Spectral Analysis of
Nonrelativistic Quantum Electrodynamics

Volker Bach (U Mainz)

In Section 1, covering my first and second lecture, | review the progress achieved during the
past decade on the mathematical description of quantum mechanical matter interacting with the
quantized radiation field. My main focus is the results | have obtained in collaborationwith J”
Frohlich and Israel Michael Sigal.

The purpose of the third and fourth lecture, contained in Section I, is to sketch the basic ideas
underlying the renormalization group method developeduryg Fichlich, Israel Michael Sigal,

and myself to analyze spectral properties of a standard model of nonrelativistic matter coupled to
the quantized radiation field.

| appended an extended list of references on the subject.
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| A Review on the Mathematical Progress in Nonrelativistic
QED in the past Decade

.1 Atoms and Molecules

e Atom (M = 1) or Molecule (MM > 2) consisting ofN electrons and/ static nuclei.
¢ Hilbert space of electrons

Ha = Ay Qi) L*(R® x Z,).
e Hamiltonian for the electron dynamics:

Hel = —Aw + V(Z’) s
whereA, = > A, andV(z) = M Z;V:l ‘x;fgm‘ + Y 1cicjen T — x| is the Coulomb

potential of the electrons and the nuclei in the atom or molecule.
Spectral Properties of H,,

e 0[Hy| N (—o0,X] = {Ey, E\, Es, ...}, eigenvalues of finite multiplicity (possibly accum. at
ionization threshold@).

° O'[Hel] N [Z, OO) = Jess[He ]

.2 Quantized Photon Field

e Fock spaceF = F,[L2(R® x Zy)] = ., F™ is the photon Hilbert space,
o F = [ap, € @ L2 V7 : (k... kp)

= Yn(kr(1), - - -, kr(ny) } iS then-photon sector.
e FO .= CQ, where is the vacuum vector.

e On F, we have creation and annihilation operators, obeying CGRE),a(k’)] =
[a*(K), a” (k)] = 0,

la(k),a*(K")] = 6(k — '), a(k)Q2 = 0.

e Using creation and annihilation op’s, the Hamiltonian of the free photon field is given by

H, = / dk w(k) a* (k)a(k)

e w(k) = |k| = V'k? + m?|,,—o is the photon dispersion,

o Explicitly, H; = @7, H\", HQ := 0, and

[H 0] (B, k) = S0 w(ky) Gnlkr, . K.
Spectral Properties of H ¢

eo[Hfl =Ry,
e ONR, the spectrum is abs. cont,,.[Hs] = R,

e Zero is a simple (the only) eigenvaluf <2 = 0.
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1.3 Electron + Photons (non-interacting)

e Hilbert space is tensor product spaté= H. ® F,
e noninteracting Hamiltonian

H() = el®1f+1el®Hf7

electrons and photons don’t know about each other.

Spectral Properties of H,
e Spectrum is sum of spectra,
o[Ho] = o[Ha] + o[Hy] = [Ey , 00),
e Ground state energyif o[Hy| = E, is eigenvalue at the bottom of the continuum,
e Excited eigenval'dy;, Es, . .. are embedded in continuum.

.4 Interacting Electron-Photon System

¢ Hilbert space is unchangetf, = H., ® F,
e interacting Hamiltoniang > 0 coupling constant):

Hg = H() + gW,

e IV is the interaction operator, in physigs= 1,/500
e To simplify the exposition, we neglect terms in the interaction quadratic in creat. and annihil.
ops.
e Minimal coupling, neglecting thel® term: W = W,,,. = 2A(z) - iV,, whereA(z) is quantized
vector potential,
e Dipole Approximation:W = W, = E(0) - x, whereE(0) is quantized electric field at = 0.
¢ Both interactions are of the form
W= [dkG(k) ® a*(k) + G(k)* @ a(k)
whereG(k) is an operator oft,,,
o 1 Gunelk) (—Ag + 172 < k|72, for K] <1,
o |Guspl. )| < [K'/?]z], for k] < 1.

.5 Tasks which have been addressed

¢ Models and Selfadjointness:physically interesting?, that defines a semibounded, s.a. Hamil-
tonian.

e Binding: To prove thatH, has a ground state, i.€(g) := inf o(H,) is an eigenvalue.

e ResonancesTo prove that the embedded excited energies turn into resonances with correspond-
ing metastable states of finite life-time.
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e Scattering Theory: To studye®’s, ast — +o00. Ultimately, to prove asymptotic completeness
of scattering of such systems.

e Positive Temperatures: To study the systems for non-zero temperatgre, oo, by means of a
Liovillian operator,L,,.

e Feshbach Renormalization Map: To develop a renormalization group that allows for a direct
analysis of the spectral properties/éf andL,.

.6 Models and Selfadjointness

o Let J(k) = ||G(k) (—A, +1)"1/2.
olf [(1+w(k)™)J(k)*dk < oo thenH, > —O(g?) is selfadjoint orDom(H,).
e If interaction includes terms quadraticdfk), a*(k) then same condition for selfadjointness, but
lg| < C must not be too large (otherwise, may still have selfadj. but different domain).
e The condition

Ayy = fw(k)>1 J(k)?dk < oo
makes the introduction of an UV cutoff necessary.
e The condition

Sty 7(R)? S5 < o0

is fulfilled by all physically interesting models.

e Stability of matter,H, > —C (N + M) has been proved with = C(Ayv, Z) in [31, 29, 18, 30,
Bugliaro + Fefferman + Ftilich + Graf 95-97].

¢ Best energy bounds fonf o(H,), asAyy — oo, in [60, Lieb + Loss 99].

|.7 Binding

Thm:[11, BFS 98a] Assume that
Ay = [(1+ w(k) ™) J(k)2dk < oo
and thaty’>A, < ¥ — E,. ThenEy(g) is eigenval. with eigenved(g) € H, obeying

le @ (N7 + 1) @o(g)]| <

for somea > 0.
e First result of this type in [32, 33, Bhlich 73-74]

¢ For the spin-boson model, see [67, 69, Spohn 89, 98], proof with strat. sim. to [11, BFS 98a] in
[6, Arai + Hirokawa 95];

e No smallness condition fdy| in [36, Gerard 99];

e Nondeneracy of(g) in [11, BFS 98a] [44, Hiroshima 98].

e Thm is optimal in the sense that assertion is wrong, in general i oo [32, 33, Fohlich
73-74], [67, Spohn 89], [1, Arai + Hirokawa + Hiroshima 99].

e For minimal coupling model (nateglecting the4? term), A, = oo, but proof can be modified
to include this special case [13, BFS 99].

e For minimal coupling model, existence has been shown for arbitrary valugsod A, (not
neglecting the4? term) in [38, Griesemer + Lieb + Loss 00].
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Figure 1: The spectrum ai, (i), with 9 > 0.
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Figure 2: The spectrum df,(:99), with ¢ > 0, up toO(g*"*)-neighbourhoods, for some> 0.

.8 Resonances

e Time-decay of

(Wle ) = 3& [ e B |(H, — E —i0)"')dE

e leads to analytic continuation ¢|(H, — z)~'¢) from C* acrossR into C;

e Complex dilatation: Uyy(k) := e=3%/2(e~%k) is unitary forf € R;

¢S >0~ Hy0) :=UyH,U," defines an analytic family of type A (in a stripaboutR);

o = (U|(H, — 2)7) = (Upt|(Hy(0) — 2)"'Up), forall g € S.

o If ||Ug|l, U] < oo thenz — (¢|(H, — z)~ ') is regular whenevef(H,(0) — z) || < oc.

e Fy, Fy, ... are eigenvalues dfl,(#) at the tips of branches of continuous spectrum;
e Thm: [11, 13, BFS 98a, 99] Assume that

Ag = [(1+w(k)™P)J(k)*dk < oo,
for somes > 1 and thatg| < ¥ < 1. Then, forj > 1, ex.T';, ¢; s.th.

[Ej_1+cjg, Ejy1—cigl + i(—g F , 00) C p[H,(iv)],

e Thm= o[H,| in [Ey(g) + Cg, ¥ — Cg]isa.c.
e Constr. of metast. st'sin [11, 13, BFS 98a, 99], [64Jd¥ 00].

e AssumingJ (k) < w(k)~(=#/2 for someu > 0 (does not apply to m.c.), Thm can be strength-
ened by RG methods [BFS 98b]:

For eacty > 1, H,(6) possesses complex eigenval(g) = E; + O(g) € C. The spectrum of
H, is (locally) cont. in cuspidal domains

o[Hy(0)] C E;(g) +e"{a+ibla>0, [b] <Ca"t"/*}.

The eigenval'sE;(g) and eigenvec'd;(g) are obtained from an iterated application of the Fesh-
bach renormalization map.

1.9 Scattering Theory
e Massive photonsy,, (k) := V k2 + m?;
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e Atom or Molecule is confinedjmy,—.o V(z) = oo or ||(|z| + 1)'** G(k) (—Az + 1)~ 1/2|| <
J(k)
e asymp. cre. + ann. op’s exist [45, 46, 47, 48, Hoegh-Krohn 68-69],

ai(f) = 5 — limy_, 4o e Hag# (' f)eitHs
o Let ICi = {’QD| ai(f)w = O, Vf}
e Thm: [35, Gerard 96], [23, Deresinski + Gerard 99], [37, Griesemer 99] Scattering is asymptot-
ically complete, i.e.,

Hpp(Hy) = Ky = K_.

e Thm=- exists unitary/, : H — H,,(H,) ® F s.th.

al(f) = Ja*(f)J".
o lIf H,,(H,) =C-Wy(g) then
JeH,Jt = Eo(g) + [ dkw(k) at(k)as (k).

e Basic input for Thm: positive commutator estimates. Also derived in [49, 50, bbner +
Spohn 94-95], [66, Skibsted 98], [15, BFS+Soffer 99].

.10 Positive Temperatures

e At 3 = oo, dynamics is generated by Hamiltoniaf) on 7.
e For 3 < oo no Gibbs state]r{e s} = .
e = pass to descr. in which dyn. is gen. by Liouvillian

Ly = Lo+ K[Wg] - T[Wg]

— HO®]_—]_®H0 +€[Wg]_r[Wg]7

on’H ® H, where, e.g.,

la(N) =a(\/T+psf)®1 + 1@a*(/P5 f)
andpgs(k) == (eP®) —1)71,
e Finite state atomfl,; = diag(Ey, E, ..., Ey_1) onH, = CV (gen. Spin-Boson model).
e Note thato[L,] = R;
e Therm. equil. states are characterized by KMS cond.
e Thm: [52, 53, 54, 55, Jaksic + Pillet 95-96]|f| < 5~ thenKerL, = C-w andR \ {0} =
Tac|Ly)-
e Thm=- w is unique KMS state, anReturn to equilibrium holds: A; := «;(Ap) time evol. of
(loc.) observ.p state, normal w.r.tv, then

limy oo p(Ar) = w(Ay).

e Framew. devel. in [52, 53, 54, 55, Jaksic + Pillet 95-96] building upon [41, Haag + Hugenholz
+ Winnink 67], [8, Araki + Woods 63], [7, Araki 73].

e For Spin-Boson model uniqueness est. in [27, Fannes + Verbeure + Nachtergaele 88].

e Thm is improved in [14, BFS 00]:
no restrictiong| < 3! necessary.
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e Use compl. deform. for spectr. analysis/of.
Complex translations in [52, 53, 54, 55, Jaksic + Pillet 95-96],
Complex dilatations plus RG methods in [14, BFS 00].

e Thm is improved in [24, Derezinski + Jaksic 98]:
no restriction|g| < 37! necessary, no restriction on finiteness of the nunesf degrees of
freedom necessary, either.

.11 Renormalization Map

e Feshbach map/ —
Fp(H) := PHP — PHP(PHP) 'PHP
on PH,whereP = P? =: 1 — P;
e H isinvertible onH < Fp(H) is invertible onPH.
e Proj. out high energy degr. of freedom wiff,, where Py = |¢o){wo| ® x[H; < 1] (assuming
that B, — E, > 2).
¢ Effective Hamiltonian
90} (ol ® Hu)le) = Fiy(H, — 2)
onHyea = X[Hy < 1] F,
ez co(Hy) & 0¢€o(Hqplz).
e Normal-order effective Hamiltonian,
Hy = Eq) + Tio)[Hs] + W),
whereE(o) e C, 8TT(0) [T] ~ 1, W(O) = ZMJerl W]E/([),)N’ and

N
Wity = /dkdk Ha wlHy k) T a(k))
j=1

e Important assumption:
J(k) < w(k)~(=#/2 for somey > 0.
e For minimal couplingy. = 0.
e Banach space of Hamiltonia(®V, || - ||..),
then|| H ) — Hyll, = O(g).
e Renorm.magk : W O D — W
with fixed pointHy — z;
e R is contracting on a certain
small ball inyV aboutH; — z;

e Iteration of R on H ) flows to H; — =
= infrared asymptotic freedom.
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TOP: Spectrum of., with H,; = diageg/2, —e0/2].

MIDDLE: Spectrum ofL,(:v), for ¢ > 0.

BOTTOM: (appr.) Spectrum ok, (i), for 9 > 0.

Il Outline of the Renormalization Group

1.1 Motivation and Definitions

1.2 Full Model
The Hilbert space of the system is given by
H = Hag®F, (1.1)
whereH,,; is the Hilbert space ol electrons, ancF is the photon Fock space.
Ha = Ay LQ[(R3 x 7. )N} , (11.2)
F o= EBS L2[ 3 % Zy)" ] (1.3)
The dynamics is generated by the Hamlltonlan
N . . 2
H, = Z[aj : (—ij —2w1/2a3/2Aﬁ(afj))} + Vi(a) + Hy, (11.4)
j=1

with units s.thi = 1, my; = 1/2. & = (0, 0¥, 0%) denote the Pauli matrices,~ 1/137 is fine
structure constant, andi(z) denotes the quantized vector potential of the transverse modes of the
electromagnetic field in the Coulomb gauge, i.e.,

/d3k}li |k|/K l;) iE /\(l;) n g/\(];)*eiﬁ.ia)\(];)}’ (1.5)

,\ 1,2 m/2w
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wherex is an ultraviolet cutoffw(k) := ||, andy(k), A = 1,2, are photon polarization vectors
satisfying . . . .
Ex(k) - eu(k) = o, k-ex(k) = 0, for \, u=1,2. (11.6)

-

Moreover,a; (k), ax (k) are standard creation- and annihilation operatorg abeying thecanon-
ical commutation relations

[af (k1) aff (k2)] = 0, [ax(kr), aj (k)] = 0, 0(ky — Ka) , (1.7)

wherea# = a or a*. The electrostatic interaction betweahelectrons and/ nuclei is described
by the Coulomb potential

N M —Zm 1

1<i<j<N

Finally, the Hamiltonian of the free quantized electromagnetic field is given by

Z/dgka,\lg (k) ax(k) . (11.9)

A=1,2

1.3 Simplified Model for these Lectures
The Hilbert space we work with in these lectures is
H = Hy®F, (11.10)
where
e H,. := L*(R?) is the Hilbert space of one spinless, nonrelativistic particle,
e F = F[L*(R?)] is the Fock space of a scalar massless field,

e the interaction is linear in creation and annihilation operators, i.e., we neglect quadratic
terms,

e and we study the ground state energy rather than resonaaces ¢complex dilatation nec-
essary).

The dynamics is generated by the Hamiltonian

H, = Hy + gW (1.11)
Hy = Hy©1 + 1oH, + gW, (11.12)
Hy = —A+V(), (11.13)
Hy = / Bl a* (k) w(k) alk) (11.14)

Here, H, is a Schodinger operator assumed to obey

Hypothesis H- 1. The potential/ € L? + L>°(R3; R) (= V is an infinitesimal perturbation o)
is such that

Ey:=infolHy =0, ker[Hq=C- ¢y, dlst{ [el]\{O}} (11.15)
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According to our simplifying assumptions, the interaction is given by
W = (@) + alG) = / Pk Gk @ a*(k) + G (k) @ a(k) (11.16)

where we assume the coupling functigig:) to be operators oK., pointwise ink € R?, obeying

Hypothesis H- 2.

J(k) = maX{H(HdH)*V?G(/@)H, HG(k)(Hele)*l/QH} < oo, (1117)
A = (/d?’k (1+w(k)1)J(k)2)1/2 < o0, (11.18)
As = sup {w(k)V* "2 J(k)} < oo, (1.19)

kER3

for someu > 0.
We remark thap, = 0 in (11.5), so the model described in Subsection 11.2 doedulétl Hypothe-
Sis 2.

1.4 Relative Bounds on the Interaction

Our first task is to show that’ is a relativeH, form bounded perturbation. This justifies viewing
H, as a small deviation fromf,.

Lemma ll.1.
|(Ho+1)""2 W (Hy +1)72|| < 2A;. (11.20)

Proof. Pick o, € H. Then, by Schwarz’ inequality,
(o | (Ho+1)7"2a(G) (Ho+ 1)) (11.21)

= | [ o | o+ 126 0 8 alh) (o + 1))
< /dk [(G(k) @ 1) (Ho + 1) || [|(1 ® a(k)) (Ho + 1)/ 9|
< ||<P||/dk Gk (Ha+ 1) @ 1 (1@ a(k) (Ho+ 1) 724

ol ( [ ax ‘fff,j;)m ([ awetsy 2 a0 7207

Arlloll |[(1® Hy) (Ho+ 1) 29|
Avllel ]l - O

IN

<
<

1.5 The Feshbach Map and Pull-Through Formula

Let  be a Hilbert space a densely defined, closed operatorfenP = P? =: P, || P|| < oo be
a bounded projection, € C, and define th&eshbach operator

F(H—2) == P(H—2)P — PHP(PHP — 2)"'PHP . (1.22)
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Lemma Il.2. [Feshbach map]: Assume that

|(PHP — 2)"'P||, |PHP(PHP — 2)7!|, |(PHP — 2)"'PHP|, |PHP| < oo. (11.23)
Then

(@) H — zinvertibleonH <=  Fp(H — z) invertible onPH;

(b) H — zinvertbleonH — P(H—z2)"'P=Fp(H—2)"'P;

© (H-2)p=0,%#0 = PyY#0,Fp(H—2)""P=0.

(d) LetSp:=P — (PHP — 2z)"'PHP. Then

Fp(H—2)p=0,0=Pp#0 = (H—2)Spp=0,Spp #0.

Proof. ./.
Another important ingredient of our analysis is the following Pull-Through formula.
Lemma 1.3 (Pull-Through). LetF :R,; — C, F(r) = O(r =1). ThenF[H/| is defined on
D(H;) and

a(k)F[H;] = F[H;+w(k)a(k), (11.24)
F[Hfla*(k) = a*(k)F[Hf 4 w(k)] . (11.25)
Proof. Letyy =[], a*(k;)Q2. Then
FlHfa* (k)Y = F w<k>+Zw<kj>] a* (k)

= a'(k)F

J=1

w(k)+2w(kj)] = a*(k)Flw(k)+ Hs»  (11.26)

11.6 Elimination of High-Energy Degrees of Freedom

As a first application of the Feshbach map, we use it to eliminate the high-energy degrees of
freedom of our spectral problem. To this end we choose the projection
Po = X[HO < 1] = g ® X[Hf < 1] , (”27)

whereP,; = |pe) (©eil- L B B

Now we check the invertibility o, H,P, — A onRan Py, noting thatP, = x[H, > 1]. Observe
that (oo @ Q | Hy(pa ® Q)) = 0, thusEy(g) < 0, and we may assume< + henceforth. We
construct the inverse d?H,P, — A onRan P, by a Neumann series expansion,

(PoH,Py— 2) ' P,

(@) o ()
- LOOO\((HOI;:)‘lr—)li\Qﬁ()) {S(HOJF1)_1/2(—9W)(H0+1)‘1/2Z <%) }L
<4 <4

<ﬁ) . (1.28)

N J/

~
[-1<2

L

J/ J/

—
I-1<2gA1
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Thus the series is norm-convergent and

H (PoH,Po—\) " ?OH < 8+ 0(g). (11.29)
As aresult, Lemma Il.2 implies
Lemma ll.4. Letx, := x[H; < p] and

H,ea = Ran(x1) = x[Hf < 1]F. (11.30)
ThenH — Xis invertible iff H)[)\] is, where

Py ® (HoN = ) == Fp(Hy— N), (1.32)
S0 H g [A] is the following operatoe B[H, .4 ,

(HoN =) = xa(Hy =X+ g(W)a)xa
—X1 <9WF0(F0H9?0 - )\)_IFO gW >el X1, (11.32)

where( - ) == (pal - pe). Moreover,H[A] can be expanded in a norm-convergent series,

ﬁ
HoplN = xa(Hf=A) + gxa (W)axi — ¢°xa <W (HOE)\) W> Y1
el

P P
3 0 0 _
—i—gxl<W(HO_)\)W(HO_>\>W>61X1 (1.33)

[1.7 Normal form of Hamiltonians

Our next goal is to write (recall; = x1(Hy) = [Hy < 1))
H[A] = xa (E(o)[)\] + Ty [\ Hy] + W(o)[)\]) X1 (11.34)

where Eg)[A] € C is an energy shiftl(o)[\; H| is the new, renormalized, free (=unperturbed)
Hamiltonian, and

Wi\ = > Wi\, (11.35)
M+N>1
wo, ;:/dW)d/};(N) G (K0) w N Hys K9 RO (B (11.36)
H?:la*(k‘j)

where the operatorE [\; Hy], w}} v[\; Hy; k#; k™) are defined for each, (), k™) ptw. by
the spectral theorem (functional calculus) foy.
Looking atH, + gIW — A, we see that

Eol\ = AEg. (11.37)
T\ Hyl = Hyp+ AT Hyl (11.38)
W(o)[)\] = gW—i—AW(O)[)\], (11.39)

whereAE ) [\], AT [\; Hy], andAW ) [A] = >34 v AW (o) [A] are generated fromfi ) [\] as
given in the Neumann series (11.33).
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To illustrate the method of deriving E o), AT o), and AWy, we do a sample computation. In
orderg?, we have

<W (x%—io_z;]) W>el = (11.40)

g

=X

(o (=) @), (10 (a=y )« @),

g

=:X4

and we restrict our attention f6; andX,. Due to Lemma ll.3F'[Hyla*(k) = a*(k)F[Hy+w(k)].
Thus

X4

/ dk K’ <G(k:) ® a*(k) (XELZO_E;U k)@ a*(k/)>el

= / dk di a* (k)a* (k') a0 Hp N b, K] (1.41)

where the integral kernel, o[r; A, k, k'] is given by

Baolr; Ak, K] = <G(k) (X%f:j;gf;)_i”) G(k’)>el (11.42)

Thus, we recogniz&; as an additive contribution tWZ((Q [A].
Similarly, additionally using the CCR, we conveXt,

X, = / dkdk’<G(k)®a(k) (XELZO 2;]) G(K) ®a*(k’)>el
= Javar {on (&Z°j&2?;>_ZA1])G<k’>®1>e,
_ dkdk’<G (k”)a(’f)> (XELIHooj C:d((k]f;)_z;]) G<k/)®1>ez
oo (s on.
+ [awav {emen ( Wt e+ )2 1Y 11 )
= Ac[A + At)[Hp A + / dk dk" a* (K') w1 [Hp; Ak, K a(k) (11.43)
where

Aegy[N] = / dk <G(k;) (Xijf:’(g;)_z;]) G (k) >el , (11.44)
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is a number that contributes additivelyAd< g [A],

Atg)lr; A] 1= /dk <G(k) (X[Hel+r+w(k) >1]  x[Ha+w(k) > 1]) G(k)> |

Hoy+r+wlk)—A Hy+w(k)—A ol
(11.45)
is a function contributing td\7{ [A], having the property that
Aty[0;A] = 0 and |0, Atg)[r; N[lee < 00 (1.46)
Finally
. no X[He + 7+ w(k) + w(k') > 1] :
Wyl A kK = <G(l<:) ( Ho &+ w(k) £ w(i) — G(K") . (1.47)

is an additive contribution te 17, [].

We now appeal to the reader’s imagination, that this normal-ordering —demonstrated on the exam-
ples of X; and X ,— can be systematically carried out for all terms in the Neumann series expansion
(1.33).

1.8 Banach Space of Operators

We systematize the normal-ordering by introducing Aor= (p, p, €) , whered < p < 1/16, 0 <
§<1,0<pu,

Wy =CaTa < D walm, N)) , (11.48)
M+N>1
where
T :={T:10,1] — C|[0,T||oc < 00, T(0) =0}, (11.49)

and, withB,, := {|k| < p},

WA(M,N) := {wyn : [0,1] x BYY x BYY — C | |wpn]la <00}, (11.50)
[warw]a o= max {&MN lwy v 1R, (Cab/p) ™ M0, war vl a ) (1.51)
R M
loa v |87 == sup ’wMNr kU kY ) [Jwk) > ’“‘/QHw )AL (1152)
[0,1]x BM x BN j=1
M N by
. APk APk
o v IS = up {/’wMN R N ) le T le(]%j)g/mm} (11.53)
Jj= Jj=

Writing W := Wuy v ) man>1 , We have
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W), = {(E,T,meC@T@ D WA(MJFN)’

M+N>1

1B, T, W)l :=max{|E|, 10T, sup ||WM+N||A}<oo}.
M+N>1

(I1.54)

To every elementE, T, W) € W, corresponds an operatéf € B(H,.q) (recall H,.q =

Ran x[H; < 1]), W) — B(H,eq) , in normal form,

H = x((E+TH]+W)xi, W= Y Wyn

Wyun = /dk(M)d/;;(N)a*(k;(“)) wM,N[Hf;k(“); ];,(N)] a(l;;(N)) ‘

We identifyH = (E,T,W) .Let Dy :={z € C||z| < 1/2}.

WA = {H[] . D1/2 — W/A

Hlz] analytic, [|H[]||a := sup ||H[z]||A < oo} :

2€D, /5
From (11.37)—(11.39) we conclude that
Hgy[-] € Wa
and that
1Hlz] = Hella = I(AEz], ATglz,r] =7, AWglz)la < O(g).
Defining, for-= > 6, > 0, a polydisc inWx ,
B(6.2) == {(E,T,W)[] € Wa | [8,T[z] — 1| — 00 <6, E[z]| <&, [W[e][la <},
(11.59) may be expressed as

Hlz] € Bleg,cy).

1.9 The Renormalization Map R,

1
Let0<d, 0<e<1,p< T and (E,T,W) € B(d,¢) .
Denote
Xp = XpHy] = x[Hy <pl, X, = 1=Xp,
and assume that — E[z]| < p/2.
Lemma II.5.

H (Hy + p)
T, A + ElF] — =

T[0; 2] = 0
(). o

Proof: Since[d,T — 1| <6 < +,

— |T[z;7] + Elz] — 2| > (1=6) - r —

N

(I1.55)

(11.56)

(11.57)

(11.58)

(11.59)

(11.60)

(11.61)

(11.62)

(1.63)

(11.64)

(11.65)
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Lemma II.6. If |||’y < e then
[(Hy + p) ™ xa[HWarnxa[Hf ) (Hy + )™ (11.66)
< g.gMtN, (Car(1 +M))M+N L pOmo L =N (V)Y (NT) Y2
Proof. Similar to Lemma ll.1.
Lemma Il.7. \,H|[z]X, — = is invertible on Rary, .

Proof. By Lemmal ll.6,

I+ )Wy ) < (140©) () (1.67)
Hence, Lemma I1.5 implies the norm-convergence of the Neumann series,
(X, HX, — 2)"'X,|] (1.68)
R L) ()" o ™
N ; <W> ( T[Hy; 2] + e ) ((Hy + p) 2 x1(=W)xa(Hy + p) )]

(Hf + P )12
T[Hfa

8 [8:(1+0(€) L o
Z%{T] <5 (roE™).0

Lemma I1.7 tells us that we may app#y,, to H[z| —

Hz] —z:=F [H[z] — 2] . (11.69)
We then apply a normal-ordering procedure as in Section 1.7 to obtain
H[z) —z:=x, (E[z] — 24Tz, Hf)‘i‘W[Z]) Xp 5 (1.70)
WiZ = Y Wl (11.71)
M+N>1
Wirnlz = / Ak dEN) @* (K9 i [z; Hpy k¥, 1%<N>] a (/2<N>) . (IL72)

with
Ware |57 k095 ||

< £ (L Ofe/p2)) - €48 I, wlly) 24002 T () 120072,

(11.73)

using ||wM7N||(A°°) < ¢. To get back toH,.; = Ran x; from Ran x,, we rescale the photon
momentak — pk, by means of a unitary,, so

1 * *
;Fpr I, = Hy = T,x[Hy<pll', = x[pH; <p] = x[Hf <1]. (1.74)
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One easily checks that
1. =, 1
Way = =-T,Wrs = 3 Wiy,
P M+N2>1
with coupling functions
wg\})ﬂv [z;r, k(“),l%(N)} = P AN =L N [z;pr,pk(“),pl;:(N) ) (11.75)
The key point about assuming> 0 is that
’wg\?ﬂv [z; r, kW, /;:(N)] ’
S £ |:1 + O (Sp_l/Q)} . €M+N . p3/2(M+N)_1 . Hj\il w(pk‘j)_l/2+ﬂ/2 Hj\le w(p%j)_1/2+/i/2

— . [1 +0 (5p‘1/2)] LEMAN p(1+%)(M+N)fl Hj]\ilw(/fj)_1/2+“/2w(/~€j)_1/2+“/2
—————

<pr/2, SINCeM+N>1

(1.76)
o) R I N Y =Y 1177
= ||wyipnl2] Lo SEr \[14— (ep )L (I.77)
<2

We now define the renormalization map

Rp : WA — WA y (”78)
by
1 _ - «

Hlz] — R,(H)[7] = ;Fp}—xp (H[Z'(2)]-Z(2) T} — z, (1.79)

whereZ : {|z—E[z]| < p/2} — D19, Z(() := %(p—E[C]) is a suitable rescaling of the spectral
parameterz, to project out an unstable direction of the flow generate®bbserve thak, has
the isospectral property:

H[Z7(2)] — Z7(2) invertible onH,.q < R,(H)[z] — z invertible onH,.q.  (11.80)
The main fact abouR, is its contraction property:

Theorem 11.8. R, is defined orB(4, ve) , for 0 < §, ¢ < 1/16, and, forp* < 1/2,

Rp - B(5,¢) —>B(5+g, g) . (1.81)

To applyR,, iteratively, we defindd,,)[z] := R"(H))[2]. According to Theorem I1.8, we have

H) € B(cg,cg) = Huy € B <cg+ %, %> = ... = Hy €eB (CQZQ_k, cg2™" | .

2° 2
k=0
(1.82)
Since we have chosen an appropriate topolgy} := (1,2, (Z; ' o...0 Z, ') (Dy)2) defines a
number inR which turns out to be the perturbed eigenvalue sought for. Indégg converges in
the sense of (11.82), and the limit contains no interaction term anymore,

II-1l
H(n) -5 H(Oo)[z*] = E(oo)[z*] + T(oo)(Hf; [Z*]) (“.83)
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This implies, in particular, that the vacuum vector is an eigenvectéf Qf|[z.],
Hioo)[2:] 2 = Eooy 292 (1.84)

We can now recover the original eigenvectorff — z, by successively applying the operatqr,
from Lemma 11.2(d).
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