform bound on Ejp,x () should not be the
relevant quantity to consider. Rather, they argued, the “typical” value of Epyk ()

would be much smaller, namely, by the central limit theorem,

Eyue () ~ £ev/|int 7| (2.25)

Since by the classical isoperimetric inequalities |int~y| < c|'y|ﬁ, this means that
the typical value of the bulk energy is only Fpyui(y) ~ idﬂﬁ, which is small
compared to |y| if d > 2, while otherwise it is comparable or even larger. This very
simple consideration led Imry and Ma to the (correct!!) prediction that the RFIM

undergoes a phase transition in d > 3 and does not in d < 2.

Admittedly, that was a rather sketchy argument, and anyone would be excused for
not trusting it. We will thus distance us a bit from Imry and Ma and try to repeat
their reasoning in a somewhat more precise way. What we would obviously want to
do is to reprove something like Theorem 2.6. When trying to re-run the proof of
Lemma 1.15, all works as before until the last line of (1.46). One obtains instead the

two bounds .
+1 o —28 int y\v'",8
ity [0 = —1] < 72PN 58—
int y\v‘",8
Zine i,
-1 _ —2 int y\v*",
Hint ,8 [Uv"" - "H] <e B|V|—17

int y\~vi",8

(2.26)
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whence the analogue of Lemma 1.15 becomes

Lemma 2.9:  In random field Ising model, for any Gibbs state ug,

paly €T(o)] <exp (—2ﬂ|'y| + ‘ln Zij;tly\yin,ﬁ —In Zi;tl'y\’yi",ﬁ‘) (2.27)

Arrived at this point, one may be tempted to loose all hope when facing the
difference of the logarithm of the two partition functions, and one may not even see
any good reason how to arrive at Imry and Ma’s assertion on the “typical value” of
this bulk term'® However, the situation is much better than could be feared. We will

see that it is indeed easy to prove the following Lemma:

Lemma 2.10: Assume that the random fields have a symmetric distribution'®

and are bounded'” (i.e. |h;| < 1). Then there is a constant C < oo such that for any
z22>0,

2

+1 -1 4
P Hln Zint’y\’yi",ﬁ —In Zint’y\’yi”,ﬁ‘ > Z:| S C’exp <—W> (228)

Proof. The key to the proof are what are called concentration of measure inequali-
ties. Note that by symmetry of the distribution of h, the two partition functions we

consider have, as random variables, the same distribution. In particular,

+1 _ -1
Eln Zf! | ., =EWmZ ! . (2.29)

15Hjstorically, this has indeed been considered to be the truly difficult part of the problem. [Ch]
and [FFS] gave a solution of the problem where this difference was ad hoc replaced by the sum
over the random fields within inty. As we will see, the real difficulty of the problem lies, however,
elsewhere.

16This assumption appears necessary even for the result; otherwise the phase coexistence point
could be shifted to some finite value of the external magnetic field.

17We make this assumption for convenience; as a matter of fact essentially the same result holds
if we only assume that the h; have finite exponential moments.
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Therefore,
+1 _ —1
P Hln Zin Y\vi*,8 In Zint v\vi",ﬁ‘ > z]
+1 _ +1 —1 _ —1
<P Hln Zing Y\vi™,B Eln Zing 7\7“‘,,3‘ T ‘Eln Zint Y\vi™,B In Zint 7\7"",,3‘ > Z]
+1 +1
<P [ ZE g~ B ZEL o> /2]
(2.30)

The point is now that In Z;;tlv\vin s is a function of the independent random vari-

ables h;, with 7 € inty\y*™; there exists an extensive theory about the fluctuation
properties of such functions that has been developed over the last three decades,
with important culminating results produced in the last few years by M. Talagrand.
Very roughly, these theorems imply that in many situations, a Lipshitz continuous
function of i.i.d. random variables has fluctuations that are not bigger than those
of a corresponding linear function. We will use the following Theorem, due to M.

Talagrand, whose proof can be found in [T1]:

Theorem 2.11:  Let f : [-1,1]N — R be a function whose level sets are convez.

Assume that f is Lipshitz with uniform constant Cr.p, i.e. for any X,Y € [—1, 1,
[f(X) = F(Y)| < CLip | X = Y2 (2.31)

Then, if X1,...XnN are i.i.d. random variables taking values in [—1,1],
and Z = f(X1,...,Xn), if Mz is a median'® of Z

16C%,,

P[|Z — My|> 2] < 4exp (- 2 ) (2.32)

Remark. In most applications, and in particular when Cfr;, is small compared

2

to z°, one can replace the median in (2.32) by the expectation EZ without harm

(Exercise!).

Remark. The theme of concentration of measure will recur in these notes. Physical

quantities satisfying such inequalities are often also called “self-averaging”.

18 A median of a random variable Z is any number such that P[Z > Mz] > 1/2 and P[Z <
Mz] > 1/2.
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Now it is quite an easy matter to verify that In Z is always a Lipshitz continuous

function. In fact,

1 1
I ZE ol ~ I ZEL L gl
Olnzt! .
<sup| N (hilw] - hilw') 5 PR ]
i€int y\yin v (233)
<€ sup |y p(0)] S [hilw] = hilw)]
1€int y\y*" i€int v\ yim

< €0/ [int ||| hint » [w] — Pine 5[ ][]

where we used in the last step that the expectation of o; is of course bounded by
one together with the Cauchy—Schwarz inequality. Since moreover In Z is a convex

function of h, one can apply now Theorem 2.11 to arrive at (2.28).

Lemma 2.10 implies indeed that for typical ~,

sy €T(0)] < e~ 2B171+eB+/[int 7] (2.34)

However, the immediate attempt to prove the analog of Theorem 2.6 fails, since the
typical v are not what really matters. Namely, to conclude such a result, we would

have to show that

1 —1
P |:E|’y:int ¥30 In Ziﬁt \yin,8 In Zint ,Y\,yin,ﬁ‘ > /8|’Y|]

is small (for small €). Now

+1 -1
P [EIV:i“”aO InZ \yi",8 InZ v\vi",ﬁ‘ > ﬁM]
+1 _ -1
< Z P Hanintv\v"",ﬁ anintv\v"”,ﬁ‘ = ﬂ|’Y|] (2.35)
v:int v50 .
lv1?
S Z e_ CszTint7|
v:int v50

But |i|r?t|27| can be as small (and is for many ) as |y|(¢=2)/(¢=1)  and since the number

of 4’s of given length is of order C!7!, the last sum in (2.35) diverges.
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Some reflection shows that it is the first inequality in (2.35) that spoiled the
estimates. This step would be reasonable if the partition functions for different
were more or less independent. However, if v and +' are very similar, it is clear that
this is not the case. A more careful analysis should exploit this fact and hopefully
lead to a better bound. Such situations are quite common in probability theory, and
in principle there are well-known techniques that go under the name of chaining to
systematically improve estimates like (2.35). This was done in the papers [Ch| and
[FFS], however in a model where In Zij;tly\yin,,@ —In Zi;tl'y\*yi",ﬁ is ad hoc replaced
by B3 icint \yin hi (the so-called “no contours within contours” approximation). In

fact, they prove the following:

Theorem 2.12: [FFS|Assume in the RFIM that there is a finite positive constant
C such that for all A,\' C Z.¢

22

where AAAN' denotes the symmetric difference of the two sets A and A’. Then, if
d > 3, there exists ¢ > 0, By < 00, such that for all e < €y and B > By, for P almost

all w € Q, there exist at least two extremal infinite-volume Gibbs states ME; and Bg -

Remark. There are good reasons to believe that (2.36) holds, but in spite of multiple
efforts, I have not been able to find an easy proof. On a somewhat heuristic level,
the argument is that the difference appearing in (2.36) should depend very little on
the random variables that appear in the intersection of A and A’. More precisely,

when computing the Lipshitz norm we get instead of (2.33)

‘ln Z,tlﬁ [w] —In Z,tlﬁ (W] — In Zz—\hl,ﬁ [w] +1n Z+,1,ﬁ [w']

Ol Zf g

Soup| 30 (hule) - ) 5 A2

@ ie A\ (ANAT)

OlnZ}}
. A ABr, n
Y (el - b))+
€A\ (ANAY)
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Oln Z+L Oln ZH}!
| Y (afw) — hil] (—r;h?’f’[w"]——r;hf ’%”])‘
i€ANA’ ¢ v
<ef| Y |hifw] - o]
iEAAAN'
! " " (2'37)
+eB| Y (hilw] — hi[w']) (M;,A[W (03) — pg prlw (m))‘
1tEANA'

< eBv/|AAN|||hanar[w] — Baan[w']|]2
2 /
+eB,[ Y (ugA w"](03) — uE,AI[w”](ov)) hana[w] = hanar[w']]2

1EANA'

It is natural to expect that the expectation of o; with respect to the two measures will
be essentially the same for ¢ well in the intersection of A and A’, so that it should be
possible to bound the coefficient in the last line by \/m . But to do this requires
estimates that we currently do not dispose of. The reader should realize that this
argument is more convincing and robust than the one given in [FFS]; they argue that
(2.36) will hold if the ,U,E, Alw](o;) depend ‘weakly’ on w which is essentially what
we are out to prove anyway. On the other hand, smallness of (2.37) can even be

expected to hold if the expectation of o; depends strongly on the disorder.

Even though we still do not know how to prove that the hypothesis of Theorem

2.12 is satisfied, I find it instructive to give some details of the proof.

Proof. To simplify notation, let us set

+1 +1
Fy=InZJo \ing—EnZIC i 5— (2.38)

The idea behind chaining arguments is to define a sequence of sets 'y, « € N of
‘coarse grained’ contours and maps v : I'g — I'g, for £ > 0 where 'y is the original

set of contours Now write for k to be chosen

F, = Fw(v) +(F _Fw(v)) + (F’kaz(ﬁ’) _F’kal('Y)) +oet (Fv _Fvl(v)) (2.39)

Ye—1(7)
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Then we can write

]P’[ sup F, >z

v:ly|=n

k(n)
<) P [ Sup  Fy, () = Py, 1) > Zl]
= vt

(2.40)
+P

sup Fl, (y) > Zk+1
v:lyl=n

for any choice of k = k(n) and sequences z, with 22:11 zp < z. Now to estimate the
individual probabilities, we just need to count the number A, ,, of image points in Iy
that are reached when mapping all the v occurring in the sup (i.e. those of length n

and encircling the origin) and use the assumption to get the obvious estimate

k(n) 2
z
P| sup F, >z| < Ap_ 1 Apexp | — - - £ - )
[’y:|'y|2n K N 22:; b b P < 062/32 1nf’Y |lIlt ’Ye(’Y)AlIlt ’Yl—l(’y)|
2134-1
+ Ak,n €xp <_ - . >
Ce2(2inf., |int v ()|

(2.41)
We must now make a choice for the sets I'y,. For this we cover the lattice Z¢ with
squares of side-length 2* centered at the coarser lattice (2*Z)¢. The set I'y, will then
be nothing but collections of such squares. Next we need to define the maps ~,. This
is done as follows: Let V() be the set of all cubes, ¢, of side-length 2* from the

covering introduced above such that
. L oak
leNint | > 52 (2.42)

Then let v, (y) = 0V () be the set of boundary cubes of Vi (y). Note that the images
k() are in general not connected, but one verifies that the number of connected
components cannot exceed const.|'y|2_(d_1)(k_1), and the maximal distance between
any of the connected components is less than |y|. This leads easily to the estimate
that

Clin
Ag,n S exp <m> (243)

On the other hand, one readily sees that

lint () Aint ve_1 (7)] < [7]2° (2.44)
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for whatever ~. Finally, one chooses k(n) so that for any «y of length n that encircles
the origin, the image () is empty (i.e. k(n) ~ Inn). Inserting these estimates into

(2.42), one concludes that for small enough € the sum in (2.42) is bounded by

k(n) 2
2, C(l—1)n C)n
; €xp <_ CB2e22%n + o(d—1)(¢-1) + 2(d—1)() (2.45)

This allows us to choose for instance z, = cenf=2 to get an overall bound of order

P| sup F, >cefn| <e " (2.46)
vilvl=n
and hence
P [ sup F, > ceﬂ|7|] <e € (2.47)
~y:int y30

But from here follows the conclusion of Theorem 2.6 and hence the existence of two
Gibbs states. $O

The only existing full proof of the existence of a phase transition in the RFIM is due
to Bricmont and Kupiainen [BK] and requires much harder work. In that approach
a detailed analysis of the Gibbs measure for a given realization of the disorder is
performed using what is called a real space renormalization group method. In this
approach a sequence of image measures of the Gibbs measure under a map that maps
spin configurations to local averages on blocks (not unlike the blocks considered in
the preceding proof) is analyzed, and the properties of this sequence of measures are
used to deduce the desired information about the Gibbs measures. In this procedure,
the detailed properties of the random fields configurations are analyzed carefully
on a sequence of length scales. Technically, this method relies on very carefully
performed (partial) cluster expansions, which makes its implementation very difficult
and involved. For this reason I cannot present any details in these notes. There is no
really good pedagogical exposition of this work, and the reading of the original paper
[BK] is a rather demanding task. For readers that are not frightened by a little more
complication in the model, I recommend to look at the paper [BoKul] by myself and
Ch. Kiilske, where the same method is applied in the more complicated random solid-

on-solid (SOS) model. In that paper an attempt towards a pedagogical presentation
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was made, albeit with only partial success. An exposition of the renormalization
group method without cluster expansions is given in [BoKu2,BoKu3] in the context
of hierarchical SOS models.

2.4.2. Absence of phase transitions: The Aizenman—Wehr method.

We have seen that in d > 3 the random energy that can be gained by flipping
spins locally cannot compensate, if the disorder is weak and the temperature low,
the surface energy produced in doing so. On the other hand, in dimension d < 2, the
Imry-Ma argument predicts that the random bulk energies outweigh surface terms,
and this should imply that the particular realization of the random fields determine
locally the orientation of the spins, and the effects of boundary conditions are not felt
in the interior of the system, implying a unique (random) Gibbs state. This argument
was made rigorous by Aizenman and Wehr [AW1,AW?2] and this required a number of
clever and interesting ideas. Roughly, the proof is based on the following reasoning:
Consider a volume A and two boundary conditions, say all spins plus and all spins
minus. Then the difference between the corresponding free energies fg r+ = In Zﬁi’ A
must always be bounded by const.|0A| (just introduce a contour right next to the
boundary and proceed as in the Peierls argument). Now get a lower bound on the
random fluctuations of that free energy; from the upper bound (2.28) one might guess
that these can be of order C(3)/[A]. If this is so, there is a dilemma: by symmetry,
the difference between the two free energies must be as big as the random part, and
this implies that C(8)/|A] < const.|0A|. In d < 2, this implies that C(3) = 0. But
C(B) will be seen to be linked to an order parameter, here the magnetization, and
its vanishing will imply the uniqueness of Gibbs state. To make this rough argument
precise requires, however, a rather delicate procedure. In what follows I will give the
proof of Aizenman and Wehr only for the special case of the RFIM (in fact for any
system where FKG inequalities hold).

A key technical idea in [AW1] is to carry out the sketch of the argument above
in such a way that it gives directly information about infinite-volume states. This
will allow the use of ergodicity arguments and this in turn will force us to investigate

some covariance properties of random Gibbs measures.
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To do this, we will equip our probability space (2, F,P) with some extra structure.
First, we define the action T of the translation group Z% on Q. We will assume that P
is invariant under this action and that the dynamical system (2, 7, P, T') is stationary
and ergodic. In the random field case, we have of course that (h,, [Tyw], ..., hg, [Tyw]) =
(hey+y[w], - -, Pa, 4+y[w]), and the assumptions of stationarity and ergodicity are triv-

ially satisfied if the h; are i.i.d..

Next we will assume that € is equipped with an affine structure, i.e. we will
set (hg, [w+ W], .. he, [w+ W) = (he, (W] + ha, (W], .oy e, [W] + he, [W]). We will
introduce a subset 2y C 2 of random fields that differ from zero only in some finite
set!? i.e.

Qo={dweQ:3AC 7%, finite, Vy & A, hy[0w] = 0} (2.48)

We will use the convention to denote elements of 2y by dw.
Definition 2.13: A random Gibbs measure ug is called covariant if

(i) For all z € Z¢, and any continuous function f,

ualw(Too f) = nolTu](f),  as. (2.49)

and

(ii) for all dw € Qq, for almost all w and all bounded, continuous f,

gl (FeBHls6u]-HIL)
ol + dw(f) = Lol U T )
uplw] (e~ PH+ST—HLLD)

(2.50)

(Note that H|w + dw] — H|w] is a finite sum, i.e. if dw is supported on A, then
Hw + dw|(w) — H[w](0) = >, cp Tzha[0w]).

The properties of covariant random Gibbs measures look rather natural, but their
verification is in general elusive (recall that even the construction of random Gibb-
s measures was problematic). Essentially, one can verify the hypothesis for Gibbs
measures constructed as limits over arbitrary sequences of volumes of local specifi-

cations with translation invariant boundary conditions. It is a priori far from clear

19Never mind that this set will usually have measure zero.



Disordered Systems 57

that this is possible. The only cases occur if convergence can be assured by strong
monotonicity arguments. Since this is a frequently occuring topic, we will devote a

short excursion to it.

2.4.2.1. The FKG inequalities and monotonicity.

A large number of results in statistical mechanics are based on so-called correlation
inequalities. They reflect certain structural properties of the interactions, and most
useful equalities are proven for ferromagnetic interactions. The FKG-inequalities,
named after Fortuin, Kasteleyn, and Ginibre [FKG] are amongst the most useful

ones.

Definition 2.14: Let the single-spin space S be a linearly ordered set. We say
that a probability measure u on Sy for a finite A C Z¢ satisfies the FKG inequalities
or is positively correlated, if for all bounded Fa-measurable functions f,g that are
non-decreasing with respect to the partial order on Sy induced by the ordering of S,

it holds that
u(fg) > u(f)u(g) (2.51)

Theorem 2.15: [FKG|Assume that the cardinality of Sy is 2, and the interaction
is nearest neighbour and attractive. Then any finite-volume Gibbs measure for this

interaction satisfies the FKG inequalities.
Proof. A survey of various proofs can be found in [dHK].

We will now show how the FKG inequalities can be used to prove useful facts

about the Gibbs measures.

Lemma 2.16: Let “Z,A local specifications for Gibbs measure that satisfies the

FKG inequalities. Denote by + the spin configuration n; = +1,Y;c54. Then

(i) For any A C Z% and any n € S, and any increasing function f : Sy — R,

ug a(F) > mg A (f) (2.52)
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(ii) For any Ay D A1, and any increasing function f : Sy, — R,

tha,(f) < 154, (f) (2.53)

Proof. For the proof we only consider the case where Sp = {—1,1}. We first prove
(i). Let i € A°, and consider 7; as an element of [-1,1]. We will show that uj ,(f)

is increasing in n;. If this is true, (2.52) is immediate. Now compute
0
B—UNZ’A(f) = Z BJi; (NZ,A(Ujf) - NZ,A(Uj)Ng,A(f)) (2.54)
7 jeA
Now since all J;; are positive, and since o; is an increasing function, by the FKG

inequalities, the right hand side of (2.54) is non-negative and (i) is proven.
To prove (ii), consider pf , (41, ., f). By FKG,

'UIE’A2 (H+1A2\A1 f) 2 ME>A2 (H+1A2\Al)'u,/—3‘r>A2 (f)

Zi (2.55)
= exp ﬂ Z Jij - ﬂf Z hz %M;,Az (f)
i, EAS i€A2\ A1 B,A2
iViEAg\Aq

where the second equality uses the DLR equations. On the other hand, applying the
DLR equations directly on the left hand side of (2.55), we get

Zi
Hgas Wiy, ) =050, (Nexp [ B Y Ty —Be Y h % (2.56)
i, EAS i€A2\ A1 B,A2

iVieAg\Aq

and combining both observations we have (ii).{
An immediate corollary of this theorem is
Corollary 2.17:  Under the hypothesis of 2.16,

(i) For any sequence of increasing and absorbing sequence of volumes A, C Z2, the
limit
lim “;,An = u; (2.57)

nToo
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exists and is independent of the particular sequence. Moreover,
(ii) The Gibbs measure /JE is extremal.

(i3i) Similarly, the limit
im pg ) = pg (2.58)

ntToo
also exists, is independent of the sequence A,, and is an extremal Gibbs measure.

Moreover,

(iv) for all Gibbs measures for the same interaction and temperature, and any increas-

ing bounded continuous function f,

pg (f) < wa(f) < pg(f) (2.59)

Proof. Note that compactness and monotonicity (2.53) implies that for all in-
creasing bounded continuous functions, for any sequence A,, of increasing absorbing
sequences the limit u; A, (f) exists. Now let A,, A}, be two such sequences. Since
both sequences are absorbing, it follows that there exist infinite sequences ny and nj,
such that for all k € N, A, C A:TL CA But this implies that

Nk41*

lim pt = lim pt > lim pf ., = lim p? 4, 2.60
Hm gy, (f) = Bm g a, (F) 2 Jim pud s (F) = lm pig y, (f) (2.60)
and
lim pt = lim p} < lim pf ., = lim u? ,, 2.61
Yim g, () = B gn,, () < fim g, (1) = lim wga, (F) - (260)
and so
}leIilo N,?;,An(f) = 7111%10 HE,A'n(f) (2.62)

Thus all possible limit points of u; A coincide on the set of increasing bounded contin-
uous functions. But then by standard approximation arguments, the limits coincide
on all bounded continuous functions implying that in fact the limiting measures exist

and are independent of the subsequences chosen. This proves (i). Assume now that



60 Section 2

u; was not extremal. Then there exist two distinct Gibbs measures p and v such

that /JE = apg + (1 — a)vg with @ > 0. In particular, for f increasing,

ug (f) = aps(f) + (1 — a)vs(f) (2.63)

Now by (2.52) and the DLR-equations, for any local increasing function f, for all A

large enough so that f is Fa-measurable, for any Gibbs measure vg

vg(f) = vg (us,a(f)) < wh A (f) (2.64)

Since /LE A converges to u;, this implies that

vs(f) < g (f) (2.65)

Thus (2.63) can only hold if both pg(f) and vg(f) are equal to u;(f). But then,
by the same argument as before, we conclude pug = vg = u;, contradicting the
assumption that pg and vg are different. This proves (ii). (iii) is obvious by repeating
all arguments with decreasing functions which also yields the complementing version
of (2.65) which implies (iv). ¢

We can now apply these results to the random field Ising model.

Theorem 2.18:  Consider the random field Ising model (2.25) with h; a stationary
and ergodic random field. Then there exist two covariant random Gibbs measures ,U,E

and pg that satisfy

(i) For almost all w,
H;E [w] = lim pf,[w)] (2.66)

(ii) Suppose that for some (3, “E = pg- Then for this value of B, the Gibbs measure
for the RFIM model is unique for almost all w.

Proof. We observe first that due to Corollary 2.17, the functions w — ug are
measurable, since they are limits of measurable functions. It remains to check the
covariance properties. Property (ii) follows immediately from the fact that u? can

be represented as a limit of local specifications, and that the formula (2.51) holds



Disordered Systems 61

trivially for local specifications with A large enough to contain the support of dw.
Property (i) on the contrary requires the independence of the limit from the chosen

sequence A,,. Indeed we have

g AN T-of) = 15 p o Tow](F) (2.67)

which implies by Corollary 2.17 that uf[w](T-of) = pj[Tzw](f) almost surely, as
desired. The second assertion of the theorem follows directly from (iv) of Corollary
2.17. &

Remark. It is remarkably hard to prove the translation covariance property in the
absence of strong result like the FKG inequalities. In fact there are two difficulties.
The first is that of the measurability of the limits which we have already discussed
above. This can be resolved by the introduction of metastates, and it was precisely
in this context that Aizenman and Wehr first applied this idea. The second problem
is that without comparison results between local specifications in different volumes,
the relative shift between the function and the volume implicit in (2.67) cannot be
removed. The general way out of this problem is to construct Gibbs states with
periodic boundary conditions (i.e. one chooses instead of A a torus, i.e. (Zmodn)?).
In that case, one may recover the translation covariance of the limit from translation
covariance of the finite-volume measures under the automorphisms of the torus. From
the point of view of the general theory as we have presented it so far, this is of course
somewhat unsatisfactory. For this reason we have prefered to restrict our exposition
of the Aizenman—Wehr method to a smaller class of models and refer the reader to

the original articles for the more general results.

2.4.2.2. Order parameters and generating functions.

We can conclude from the preceding subsection that (due to FKG) we will have
a unique Gibbs state for almost all w, provided we have a unique covariant random
Gibbs state. Moreover, it is easy to see that uniqueness will follow from the vanishing
of a so-called order parameter which in the present case is nothing but the total

magnetization. If p is a Gibbs measure, we set

[ = _
mtw] = 1{1712 Al Zu (2.68)
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+
provided the limit exists. We will also use the abusive notations mff =mbs.

Some simple facts follow from covariance and FKG:

Lemma 2.19: Suppose that u is a covariant Gibbs state. Then the total magneti-

zation m*|w) exists for almost all w and is almost surely independent of w.

Proof. By the covariance of p,
1
mtlw] = lim — Y u[T_;w](oo) (2.69)
Atoo |A ;

But pglw](op) is a bounded measurable function of w. Since we assumed that
(Q,F,P,T) is stationary and ergodic, it follows from the ergodic theorem (see e.g.
Appendix A3 of [Gel] for a good exposition and proofs) that the limit exists almost
surely and is given by

m* = Eu(oo) (2.70)

Lemma 2.20: In the random field Ising model,

mt—-m~=0& u; = kg (2.71)

Proof. (2.70) implies that almost surely
0=mt-—m~ = E(ME (0i) — pg (03)) (2.72)

and so, since u; (o) — g (03) > 0, and there are only countably many sites 7, almost

surely for all ; € Z¢, u;(ai) — g (03) =0.

Interestingly enough, in the presence of FKG inequalities, this fact implies that
the two measures u; and Lg coincide. This result is due to Lebowitz and Martin-Lof
[LML] and Ruelle [Ru3]. We give a proof in the Ising case following Preston [Prl].

It is based on the following simple lemma:

Lemma 2.21: Consider a model with Ising spins for which the FKG inequalities
hold. Then for any finite sets A, B C A,

pg(0aup = +1) — pg (0aup = +1)

(2.73)
<pg(oa=+1)—pz(0a=+1)+uj(op =+1) — pg(op = +1)
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(where o4 = +1 is shorthand for ¥;ca0; = +1).

Proof. Notice the set-equality

]IUA:+1A0'B:+1 = ]IO'A=+1 + ]IUB=+1 - ]IUA:+1V0'B=+1 (274)
This implies that

ph(oavs = +1) — pg (0avp = +1) = pj(0a = +1) — pg (04 = +1)

+pflop=+1) —pz(op =+1) + pz(0a=+1Vop =+1) — pf(oa = +1Vop = +1)
(2.75)

But {o4 = +1V op = +1} is an increasing event, and so by (2.59),

pg(oa=+1Vop=+1) - pj(oa=+1Vop =+1) <0 (2.76)
This implies the assertion of the lemma.<>

Now in the Ising model, all local functions can expressed in terms of the indicator
functions 1,,—41, for finite A C A. But by repeated application of Lemma 2.21, we
get

0< pf(oa=+1)—pz(oa=+1) <> ph(oi=+1) - pz(oi =+1)  (2.77)
icA
Therefore, if for all i, u;;(ai = +1) = pg(0; = +1), it follows indeed that /JE = g -
This concludes the proof of Lemma 2.20.$

The (macroscopic) functions m# are called order parameters because their values
allow to decide (in this model) on the uniqueness respectively co-existence of phases.
One can generalize this notion to other models, and one may set up a general theory
that is able to produce rather interesting abstract results (see [Gel]). Recall that
after all, extremal Gibbs measures are characterized by their values on the tail-sigma-
field, i.e. by their values on macroscopic functions. The general philosophy would
thus be to identify a (hopefully) finite set of macroscopic functions whose values
suffice to characterize all possible Gibbs states of the system. We will not enter this
subject here, but will have occasion to return to the notion of order parameters quite

extensively in our discussion of mean field models.
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The order parameters introduced above can be computed as derivatives of certain

generating functions. We set

1 .
Gl = 3 In p (eﬁ Dieat ) (2.78)
Note that if u is a covariant Gibbs state, then
" 1 _ .
GHWl = -3 In pfw — wh] (e B enhs ) (2.79)

Here wy € Qq is such that h;[wp] = h;[w],if ¢ € A, and h;[wp] = 0, if i € A. Therefore,
for i € A,

R A
BhiGA[ = al — ] (e—ﬁziahiai> = plwl(oi) (2.80)

where the first equality follows from the fact that u[w — wy] is Fp--measurable and

the second follows using (2.50). In particular, we get that

0 +
Eahi Gh =m* (2.81)
Let us now introduce the function
+ —
Fon=E[G — G} |7 (2.82)

Clearly EE,%OFA = mt — m™, and our purpose will be to prove that this quantity

must be zero. The important point is the following a-priori upper bound:

Lemma 2.22: For any temperature and any volume A,

[Fy| < 2|A (2.83)

Proof. The first step in the proof makes use of (2.79) to express Fj in terms of

measures that do not depend on the disorder within A anymore. Namely,
pple] (¢ 2usen o)
pg (W] (eﬁ i hiai)
pglw — wal (e_ﬁ N h””)

M; [w — wh] (e_ﬁ 2ien hiai)

Fy=8"'E |In | Ba

(2.84)

=E |In |Ba
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Next we use the spin-flip symmetry which assures that u; w] = ME[—W] together
with the fact that the distribution of the h; is symmetric:

pg[w — wal (e—ﬁ > e hm)
phlw — wa] (77 2rea M)
(- wn)] (77 e M)
|l —wa] (77 2en M)
il — wa] (7 Diea )

=E |In |Ba
M; [w — wh] (e_ﬁ 2ien hiai)

We are left with the ratio of two expectations with respect to the same measure.

E [In

[Ba

=FE|In

|Ba (2.85)

Here we use the DLR equations to compare them:

i lw — wa] (€7 2sen '”‘”) 3 w5l — wal(oac)ighy (o Zoen )

gAcC

:35 1,JEA Uzo']"l_g iEAN,JEAC Uzo']"l_g i€A io'i
g e [i—jl=1 li—j|=1
7

—Zuﬁ w— wpl(ope)

gAcC

lilil=1 li—jl=1

52 ijEA Uin—ZieA,jEAC Uin—ZieA hio;
—g uﬁw—w/\ (Ac) g e
’ C

gpAcC
IBZ 1,JEA Uzo']"l_ZzEA jEAC O;05— ZiEA hz g 2,3|6A|
< E /’Lﬁ w—wA O'Ac ZU'AC E e l[i—jl=1 li—jl=1
OAC IBAC OA

- u;[w — wa] (e_ﬁ D ien h”‘”) e2B10A]
(2.86)
Inserting this bound into (2.85) gives the desired estimate immediately.{

Next we proof a lower bound on the fluctuations of F, or more precisely on its

Laplace transform. Namely:

Lemma 2.23: Assume that for some € > 0, the distribution of the random fields h
satisfies E|h|?T¢ < co. Then, for any t € R, we have that

liminf —~ EetFa/VIAl > o5- (2.87)
A=[-L,L]4;Ltoo



66 Section 2

where
b2 >E [E[FA|BO]2] (2.88)

Remark. It is easy to see that Lemmata 2.22 and 2.23 contradict each other in
d < 2 unless b= 0. On the other hand we will see that b = 0 implies m™ = m~ and

thus uniqueness of the Gibbs state.

Proof. The proof of this lemma uses a decomposition of Fy as a martingale-difference
sequence. That is, we order all the points 2 € A and denote by B, ; the sigma-algebra
generated by the variables {h;};jea.j<;- Then we have trivially that

1Al 1Al
Fy =) (E[Fs|By;] —E[F,|By,i1)) = ZY (2.89)

=1
(note that EFy = 0!). Using this, we can represent the generating function as
|A]
Ee!fr = E H etV
U (2.90)
=K [E [ ..E [E [etYM' |BA,|A|—1] etYM'*l |BA,|A|—2] . .etY2 |BA71] 6tY1]
We want to work up the conditional expectation from the inside out. For this we
need a bound from below for any of the terms E [etYi |BA,Z-_1]. To do this we will use
the elementary observation (to be found in [AW1], Lemma A.2.2) that there exists
a continuous functions g(a) with g(a) | 0 as a | 0, such that for all real and all

zand a > 0, e > 1+ + 3(1 — g(a))z?T|;<,. Since moreover for all [z| < a,

a

e@’e™" <14 22, it follows that if EX = 0, then for f(a) = 1 — (1 — g(a))e=*",
EeX > ¢3(1-f(a)EIX" I 1x|<a] (2.91)
Using this estimate we see that
E [e™|Bai1] > exp <§(1 — f(a))E [WﬂﬂmsamA,i—ﬂ) (2.92)
But this implies that (we switch to the desired normalization)
2

< EetFA/\/K_m(l_f(a’)) Z‘zi‘l E[}Qz][t|yi‘§a\/m|BA,i71:| (2.93)
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Now by the Hoélder inequality, for any p,q with 1/p+ 1/ =1,
po Ve[ =Pt (= F@) o E[Yfﬂtlw mm,i_l] "
1< (Eeqt n/ ) Ee i il<e (2.94)

Now if the term
[A]
_ A —1 2: 2
VA(CI,) = |A| - E |:Y; ]It|Yi|§a\/m|BA’i_1:| (295)

in the exponent in the last factor converges to a constant C', independent of a > 0,

in probability (as |A| T 00), then for all a > 0,

lim sup
A7

1/p
2 |A]
(Ee_pm(l_”“”Zi;E[mt'Yi'@W'BA’i1]> > ~CU—F@)F  (2.96)

independent of p and therefore, using first (2.94) and letting finally ¢ go to one and

a to zero,
EetFr/VA > t°C (2.97)

Thus we are left with controlling and identifying the limit of V4 (a). This will be done
by a clever use of the ergodic theorem. Note that the summands in (2.95) depend on
A

For this we introduce new sigma-algebras BZS, generated by the random variables

h; with j <, where < refers to the lexicographical ordering. Define
W =E[c" - |B§] ~E [Gx+ —G* |BS, (2.98)

Using (2.80) one may indeed show that for all ¢ in A, W; is independent of A (the
proof goes by using (2.80) to represent G’ in terms of integrals over u(o;), which is

independent of A). On the other hand, we have the obvious relation that

Y; = E[W;|Ba] (2.99)

We use this first to show that the indicator function in the conditional expectation
can be removed, i.e. for all € > 0,
|A]

. _1 2 _
lim P | |A] ;E[Yi Ly o/ Brict] > €| =0 (2.100)
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To see this, compute the expectation of the left-hand side in the probability, and use
the Holder inequality to get

|A| |A|

1 2 . —1 2
ElA] _X;E [Yi ]It|m>a\/|A||BA’i—1] = |A] _X;E [Yi L vii>ay/A]
= = (2.101)

1A e U
< |A|—1Z (IEYizq> / (JP [IK-I > a\/W/tD /

with 1/p+1/q = 1. Now using Jensen’s inequality and (2.99), we see that for any ¢ >
1 EY;*? < EW}? However, using e.g. (2.80), it is easy to see that [Wo| < C|ho|, so that

if the 2¢-th moment of A is finite, then EW02 ? < co. Using the Chebyshev inequality

2 2
and the same argument as before, we also conclude that P [|K| > a4/|Al/ t] < %

which tends to zero as A T co. We see that (2.101) tends to zero whenever p < oo,

for any a > 0. By Chebyshev’s inequality, this allows in turn to conclude (2.100)2°.
Next observe that W; is shift covariant, i.e.

Wz[w] = W()[T_iw] (2.102)

Therefore, by the ergodic theorem, we can conclude that
lim |A]~! E[W-Z BS ]:EWQ, in Prob. 2.103
Lim, [A| >_E|W2IBZ, ¢, inPro (2.103)

1EA
Now we will be done if we can show that

E[Y2Br,) -~ E [Wf|B§] (2.104)

goes to zero as A goes to infinity, in probability. This follows by estimating the ex-
pectation of the square of (2.104), some simple estimates using the Cauchy-Schwartz
inequality and the fact that for any square integrable function f, E[(f — E[f|Ba])?]

tends to zero as A approaches Z2.
To arrive at the final conclusion, note that

EWZ > E[(E[W,|Bo])?] (2.105)

201y [AW1], only two moments are required for h. However, the proof given there is in error as
it pretends that the function z2]I|m|>a is convex which is manifestly not the case.
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(where By is the sigma-algebra generated by the single variable hg), and E[W;|By]| =
E[FA|Bo]. €

Finally we observe that by (2.80),

o ELFA ol = B [ (4 (00) — w5 (00)) B (2.106)
Let us denote by f(h) = E[F|Bo] (where h = hglw]). Since 1 > f'(h) > 0 for all
h, Ef? = 0 implies that f(h) = 0 (for P-almost all points) on the support of the
distribution of hA. But then f’(h) must also vanish on the convex hull of the support
of the distribution of h (except of course if the distribution is concentrated on a single

point). Therefore, barring that case E[Fj|By] = 0= m™ —m™ = 0.
Collecting our results we can now prove the following

Theorem 2.24: [AW1] In the random field Ising model with i.i.d. random fields
whose distribution is not concentrated on a single point and possesses at least 2 + €
finite moments, for some e > 0, if d < 2, there exists a unique infinite-volume Gibbs

state.

Proof. Lemma 2.22 implies that for any A, Eetfs.a < ¢t19A Combining this with
Lemma 2.23, we deduce that if d < 2, necessarily b = 0. But from what was just

shown, this implies m™ = m™, which in turn implies uniqueness of the Gibbs state.{>

With this result we conclude our discussion of the random field Ising model. We
may stress that Theorem 2.24 is in some sense a soft result that gives uniqueness
without saying anything more precise about the properties of the Gibbs state. Clearly,
there are many interesting questions that could still be asked. How does the Gibbs
state at high temperatures distinguish itself from the one at low temperatures, or
how does the low temperature Gibbs state look like in dependence on the strength
of the random fields? It is clear that for very low temperatures and very large e,
the Gibbs state will be concentrated near configurations o; = sign h;. For small ¢,
on the contrary, a more complicated behaviour is expected. Results of this type are
available in d = 1 [BRZ], but much less is known in d = 2 [AW?2].

The natural continuation of this section would be to start to discuss models with
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bond disorder in situations where the simple Peierls argument (Theorem 2.6) does not
apply. This is the case in the so-called Fdwards—Anderson model, whose Hamiltonian
is identical to that of the dilute Ising model (2.15), except that the random bond
variables J;; take both positive and negative values with roughly the same probability;
e.g. one may chose them to be symmetric Rademacher variables (i.e. taking values
+1 with equal probability), or centered Gaussian random variables. Such models are
called spin glasses and are expected to exhibit most remarkable properties. However,
exceedingly little is known about their low temperature phases, and even in the
physics literature various speculative theories compete. I will therefor approach the
subject of spin glasses only via so-called mean-field models, which will be the subject
of the rest of these notes. Readers interested to learn more about the Edwards—
Anderson model should turn to Newman’s book [N] or the review papers [NS1,NS2]

by Newman and Stein.
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3. Mean-field models 1: Gaussian processes.

In the previous chapters we have seen that with considerable work it is possible to
study some simple aspects of random perturbations of the Ising model. On the other
hand, models that are genuinely random and promise to bring some new features to
light are at the moment not seriously accessible to rigorous analysis. Therefore we
now turn our attention to simplified models that promise more explicit solutions. A

class of such models is generally called “mean-field models”.

3.1. What are disordered mean-field models?

The common feature of mean-field models is that the spatial structure of the
lattice Z¢ is abandoned in favour of a simpler setting where sites are indexed by the
natural numbers and all spins are supposed to interact with each other irrespective
of their ‘distance’. The prototype of all such models is the Curie—Weiss model of
ferromagnetism which is nothing but the mean-field trivialization of the Ising model.
Let us briefly describe this model: We consider the single-site state space Sy =
{-1,+1}. Let Ay = {1,2,...,N} C N, and define the state spaces Sy = Sa,
and S = S)). We would like to define a ferromagnetic interaction of equal strength
between all sites z,j. Of course this is not possible within the context of regular
interactions. Thus, we will have to leave the Gibbsian setting introduced in Section

1 and return to a more naive description of finite volume systems. Define

HN7h(O') = —% Z 0;05 — Z hO’i (3.1)

i, jEAN X AN i€AN
Note that there are no terms in (3.1) that correspond to an interaction with the
complement of Ay, and it is easy to see that as long as we maintain the decision
to ignore distance between sites, there is no reasonable way of writing such an in-
teraction (we will understand later that the magnetic field term in the Hamiltonian
will take over this role to some extent). Note also that the Hamiltonian contains
an explicit coefficient 1/(2N) that depends on the volume. In particular, there is
no way of thinking of Hy as the restriction of some infinite-volume Hamiltonian to
finite volume; the alert reader will immediately worry that this will also prevent us

from constructing infinite-volume Gibbs measures by prescribing local specifications.
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While from a formal point of view all this looks very worrying, there are good
reasons not to worry and to continue in a naive way. Namely, we can define (finite-

volume) measures

Y e~ BHN,1(o)
ppn($)= [ van(dony ) (don) = 1(0) (32)
N,B,h
where v" is the product measure with marginal v(o; = +1) = ﬁﬁ(hﬁh)’ and the

choice h' = h + m*(0, h), where m*(3, h) solves m = tanh 3(h + m) looks particu-
larly attractive?!. Of course these measures are not local specifications, but we may
nonetheless look for limit points, or even limits, as N T co. Such objects may be
interpreted in good faith as “infinite-volume Gibbs measures”, even though they lack
some of the nice properties of genuine Gibbs measures. In compensation, we will
see that we are rewarded — at least in many cases — by the possibility to actually
compute things explicitly, that is to compute the actual limit measures in a more or

less explicit form.

We have seen that in lattice systems ‘boundary conditions’ played an important
role in the construction of Gibbs states. In particular, the use of suitable boundary
conditions does allow, often even in disordered models (see e.g. the RFIM), to con-
struct sequences of finite-volume measures that converge to a given extremal Gibbs
state. In mean-field models, such a construction is not immediately available. How-
ever, there is an often used alternative that is some way emulates the effect of an
external configurations, namely an external field. This just means that one constructs
for a given Hamiltonian Gibbs measures py g 4} depending on an entire family of
parameters {h;}¥ | that are thought of as external fields acting on the spin o;. One
may then consider the set of Gibbs measures as the set of limit points of all these

sequences when first N tends to infinity and then all h; tend to zero?2.

We will at this point not linger much around deterministic mean-field models such

as the Curie—Weiss model and its generalizations. The method of choice for their

21The definition given here is however not the only possible one. It is in fact irrelevant which
measure is put outside A .

220ne can, and sometimes does, apply this procedure also in the case of lattice models. It offers
the possibility to construct finite-volume measures on tori, thus allowing to obtain finite-volume
measures with explicit translation in- or covariance. See for instance [AW].
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analysis is the method of large deviations, and an excellent exposition of this method
together with applications to mean-field models of this type may be found in the
textbook by Ellis [E].

What should be the natural class of disordered mean-field models to study? This
question requires some discussion and we will see that there are at least two natural
classes that propose themselves. To understand this point, we must consider a second

form of writing the Hamiltonian of the Curie-Weiss model. Namely, note that

2
HN,h(O'):—g (% Z ai> —hN% Z o;

i€AN i€An (3.3)
o (U )

where

m (o) = % Yo (3.4)

is the empirical magnetisation. Thus, the Hamiltonian of the Curie-Weiss model is a
function of a macroscopic variable. This fact is indeed instrumental for the treatment
of the model with large deviation methods, and, more generally, is responsible for
the fact that it is rather easily solvable. One may thus consider as proper mean-field
models only models that share this property, i.e. whose Hamiltonian is a function of
macroscopic variables?®. One can then seek to introduce macroscopic variables that
are in turn dependent on some quenched disorder. The simplest natural example of

this kind would be the random field Curie—Weiss model. Its Hamiltonian is

1
Hylw](o) = — IN Z 00 — Z hilw]o;
6, JEANXAN i€AN (3.5)
N

— 5 (mn(9))* = Nny[w)(o)

where
nlw](e) = _% 3 hilwlos (3.6)

iEAN

23Tt is in fact natural from the point of view of large deviations to extend this notion slight-
ly and to consider as macroscopic variables also measure valued functions, such as the empirical
distribution. This is of relevance when richer single-spin spaces than {—1, 41} are considered.
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is a second, random, macroscopic variable. We will discuss more complicated and
more interesting generalizations along this line in the context of the so-called Hopfield

models in Part 4 of these lectures.

While the mean-field analogue of the random field model fits naturally in this
class, models with random pair interactions are less naturally incorporated. In fact,

the naive analog of the Curie-Weiss Hamiltonian with random couplings would be

Hvblo) =55 3. Jileloio; (3.7)
6,jEANXAN

for, say, J;; some family of i.i.d. random variables. This Hamiltonian cannot be
written as a function of some macroscopic variables. The properties of this model
depend strongly on the choice of random variables J;;. The main interest in this
model concerns the case when the random couplings have mean zero. In this case, we
will see shortly that the normalization factor N ! is actually inappropriate and must
be replaced by N~1/2 to obtain an interesting model. This is easily understood by
the following argument. We certainly want the energy to be an extensive quantity,
i.e. to be of the order of the volume of the system. This means that for typical
realisations of the disorder, at least for some spin configurations, we must demand
that Hy (o) = CN, for some C > 0. Thus we want to estimate P[max, Hy (o) >
CN]. But the most simple estimate shows that, with the Hamiltonian defined as in
(3.7),

Plmax Hy(0) > CN]< ) P[Hy(0) > CN]
oc€ESN

1

= Z inf e_tCNIEetzN Zi,jeAN XAN Tijlwloio 3.8
£>0 (3.8)
oSN

=Y infe N [ Eetiullees
t>0 .
ocESN 1,JEANXAN

where we assumed that the exponential moments of J;; exist. A standard estimate

1 7., i _t2_
then shows that for some constant ¢, Eetzv Jiilwloioi < 2857 and so

5 2 2
Plmax Hy (o) > CN] < 2V inf e 7OVt /2 < N e= %5 (3.9)
o t>0
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which tends to zero with N. Thus, our Hamiltonian is never of order N, but at best
of order v/N. The proper Hamiltonian for what is called the Sherrington-Kirkpatrick
model (or short SK-model), is thus

SK
Hy —

3

Z Jijoi0j (3.10)
6,jEAN XA N
where the random variables J;; = Jj; are iid. for ¢ < j with mean zero (or at
most JoN~'/2) and variance normalized to one for i # j and to two for i = ;4.
In its original, and mostly considered form, the distribution is moreover taken to be
Gaussian. Note that Y, [N~1/2J;;0,05] ~ N3/2, and that thus competing signs play

a major role.

This model was introduced by Sherrington and Kirkpatrick in 1976 [SK]| as an
attempt to furnish a simple, solvable mean-field model for the then rather newly
discovered class of materials called spin-glasses. However, it turned out that the
innocent looking modifications made to create a spin glass model that looks similar
to the Curie-Weiss model had rather thoroughly destroyed the simplifying proper-
ties that made the latter so easily solvable, and that a model with an enormously
complex structure, which on a mathematically rigorous level remains today largely
un-understood, had been invented. Using highly innovative ideas based on ad hoc
mathematical structures, Parisi (see [MPV]) produced in the mid-eighties a heuristic
framework that explained the properties of the model. Only the simplest predictions
of this theory have been established with considerable effort, on a rigorous basis over

the last years.

We will introduce a somewhat different point of view on the SK-model that allows
us to put it in a wider context where simpler models can be found, and some of the
reasons for its complexity are more easily understood. This point of view consists in
regarding the Hamiltonian (3.10) as a Gaussian random process indexed by the set
Sn, i.e. by the N-dimensional hypercube. We will restrict our attention to the case
when the J;; are centered Gaussian random variables. In this case, Hy(o) is in fact

24This choice is for notational convenience. Of course the self-couplings J;; have no physical
relevance whatsoever.
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a centered Gaussian random process which is fully characterized by its covariance

function

1
T'N(O', O'I) ECOV(HN(O'),HN(O'I)) = 2— Z EJiijZO'iO'jO';CO';
1<i,j,Lk<N
(3.11)

2
1
=N Z 00,0505 = N <N_IZO'Z'O'£> = NRy(o,0")?
=1

1<i,j<N

where Ry (o, 0’) is usually called the overlap between the two configurations o and
o’. Tt is useful to recall that the overlap is closely related to the Hamming distance
dgam(o,0') = #(i < N : 0; # o), namely Ry(0,0’) = (1 — 2N~ Ydganr (o, 0")).

Seen this way, the SK model is a particular example of a class of models whose
Hamiltonian are centered Gaussian random process on the hypercube with covariance

depending only on Ry (o,0’),
cov(Hy(o), Hy(d")) = Nf(Rn(o,0")) (3.12)

normalized such that f(1) = 1. A class of particular examples considered in the
literature are the so-called p-spin SK models, which are obtained by choosing f(z) =
|z|P. They enjoy the property that they may be represented in a form similar to the
SK Hamiltonian, except that the two-spin interaction must be replaced by a p-spin

one:
-1
HY M (0)= — > Jiyi,0, .0 (3.13)
1 1---2p 721 ip
VNP 1<i1,enyip <N

with J;, . ; 1.1.d. standard normal random variables?®. We will see that the faster
decay of the covariance with p > 2 entails considerable simplifications, but as yet is
not enough to get fully to grips with the model. As we will see later, the difficulties
in studying the statistical mechanics of these models is closely linked to the under-
standing of the extremal properties of the corresponding random process. While
Gaussian processes have been heavily analyzed in the mathematical literature (see
25Sometimes the terms there some indices in the sum (3.13) coincide are ommitted. Although

this has an effect for instance on the fluctuations of the free energy (see [BKL]), for our present
purposes this is not relevant and we choose the form with the simplest expression for the covariance.
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e.g. [LT,A]), it turns out that still not quite enough is known. On the other hand,
the heuristic results obtained in the physics literature suggest facts about extremes
that go far beyond the existing mathematical results in the field. This is one reason
why this particular field of mean-field spin-glass models has considerable intrinsic

interest for mathematics.

The class of Gaussian models we have just introduced has, fortunately, an extreme
member that turns out to be so simple that full answers can be provided with full
rigour. It corresponds to the case when the Gaussian process is just an i.i.d. field.
The corresponding model is known as the random energy model or REM and we

present a full analysis in the next section.

3.2. The REM.

The random energy model, introduced by Derrida [D1,D2] can be considered as
the ultimate toy model of a disordered system. In this model, rather little is left of
the structure of interacting spins, but we will still be able to gain a lot of insight into
the peculiarities of disordered systems by studying this simple system. For earlier
rigorous results on the REM see e.g. [Ei,OP,GMP,DW].

The REM is a model with state space Sy = {—1,+1}". For fixed N, the Hamil-

tonian is given by

Hy(o) = —VNX, (3.14)

where X, is a family of 2%V i.i.d. centered random variables. In its original form,
these variables are taken to be standard normal random variables, but in this case
generalizations pose no problems. We will, however, only consider the Gaussian case

here.

3.2.1. The free energy.

Before turning to the question of Gibbs measures, we turn to the simpler ques-

tion of analysing in some detail the partition function. In this model, the partition
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function is of course just the sum of i.i.d. random variables, i.e.

Zgn =2V Y VN (3.15)
oceSN
One usually asks first for the exponential asymptotics of this quantity, i.e. one

introduces the free energy,
1
N

and tries to find its limit as N 1 oco. A remark is in place here. While in lattice

Fg,N = — 1I1Z5,N (3.16)

models with regular interactions the almost sure existence of a non-random limit
follows from general principles (e.g. sub-additivity arguments), in mean-field models
this is in general not the case. For example, it is unknown whether in the SK model

such a limit always exists.

In our simple model we expect of course to be able to compute this limit exactly.
In fact, the first guess would be that a law of large numbers might hold, implying
that Z3 y ~ EZ3 n, and hence

ﬂz

1
lim F@N = ]}fl%go —N 1IIEZ5,N = —7, a.S. (3.17)

Ntoo

It turns out that this is indeed true, but only for small enough values of 3, and
this can be linked precisely to a critical value for the breakdown of the law of large
numbers. The analysis of this problem will allow us to compute the free energy

exactly.

Theorem 3.1: In the REM,

; for B < B.
9 (/8 - /Bc)/Bc: for /8 Z /Bc

®, o[,

R ¥}

]1[1%20 EF@N = { (3.18)

where B, = V21In 2.

Proof. We will not give the most efficient proof of this result, but one that introduces
useful ideas that can be applied to other models. It uses what we call the method of
truncated second moments which was introduced by M. Talagrand [T0,T2,T3]. The

REM furnishes a particularly simple setting to explain how this works.
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We will first derive a lower bound for EF . Note first that by Jensen’s inequality,
Eln Z <InEZ, and thus
2

EFs >~ (3.19)

On the other hand we have that

d —1/2 EUXaeﬁ\/NXG —-1/2
—E—Fgn=N "'°E < N7V°E max X, < fv2In2(1+ C/N)
ag ™ Zg,N cESN
(3.20)
for some constant C. (Exercise: Prove the last inequality!). Moreover, since %F@ N <
0 (Exercise!), we may combine (3.19) and (3.20) to deduce that

EF3 n > sup (3.21)

Bo>0

{_%, for 8 < By
_% _ (8- Bo)v2In2(1+C/N), for B> By

It is easy to see that the supremum is realized (ignore the C'/N correction) for By =
v/21n2. This shows that the right hand side of (3.18) is a lower bound.

It remains to show the corresponding upper bound. The basic idea behind this
approach is to obtain a variance estimate on the partition function?® . Naively, one

would compute
B22 = E, B, BV NCX X0

2 2
=27 [ )" N LN 2N (3.22)

o#o'! o

= e |(1-27N) 4 27NN

where all we used is that for ¢ # ¢’ X, and X, are independent. Now we see that

the second term in the square brackets is exponentially small if and only if 32 < In 2.

26This idea can be traced to Aizenman, Lebowitz, and Ruelle [ALR], and later Comets and
Neveu [CN] who used it in the proofs of a central limit theorem for the free energy.
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For such values of 3 we have that

|

7z 7z Z
1nﬂ‘ >6N} :P[ﬂ < e N op 28N >eeN]

Z3,N
Zg,N ? LN\ 2
EZ5 n/(EZgNn)? — 1
— (]_ _ e—eN)Z
9-N 4 9-NNg®
(1 _ e—eN)Z

(3.23)

<

which is more than enough to get (3.17). But of course this does not correspond
to the critical value of 3 claimed in the proposition! Some reflection shows that the
point here is that when computing Ee” ‘/N2X“, the dominant contribution comes from
the part of the distribution of X, where X, ~ 28v/'N, whereas in the evaluation of
EZg n the values of X, where X, ~ B\/N give the dominant contribution. Thus one
is led to the realization that it is not the second moment of Z one should control,

but rather that of a truncated version of Z, namely, for ¢ > 0,
Zon(c) =B PN, (3.24)

An elementary computation using the standard bound, for u > 0,

]_ 2 2 ]_ 2
—u?/2 -2 =T /2 —u”/2
e 1—2u dr < e 3.25
2Ty ( ) V2T / \V2Tu ( )
shows that
_ BN (1 NCOT +0(1/N)) , if B<c
_ V27 N(c—f)
EZs n(c) = (3.26)
& 1+0(1/N) ,Nge— g if 8> c
V2rnN(B—c) !

Note that (3.26) shows that this truncation essentially does not influence the mean

partition function, if 8 < c.

But now compute the mean of the square of the truncated partition function:

EZ3n(c) = (1= 27N)[EZg n ()7 + 2 VBN n, (3.27)
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where the second term satisfies (we do not mention the irrelevant O(1/N) error term

anymore)

2_Ne252N, if 268 <c

2
-<cVN < 9—N p2eBN— N

2 NEeVNXoq
W, OtherWise,

Combined with (3.26) this implies

e~ N(n2-6%) if 8 < g,
2_NEe2ﬁ‘/NX" ][X<,<C\/N < efN(c—B)sz(ln27622) i C o ﬂ <
(7 )2 = @-avN 2 &
N,3 _
e(c2/2—ln 2)N\/W(§ﬁ_cf, if g> e

Therefore, for all ¢ < v/21In2, and all g8 # ¢,

~ ~ 2
ZﬁaN(c)FV_ EZﬁJV (C) < e—Ng(c,,B)
EZs,n (c) B

with g(e, 3) > 0. Thus Chebyshev’s inequality implies that
P||Zp,n(€) ~ EZg,n (c)| > 0EZg,x (¢) | < 52 No(eR)
which implies in particular that

1 ~ 1 ~
Jim SEln Zg () = lim - InEZs v (c)

for all ¢ < v/21In2 = (.. But this implies that for all ¢ < (.

2
'%, for B <c
2

1 1 =~
lim —InEZg n > lim —InEZg y(c) =
N Ntoo N S +c(B—c), for B>c

N1oo

(3.28)

(3.29)

(3.30)

(3.31)

(3.32)

(3.33)

which converges to minus the right hand side of (3.18) as ¢ 1T B.. This proves the

theorem.$

3.2.2. Fluctuations and limit theorems.

In the previous section we went to some length in computing the limit of the

free energy. However, computing the free energy is not quite enough to get a full
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understanding of a model, and in particular the Gibbs states. The REM offers the
advantage that we can go much further, as we will see now. The limit of the free
energy has been seen to be a non-random quantity. A question of central importance
for further progress is to understand on what level and how the randomness shows
up in the corrections to the limiting behaviour. This is the subject of the present
section. We will see later that the knowledge gained here is then sufficient to derive
all information about the Gibbs measures we would want. The results of this section

were obtained in [BKL]. For earlier rigorous results see also [Ei,OP,GMP].
Let us first state the results:

Theorem 3.2: The partition function of the REM has the following fluctuations:

(i) If B < \/In2/2, then

o Z
e (n2-6%) 1y “BN B pr(p,1). (3.34)
Z8,N
(i) If B = \/In2/2, then
V2e ¥ n2-7) 1y ZBN_ Dy ). (3.35)
EZs n

(113) Let o = B/v/21In2. If \/In2/2 < 3 < +/21In2, then
e ¥ (VEm2—p)*+ § (N In2)tindn] 1, ZBN 3/ e**(P(dz) — e~*dz), (3.36)
EZs N .

27

where P denotes the Poisson point process®’ on R with intensity measure e *dzx.

(iv) If B =+21n2, then

0 oo

LIn(N 1n 2)+1n 47] Zﬁ,N _1 ln(l' In 2) +1Indm\ p / z oz / z

ez + — e*(P(dz)—e *dz)+ [ e*P(dz).
(EZB,N 2 4v/TN 2 ) oo (P(dz) ) / (d2)

27For a thorough exposition on point processes and their connection to extreme value theory,
see in particular [Re].
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(v) If B > v/21In2, then

e—N[,B\/Zln 2—In 2]+ 4 [In(N In 2)+In 4W]ZB,N 2} / eazP(dZ) (338)
and o .
InZsn —Eln Zgny > In / ¢**P(dz) — Eln / e**P(dz). (3.39)

Remark. Note that expressions like fi)oo

as limy| o fyo e*(P(dz) — e ?dz). We will see that all the functionals of the Poisson

e*(P(dz) — e *dz) are always understood

point process appearing are almost surely finite random variables.

We will now prove these results step by step. The first thing one might guess
about fluctuations in the REM is that they should stem from a central limit theorem
for the partition function, that is, after all, a sum of i.i.d. random variables. The
theorem shows that this can be true only for quite small values of 3, much smaller

even than the critical value.

Proof. We first prove (i). Here the result follows from the standard CLT for trian-

gular arrays. Let us first write

Z
1 /B>N

:1(1
“EZsn +

(3.40)

We will show that the second term in the logarithm properly normalized will converge

to a normal random variable. To see this, write

Zg,Nn —EZg N —N(In2+48%/2) ( BVNX, NB%/2\ —
EZs n = Z e (e —e >: Z Yn(o). (3.41)

oSN oSN

Note that EVy (o) = 0 and EYZ (o) = e N@1n2-8)[1 — ¢=NB*] and thus

Zsn —EZg n\2
E( 8,N mzv) — ¢~ N(n2-p%)[1 _ ,~NB"] (3.42)
EZp,n

Therefore we can write

Z,N—EZ,N _N(ln2_32 _Ng32 1 1)
8 BN _ ~Xn2-p%) /1 _, NﬁWZyN(a), (3.43)

’ oceSN
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where Yy (o) = e> 2In2-8)[1 — ¢=N6°]-1/2y\ (5) has mean zero and variance one.

By the CLT for triangular arrays (see [Shi]), it follows readily that

o Y Inlo) BN(,1) (3.44)

ocESN

if the Lindeberg condition holds, that is, if for any € > 0,

. ~2 _ o
11}%20 EVy (0)][{|yN(a)|262N/z} = 0. (3.45)
But
~, 1 ) oo 22
2 e = —2Ng 2\/Nﬁz——
EyN(o-)]I{|yN(O')|262N/2} - \/ﬂ(l_e—Nﬁz)e / e 5 dZ‘I‘O(]_)

VR4 + i o)

/ e_%dz—l—o(l).

In 2 In e 1
35 B+ N5 ol TF)

1
C V2r(1 — e NB?
v

(3.46)
It is easy to check that the latter integral converges to zero if and only if 3% < In2/2.
Using now the fact that e = 1 + z + o(z) as * — 0, it is now a trivial matter to

deduce the assertion of the proposition.

Since the Lindeberg condition clearly fails for 262 > In2, it is clear that we
cannot expect a simple CLT beyond this regime. Such a failure of a CLT is always
a problem related to “heavy tails”, and results from the fact that extremal events
begin to influence the fluctuations of the sum. It appears therefore reasonable to
separate from the sum the terms where X, is anomalously large. For Gaussian r.v.’s

it is well known that the right scale of separation is given by uy(z) defined by

oo

dZ 2
2N / e /2 =¢® (3.47)
V2T
un (z)

which (for x > —In N/In2) is equal to (see e.g. [LLR])

x In(Nln2)+Indr
uny(z) =v2NIn2+ — +0o(1/VN), 3.48
v(@) V2NIn2 2v/2N1n2 (1/VH) (3.48)
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x € R is a parameter. The key to most of what follows relies on the famous result
on the convergence of the extreme value process to a Poisson point process. Let us

now introduce the point process on R given by

ocESN
A classical result from the theory of extreme order statistics (see e.g. [LLR]) asserts
that Theorem 3.3: The point process Py converges weakly to a Poisson point

process on R with intensity measure e “dx.

Let us now define

=E, eﬁ\/NX

Zﬁ,,ﬁ G]I{XUSUN(E)}' (3.50)

We may write

VA 7% . —EZ% VA -7z . —E(Z — 7%
BN _ 4 n B8,N B8,N n B,N B,N (Zs,n ,B,N) (3.51)
EZs N EZs N EZs N
Let us first consider the last summand. We introduce the random variable
Zp,N — Zj N —N(In2+32/2) BVNX
WN(:E) = DB —e Z e G]I{Xc,>uN(z)} (3.52)

EZs n o

It will be convenient to rewrite this as (we ignore the sub-leading corrections to uy (z)

and only keep the explicit representation (3.48))

WN($) = e_N(ln 2+ﬁ2/2) Z eﬁ\/NuN(u;jl(Xo'))]I

{uy' (Xo)>a}
oESN
_  _N(n2+p2/2) BNV2In2—glNin2)tlndr b u=1(X,)
—e (In24-8%/ )e 2v/21n 2 Z evainz N ]I{’U«;,]'(Xo-)>m}'
cESN
(3.53)

Clearly, the weak convergence of Py to P implies convergence in law of the right

hand side of (3.53), provided that e“* is integrable on [r,00) w.r.t. the Poisson

T

process with intensity e™®. This is, in fact, never a problem: the Poisson point

* is always a.s.

process has almost surely support on a finite set, and therefore e*
integrable. Note, however, that for 3 > 1v/21n2 the mean of the integral is infinite,

indicating the passage to the low temperature regime. Note also that the variance
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of the integral is finite exactly if < 1/2, i.e. 32 < In2/2, i.e. when the CLT holds.
On the other hand, the mean of the integral diverges if x | oo; note that at minus
infinity the points of the Poisson point process accumulate, and there is no finite
support argument as before that would assure the existence of the integral if x is
taken to —oo. The following lemma provides the first step in the proof of part (iii)
of Theorem 3.2:

Lemma 3.4: Let Wy(z),«a be defined as above, and let P be the Poisson point

process with intensity measure e *dz. Then

e%(m_gy_i_%[ln(Nln2)+ln47r]WN(x) 2) /eazp(dz)- (354)

Remark. Note that the mean of the right hand side is finite if and only if 8 < v/21n 2.
Thus only in that case does this lemma also allows us to deal with the centered

variable appearing in (3.51).

We now need to turn to the remaining term,

Zgn —BZ5 n  Vn(x)

= 3.55
EZg N EZs N’ ( )

where
VN(./L') = ZE,N — EZE,N' (3.56)

One might first hope that this term upon proper scaling would converge to a Gaussian;
however, one can easily check that this is not the case (the Lindeberg condition will

not be verified). However, it will not be hard to compute all moments of this term:

Lemma 3.5: Let Vn(z) be defined by (3.56). Then for a > 1/2 and any integer

k>2
E k
i WV (2)] ;
NtT+oo |:2_N6Nﬁ\/21n —2[In(N In 2)+1n 47]

e(ka—i)m (357)

ko1 k!
:Zﬁ Z El'&'(ﬂla—l)(fza—l)
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For o =1/2, we have for k even

y EVn (@) K (k—1)!
Ntoo [2_N6Nﬁm]k T (kj2)12k T 2k (3.58)

and for k odd

m V@ (3.59)

k
Nt+oo [Q—NeNﬁ\m In 2]

(which are the moments of the normal distribution with variance 1/2).

Proof. This is a pure computation. Set T (o) = eBVNXs I x, <uy(z)}- Note that

for B < v/2In2

un ()

ETn (o) = / —j; e_éJr'B‘/Nz:eNﬁQm(l— / dz _%>Neﬁ2N/2.
T

e
V2
un (z)—BvVN
(3.60)

while for > +v/2In2 and all £ > 1, and for 8 > /In2/2 and for k > 2,

un (z) uN(m)—k,B\/ﬁ

d 22
E[Ty(0))* = —\/gﬁe_7+kﬁ‘/ﬁz — NK*B?/2 /

e_(uN(m)_k,B\/ﬁ)2/2 2—Ne—:r

VEr(kBYN —un(z))  ka—1

22
2

dz .
V2or

— 00

~ eNk2ﬁ2/2 ok[V21In 2N +az— 5 [In(N In 2)+ln 4]

(3.61)
Formula (3.61) is also valid for § = v/2In2 with k¥ > 1 and for 8 = {/In2/2 with
k > 2. It is easy to see from the computations above that for 8 = /2In2 with £ =1
and also for 8 = 1/In2/2 with k = 2 we have
ek’ B2N/2 B 9—Ng—c

E[TN (U)]k ~ 5 — 5 ek[ﬁ\/an 2N+am]- (3.62)

We set Ty (o) = 2= NTn(0); by (3.61) we get for 8 > \/In2/2 with k > 2 and also

for 3> +/2In2 with k£ > 1
~ o 27 Ne® k[3v2In 2N —In 2+4az— 2 [In(N In 2)+1n 4r]]



88 Section 8

This formula is also true for § = /In2/2, k > 2 and § = v2In2, k£ > 1. For
B=+v2In2 and k =1 and also for 3 = /In2/2 and k = 2 by (3.62)

Bifiy (0)]¢ = 2O HaVAR N -zt (3.64)
Now
En@)]* =B( Y Tv(o) ~Efw(0)]) = Y E]][w(o:) ~ Elw(00)]
oceSN 01,.-,0,ESN =1
=2 > : X (22. )E{fN (o) — ETy (0)]% ... E[Ty (o) — ET ()]%.

Note finally that for [ > 2 and 8 > /In2/2
- - PR [0\~ - , -
E[Tn(c) — ETn(0)] = Z(—1)J <J> ETx (o) [ETN (o)) ~ ETn (0)®.  (3.66)

In fact, if /In2/2 < B <+2In2,1>2,5>1,j#1—1,l, then by (3.60) and (3.63),
(3.64)

E[lev_j (0)][ETn (U)]j _ _Nj(B?/2—Bv2In2 aj/2
SRe) = Ni(8*/2-Bv2In2) (N / ) (3.67)

is exponentially small. For [ > 2, j =1—-1,1

- .
ETy ?(0)][ETy (o)) _ oNUB*/2-8V2In2)+N1n2 ) (Nal/2> <e Nin2p (Nl‘*/2>

E[Ty (o)] (5.68)
For 8> +1/2In2,1>2 and j > 1 by (3.63) and (3.64)
BT OBy @ _ gy ns) 569

E[Ty ()]

Thus for [ > 2 and > 1/In2/2 and also for [ > 3 and 8 = 1/In2/2
—Ne—a:
ka —1

E[Ty(0) — BTy (0)] ~

[2—N6Nﬁ\/2 In2 0z ,—§[In(NIn2)+ln 4«]] 5_ (3.70)
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Inserting this result into (3.65) gives the assertion of the lemma (3.57).

For 8= 4/In2/2 and [ = 2 by (3.64) we have

—Ne—:z

- - P
E[Tw (o) — BTy (0)]° ~ —— [2NeNBV2InZgae)?, (3.71)
Inserting this formula into (3.65) we see, that the term with I1,...,[; =2, i = k/2

brings the main contribution to the sum, and all others are of smaller order, because
of the polynomial terms e~ "(V1n2) in (3,70). This implies (3.58) and (3.59) and

the lemma is proved. {

Remark. One sees that if we let x | —oo, and rescale properly, the corresponding
moments converge to that of a centered Gaussian r.v. This could alternatively be seen
by checking that the Lindeberg condition holds for the truncated variables provided
z < —2Ilnln2V.

A standard consequence of Lemma 3.5 is the weak convergence of the normalized

version of Vi (z):

Corollary 3.6: For /In2/2 < 3,

e%(\/ﬂn 2—,8)2+%[ln(Nln 2)+1In 4m) VN(x) 2} V(JJ, a), (3_72)
EZg N

where V(z,a) is the random variable with mean zero and kth moments given by the

right hand side of (3.57). For B = /In2/2

5e ¥ (vEmz-p? Yn(2) B N(0,1). (3.73)

EZs N

Equation (3.73) together with Lemma 3.4 imply that (ii) of Theorem 3.2 holds.
The next proposition will imply (iii) of Theorem 3.2.

Proposition 3.7:Let \/In2/2 < 3 < v/2In2. Then for x € R chosen arbitrarily,

oo

N (VIRE 7 fInN ) nrl TN By ) 4 [ e p(az) - [ oot
EZs, n ’ ’

T

(3.74)
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where V(x, ) and P are independent random variables.

Proof. (3.74) would be immediate from Lemma 3.4 and Corollary 3.6, if Wy (z)
and Vy(z) were independent. However, while this is not true, they are not far
from independent. To see this, note that if we condition on the number of variables
Xy, nny(z), that exceed un(z), the decomposition in (3.51) is independent. On the
other hand, one readily verifies that Corollary 3.6 also holds under the conditional
law P[-|ny(z) = n], for any finite n, with the same right hand side V(z,«). But
this implies that the limit can be written as the sum of two independent random

variables, as desired. <>

Since for 32 > In2/2, a > 1/2, one sees that EV(z,a)? = e*?*=1 /(2. — 1) tends
to zero as x | —oo. Therefore we see that

T T

V(z, ) 2 lim e**P(dz) — /e“ze_zdz (3.75)
yt+oo
—y —y
which means that we can give sense to the Poisson integral [~ _e**(P(dz) — e *dz)

From here we get (iii) of Theorem 3.2.

We now turn to the proof of parts (iv) an (v) of Theorem 3.2. We will see that
the computations above almost suffice to conclude the low temperature case as well.

With the notations from above, we write

Zg,N = Zg N+ (Zs,N — Z5 N) (3.76)
Clearly for 8 > v/2In2
T N 2In2—In 2|— 5 [In(N In 2)+In 47 aut (X,
Zon — T 5 = eMIPY =g inVin2tinas] N7 g e () (3.77)

ocESN

so that for any z € R,
(Z,B,N . ZE,N)B_N[ﬁ\/an 2—In 2]+%[ln(Nln 2)+In 4] 2} /eazp(dz)‘ (378)

Now write

Zgn —BZ5 Ny >

7% o = EZ% o (1 + i
/3> ﬁa EZﬁ,N

(3.79)
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Let us first treat the case > v/2In2. By (3.61) we have
2~ Ne—@

7leﬁ\/21n 2N+az—§[In(N In 2)+In 47r]‘ (380)
o —

EZE,N ~

Thus

T

ZE o —EZ
(1+ 22822 (14 o(1)).
IEZﬁ,N

e_N[B‘/m_hl 2]-i-%[ln(Nln 2)+In 4] e@(a—1)

75 = ——
BN oa—1

(3.81)

7% N —BZ% o oela—1) e el s
.o € converges in distribution to a
IEZB N a—1

random variable with moments given by the right hand side of (3.57). Moreover, as

Using Lemma 3.5 we see that now

x | —o0, this variable converges to zero in probability. Since the same is true for the

prefactor, the assertion of the theorem is now immediate.

Let us consider now the case § = v/2In2. Proceeding as in (3.61),

N un(0)—v2N1In2 ( ) ( )2
2 2 1 In(NIn2)+ Indn InN
0 —2°/2 N(=-
EZg n = e dz =2 ( —|—O(7>>.

V2w 2 44/Nmln2 N
(3.82)
We use the decomposition
ZgN =ZsN— Zgn +EBZy y + (Zg n —EZ} y). (3.83)
By (3.82), EZ} x/EZp,n ~ 1/2. By (3.53), we see easily that
Zgn — 29
AN AN Wn(z) -0 as. (3.84)
EZg N

even though EWy (0) = 1/2! Thus the more precise statement consists in saying that
e3In(VIn2)tindxlyy, o) B, / ¢*P(dz). (3.85)
0

Note that of course the limiting variable has infinite mean, but is a.s. finite. Finally,

by Corollary 3.6,

Zgn —BZg 5
EZs N

[In(N 1n 2)+In 47]

B v(0,1) (3.86)

1
(A
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The same arguments as those given after Proposition 3.7 allow us to identify V(0,1)
with the centered Poisson integral fi)oo e? (P(dz) — e~ #dz) . This implies (3.38). (3.39)

is an immediate corollary. This concludes the proof of Theorem 3.2.{<

3.2.3. The Gibbs measure.

With our preparation on the fluctuations of the free energy, we have accumulated
enough understanding about the partition function that we can deal with the Gibbs
measures. Clearly, there are a number of ways of trying to describe the asymptotics
of the Gibbs measures. Recalling the general discussion on random Gibbs measures
from Part 2, it should be clear that we are seeking a result on the convergence
in distribution of random measures. To be able to state such a results, we have to
introduce a topology on the spin configuration state that makes it uniformly compact.
The usual topology we used to do this was the product topology, and this clearly
would be an option here. However, given what we already know about the partition
function, this topology does not appear ideally adapted to give adequate information.
Recall that at low temperatures, the partition function was dominated by a ’few’ spin
configurations with exceptionally large energy. This is a feature that should remain
visible in a limit theorem. A nice way to do this consists in mapping the hypercube

to the interval [—1,1] via
N
Syo0—=ry(e)=) 027 €[-1,1] (3.87)
=1

Define the pure point measure fig y on [—1,1] by
ABN = Y Sry(o)is,N () (3.88)
oESN
Our results will be expressed in terms of the convergence of these measures. It will
be understood in the sequal that the space of measures on [—1, 1] is equipped with
the topology of weak convergence, and all convergence results hold with respect to

this topology.

As the diligent reader will have expected, in the high temperature phase the limit

is the same as for 8 = 0, namely
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Theorem 3.8: If 3 < +2In2, then
- 1
fg,N — 5)\, a.s. (3.89)

where A denotes the Lebesgue measure on [—1,1].

Proof. Note that we have to prove that for any finite collection of intervals I, ..., I C
[—1,1], the family of random variables {fig,n(I1), ..., fig,n(Ix) converges jointly al-
most surely to 1|I1],...,3|Ix|. But by construction these random vectors are in-
dependent, so that this will follow automatically, if we can prove the result in the
case k = 1. Our strategy is to get first very sharp estimates for a family of special

intervals.

In the sequel we will always assume that N > n. We will denote by IL, the
canonical projection from Sy to S,. To simplify notation, we will often write o,, =

I1,,0 when no confusion can arise. For o € Sy, set
an (o) = r,(Il,0) (3.90)

and
I,(0) =[an(0) =27, an(0) +277) (3.91)

Note that the union of all these intervals forms a disjoint covering of [—1,1). Obvi-

ously, these intervals are constructed in such a way that

fig,N (In(0)) = pp,n ({0” € Sy : 1In(0”) = IIn(0)}) (3.92)

The first step in the proof consists in showing that the masses of all the intervals

I,,(0) are remarkably well approximated by their uniform mass.

Lemma 3.9: Set 8 = ,/NA_fnﬂ. For any o € S,
; In 2
(7’) If /Bl S 9
|ﬂﬁ,N(In(U)) . 2—n| < 2—ne—(N—n)(1n 2—ﬁ’2)YN_n (3_93)

where Yy has bounded variance, as N T oo.
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(ii) If /122 < 8’ < v2In2,
|/T[’,3,N(In (0_)) . 2—n| < 2—ne—(N—n)(\/21n 2—B')2/2—aln(N—n)/2YN_n (394)

where Yy 1s a random variable with bounded mean modulus.
(iii) If B = v/21n2, then, for any n fized,

|fg,n(In(0)) —27"| — 0 in probability (3.95)

Remark. Note that in the sub-critical case, the results imply convergence to the
uniform product mesure on § in a very strong sense. In particular, the base-size of
the cylinders considered (i.e. n) can grow proportionally to N, even if almost sure
convergence uniformly for all cylinders is required! This is unusually good. However,
one should not be deceived by this fact: even though seen from the cylinder masses
the Gibbs measures look like the uniform measure, seen from the point of view of
individual spin configurations the picture is quite different. In fact, the measure
concentrates on an exponentially small fraction of the full hypercube, namely those
O(exp(N(In2—32/2))) vertices that have energy ~ BN (Exercise!). It is just the fact
that this set is still exponentially large, as long as 8 < v/2In2, and is very uniformly
dispersed over Sy, that produces this somewhat paradoxical effect. The rather weak
result in the critical case is not artificial. In fact it is not true that almost sure
convergence will hold. This follows e.g. from Theorem 1 in [GMP]. One should of

course anticipate some signature of the phase transition at the critical point.

Proof. The proof of this lemma is a simple application of the first three points in

Theorem 3.2. Just note that the partial partition functions
ZgN(00) = EBor PVNXo Iy (g (3.96)

are independent and have the same distribution as 27" Zg n_,. But

Zﬁ,N(O-n)

Zg,N — Zg,n(on)| + Za,n(0n) (3.97)

pg,N (In(on)) = i
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Note that Zg n(0,,) and [Zs,n —Z3,n(0y)] are independent. It should now be obvious
how to conclude the proof with the help of Theorem 3.2. {

Once we have the excellent approximation of the measure on all of the intervals
I, (o), almost sure convergence of the measure in the weak topology is a simple
consequence. Of course, this is just a coarse version of the finer results we have, and
much more precise information on the quality of approximation can be inferred from
Lemma 3.9. But since the high-temperature phase is not our prime concern, we will

not go further in this direction.

Somehow much more interesting is the behaviour of the measure at low tempera-
tures that we will discuss now. Let us introduce the Poisson point process R on the
strip [—1,1] X R with intensity measure 3dy x e"®dz. If (Y}, Xx) denote the atoms
of this process, define a new point process W, on [—1,1] x (0,1] whose atoms are

(Yk, wg), where

ean

= 3.98
Y% = TR(dy, de)es (399)
for > 1. With this notation we have that
Theorem 3.10: If § > v21In2, with o = 3/v/21In2,
oy B i = | We(dy, du)s,u (3.99)
[_171]X(071]

Proof. With uy(z) defined in (3.48), we define the point process Ry on [—1,1] X R
by

Ry = Z 5(rN(a),u;,1(X(,)) (3.100)
cESN

A standard result of extreme value theory (see [LLR], Theorem 5.7.2) is easily adapted
to yield that
Ry 2R, as N1oo (3.101)
where the convergence is in the sense of weak convergence on the space of sigma-finite
measures endowed with the (metrizable) topology of vague convergence. Note that
eouy (Xo) eouy (Xo)

S eoun'(Xo) [ Ry(dy, dz)eos

pe,n (o) = (3.102)



96 Section 8

Since fRN(dy, dx)e®® < oo a.s., we can define the point process

WN = Z 5( exP(au;\rl(Xo')) ) (3103)
cESN TN(O')"[RN(dy,dm)exp(am)
on [—1,1] x (0,1]. Then
fg,N = /WN(dy, dw)d,w (3.104)

The only non-trivial point in the convergence proof is to show that the the contri-
bution to the partition functions in the denominator from atoms with uy(X,) < z
vanishes as ¢ | —oo. But this is precisely what we have shown to be the case in
the proof of part (v) of Theorem 3.2. Standard arguments then imply that first
Wy 3 W, and consequently, (3.99). &

Remark. Note that Theorem 3.10 contains in particular the convergence of the
Gibbs measure in the product topology on Sy, since cylinders correspond to certain
subintervals of [—1, 1]. On the other hand, it implies that the point process of weights
> oSy Oup. n (o) converges in law to the marginal of Wx on (0, 1] which is the process
introduced by Ruelle [Ru4]. The formulation of Theorem 3.10 is moreover very much
in the spirit of the metastate approach to random Gibbs measures. The limiting
measure is a measure on a continuous space, and each point measure on this set may
appear as “pure state”. The “metastate”, i.e. the law of the random measure fig is a
probability distribution concentrated on the countable convex combinations of pure
states randomly chosen by a Poisson point process from an uncountable collection,
while the coefficients of the convex combination are again random and selected via
another point process. The only aspect of metastates that is missing here is that
we have not “conditioned on the disorder”. The point is, however, that there is no
natural filtration of the disorder space compatible with, say, the product topology,
and thus in this model we have no natural urge to “fix the disorder locally”; note
that it is possible to represent the i.i.d. family X, as a sum of “local” couplings, i.e.
let Jy, for any I C N be i.i.d. standard normal variables. Then we can represent
X, =2"N/2 ZIC{I,...,N} orJy; obviously these variables become independent of any

of the Jy, with I fixed, so that conditioning on them would not change the metastate.
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Let us discuss the properties of the limiting process fig. It is not hard to see that
with probability one, the support of fig is the entire interval [—1,1]. On the other
hand, its mass is concentrated on a countable set, i.e. the measure is pure point.
To see this, consider the rectangle A, = (Ine, 00) x [—1,1]. Clearly, the process R

restricted to this set has finite total intensity given by e~!. i.e. the number total

number of atoms in that set is a Poissonian random variable with parameter ¢ !.
Now if we remove the projection of these finitely many random points from [—1, 1],
we will show that the total mass that remains goes to zero with €. Clearly, the

remaining mass is given by

eam Ine eaa:

R(dy, de)——— — [ Plde)— 3.105
/[_1,1]x(_oo,m) (@, d2) o iaye = | P9 fpagyens (3109

We want to get a lower bound in probability on the denominator. The simplest possi-
ble bound is obtained by estimating the probability of the integral by the contribution

of the largest atom which of course follows the double-exponential distribution. Thus
az —e~nZ/x —Z_é
P| [ P(dr)e*® < Z| <e =e (3.106)

Setting Qz = {P: [ P(dz)e** < Z}, we conclude that, for a > 1,

Ine az [ slne eQ®
- Ine
<P / P(dx)e*® >~Z, Q5| + P[Qz]
- Ine
<P P(dx)e®® >~Z| + P[Qz]
Ine
E P(dx)e**
< oo Pld) + P[Qy]
vy
a—1 1
€ -Z7a
P —
S a1z ¢
(3.107)

Obviously, for any positive = it is possible to choose Z as a function of € in such a

way that the right hand side tends to zero. But this implies that with probability
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one, all of the mass of the measure fig is carried by a countable set, implying that

fig is pure point.

So we see that the phase transition in the REM expresses itself via a change of
the properties of the infinite volume Gibbs measure mapped to the interval from
Lebesgue measure at high temperatures to a random dense pure pure point measure

at low temperatures.

3.2.4. The replica overlap.

While the random measure description of the phase transition in the REM yields,
in our view, the most complete and elegant description of the thermodynamic limit
of this model, it is common in the physics literature on spin glasses to look at coarser
indicators of a phase transition that are reminiscent of the “order parameters” we
have discussed before. In a situation where no particular reference configuration ex-
ists, a natural possibility is to compare two independent copies of spin configurations
drawn from the same Gibbs distribution to each other. To make this precise, recall
the function Ry : Sy X Sy — [—1,1] defined in 3.1. We are interested in the prob-
ability distribution of Ry (o, 0’) under the product measure ug ny ® ug n, i.e. define
a probability measure, fg n, on [—1,1] by

fo,n[w](dz) = pg n[w] ® pg,n|w] (Rn(o,0') € dz) (3.108)

As we will see later, the analysis of the replica overlap will become a crucial tool for
studying the Gibbs measures of more complicated models. The following exposition

is intended to give a first introduction to this approach.
Theorem 3.11:

(i) For all B < v/21In2

J{fl%f)lo fﬁ,N = 50, a.s. (3109)

(i) For all B > v/21In2

fa,N A do <1 — /W(dy,dw)w2> +51/W(dy,dw)w2 (3.110)
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Proof. We will write for any I C [—1,1]

fon() = ZZAE,E, Y fYN+Xo)

tel
Ry (o,0")=t

(3.111)

First of all, the denominator is bounded from below by [Zg,N(c)P, and by (3.31), with
probability of order §~2 exp(—Ng(c, 8)), this in turn is larger than (1—6)2[EZg, x (c)]2.
Now let first § < v/2In2. Assume first that I C (0,1) U [—1,0). We conclude that

1
Ef,B,N (I) < WEUEUI Z 1+ 5—26—9(6,,3)N
tel
i (3.112)
2e—No(t)

1 1 Z
V21N (1 —96)? py 1—¢2

+ 5 2e—9(c:8)N

for any 3 < ¢ < v/2In2, where ¢ : [—1,1] — R denotes the Crameér entropy function

(1-1)
2

(1+1)
2

o(t) = In(1+t) + In(1 —t) (3.113)

Here we used of course that, firstly, if (1 —¢)N =2¢{,£=0,..., N, then

N
Ey Eo ]IRN(U,U')Zt = 2_N ( / > (3114)

and, secondly, Stirling’s approximation which implies that

N 1 N NN
<€> VG A ) ﬂ(N_g)N—e(l +0o(1)) (3.115)

valid if £ ~ zN with z € (0,1). Under our assumptions on I, we see immediately
from this representation that the right hand side of (3.112) is clearly exponentially
small in N. If 1 € I, the additional term coming from ¢ = 1 is precisely the term
that we have estimated in (3.29), so that again this gives an exponentially small
contribution. This shows that the measure fg n concentrates asymptotically on the
point 0. This proves (3.109).
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Now let 8 > v/2In2. Here we use the sharper truncations introduced in 3.2.2.
Note first that for any interval

9272
fon(D) = Z33E,Ee Y Mx, x,sun @V Nt )| < 28N (3116)

re1 Z8,N
Ry (o,0')=t

We have already seen in the proof of Theorem 3.2 (see (3.81)) that the right hand
side of (3.116) tends zero in probability as first N 1 oo and then z | —co. On the
other hand, for ¢t # 1

P [Elo',o',:RN(o',o"):t Xo > ’U,N(il?) N Xcl7 > UN ($)]
2

- V2r N1 — t2

by the definition of uy(z) (see (3.47)). This implies again that any interval I C

3.117
< Eo Mgy (o,0m)=t 272NP (X, > un(z)] e #(IN 22 ( )

(0,1) U [-1,0) will have zero mass. To conclude the proof it will be enough to
compute fg n(1). Clearly

2~NZ
fa.n(1) = 2272@1\7 (3.118)
B,N
By Theorem 3.2, (v), one sees easily that
2az73 d
fan(1) B J e Pldz) (3.119)

(f e2*P(d2))?

Expressing the left hand side of (3.119) in terms of the point process W, defined in
(3.98) yields the expression for the mass of the atom at 1; since the only other atom
is at zero the full results follows from the fact that fg n is a probability measure.
This concludes the proof.

3.2.5. Multi-overlaps and Ghirlanda—Guerra identities.

The distribution of the replica overlap apparently does not contain all the infor-
mation on the Gibbs state we have acquired so far. It will be instructive to look
at the joint distribution of k£ independent copies of the spin variables. Interestingly,
there are some very strong general principles that allow to relate all multiple overlaps

in terms of the two-spin overlaps. These are to some extent rather general in the
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context of Gaussian processes and it will be instructive to look at them in this simple
context. These identities have been known in the physics literature and a more rig-
orous analysis is given in a paper by Girlanda and Guerra [GG], even though some
of the claims in that paper are at best confusing. Equivalent relations were in fact
derived somewha earlier by Aizenman and Contucci [AC].The importance of these
relations has been underlined by Talagrand [T4]. Let us begin with the simplest

instance of these relations.

Proposition 3.12:For any value of 3,

d
Bagfon = —B(1 = Efs,n (1)) (3.120)
Proof. Obviously,
d E,vNX, efVNXo
E—F;y=-N1E-Z g 3.121

Now if X is standard normal variable, and g any function of at most polynomial
growth, then
E[Xg(X)] = Eg'(X) (3.122)

Using this identity in the right hand side of (3.121) with respect to the average over
X, we get immediately that

E,vNX,elVNXo
E, e8VNX,

— NGE (1 — o ¢

(Ep ePVNXz)2 (3.123)
= NBE (1 - % (To,=0,) )

which is obviously the claim of the lemma.{
In exactly the same way one can prove the following generalisation:
Lemma 3.13: Let h : S} — R be any bounded function of n spins. Then

! Ep3h (Xorh(a',...,0™)

n (3.124)
= BEU?,TJLV+1 (h(al, ceya™) (Z Tyr—pt — nﬂak:an+1>>
=1
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Proof. Left as an exercise.

The strength of Lemma 3.13 comes out when combined with a factorization result

that in turn is a consequence of self-averaging.

Lemma 3.14: Let h be as in the previous lemma. For all but possibly a countable

number of values of (3,

]%1%11 — ‘Eﬂ (Xa.kh(o'l, ceey o'n)) — Eﬂ,@,N (Xa.k) Eu?ﬁv (h,(o'l, ey o'n))‘ =0
(3.125)

Proof. Let us write
(Eug’f}v (Xorh(oh,...,0™) — Eug,n (Xor) Eu?’}v (h(c?,..., 0")))
- (Euggv ((X,,k — EuS% X0 ) (o, ..,0")))2 (3.126)
< Ep§y (Xak - Eu?,’}vXak>2Eu?,7v (h(o?s. .. 0™)
where the last inequality is the Cauchy—Schwarz inequality applied to the joint ex-

pectation with respect to the Gibbs measure and the disorder. Obviously the first

factor in the last line is equal to
E (up,n(X2) = (1,5 (Xo)?) +E (np,n(Xo) — Bup,n (Xo))°

d? d d 2 (3.127)
= _(32FE— F E—F
T ag N Mg ”)

We know that Fg n converges as N 1 co and that the limit is infinitely differentiable
for all 8 > 0, except at 3 = v/21n2; moreover, —Fg y is convex in 3. Then standard

results of convex analysis imply that

Fg n+ NG~ E(

d2 2
limsup(—Ed—wFﬁ,N) i hm EF,g N (3.128)

Ntoo
which is finite for all 8 # v/2In2. Thus, the first term in (3.127) will vanish when
divided by N. To see that the coefficient of N of the second term gives a vanishing
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contribution, we use the general fact that if the variance of family of a convex (or
concave) functions tends to zero, then the same is true for its derivative, except
possibly on a countable set of values of their argument. In Theorem 3.2 we have
more than established that the variance of Fig y tends to zero, and hence the result

of the Lemma is proven.

If we combine Proposition 3.12, Lemma 3.13, and Lemma 3.14 we arrive immedi-

ately at

Proposition 3.15:For all but a countable set of values 3, for any bounded function

h:Sy — R,

. Rn+1 1 n
}]1%20 Eug'y (h(o, ... 0™) Mgk —gnt)

(3.129)

— ;Eug’j;\,“ hio,. . 0™) | D Toior + Eu§y (Ts,—0,) —
£k

Together with the fact that the product Gibbs measures are concentrated only
on the sets where the overlaps take values 0 and 1, (3.129) permits to compute the

distribution of all higher overlaps in terms of the two-replica overlap. E.g., if we put
A, = 151%20 Eug,%(]lalzazz,,:an) (3.130)

then (3.129) with h = T,1_,2_...,» provides the recursion

-1 1 1-A
An-{-l: nn An"‘;AnAZ:An <1_ 2>

n

— ﬁ (1 ! _kA2> Ay (3.131)

. :F(n + Ag)
~ T(n+ 1)I(A2)

Note that we can use alternatively Theorem 3.8 to compute, for the non-trivial case

G >+v2In2,

]%igougzj\,(ﬂal:azz..:an) = /W(dy, dw)w" (3.132)
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so that (3.131) implies a formula for the mean of the n-th moments of W,

T'(n+ 1)[(42)

E/W(dy,dw)w" = (3.133)
where A = E [ W(dy, dw)w?. This result has been obtained by a direct computation
by Ruelle ([Ru], Corollary 2.2), but its derivation via the Ghirlanda—Guerra identities
shows a way to approach this problem in a different manner that has the potential

to give results in more complicated situations.?®

3.2.6. Final remarks.

We have seen that the random energy model, although rather trivial and artifi-
cial looking when considered as a model of interacting spins, exhibits a rather rich
and interesting structure which shows by explicit computation characteristic features
of a strongly disordered model. In particular, in contrast to the models we have
discussed before, we have seen the appearance of a truely random limiting Gibbs
measure, showing that the concept of the metastate introduced in Section 2 is actu-
ally meaningful, and unavoidable if the full asymptotic properties of the Gibbs states
are to be described adequately. In the remainder of these notes we will have this

picture in mind when studying more complicated models.

3.3. Correlated Gaussian processes: p-spin models.

Having seen how much can be found out about the i.i.d. case, we will now return
to the more general setting of correlated Gaussian processes introduced in Section
3.1. Physicists have studied such model as early as the REM [D1], and soon a full
solution of the p-spin model with p > 3 based on the heuristic “replica-method” was
given in [GM]. In the context of this method it was found that some considerable
simplifications take place once p > 2, in particular if the temperature is not too
small. In 1998, M. Talagrand discovered that these simplifications also allow to
obtain substantial rigorous results on the low-temperature phase of the model which

28 \[ore generally, one may dervive recursion formulas for more general moments of Ruelle’s

process that show that the identies (3.129) determine completely the process of Ruelle in terms of
the two-overlap distribution function.
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are as yet unavailable in the case p = 2. While I will not review all of Talagrand’s
results here (many are not even published at the time these notes are written), I will
show that using some rather simple estimates it is possible to gain substantial insight
in the structure of the Gibbs states of this model. Further material can be found in

Talagrand’s lecture notes [T4].

Why should there be such a remarkable difference between the case p = 2 and the
cases p > 37 We will see that this can be understood as the result of a competition
between correlation and entropy. If we consider the number of configurations o’ at
Hamming distance r from a given configuration, then clearly this number increas-
es like exp (N(In2 — ¢(1 — r))) (where ¢ is the Cramer entropy defined in (3.113))
which, for 7 ~ 1 behaves like exp(N(In2 — (1 —)?2). On the other hand, the correla-
tion between two such spin-configurations behaves like (1 — r)P. It will turn out that
this will imply that for p = 2 correlations over the entire hypercube are important,
whereas for larger p, spin-configurations that are at distances close to 1 from each
other can be regarded as essentially uncorrelated. This will mean that in the latter
case, on the large scale the system behaves much more like the REM, even though

this is far from trivial to prove.

In the REM we have seen that essentially all the results can be derived rather eas-
ily from the basic Theorem 3.3 which is a classical result from extreme value theory.
Naively, one would expect that there should be comparable results covering the cor-
related case. As it turns out, this is not the case. Even though we are in the relatively
convenient and widely investigated setting of Gaussian processes, classical results and
methods fall short from giving anything like Theorem 3.3. The main obstacle is that
one is unable to determine the precise value of limnqoo N -1 sup,csy Hn(0), worse,
one is not even able to prove the existence of this limit! Before entering into the
“statistical mechanics” approach, it will be rather instructive to learn to appreciate

this point by trying out what standard methods could reveal about this problem.
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3.3.1. Classical estimates on extremes.

We consider the Hamiltonians defined in (3.13). To work with normalized Gaussian

processes and to emphasise the analogy with the REM, we introduce

— 1 p—SK
Ho =~ HY (o) (3.134)

Classical tools for estimating maxima of Gaussian processes are comparisons with
simpler processes for which such estimates are more readily available. The most

basic of these comparison methods rely on Slepian’s lemma:

Lemma 3.16: [Sl|Let X,,Y, are standardized Gaussian processes on some set Sy .

Assume that for any o, 7 € Sy,

EX, X, <EY,Y, (3.135)
Then, for any ¢ € R,
P [ sup X, > x} >P [ sup Y, > x} (3.136)
ocESN ocESN
In particular,
E sup X, >E sup Y, (3.137)
oESN oESN

An immediate and otherwise trivial consequence of Slepian’s Lemma is the fact
that the ground state energies of the p-spin models are monotone in p and dominated

by that of the REM. Naturally one would like to get a lower bound.

Proposition 3.17: With probability one, for all but finitely many N,

: @l < s
]%1%{)10 sup NT >v2In2(1 —cp) (3.138)

where for large p, c, ~ p27P.

Proof. We will now give a proof based on a standard Gaussian comparison lem-

ma, originally due to Slepian [Sl] that can be found e.g. in [LLR| (Theorem 4.2.1.).
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The idea is to see to what extent the independent r.v. X, of the REM are reason-
able approximations of the dependent 7, of the SK models, in the sense that their
extremes are comparable. To this end one would like to compare the probabilities
P[Vo,Hs < un] and P [Vo, X, < uy] = <I>(uN)2N. The Normal Comparison Lemma

states the following:

Lemma 3.18: [LLR] Let Z; be a family of standard normal variables with covariance

matriz R. Then for any real u,

n o 1 |Rij| u’
P[Z1 <uy,...,Z, <u]—®(u)"| < — 2 exp <—TR”| (3.139)

Applied to our problem, a first attempt would yield the bound (due to the sym-

metry, we identify o and —o)

1 |R(c,0")P| u?
P Vo, Hy < u] — & ZN‘ < ) _
‘ Vo, Ho < ul (W)™ ] = 27 gﬁ; 1 — R(o,0')?p B |R(c,0’)|P
1 |m|P u? >
~ o Y. D Nr@en=m Tt
meMn\{—1,1} oF#0c’
9 —Nop(m
_ 1 Z |m|102 J— 2¢—No(m)
2m mEMa (1.1} 1 —m?p 2rN (1 — m?)
(3.140)
where
My ={-1,-1+2/N,...,1—2/N,1} (3.141)

is the set of possible values the “overlap” R(c,oc’) can take on. Now we would need
to have the right-hand side tend to zero for values of u at which the maximum of 2%V
standard Gaussians is taken, i.e. where (I)(U)QN is between zero and one. Now it is a
well-known fact that this means that u has to be very close to uy = v N21In2. With
this value inserted, (3.141) yields indeed

P Vo, H, < un] — @(uN)zN‘

<

1y 2 mP (o) 22222) (3.142)
2
2T mEMa{—1.1} 27N(1 —m2) 1 —m?P



108 Section 8

One now sees immediately the crucial difference between the cases p =2 and p > 2.
In the former, due to the fact that ¢(m) ~ m?2/2 for small m, spin-configurations
with overlap close to zero give a large contribution to this sum. On the other hand, if
p > 3, the contribution from a neighbourhood of m = 0 is of the order N~ (—1)/2 only.
One might at first hope that the larger values of m also give no large contribution,
but closer inspection shows that this is not the case. Indeed, for all p, there is a
(shrinking with V) region near |m| = 1 which gives a non-vanishing contribution to
the sum, and thus it will not be true that the left hand side of (3.142) will be small
for any p. This is in fact very reasonable, since it is clear that there should be some

effect coming from the strong correlation of spin-configurations that are very similar.

mP21n2
1+|m]P

In the sequel we need the following properties of the functions ¢(m) —

Lemma 3.19: For any p > 3, there exist my, > 0, such that for all m < m,,

mP21n2

pp(m) = ¢(m)

Moreover, m, can be chosen in such a way that m, T 1 as p T co. For p large,

mp,=1—27P,

0.2 0.4 0.6 0.8
-0.025!
-0.05!
-0.075!
-0.1!
-0. 125!
-0.15!
-0. 175!

Pa(z)
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0.2 0. 0.6 0.8
-0.02}
-0.04]

-0.06¢

-0. 08¢

¥3(z)

0. 04

0. 02}

0.2 0.4 0.6 0.8
-0.02/

-0. 04}

Ya(z)
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0.2}
0.15}
0.1
0. 05}
0.2 0.4 0.6 0.8 1
¢10($)

Based on this lemma, our strategy is now simple: Find a set IC, C {—1, 1}V of
cardinality K, as large as possible such that for any 0,0’ € K,, |R(0,0")| < m,.

Suppose we can find such a set with K, = 2N(1=7) Then on the one hand

sup Hs > sup He (3.144)
oce{—1,1}N oek,

while if the H, with o € K, behaved like independent Gaussians, their maximum

would be around /N2(1—1,)In2. The Normal Comparison Lemma applied to
these variables on this level then yields

2N(1_"/p)

P [Va € Kp, Ho < \/N2(1 ) 1n2] iy <\/N2(1 ~y,)In 2)

<2 ¥ |R(0, 0")?| p( N(1—7p)21n2>

1— R(o,0)2% “P\ 11 |R(0,0') P

(3.145)

1 |m[P _N(-vp)2ln2
= > 3 2 lkeen=mi—me T

m=—m, o#o'ek,

Assuming a homogeneous distribution of the set IC,, one can reasonably assume that

2
§ 1 N 92N(A=y) = —Ng¢(m) 3.146
oyt {R(o,0")=m} 2N (1 — m2) € ( )
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in which case the right-hand side of (3.145) would simplify to

1 i mP e—N<¢(m)——”‘7flT,‘:|Z’"p>
2 = 1 m?2p (3.147)
< CPN—;D/2

and this would prove that the maximum of the #, is indeed of the order of
VIN2(1 —7,)In2.

It remains to establish that we can find sets K, with the desired properties. The
following construction may look quite ridiculous and is possibly too complicated,
but due to the author’s lack of insight into the geometry of the hypercube in high

dimensions, it is the only one he can provide.

Consider K i.i.d. random elements 01,05, ...,0x in {—1,1}¥, distributed accord-
ing to the uniform distribution on {—1,1}". We want to estimate the size of the

largest subset K C {1,..., K} with the property that for all o, 0"’ € K, R(o,0") < my.

Lemma 3.20: Let 01,09,...,0K be random variables as described above. Then
E|K| > K(1 — K exp(—N¢(my))) (3.148)
Moreover,
~ 1
P [|1C| > K(1- 2Kexp(—N¢(mp)))] > (3.149)

Proof. Note that

K—|K|<|{i€l,...,K|3j #ist.|R(os,05)] > my}]

K
<Y Lir(oiep)izm,)

i=1 j#i

(3.150)

Now

K
Eo > D WR(oroy)zmy} = K Ps [|R(0s,05)| > myp] < K2 No(me)  (3.151)
i=1 j#i
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and from this (3.148) is follows. Similarly, one verifies easily that

2
K

Eo [ DD TiRoiop)zm,} | < Kl 2V00me) 4 6K 3e=2Nelms) 4 g2 Nolms)
i=1 j#£1
(3.152)
From this one deduces (3.149) via the Paley-Zygmund inequality, which states that

for any positive random variable X and 0 < ¢ <1,

, EX?
(EX)?

P[X > gEX] > (1 - q) (3.153)

&

Lemma 3.19 tells us that if we choose K such that K exp(—N¢(m,)) is small, then
almost all o drawn will be isolated from the others as desired. Since ¢(m) converges
to In2 as m tends to one, it is clear that we can find ~, tending to zero as p tends
to infinity such that this holds with K = 2N(!1=7)_ An asymptotic analysis of the
function ¢ (z) for large p yields the estimates claimed in the theorem. <<

Having seen how we can prove a lower bound on the ground state energy and thus
the free energy of our model, it is tempting to also get an upper bound that improves
on the trivial REM bound.

Proposition 3.21:In the p-spin SK model, there exists c, > 0 such that almost
surely for all but finitely many values of N,

H—p—S’K(O_)
sup ———— <v2In2(1 —cp) (3.154)
UESN N
Moreover, for p large,
—a? p
cp > 2 pf’m (3.155)

withapzl—l—ﬁ—l—,/lem tending to 2 as p 1T oco.

We will set in this section EH, H, = f(R(o,0’)) where in the application to the
p-spin SK model, f will be the p-th power. We will assume that f is an increasing

function.
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First we establish the existence of a p-covering of the set Sy = {—1,1}¥.

Lemma 3.22: Let 1 > p > 0. Then there exists a set Kn(p) C Sy with the

following properties:
(i) For any o € Sy, dist(o, Kn(p)) < p.
(i) N"'In|Kn(p)| < ¢(1 — p) + o(1).

Proof. Again we will establish the existence of such sets by showing that a random
set of the cardinality given in (ii) will have property (i) with probability close to 1.
Thus let K = {ki1,...,k x|} be a set of i.i.d. random variables taking values in Sy

drawn from the uniform distribution on Sy. Let P denote their law. Then

P [,es, dist(o, K) > p] < 2VP[dist(o, K) > p]

< 2VP [Viex dist(o, k) > p]

< 2N (P[dist(c, k) > p])'¥! (3.156)
) < o))

)
(

< 2N (1 —P[dist(o, k

< N o~ IKIP[dist(7,k) <p]

This probability is exponentially small, as soon as for some € > 0,

In2N(1+¢)

K| >
K| = P[dist(o, k) < p]

(3.157)

Since P [dist(o, k) < p] ~ e~ V¢(1=°)  the claimed result follows.<

Let now a set Ky (p) be given. We introduce the map &k : Sy — Kn(p) that maps
any configuration o to the point k(o) € Kn(p) that is closest to 0. We will use the

following obvious relation, valid for all 1 > p > 0 and all z:

P [ sup Ho > $:| < Z P l sup He > :c] (3.158)

o€SN kCK N (p) ocESN,k(o)=k

Now

P sup He>zx| = Z P He € [£,L+1), sup  H,>z| (3.159)
ocESN,k(0)=k ocESN,k(o)=k

l=—o00
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Moreover, it is clearly true that

P|He € [£,£+1), sup He >x
cESN,k(o)=k
(3.160)

<min | P[Hy € [6,L+1)], Y  P[Hi€[LL+1),H, > ]
o:k(o)=k
The idea is now that for £ “large” the maximum of the process #, can be bounded
by the first term, while for / too small, the joint probability is reduced due to the

strong correlation between H, and Hy. Indeed we have for £ > 0

P[Hy € [6,6+1)] < 2 /2 (3.161)
while
PHe € [£,0+1),H, > z]
B 1 1 441 oo _y22+1zf}22(§(z,k)2)zy (3_162)
_%Vl—(f(Rak)))Z/e dy/m dze 20— (F(R(a,k)))?)
Now
y?+ 2" = 2f(R(o,k))zy _ » n 2*(f(R(0,k)))* +y* — 2f (R(0, k))zy
1= (F(B(o, 1))? e 5,163

| Gf(R(0, k)~ y)?
(1 - (B 1))

Now note that by construction, if k() = k, then f(R(o,k)) > f(1 — p). It is clear

that the second argument in the minimum in (3.160) has a chance to realize the

minimum only if z is substantially larger than £. In fact we will bound this minimum
by its second argument only if f(1 — p)z — (£ + 1) = 6, > 0. In that case, on the

domain of integration in (3.162), the exponent in the integrand is bounded by

%Gﬂ+1—wg—mv>

(in fact the integral is bounded by replacing the f(R(o,k)) by f(1 — p) everywhere)

and so

52
3|2t
P[Hi €[(,£+1),H, > ] < Ce ( Lmey ) (3.164)
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Thus for any £y s.t. o < zf(1 — p), we can obtain the bound

Z i P [’Hk €L, L+ 1), sup He > m]

KeKy(P) t=—oo oESN,k(0)=k

Z g (zz+ (mf(l—p)—l+1)22> Z £
< 2N Ce LUERAET )y |Kn(p)|2e™ (3.165)
2 £>4
1 F(I-p)—Lo+eo—2)2

2, (= 2
—3|z"+ _ — 2 ) _ (Lo+t—%p)
— § :2Nce ( 1—(f(R(1-p))) + § |KN(p)|26 2
2<¥y £>1y

Clearly, the last expression is bounded by

1 (mz+ (mf(lfp)*lo)i) 2

NC [ 2Ve PUERAEODT) L | Kn(p)|2e” 2 (3.166)
Now set £y = zf(1 — p)d, 0 <& < 1. Then (3.166) reads

n2—22 (14 0=92720—p)
NC (eNl 0 <1+1*(f(R(lfp)))2> +eN¢(1—P)—§52f2(1_”)> (3.167)

The optimal choice for § is obtained by equating the exponents in both summands.
This yields (set f2 = f2(1 — p))

2 1—8)2f2
0=N(n2—¢(1—p))— % <1 + % — 52f2> (3.168)
" 2N(In2 - 6(1 - )) (1 — f?)
02— (1 — _
> P = (1 — f25)? (3.169)
leading to
5 fl (1 - WN(lnz - ¢(;2— p)(1 - f2)) (3.170)
Inserting this into (3.167) we see that our probability is bounded by
exp (VoL - )~ 5z (- VEN@Z 00— -79) ) (am)

For this to be exponentially small, we must have that x > x. where

ze =f\/2N§(1 — p) +/2N(In2 - ¢(1 — p))(1 — f2)
= VaN2 (/61— p)/ 2+ = 6(1— p)/n2)(1 - /7))

(3.172)
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The final result is now obtained by minimizing this expression with respect to p.
While the exact computation of the minimizer is rather cumbersome, in case f(y) =

yP, using the leading asymptotics in p, i.e.

1— f%=2pp+O(p?)

and

In2+1
¢(1—p):1n2+£1np—pn i

02
5 5 +O(p%)

we get up to terms of order p?|In p|?,

e 1 In2+1 1 In2+1

2In2 2In2
| In2+1 | In2+1
_ VaNmz[1-, |Inp|+1n2+ +p_\/p(|:r1p|—|—m + )
41n2 In2

(3.173)
Setting p = 2_"‘27’, we get

2y In2+1 n2+1
acc:\/2N1n2(1—2_°‘2p (O‘p+ net +p—\/p<pa2+ net )))

4 4In2 In2

(3.174)
For large p we can neglect the term of order p in the expansion of ¢(1 — p), which

leads to the approximate formula

2
2, ~V2NIn2 <1 _9-"py, (% r1- a))

(3.175)
zv2N1In 2 (1 —27pp (o — 2)2>

Now the coefficient of p in this expression should be positive if we stand to gain over
the trivial bound v/2N In 2, which is the case provided o # 4. However, we must also
make sure that § < 1. Going back to (3.170) and making the same approximations
as before, this yields the condition

1—+/pp*[Inp| 1-—app (3.176)

1> =
1 —2pp 1—2pp
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which is satisfied for a? > 4. In fact, we can optimize over « in the expression (3.174)
with the (unique admissible) solution
1 1

1+ —=5 3.177
pln2+ + (pln2)? ( )

ap =1+

This concludes the proof.$

Remark. In the case p = 2, i.e. the SK model proper, our bound (evaluated without
approximations using MATHEMATICA), yields sup 1 H (o) < v21n2 x 0.999832
which is considerably worse than the spherical bound of Comets [C1]. More generally,
we see that the improvement in the upper bound over the trivial REM bound is rather
marginal. While it may be possible with more work or some more clever tricks to
sharpen this bound a bit, it is an unfortunate fact that no known methods will allow

to completely close the gap between upper and lower bounds.

3.3.2. Truncated partition functions and overlaps.

We will now present Talagrand’s approach to the p-spin model. As explained in
the REM, this is based on the analysis of second moments of truncated partition

functions.
The first result is the analogue to Proposition 3.1 in the REM.

Theorem 3.23: In the p-spin SK model, (3.17) holds for all B < (3, where

6> 6= nt, <¢(t) Lt tp) (3.178)

Moreover,
2-P~1

In2

where cp, s the constant from Proposition 3.21.

) < Bp <V2In2(1 —cp) (3.179)

Proof. We use the same definitions as in Section 3.2.1. Note that the estimate (3.26)
carries over unaltered. A difference occurs only when computing the mean square
of the partition function. Namely, while in the REM only the two cases ¢ = ¢’ and

o # o' had to be distinguished, here we have to distinguish all different values for
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the overlap Ry (o,0’). We can use the convenient fact that H, + H, has the same
distribution as /2 + 2Ry (0, 0')H,. This gives

1
EZg,p,n (€)? =EoEqr Z ]IR(U,U’)Zt]EeB\/N(HG—i—HU,)]IH6<C\/N,H:T<C\/N

S (3.180)
< Z Eeﬁx/N\/erthHg]I

t=—1

Ho<2cV/ N //2F2tP E Eq ]IR(U,U’):t

where the sums over ¢ are understood to be over the possible values of Ry. Up to

sub-leading corrections,

2
\/ P N|(2Bc—555 .
Eeﬁ\/ﬁ /—2-‘1-2751’7{0—]1 B \/ZWN(,Bl(—"l_:—tP)—c)e ( 1+t ), if 14tP > C//B
Ho<2cq/N/(2+2tP) — 82N (14+47)
e )

if 1+t? <c/f
(3.181)

Therefore, using Stirling’s approximation for the binomial coefficients (3.115) we get:

(i) f B < e

_ B2N —No¢(t)+NB>tP
e 2e
EZ2 (c) < ( E
B8,p,N >

/1 _ +2
T e Y (3.182)
Z 2y/1 F tpe NN = —N(c—ﬁ)z) '
+
t:14+tP>c/f (1 - tZ)(ﬁ(l + tp) - C)
and
(ii) If B > c,
N(2B8c—c? 1 /
EZEP N(c) < & Z 2v1+1tP e—N¢(t)+N1CJ2r—iI; (3183)
P> 2rN = V1—2(B(1+tP) —¢)

We see that the expectation of the square of the truncated partition function is
essentially equal to the square of the expectation, provided that c is chosen such that
c2tP

1+1tP

inf[—¢(t) + ]<0 (3.184)
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Since we must choose ¢ > (3 if we want that that EZ5 n = Egﬁ,N (c), we see that
we can meet both conditions only if 8 < Bp as defined in (3.178). More precisely,

analyzing the function in the exponent near ¢ = 0, one finds:
Lemma 3.24: For all p > 3, we have

(i) If B < c¢ and c satisfies (3.184), then

EZE,N(C)~_ [EZs n(c)]? < { CpN_P/22+1, for p even, (3.185)
[EZg n(c)]? CpN—Pt2 for p odd,
(i) If B > c and c satisfies (3.184), then
EZ2 (c
f*’iN() < C,Nt1/2 (3.186)
[EZg,n (c)]?

Proof. Part (ii) is obvious and we leave the details as an exercise. To prove the

more subtle result (i), note that up to an exponentially small correction,

1
EZsn ()] =) €® VEoEqr Lp(o,0)—t (3.187)
t=—1
Therefore,
EZj n(c) — [EZg,n (c)]?
1
< Z (IEeﬁ\/Nv2+2tpHG]I

B°N
Ho<2cy/N/(2+2tP) e > Ky Eq ]IR(a,a’):t

t=-—1

B’ N ( 5 2e~No(®) (e+Nﬁ2t” _ 1) (3.188)
= J1 —¢2
2rN t:1+tP<c/B 1 t

9= NO () +N 25 —N(c—5)?
V1—t2

By (3.184) the second sum is exponentially small in N; for the first case, if p is even,

>

t:1+tP>c/B

use that on the domain of summation,
92¢—No(t) (6+Nﬁ2t” — 1) 5

VitZ | Vi—@-v

N/BQtpe_N(¢(t)—,32t2 (c/ﬁ_l)(p—z)/p)

(3.189)
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The bound (3.185) is now obtained using that ¢(t) ~ t?/2 for small ¢, comparing the
sum in (3.188) to an integral and performing a simple change of variables. In the odd
case, we expand the exponential to second order, and use that the first order term

gives no contribution by symmetry. This yields the sharper result in that case.{

Remark. The bound (3.185) is the analogue of the exponential bound (3.42) valid
in the REM. In [BKL] it has been shown that this variance estimate goes together
with a central limit theorem for the free energy, analogous to parts (i) and (ii) of
Theorem 3.2.

While (3.185) is weaker than its analog in the REM, it is still more than sufficient
to prove (3.32). From here the first assertion of the theorem follows just like in the
REM.

The lower bound on (3, follows from the analysis of the right-hand side of (3.178).
The upper bound in (3.179) is a consequence of Proposition 3.21. Namely, if im yoo EFg n =
—[32/2 for all B < 3,. Then for such g,

d d
—— — lim EF; y = — lim —EF3 5y = lim N~/2 H,
7 df3 Ntoo o Ntoo df3 BN Ntoo ug,N (Ho) (3.190)
< limsup N~Y? sup H, < v2In2(1 —c¢p)
NTOO UESN

This concludes the proof of the theorem in the case p > 3.

We cannot, however, resist the temptation to present an alternative proof that (a)
does not need the sharp estimate of Lemma 3.24, and that also works in the case
p = 2 (for B < 1). This clever trick was introduced by Talagrand already in [T1].
The argument uses an exponential estimate on the fluctuations of the free energy,
which follows from a classical concentration of measure inequality for functions of

ii.d. Gaussian random variables, to be found e.g. in [LT], page 23:

Theorem 3.25: Let X1,..., X be independent standard normal random variables,
and let f : RM — R be Lipshitz continuous with Lipshitz constant | f|Lip. Set
9= f(X1,...,Xn). Then

2

P(lg — Eg| > 2] < 2exp | —=———— (3.191)
2|11 7p
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Corollary 3.26: For any value of B and for any p,

2

N
P[|Fs.n — EFs x| > 7] < 2exp (-2—;2> (3.192)

Proof. Just check that as a function of the N? independent variables J;, .. ; the
free energy is Lipshitz with Lipshitz constant SN ~1/2. (Exercise!!). ¢

Remark. Exponential estimates of this type have played a major role in the devel-
opment of the theory in the last years. The observation that free energies tend to

satisfy such estimates appeared first, independently, in [BGP2] and [T1].

The crucial observation, first made in [T1], is that (3.192) and (3.185) are in
contradiction, unless (3.17) holds. To see this, use the Paley-Zygmund inequality

(3.153), which implies that, under our assumption,

C . . 1~
7 =P [Zﬁ,N(C) > qEZﬁ,N(C)] <P [Zﬁ,N > EEZ,B,N(C)]

1 ~
=P {_Fﬁ,N +EFgn > - InEZg v (c) + EFgy — N ' In 2} (3.193)

2
1 ~
< 2exp <—N (NlnEZﬁ,N(c) + EFg,n — N_11n2> /2)

provided % In EZg,N(C) + EFsny — N='In2 > 0; if this condition fails, by Jensen’s
inequality 0 < EFg v + 8%/2 < N~ 'In2, otherwise, (3.193) implies that |EFg y —
(%/2| < CN~1/2, Thus the first assertion of the theorem is proven. <

Remark. The argument yielding the upper bound on 3, can be inverted to show
that Bp is a upper bound for the ground state energy density,

—liminf yjoo N~ sup,es, (—HE °*(0)). Namely, since

d
—E— Fgn < N"Y2E sup H, (3.194)
d/B oceSN

for all 8, and for all 3 < 8., it is true that E%Fg, ~N = —(, it follows that

N7'E sup —HY K () > B, (3.195)
oSN
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This gives a much simpler proof with an improved estimate of Proposition 3.17. Thus,
we have already proven the existence of a phase transition, and we have estimates for
the critical temperature which become sharp in the limit p 1T oo, and, not surprisingly,
the limiting value is the same as in the REM. In fact, a simple argument which we
leave as an exercise shows that the free energy converges, as p T 0o, to that of the
REM! However, it is far more interesting to understand what happens to the Gibbs
measure at the phase transition for fixed p. The key tool remains the analysis of the
square of the truncated partition function. We have seen in the computation of the
mean of Zg, n(c) that in the case p > 2, practically all the contribution came from
the pairs of spin-configurations with overlap close to zero, and, possibly, +£1. One
clearly gets the feeling that that this computation must have some more profound
meaning, and that this should tell us something about the replica overlap distribution.
Unfortunately, this is not totally trivial, the main obstacle being that, unlike in the
REM, we do not know the precise value of sup, H,. We will now show how to

overcome, at least partly, this difficulty.

Theorem 3.27: For any € > 0 there exists pg < oo such that for all p > po, and for
all0 < B < o0
L Euy’s(|Rn(o,0")| € 6,1 —€]) =0 (3.196)

If, moreover, B < Bp, then for any € > 0 there exists py < oo such that for all p > po,
such that for some § > 0, for all large enough N,

Eul’s (|Rn(o,0")] € [e,1]) < e (3.197)

Remark. Note that we prove this result without any restriction on the temperature,
while Talagrand requires some upper bound on 3 both in [T4] and (largely improved)

in the announcement [T5].

Proof. Let us first consider the high-temperature region. In view of the fact that
we know how to compute the mean of the square of the truncated partition function

and that this would give the desired result, we only need to (i) justify the truncation
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and (ii) show that the partition functions in the denominator can be replaced by a
constant without harm. But (ii) follows from Lemma 3.24: by Chebyshev’s inequality,
it implies that for 8 < ¢ < Bp,
P[Zs,n < (1 = 8)EZp,n(c)] < PZpn(c) < (1~ 8)EZp,n (c)]
<P [@,N(C) ~EZsn(c)| > JE’Z”ﬁ,N(c)] (3.198)
< §2N1-P/2

To justify point (i), we use (3.198) to show that

Eu?ﬁv ({HU > eVNYU{Ho > m/N}) < 2FEug n ({’HU > C\/N}>

Ho’
Ea 6’3 )]I’H0>C\/N
Zg,N

EE, e?7- 1, >cVN =
—=>= +P[Zs,n < (1 - 6)EZg N (c)]
(1—0)EZg n(c)

, e Neers
~ (1-9)VN(-5)

Now we can conclude readily that

)
(3.199)

+ 5—2N1—p/2

VNHo+H, 1
EEJ,G' ]IH0-<C\/N7HO.I <C\/N]IRN(U'70")E[6a1]eB (ot )

(1~ 8)[EZp,n ()]

Eu?(|Rn(0,0")| € [e,1]) <

o—N(c—B)*/2

2 262 N1-P/2
1—VNe—B)

(3.200)

Using the representation (3.182), we see that the principal term in (3.200) satisfies
vN Ho+H 0
EEo,0' Uy covN . <evN LRn (0,0 )ele,1)€” VY FotHar)

= < Cexp(—Nece?)  (3.201
(1= B2 O = Coplec) (3201

with constants of order unity. This means that e can even be chosen as e ~ N~1/21n N,
showing that the measure at high temperatures concentrates as sharply on zero over-

lap as the uniform measure.

Let us now turn to the more intricate and more delicate low temperature case.

Again we have to justify truncation, and we need a uniform lower bound on the
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partition functions in the denominator. But first we must decide how to truncate.
Note that so far we used truncation only for high temperatures and in such a way
that the truncations did not alter the mean partition function. At low temperatures
this will not do, and we must dare truncation with ¢ < . In the REM we have
actually seen a much finer truncation at work that isolated the main contributions to
the Gibbs measures coming from the extremal order statistics. This suggest that we
should try to truncate at the ground state energy. Unfortunately, we do not know its
limiting value, and we do not even know that it has a limit. Fortunately, however,
we are able to show that its random fluctuations are quite small. This will give us

an opportunity to actually use Theorem 3.25 in a situation where all else would fail.

Lemma 3.28: For any € > 0, and for all N large enough,

2

P ‘sup H, — Esup ’HU‘ > x\/ﬁ] < exp (—N%) (3.202)

Proof. This is in fact a simple corollary of Theorem 3.25. All we have to show is to

compute the Lipshitz norm of sup, H,. But

sup Hcf [W] — Sup Ha [wl] < sup |HO’[W] - Hcf [WIH

= NP2sup| 3 (Tiyyiy [0] = iy 00, -0, (3.203)

11,5--452p

< NP2\ Jw] = Jw')[2NP2 = || T [w] = T[w']||2

which means that the Lipshitz norm of sup,(H,)) is equal to one. {

As a consequence, we can introduce without harm the indicator function of the
event that sup, H, < Esup, Hs+cn, where cjy ~ C'ln N. On the other hand, we can
bound the partition functions in the denominator by 2= exp (ﬂ\/ N(Esup,(Hs) — cN)> ,
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since clearly
P [ZB,N <2 Nexp (ﬁ\/N(IEsup Ho) — cN)>]
<P {2_1\[ sup eBVHe < o=N exp (ﬂ\/N(Esup He) — CN>:| (3.204)
2
=P [sup Hn(o) < Esup(Ho) — CN:| < exp <—7N>
Now let I C (—1,1). Set Ey = N~'/?Esup, H,. Then

Ea,a’ eﬁ\/ﬁ('ﬂa +Hor) ]IRN (o,0")EI

sup, Ho <VNEn+cy 9—2N 28N (En—cn /vVN)

2
+ 2 exp (—7N>

EE, 0¢8Nl Ha)

EuS? (Ry(o,0') € I) = ET

< o +H, <2V N Ey+2en) LRy (0,0))€T
- 9—2N 28N (En—cn /V'N)

2
+ 2exp (—71\[)

Now assume that 3 > En + cx/v/N. Then, as in (3.183),

(3.205)

EEU,U, eﬁ\/ﬁ(ﬂ"—i_H”')]{H(’_yHG,S2(\/NEN+CN)]IRN(U,U')EI

9—2N 28N (En—cn /V'N)

c —1/2y2,p
eN(2In2—(By+en /VN)’ +48N " ?ey) o /T T e Né(+N Catens
<
) 2N 2 (U= 2)(B(L+ %)~ By — N-1%cy)

(3.206)
The pleasant aspect of this expression is that it is essentially independent of 3, since
cnN goes to zero with N. Moreover, we know that v/2In2 > Ey > M(l —¢p),
with ¢, = 27P/In2. Thus, any interval I on which

21n 2¢P

N

> cp~ 2P (3.207)

gives only an exponentially small contribution. This applies to all intervals except
(—27P/2,277/2) and [1 — 27P,1]. This proves the theorem. ¢

Of course we would like to know more precisely how the the overlap is distributed

on the remaining two little intervals. In particular it seems more than reasonable
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that the phase transition is accompanied, as in the REM, by a charging of mass to the
neighbourhood of the value one, which would imply a “lumping phenomenon” of the
Gibbs measure. But it looks at the moment rather hopeless to get such information
from a computation like the preceding one; in particular, as long as we do not know
the precise value of Ey (remember how sharply we had to estimate in the REM to
get such information out!). Thus to get more information, one has to use some more
subtle tricks. We have already seen in the REM, that integration by parts provides
rather powerful insights. In fact, most of Section 3.2.5. can be carried over to the

p-spin model with some changes.

3.3.3 Ghirlanda—Guerra identities and lump masses.

All we want to do now is to use the Gaussian integration by parts formula (3.122)
for the p-spin model. Of course the i.i.d. Gaussians to use for that are no longer the
Hamiltonian, but the independent couplings J;, .. ; . The analogue of Lemma 3.12

is
Lemma 3.29: For any value of 3, in the p-spin model,

d

B 5 F = 6 (1 By (Ri(0:0)) (3.208)

Proof. We just repeat the steps of the proof of Proposition 3.12 with the obvious

modifications. Namely

E,H,e? VNH,

— —-1/2 o
aplen =Nk E, ¢6vVNH,

.y
dﬂ

Eso0iy,- .. ~eﬁ‘/NH"

Uzp

_NeI2 Y R

1<i1,0nyip<N

.y P Eo- eﬁ\/ﬁ’Ha

2 2 ,8VNH,
:N_(p+1)/2 Z E(ﬂN_(p_l)/QEUO-”;é"Z\’/pHe
o € 7

1<iy,0nyip<N
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219"

— gN—(p—1)/2
g E, B, efVN(Ho+H,1)

N(Ho
EO-EUIO'il,...O'ipO'I ..O'épeﬁ\/_(’H' +Ho”)>

) (3.209)
E,E, (N_1 Zfil amé) eBVN(Ho+,1)

= —BE

E, E, efVNHo+H,1)
This is (3.208).$

As first observed by Talagrand, the equality (3.208) implies that the replica over-
lap cannot remain concentrated on the value zero for all values of 3. Namely, assume
that for all values of 8 € [0, b], limpnqeo E“??N (R%(0,0")) = 0. Then it is plain from
(3.208) that, in this interval, limpn1o0 EFy g = —(3?/2. Thus the replica overlap can-
not remain zero beyond the critical value. This actually suggests that for all values
B > Bp, liminf xyeo EugizN (R%/(0,0")) > 0, but there is unfortunately no monotonic-
ity argument available to prove this?®. However, the estimate on the ground state
energy from Proposition 3.21 implies strict positivity at least soon after the critical

point. In fact,

Proposition 3.30: For all 8 > v/21In2(1 — ¢,), with ¢, as in Proposition 3.21,

lizr\%inf E/‘?,%V (R%(0,0")) >0 (3.210)

Proof. Just note that by the first line of (3.209) the left-hand side of (3.208) is
equal to N~! times the average of the Hamiltonian, which in turn is bounded by N—!
times the mean of the supremum of the Hamiltonian. The estimates from the proof
of Proposition 3.21 then suffice that this is less than v/2In2(1 — ¢,), contradicting
(3.208) unless (3.210) holds. ¢

If we combine Proposition 3.30 with Theorem 3.27, we see that above the critical
value of (3, the overlap has a non-trivial distribution supported on the neighbourhoods
of zero, and +1, while intermediate values are excluded. As Talagrand observed in

[T3], this fact alone allows to draw rather stringent conclusions about the Gibbs

29That is to say, it is in principle possible that the overlap would exhibit a very erratic oscillating
behaviour just above the critical value of 3!
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measures. Roughly speaking, and maybe not too surprisingly, they amount to saying
that the Gibbs measure look like some softened up version of that of the REM. More
precisely, one can conclude that asymptotically, as N 1 oo, the Gibbs measure will
be concentrated on a small subset of the hypercube that consists of of even smaller
disjoint components that Talagrand called “lumps”. Each lump is of size no bigger
than O(27P), while the distance between any two lumps is at least 1 — O(27P/2).
More precisely, is possible to decompose the state space Sy into a collection of

disjoint subsets Cx such that

(i)
}[1%20 Eu?ﬁv ({(o,0")| |Rn(0,0")] > €}\ U, Ck, x Ci) =0 (3.211)

(where the Ci depend both on N and on the random parameter!), and

(ii) If 0,0’ € Cg, then Ry(0,0') > 1 —€.

Lumps surrounded by empty regions

These facts follow from quite simple geometric considerations that we invite the

reader to work out for herself or to look up in [T3].
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The most important contribution of Proposition 3.30 to this picture is that it
implies that at least one of these lumps has positive mass. Of course one would ex-
pect that the distribution of the masses of the individual lumps should be somewhat
similar to the situation in the REM as well, i.e. the total mass should be distribut-
ed according to some law on a countable set of lumps. In the REM this was the
consequence of a fundamental theorem on the Poisson convergence of the extreme
order statistics of an i.i.d. family of random variables. There seems no immediate
way to obtain a similar prove in the p-spin case. On the other hand, we have seen
that substantial information on the lump distribution could also be obtained via the
Ghirlanda—Guerra identities. Talagrand has announced that this path is feasible also

in the p-spin case, and we will follow him at least some steps along this road.

Theorem 3.31:  Assume that 8 > 3,. Let Cp be ordered such that for all k,
un,g(Ck) > ung(Crt1). Then for all k € N, there exists p, < oo such that for all

b Z Dk,
]}[1%1010 Eun,g (UF_,1C) < 1 (3.212)

except possibly for an exceptional set of 3’s of zero Lebesque measure. Moreover, for

2Ink
k large, px ~ 5105 -
Proof. In fact, just as we could prove an analogue of Lemma 3.12 for the p-spin
model, we can also generalize, virtually without changing the proof, Proposition 3.15.

This reads

Proposition 3.32:In the p-spin model, for all but a countable set of values (3, for
any bounded function h : S — R,

li E ®n+1 1 n P k _n+l
Jim \Bug (R(o%, ., 0™ Ry (0%, 077T))
— 1Eu®"+1 h(o? o") ZRP (0!, 0®) + Eu®?, (R% (01, 02)) =0
n BN 1ttt N ) g,N\tn 01,02
Ik
(3.213)

Proof. We leave the proof, which follows that of Proposition 3.15 in detail, as an
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exercise. See also [L] for a good and general exposition.

Choosing h to be the indicator function

hot,...,0™) = Ty, ry (0% ,0!)=qu (3.214)
we get that (for almost all 3)

11m ]Eu‘@’”rl [RR (0%, 0™ ) Viti Ry (0%, 0') = qui]
(3.215)

=— qul hm Eu (Rp (o', 0%))
™ ik

which is the relation (17) of [GG].

Assume that the assertion of Theorem 3.31 fails. Then there exists a first instance

k* such that

leigo Eun (u{;lc,) =1 (3.216)
Now define events QE(}) € B, by

oM = {E € [-1, 1" V2 o | Ris| < 60} (3.217)

The important observation is that, if { Ry (07, 0%) bi<ick<is € QE’;*), then there exists
some permutation 7™ € Sy~ such that, with probability one o* € Crx) for all k < k™.

In particular

k*+1 | pp (k k*+1
JlrlTrgoEu [R (6%, 0" THI

®k +1 D k*—i—l
hm ]EM [R ( y O )]IEI,,V‘I'“:*IG’ECW(I)]

{RN(al,am)thgk*eQEﬁ*)]
(3.218)
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But

®k +1 | pp k*+1
E:u’ |:R (O— o )HHWV;"Z*IUIEC,‘.([)]

_ ®k*+1 [ pp (o k k" +1
= Z Epiyng [RN(" 'O )]Ivf;v’écwm]
TES*

_ ®k* +1 P k k*-i-l
=2 ZE“ [R (o )]I“k*+lecwu>]IV?;U’ECM]
TESE* 7=1

— Z ZE/J,®k +1 [Rp (U UJ)]IUk*+1EC7r(J)]I o Ecw(l)]
mESyx jFk

§ : ®k +1 P k k*-{—l
+ E:u’ |:R ( )Hak*+1ec7r(k) HV;‘::*]_O'ZEC,‘.U)]
TI'ESk*

(3.219)

where we used the symmetry between replicas in the terms j # k to exchange o* +!
with o7. Note that for the first term we have the obvious (though not very good)

bound

®k*+1 P J
0= Z ZEM [R (0 g )]I‘Tk*+1ecr(j) vaz*ldlecr(z)
TESyx j#k

P, k"
< EOEMN,ﬁ []Ivf:“lalec,,(,)]

- it o

(3.220)

while the second term satisfies

®k +1 ¥4 k k*-{—l
Z E,Ll, |:R ( )Ho'k*+lec7r(k) ]I Lol EC,,(Z):|
TES*

k*+1
(1—¢)? g EU® * [ Ok*+1€Cx(k) ]Ivfz*lglecr(l)]
el (3.221)

1 k* 41
k* (1 - el)pEM(@ + |:]IV‘Z"’:*10’EC,,(1)]

= - arEgh (o]

where we used the obvious permutation symmetry among the first k* replicas. Let us

now use (3.213) with f chosen as the indicator function of the event QE’;*). Clearly
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we get

Jim Eufl B (0", )T

L. k™41 * 2
= k* i Eu%’ﬁ—ir []I{RN(U’,Jm)}lsmswEQE,S*)] <(k ~Dep+ EM%'BRP(J’ Jl))
(3.222)

k*
{RN(UI,Um)}nggk*EQEO )]

Comparing (3.220), (3.221) to (3.222) we see that
(1—€)? < (k* —1)ef + ]%1%20 Euy g RP(0,0") < (K* —14po)e’ +p1  (3.223)

This implies the lower bound

— p _
pes (Loe)f—m (3.224)
€
Quantitatively, this estimate can be refined to
k* > C712%P/2((1 — C27P)P — py) = 2Ppy(1 — O(27%P)) (3.225)

This proves the theorem.

Remark. It is actually possible to prove, under the additional assumption that 3
is not too large, that for large enough p, (3.212) holds for all k, i.e. the number
of lumps with positive mass is unbounded. This follows from an improved estimate
on the lower bound of the interval of excluded replicas under such conditions that is

given by Theorem 1.5 from [T3],resp. in improved form Theorem 8.8 of [T4].

Theorem 3.33: [T3] There exists py < co such that if p > py and 3 < 2P/275, then
for any € > 0,
JlViTm Eu®?B8,N (|Rn(0,0") € [e,1 —277]) =0 (3.226)

I will not give the proof of this theorem, which is technically rather involved. Also,
the condition that 3 should not be too large appears unnatural. Let me just mention
that it makes use of the so-called cavity method, or induction over the volume. We
will introduce this important method in the final part of these notes in the context
of the Hopfield model only.
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4. Mean-field models 2: Hopfield models

In this section we turn our attention to the second line of generalizations of the
Curie-Weiss model we mentioned at the beginning of Section 3. That is we will study
models that share with the Curie-Weiss model the feature that their Hamiltonian is
expressed as a function of so-called “overlap parameters” or “macroscopic functions”.
The model we will focus on here is the so-called “Hopfield model” [Ho]. In this case,
the macroscopic functions are just the “overlaps” with a random set of a-priori chosen
spin configurations, typically denote by ¢1,...,¢&M € Sy and called “patterns”. We

set
my (o) = Ry(o, ") (4.1)

If the £€# are chosen at random, these quantities become random functions on the

space of spin configurations, and a random Hamiltonian is defined e.g. via

Hy(o)=-NY _ m2(o) (4.2)

This choice yields the famous Hopfield Hamiltonian.

4.1. Origins of the model.

The story of the Hopfield model is quite interesting and worth to be detailed. The
name goes back to John Hopfield, a physicist at Caltech interested in modelling the
behaviour of networks of neurons (for a more general survey, see [A], and from a
more mathematical perspective [P]), such as the human brain. Now the brain is a
really messy system, composed of a giant mesh of roughly 109 cells, called neurons.
These neurons are all linked up via so-called dendrites, essentially long organic wires
that are capable of transmitting electric impulses from one neuron to another. What
these neurons do basically is to send out and receive sequences of such electric pulses
at various frequencies. The important thing is that the frequency (or firing rate in
the jargon) at which a neuron sends out its pulses depends (among other things) in
a rather complicated manner on the signals coming in from all the other neurons
it is connected with. That is to say, each neuron is a small device that processes

incoming information and transmits the result to other neurons. Apparently, the
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way these things are hooked up, this produces a device that can perform rather
amazing computational tasks (like reading these pages and possibly making some
sense out of them...). How can one possibly understand how such a system works?
Clearly, already a single neuron is a rather complicated system whose dynamics is
far from easy to analyse; trying to analyse the joint behaviour of billions of them
looks thus hopeless. In such a situation physicists like to simplify the models, and
to abstract from details while keeping what are believed to be the essential features.
The first step in this simplification goes the same way as our old friend Ising: simplify
the “state space” of a single neuron to the simplest possible one, {—1, 1}, suggesting
that the neuron fires “rapidly” or “slowly”. This idea goes back at least to McCulloch
and Pitts [MP] in 1943. Now it was known that a neuron changes its state at a rate
depending on the compound, but weighted, effect of all its input signals, that are
functions of the states of those neurons that are connected to it3°. We can think of

this effective input signal as some field

hi = fi ({oj}jene)) (4.3)

where N (i) denotes the set of all neurons “firing” into the neuron ¢. The way the
network processes information then depends on the structure of these neighbourhoods
(the “graph” of connections), and the properties of the functions f;. Setting these
up corresponds in a way to programming the system. Clearly the simplest choice for

a function f; is a linear one, that is

fi{oitjenw) = D Jijos (4.4)

JEN(i)
It is known that the effects of a signal on a neuron can go both ways, inducing it to
fire or to stop firing. Thus the coefficients J;; should have the possibility of taking
both signs, and different strengths. Thus we see that this field looks like the local
field acting on site ¢ in a spin glass model. Of course, contrary to a spin glass, the
coupling should not be arbitrary, but be programmed to ensure a particular task.

But how can such programming happen? As early as 1949, D. Hebb [He| suggested

30Connections in real neural networks are directed and not reciprocal, a fact that we shall
ignore....



Disordered Systems 135

a sort of progressive self-programming of such a network that should give rise to
a network functioning as a memory. The idea is that the connection between two
neurons should be altered in a direction to “favour” the current states present, i.e.
one should add a term proportional to o;0;. In this way, if the network over time
has passed through a number M of different “states”, denoted by &%, ..., €M, the

couplings would take the form

M

Jig =) el (4.5)
p=1

This form of the coupling is called Hebb’s rule. While it is a bit difficult to believe
that things should be that simple, this rule has been a rather widely accepted one,
and in any case is interesting enough for us to start investigating the ensuing model.
Of course, if this idea was to be taken seriously, the couplings should evolve in
time; we will, however, assume that the couplings have reached a state of saturation
where they do not change anymore, and what we are interested in should be the
evolution of the state of the network from some initial state o(0) with fixed couplings
of the form (4.5). We still have to define the dynamics: Here Hopfield proposed in
[Ho] a Markov chain where at independent exponentially distributed random times
a clock rings at site ¢ and the neuron changes its state o;(¢) to a new value +1 with
rates proportional to exp(+8h;). Hopfield’s key observation was that (in the case of
symmetric connections), such a Markov chain would have as its invariant measure a

Gibbs measure corresponding to the Hamiltonian
Hy(o) = - Z Jijoi0; (4.6)
i,j:EN (i)

with J given by (4.5). Finally, simplifying the model further by assuming that
any neuron is connected to any other, and normalizing properly, one arrives at the

Hamiltonian

M N
Hy (o) = —% S ehetoi; (4.7)
p=1le,5=1

which one sees easily to be equal to the expression given in (4.2). This is, in brief,

the reasoning that led Hopfield to derive what could be called the “Ising model” of
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neural networks. The formal resemblance to spin glass models then of course sparked
immediate interest among physicists who saw their chance to bring their expertise to

bear in an entirely new context.

Interestingly enough, though, the Hamiltonian (4.7) was introduced already 6
years before Hopfield, in three papers by Figotin and Pastur [FP1-3] which had
apparently received very little attention3'. Not surprisingly, they were advocated as
simple, exactly solvable models of spin glasses! Figotin and Pastur more or less gave
a complete solution which, however, failed to exhibit the key features expected of spin
glasses but revealed that the model behaves very much like the ordinary Curie—Weiss
ferromagnet, except that the number of stable magnetized states was equal to 2M
instead of 2. In a way, from this point of view the model was about as disappointing
as the model introduced earlier on by Mattis [Ma] that corresponded to the case

M =1 and was seen to be totally equivalent to the Curie-Weiss model.

Fortunately, Hopfield did not repeat the analysis of Figotin and Pastur (this was
done a few years later by various people), but performed numerical experiments2.
Moreover, in these experiments he had an objective that was motivated by the inter-
pretation of the model as a memory. This meant that, starting from an initial con-
figuration somewhat close to one of the “patterns” £*, the system should approach
&H and stay close to it for a long time, if not forever. Now Hopfield observed that
this was indeed true (in a sense), but only if M was not too big: in fact the allowed
value of M depended on the size N of the network and was roughly M* = 0.14N.
So something interesting happened, but only if M was taken as a function of N!
Naturally, this fact had eluded Figotin and Pastur who studied the thermodynamic
limit N 1 oo with M fixed!

The seemingly small modification brought to the model by considering M as a
function M (N) of the system size N thus actually turns what otherwise would be

a rather simple mean-field model into something much more interesting and also

31This fact had been brought to my attention only in 1993 by L. Pastur; it seems that these
papers were almost never cited before in the entire literature on Hopfield’s model.

32This is not to discourage people from doing analytic work. However, the example shows that
interesting facts are often found by experimenting with things one does not understand.
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much more complicated to analyse. In [BG2] we have called such models generalized
random mean-field models. 1 will not discuss here the more general setting introduced

there but stay with the single example of the standard Hopfield model.

While Hopfield’s results suggested that this model is much more interesting than
was first thought, the choice of the function M (V) provides a parameter that could
make a rigorous analysis possible at least under certain conditions on the growth
rate of this function. Indeed, at least the rigorous study of the model can be seen
as a constant struggle to push our understanding to larger and larger growth rates,
ranging from Figotin and Pastur’s constant M through logarithmic [KP,vEvH,Ga| via
sub-linear growth [BGP1] to what we can control today, linear growth M(N) = aN
with sufficiently small « [BGP2,BG1,BG2, T2,T5]. I will in the sequel explain the

most significant steps in this development.

4.2. Basic ideas: Finite M.

To get a feeling for the model, it will be worthwhile to discuss the case when M
is finite first. Doing this, we face a small dilemma: there are two basic methods
that can be used and have been used to study the model. One is based on the large
deviation theory. This approach looks a priori more rational and has the advantage
that it can be applied to a very general class of (generalized) mean-field models. Its
strategy is to study first the distribution of the macroscopic order parameters my (o)

under the Gibbs measure, i.e. the measures Qu s.t.

Qﬂ,N (m € A) = Ug,N (mN(a) € .A) (4.8)

for any Borel set in RM. Now it is fairly straightforward to see that the family of

measures Qg n satisfies a large deviation principle, i.e.

1
sup ¥g(m) = liminf —— In A
Sup a(m) m inf Qs,n (A) o)

1
<limsup — N In Qg,n (A) = sup ¥g(m)
meA

with probability one, and for a rate function ¥z that is independent of the realization
of the random variables £&. This observation goes back to van Hemmen and co-
workers [vH1,vH2,vEvH,vHGHK,vHvEC,] and, in greater generality, Comets [Co].
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The computation of the rate function is greatly simplified by the fact that Hy is just
a function of the my. In fact, finding the rate function is reduced to the combinatorial
problem of counting the number of spin configurations o that gives rise to the same
value mpy. This problem is in principle elementary, even though the final expression

is rather involved.

The second approach, based on what is frequently called the Hubbard—Stratonovich
(H-S) transformation [Hu,St] looks a bit artificial, and works well only in cases
where the Hamiltonian is a quadratic function of the order parameters. When it
works, however, it is much simpler, and some of the latest results have only been
obtained with this method (even though in the past it has always been possible to
reproduce all results with both tools). Since the large deviation approach has been
explained extensively in [BG3|, I decided that in these notes I will stick with the
Hubbard—Stratonovich approach. This approach was incidentally also the one used
in [FP1,FP2]. One way to see the HS transformation is to say that it consists in
constructing the convolution of the induced measure Q3 y with a Gaussian measure

of mean zero and variance 1/8N,

The amazing fact is that this measure can be written down in a very explicit form

(much more explicit than the measure Qg n, due to the simple identity

1 o0
e%mz = E/ dze_%zz"’_“ (4].].)

applied to the Boltzmann factor:

INY v _ L% SFY, AN e (, € )
e = (27r)M/2 _ dzy...dzpe

(4.12)
The key point is that the exponent in this expression is now linear in the variables
o;. It follows immediately, after a convenient change of variables, that

Z3,N = (2 ﬁ]if)Mm /Oo dZ1...dzMe_Nﬁ[% 3, Ay L, ncosh (83 €72,
Q0 o0

(4.13)
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and
exp (—NB®s n(z))

Qp,n(dz) = Zow

dz (4.14)

with N
P N(2) = % Z z — ﬂiN Zlncosh (ﬂZg;‘zu> (4.15)
M =1 M

This function will play a central role in the remainder of this section. In the context of
the HS approach, it replaces the rate function in the large deviation approach; the big
advantage of the HS method is that it can be written down explicitly for any values
of N and M and looks thus much more suitable in the cases when M depends on V.
Moreover, the rate function ¥ and the function ® are quite intimately connected, as

is explained at length in [BG2].

Looking at the function ®3 n, we see that the second part of it is an empirical
mean over the sample of IV random vectors &;. Thus we may expect that in the limit

N 71 o0, this function will converge to a deterministic one, namely

2]z — 8~ 'Eln cosh (B8(¢1, 2)) (4.16)

The function ®4(z) for M = 2

This follows e.g. in the topology of uniform convergence on compact sets from
the law of large numbers in Banach spaces (see e.g. [LT]). Since I will later show a

related result in the case when M depends on N, I will not discuss this any further
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at this point. In any case, it is clear that the first thing to do is to understand how
this function looks like if we want to understand the properties of the measure Qg n

for large N.
The first observation, due to Figotin and Pastur, is that

Lemma 4.1: For any M € N, if £} are i.i.d. Rademacher random variables taking
the values £1 with equal probability, then the function ®g takes its minimal values

pg(m*) = %(m*)Q—ﬂ_1 In cosh(Bm*), where m* is the largest solution of the equation

x = tanh(fz) (4.17)
on the set Mg nr given by
Mg = U {tmre*} (4.18),
+,uE{L,..., M}

where e# denotes the u-th unit vector in RM . Note that m* = 0, whence | Mg p| = 1
if and only if B < 1.

We even have more:

Lemma 4.2: Under the assumptions of the preceding lemma, for all 3 # 1 there
exists ¢(B) > 0 such that for all M € N,

Dp(2) — gp(m”) = c(B) ySun Iz = yl3 (4.19)

Proof. I will only give a short proof of Lemma 4.1. Note that

I2[13 = E((¢1,2))” (4.20)

so that
b5 = Egp((£1,2)) (4.21)

where ¢ is the Curie-Weiss function defined above. This function attains its minima

at the points =m™*. Thus it is clear that if z is such that the random variable (&1, 2) is
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supported on the set {—m™*, m*}, then ®4 attains its absolute minimum at this point;
moreover, if such a value exists, then the absolute minimum is attained precisely on
the set of values z for which this is true. Now if £ are Rademacher, then any z of
the form z = +m*e* has this property. Moreover, it is very easy to see that these

are the only possible candidates. Namely, our condition is
M
> ez, =+m* Vg e {-1, 1M (4.22)
p=1

Without loss of generality we can assume £; = 1. Then (4.22) implies that

z1+b=+m* and
(4.23)
z1 —b=4+m"
Quite obviously this can only be true if either 2y = +m* and b = 0, or z; = 0, and
b= +m™*. In the second case we are done if M = 2, and we can proceed inductively
otherwise. In the first case we argue that b = 0 implies that all z,, x > 1 must be
zero. This is trivial in the case M = 2, while for M > 2 we can split b again into
two pieces that would need to satisfy zo + by = 0 and z9 — by = 0, which is obviously

only possible if both zo = 0 and b3 = 0. This proves Lemma 4.1.

Noting the elementary fact that ¢dg(z) — ¢g(m*) > a(B)(|z| — m*)?, it is quite
obvious that Lemma 4.2 holds with some constant ¢(3). The proof given in [BG3]
yields a numerical estimate on the constant, but I am not terribly happy with either
the proof (that is rather cumbersome) or the estimate (that is rather poor). Thus I

encourage the reader to do better by herself!

In the case of finite M, it follows readily from these observations that any e-neigh-
bourhood of the set Mg ys carries all but an exponentially small fraction of the total
mass of the measures Qg n, with probability that tends to one very rapidly. In
particular, it is very easy to see that the measure conditioned on, say, any ball33 of
radius r < m* centered at m*e* converges, as N 1 oo, to the Dirac measure on the

point m*e#, almost surely. The same is then true, naturally, for the measures Qg n.

330r, for that matter, any closed set containing the single point m*e* from Mg -
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We see that the vicinities of the points +m*e* play here the same role as the
“lumps” in the REM or the p-spin SK model, with the difference that they are not
randomly placed but deterministically put in by the construction of the model. A
natural question is then whether we can control in this model the respective “lump-
masses”, that is whether we can control the behaviour of the unconditioned Gibbs
measures. This problem was considered only rather late as an illustration of the
concept of “metastates” in two papers by Kiilske [Kul,Ku2]. It is clear that this
requires a much more precise analysis of the function ®3 n than what we have given

so far. How can this be obtained?

The first idea should be to use the functional central limit theorem (see e.g. [LT])

to extract the sub-leading corrections. Indeed the following holds:

VN (Ba,n(2) — ®4(2)) D g(2) (4.24)

where gg is a Gaussian process on RM with covariance

Cs(z,2") = Eln cosh(B(&1, 2)) Incosh(B(1, 2')) —Eln cosh(8(€1, 2))Eln cosh(B(&41, 2'))

(4.25)
At first glance this would suggest that the fluctuations of ®s n are of order 1/ VN,
and thus the relative weights of the different “lumps” should differ by factors of
order exp(ﬂ\/ﬁ ). However, a closer inspection shows that this is not true. Namely,
note that we are interested in the process gg essentially only very near the points
z = tm*e’. But at these points, the variance turns out to be zero, as better be
the case, since at these points ®g n is non-random! Note that this relies crucially
on the fact that the random variables ¢! take only the values 1, and as soon other
distributions are considered, this will change dramatically®*. In any case, we see that
the precision of the CLT is not enough to solve our problem, and we have to look
for the next order corrections. In fact, given that the fluctuations are strictly zero
at the points £m*e*, one might first suspect that maybe the weights could be all

equal. However, the random effects will induce small shifts of the position of the

34 A particularly interesting situation arises if the distribution of the ¢ is taken to be Gaussian,
see [BVEN].
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minima of ®3 n away from these points, and we will have to control these shifts and
the values of the function at these real minima to solve our problem. Since we expect
these shifts to be very small (tending to zero with N, a natural approach is to use
Taylor expansions. Let us consider the minimum near the point m*e#. Its location

2" must satisfy the equations

2 = %Z{:’ tanh(8(&;, 21 (4.26)

Now write 2(#) = m*e# + 6. Then § satisfies

- % Y &l tanh(B(m* gl + (6,))) —m
g (4.27)
- N > ¢ tanh(B(m*El + (6,6))), v#u

Taylor expanding, and using that m* = tanh(8m*), we get

= Bcosh™2 Zf“ (6,&) + O(l15113)
= Bcosh™?(m*B)6,, + Bcosh™? ZZ&”&V(S +0(9]3)
V#M @

ngg“ tanh(Bm*) ng cosh™2(8m*)(8,&) + O(|16]|2), v #u
— Bcosh™%(m*B)6, + tanh(Bm*) Zg 135

+ Bcosh™? ZZ&M +O([013), v#mu
viZv ¢
(4.28)

Since + Y, &Y€Y = O(N~/2), one checks readily that to leading order the solution

of these equations is

6, =0+ O(1/N)
tanh(Bm*)
1 — Bcosh™2(Bm*)

(4.29)

Z& & + O(1/N)

v —
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It follows that

055 (M) — pg(m 2621—ﬂcosh (Bm*)) + o(1/N)

_ i (m*)? —1/2 © o
_Nl—ﬁ(l—(m*)z);< 255> +o(1/N)
(4.30)

where we used that cosh™?(z) = 1 — tanh®(z). As a consequence, the measure Qg y

has a decomposition

Qp,N ~ Zpﬁ ~n(1) (Qp,n(-|Be(m*e)) + Qp,n (| Be(—m™e)) (4.31)

where the conditional measures converge almost surely to Dirac measures, and

m 2 v
651 ,3((1 ()'m,*) 7) Z,,#,L( —ie Z.ﬁi Ef)z
pﬁaN(:u) = (m*)z (4.32)

S BTy Dy (N7 2 68
.

We see that these weights are, as random variables, functions of the M (M — 1) sums

of i.i.d. random variables

by = N2y grel (4.33)

Since for p < v, these variables are uncorrelated (check!), it follows again by the
central limit theorem, that this family of variables converges weakly to independent
normal variables. This permits to formulate a convergence result in the spirit of the

metastate formalism.

Theorem 4.3: [Kul|Assume that 5> 1 and M < co. Then
Qs,n > Qp (4.34)

where Qg is the random measure on RM given by

M
Qﬁ = Zpg(ém*eu ‘I— 5—m*e“) (435)

pu=1
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where

*)2
LB D B(l (m*)2) Zu#u Iuv
wo__
Pl = — (4.36)

Zﬁ/-’ 1651 e 25 2oy I

and, for p < v, the family {g,.} are independent standard Gaussian random vari-

ables.
Remark. The same result holds of course also with Q replaced by Q.

It is clear that we could fix (condition on) a finite number of the components of
&* without affecting at all the result. Thu the réle of conditioning on the disorder
that was emphasized in the construction of the metastates does not really come to
bear in this setting. In that respect it will be more instructive to look at the Gibbs
measures as measures on the original spin space. Since as usual we are interested in
the convergence of finite-volume measures in the product topology, it will be enough

to consider probabilities
pe,N(or = s1) (4.37)

for any finite I C N and s; € {—1,1}{, and to prove joint convergence of arbitrary
finite collections of such probabilities. A rather simple computation shows that these

can be represented as follows:

J dze PN w1 () [T, | efsil6ins)
[ dze PN®s' w1 (T, 2 cosh(B(;, 2))

where N' = N — |I|, 8/ = BN/N'. Note that of course the difference between N
and N’ and 8 and (' is negligible in the limit N 1 oco. It is clear that Theorem

(4.38)

pe,N(or = s1) =

4.3 implies that ug n converges in distribution to the random measure pg whose

finite-dimensional marginals are given by

ePsi(&irz)
,u'ﬁ,N(O-I = SI) = / Qﬁ(dz) g 2COSh(ﬂ(§i, Z)) (439)

where £ are 1.i.d. symmetric Rademacher r.v.’s and Qg is the random measure from
Theorem 4.3. We see that when looking at convergence in distribution, we loose the

information on our patterns: the & appearing in (4.39) have the same distribution
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as the patterns that we used to construct the Hamiltonian, but they are not the same
random variables. But clearly we can do better. Namely, conditioning on the & for
all 2 € J, for an arbitrarily large finite set J C N does not change anything concerning
the convergence of the measures Qg n (since these finitely many variables give no
contribution to the limits of the variables b%;!), however, they do appear in (4.39).
Therefore, the Aizenman-Wehr metastate will be the same random measure as pug,
except that now the £ appearing on the right are precisely the original patterns
from the definition of the Hamiltonian. Combining these observations, we can state

the following theorem:

Theorem 4.4: [Kul|Assume that 3 > 1 and M < co. Then, given £,
> M
uonl€) B 305 (g 1)+ iz 1€)) (4.40)
v=1

where pj are defined in (4.36) and u:ﬁt’”[f] are product measures on {—1,1} with

marginals
e:I:Bm* g: S;

s [€)(oi = ;) = 3 cosh(Bm) (4.41)

Remark. The product measures u?’”[ﬁ] can be naturally seen as the pure states for
this model. Theorem 4.4 then says that the metastate is a random convex combination
of these extremal states, in accordance with Theorem 2.5. One can easily construct
sequences of measures converging almost surely to one of these extremal measures

by adding an ezternal field term
N
+h) o (4.42)
i=1

to the Hamiltonian, and taking the limit IV 1 oo first and h | 0 after this (Exercise!).
This is in fact much simpler than to prove Theorems 4.3 and 4.4 and requires much
less information about the fluctuations of the process ®g n(z). It is also much more

robust and can be proven even when M grows with NV, as long as lim oo M/N =0
[BGP1].
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Since all of these results follow just from the explicit representation of the lump-
weights as functions of sums of i.i.d. r.v.’s, one can obtain further asymptotic results
from the properties of this sum. In particular, from the invariance principle one
can construct the so-called superstate (proposed in [BG3]), i.e. the measure-valued
stochastic process constructed as the (conditioned) distributional limit of the process
{ug, N }ee(o,1) and which is obtained from the expression for ug by just replacing
the Gaussian r.v.’s g, by independent standard Brownian motions b, (¢). This and

further results relating the different notions of metastates can be found in [Kul,Ku2].

4.3 Growing M.

The finite M model is, as we have seen, readily solvable using just standard results
from probability theory: the law of large numbers, central limit theorems, and the
Laplace method. As soon as M turns into a function of IV, these results are no longer
immediately applicable and require substantial modifications. Before discussing the
results obtained in this direction, let me identify the main steps in the analysis of

the finite M case that need to be reconsidered.

(i) The first difficulty is the fact that the law of large numbers no longer provides the
convergence of the function ®g n to its deterministic limit. Indeed, since these
functions are now defined on RM(N) | with M(N) growing to infinity, we would

not even know what we should mean by such a convergence.

(ii) Even if we control ®3 x, the Laplace method will have to be adapted to a situation
when the integral is over a space whose dimension grows together with the large

parameter. This is, however, a rather minor difficulty.

(iii) A precise analysis of the local properties of the minima of ®3 x can no longer rely
on simple Taylor expansions as used in the derivation of Theorem 4.3. The main
point is that we have used that by the Schwartz inequality, |(&,68)| < vV M]||5||2.
If M is finite, this implies that if § is small in norm, then all the shifts in the
arguments of the functions appearing are also small; if M grows with N, this is

no longer the case.
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All these difficulties are getting the more serious, the faster M is allowed to grow.
As a consequence, the history of the mathematical analysis of the Hopfield model
is marked by a sequence of steps reaching larger and larger rates of growth: First
results (using combinatorial large deviation methods) by Koch and Piasko [KP] and
van Enter and van Hemmen [vEvH] reached logarithmic growth M(N) < In N. The
next stage reached sub-linear growth (M (N)/N | 0). After the first computation
of the free energy (Koch [Ko| and Shcherbina and Tirozzi [ST]), the extremal Gibbs
measures were constructed in a collaboration with Gayrard and Picco [BGP1], a large
deviation principle was proven with Gayrard [BG5] (see also [CD] for an interesting
variant), and finally a central limit theorem was proven in the same collaboration
[BG5] (first results on the CLT, under stronger growth conditions, are due to Gentz
[G1,G2]. An interesting result on a non-central limit theorem at the critical tem-
perature was found mor recently by Gentz and Léwe [GL1,GL2]). The only result
missing in this regime is the analogue of Theorem 4.3, which we have obtained only
under more stringent growth conditions (namely M(N) < v/N) in a collaboration
with D. Mason [BM]. I will not go into the details of these results, but pass to the
next step, the case when M (IN) = aN with a > 0, but small. Here I will distinguish
two steps of progress: first, a priori estimates on the support of the Gibbs measures,
and exponential estimates on the respective weights [BGP2,BG1], and second, the
analysis of the conditional measures corresponding to one pattern, and the justifica-
tion of the replica symmetric solution [T2,T5,BG2,BG3]. Let me mention that there
is another line of research that relates solely to the analysis of local minima of the
Hamiltonian of the model and that principally investigates the question of how large
a can be chosen if one wants to guarantee the existence of local minima of Hy “near”
the stored patterns (the so-called problem of the storage capacity) and that I will not

discuss in these notes. Key references are [N2,KoPa,Lou,T2].

4.3.1. Fluctuations of ®.

In some way one can say that the key to analyzing the Hopfield model with growing
M is to understand how to use & = M/N as a small parameter instead of 1/N. This

means in particular that we would like to say that ®g n is still close to its mean as
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long as « is small.

Our aim is to show that for small , the minima of the function ®z n are reasonably
close to £m™*e#, and that beyond a small neighbourhood of these points, the function
grows somehow like E®g . Clearly this requires an estimate on ®g n(2) —E®g n(2)
that may get worse as z is farther away from the minima of E®g . On the other
hand, we need estimates that are uniform in z. That is to say, a desirable estimate

will be of the form:

Proposition 4.5: Let M(N) = aN. Then there ezists a constant C < oo, such that
for all B > 1,

1 -
P vz:dist(z,MB,M(N))>C\/E/m* {@ﬁ,N(Z) Z E]E@,B’N(z)}] 2 1—e M(N)/C (443)

Proof. Our problem is to control the fluctuations of a stochastic process defined on
a space of dimension M (N). In principle this is a classical problem in the theory
of stochastic processes and there are well-developed tools available that we will not
fail to employ: exponential estimates and chaining (see in particular [LT]). Let me
briefly explain the ideas behind this. The probably most elementary estimate used
in probability is that Plmax;c; X; > x;] < > ,;P[X; > z;]. This estimate tends
to be good, if the variables X; are independent. Clearly in our situation this is not
directly applicable, since we are considering suprema over uncountable sets. The
standard remedy is to consider a grid, and to group the points close to a grid-point
together, hoping that they will not vary too much from the value on the grid-point,
while bounding the maximum over the grid by the sum. Note that we have already

used a similar procedure in the proof of Proposition 3.21.

Let us first look at an exponential estimate for the deviation at a fixed point.

Bpn(2) — Edpn(2) = NLB > (ncosh(8(&i, 2)) ~ Elncosh(8(€:,2)))  (4:44)

and so, as we have already seen above, this difference vanishes strictly whenever z

has a single non-vanishing component. It will be crucial to exploit this and to get a
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bound that shows that the fluctuations decrease as we approach one of the minima

of E®3 n. Thus we exploit that with z* being any of the values £m*e#, we have that

In cosh(B(&;, z)) — Eln cosh(B(&;, 2))
= Incosh(B(&;, z)) — Incosh(B(&;, 2*)) — E(Ilncosh(B(&;, 2)) — Incosh(B(&;, 2%)))
= Blfi(z,27) — Efi(z,2")]

(4.45)
Next we use Taylor’s formula to bound
|fi(z,y)| < (&, (z — y))|| tanh(B(&:, 2))| < (&, (z — v))| (4.46)
We will want to use use Chebyshev’s inequality to estimate
1 N N
i . — . > < 1 —téN t(fz (m’y)_Efi ($>y)) .
P |+ Z; (fi(e,9) —Efi(z,9)) > 6| <infe HEe (4.47)

Thus we must estimate the Laplace transforms of f;. Using the standard and trivial
second order bound on the exponential function, e <1+ x + %$26|m| together with
(4.46), we get

2
Eet(fi (@:y)—Efi (z,)) <1+ %E(fi(ac, y) — Efi(z, y))z etlfi(zy)—Efi (2,y)]

P (4.48)

£2 4 2t (2y9)—Ef: (2,)]]
<1+ 5 [E(fi(z,y) - Bfi(z,y))" Be™eimw 2o

where we have used the Cauchy—Schwarz inequality to separate the expectation of

the polynomial and exponential terms for convenience. Now clearly,
Ee2t!fi (w)—Efi (29)] < Fettlfi(@)] < Fetl € (z—v))l (4.49)
and

E(fi(z,y) — Efi(z,y))" < TEE (fi(z,y))" < TE(&, (z — y))* (4.50)

Now we can use the Marcinkiewicz-Zygmund inequalities (see e.g. [CT], pp.366 ff.),
in particular F(z, &)* < k*||2||3*, and Fesl(:&)l < 2¢*°I2115/2 This yields

(4.51)
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We now get

Lemma 4.6: Let z* be any of the points +m*e*, and set R = R(z) = ||z — 2*||2.
Then, for all § <1

1-e1/256 /5

P[|®s n(2) — E®gn (2)| > 6R] < 2e= o1~ N0 < 9o VO (4.52)

Proof. Insert (4.51) into (4.46) and choose t = §/(64R). This gives the bound for
the upper deviation. For the lower deviation, the analogue procedure gives the same
bound, and this implies (4.52). ¢

Lemma 4.6 shows that typical deviations at a given point z are of order R/ VN,
where R is the distance of z from the nearest coordinate axis. But this does not yet
tell us anything about maximal fluctuations. The first idea would be to introduce a
suitable lattice W in RM, to use Lemma 4.6 to bound the maximal fluctuations on the
lattice (as a function of R), and to prove some uniform bound on ®g n(z) — 5 n(y)
that can then be used to control the deviations from the nearest lattice point. Using

again (4.46), and the Cauchy—Schwarz inequality, we get easily

|®s,n(x) — Pg,N(Y)|
N N (4.53)

<\ ¥ D -ue) Ztanh 6)) <y v (= 16

Even though this bound will not be sufficient to get optimal results (bounding tanh by
1 everywhere is exaggerated when (3 is close to one), it presents us with the occasion

to consider an important object, namely the M x M random matrix A with elements

N

A= D (4.54)

i=1

In terms of this matrix we can of course write

%Z &) = (2, Az) (4.55)
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and thus obtain from (4.53) the bound

[@p,n5(2) — @a,n (y)] < Iz —yll2] 4] (4.56)

where ||A|| is the operator norm of the matrix A in £o(RM).

Random matrices of this form belong to one of the classical ensembles of random
matrix theory, the so-called Marchenko-Pastur matrices [MP]. They are also well-
known in statistics where they appear as sample covariance matrices. As a result,
their spectral properties, and in particular their norm (coinciding with the maximal
eigenvalue), have been widely investigated (a certainly incomplete selection of ref-
erences is [Ge,Gi,YBK,Si]; some results have been rediscovered or even improved in
the course of the investigation of the Hopfield model in [Ko,ST,BGP1,BG3,Nie|). In

particular it is known that

Theorem 4.7: [YBK] Let A be the M x M random matriz defined in (4.54) with
& i.4.d. random variables with mean zero, variance one, and E(£/)* < co. Assume

that lim Nyoo % = a < co. Then,

]1ViTm 1A = 1+ V@) as. (4.57)

In fact, much more precise results are available, but they will not be relevant to us
for the moment. In fact, in the remainder of these notes we will simply pretend that
A has always norm bounded by (1++/a)?, effectively placing ourselves on a subspace
of full measure where this is true (for large enough N). It should be noted that the
observation that this matrix and the bound on its norm are important goes back to
two papers by Shcherbina and Tirozzi [ST] and Koch [Ko| and triggered much of the

later progress.

Exercise: Use Lemma 4.6 and (4.56) with || 4| < (1++/a)? to show that the assertion
of Proposition 4.5 holds with the supremum taken over z : dist(z,MB, M(N)) >
Cy/a|lna| for any fixed 8 > By > 1.

Since this one-step approach does not yield a result we deem sharp enough, we must

use a refined approach known as chaining that consists of introducing a hierarchy of
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lattices. Let us denote by Wy, = (rM -1/ 2Z)M the hyper-cubic lattice of spacing
rM =12 in RM. Note that no point in R is farther away from Wy, than r/2. It is
not difficult to see that if Bg(0) denotes the ball of radius R centered at the origin,
then the number of lattice points in this ball satisfies the bound, for R > r,

[W,e 1 BR(0)] < eMln(R/7)+2] (4.58)

Now choose a sequence of spacings r, = e "R and set W(n) = Wu,r, N B, ;.
For z € RM | let k,(z) € Wi, be the (in case of non-uniqueness, one of the)
closest point(s) to = in Wy, . Note that by construction ||k, (z) — z||2 < r,/2 and
kn(z) — kn—1(z) € W(n). Clearly we have the telescopic expansion

Dp,n(2) — E@g N (2) = Pp,n(2) —ERp N (2) — (Pp,n(27) — E®p v (27))
=®g,n (ko(2)) — E®g,n (ko(2)) — (Pp,n(2") — ERg N (27))

+ ®p,n(k1(2)) — E®p,n (k1(2)) — (Pp,n(ko(2)) — ERg N (Ko(2)))

+ @p,n(k2(2)) — E®p,n (k2(2)) — (Pp,n(k1(2)) — E@g N (K1(2)))

+ @5 N (kn(2)) — E®@p N (kn(2)) — (2p,N (kn-1(2)) — E®p N (kn-1(2)))

+ ®p,n(2) —E@g,n (2) — (p,n(kn(2)) — E@g,n (kn(2)))
(4.59)

Now let §p > 0, £=0,...,n, be a sequence of numbers such that >, ,d; = ¢. Then
the event that ®g n(z) — E®g n(z) > 6§ occurs only if, at least for one 1 < /¢ <n —1,

Op,n (ke(2)) — E®p,n (ke(2)) — (Pp,n (ke-1(2)) — E®p,n (ke-1(2))) = 6o, (4.60)

P N (ko(2)) — E®p v (ko(2)) — (2p,n(2") — E®@p N (27)) > do, (4.61)

or

®p,n(2) — E®p,n (2) = (Pp,n(kn(2)) — E®p,n (kn(2))) = On (4.62)

and consequently, the probability of the event in question is smaller than the sum of
the probabilities of these n+ 1 events. The probability of the event (4.61) is bounded
by Lemma 4.6. Using the uniform bound (4.56), if we choose 6, > e " R(1 + /),
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the event (4.62) is excluded. By (4.44) the probabilities of the events (4.60) can be

estimated using (4.47) and the arguments leading to Lemma 4.6. This gives

Pl|®p,n (ke(2)) — E®p v (ke(2)) — (Pp,n(ke-1(2)) — E®p N (ke-1(2)))| = e

1 2

1 e2(e 1) 52
=2 ~N=-150———*%
eXp( y R?2 )

(4.63)

On the other hand, when z varies over Bg(z*), the pairs (k¢(z), k¢_1(2)) take only a

rather small number of values, since their difference lies in W(£). This yields that

Card {(ke(2), ke-1(2))|e € Br(2*)} < Watyr,y N Br(2")|[W(f)] < M/ re-1) 3]

(4.64)
Putting these observations together we get that
]P’[ sup  |®p n(2) — EPg n (2 Z “"R(1++a)+ Re™"
z€BR(z*) =
< 2eMln B/ro+2] oy ( Niﬁ> (4.65)
- 150 R?

n—1 Miin(R/ ) 45] 1 62(2—1)53
+Ze =1 2exp <—N1—5OT>
=1

If we chose §, = C\/ae_e\/z for some C large enough, then there is a constant ¢ > 0,
depending only on the choice of C, but not on « or R, such that

n—1
P| sup [P n(2)—E®PsnN(2)]>Va(l+/a)RC Z e 4 /? f Re™m

zEBR(z*) (4.66)
< 2ne~M
We see that it suffices to chose n = —% In @ to achieve that
n—1
Va(l++va)RCY e “"? + Re™ < C'Rya (4.67)

=0
with C’ ~ C independent of @ and R. One can easily see that (4.67) can be improved
to show that for C large enough, there exists ¢ > 0, s.t. for, say all R <1

P| sup [®sn(2) —E®sn(2)] > VaCR(2)| < 2ne M (4.68)
zEBR(z*)
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and using very similar arguments,

P sup |5 n(2) — E®s v (2)] > VaCR(z)| < 2ne”M (4.69)
z:dist(z, Mg, pm(n))>1

We leave it to the reader to check that this implies the assertion of the Proposition
for all 8 s.t. m*(8) > m > 0; however, so far we have no uniform control on the
constants when m*(3) tends to 0 (which happens as 3 | 1). Inspection of our proof
shows that the only place where we have exaggerated is when in (4.53) we estimated
tanh®(3(Z,&;)) < 1. This estimate becomes poor when ||Z||; tends to zero which
precisely becomes relevant when 3 | 1. In this case we have to use tanh? z < 22 and
replace (4.53) by

1 N N

Bon(@) ~Bon()| < \| 5 X082 FFIEE?

i=1 i=1
< BllAllllz — yll2 max([||2, [[y[|2)
We leave it to the reader to fill in the details showing that from this we obtain the
assertion of the proposition in the case 1 < 8 < [y. &

Proposition 4.5 is a key result that allows immediately to conclude that the mea-
sure Qg n is concentrated on the union of 2M (NN) disjoint balls of radius cy/o/m*,
provided o < y(m*)?, for finite positive constants v and c. This is in perfect agree-
ment with the prediction of the physicists [AGS], and even the scaling of the upper
bound on « as 8 | 0 is in accordance with these predictions. Of course, our constants

are pretty lousy, as one might expect. We state this result for easy reference as

Theorem 4.8:  There erist 0 < ¢, C,v, < 00 such that for all B > 1, \Ja <
Ya(m*)2, and all p satisfying co (‘/a A N_1/4> < p < m*/v2, we have, with proba-

m*

bility one, for all but a finite number of indices N,
Ong (UM U,y B,o(sm*et)) > 1 — e~ C(MAN'/?) 4.71
a/B y22 1 P
The same result holds for the measures Qg n .

Remark. A version of Theorem 4.8, with worse bounds on the radii of the balls

and on the maximal value of o was first proven in [BGP2] (although the relevant
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estimates were already contained in [BGP1]). The correct asymptotics near § = 1
was proven in [BG1]. We have been following widely the version of the arguments

given in [BG2|. An alternative proof was also given by Talagrand [T2].

As we have already explained in the analysis of the p-spin SK model, having
established a result like Theorem 4.8, two questions remain open: How is the mass
distributed over individual “lumps” (here balls), and what are the properties of the
measure conditioned on one lump (ball)? In the case of finite M we could completely
answer both questions. When M grows, both become much more subtle. As we
will soon see, amazingly enough the second question can be answered in full under
additional conditions on o and 3. Concerning the first question, a full answer has been
given only under very strong conditions on the growth rate of M, namely M? < N
in [BM]. The approach used there consisted essentially in pushing the analyses of
the finite M case to its limits, employing in the process some very strong Gaussian
approximation results. Since these appear to be rather special methods that work
in a rather non-canonical regime, I will not include a discussion in these notes. On
the other hand, there are some weaker, but very general results concerning these
weights based on concentration of measure estimates that I will discuss in the next

sub-section.

4.3.2 Logarithmic equivalence of the “lump”-weights.

Theorem 4.8 suggests quite naturally that as in the finite M case, there should be
(at least) a pair of pure states corresponding to each pattern and its mirror image.
However, on closer inspection one sees that this is somewhat premature. The point
is that the theorem says nothing about the mass of any given pattern: it could
well be that the mass of some of the balls is exponentially small (in N) and thus
there would be no reason to give it preference over any other region in the state
space. In particular, if one adopts the external field construction of extremal infinite-
volume limits of Gibbs states, in such a situation we would not recover a limit state
corresponding to such a pattern. This problem has been an obstruction for quite some
time. Namely, a straightforward estimation (see [BGP1]) of the relative weights of
these balls would only show that they differ by no more than a factor exp(O(M)); this
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suffices in the case M(N)/N | 0. This allowed to construct the extremal measures
under these hypothesis [BGP1], but it remained unclear what would happen if o
is strictly positive. This problem was solved in [BGP2| where it was realized that
the right tool to address this are concentration inequalities. By todays standards,
the approach used in [BGP2| was rather clumsy, and due to some new concentration
inequalities proven subsequently by Talagrand [T1] (cited as Theorem 2.11 in Section

2), this is now a very simple and standard routine.
Theorem 4.9: Let p be as in Theorem 4.8 Set
1
I = N ln/B o) dze PN ®o.n(2) (4.72)

Then for any p,v < M(N),

v l‘2

The same result holds if I} is replaced by J& = (BN) ™' InQg,n (B,(e#m*)).
Proof. Note that by symmetry E|I§, = EI¥;, and so
14 — I <= |1 — BT | + |T% — BT | (170

Thus
P(I1% — I%| > o] < 2P[|I% — EI}| > 2/2 (4.75)

We want to use Theorem 2.11 to bound this probability. To do so we must prove a
Lipshitz bound on I%. Note first that using Cauchy—Schwarz in a very similar way

as in (4.53), we get that

|@5,5[£](2) — 2p,n[E](2)| < (1€ — &'l[2l2]l2 (4.76)

while

1N (€] — Ix (€] = (BN) ™

S, (mweny dze=FN oV EI)
8 ( dze_ﬁN%,N[E’](Z))

fBP(m*e“)

S, e oy dze BN 0N €N HAN 0 V€N ()~ 6]
— -1 p(m>et
_(/BN) In ( fB o) dze_ﬁN‘I’ﬁ’N[il](z) )
< sup |Bpn[E](2) — P N[E]'(2)] < [I€ - E'll2(m” + p) < 2m7[|€ — €|,

z€EB,(m*ek)
(4.77)
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(4.73) is now straightforward.{

It remains to show that this result for the measure Qy g extends also to the
measure Q3 v, and therefore to the Gibbs measure itself. But this is quite simple,
using the fact that Qg ny is a convolution of Qg n with a M-dimensional Gaussian

measure with mean zero and covariance SN 1. This allows to bound
Qs,n (Bp(m*e")) < Qg n(Bpys(m*et)) + 2M AN /4 (4.78)

that is up to an exponentially small correction, Qg v (B,(m*e*)) and Qg n(B,(m*e"))
differ at most by the Qg n mass of the shell between the radii p—9 and p+J. Choos-
ing § sufficiently small, and p not too small, this has exponentially small mass, and

this implies the result for Q. <

At this stage a reasonably satisfactory qualitative picture is reached that confirms
the heuristic and numerical findings that for small o and not too small # Gibbs mea-
sures corresponding to each of the patterns (and their mirror images) exist, implying
in some sense that the model, in this regime, does what it was conceived for, namely

to “store a number of preselected random patterns”.

4.4. The replica symmetric solution.

From the point of view of our general philosophy, having established certain lo-
calization properties of the Gibbs measures, we should now ask how the measure
conditioned on one ball looked like. One natural approach (although, as it turned
out, not the only one) appeared clearly to analyse more carefully the properties of
the function ®3 n in the vicinity of its minima. The aim of such an analysis should

should clearly be

(i) To localize more precisely the position of the minima (which so far are only local-
ized in a ball of radius ~ /).

(ii) To determine the value of ® at the minimum.

(iii) To determine whether or not there is a unique minimum in a sufficiently small

ball around m*e*.
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This analysis was started in the paper [BG1]. Our starting idea there was to
extend the use of the Taylor expansion, which had been very useful for finite M
beyond its natural realm of applicability. The idea behind this was rather sim-
ple: in the finite M case we used Taylor expansions in the arguments of functions
like & >, Incosh(B(z,&;)) and we took advantage of the uniform bound |(z,&)| <
|2]l1A < V/M||z||a. Now this bound is realized essentially when & = sign (z,), for
all u. But of course, for given z, unless the &; are very untypical, it is impossible that
this holds true for a large number of indices ¢. Rather, for most values of ¢, it should
be true that |(z,&;)| ~ ||z||2, leaving room for a Taylor expansion to work even when
M = aN.

While the main thrust of the paper [BG1] was directed towards answering the
question (i), and to determine good bounds on the numerical constants allowing for
the existence of local minima near m*e”, the most consequential result proved to be
the answer to the third question which could accidentally also be given in a limited

domain of @ and ( values. I will therefore concentrate on reviewing this issue.

4.4.1. Local convexity.

How does one prove that a function has a unique minimum in a region where
the existence of a minimum is already established? In the absence of a better idea,
prove that the function is convex in this region. This was done in [BG1], where the

following result was proved.

Theorem 4.10: There exist finite positive constants ci,ce, v, such that if
(i) a < yzm*(8)* and

(ii) B > ca™!, then for p as in Theorem 4.8, with probability one, for all but a finite
number of values of N, the function ®g n(z) is strictly conver on any of the balls
B,(+m*e*), and there ezists € > 0, s.t. the Hessian matriz V2®g5 n(z) has a smallest

eigenvalue larger than € for all z € B,(£m*e*).

Remark. The lower bound (ii) on 8 may come as a surprise, but we will explain

that it is qualitatively optimal, which we will see is a pity.
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Proof. Let us consider without loss of generality the the neighbourhood of the point

m*el. It will be convenient to set 2 = m*e! + v. We are interested in ||v|2 < p.

Then we have

N

2 o L B ‘.
\Y @ﬁ,N(z) =1 N ; coshz(ﬂ(m*ﬁil + (&,v)))&& (479)

It is instructive to first consider the point v = 0. Here

B

2 * 1y _
Rl R D)

A=1- 61— (m*)?)A (4.80)
with A the matrix introduced earlier (4.54). Here we used that cosh™ z = 1—tanh®z

and m* = tanh fm*. This matrix is positive if and only of

(1++ve)’B(1 - (m*(8)) <1 (4.81)

Note that with @ = 0, this is just the condition for the positivity of the second
derivative at m* in the Curie-Weiss model, and thus we know that for all 3 > 1,
there exists ag(3), such that (4.82) holds for a < ag(8). Moreover, as 8 1 oo, ag

tends to infinity. Thus, so far we have not seen any sign of condition (ii).

To understand this point, it is best to think of § being large. Then positivity
requires that the cosh? in the denominators be large to compensate for the 3 in the
numerator. This requires the argument to be roughly of order In 3. Now assume that

even for a single term in the sum in (4.79) m*&! + (&;,v) ~ 0. Then3®

Vi0s n(2) < T — %gigi (4.82)
and since the matrix &;&; has norm M, this cannot be positive definite if a3 > 1.
On the other hand, if v has components v, = &'¢!m*/M, and m*¢} + (&,v) = 0,
and ||v|l2 = m*/v/M so that the corresponding point is within the ball B,(e'm*).

Thus we see that Condition (ii) is surely necessary. To prove that it is also sufficient,

35We use the notation A > B for matrices to mean A — B is positive definite.
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we must show that the condition m*&} + (&;,v) ~ 0 cannot be realized for too many

indices ¢ at the same time. To make this precise, fix 0 < 7 < 1 and write

: 1 BNt BN anb?(Bm el 4 (6 o)
Vidg n( N Z i&i + N Ztanh (B(m*&; + (&,v)))&i&i T (e, v) <r
1= i=1
: (4.83)
+ % Ztaﬂh2(ﬂ(m*§3 + (&, v)))&& T (g 0) >+

— Btanh®(Bm* (1 — 7)) Z&& (Ee) >

(4.84)
Clearly the only dangerous and difficult term is the last one. We see that, as 3 grows,

it behaves like (§ times a certain matrix whose norm we therefore need to control.

This is not an entirely trivial task, and I am not sure that we have found the most

efficient way of dealing with it.

We start from the observation that for any symmetric matrix B,
|B| = supw:”w”z:l(w,Bw). Thus

Sup Nzﬂ{us W)>rmey&i &
vEB, i=1
N
= Sup Sup p%%Z:ﬂ:{|(£i;v)|>7m*}(§i’w)2 (4.85)
veB, willwll=p © '
N
Sp—z sup sup NZ]I{|(£,,v)|>Tm*}(£za w)?

veB, weB, i—1



162 Section /4
It will be convenient to use that

T{)(es,0)[>rme} (&6 w)?
2
= (.00 >rm=} €6 ) (Tgieew)<iEco)y T L5 w) = 1E0)13)
< (e, 0) > rme} (i 0)? 4 T (s w) > rme (Eir 0)?

(4.86))
which allows to bound (4.85). Thus
N
2p~2 sup % Z ]I{|(£i7,,)|>7m*}(§i,v)2 =2 sup X, (v) (4.87)
veEB, i—1 veB,

Thus our task is to bound the supremum of the quantities X, which actually can
be seen as the partial second moments of the empirical measure of family of random
variables (&;,v). This was done in [BG1], and I give here only a sketch of the ar-
guments. As in the analysis of the function ®g n we are faced with the problem of
controlling the supremum over a continuous family of random variables indexed by a
high-dimensional set. Thus we may expect to have to use again the chaining technol-
ogy. As we already know, this requires exponential estimates on the X, (v) as well as
on differences X, (v) — X,(v'). Actually this is a rather tricky business, and things
will be quite a lot more complicated, and we will be forced to study simultaneously

a second object, the empirical distribution function of the same variables (&;,v),
N
1
= % D Tew)>rme (4.88)
=1

Instead of considering simply the differences X, (v) — X, (v), we will use the following

lemma.

Lemma 4.11: Let a1,by >0, v,e € B,. Then

X160, (v +€) < Xa, (v) + 2/ X4, (v) (€, A€) + 2a2Y3, (€) + 3(e, A¢) (4.89)

and
Yal +b1 (’U + 6) < Ya1 (’U) + 1/51 (6) (4'90)
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Proof. The basic idea behind this lemma is the simple observation that |(&;,v+¢€)| >

a1 + by can only be true if |(&,v)| > a1, or if |(&;,v)]| < a1 and |(&,€)| > by, that is

Lit;ote)l>ar+b < Lieso)>ar T Lies,0)1<ar Lei,e)>b1 (4.91)

(4.90) is already obvious from this. To get (4.89) we still have to work work with
(&, v + €)%, Squaring out the sum and using again (4.91) together with the Schwarz
inequality then gives the result rather easily.

The second basic ingredient are the exponential bounds on both X, (v) and Y, (v).

Lemma 4.12: Set p, = 2exp(—a?/2). Then for all v with |jv|| =1,
P[X,(v) > ] < exp (N[zp}/2 . a,-/4]) (4.92)

and for x > pg,
P[Y, (v) > z] < exp (N[(2pa)1/2 ~ za? /4]) (4.93)

The proof of this lemma can be found in [BG1| (Lemma 4.2). It is, as usual, a
somewhat involved application of the exponential Chebyshev inequality. Note that
Pa is roughly equal to the mean of Y, (v). Note also that the corresponding estimates
for other values of ||v||2 follow by scaling since Y,(Cv) = Y,,c(v) and X,(Cv) =
C?*Xy/0(v).

We now have all the ingredients for the analysis of the supremum together: Choos-
ing a lattice Wy, , we can control X, (v) everywhere in terms of X,, (v1) with v; on
the lattice and the supremum of Y, ,_(€) with ||e[|2 < ry. This latter supremum is

then controlled via the usual chaining, using (4.90).
This allows to prove the following estimate:

Proposition 4.13: There exists finite positive constants C,c such that if

INa,a) = Ce " + Callna| (4.94)
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Then for all p > 0

P | sup Xa(v) > p°T(e,a/p)| < Ce™ (4.95)
vEB,

Remark. Proposition 4.8 in [BG1] is a quantitatively more precise version of this

statement.

We can now combine this proposition with (4.87) and (4.84) to get immediately a

uniform lower bound on the Hessian of ®:

Lemma 4.14: Let I'(,a) be as in Proposition 4.18. Then, with probability large
than 1 — Ce™ 2N,

inf qu)g,N(Z)

z€B,(m*el)
> 1 - B[1 — tanh?(B(m* (1 — 7)))|(1 + v/a)? — Btanh?(B(m* (1 — 7)))D(a, 7m"/p)
(4.96)
If we choose p = cym™ the lower bound is
1 - B[1 — tanh®(B(m* (1 — 7))))(1 + V)
—7°(m*)*Btanh”(B(m*(1 — 7))l (e, 7/7) (4.97)

~1— 1 — tanh*(B(m* (1 — 7)))](1 + Va)?
— CBtanh®(B(m* (1 — 7)) (e~ + a|Inal)
Thus we see that this bound is strictly positive on a nonempty domain of parameters

« and (3, which has the shape claimed in the theorem. <

4.4.2. A heuristic derivation of the replica symmetric solution.

Before investigating the consequences of this convexity result, it may be instructive
to go through some very heuristic considerations that, however, will illustrate our

goal.

To this end we go back to the equations (4.26) determining the location of a

minimum of ®g n near a point e#m*. To simplify the notation, we consider the case
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p = 1, and we may take without loss of generality £} = 1. Let us write this time

2() = my 4+ = where z; = 0. Then we get instead of (4.27) the system of equations

1
m = > tanh(8(my + (z,£)))
=1
o (4.98)
i=1
Let us denote by Ry the empirical measure
1 N
Ry = 2_; S(w ) (4.99)
Then m; is only a function of this empirical measure through the equation
my = / Ry (dg) tanh(B(m1 + g)) (4.100)

Now it is not difficult to see that, provided all z, tend to zero sufficiently fast as
N 1 0o, Ry converges to a Gaussian distribution with mean zero and variance ||z||3.
Thus if we knew that this convergence held for the (random!) solution of these
equations, all we would need to determine was this variance. This should be the
role of the remaining equations. Naively one might want to simply square both sides
and sum over v, but a bit more care must be taken to disentangle the dependence
between the argument of the tanh and the coefficient . Thus it will be more useful

to write

(z,&) = 2,80 + (=), &) (4.101)

and to Taylor expand
1 N 1 N
Ty :N ;f;j tanh(ﬂ(m1 + (m(l/), &))) + N ;S:ﬂmyé-;/ COSh_Z(ﬂ(ml + (JJ(V), &)))

N N
= xuﬂ% > cosh™?(B(m1 + (2, &))) + % > & tanh(B(ma + (2, &)))
= = (4.102)
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which can be written, using that 1 — cosh™?(y) = tanh?(y), as

N N
z, (1 ~- B+ 5% ; tanh®(B(my + (z, gi)))> = % ;g;f tanh(B(m1 + (), &)))
(4.103)
Now if we ignore the small difference between (&;, ) and (&;,z(*)), the coefficient of
z, is just 1 — B+ B [ Rn(dg) tanh®(B(m; + g)). Then squaring and summing over v

gives

)l (1 ~ 5+ [ Rv(ds) tank?(3ms + g)>) = a [ Ru(dg) tank?(3ms + 9)

M
F g S0 0 EE tanh (B + (), £0) tanh(B(my + (), £,)))
1#£] v=2
J (4.104)

The important point now is that the second term in the numerator on the right has
mean zero, by construction. Thus if it was true that in the limit N 1 oo, ||z||3 is

almost surely constant and equal to its mean value, then this limit must satisfy

o [ Roo(dg) tanh®(B(my + g))
(1= B+ B J Roo(dg) tanh®(B(my + g)))°

2 2
|z = K|zl = (4.105)
assuming that R, is a Gaussian distribution with mean zero and variance ||z||2 = ar,
we see that we arrive at a closed system of equations for the two parameters m; and

r, namely

e \/%/ dge™?"/? tanh(8(m; + Var))
q

A e it with (4.106)

1 2
q= Nt dge~9 /2 tanh?(8(m1 + var))

The solution of this system of equations is known as the “replica-symmetric” solution,
first derived by Amit, Gutfreund, and Sompolinsky [AGS]| using what is called the
“replica trick”. Although the derivation of these equations I gave above may look
somewhat less striking than the replica method, it is hardly more rigorous, given the
numerous ad hoc assumptions we had to make. It is surprising that they can indeed

be derived rigorously, as we shall explain in the sequel.
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4.4.3. The cavity method 1.

To see how our convexity results are related to the question of the replica symmet-
ric solution, we have to take a step back and look at an approach to the analysis of
disordered mean field models that was originally introduced by Parisi et al. (see [M-
PV]) as an alternative to the replica method, called the cavity method. This method
is in principle nothing else than induction, more precisely induction over the volume,
N, of the system. The basic idea is simple. Let fy be any thermodynamic quantity
of interest. Suppose we could derive a relation of the form fyi11 = F(fn) + o(1).
Then, if fn converges to limit, this limit must be a fixed point of the map F. More-
over, under certain hypothesis, we may even be able to show that fy will converge by
virtue of this recursion relation. Of course the difficulty will be that one will not be
able in general to find such relations, in particular it will not be true that fy,; will
be a function of fy only. However, at least heuristically, i.e. ignoring the problem
of proving that the error terms are really o(1), it is indeed possible to obtain such

recursions for certain, sufficiently large sets of thermodynamic quantities.

Let us look at this problem in our model. The way to proceed is in fact not quite
obvious, but we will to some extend be guided by the preceding heuristic discussion.
Note that we are now interested in local properties of the Gibbs measure, that is we
want to consider the measure restricted to, say, the ball B,(m*e'). We denote by

u(ﬁl ]\1,), Q(ﬁl’]\l,), etc. the conditioned measures

pg,N ((/mn (o) € B,(m*e')), resp. Qg n (‘|2 € By(m*e")) (4.107)

. Consider the Hamiltonian in a volume N + 1. We may write it as

M N+1
(o) = ~5e75 2 O e
p= lz,J 1
S 3 et ST ) ST L
N+1 % N+1 N+15 93 T 9(N 1 1)
p=14d,j=1 p=1j=1
N+1 N M
_ g M
N Hn(0) = g on+1(En+, ma (0) SN T D)

(4.108)
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It will also be important to note that

1 VM

Imvi1(0) — mn(@)lle < - I (@)lla + - (4.109)
Let us now consider
ZoN+1 _ Y E,efonnilninma ()6 NN+IHN () 7, NZﬁ”N TN TD)
Zp.N L Tl Zg,N
= Z g N (eﬁ'6N+1(£N+1,mN(U))> —gﬁl’Ne%N—Mﬂ)
O'N+1::|:1 BN
(4.110)
where ' = +1ﬁ Similarly we get
(1,1) 's mn (o
- Socir i ( (En+1,mn ))) i
M,B N+1(UN+1) (1,1) ( . )

Zs:ﬂ:l /jlﬁ”N (eﬁ’s(£N+17mN(‘7)))

up to a small error (of order exp(—aN)) coming from the fact that the conditioning
on the left is on the vector my (o) while on the right it is on my (o). But due to
(4.109), this difference gives only contributions of the size of the order of the mass of
the shell p — @ <upn(@)|2<p+ @ which is exponentially small. We will ignore

all errors of that order in the sequel.

(4.111) can be easily extended to a formula representing all finite-dimensional

marginal distributions. It shows that a central role is played by the Laplace transform

ﬁﬁ ~N(t) = (1 1) (eﬁ't(€N+17mN(U))> — Q(ﬁllﬁ\)[ (eﬁ’t(€N+17m)>

, (4.112)
] ea/ZQ(ﬁl,’j\), (BB t(gN"'l’Z)) = ea/zﬁg,N(t)
Thus we can rewrite (4.111) as
1 1 S 1,2
(1) Samsr s Qo (¢ 7))
Hg, Ny (oN41) = (4.113)

Zs i Q(l 1) ( ﬁ’S(£N+1>Z))

Being able to replace the measure Q by Q will actually be very useful (although it
shouldn’t). Formula (4.111) appeared in the work of Pastur et al. [PS,PST| where it
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was realized that being able to control the Laplace transform Lg n was a key step to
getting the replica symmetric solution. This was later pushed by Talagrand towards

full rigour. Let us see why this is the case.

We compute first the mean of Lg n(t) with respect to the variables {x 1. This is

possible since Qg n is independent of them. Of course we get simply

B¢y, Lo,n(t) = QN (ezum“h(ﬁ”f‘)) (4.114)

Now this would make sense if £ could then be shown to be self-averaging. But this
is not the case. In a way one can see that taking this average throws out too much
information. One thing one can try then is to extract first a random part, and try to
show that what is left is self-averaging. A natural possibility is to center the variable
z in the exponent. Let Z denote the r.v. whose distribution is Qg,’]\l,), and write
Z=7- Q(ﬁl”]\l,)(Z ); actually, at least at this point we start to feel that our notations
are getting too heavy. Let us therefore denote henceforth by Eg the expectation with

respect to the random measure Qél,}\l,). Then we can of course write
Lsn(t) = etEn+1,Ee Z)Eget(&wl,z) (4.115)
As in (4.114) we get of course that

EEget¢n+?) — E, <ezu n °°Sh(5t2”)> (4.116)

Now, if all Z,, are small, Incosh(8tZ,,) ~ 38%t?||Z||3. Assume for a moment that the
distribution of Z was an M-dimensional Gaussian distribution with variance of order
1/N. Then the length of Z would be sharply concentrated about its mean, since
its distribution would have a density proportional to exp(—N(r?/2 —Inr)). Thus in

such a case we would get that

EEgetén+12) — o35 t*Ea || Z]|5+o(1) (4.117)
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4.4.4. Brascamp-Lieb inequalities.

Of course, Q(ﬁl’]\l,) is not a Gaussian distribution, but maybe it is sufficiently similar

to one so that we still get (4.117)7 Indeed, we the local convexity proven in Theorem
4.10 does imply (4.117) as well as a number of similar results that we will need in
the sequel. Interestingly, the proof of this fact uses a rather sophisticated result form
functional analysis, the so-called Brascamp-Lieb inequalities [BL], and I doubt that
an elementary proof (e.g. as in the Gaussian case) could be given. Unfortunately,
while convexity gives a very elegant way of advancing here, it is known not to be
necessary, neither for the Brascamp-Lieb inequalities, nor for the replica symmetric
solution to be correct. The proof I will present here does therefore not give the best
available conditions. In principal there are two ways to get to better the results:
(i) to give a proof that does not use Brascamp-Lieb inequalities (and (4.117)). This
was Talagrand’s original approach [T2]; in its original version, this gave however
conditions that were comparable to those under which convexity holds; improved
conditions, closer to those expected by physicists, required substantially more work
[T5] than the already very difficult [T2]36. (ii) There has been considerable work
done to establish Brascamp-Lieb inequalities without the assumption of convexity
[BJS]. In fact the real conditions for the B-L inequalities to hold concern the minimal
eigenvalue of a certain matrix-differential operator. [BJS] have establish criteria that
allow to bound this operator from below even even when convexity fails, but so far
nobody has been able to show that they are useful in our situation. This remains an

interesting question to study.
Let us now state the Brascamp-Lieb inequalities in their original form.

Lemma 4.15: Let V : RM — R be nonnegative and strictly convex with Hess(V (z)) >
€. Denote by Ey the expectation with respect to the probability measure
e_NV(m)dac/fe_NV(y)dy. Let f : RM — R be any continuously differentiable func-

tion that is square integrable w.r.t. By . Then

1
Ey (f —E7)* < <Ev| V{3 (4.118)

36Recently, M. Talagrand has, however, told me, that a new, simplified approach will soon
appear.
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Remark. It is not difficult to see that the result holds also, up to an exponentially
small error term, if V is an extended convex function, i.e. it is a convex function
on its domain D and equal to +oco outside of D. See e.g. [BG3| for details. In our

situation this is what we will actually have to use.

Remark. The condition Hess(V(x)) can be replaced by the condition that the

smallest eigenvalue of the matrix-differential operator
(-A+VV-V)® 1T+ Hess(V(z)) (4.119)

is larger than e. It is easy to see that the first two terms are a positive operator,
so that if the Hessian matrix is strictly positive, this gives an immediate bound.

However, as pointed out above, this condition is not necessary.

The following simple applications of Lemma 4.15 show how we will actually use

these inequalities (see [BG2]).

Corollary 4.16: Let Ey be as in Lemma 4.15. Then
(i) By ||z - Eval; < %
(ii) Ev ||z~ By |y < 45

(iii) if any function f such that Vi(z) = V(z) — tf(z)/N fort € [0,1] is still strictly
conver and Hess(V2V;) > € > 0, then

0<InEyel —Eyf < sup Ev.||V£|3 (4.120)

2¢'N iepo,1)

In particular

(i4i) InEy elt(@—Eve)) < gtgv

(iv) By el=="*Ii By o ~Eval; <

The point of these relations is that the measure Ey behaves with regard to its
covariance structure essentially like a Gaussian measure. A first important conse-

quence of this corollary is (4.117) that follows easily from these estimates and the
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bound z?/2 — z*/4 < Incosh(z) < x2/2 (Exercise!). Moreover, the same tool allows

to estimate the variance of Eg et~ +1.2) namely

E (EQ et(€N+1>Z) _ EEQet(5N+1,Z)) 2 < (4_121)

zlQ

4.4.5. The local mean field.

These results combine to the following following important observation.

Lemma 4.17: Whenever the conclusions of Theorem 4.10 hold, there exists a con-
stant C < oo such that
t2/82

In £, (t) = Bt(€n+1, Ba(2)) + —5—Fol|ZI3 + Ry (4122)

where

ER3% < % (4.123)

Remark. Note that this lemma can be seen as a statement about the distribution of
the random field ({n+1, Z) under the Gibbs measure, stating that it is asymptotically
Gaussian with mean (£x41,Eg(Z)) and variance Eg || Z]|3. Its mean is still a random

variable that we will now have to investigate.

From our previous results we certainly expect that the vector Eg 2 has one compo-
nent (the first one) of order m*, while all other components should be ’microscopic’,

i.e. tend to zero as N 1 co. Thus we write

(Ev+1,Eq(2)) = EhaBo(Z1) + (En+1,Eo(2)) (4.124)

where Z = 0 and Z, = Z, for v # 1. It is now very natural to expect that the
second term in (4.124), being a sum of N independent random variables (under the
conditional distribution given 1, ...,£nN), will converge in distribution to a Gaussian
random variable with mean zero and variance ||[Eg Z||2. If, moreover, as one might

also expect, the quantity ||Eg Z||2 converges to a constant almost surely, as N 1 oo,
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this second term would in fact converge in distribution to the same Gaussian also
unconditionally. In that case the entire Laplace transform Lg n(t) would be fully
characterized in terms of the three constants m;(N) = Eg(Z1),Ux = ||Eg Z||3, and
Ty = Eol|Z]f3-

Thus we are left with three problems to solve: (1) Show that the central limit
theorem alluded to holds®?. (2) Show that the three quantities mentioned above are
self-averaging. (3) Proof that these converge and characterize their limits. Techni-
cally, both (1) and (2) will rely essentially on concentration of measure estimates.
Problem (3) will then be solved by the cavity method, i.e. we will derive a system
of recursive equations that can be proven to have a unique stable fix-point in the

domain where these quantities are a priori located3®.

We will immediately formulate a somewhat more general version of this central

limit theorem (which we will actually need to construct the metastate).

Proposition 4.18: Let I C N\{1,...,N} be finite, independent of N. For i € I,
set X;(N) = \/%_N > =2 & EoZ,. Whenever the conclusions of Theorem 4.10 hold,
either this family converges to a family of i.i.d. standard normal random variables,

or VITnX;(N) converges to zero in probability.

Proof. To prove such a result requires essentially to show that Eg Z, for all u > 2
tend to zero as N 1 co. We note first that by symmetry, for all u > 2, EEgZ,, =
EEg Z5. On the other hand,

M M
Y [EEQZ,? <E) [EgZu)? < p’ (4.125)
pu=2 pu=2

so that [EEg Z,,| < pM~1/2,
To use information on the mean values, we will need a concentration estimate

37This fact is assumed in [PST] without proof. It is however rather delicate and requires con-
centration estimates that were not available at that time.

38 This approach is in principle contained in [PST]; Talagrand gave the first fully rigorous version,
without using the a priori estimates furnished by the Brascamp-Lieb inequalities, making the entire
inductive scheme even more complicated.
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for derivatives of self-averaging quantities (since all expectations w.r.t. Eg can be

represented as derivatives of some log-Laplace transforms).

Lemma 4.19:  Assume that f(x) is a random function defined on some open
neighbourhood U C R. Assume that f satisfies for all x € U that for all 0 <r <1,

Pl|f(z) — Ef(z)| > r] < cexp (_N_r) (4.126)

Cc

and that, at least with probability 1 — p, |f'(z)| < C, [f"(z)| < C < oo both hold
uniformly in U. Then, for any 0 < ( <1/2, and for any 0 < § < N¢/2,

32C? §EN1~%
/ _ / _C/Q < . C -
P||f'(z) — Ef (z)] >IN <5 N°¢ exp ( S=6e ) +p (4.127)

The rather elementary proof of this lemma can be found in [BG2] or [BG3].
We will now use Lemma 4.19 to control Eg Z,. We define

1
f(z) = AN In o dM 2ePNozu g=BN 25, N1 (2) (4.128)
B

and denote by Eg , the corresponding modified expectation. By exactly the same
arguments as in the proof of Theorem 4.9, f(z) verifies (4.126). Moreover, f'(z) =
Eg,.Z, and

f"(z) = BNEq, (Zy — Eg . Z,)* (4.129)

Amazingly enough, it is again the Brascamp-Lieb inequalities that allow us to bound

this second derivative:
1

2

(4.130)

and so f"(z) <c=1.

€

Thus we arrive at

Corollary 4.20: There are finite positive constants ¢, C such that, for any 0 < ( <

%; for any p,

N1—2§
P|[EgZ, —EEgZ,| > N=¢/2| < CN¢exp (- ) (4.131)
C



Disordered Systems 175

We are now ready to conclude the proof of our proposition. We may choose e.g.
¢ = 1/4 and denote by Q the subset of Q where, for all y, [Eg Z,~EEg Z,,| < N~1/8,
Then P[5, < O (e_N1/2>.

We will now show that the characteristic function converges to that of a product

of standard normal distributions, i.e. we show that for any ¢t € R, E] jer eiti X (N)

142
converges to HjeI e 2% . We have

E H iti Xi(N) _ Fe,. |Tq,E, K Zjel £ X;(N) + Mo e, K Zjel t; X (N)]
jeI -
(4.132)

= E,. ]IQNHHCOS< EQZ> +O(6_N1/2>

uw>2j€l

Thus the second term tends to zero rapidly and can be forgotten. On the other hand,

on QN,
M M
Y (BeZ,)* < NTY*N (BgZ,)* < NV'Ty (4.133)
p=2 n=2

Moreover, for any finite ¢;,

|Incosz + 22 /2| < cx* for |z| < 1, and that

Ee,. Iq, E, e’ 2eser M)

B FN-1/4 (4.134)
<e Dlierti/? sup Hexp( ) Pe ()

Qv |jer

Clearly, the right hand side converges to e ZJGI t/? , provided only that NY/*Tx
0o. Otherwise, ETy X;(N)? =] 0. Thus the lemma is proven. <
4.4.6. Gibbs measures and metastates.

We now control the convergence of our Laplace transform except for the two
parameters mi (N) = Eg Z; and Ty = nyﬂ [Eg Z,L]2. What we have to show is that
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these quantities converge almost surely and that the limits satisfy the equations of

the replica symmetric solution of Amit, Gutfreund and Sompolinsky [AGS].

While the issue of convergence is crucial, the technical intricacies of its proof are
largely disconnected to the question of the convergence of the Gibbs measures. We
will therefore assume for the moment that these quantities do converge to some limits
and draw the conclusions for the Gibbs measures from the results of this section under

this assumption (which will later be proven to hold).

To this end we first note that all of the preceding discussion may be carried out
without substantial changes for the Laplace transforms of the local mean fields acting
on a finite family of singled out spins o;,i € I C N (the details of the computations
can be found in [BG3]). As a result one obtains the following expression for the

Gibbs mass of cylinder events:

BN Dy i1 (N)EF+X: (N)VTN]+ Ry (51)

(1,1) — — 4.135
'uAﬁp[w] (or = s:}) oI eﬁﬁv ZiEI oi[m1(N)EH+X: (N)VTn|+Rn (o1) ( )
o1

where

By — B
Rn(sr) =0 in Probability
Xi(N) — g in law
T — ar a.s.
my(N) — my a.s.
for some numbers r,m; and there {g;}icn is a family of i.i.d. standard Gaussian

random variables. Note that the first three of these assertions are proven, while the

last two are for the moment assumed. From this representation we obtain:

Proposition 4.21: In addition to our general assumptions, assume that Ty — ar,

a.s. and m1(N) — my, a.s. Then, for any finite I C N
5Si[m1€j+gi\/§]
2 cosh (ﬂal [mlﬁl + g/ ])

where the convergence holds in law with respect to the measure P, and {g;}icn is

i) o =s1}) — H (4.136)

a family of i.i.d. standard normal random wvariables and {&}};en are independent
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Rademacher random variables, independent of the g; and having the same distribution

as the variables £} .

To arrive at the convergence in law of the random Gibbs measures, it is enough
to show that (4.136) holds jointly for any finite family of cylinder sets, {o; =
si,Vier, ), Ir C N, k = 1,...,£ (Cf. [Ka], Theorem 4.2). But this is easily seen

to hold from the same arguments. Therefore, denoting by ug’,? the random measure

D) (o) = 11 efoilmigi [w+varg W]
7 iey 2cosh (B[ma € [w] + varg:[w]])

(4.137)

we have

Theorem 4.22: Under the assumptions of Proposition 4.21, and with the same
notation,

i) o uly, inlaw, as Atoo (4.138)

This result can easily be extended to the language of metastates. The following
Theorem gives an explicit representation of the Aizenman-Wehr metastate in our

situation:

Theorem 4.23:  Let kg(-)[w] denote the Aizenman-Wehr metastate. Under the
hypothesis of Proposition 4.22, for almost all w, for any continuous function F :

RF — R, and cylinder functions f; on {—1,1}%,i=1,...,k, one has
[ maln)lF ), ()
M1 (Sx)

eﬁ[\/agri-mlﬁi [w]]

:/Hd/\/(gi)F<IEs,1 filst) ] 2 cosh (vVarg, + mielw])’ (4.139))

iel icly
oBlvargi+mi€}(w]] )

v 7E51k fk(sfk) H 2 cosh (\/ag; + ml&}[w])

i€l
where N denotes the standard normal distribution.

Proof. This theorem is proven just as Theorem 4.22, except that the “almost sure
version” of the central limit theorem, Proposition 4.18, is used. The details are left

to the reader.$>



178 Section /4

Remark. Our conditions on the parameters a and 3 place us in the regime where,

according to [AGS] the “replica symmetry” is expected to hold.

Some remarks concerning the implications of this proposition are in place. First,
it shows (modulo a small argument that can be found in [BG3|) that if the standard
definition of limiting Gibbs measures as weak limit points is adapted, then we have
discovered that in the Hopfield model all product measures on {—1, 1}" are extremal
Gibbs states. Such a statement contains some information, but it is clearly not useful
as information on the approximate nature of a finite-volume state. This confirms our

discussion in Section 2 on the necessity to use a metastate formalism.

Second, one may ask whether conditioning or the application of external fields of
vanishing strength as discussed in Section 2 can improve the convergence behaviour
of our measures. The answer appears obviously to be no. Contrary to a situation
where a symmetry is present whose breaking biases the system to choose one of the

possible states, the application of an arbitrarily weak field cannot alter anything.

Third, we note that the total set of limiting Gibbs measures does not depend on
the conditioning on the ball B,(,l’l), while the metastate obtained does depend on
it. Thus the conditioning allows us to construct two metastates corresponding to
each of the stored patterns. These metastates are in a sense extremal, since they are
concentrated on the set of extremal (i.e. product) measures of our system. Without
conditioning one can construct other metastates (which however we cannot control

explicitly in our situation).

4.4.7. The cavity method 2.

We now conclude our analysis by showing that the quantities Uy = Eg||Z]|3,
mi(N) =EgZ; and Ty = Zﬁ/[ﬂ[EQ Z,)? actually do converge almost surely under
our general assumptions. The proof consist of two steps: First we show that these
quantities are self-averaging and then the convergence of their mean values is proven
by induction. We will assume throughout this section that the parameters o and 8
are such that local convexity holds. The basic ideas of this section are otherwise due
to Pastur, Shcherbina, and Tirozzi [PST], and Talagrand [T2].



Disordered Systems 179
We first need some more concentration of measure results.

Proposition 4.24: Let Ay denote any of the three quantities Un, mq1(N) or Tx.

Then there are finite positive constants c, C' such that, for any 0 < ¢ < %,

N1—2C
P||Ay —EAn|> N~¢/2| < CNSexp (— ) (4.140))

c

Proof. The proofs of these three statements are all very similar to that of Corollary
4.20. Indeed, for my(IV), (4.140) is a special case of that corollary. In the two other
cases, we just need to define the appropriate analogues of the ‘generating function’
f from (4.128). They are

1 .
g(z) = AN lnESZeﬁN“’(Z’Z) (4.141)
in the case of Ty and
1 112
j(z) = N In ES? PN =l71l> (4.142)

The proof then proceeds as in that of Corollary 4.20. <

We now turn to the induction part of the proof and derive a recursion relation for
the three quantities above. To simplify notation we will whenceforth set n = {n 1.
Let us define

un (1) = InEgef (M%) (4.143)

We also set vy (1) = 76(n,EgZ) and wn(7) = un(7) — vy (7). In the sequel we will
need the following auxiliary result

Lemma 4.25: Under our general assumptions

(i) ﬁ\/lﬁ%(UN(T) — BtEg Z1) converges weakly to a standard Gaussian random

variable.

(i) ‘d%wN(T) — 18%EEg|| Z||3| converges to zero in probability.

Proof. (i) is obvious from Proposition 4.19 and the definition of vy (7). To prove

(ii), note that wy(7) is convex and j—:sz(T) < BTO‘ Thus, if var (wy (1)) < %,
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then var (%w N (7')) < Nl 72 by a standard result similar in splrlt to Lemma 4.19 (see

g. [T6], Proposition 5.4). On the other hand, |Ewy (1) — o by
Lemma 5.3, which, together with the boundedness of the second derlvatlve of w N( )
implies that | £Fwy (1) — T8°EEq||Z||3| | 0. This means that var (wy (7)) < %
implies the lemma. Since we already know from (4.123) that ER%, < %, it is enough

to prove var (Eg || Z||3) < \/% This follows just as the corresponding concentration

estimate for Uy.

We are now ready to start the induction procedure. We will place ourselves on a
subspace Q C Q where, for all but finitely many N, it is true that [Uy — EUy| <
N—Y4 |Ty—ETy| < N~/ etc. This subspace has probability one by our estimates.

Let us note that EgZ,, and [ dQ(1 1) ,(m)my, differ only by an exponentially small

term. Thus
EoZ, = Zg“ / i, (do)oi + O (e7M) (4.144)

Since we want to perform 1nduct10n over N, we will have to add an index referring

to the volume to the mesures Q. Note that by symmetry, from (4.144) we get

IEIEQN+1 (Zu) = En* /M%ﬂ B, p(dU)UN+1 + 0 (E_CM) (4.145)

Using (4.113) and the definition of uy, this gives

e'u.N(l) . e'u.N(—l)

EEQy., (Zu) = En* +0 (e=M) (4.146)

eun (1) 4 eun(—1)
where to be precise one should note that the left and right hand side are computed
at temperatures 8 and 3’ = %ﬁ, respectively, and that the value of M is equal to
M(N + 1) on both sides; that is, both sides correspond to slightly different values of

a and (3, but we will see that this causes no problems.
Using our concentration results and Lemma 4.17 this gives
EEgy., (Z,) = En* tanh (ﬁ(nlEml (N) + \/EXNH(N))) +O(NY4Y) (4.147)
Using further Proposition 4.18 we get a first recursion for m4 (INV):

mi(N +1) = /d/\/(g) tanh (B(Eml (N) + ETNg)> + o(1) (4.148)
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We need of course a recursion for Ty as well. From here on there is no great
difference from the procedure in [PST], except that the N-dependences have to be
kept track of carefully. To simplify the notation, we ignore all the o(1) error terms
and put them back in the end only. Also, the remarks concerning § and o made

above apply throughout.

Note that Ty = ||Eg Z||2 — (Eg Z1)? and

M | N1 2
E”EQNJrlZ”% = ZE (m Z ffﬂﬁ,NH,M(Ui))
=1

p=1
M 1,1 2
~ N+ 1E (“(ﬁ,N)H,M(UNH)) (4.149)
M . X
1,1
+2 Eﬁl’(mug’NLLM(aNH) (Tﬂ Zﬁfuﬁ,Nﬂ,M(ai))
p=1 i=1

Using (4.113) as in the step leading to (4.146), we get for the first term in (4.149)

2
E (u(ﬁf;\l,LLM(aNH)) — Etanh? (ﬁ(nlEng + \/ETNXN+1(N))> = EQn (4.150)
For the second term, we use the identity from [PST]

i/[:g“ i ié‘“ (0_) B EUN+1 Eo (fN+1,Z)eﬁoN+1(§N+1,Z)
N+1 | | < i HB,N+1,M\94) | = > EpeBon+i(én+1,%)
p=1 i=1 ON+1 Q

(4.151)
_ g Soma (e
E’T:ﬂ:l euN ()
Together with Lemma 4.25 one concludes that in law up to small errors
M ;X
Yo | =D e nim(oi) | = EviEeZi + VETN Xn
N +14
p=1 =1 (4152)
+ BEo | Z|3 tanh B (€441 Ea Z1 + /ETy X )
and so
E|Eoy., 2|13 = oEQy +E|tanh § (¢k1EoZ1 + v/ETy Xx )
(4.153)

x [g}VHJEQ Z + \/]ETNXN]

+ BEEq | Z||3 tanh® 8 (€x11Ea Z1 + v/ETy X )
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Using the self-averaging properties of Eg ||Z||3, the last term is of course essentially

equal to
BEE || Z|3EQN (4.154)

The reappearance of Eg||Z||3 (remember that this was the variance of the local
mean field!) may seem disturbing, as it introduces a new quantity into the system.
Fortunately, it is the last one. The point is that proceeding as above, we can show

that

EEqy., 2]} =a +E|tanh 8 (€k11Ee Z1 + VEIN X )

(4.155)

x [eh11EaZ + VETN Xy | | + BEEo||Z|3EQN

so that setting Uy = Eg||Z||3, we get, subtracting (4.153) from (4.155), the simple

recursion

EUN+1 = o(l - EQn) + B(1 — EQN)EUN (4.156)

From this we get (since all quantities considered are self-averaging, we drop the E to

simplify the notation), setting mq(N) = Eg Z1,
Tnt1 = —(mi(N +1))* +aQn + SUNQN
+ [ aNg)ma(N) + /Tl tan Bms () + V Tivg)

=mi(N +1)(mi(N) —mi(N +1)) + BUNQN + BTN (1 — Qn) + QN
(4.157)

where we used integration by parts. The complete system of recursion relations can

thus be written as

mi(N +1) = / AN (g) tanh § (s (N) + v/Twg ) + O(N~/)
Tnyr=mi(N —1)(mi(N) —mi(N + 1)) + BUNQN + BTN (1 — Qn) + aQnN
+O(N~4
Unt1=a(l — Qn)+ B(1 — Qn)Uyx + O(N /%)

QNt1 = /dN(g) tanh® 3 (ml(N) 4+ TNQ) +O(N~V4
(4.158)
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If the solutions to this system of equations converge, than the limits r = limy1oo T/,
¢ =limpyyoo @n and mq = limytoo m1(N) (u = limpytoo Un can be eliminated) must

satisfy the equations

my = /dN(g) tanh(8(m1 + varg)) (4.159)

q= /dN(g) tanh®(8(m1 + varg)) (4.160)
_ q

A (4.161)

which are the equations for the replica symmetric solution of the Hopfield model
found by Amit et al. [AGS], and also through our heuristic speculations in Section
4.4.2!

In principle one might think that to prove convergence it is enough to study the
stability of the dynamical system above without the error terms. However, this is not
quite true. Note that the parameters 8 and « of the quantities on the two sides of the
equation differ slightly (although this is suppressed in the notation). In particular, if
we iterate too often, o will tend to zero. The way out of this difficulty was proposed
by Talagrand [T2]. We will briefly explain his idea. In a simplified notation, we
are in the following situation: We have a sequence X, (p) of functions depending on
a parameter p. There is an explicit sequence p,,, satisfying |p,11 — pn| < ¢/n and

functions F}, such that
Xn41(Pny1) = Fp, (Xn(pn)) + O(n~ %) (4.162)

In this setting, we have the following lemma.

Lemma 4.26: Assume that there exist a domain D containing a single fixed point
X*(p) of Fp. Assume that F,(X) is Lipshitz continuous as a function of X, Lipshitz
continuous as a function of p uniformly for X € D and that for all X € D, F}(X) —
X*(p). Assume we know that for all n large enough, X,,(p) € D. Then

lim X, (p) = X*(p) (4.163)

ntToo
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Proof. Let us choose a integer valued monotone increasing function k(n) such that

k(n) 1 co as n goes to infinity. Assume e.g. k(n) < Inn. We will show that

To see this, note first that |p,xn) — Pn| < @ By (4.162), we have that using the
Lipshitz properties of F'

Xn+k(n)(p) = F:(n) (Xn(pn)) + O(n_1/4) (4.165)

where we choose py, such that p,,yx(n) = p. Now since X, (pn) € D,

FF™ (X, (pn) — X*(p))‘ 1 0 as n and thus k(n) goes to infinity, so that (4.165)
implies (4.164). But (4.164) for any slowly diverging function k(n) implies the con-
vergence of X,,(p), as claimed. ¢

This lemma can be applied to the recurrence (4.157). The main point to check is
whether the corresponding Fj attracts a domain in which the parameters
m1(N),Tn,Un,Qn are a priori located due to the support properties of the measure
ég\};) . This stability analysis was carried out (for an equivalent system) by Tala-
grand and answered to the affirmative. We do not want to repeat this tedious, but

in principle elementary, computation here.

We would like to make, however, some remarks. It is clear that if we consider
conditional measures, then we can always force the parameters m(N), Ry, Un, QN
to be in some domain. Thus, in principle, we could first study the fixed points of
(4.157), determine their domains of attraction and then define corresponding con-
ditional Gibbs measures. However, these measures may then be metastable. Also,
of course, at least in our derivation, we need to verify the local convexity in the

corresponding domains since this was used in the derivation of the equations (4.157).
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